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1. Introduction

In this paper, we are concerned with the following system of variational wave equations

n
Ukee — W) [ty ], = Z(Ckckuiukx — CiCiy UiUix (k=1,2,...,n), (11)
i=1

where u(t, x) = (u1(t, x), ..., un(t, x)) is the unknown vector function, ¢; (i=1,2,...,n):R" — R are

smooth and positive functions, that is, there are positive numbers ¢ < ¢ such that

0<¢<ci(r)<C<oo and sup|Vei(z)| <oo, zeR"(i=1,2,...,n). (1.2)
z
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System (1.1) is derived from a variational principle of the form

u® gub
dx =0, 13
f 0 5 e O (13)

where we use the summation convention, see [1,12] for details. Here, x € R%t! are the space-time
independent variables and u:R%t! — R™ are the dependent variables. The coefficients A:iﬂ :R"— R

are smooth functions and AZ 5= A” Ai ;5 Consider the special case d =1 and

Ao = (Alg)y.0 = {S‘ag( WD, @ =p (14)

then the Lagrangian density of (1.3) is

n

L(u,Vu)y=Y [uf — cF@ug], (1.5)

i=1

for which the Euler-Lagrange equations are (1.1).
For the case n =1, system (1.1) reduces to the variational wave equation

uee — c(u)[c(uux], =0. (1.6)

This equation arises in a number of various physical contexts, for example, it describes, to the first
order, the motion of long waves on a neutral dipole chain in the continuum limit [10,29]. For another
important example, Eq. (1.6) is a simplified model for the director field of a nematic liquid crystal
[12,17]. Even for smooth initial data, there is the well-known fact that the solution of this equation
can develop cusp-type singularities in finite time, which is attributed to the term c(u)c/(u)u,%, see
Glassey et al. [8,9]. It is therefore necessary to study the global existence of weak solutions. There
are at least two natural distinct classes of admissible weak solutions, which are called dissipative and
conservative solutions. The dissipative solution loses all the energy at the blowup time, while the
conservative solution will preserve its energy in time. The existence of a dissipative weak solution to
its initial value problem, as well as for related asymptotic models, has been extensively studied by
Zhang and Zheng [19-26] and Hunter and Zheng [13]. The more relevant results of the first-order
asymptotic equation (which is also called Hunter-Saxton equation) and its geometric interpretation
are presented in [3,4,7,14-16,18] and the references therein. In [6], Bressan and Zheng established an
energy-conservative weak solution to the Cauchy problem of Eq. (1.6). Recently, Holden and Raynaud
[11] have shown that it possesses a global semigroup for conservative weak solutions. Moreover, the
global conservative weak solutions to its asymptotic equations have been obtained in [5,21].

Another simplified model arising from the theory of nematic liquid crystals is a system of equa-
tions

) 2.2 2. 7.2
Uy — Cc1[C1ux]x = aa (vt —C5Vy )—a C2Cy VY,

(ant)t _ (Céanx)x —0, (1.7)
where ¢1 =cq1(u), ¢ =c(u) and a =a(u) are functions of u alone. We refer the reader to Ref. [2]
of Ali and Hunter for the detailed derivation and more background information of the system. Re-
cently, Zhang and Zheng [27,28] have established the global existence of an energy-conservative weak
solution to its initial value problem for initial data of finite energy. We notice that system (1.7) is a
particular case of (1.1) for n = 2.
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In the present paper, we only consider the special case ¢; =c; (i, j=1,...,n) of (1.1). In this case,
system (1.1) reduces to

n

U — e[t =€) Y (Cuylike — it (k=1,2,....1), (1.8)
i=1

where c:R" — R is a smooth and positive function satisfying
0<c1<c@@<cz<oo and sup|Ve(z)| <oo, zeR", (1.9)
z

for positive numbers ¢ < c,. The general case of (1.1) will be considered in a forthcoming paper.

The purpose of this paper is to establish the global well-posedness of the initial value problem
for the system of variational wave equations (1.8) for conservative weak solutions. We shall use the
method of energy-dependent coordinates used in papers [5,6,27] to construct an energy-conservative
solution of (1.8). This method allows us to resolve all singularities by introducing a new set of vari-
ables related to the energy. The global smooth solution of the system in the new variables can be
obtained by a priori estimates. Going back to the original variables, we thus recover a global weak
solution to system (1.8).

We consider (1.8) and (1.9) with the following initial data

U (0, X) = upp(x) € H', U (0, %) =up(x) € L (k=1,2,...,n). (1.10)

To deal with the potential breakdown of regularity of solutions, we need to consider weak solutions
instead of classical solutions. It can easily be derived that every smooth solution satisfies the conser-
vation of energy

[% Z(“fﬁcz(u)u?x)} —[CZ(U)ZUMUM} =0, (111)
t i=1 X

i=1

which implies the existence of finite-energy weak solutions is possible for all time, even after sin-
gularities have formed. Before we state our results, let us first recall the definition of weak solutions
introduced by Bressan and Zheng [6] (also see Zhang and Zheng [27,28]).

Definition 1 (Weak solution). A vector function u(t, x), defined for all (t,x) € R x R, is a weak solution
to the Cauchy problem (1.8), (1.10) if the following hold:

(i) In the t-x plane, the functions u, (k=1,2,...,n) are locally Holder continuous with expo-
nent 1/2. The vector function t — u(t,-) is continuously differentiable as a map with values

in Lfoc, for all 1 <6 < 2. Moreover, it is Lipschitz continuous with respect to the L? distance, that
is

> Juitt. ) = uits. )| 2 < Llt —s| (112)

i=1

for all t,s e R.
(ii) The functions uk(t,x) (k=1,2,...,n) take on the initial conditions in (1.10) pointwise, while
their temporal derivatives hold in Lf)oc for 6 €[1, 2).



Y. Hu/J. Differential Equations 252 (2012) 4002-4026 4005

(iii) Eqgs. (1.8) are satisfied in the distributional sense, that is

// [q&tukt — (c¢), cu)uyx + pc Z(CUi”kx - CUk”ix)”ix:| dxdt=0 (k=1,2,...,n)
i=1
(113)

for all test functions ¢ € C1(R x R).
Our conclusions can be stated as follows.

