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Abstract

The two-species Vlasov—Maxwell-Boltzmann system is an important model for plasma physics describ-
ing the time evolution of dilute charged particles consisting of electrons and ions under the influence of
the self-consistent internally generated Lorentz forces. In physical situations the ion mass is usually much
larger than the electron mass so that the electrons move much faster than the ions. Thus, the ions are often
described by a fixed ion background and only the electrons move. For such a simple case, the two-species
Vlasov—Maxwell-Boltzmann system is reduced to the one-species Vlasov—Maxwell-Boltzmann system.

Although the one-species Vlasov—Maxwell-Boltzmann system is a simplified model of the two-species
Vlasov—Maxwell-Boltzmann system, its global well-posedness theory near a given global Maxwellian in
the perturbative framework is more difficult than the two-species case, which is partially due to the slow-
decay of the electromagnetic field and up to now, the problem on the construction of global in time solutions
near a given global Maxwellian in the perturbative framework for the Cauchy problem of the one-species
Vlasov—Maxwell-Boltzmann system with cutoff non-hard sphere intermolecular collisions remains un-
solved. It is shown in this paper that the Cauchy problem of the one-species Vlasov—Maxwell-Boltzmann
system with cutoff non-hard sphere intermolecular collisions including the cutoff inverse power law poten-
tials is globally well-posed provided that the perturbative initial data satisfies certain regularity, smallness,
and integrability conditions. Our analysis is based on a new time-velocity weighted energy method with
two key technical parts: one is to introduce the exponentially weighted estimates into the cutoff Boltzmann
operator and the other is to design a delicate temporal energy X (¢)-norm to obtain its uniform bound. As
a by-product of our analysis, we can also deduce certain temporal decay estimates on the global solutions
constructed above for the same range of intermolecular collisions. Notice that even for the hard sphere
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model, although the global solutions have been successfully constructed in [8], its large time behaviors are
unknown, cf. [8].
© 2015 Elsevier Inc. All rights reserved.
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1. Introduction and main results

The Vlasov—Maxwell-Boltzmann system (called VMB system in the sequel for simplicity) is
an important model for plasma physics to describe the time evolution of dilute charged particles
(e.g., electrons and ions in the case of two-species) under the influence of the self-consistent
internally generated Lorentz forces, cf. [4-6,27,28,31,35]:

O Fs +v-ViFy 4+ (E+vx B)-VyFy = Q(Fy, Fy) + Q(Fy . Fo),
WF_4+v-ViF-—(E4+vXxB) -VyF-=Q(F_,Fy)+ Q(F_-.F-). (1.1)

Here Fi(#,x,v) > 0 denote the number density functions for the ions (+) and electrons (—)

respectively, at time ¢ > 0, position x = (x1, X2, x3) € R3, velocity v = (v, V2, 13) € R3, and

the self-consistent electromagnetic field [E (¢, x), B(t, x)] in (1.1) is coupled with Fi(¢, x, v)
through the celebrated Maxwell system:

0E —V, xB:—/v(F+—F,)dv,
R3

B4V, x E=0 (1.2)

with constraints

onE:/(FJr—F,)dv, V, -B=0. (1.3)

R3

In physical situations the ion mass is usually much larger than the electron mass so that the
electrons move much faster than the ions. Thus, the ions are often described by a fixed ion
background nj;(x) and only the electrons move. For such a simple case, the two-species VMB
system (1.1), (1.2), (1.3) is then reduced to the following one-species VMB system

WF+v-VF+(E+vxB) V,F = Q(F, F),

3;E—VXXB=—/deU,
R3
B+V, x E=0,
Vx-Ez/de—nb(x), Vi -B=0. (1.4)

R3
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Here the unknown F = F(t, x, v) > 0 stands for the number distribution function of the elec-
trons which have position x = (x1, x2, x3) € R3 and velocity v = (v1, v2, V3) € R3 at time 7 > 0,
E(t,x) and B(z, x) denote the electric and magnetic fields, respectively. ny(x) is the density of
the ionic background and is assumed throughout this paper to be a positive constant which means
that it is spatially uniform.

Notice that systems (1.1), (1.2), (1.3), and (1.4) in general contain physical constants such as
the magnitude of the charges e, the masses m, and diameters o; of the two types of particles,
the speed of light c, etc., cf. [22]. Since our purpose in this paper is to construct global solu-
tions near a given global Maxwellian to the Vlasov—-Maxwell-Boltzmann system, without loss
of generality, all those physical constants evolved in systems (1.1), (1.2), (1.3), and (1.4) together
with some generic positive constants such as 47 have been normalized to be one for notational
simplicity.

The bilinear Boltzmann collision operator Q(G1, G3) is defined by (cf. [4-6]):

0(G1,Go)(v) = / lu —v|"qo(0) {G1()G2(v) — G1(w)G2(v) } dudw.
R3xS?

Here w € S?, and
V=v—[(v—u) oo, v=u+[(v-—u)-olo,

which denote velocities after a collision of particles having velocities v, u before the collision and
vice versa. Notice that the relation between v, u and v’, u” implies the conservation of momentum
and kinetic energy during the collision process.

The Boltzmann collision kernel |u — v|¥ go(6) depends only on the relative velocity |v — u|
and on the deviation angle 6 given by cosf = (w, (v — u)/|v —ul), where (-,-) is the usual
dot product in R3. Throughout this paper, go(f) is assumed to satisfy Grad’s angular cutoff
assumption

0= ¢go(0) < Clcost|

for some generic positive constant C > 0. The range of the parameter y for physical consider-
ation is —3 < y < 1 which is called hard potentials when 0 <y < 1 with the two special cases
y =1 and y = 0 being called hard sphere model and Maxwell molecules respectively, while the
case —3 < y < 0 is called soft potentials.

What we are interested in is the construction of global solutions near a given normalized
global Maxwellian u = pu(v) = (27) =3/ 2=I0/2 0 the Cauchy problems of the two-species
VMB system (1.1), (1.2), (1.3) and the one-species VMB system (1.4) with prescribed initial
data

Fi(0,t,x,v) = Fio(x,v), E(0,x)=Ey(x), B(0,x)= By(x)

with constraints

Vx-Eo=[(F+0—F—o)dv, Vy-By=0

R3
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for the two-species VMB system (1.1), (1.2), (1.3) and with given initial data
F(0,x,v) = Fo(v,x), E(0,x)=Eo(x), B(0,x)=Bo(x) (1.5)

satisfying the compatibility conditions

Vx-Eoszodv—nb, Vy-By=0

R3

for the one-species VMB system (1.4), respectively.

Such a problem has been studied extensively recently and some interesting progress has been
made. To go directly to the theme of this manuscript, we only review former results concerning
the construction of global solutions near Maxwellians to the two-species VMB system (1.1),
(1.2), (1.3) and the one-species VMB system (1.4) as follows (for the corresponding results
concerning the existence of renormalized solutions of the VMB system with a defect measure in
the presence of long-range interactions and the convergence of such a sequence of renormalized
solutions of the VMB system under parabolic scaling to the weak solutions of the resulting
incompressible viscous electro-magneto-hydrodynamics, the interested readers are referred to [2]
and the references cited therein):

e For the Cauchy problem of the two-species VMB system (1.1), (1.2), (1.3), the results for
the hard sphere model are quite complete in the perturbative framework: When the initial
data [F1o(x, v), Ego(x), Bo(x)] is a periodic function of x, the global existence of solutions
near a given global Maxwellian was firstly investigated by Guo in [22]. Then, the rate of
convergence to such a global Maxwellian with any polynomial speed in large time was shown
by Guo and Strain in [25,40] for the two-species VMB system in a periodic box in both the
classical and relativistic situations. For the corresponding problem in the whole space, the
global in time classical solutions were constructed by Strain in [37] and the optimal temporal
decay estimates on the global solution constructed in [37] was studied by Duan and Strain
in [14]; For the non-hard sphere intermolecular collisions, the only result available up to now
is [12] which shows that the VMB system (1.1), (1.2), (1.3) with physical angular non-cutoff
intermolecular collisions including the inverse power law potentials admits a unique global
smooth solution which enjoys certain temporal decay estimates provided that the perturbative
initial data satisfies suitable smallness, regularity, and integrability conditions;