Theorem 1.1 (Existence). Let condition (1.9) hold. Then problem (1.8), (1.10) has a global weak solution defined
forall (t,x) e R x R.

The continuous dependence of the solution upon the initial data follows directly from the con-
structive procedure (see Section 3). Moreover, the total energy

1 n
E(t) = 5/ ;[ui(t, X) + ¢ (u(t, 0)ui(t, x) ] dx (1.14)

remains uniformly bounded by its initial level & := £(0). More precisely, we have

Theorem 1.2 (Continuous dependence). A family of weak solutions to the Cauchy problem (1.8), (1.10) can be
constructed with the additional properties: For every t € R one has

£@t) < &. (1.15)

Moreover, let a sequence of initial conditions satisfy

n n
2 Muio), — @wioxl o > 0. 3 fuiy —uaf >0
i=1 i=1

and uy — ugo (k=1,2,...,n) uniformly on compact sets, as v — oc. Then one has the convergence of the
corresponding solutions u” — u, uniformly on bounded subsets of the t-x plane.

It seems from (1.15) that the total energy of our solutions may decrease in time. We emphasize,
however, that our solutions are conservative, in the following sense.

Theorem 1.3 (Conservation of energy). There exists a continuous family {{i¢; t € R} of positive Radon mea-
sures on the real line with the following properties.

(i) Atevery timet, one has u:(R) = &.
(ii) For each t, the absolutely continuous part of it has density % 2?21 (uizt +c? (u)uizx) with respect to the
Lebesgue measure.
(iii) For almost every t € R, the singular part of u; is concentrated on the set where |Vc(u)| = 0.

In other words, the solutions that we obtain are conservative, in the sense that the total energy
represented by the measure p equals a constant, for almost every time. This energy may only be
concentrated on a set of times of zero measure or at points where all ¢, (u) (k=1,2,...,n) vanish.
If |Vc(u)| # 0 for any vector u, then assertion (iii) states that the set {t; £(t) < &y} has measure zero.
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The rest of the paper is organized as follows. In Section 2, we introduce a new set of dependent
and independent variables for smooth solutions, and then derive an equivalent semilinear system
of (1.8). Section 3 is devoted to establishing the existence and continuous dependence of solutions
for the equivalent semilinear system. In Section 4, we show the Hdélder continuity of these solutions
u in the original independent variables t,x, and verify that the equations in (1.8) are satisfied in
the distributional sense. Moreover, the energy inequality (1.15) is demonstrated in Section 5 and the
Lipschitz continuity of the map t > u(t,-), the continuity of the maps t — u.(t,-), t > ux(t,-) are
established in Section 6. These results complete the proofs of Theorems 1.1 and 1.2. Finally, Section 7
is devoted to the proof of Theorem 1.3.

2. An equivalent system

This section is devoted to deriving an equivalent system of (1.8) for smooth solutions by introduc-
ing a new set of dependent and independent variables to replace the original variables.
Let

{Rk=ukt+f(”)“kx’ k=1,2,...,n), 1)

Sk = Uk — cC(W)Upx
and denote R :=(R1,...,Ry), S:=(S1,...,Sp). Then (1.8) can be rewritten as

Vc Cuy, 2
Ryt — CRygx = 5 R(Ry — Si) — I|R - 517,

Vc c k=1,2,...,n). (2.2)
Skt + €Sk = 5=+ S(Sk = Ri) — %w —RP?,

Uge — C(U)Ugx = Sk

This system is equivalent to (1.8) for smooth solutions if we supplement (2.2) with initial restriction

Ry —S
att=0: Upy=—F% k=1,2,...,n). (2.3)
2c(u)
In fact, for
Fi:=Ry— Sk —2c(uy, k=1,2,...,n), (2.4)

we directly compute
0 F — C(U)aka = at(Rk - Sk - 2Cukx) - C(u)ax(Rk - Sk - zcukx)

n
Cy:
= Z zic'[(Ri + Si) (R — Si) — 4cUjtUy |
i=1

n
Cu;
=2 5 [(Ri+ Si +2cuin) Fi + 2cui(Ri = Si) = 2cuin(Ric = S)]
i=1
n
Cy:
=y 2—‘Z[(R,- + S Fx+ 2cuFi] (k=1,2,....,n) (2.5)
i=1

which imply, if all F, (k=1,2,...,n) vanish at time zero, that F, =0 (k=1,2,...,n) for all t > 0.
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Proposition 1. Any smooth solution of (1.8) is a solution to (2.2), (2.3). The converse also holds.

We notice that the equations for u, (k=1,2,...,n) in (2.2) may be replaced by uy; 4+ c(u)uyx = Ry
(k=1,2,...,n) together with initial compatibility conditions 2uy = Ry + S, (k=1,2,...,n) (at
t = 0). This follows since we have

n
Cy:
Git + WGl =Y zic’[(Ri + )G — 2cupeGi] (k=1,2,...,n) (2.6)
i=1

for Gy := Ry + Sk —2uye (k=1,2,...,n).
For convenience to deal with possibly unbounded values of Ry and S, (k=1,2,...,n), we intro-
duce a new set of dependent variables:

R 1
G TR M TR
k=1,2,...,n). (2.7)
my ek .
FTIESZ P axse
We denote ¢ := (¢1,...,¢;) and m := (mq,...,my) for notational convenience. It is easy to see that
there hold
h? 4 €12 = hy, (2.8)
h3 4 |m|? = h,. (2.9)
For k=1,2,...,n, we now compute

n
Lie — c(U)lyx = h% [(1 + IRIZ)(er — CRix) — Ry ZZRj(Rjt - Cij)}
=1

\Y
h%{—%(l +IRI?)IR—SI* + Z—CC R[Ri(1+1S1%) — Sk(1+ |R|2)]}, (2.10)

which, combined with (2.7)-(2.9), leads to

1(c [ Ve
L — c(Wlyy = — [ﬁ(zhmz —hy—hy) + %e -m+ e Ly — mk)]. (2.11)

h;