e For the one-species VMB system (1.4), although it is considered as a simplified model of
the two-species VMB system (1.1), (1.2), (1.3), its mathematical theory in the perturbative
framework is more difficult than the two-species VMB system (1.1), (1.2), (1.3), which is
partially due to the slow of the decay of the solutions, especially the self-consistent elec-
tromagnetic field. For its Cauchy problem, the only result availably now in the perturbative
framework is obtained by Duan in [8] which deals with the hard sphere model. In [8], al-
though a unique global solution near a given global Maxwellian is constructed for the hard
sphere model, since the decay of the solutions of the linearized system is too slow, it is shown
in [8] that even for the hard sphere model, it seems impossible to combine the temporal de-
cay of the solution operator of the linearized system with the Duhamel principle to deduce
the desired temporal decay of the global solution constructed in [8] as for the two-species
VMB system studied in [14].
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Thus, a natural question is

e For the Cauchy problem of the one-species VMB system (1.4) near Maxwellians in the whole
space with cutoff non-hard sphere intermolecular collisions, how to construct a unique global
solution in the perturbative framework and to deduce the desired temporal decay estimates
on the global solutions obtained?

The main goal of this manuscript is devoted to such a problem. Since we are concerned with the

Cauchy problem (1.4) around the normalized global Maxwellian p = pu(v) = Q)3 2=/
and noticing that we can also set n, = 1 without loss of generality, as in [22], if we define the
perturbation f = f(z, x, v) by

F(t,x,v) =p+pu 2 f(t,x,v),

then, the Cauchy problem of the one-species VMB system (1.4) is reformulated as

azf+v-fo+(E+v><B)-va—E-va—%E'varLf:F(f,f),

0E—V, x B:—/vulﬂfdv,
R3
B+V, x E=0,

Vx-Ezful/zfdv, Vy-B=0 (1.6)

R3

with initial data
fQO,x,v)= fo(x,v), E(,x)=Eo(x), B(0,x)=By(x) (L.7)

with constraints

VX-EO:/ul/zfodv, V, - By =0. (1.8)
R3
Here Lf = —p'2[Q (., ' 2 f) 4+ Q (w2 f. )| and T(f, o) = = '/2Q (u'/2 f, n'/?g) de-

note the linearized and nonlinear collision operators, respectively.
As in [21], the null space A of L is given by

N:kerL:span{ul/z, vin!?(1<i <3), |v2|u]/2].

If we define P as the orthogonal projection from Lz(Ri) to N, then for any given function
ft,x,v)e Lz(Rg), one has

Pf= |a(t,x) bt x) + (|u|2 - 3) c(t,x)] w2 (1.9)
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with

1
a:/,ul/zfdv, b:/vul/zfdv, c:E/ <|v|2—3>u1/2fdv. (1.10)

R3 R3 R3

Therefore, we have the following macro—micro decomposition with respect to the given global
Maxwellian p(v) which was introduced in [23]

ft, x,v)=Pf(t,x,v)+{I—-P}f(t,x,v) (1.11)

where I denotes the identity operator. P f and {I — P} f are called the macroscopic component
and the microscopic component of f (¢, x, v), respectively.

Before stating our main results, we first introduce some notations used throughout this
manuscript. C denotes some positive constant (generally large) and ¢, «, A stand for some posi-
tive constants (generally small), where C, €, k, and A may take different values in different places.
A < B means that there is a generic constant C > 0 such that A < CB. A ~ B means A < B and
B < A. The multi-indices o = [&1, &2, 3] and 8 = [B1, B2, B3] will be used to record spatial
and velocity derivatives, respectively. And 3 = 3y, dx; dx; 351922973 . Similarly, the notation 3%
will be used when 8 = 0 and likewise for dg. The length of « is denoted by || = a1 + a2 + a3.
a’ < a means that no component of o’ is greater than the corresponding component of «, and
o' < o means that &’ < « and |o/| < |a|. And it is convenient to write V¥ = 8% with |a| = k.
We also use (-, -) to denote the L% inner product in Rg, with the L? norm | - |. For notational
simplicity, (-,-) denotes the L? inner product either in R} x R3 or in R} with the L? norm
I-lland (f (2,8, v) | (1,6, v)) = (f(t,§,v),8(1,§,v)) = fﬂgngg f(t,§,v)g(t, & v)d§dv. Here
g(t, &, v) denotes the complex conjugate of g(z, &, v).

As in [26], for s € R, we introduce the operator A’ by

(A%g) (. x,v) = / EP 3£ 0 e dE — / £ Flel(r. £, v)e S d
R3 R3

with g(z,&,v) = Flgl, &, v)‘ being the Fourier transform of g(z, x, v) with respect to x. The
homogeneous Sobolev space H* is the Banach space consisting of all g satisfying | gl s < +o0,
where

ls®llg = [(A%e) (. x. )] 12 = 16178 & )] 2 -

Similarly, H = H n (Ri) is the homogeneous Sobolev space defined on Ri equipped with norm

~ 2
1 By = [ 2" 70| a

L
We will also use H* (]R3) to denote the usual Sobolev spaces with norm || - || ys. We shall use
Il - I, to record L? norms in either Ri X ]Rg or R;”C. Letting w(§) > 1 be a weight function, we

use || - || p,w to denote the weighted L” norms in Ri X Rg or Ri. We also use | - |, to denote L?
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norms in Rg ,and |- |p . for the weighted L” norms in Rg. We will use the mixed spatial-velocity
spaces, e.g., LgH)f =12 (Rg; HS (Ri)), etc.

For [ € R, (v) = \/m, le denotes the weighted space with norm |f|il2 =
ng | £ (v)|>(v)*dv and set

Flo=1F12, = |@E . 1= |

Bc C R% denotes the ball of radius C centered at the origin, and L?(Bc) stands for the space L2
over B¢ and likewise for other spaces.
As in [12], we introduce the following time-velocity weight function corresponding to the
Boltzmann operator
>2

q{v
wp = we(t, v) = (v) Ve tr? 0<g<1. (1.12)

For an integer N > 0, £ € R, and a given f (¢, x, v), we define the energy functional EN, ¢(f) and
the corresponding energy dissipation rate functional Dy ¢(f) by

Ene() ~ Ene) + [A(F.E B (1.13)
and
N ~ =Sy _ 2 —s |12 I-s 2 2—s 2
Do () ~ Do) + [ AT =P} | > + [ Al +HA (a,b,c,E)H +HA B‘ ,
(1.14)
respectively. Here
2
Eve~ Y fweipdg s+ ICE B, (1.15)

la|+IBI1=N

2
Due~ Y [@bof + Y |weipdgU=Pif | +lal? + IVE R

1<lal<N ol +BI<N
2 2
2 —1-v
+HVXBHHN_3+(1+I) 3 ”(v)wg_“g‘ag{l—P}fH. (1.16)
ol +IBI<N

In our analysis, we also need to define Ey (¢) (the energy functional without weight), £ 1’§,0 (1) (the

higher order energy functional without weight), and £ Ililo, (1) (the higher order energy functional
with weight) as follows

N

5N(z)~ZHv’<(f,E,B)H2, (1.17)
k=0
No

ek~ |e*(f E. B, (1.18)

lor|=k
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» Mo
e~ 3 |wegdg s+ X lo“E B, (1.19)
. o

and the corresponding energy dissipation rate functionals Dy (¢), DI;VO (t), and D’I‘\,O’ (1) are given
by

2
Dy () ~ llal® + V(@ b, )5y + IVE w2 + V2Bl Gns + Y 0T =P}f|7.

le|] <N
(1.20)
2 No—1 ) No—1 )
D’fvo(t)~HV"aH + > BT+ > 08|
| =k+1 | =k+2
+ 2 loprP+ Y ora—pis]s, (1.21)
lee|=No k<le|<No
2 No—1 5 No—1 s 5
D0~ |V + 3 o @r B Y 0B+ Y 0Py
|o|=k+1 |o|=k+2 la|=No

T S LT B Y IRRE e D (I (T o

la|+IB=N, lee|+|B=N,
| =k | =k

(1.22)
respectively.