Similarly, we have

n
My 4 c(W)Myy = h3 [(1 +1S1%) (Ske + ¢Six) — Sk Y 28(Sje + cij)]
j=1

v
=h§{—c4lc"(1 +1S12)IS — R + zTC -S[Sk(1+IRP) — Re(1 + |5|2)]}, (212)

and combining this with (2.7)-(2.9) yields

1]c c Vc
My + c(W)Myy = E [4LC"(2h1h2 —hy—hy)) + ZLC"Z -m+ % -m@my — ek)]. (213)
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Furthermore, by a simple calculation we get

Vc
hi — hix=——-£(h1 — hy),
1t — c(Whix 3y (h1 —hy)

Vc
hat + c(W)hyx = —— -m(hy — hy).
2chq

We define the forward and backward characteristics as follows:
d
Exi(s; t,x) ==£c(u(s; xT(s; t, x))),
x* ls=t = X.

Then, for a point (t, x), we define the energy-dependent coordinates (X, Y):

X~ (0;t,x)
X = / [1+ RO, &)|*] d,
0
0
Y = / [1+]50,8)"]dé,
xt(0;t,x)

which imply that
X —c(u)Xx=0, Ye+c(u)Yx=0.

Moreover, for any smooth function f, we obtain by making use of (2.17) that

Je+c@) fx= fxXe + fyYe +cfx Xx + cfy Yo = (Xe + cXx) fx = 2cXx fx,

fr—c@) fx=fxXe+ frYe —cfxXx — cfyYx = (Ye — cYx) fx = —2cYx fy.

We now introduce

_1+|R]? 1S
p:= X, q:= v,

From (2.7), we see that

b Ty, T 11 s

= = h.
X« 1+IR? a2

Noting
n
Ve
=) Cuttix=—_+(R=9),
i=1

and combining (2.7), (2.17) and (2.20), we compute

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)
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Pt—C(U)px— ZZR](R]t CRjx) — —2(1+|R|2)[(Xx)t_c(xx)x]
X
.l n
:X—|:ZZR1(R]-[—CRJ~X)—(1+|R|2)Cx:|
X .
Jj=1
Ve )
=ph > R[2R-(R—S)—|R — 5|]—— (R—S)(1+IRP)
= Ve S(141RP) - R(1+1S?
=phi| 5= S(1+IRF) (1+151%)
Vc
_ ¢ 2.22
=2, ~(m—0)p. (2.22)
Similarly, we also have
1
G +c(W)qx = — 2 —5 (1 +ISP)[(=Yr + c(=Y)x]
X j=1 X
1 n
:—Y|:225j(5jt+cij)+(l+|S|2)Cx:|
—Ix .
j=1
Vc Vc
thz{z s[zs-(S—R)—|5—R|2]+—C-(R—5>(1+|S|2)}
Vc
—q [z_c R(1+1S1%) - s(1+|R|2)]
Vc
=—(—myq. 2.23
i ( )q (2.23)

Summing up (2.11), (2.13)-(2.14), (2.18) and (2.22)-(2.23), we obtain a semilinear hyperbolic system
with smooth coefficients for the variables h1, hy, p, q, &, my, u, (k=1,2,...,n) in (X, Y) coordinates
as follows:

Cuy, Cuy, Vc
Ly =q| — (2hthy —hy —h t-m+ —
kY q[8c2( thy —hy 2)+4C2 + a0

L — mk)],

_ Cuk C“k VC
Mgx =P [SCZ (2h1hy —hy —hy) + Ez Mt m(my, — ek)], (2.24)
p q
Ugx =—4L |orupy=—m| (k=1,2,...,n),
2c 2c
Vc
hy = ;5 -t —h)q.
oe (2.25)
hax = 12 -m(hy — hq)p,
Vc
Py =73 (m—£)pq,
¢ (2.26)

_ Vc € —m
ax = a2 pq.



4010 Y. Hu /J. Differential Equations 252 (2012) 4002-4026

We comment that we have upxy = upyx (k=1,2,...,n), so we may use either ugx or upy (k=
1,2,...,n) in (2.24). In addition one also has

py +ax =0, <g> —<§> —0. (2.27)
X Y

Indeed, thanks to (2.18), we deduce

¢t +cc Ve Ve
ex =T - 28 Rphy = o - tp,
2c Xy 2c 2c
(2.28)
c _ct—ccx_Vc Sah _Vc m
YT ey, T 2 M2 =50 M-

Then we compute

q p 1
=z N =—2 _
<C>x <C>Y 2 (20ax + pcy —qcx)

—]ZCVC(E m)+ch VCE—O
2|7 42 PaTPoo-Ma—d5 4P| ="

We notice that the two functions for dyh; and dxh, in (2.25) may seem to be replaceable by the
conserved quantities (2.8) and (2.9), but (2.8) and (2.9) do not yield single-valued functions h; and h;
of |¢|? and |m|?, respectively. For these reasons, we keep more equations supplemented by conserved
quantities rather than fewer equations involving complicated functions.

We next consider the boundary conditions of system (2.24)-(2.26), corresponding to (1.10). The ini-
tial line t =0 in the (t, x) plane is transformed to a curve I': Y = ¢(X) defined through a parametric
xeR

x= [[1+RO.6) e

0
. (2.29)

Y:/[1+|S(0,$)|2]d§

X

which is non-characteristic. The assumptions uyy € H', uy € L2 (k = 1,2,...,n) imply that
R (0,x), Sk(0,x) € L2 (k=1,2,...,n). We introduce

1
foi= 4 f[|R(0,s>|2 +1500.6)]dé < oo, (2.30)

which equals to the number £(0) in (1.14). Then the two functions X = X(x), Y = Y(x) are well
defined and absolutely continuous. Moreover, X is strictly increasing while Y is strictly decreasing.
Therefore, the map X — ¢(X) is continuous and strictly decreasing. In addition, we also have |X +
@(X)] < 4& from (2.30). The coordinate transformation maps the domain [0, c0) x R in the (t, x)
plane into the set