Remark 1.1. Several remarks concerning the introduction of the energy functionals and the
corresponding energy dissipation rate functionals are listed below:

e The energy functionals Ey(¢) and £ 1’§,0 (1) together with the corresponding energy dissipation
rate functionals Dy () and DIJ‘VO (#) contain only those terms with pure x-derivatives.

e The last terms appeared in the right hand side of the energy dissipation rate functionals
Dn ¢(t) and D’I‘\,O, (t) represent the extra dissipation effects induced by our introduction of
the time-velocity weight wy(#, v) given by (1.12). Such a term plays an essential role in our
analysis.

e For the temporal energy functional £y ¢(¢), if we compare the dissipation rate functional
Dy ¢.2(¢) for the two-species VMB system (1.1), (1.2), (1.3) introduced in (1.12) of [12] with
Dy ¢(t) for the one-species VMB system (1.4) defined by (1.16), we can find that Dy ,(¢)
defined by (1.16) does not contain the term |[(E, V. B)||? which implies that dissipative
property of the one-species VMB system (1.4) is weaker than two-species case.

With the above preparation in hand, our main result concerning the Cauchy problem (1.6),
(1.7) can be stated as follows.
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Theorem 1.1. Suppose that Fo(x,v) = p + /i fo(x,v) >0, Ng > 6, 3 —

4542 . 4s=2sy+5y—=2 4s—=2sy+11y+2 . ..
7 <7 <0,0<? = mm{ S0=y) 8012 . Then there exist two positive con-

3 3
INp—T0 =5 < %

stants " and m which depend only on y, s, and Ny such that if we assume further that

Yo = Z ‘)w10+1*—\,3|3§f0H+ Z Hw1—|ﬁ|3§foH+ll(Eo, Bo)ll gn - + L foll g
lee|+1B]=No lo|+IBI=N

(1.23)

is sufficiently small, the Cauchy problem (1.6), (1.7) admits a unique global solution [ f (¢, x, v),
E(t,x), B(t,x)] satisfying F(t,x,v) =pu+ /iuf(t,x,v) > 0. Here N is the smallest integer

S(No=1)
3

satisfying N > and N > m + 1 and the parameters 1, ly and I* are suitably chosen such

that1 = N, lp=1+3 L and I* =I' + (No - 5) (2— ;) +1
Moreover, the global solution [ f (¢, x,v), E(t, x), B(t, x)] obtained above enjoys the follow-

ing temporal decay estimates:

(1) Taking k=0,1,2,---, Ng — 3, it follows that

e SV 4+ F (1.24)

(2) Let 0 <i <k < Nog — 5 be an integer, it holds that

k4s—i

k () <Yy2 - P —
SNOJO’H%(t)NYO(l—H) T, i=0,1,-- k. (1.25)

Remark 1.2. Several remarks concerning Theorem 1.1 are listed below:

e In Theorem 1.1, the parameter s is assumed to satisfy s € [% - 4N03_10, %) with Ny > 6 and

the parameter /2 can be taken as

25+5 45 +15 35 +3/2 35 +13/2
No — » XNo=6 No— ,
25 +3 25 +3 35— 1/2 35— 1/2

2s +7 6 2s +7 6s + 29
ANo>6 { No } s XNo=>7 { No } }

m = max {XNozG{

2545 0 2545 25+3 0 2543

with x4 denoting the indicator function of the set A throughout this manuscript. From which
one can deduce that the smallest value of s is % when Ng = 6. Itis easy to see that the smallest
regularity index we imposed on the initial perturbation is N = 9.

4542

e In Theorem 1.1, the parameters s and y are assumed to satisfy ;57 <y < 0 with

% <s< % It is easy to see that when s is taken sufficiently close to %, y can be chosen

in the range (—1, 0). Moreover, although only the case for 2‘?:“121 <y <0 with % <5< % is

considered in this manuscript, the case of 0 < y <1 is simpler and the argument used here
can be easily adopted to deal with such a case.
e It is worth pointing out that the largest value of the parameter k appeared in £ 1@0 () in (1.24)

is No — 3 while the corresponding largest value of the parameter k appeared in 5]@0’ ()
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in (1.25) is No — 5. The reason for such a difference is caused by the fact that the term
3" ||d%E||*> containing the highest order derivatives of E appeared in (4.40) does not

lae|=No

belong to the corresponding dissipation rate functional D]]‘vo’ /(D).

e In Theorem 1.1, the parameter s is assumed to satisfy s € [% — 41\,03—_10, %) with No > 6. If

the negative Sobolev norm || - || - is replaced by the Besov norm || - || By in Theorem 1.1,
by combining the argument used in this manuscript with the argument deizeloped in [36], we

believe that the corresponding result for s € [% %] can be obtained.

~ W

e Theorem 1.1 deals with the one-species VMB system (1.4) under Grad’s cutoff assump-
tion. For the non-cutoff case, since it is now well understood from the recent study of the
non-cutoff Boltzmann equation independently by AMUXY [3] and Gressman—Strain [19]
that the linearized Boltzmann operator without angular cutoff assumption has the similar
anisotropic dissipation phenomenon compared to the Landau, see [20,24]. Based on those
estimates established in [3] and [19], some weighted estimates on the corresponding lin-
earized Boltzmann operator and the nonlinear collision term with respect to another similar
time-velocity weight wy ;. (¢, v) = (v)vEertvl/ (140" for non-cutoff Boltzmann collision op-
erator are established in [12]. With these weighted estimates in hand, the approach here can
also be adapted to treat the one-species VMB system (1.4) for non-cutoff non-hard sphere
intermolecular collisions.

e The argument used in this manuscript can be used to treat the one-species Vlasov—Maxwell—
Landau system to yield a similar global solvability result and to deduce the similar temporal
decay estimates on the global solutions provided that y > —3.

Now we sketch the main ideas used to deduce our main result. Since the local well-posedness
theory for the Cauchy problem of the one-species VMB system (1.4) can be obtained by employ-
ing the argument used in [22] for the two-species VMB system (1.1), (1.2), (1.3) in a periodic
box for hard sphere model, the main difficulty encountered to extend such a local solution step
by step to a global one lies in how to control the possible growth of the solutions induced by
the nonlinearity of the system (1.6), especially those terms involving the electromagnetic field
[E(t,x), B(t,x)] and nonlinear collisions. More precisely, as pointed out in [12] for the two-
species VMB system (1.1), (1.2), (1.3), the main mathematical difficulties to deduce the global
solvability result near Maxwellians to either the two-species VMB system (1.1), (1.2), (1.3) or
the one-species VMB system (1.4) for soft potentials are the following:

e The degeneration of dissipation at large velocity for the linearized Boltzmann collision op-
erator L with soft potentials;

e The velocity-growth of the nonlinear term with the velocity-growth rate |v|;

e The regularity-loss of the electromagnetic field.

To overcome the above mentioned difficulties, the main arguments used in [12] which are proved
to be effective for the two-species VMB system (1.1), (1.2), (1.3) are

e A refined weighted energy method based on the time-velocity weight function wy (¢, v) de-
fined in (1.12) is introduced which use essentially the extra dissipative term generated by
such a weight function which corresponds to the last terms in the energy dissipation rate
functional Dy ¢, (¢) defined in (1.12) of [12]. A key point to close the analysis is that the
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solution F4 (¢, x, v) of the two-species VMB system (1.1), (1.2), (1.3) together with the elec-
tromagnetic field [E (¢, x), B(¢, x)] decay suitably fast with respect to time;

e Motivated by the argument developed in [30] to deduce the temporal decay property of
solutions to nonlinear equations of regularity-loss type, a time-weighted energy estimate
is designed to close the analysis, which implies that although the L2-norm of terms with the
highest order derivative with respect to x of the solutions of the two-species VMB system
(1.1),(1.2), (1.3) such as En, ¢,,1, (t) defined in (1.10) of [ 12] may have a growth with respect
to ¢ like

e
|5N1Jf|,)~o(t)| S(+12

for some positive constant €y > as time evolves, the L%-norm of terms with lower order

derivatives with respect to x still enjoy some decay rates. In fact, for the two-species VMB

system (1.1), (1.2), (1.3), one can show that (cf. [12])

— the solution operator of the linearized system decays sufficiently fast,

— as the order of the derivatives of the solution with respect to x increases once, the corre-
sponding temporal decay rate in L2-norm increases %,

and the above two properties play an essential role to guarantee that one can combine the

temporal decay of the solution operator of the linearized system and the Duhamel principle

with the time-velocity splitting argument developed in [39] to close the analysis.

Now let’s go back to our problem concerning the one-species VMB system (1.4). For this case,
the study on the dissipative property of the one-species linearized VMB system (1.4) in [8] shows
that

e the dissipation of the magnetic field in one-species is strictly weaker than the one in two-

. . . . . . _3
species and the solution operator of the linearized system decays in L2-norm like (1 +1)"%,
e as the order of the derivatives of the solution with respect to x increases once, the corre-
sponding temporal decay rate in LZ-norm increases only %,

and it is illustrated in [8] that even for the hard sphere model, one can not hope to combine the
time-decay rates of the solution operator of the linearized system with the Duhamel principle
to yield the time-decay rates of the global solutions of the one-species VMB system (1.4) even
though the global existence of solutions to the Cauchy problem of the nonlinear one-species
VMB system can be established by constructing some energy functionals, which is motivated by
the nonlinear energy method developed recently in [23,33,34,9] for the Boltzmann equation.
Our method to prove Theorem 1.1 is also based on a refined weighted energy method which

2
is based on the time-velocity exponential weight function we(, v) = (v) "¢ exp ( (’I’f:)ﬁ) given

q()?
(1+1)?
extra dissipation term which corresponds to the last terms in the energy dissipation rate functional

Dy .1(t) defined by (1.16). The most delicate part of our analysis is how to deduce the temporal
decay estimates of the solutions of the one-species VMB system (1.4) which, as explained above,
is a key step to close the refined weighted energy method. Our analysis is motivated by [26,43]
where a new method to establish the optimal time decay rates of the solutions to the Cauchy
problem for the compressible Navier—Stokes equations and the Boltzmann equation through the
pure energy method is developed. The main points there are the following:

by (1.12), where the exponential factor exp ( ) in the weight function wy (¢, v) can generate
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e the negative Sobolev norms are shown to be preserved along time evolution and enhance the
decay rates,

e a family of scaled energy estimates with minimum derivative counts and interpolations
among them are used to deduce the desired temporal decay estimates even without linear
decay analysis.

Motivated by [26,43], the main ingredients in our analysis are the following:

e Our first observation that we can add |A~(f, E, B)|?> and |A%a|? + ||A'~*(a,b,
¢, E)|I2+|A%~* B||? into the energy functional EN’g(t) given in (1.13) and the corresponding
energy dissipation rate functional Dy ¢(¢) given in (1.14) respectively. The resulting terms,
especially the new dissipative estimates

t

f <||A_Sa(f)”2 + | @b, E)(r)H2 + HAHB(T)HZ) dr,  (1.26)
0

which are not obtained even for the two-species VMB system (1.1), (1.2), (1.3) in [12], play
an important role in our analysis;

e Secondly, unlike [12] for the two-species VMB system (1.1), (1.2), (1.3), we use the in-
terpolation technique developed in [26,43] to deduce the decay of the solutions of the
one-species VMB system (1.4), especially on temporal decay rates of the electromagnetic
field [E(z, x), B(t, x)]. Our main observation is that the energy functional 51@0 (t) decays
faster as k increases. To deduce such a result, based on the a priori assumption

— 1+€
X(t)= sup {5N0,10+1*(f)+51v(f)+51v1,1(T)+(1+T)_TOEN,1(T)}SM

0<t<t

with M > 0 being sufficiently small and the parameters Ny, N, ly, [*, [, €y being suitably
chosen, we have by some delicate energy type estimates that the following two types of
differential inequalities

d
ES};O(:HD’;VO@)SO, k=0,1,---,No—3 (1.27)
and
d k k
- o) + Dl ()
j 2 -y k—j o No—k-+1 2
Sz Y |[VIE B @) F vy VIV - Py |
157k
+ > Je“E|*, k=0.1,--- . No—5 (1.28)
jal=No

hold for any ¢t > 0. From these two types of differential inequalities, we can deduce the
time decay of 51@0 (t), from which one can further obtain the time decay of 51’;0’ o (t) with
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E 1{,0’ o (1) € L'(R,). Having obtained the time decay of 81'@0 (t) and & 1{,0’10 (1), we can then
close the above a priori assumption and then the global solvability result follows immediately
from the continuation argument.

It is worth pointing out that the most important part in our analysis is to deduce the tem-
poral decay of the energy functional 51@0 (t). But noticing that such an energy functional

& 1’@0 (t) contains only those terms involving the pure x-derivatives and due to the fact that for
the one-species VMB system (1.6) with cutoff potentials, the corresponding energy dissipa-
tion rate functional D’;\, (t) contains also only those terms involving the pure x-derivatives,
the problem to deduce the differential inequality (1.27) lies in how to control the terms
involving the electromagnetic field (E 4+ v x B) - V,, f and the nonlinear collision term
I'(f, f). Fortunately these terms are nonlinear and by some delicate Sobolev interpola-
tions among the spatial regularity, we can indeed obtain (1.27). Here again the fact that
the energy functional é_’N,g(t) given in (1.13) contains the term ||AT5(f, E, B)||2 and the
corresponding energy dissipation rate functional @N, ¢(t) given in (1.14) contains the term
IA=Sa|?> + [|AY5(a, b, ¢, E)||? + | A2 B|? plays an essential role in our analysis. For
details, see the analysis in Section 3.

Before concluding this section, it is worth to pointing out that, in the perturbative context,
there have been extensive investigations on the global solvability of the Boltzmann and re-
lated equations near Maxwellians, see the first result by Ukai [42] and also [3-5,7-21,26,22-24,
29,25,32-34,38,39,41,37,40,43,44] and reference therein for the Landau equation, the Vlasov—
Poisson-Landau system, the Vlasov—Maxwell-Landau system, the Vlasov—Poisson—-Boltzmann
system, and the Vlasov—-Maxwell-Boltzmann, etc.

The rest of this paper is organized as follows. In Section 2, we list some basic lemmas which
will be used later. Section 3 is devoted to deducing certain energy type estimates and the main
purpose here is to deduce the desired estimates which are sufficient to yield the differential in-
equality for the energy functional £ llf,o (#) and the proof of Theorem 1.1 will be given in Section 4.

2. Preliminary

In this section, we cite some fundamental results concerning the weighted energy type esti-
mates on the linearized collision operator L. and the nonlinear term I' for cutoff cases, whose
proofs can be found in [16,39,44].

Recall that L = v — K with the collision frequency v(v) and the nonlocal integral operator K
defined by

v(v) = / lv—ul”qo@)uw)dwdu ~ (1 + |v])”

R3x$2
and
Kf(v) = / v —ul” qo@) () ?u@)'? f (v )dwdu
R3xS2

- / v —ul” go(@) (@) > ()2 f (u')dwdu
R3x$2
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- / v —ul” go(@) (@) () f (w)dwdu
R3xS2

=/K(v,u)f(u)du,

]R3

we list in the following lemma some velocity weighted estimates on the collision frequency v(v)
and integral operator K with respect to the velocity weighted function

~ 2 0 -
wi(t,v) = () IV eR, 0<g <1
The first lemma concerns the coercivity estimate on the linearized collision operators L.