QY ={X.Y): Y= pX)} (231)
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in the (X,Y) plane. Since the curve I" is parametrized by the parameter X, then we can assign the
boundary data (¢, m, hy, ha, p, q, i) € L* defined by

_ 1
_ _ hh=— )
{‘:R(O”‘)h} {TIEIRO.0P {I_’=1’ il =1up(x) (2.32)
m=S(0,x)ha, . 1 q=1, ’ '
2T 1v 50017
where
R(0, %) = uy (%) + c(uo(x))ug(x), (2.33)
S(0,%) = u1(x) — c(uo(x))up(x), '

along I'. Furthermore, (2.8) and (2.9) are identically satisfied along I'. In fact, thanks to (2.24)-(2.26),
we deduce

n
dy (17 +h3 —hi) =) _2;Cjy + (2hy — Dhyy
j=1

n
Cu. Cu» VC
=2q E ej|:8_C}2(2hlh2 —hy—hy) + ﬁﬁ-m—i— E 'Z(Ej —mj)j|
j=1

Vc

2
Vc

=32

+ -£(2h1 — 1)(hy — h3)q

\
zq[(h%_hl)H'mH'“—m)Fﬁ~€q(|6|2+h%—h1)

and

n
8x(|m|2 +h% - hz) = szjmjx + (2hy — Dhyy
=

m(mj—ej):|

n Cy. Cu; Vc
=2pij|:$(2h1hz _ —h2)+4—z]2€~m+ R
j=1

Vc
+ 12 -m(2hy —1)(hp —hy)p

Ve

Ve
= 55 -mp[(13 —h2) + €-m+m- (m = 0] = - mp[ImI? + 3 — ha].

2c2
which imply, by the initial data (2.32), that the identities (2.8) and (2.9) hold for the solutions.

3. Solutions of the equivalent system

In this section, we establish the existence of a unique global solution for system (2.24)-(2.26) with
boundary data (2.32) in the energy coordinates (X, Y).

Theorem 3.1. Let conditions (1.9), (1.10) hold. Then problem (2.24)-(2.26) with boundary data (2.32) has a
unique global solution defined for all (X,Y) € R2.
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We construct below the solution on the domain 2% where Y > ¢(X). On the complementary set
R2\ 27, the solution can be constructed in a completely similar way.

We first note that all right-hand side functions in system (2.24)-(2.26) are locally Lipschitz contin-
uous, thus the construction of a local solution is straightforward by the fixed point method. In order
to extend this local solution to the entire domain 27, it suffices to establish a priori estimates.

We observe that the conserved quantities (2.8) and (2.9) hold for the solutions, namely,

n

Y e =hi(1—hy), Y mP=hy(1—hy). B.1)

i=1 i=1

Thus hq, hy are bounded between zero and one and the functions ¢, my (k=1, 2, ...,n) are uniformly
bounded. Integrating the first equation of (2.27) over the characteristic triangle with vertex (X, Y),

X Y
p(X',Y)dX + / a(X.Y)dY =X - H(Y)+ Y — p(X)
oY) (X)

<2(1X|+ Y] + 4&), (3.2)

where ¢~ denotes the inverse of ¢. The second inequality holds by the energy assumption (2.30).
Integrating the first equation of (2.26) vertically and making use of (3.2), since p,q > 0 from (2.19)
and (2.26), we obtain

Y
Vc ,
p(X,Y) =exp 1 - (m—0qdY
4c
P(X)
Y
< exp{Co / qa(X, Y/)dy/]
P(X)
< exp{2Co(IX] + Y] +4&)}. (33)

where Cy is a finite number depending only on ¢y, ¢ and sup|Vc|. Similarly, integrating the second
equation of (2.26) horizontally, we get

X

Ve ,
q(X,Y) =exp — - (( —m)pdX
4c?
p1(Y)
X
< expi Co / p(X',Y) dX’}
(V)
< exp{2Co(IX] + Y| +4&)}. (3.4)
The proof of the global existence of system (2.24)—(2.26) with boundary data (2.32) follows from the
local bounds (3.3) and (3.4). We omit the details since they are very similar to those in Bressan and

Zheng [6].
For future reference, we here state a useful consequence of the above construction.
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Corollary 1. Let (1.9) hold. If the initial data (ukg, ux1) (k =1,2,...,n) are smooth, then the solution of
(2.24)-(2.26), (2.32) is a smooth function of the variables (X, Y). Moreover, assume that a sequence of smooth
functions (upy, uy)v>1 (k=1,2,...,n) satisfies

Uy = Uko,  (upp), = Wkodx.  Upyp — U (k=1,2,....n)
uniformly on compact subsets of R. Then one has the convergence of the corresponding solutions:
(u”, ", m" hY, hy, p",q") — (u,€,m hy, hy, p,q),
uniformly on bounded subsets of the X-Y plane.

4. Solutions in the original variables

In the present section, we prove that the solution in the X-Y plane can be expressed by the
original variables (t, x). Moreover, we also prove that the solution in the original variables is Holder
continuous and satisfies (1.8) in the distributional sense.

Since the initial data (upg)x and ugy (k=1,2,...,n) are assumed only to be in L2, we first examine
from system (2.24)-(2.26) that the regularity of the solution is as follows:

- The functions ¢, (k=1,2,...,n), hy, p are Lipschitz continuous w.r.t. Y, measurable w.r.t. X.

- The functions my (k=1,2,...,n), hy, q are Lipschitz continuous w.r.t. X, measurable w.r.t. Y.

- The functions u, (k=1,2,...,n) are Lipschitz continuous w.r.t. both X and Y, on bounded sub-
sets of the X-Y plane.