Lemma 2.1. (Cf. [39].) Let -3 <y < 0,1 €R, and 0 < g < 1. If |B| > O, then for any n > 0,
there is Cy; > 0 such that

/wlz(v)f);;(v(v)f)a,gfdvz/u(v)wlz(v)|8ﬂf|2dv—n Z /v(v)wlz(v)|8ﬂ1f|2dv

R3 R3 |,31\§|/3|R3
-G, / Xjpi=2c, ()" f17dv. (2.1)
R3xR3

Furthermore, if |B| > 0, then for any n > 0, there is Cy > 0 such that

1/2
2
/wf(v)aﬂ(Kf)gdv <1y Z fu(u)w,z(v)|aﬁ1f| dv
R3 ‘ﬂllf‘ﬁ‘ R3
172 1/2
+C, / Xivi=ac, ()21 f2d f VW) g2y
R3 R3

(2.2)

The following two lemmas are concerned with the corresponding estimates on nonlinear
term I'.

Lemma 2.2. (Cf. [39,44].) Let =3 <y <0, N >4, gi=gi(x,&) (i=1,2,3), 81+ Br=B and
o] + oy =, we have

(i) When |B1| < % we have
<w12—|ﬂ|r (8gllg1, 32;82) ) 3§g3>

S ‘wl—m—w] V3 951 g1

m<2

L2 [Wi-1eal 95 82|, [wi-ipi9f s 23)
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or

2
<wl—\mr (351131’ 352282) : 8§g3>

<Y ’wl—m—\ﬂ1|v,’}"3§fg1 L wi—|p, 95, 82 Lo [wi-1p195 83 24

m<2 v v

(ii) When |B2| < %, we have
2

<w,7|}3|1" (82,181, 8222&) ; 3‘583)
<D wispy 0! w vy wy_ 0% (2.5)
< 118110, 81|, |Wi-m—1521 Vi 9g; 82|, |wi-1p195 83 , :

m<2 v v

or
2

<w1_|,3|r (3?;[]181 ; 32;82) ; 3§g3>
S lwisgp 0! w Ve wy_50% (2.6)
N 118110, 81, |Wi-m=1521 Vi 9g; 82|, |Wi-1pIB5 83|, - :

m<2 v v

(iii) Furthermore, set w = (v)~Y, [ >0, it holds that
2 2 2
l =18l l
‘w LG8, 5 > ’w s8I W8,
1B1=2
2 2 2
l ) =18l
‘w Ts1.82)]| , ,SM;Jw 81 W Ip82 e
<

In what follows, we will collect some analytic tools which will be used in this paper. The first
one is on the Sobolev interpolation among the spatial regularity.

Lemma 2.3. (Cf. [26,1].) Let 2 < p < 0o and k, £, m € R, then we have

0 _
N @7

|v*7]

< ‘3‘
LPN”Vf

Here 0 <6 <1 and ¢ satisfy

1 k_l b4 P 1 m 1—o 28
;‘§—<5‘§) +<§‘§)(‘ ) @9

Moreover, we have that

i 2.9)

0
N P
H fLOON fL2|
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where 0 <0 <1 and ¢ satisfy

(Lo (Lo™Ya—e), t<k+1. msk+2 (2.10)
“\273 273 corERT L ek '

To deduce an estimate on || A™* f||, we need the following L” — L4 inequality for the opera-
tor A75.

Lemma 2.4. (Cf. [26,1].) Let0 <s <3, 1 < p <q < 00, é—l—%:%, then we have

IA ] e SUFNLe- @2.11)

In many places, we will use Minkowski’s integral inequality to interchange the orders of
integration over x and v.

Lemma 2.5. (Cf. [26].) For 1 < p < g < 00, we have
Iy <0 Fllppes (2.12)
Before concluding this section, we list below some identities concerning the macroscopic part
of f(t,x,v). To this end, for any solution f(z, x, v) of the VMB system (1.6), by applying the

macro—micro decomposition (1.11) introduced first in [23] for the Boltzmann equation and by
defining moment functions ©,,;(f) and E;(f), 1 <m, j <3, by

1
Omj(f) =f<vmv,- — D' fdv, Ej(f)= E/(MZ —5)yvju'? fdv
R3 R3

as in [9], one can derive form (1.6) a fluid-type system of equations

3,a+Vx-b=0,
Wb+Vi(@+20)—E+Vy-O({1—-P}f)=Ea+bx B, (2.13)
e+ iVy b+ 3V-E{I-P}f)=1E b,

and
30;;(I =P} f) +d;b; + db; — 38;jVy - b — %)Sijvx CE{I=P}f)
=0ij(r+g) —38E-b, 1<i,j<3, (2.14)
HE;({(I-P}f)+0djc=B;(Fr+¢g),
where

r=—v-Vi{I-P}f —Lf, g:%v~Ef—(E+v><B)~va+I‘(f,f). (2.15)
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3. Energy estimates

This section is devoted to deducing certain uniform-in-time a priori estimates on the solution
[f(t,x,v), E(t,x), B(t, x)] to the Cauchy problem (1.6) and (1.7) and the main purpose is to get
the desired differential inequality (1.27) for the energy functional £ 1]§,0 () for certain k < Ny. For
this purpose, suppose that the Cauchy problem (1.6) and (1.7) admits a smooth solution f (¢, x, v)
defined on [0, 7] x R3 x R3 for some T € (0, +00), we now turn to deduce certain energy type
a priori estimates on the solution [ f (¢, x, v), E(t, x), B(¢, x)] to the Cauchy problem (1.6) and
(1.7), which are sufficient to yield (1.27). The first one is concerned with the k-th order energy
type estimate on f without weight.

Lemma 3.1. Suppose that Ny > 6, % — %;_10 <5< %, then there exist positive constants [ and
m which depend only on Ny, s, and y such that the following estimates hold:

(1) Fork=0,1,---, Ny — 3, it holds that

(Il + [en ) + [a-ris];

it ([ + o] [+ [ )
veveryl’ G1)
(2) Ifk=No—2, it holds that
i ([902 o e foree m ) fova-eif]
Smax{Enn (1), Eng 2.0 (1) (HVNO*(E, B +[vu-rg], .+ HVNO‘lin)
co(|7upig] + [oo ). o2
(3) Ifk=No— 1, it holds that
i ([ e [ ml )+ fo-a-ng]]
Smax{Eaa (1), Eng1.0 (1) (HVNO—I(E, B +[vu-rg], .+ HVNO‘lin)
co(|7upig] + [oo ). o




Y. Lei, H. Zhao / J. Differential Equations 260 (2016) 2830-2897 2847

(4) Ifk = Ny, it holds that

d 2 2 2
(170 + o)+ [vea—ps
v
< max {Engtn (), Ei i (1), Eng.r (1) }
2 2
No—1 No—3 No—1
S (LA i LA S T O L
T HVNO—3{1—P}f g HvNo—lf ? (3.4)
v HL2 )’ '

Here recall that throughout this manuscript € > 0 denotes some positive constant which can be
chosen sufficiently small, n > % [’ > max {% — %, —% } and the parameter m can be taken

as

25+5 45 +15 35 +3/2 3s+13/2
Ny — » XNo=6 0— ,
2543 25 +3 3s—1/2 3s—1/2

2s+7N 6 2s+7N 6s + 29
ANoz6 125 1570 T g 15 [ XM 151370 T s 13 [ [

and [ = 1 max21 {i] }, where l} will be specified in the proof of Lemma 3.1.
=j=

Proof. Before proving Lemma 3.1 in detail, we first use several sentences to illustrate the main
ideas. Since the main purpose of Lemma 3.1 and the coming lemma is to derive the differential
inequality (1.27) for the energy functional £ 1’:,0 (). To this end, as pointed out in the introduction,

since such an energy functional £ Ili,o (t) contains only those terms involving the pure x-derivatives
and consequently for the one-species VMB system (1.6) with cutoff potentials, the correspond-
ing energy dissipation rate functional Dﬂ‘\,o(t) contains also only those terms involving the pure
x-derivatives and the problem to deduce the differential inequality (1.27) lies in how to control
the terms involving the electromagnetic field (E 4+ v x B) - V,, f and the nonlinear collision term
I'(f, f) suitably. Our main observation is that these terms involved are nonlinear and hence we
can control them suitably by some delicate Sobolev interpolations among the spatial regularity.
More precisely, we can show that those terms appeared in the parenthesis in the right hand side
of the estimates (3.1), (3.2), (3.3), and (3.4) contain only terms involving the pure x-derivatives
with suitable order of derivatives, from which we can indeed obtain (1.27) by suitably linear
combinations.