In order to define u, (k=1,2,...,n) as functions of the original variables t, x, we need the inverse
functions X = X(t, x), Y =Y (t, x). The map (X, Y) — (t, x) can be constructed as follows. Due to (2.18)
and (2.20), we obtain

. 1 1ph
X = = = = phy,
fo 21 (41)
. —__gh
Xy 2, 261 2
and
1 1
tx = = —phi,
2cXy 2c (42)
ty = ! —1 h
YT ooy, 201"

For future reference, we write here the partial derivatives of the inverse mapping, valid at points
where h] , h2 sﬁ 0,

1 1 c c

- L - - (4.3)
phy ¥ gh; T ‘7 ghy

We use (2.25)-(2.26) and (2.28) to compute
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Y Y
(X5, Y,) /
S N A
B X,.Y) v
2
Y1
XY oA .
X,.Y,)
0 X 0 X
(a) (b)

Fig. 1. Paths of integration y4, y». The left figure (a) corresponds to the case X; < X2, Y1 < Y2, and the right figure (b) to the
case X1 < X2, Y1 > Y3. The dashed curves in figures (a) and (b) are, respectively, the boundaries dDy+ and dD;x.

1
Xxy = E(hlpy + phy)

Ve Vc Ve

=— 41 —h — . (m—=0h1pg= — - (hym — hyt
8c2 (h1 z)1oq+8c2 (m—0Oh1pq oY) (hym — ha&)pq
Ve

Ve 1
=32 (m — £)hapq — 32 m(hy —h1)pqg = 5(—hqu —qhaX) =xyx

and

XX Xy 2 1
txy —tyx=(—) +(—) ==xxy — 5 (xxcy +xycx)
c/y c/x ¢ c

Ve

1] Vc Vc
= (hym — hy€)pq — c_2|:E -mh1pq — a2 'thqu| =0.

Therefore, the functions x =x(X,Y) and t =t(X,Y) can be obtained by integrating one of the equa-
tions in (4.1) and (4.2), respectively. We note that the map constructed above may not be one-to-one
mapping. This fact, however, does not cause any real difficulty. Indeed, we need only prove the
claim that the values of u do not depend on the choice of (X, Y). That is because if it holds then,
for each given point (t*,x*), we can choose an arbitrary point (X*, Y*) such that t(X*, Y*) = t*,
x(X*,Y*) =x*, and define u(t*, x*) := u(X*, Y*). To prove this claim, assume (X7, Y1) and (X3, Y>)
are two distinct points such that t(Xi, Y1) =t(Xa, Y2) =t* and x(Xq, Y1) = x(X3, Y2) = x*, we need
to show u(Xq, Y1) =u(Xz, Y2). Consider two cases:

Case 1. X1 < X3, Y1 <Y>,. Consider the set

Dy :={(X,Y); x(X,Y) <x*}

and denote by dD,+ its boundary. Since x is increasing with X and decreasing with Y, this boundary
can be represented as the graph of a Lipschitz continuous function: X — Y = ¢(X + Y). We now
construct a Lipschitz continuous curve y; (Fig. 1(a)) consisting of the following:
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- a horizontal segment joining (X1, Y1) with a point A = (X4, Y4) on 9Dy with Y4 =Y1,
- a portion of the boundary 9D+,
- a vertical segment joining (X, Y2) with a point B = (Xp, Yg) on dDx with Xp = X.
From (4.1)-(4.2) and the assumptions t(X1, Y1) = t(Xa, Y2) = t*, x(X1, Y1) = x(X2, Y2) = x*, we
obtain that t =t* and x = x* on the curve y;. Then, along y, we have

1 1
O0=dx=xxdX +xydY = 5ph1 dXx — thz dy,
1 1
0=dt=txdX +tydY = —phydX + —qh,dY
2c 2c

hold almost everywhere. Hence, hidX = h,dY = 0, which means that ¢, dX = m,dY =0 (k =
1,2,...,n). For k=1,2,...,n, we now compute

U (X2, Y2) — ug(X1. Y1) = /(ukx dX + gy dY)
Y

p q
= | —4dX + —mdY =0
/2(: k +2ka )
y

which concludes our claim.

Case 2. X1 < X3, Y1 > Y5. In this case, we consider the set

Des:={(X, V); £(X,Y) <t*},

and construct a curve y, connecting (X1, Y1) with (X3, Y2) as in Fig. 1(b). Details are entirely similar
to Case 1.

We next prove that the vector function u(t, x) = u(X(t, x), Y(t, x)) thus obtained is Holder contin-
uous on bounded sets. For k=1, 2,...,n, integrating along any forward characteristic t — x*(t) and
noticing Y = const. on this kind of characteristics, we get

T
f[Ukt+C(u)UI<x dt_/(ZchukX) (ZCXX)’ dX = /—Zz dXx

2chq
0 Xo

X¢ X¢

p 2 1
< | —¢)*dX = | —p(1 —hy)dX
/2h|| /Zcp( 1)

Xo Xo

< / JpAX<Cr, (4.4)

for some constant C; depending only on t. Similarly, integrating along any backward characteristic
t — x~(t) and noticing X = const. on this kind of characteristics, we obtain
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T

/[ukt—c(u)ukx]zdth, (k=1,2,...,n). (4.5)
0

Thanks to (1.9), the bounds (4.4) and (4.5) imply that the vector function u = u(t, x) is Holder con-
tinuous with exponent 1/2. Due to (2.15) we obtain all characteristic curves are C! with Holder
continuous derivative. Moreover, the functions Ry, Sy (k=1,2,...,n) at (2.1) are square integrable
on bounded subsets of the t-x plane. In addition, notice that

N N 1 p, L .
Uge + (W Uy = 2¢Xpllgx =2C—— - — L= — =Ry
ph1 2c h]
and
1 m
Upe — C(UUgx = —2¢YxUgy = —2¢| ——— | - imk = L5
gh; 2c hy

for k=1,2,...,n, which indicate that the functions Ry, Sy (k=1,2,...,n) at (2.1) are indeed the
same as recovered from (2.7).