Now we turn to prove Lemma 3.1. To this end, we first deal with the case k = 0 and to do so,
we have by multiplying (1.6) by f and integrating the resulting identity with respect to x and v
over Rf’c X R?} that

d
(112 +1E BI?) + =PI IS S |0 E£ DI+ T N A=POL - G5)

For the first term in the right hand of (3.5), we can obtain that
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(- Ef. HIS |- ELPS+]@- EPf I=P}f)|+ |- EI-P}f. (TP} /)|
SUEN 14 £ ] g 10 £l og +1E N |0) "2 HI= P £

1312

x| a-ps

1212

()Tt I —P)f

SUEN R Fll 2 s 107 F 1 2 s + IEN L2126 L =P 11,

L3L]

2 1 2
_1 3 1 _1 3 5
gHA PE|CIVAENS |AT2F T IVFIR IV £

FIVEN [ =Ry =P,

SE- 1O (IVER+ IV, f12) +¢ (IVf 12 + 1T = PLAIE)

i) 7

Here we need to ask that s > %
The other term can be estimated as follows:

((CCf P I=PIHI S / | Fl2 1 f12 {0 = P} £ 2dx
R3

s/|f|H3|f|Lg|{I—P}f|Lgdx
R}
S T azea 1 f iz ree 1O0=P)f Il
SIS W22 1V f 1y + €T =PLFIS

S E201Ve I, + L= PYFI
Collecting the above estimates gives
d
= (1F12 +1E BI?) + =PI £I}

<E [211}<r)<||vxE||2+||vxf||3+\

~ 72, max

V%in) +elViefI2, (3.6)

which gives (3.1) with k = 0.
Fork=1,2,---, No — 3, we have by applying V¥ to (1.6), multiplying the resulting identity
by VX £, and then integrating the final result with respect to x and v over Rﬁ X R?j that
d 2 2 2
i ([7r v e ) +[va-rs
1%

<[(FE@ - EnVE ) [+ (T E -V, 97|
I I
+ ‘(Vk((v % B) -V, f), ka)‘—i— ‘(V"l‘(f, ), ka)‘. 3.7)

I3 n
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By applying the macro—micro decomposition (1.11), one can deduce that

n< }(v"(v CEf), Vka)‘ +((v’<(v CEPJ), V"{I—P}f)’

111 I

+|(V- En-py ). vEI-PIF))|. (38)

I3

11,1 can be dominated by

ns B[ )| |
Jj=<k—1
S Y VE[ @), [T )
jfk*l X x v
< Z A El P VAL EITT (A2 (,U«‘Sf) i Rviad (,u‘sf) +3
Jj<k—1

« H vkt (Msf) H
2

v

<éoao (|78 + |91 e |41

Here we also need to ask that s > %

Similarly, for I 5, we can get that

2

v

Yeelos

_ 2
T2 S &0,0(0) <HVH]EH + HVH]f

For I 3, it holds from the Cauchy inequality and the Holder inequality that

(VjE VAT =Py f, VRI - P}f) H

<NV EVFII—P) fv)' 2

[v'a-pyrw)t

2 2
=% +8HVk{I—P}f .
v

< V/EVFI{I =P} f(v)

1131

To deal with I; 3 1, when j =0, we have from Lemma 2.3 that
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( )
6
1-6 Y
(et o] [
2
NE

Here § = -2 _andf; =% — vl — v 2=Dk+14s)

= 20+1+9) g~ 2 3425

While for the case j # 0 we can deduce from Lemma 2.3 that

2
)4
2
LiLi)

, o L 1o\ 2
sy (IIASEII‘G’ verg)” - py o= |- e )
1<j<k

N S (1E s | vEa—Py o=

“Jeta-rs]')

2
<& o (el e
Ty

J k=i — 1-
hais Y (HV E| |V a-rirw)
1<j<k *

S (HA“‘EH“@] v g7 [a—py )5
1<j<k
5 ||1Ri AN 2
X(HV"{I—P}f<v>’2f TIVHI =Py f()? ) >
- l—a & o (1=85)
D3 (”A‘”EHl U - py )yt I—P} ()
1<j<k
Jﬂ/

x |vHI=Prw)

9.,~>2
)

Here we can deduce from Lemma 2.3 that 6; = iiﬁ: o =2 Y g (=B =1—

sek_a»(uvﬂwuﬂuvk
v

—,Ifwesetoejﬁj—l Qj,thenwecangetthatlzj Z—y_

1 _Z_ (y—D@k=2j+ 1) (k+1+s)
1-8; — 2 Qk—=2j+D)(k+1+5)—2k(k—}))
with 1 < j < k. And we set [, = max {lzj},
1<j<k
Consequently
- 2 ) )
Il S g max(lAlfz) (t) (H + ”V {I - )
e, — L2 ; )

2
4 ”Vk{l—
vV

b (HVH]f

)

For I, in the right hand side of (3.7), we can get that
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ng|(E-viv £ 95 p) [+ X |(ViE v v g )|
1<j=<k

-y ‘(VJE~VUVk_ff, ka)‘

1<j<k
-y ‘(VJE.vvvk*fPf,ka))
1<j<k
L
+ ) ‘(VjE-Vka_j{I—P}f,Vka)’
1<j<k
1%
+ Y |(VE- v a-p v a-Pyr)| (3.9)
1<j<k
I3
and I 1 and I in the right hand side of (3.9) can be bounded by
5 e+ -2 +1 ) e+ )
L+ D2 S E0() HV + EH + HV ty +8HV i
vV v
For I 3, when j =k, we have
< | vk Tk —
hs < |VE| “IV,{I-P)f » ()2 VHI
< ”w)—WU{I—P}f\ vEHE[ [ V- py |
L2r3 v
- 2 2
$& 50 Hv"“EH +sHV"{I—P}f , (3.10)
’ v
while for the case 1 < j <k — 1, we can deduce that
pas 2 |VE|, ]vvvk*f{I—P}fH [v'u-pys|
1<j<k-
I
< Z ||A E” 2(k+l+s) ‘Vk+1E 2(k+1+s) ‘Vm]J-f—lvk_j{I_P}f mlj+]
1<]<k7
”v" HI—P}f T V"{I—P}f”
2L 1 22(k+1+v) myj+1 i ﬁ
S Y |ATE|E Vg v ey |
I1<j<k-1
myji myjk—j+s)
% HA_S{I—P}f| (my j+1)&+s) ‘Vk{I_P}f ’ nj+Dk+s) ‘vk{I_P}fH
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1
m1j+1

2%—2j—1 2 .
_ ot (k+1+ myi+1 o p—
< Z ||A SE||2(1<+1+:) ‘V’H'IE ” ’V LTtk HI-P}f
1<j<k-—1
myjj mlj(k—j+s)ﬂj
(Wllj+1)(k+x)

x “A—S{I _ P}f” (mlj+lj)(k+.v) (U>%Vk{l _ P}f

myjk—=j+s)(1=5;)

x | via—piy| R v whvra-py]

)

—i—SHVk{I—P}in. 3.11)

_ 2
§max{8k+m1,1+ml(r),5k _il(f)} (HV"“EH +|v*
Ty

Here we have used the fact that there exist positive constants m1; and 8; € (0, 1) such that

2j+2s+3 (mlj(k—j+s)

+1 =2, 1<j<k-—1.
2k+1+5)  \(mij+Dk+s) )’3’ g

Since the choice of the constant 727 ; will determine the minimal regularity index we imposed on
the initial perturbation, we need to determine its value as small as possible. Due to fact that we
will encounter such a kind of problem several times in the following analysis, we will show how
to find such an m; in details.