Finally, we prove that the vector function u = u(t, x) satisfies (1.8) in the distributional sense.
According to (1.13), we need to show that for k=1,2,...,n,

0= / / {¢’t[(ul<t + Clky) + (e — CUky) | — (C)x[ (Uke + CUix) — (Uge — CUky) ]

n

+2¢¢ ) (cuylix — Cukuix)uix] dxdr
i=1

= / / [Rk[¢t — (cP)x] + Sk[¢r + (cd)x] +20¢ Y (Cuytine — Cukuix)uix] dxdt

i=1

n
= //{—ZCRka¢Y + 2cSp Xxpx + ¢|:(Sk — Ri)ex + 2c Z(cuiukx — Cukuix)uix:| } dxdt

i=1

= // [—2chYx¢>y +2¢Sp Xxpx — qb%lR — 5|2] dxdt. (4.6)

The third identity holds by (2.18). We notice that, from (4.1) and (4.2),
dxdt = 2 hyhy dx dy.
2c

Therefore, one can rewrite the double integral in (4.6) as

Ly my = mi\’| pg
2 2 —¢— — —— | | =hihydXdy
//|: th1h2¢Y+ Cph1h2¢x 2c ; hi  hy 2c 12

C C
=//{pek¢y + qmyex +¢pQ[%(2h1hz —hy —hy) + %z ~m“d><dv. (4.7)

By direct calculation, we find that
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(pli)y + (qmi)x = plry + €kpy + qmgx + mqx

Cuy Cuy
= 2h1hy —h1 —h —-
PQLCZ( tha —hi —hy) + 2C2Z m}

n
Cu;
+Pa Y 5[4 = ) + Ce(mi — &) + miCimg — ) + my (4 — my)]
i=1

Cuk

4017

c
= PQ[ 2 (2hihy —hy —hy) + 5 - m}, (4.8)

4c2 2c

from which and (4.7) we obtain (4.6) holds. Thus, the integral equations (1.13) hold for every
function ¢ € C].

5. Upper bound on energy

test

This section is devoted to completing the proof of Theorem 1.2. We establish the energy inequal-

ity (1.15) by converting the energy conservation (1.11) formally to the (X, Y) plane.

Using the variables Ry and S, (k=1,2,...,n), one can rewrite (1.11) as
1 1
[Z(wz + |S|2)] + [Zc(u)(m2 - |R|2)} =0, (5:1)
t x
which, combined with (2.7)-(2.9), gives
1 n 1 1 n c(1 1 _0
4hy  4hy 2/, |4\hy h)],
which means that the 1-form
1 1 1 c(1 1
—t+——=)dx— |- ———)[dt 5.2
(4h1 +4h2 2> [4(h2 h1>:| 52)
is closed. Making use of the formula
1 1
dt =txdX +tydY = —phidX + —qh,dY,
2c 2c (5 3)
1 1 ’
dx=xxdX +xydY = 5ph1 dx — iqhz dy,
the expression (5.2) can be reduced to
1—h 1—hy
dx — dy, 54
7 P 7 ¢ (5.4)
which is also closed, in the X-Y plane. It follows from a direct calculation
1-— hl Vc
=—— -|(1=hy)m—(1—=hy)¢
( 2 p)y o2 [(1 —hpm — (1 —hy)¢]pq
1—hy
= —< 2 q) . (5.5)
X
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Y

A

1

Ay
D Ay
0 X
r’[
A}

Iy

Fig. 2. The region D and its four vertices A1, Az, A3 and A4.
The solution u = u(X, Y) constructed in Section 3 is conservative, in the sense that the integral of the
form (5.4) along every Lipschitz continuous, closed curve in the X-Y plane is zero.

We now use the above fact to establish the energy inequality (1.15). Fix any t > 0, the case T <0
is analogous. For a given r >> 1, define the set

D:={(X,Y); 0<t(X,Y)<7, X<r, Y<r}. (5.6)
See Fig. 2. By construction, the map (X, Y) > (t, x) will act as follows:
A1 (T,a1), Ax > (T,0a2), A3 (0,a3), Ag > (0,a4),

for some a; < ay and a4 < as3. Integrating the 1-form (5.4) along the boundary of D, we find that

1—h 1—h
/ ]de— 2qu

4 4
A1Ay
1—h 1—hy 1—h 1—hy
= dX — dYy — dX — dY
[ = o= [ teax [ R
A4A3 AsAq A3A;
1-h 1-h
< / o PdX = —qady
AgAs3
as
R 2 2
=/ 5 Z[uit(o, X) +cC (U(O, X))uix(o’ X)] dX, (57)
A

where the last relation holds by using the fact that the variables hi, hy never assume the value zero
at the initial time. On the other hand, we compute by using (5.3) to obtain

ap n

% Z[uft(r, X+ (u(r, 0)ui(r,x)] dx

a i=
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1—hy 1-hy
/ g P / g 1

A1 Axn{hy #0} A1A2n{hy#0}
< &. (5.8)

Letting r — +oo in (5.6), one has a; — —oo, az — +oo. Therefore, combining (5.7) and (5.8), we get
E(t) < &, this proves (1.15).

6. Regularity of trajectories

In this section, we shall show that the vector function t + u(t,-) is Lipschitz continuous in the
L2 distance and is continuously differentiable as a map with values in Lfoc, for all 1 <6 < 2. These
results will complete the proof of Theorem 1.1.

We now establish the Lipschitz continuity of the vector function t — u(t, -) in the L? distance, that
is, (1.12) holds. For any t, s € R, we have

1
ug(t, x) — u(s, x) = (t — s)/ukt(s+$(t —s),x)dé
0

fork=1,2,...,n. Thus

n 1 n
3ttt < ool [ 3 (s =9 )|
i=1 o =1

< V28t —s). (6.1)

Next we prove that the functions t + ug(t,-) and t +— ugy(t,-) (k=1,2,...,n) are continuous
with values in L?, which imply the vector function ¢t — u(t, -) is continuously differentiable as a map
with values in Lfoc, forall 1<0 <2.

Let us first establish the argument for smooth initial data. In this case, the solution u =u(X,Y) is
a smooth vector function on the entire X-Y plane. Fix a time 7. We claim that

d
auk(t, MNe=r = Upe (T, ), (6.2)

where

p c q C Z] my
Upe (T, ) = upx Xe + Uy Ye = — 4 — + —m k

=t 6.3
2c ph1 2c k qhz Zh] + 2h2 ( )

for k=1,2,...,n. Notice that (6.3) defines the value of uj (7, -) at almost every point x € R. By the
energy inequality (1.15), we have

/ |ue (T, 0| dx < 28(8) < 2&. (6.4)
R

In order to establish the relations (6.2), we consider the set

D :={X.V) [t(X,Y)< 1}, (6.5)
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and denote its boundary by ;. Given ¢ > 0, due to the energy inequality (1.15), there then exist
finitely many disjoint intervals [a;, b;] C R, i=1,2,..., N, such that

min{h;(P), ho(P)} < 2¢ (6.6)

for every point P = (X(xp, 7),Y(xp, 7)) (xp € ] := Uf\’:][ai, b;i1) and

h(Q)>e,  h(Q)>¢ (6.7)

for every point Q = (X(xq,7),Y(xq, 7)) (xq € J/:=R\ J). Noticing the function u = u(t,x) is
smooth in a neighborhood of the set {t} x J’ and using Minkowski’s inequality, we get

1

1 0

}}in})H[/!uk(r+h,x>—uk(r,x>—hukt<r,x>!9dx]
R

1 1
1 7 7
g}}imoﬁ[ /|uk(r +h,x) —uk(t,x)|(9 dx} + [ f|ukt(r,x)|9dx} ) (6.8)
J J

Making use of (4.1) and (6.6), we estimate the measure of the “bad” set J

(Xpy»Yp;)
N 1 1
meas(J)= | dx= —ph1dX — =qgh, dY
(])/ Z / Sph Sah
J =1 (X Ya)
NERSUIREY
2¢ 1—h1 1—h2
< dx — dy
M e
=1 (X Ya)

4¢ 1—hy 1—-hy 4e
< dx — dy < &o, 6.9
1—28/ 2 P gz 1-26° (6.9)
Iy

where (Xg;, Yq;) = (X(ai, 7),Y(a;, 7)) and (Xp,, Yp,) = (X(b;, T), Y (b;, T)). Using Holder’s inequality
with conjugate exponents 2/0 and k :=2/(2 — 6), and recalling (6.1), we obtain

0
/|uk(r +h,x)— uk(r,x)|9dx < meas(])% ( /’uk(T +h,x)— uk(t,x)lzdx) ’
] J

H|—

4e 9
< (1 — 28&]) |uk(z +h, ) —u(z. )| 2

1-2¢ 1-2¢

1 1
4 3 2 3
<( £ 50) (h\/zgo)":z(—g) h?&,.

Thus,
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1

. 1 0 % 2¢& k0 1
limsup — /|uk(r +hx)—u(r, x| dx) <|(——=) Q&)7. (6.10)
h—0 h 1-—2¢
J

Similar argument leads to

; %

</|ukt(1,x)|9dx> <meas(j)#(/|ukt(r,x)|2dx)
J

4¢ ®

g(1—28&’>

Combining (6.8), (6.10) and (6.11), and noticing ¢ > 0 is arbitrary, we conclude

|_\.

<

Q&ﬁ=< )EQ&ﬁ. (611)

1-—2¢

1
1 I3
lim —( /}uk(r +h,x) —ug(t,x) — hukt(r,x)ye dx) =0 (6.12)
h—0h
R
for k=1,2,...,n. The proofs of continuity of the functions t > uy(t,-) (k=1,2,...,n) are similar.
Fix € > 0. Consider the intervals [a;, b;] as before. For k=1, 2, ...,n, noticing that the function uj, =

ug(t, x) is smooth on a neighborhood of {t} x J’, we have
lim sup/|ukt(t +h,x) — ue(t, x)|(9 dx
h—0

< limsup/|ukt(r +h,x) —ukt(r,x)|0 dx
h—0 i

6
b
<limsupmeas(])%</|ukt(r +h,x)—ukt(r,x)|2> dx
h—0
J

1
. 4 €
<timsup( 1260 (Juat 4.0+ 9] )

h—0
4 1
8 K
< &) 4&)?,
< <1 . 0) (4€0)
which completes the proof by the arbitrariness of €.

For general initial data (uyg), up € L2 (k=1,2,...,n), we let {(upg)x), {ug 1 e € (k=1,2,...,n)
be a sequence of smooth initial data such that u,‘:o — Uyo (k=1,2,...,n) uniformly, (u,‘:o)x — (Uko)x
(k=1,2,...,n) almost everywhere and in 12, u,‘:l — Uy (k=1,2,...,n) almost everywhere and
in L2, and finish the proof by Corollary 1.

The continuity of the functions t — uy(t,-) (k=1,2,...,n) as maps with values in L?, 1< 6 <2,

can be established by the same method.
7. Energy conservation

This section is devoted to the proof of Theorem 1.3, that is, we show that the total energy of the
solution remains constant in time in some sense.
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We complete our analysis by using the tool of the wave interaction potential. For any fixed time 7,
we let u; =y + ut be the positive measure on the real line defined as follows. Given any open
interval (a, b), let A= (Xa,Y4s) and B = (X3, Yp) be the points on I'; (the boundary of D) such that

x(A) =a, Xp—Yp < Xg—Ya foreverypoint P € Iy withx(P) <a

X(B) =b, Xp—Yp > Xp—Yp foreverypoint P € I'T withx(P) > b.

Then we have

pe (@ b)) = puz (@ b)) + pi (@b)), (7.1)

where

1-h
pi(@b) = [ 2 2qar. (72)

AB AB

we (@ b)) =

For all 7, it is easily seen that uy, puf are bounded, positive measures, and p;(R) = &. We define
the wave interaction potential A(t) by

A) = (ur @ ) [ y); x>y} (73)

Notice that in the smooth case, (7.2) and (7.3) are, respectively, equivalent to

pr (@ b)): f|R(t x)\ dx, wi(@b)): /|S(r x)| dx,

and
1
A(t)::E/ IR(t, 0[*[S(t, )| dxdy.
x>y

Lemma 1 (Bounded variation). The map t — A(t) has locally bounded variation; that is, there exists a one-
sided Lipschitz constant Ly such that

Aty —AGS)K<Lp-(t—5s), t>s>0.
We first consider the case that the solution is smooth. From (2.2) we obtain

Ve
(IR1?), = (cIRP?), = > (IRI*S — |SI?R),

Vc
(IS1%), + (cIS1?), = > (ISI’R — |RI?S).