Firstly it is easy to see that a necessary and sufficient condition to guarantee the existence of
such a 8 is

2j4+2s+3 myjk—j+s)
2(k+14s)  (mij+ Dk+s)

+1>2, 1<j<k-1,

2k2425k—2jk—2js— k s
2ks+3k—+2s2+3s—

we can deduce from the above 1nequa11t1es that it is enough to take m; as

from which one can deduce that m;; > holds for 1 < j <k — 1. Noticing

that1<s<g,

2k 2k? — 3s

>
25 +3 " 2ks +3k+2s2+35 -2
© max 2% 4 25k —2jk —2js —k —s
l</<k1 2ks +3k +2s24+35 =2

mip = max lj=
1<j<k—1

Consequently, k — j + 1 +m; <k+m; = %ﬁigk < %iigN 62‘:;135 with No > 6.

Moreover, since l3] satisfies & 8; + l3] (1 — B;) =0, we can get that

N

14
l3j=

v__rv
2 2(1—-8))

Y ylmij 2k —j+2s) +k+s](k+1+5)

2 4k —2j 425+ D)(myj+ D)k +5) —2[my;Qk — j+25) + k+s1k+1+s)

andwesetfgz max {fgj}.
1<j<k—1
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Applying the similar trick as (3.9), the term /3 containing B in the right hand side of (3.7) can
be bounded by

K@xB)vavk)M-Z:KwXWB)VWvaWN

1<j<k
_ iy o wk—i ok
_1§;waWB)%VfﬁVfﬂ
_ ) vvkipy
I;k(((v % VIB) .V, VA ipPf Vv f))
I3
+-X:wavmyVJﬂﬁu—mﬁvﬁyﬂ
1<k
I3
n 2:‘QuxVﬂByxavkiu—Jnﬁvﬁl—Puj, (3.12)
1)<k
I33

where we have used the fact that |((v x B) - V, VX f, V¥ f)| = 0.
I5,1 and I3 » in the right hand side of (3.12) can be estimated as follows:

Bithas Z ijB v (Haf)‘LzLa vk(/ﬁf) 1216
1<j<k X s L3 276
<Al kgl
SIS L L Rl I e
1<j<k
Ut2s-2j41
HVkJrl( Bf)‘ 20+s+D) ‘Vk+1 (/,L(Sf) H

< Eig1,0(0) ()

s4j_ | ea25-2)41
+s+2 2(k+s+1)

)+
%

> 1 for 1 < j <k, which implies that s > 3 —

Here we need to ask that ¢
3

INo—10"
As to I3 3, we can deduce from Lemma 2.3 that

nas ¥ |V, e sn-n] fun-n|
<j<k *

< ZE: HZ\—sl;H§§$%$$

1<j<k

1
m2_/+l

2j+342s "
2(k+2+s myj —J
el -y s

’Vk+2 B
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m2j+1

x Hvk—f{I—P}f

<v>vk{I—P}fH

1
Z ”A SB” 2(k+2+s) Vk+ZB 2(k+2+r) ‘szj—HVk_f{I_P}f e
1<j<
maj ki)
x|amH- PUﬂW”Wm vhI - PU(%“W”MMWH—PVH
2j+3+42s
Z ||A_“B“ 2(k+2+s) Vk+ZB 2(k+2+3)
1<j<k
myj+1l g ﬁ . %
x ||Vy VR I—PY F Y ||A =P} f|

mp j(k—j+s)B myj(k=j+s)(1-B;)
<m42]+1><m) ‘< )14/Vk{I P}f” m FDGEFS)

)

+sHV"{I—P}f”j. (3.13)

x |(v) T VHI - P} f

x |y s vk - PfH [ vt - P}fH

< max {5k+m2,1+,,,2(z), £ _;i(t)} <Hvk+zBH + ”vk{l _
Y

Here we have used the fact that if we choose m;; suitably, there exist positive constants 8; €

. . (k—i4$)B; . ..
(0, 1) such that 22(Jk4;22A:_r:) + r?’flfziﬂj)?kﬁf)f + Bj =2 holds for 1 < j < k. Similar to the way to

; ) ) _ . 2k 25—1 24>+ 2ks—k—s
determine m;, we can take mp; as my = max1<1<k mzj Tl o SRl T o Ny
s . _ 2545 2v+5 45416 __ -

Consequently, k — j+1+ma; <k+my = 2S+3k+ 2s+3 < 2A+3N 513 with Ng > 4. On the

other hand, since i4j and isj satisfy respectively 751 ~|—l4j(1 —pBj)=0and %,Bj +i5j(1 -Bj)=1
with 0 < B < 1, one can deduce that, i4j =t- 2(1+/3,) and i5j =t - 2(%7;]) It is easy to

(4k+5+25—=2j)(2k+1-2j)(m2;+1) (k+s)
(2k+4+25) Bk+3s+4-+2kmy j+2smaj— jma )

see that f5j>f4j, Bj = with 1 < j < k. If we set f5=

Imaxk lij }, we have fs > f4.
<J=
For the last term /4 in the right hand side of (3.7), it follows that

It < Z ‘(F(Vij, VKT )y, VR — P})’

1<j<k
4,1
+ 3y ‘(F(Vj{I—P}f, Vk_ij),Vk{I—P})‘
1<j<k
- Iy
+ Y ’(F(Vj{I—P}f, Vk’j{I—P}f),Vk{I—P})). (3.14)
1<k

Iy3
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14,1 can be estimated from Lemma 2.3 as follows:

Iin S Y |[V/PF vk-if vHI -

1<j<k

<3 [vrr

l<j=<k

16
SN ey

l<j=<k

% Vk+1
|71

LYHF LIL}

VI f VI -

HLY L3L3

6; 0;
[vallis

v

< Eng1 () Hv"“inHHv"{I—P}in. (3.15)

_ 2j+1 _ k1
Here 0; 2(kJrl),m/_QJJr <k+1<Ng—1.

Slmﬂarly, from Lemma 2.3, I4 > can be bounded by

2
Lo S Engr 0|V 7| e | vEiE -
%

For the third term 14 3 in the right hand side of (3.14), when j =0 or j = k, one has
I3 S VI =PIf| 10=P) il | V-1 |
‘ 2
Sz |[VHO=Pyf |

<& HV"{I - P}in te Hvk

while for the case j =1 or k — 1, we have
nas Y [vla-py
j=k—1

2
S IV =P} fll 2 HV"{I—P}fHV

o2 IVIT=P}fllg2p3

“uny|

< E1a(1) HV"{I —P}f”i s Hvk

For the last case 2 < j <k — 2, we have

nas Y |va-ey|, |veia-

</<—

{T-

L2H?

s Y |via-ry|
2<j<k=2

Vi — P H HV"I—
a-ris,, |7

L2132

I3
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VEII- Py f|

e |70,

272
Lva v \'

+ Y |wvia-ry
2<j<k-2

I432

+ Y |vivia-rpyy|

2<j<k-2

Vk_j{I—P}fHL%Lio ‘V"{I—P}va. (3.16)

L3L3

I433

1433 is the most difficult term among these three terms in the right hand side of the above
inequality which can be bounded as follows