Differentiating A(t) with respect to time we get
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%[16A(t)] < —/2c|R|2|S|2dx+/(|R|2+|S|2)dx/‘% -(IRI’S — ISI*R)| dx

n
/Z}|R|25,-—|5|2R,-|dx. (7.4)
L= i

Cuy

2c

..... n

For each & > 0 we have |Ri| < P —I—S%IRIZ. |Skl <8_% —i—é‘%|5|2 (k=1,2,...,n). Choosing ¢ > 0
such that

we thus have

2

d 16n&, c
91640 < —¢ RI2(SI2 dx 9 max |—%
sl16a®] < —er [ RPISP ax =20 max ol 20 ]
2
_dengg few|
\/E k=1,..n || 2¢C Loo

Hence, the map t — A(t) has bounded variation on any bounded interval in the smooth case.

In order to prove Lemma 1 in general case, we consider the above argument in terms of the
variables X, Y. For this purpose, we fix 0 < s <t and denote Dy := D¢\ Ds, and then get by using (5.5)
and (7.2)

1-h 1—h
A(t)—A(s)<—// Lp-——2qdXxdy
4 4
Dst

n

Cqy:

+450.//pq§ %y(l—h1)mi—(1—h2)zi|dXdY. (7.5)
i=1

Dt
According to (2.8) and (2.9) we find that
G<hiA—hy),  mg <hy(1—hy).

Using the interpolation inequality, we observe that for every ¢ > 0 there exists a constant K. such
that

L <e(l—hy)+Kehy,  m<e(l—hy)+ Kehs.

Thus we have

(1= hymy — (1 —h)e| <e(1 —h)(1 —hy) + K[ —hhy + (1 —h)l]  (76)

for k=1,2,...,n. Combining (7.5) and (7.6), we obtain
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1
— E] //pq(l —h1)(1 —hy)dXdY
Dyt

/quﬂ—hom+wl—mquxm’

Cuy,

A(t) — A(s) < |ne& max
n|4c? ||,

k=1,...,

+n&K, max Lz
k=

.....

<K(t—5s), (7.7)

for a suitable large constant K, which reaches the desired conclusion Lemma 1. Here the second
inequality holds by the fact that

1=h  1=h
/f < 1 2>ﬁh]h2 dxdY = (t — 5)&. (7.8)
h2 2c

Dst

which is always valid.

The proof of Theorem 1.3 is similar to that of Theorem 3 in [6] and Theorem 1.3 in [27], but we
reproduce it here for completeness.
Consider the three sets

:“xythXszahﬂXJU¢Q!dexﬂﬂ!¢ok
= {(X,Y); ha(X,Y) =0, hi(X,Y) #0, |[Vc(u(X, Y))| #0]},
= {(XY): (X, Y) =0, ha(X.¥) =0, [Ve(u(X. V)| #0}.

From (2.24), we find there at least exist two integers k ke {1,2,...,n} such that ¢;, #0 on £ and
mg, # 0 on £2;, thus

meas(£21) = meas(£2;) =0. (7.9)
Let £25 be the set of Lebesgue points of £23. We assert that
meas({t(X,Y); (X.Y) e 25})=0. (7.10)

To prove (7.10), fix any P* = (X*,Y*) € 225 and let T =t(P*); we first prove the following claim:

. A(t —h) — A(t +k

lim sup ( ) ( ) = (711)
h.k—0+ h+k

By assumption, for any & > O arbitrarily small we can find § > 0 with the following property.

For any square Q centered at P* with side of length | < §, there exist a vertical segment o and a
horizontal segment ¢, as in Fig. 3, such that

meas(23 No) = (1 —e)l, meas(23No’) > (1 —e)l. (712)

Since hy = h, =0 at nearly all points close to p*, we can assume that the endpoints of the two
segments o, o’ are all in £23. Moreover, we assume without loss of generality that there exists an
integer k € {1,2,...,n} such that Cup > ¢ > 0 (c is a constant) at the point P*. By integrating the
equation for ¢; from (2.24) along o and doing a simple rearrangement, we obtain
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t=t*

0 X

Fig. 3. Lebesgue point of £23. Q is a square centered at the Lebesgue point P* € £23, o and ¢’ are two segments such that
(7.12) holds.

Cy- q
4—C’<.z—ch2=/{ (2h2—1)h1+ z m+ z(ek m,—c)}dY. (7.13)

[ (e

Notice that hq, ¢ (k=1,2,...,n) are Lipschitz in Y and hy =0 means ¢, =0 (k=1,2,...,n), and
they are zero on o on a set with measure greater than (1 — ¢)l, then (7.13) leads to

/ %hz dy = 0(1)(el)?. (7.14)
o
Similarly we have
p 2
/2— 1dX = 0(1)(sl)>. (7.15)
o’

Denote
tti=max{t(X,Y); (X,Y)eoUoc'}, t :=min{t(X,Y); (X,Y)eoUo'}.
Combining (7.14) and (7.15) and noticing (4.2), we get
tt -t~ < /tx dXx +/ty dy = / %m dx +/ %hz dy = 0(1)(el)?. (7.16)
o’ o o’ o
On the other hand, by (7.7) we have
AT) = A(tT) = e -2 —E(tT —t7)
for some constants ¢ > 0, ¢ > 0. Since ¢ > 0 is arbitrary, this implies (7.11).

The assertion (7.10) follows directly from (7.11) and the fact that the map t — A(t) has bounded
variation.
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We now observe that the singular part of the Radon measure w; is nontrivial only if the set
{P € I't; h1(P)=0o0rhy(P) =0}

has positive 1-dimensional measure. The previous analysis shows that, provided |Vc| # 0, this can
occur only on a set of times of measure zero.
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