Ii33 < Z HVIV)"S_/+2V1 (I-P}f m3;+2 Vi(I—P}f w3, 12
2<j<k=2
><Hvk—i{1—P ‘Vk{I—P}fH
ZLoo v
" _mitoh
/S va% v/ {I—-P}f m%/+2 ”A—s - P}f” (YR
2<j<k—2
s Gt .
X H Vk{I — P}f n3;+2)(k+s) |A—S{I _ P}f” bz ]
2et2e-2j43
Y
2 _myyed)
S Hv’”% VJ{I P} f m3,+2 ||A (1 — P}f” 3 D EFs)
2<j<k—2

m3; (+9)8; m3; (j+)(1-))
<m3,+2><k+v> H< )zﬁ,vk{l P}fH <m3,+2><k+v>

x| Evia—-pys
2U425—2j+3

“A S — P}f||2(k+a) ‘Vk{l P}fH I

S
_ 2
< max {5k+m3,2+m3(z), 5}(1_%(;)} Hvk{l - P}fHU s Hvk{l . P}fHV RNERT)

Here we need to ask that there exist positive constants mj3; and B; € (0,1) such that
m3;(j+s)B; + 2k+25—2j+3
(m3;+2)(k+s) 2(k+s)

m1; and my;, a sufficient condition to guarantee such a requirement is to take m3; as m3 =

=1 holds for 2 < j <k — 2. Similar to the way to determine

. L 4k 8 42 +Ask—14k—2s : )
maxj<j<k— 2I/I13] =513 T B3 7 A3kt Consequently, j +2 +m3; <k +m3 <
2547 2547 65+29 _ - . I Ya. 17 1 RrN—
2Y+3k — 2Y+3 < 2v+3N >3 with Nog > 7. Moreover, since lg; satisfies 58; +1lg;(1— ;) =

(2j—=3)(m3;+2)(k+s)

Y 4 _
0, one can deduce that /g J =7 T WA where f; = S R )

with2 < j <k —2.
And we set fﬁ = max {iﬁj}.
2=j<k—-2
1431 and I4 3 2 can be bounded by the upper bound of /4 3 3.
Collecting the above estimates gives (3.1).
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When k = Ng — 2 > 4, similar to that of (3.7), we can get that
d 2 2 2
i (v s v n]) + [vroza-ry]
vV

<|(VN2(E up), V2 1) [+ [(V2(E v, ), VR0 )|

Is Ie
+ (VN2 x By -V 1, VN2 1) |+ [(VOPR (L ), VR F) L (s

I I3

Applying the similar trick as (3.8), one has
_ 2 2 2 2
15 S 5N0_1)l,(t) (HVNO]EH + ”VNOilf P H VNoflf )
v v v

) te HVNH{I —P)f

(3.19)

For 77 in the right hand side of (3.18), we can get that
s Y |(@x Vi vNiv, £ vh2p)
1<j<No—2

s ¥ ‘((v><VjB)-VN°’2’vaf,VN0’2Pf>‘
1<j<Np—2

171

D S (CRAZ Rl JAZUR & 1

1<j<No-2
I7
+ Z ‘((v x VIB) . vN=2miv (1 — P} f, vo=2(1 — P} f)‘ . (320
1<j<No—2
I73

Applying Lemma 2.3, one has

- 2 2 2
17,1+17,255N0_1,o<r)(HvNo—lzaH + |ty )+8”VN°‘1f .
v v
Asto I73, when j = Ng — 2, it follows from Lemma 2.3 that
— _r ¥ —
CEE Nl PN [RS8 V) N (DRl B8 7

S ORI B O}

VNO—‘BH HVNU_Q{I—P}f

L2H]

x v

2 2
S0 HVNO’IBH +5HVN°’2{I—P}f ,
) y v
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while for the case 1 < j < Ny — 3, one has

o 3 (o] [ o]
1<]<N0—
2Ng—2j=5 _2j+2543 . L
< > |aTBe HVNU B w15 ‘V’"”“VNO‘Z‘J{I—P}J‘ et
1<j<No-3
4
x |V i —pyp | | ) 92— ey |
Y ”A_SBH%”VNO_IB Ao }v’”“f“vNo—z—f{I—P}f T
1<j<No—3
myj (j=1) my j(Ng—2+4s—j)

(m4j+1)(N0 3+s)

x [ A= By [T g0 n gy g

()Y 21— pyy|

2 1
2(N0—l+s) myj+1 g 1

Y ||A*XB||2%)°_*‘!$ vt yNo=2=ig _pyf

1<j<No-3

’VNO’lB

my (-1 m4](N0 I+s—j)(1— ﬂj

[ A= YO0 gyl No gy | T

my (N071+:7])ﬁj
g TDNg—2+5)

x | EvM-ia—pyy ) VN2 —py | o

x H(v>%vN0—2{1—

5 No—1 | No—
§max{€N0_2+m4,1+m4(t),€N i (t)} (HV 0 B” + HV 0
0— Ty

)

i+ HVNO’Z{I — P}in) . 3.21)

+e <HVN°

Here we have used the fact that there exist positive constants m4; and 8; € (0, 1) such that

2j+25+3 my4j(No—2+s—j)B;j _ . L. . .
I No—Ts) T (n12j+1)(N0_3+S; + B =2 holds for 1 < j < Ny — 3. Similar to the analysis used in

determining m3; and by noticing that Ny > 6 and % <s< %, it is easy to see that we can take

2N 9 2NZ + (2s —9)No+21 —7s
T 3™ T 2543 2543 25No+S5NoL 252 —s—4j— 11
2N2+(2s—11—2])N0+6]—ZSJ+15—5s
> max
1<j<Ny-3 25No+5Ng+2s2 —s —4j —11

25+5 4s+15 . :
5 +3N — 503 with Ng > 6. Moreover,

since [7; and Ig; satisfy respectively B+ [7j(1 = Bj) =0 and V,Bj + Is;(1 = B;) =1 with
0 < Bj < 1, one can deduce that, i7j =t - 2(1+ﬁ,) and lg] =L - 2(1—,9,-) from which we can

Consequently, No — 1 — j +my4; < No —2+my <
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(4Ng+4s—T—2j—5)(Ng—3+5) (m4;+1)

see that I3 > 7, where Bj = Gy =55 5N =375 tma; ONo+ 25— =)

with 1 < j < Ng—3.If we
take lAg = max {igj }, we can deduce that ig > f7.
1<j=No—3
Using the same trick as /7 gives

16 S max 5N072+m4,1+m4 (t)v &
No—1,max 17y Ty

) (570 )

For the last term I3 in the right hand side of (3.18), applying the similar way as (3.14), one
can get that

v

o A

s

HlL2

IS Y |(TOVRL VN2 ) 21— P )|

j<No—2
Ig 1

+ Y ‘(I‘(Vj{l P}, VNI ) VN1 py 7))

J=<No—

Ig

+ ) ‘(r(w I-P}f, VN0—2—J'{I—P}f),VNO—Z{I—P}f)). (3.22)

Jj<No—2

Ig3

We only treat the term I3 3 for brevity. For this purpose, when j =0 or j = Ny — 2 one has
Isa S| VMU= PLr | =PIl | V20— PLs |
v vx v

2
S e VY 20— Pyf |

2
S &0 [Py f| e |02
vV

while for the case j =1 or Ny — 3, we have

Isa s |V -py

IV =P} fl 0z [ V20— Py
6L‘2j vx v
No—2 2

SIVA=PH gy | V020 -Py |

< Ean(t) HV’VH{I . P}in s H g3y —
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while for the case j =2 or Ny — 4, we have

VN1 pyf|

||v2{1 —P)fllg2r2

I33 S H yNo—4 {I—
vNo—2(1 _ p) fH
v

VNO_3

2
SIVEI=P) 2.2 e

2
)

SROY LA
HZL2

For the last case 3 < j < Ng — 5, we have

VN072

VNO*Z*j{ _

Y [vu-ns

I33 S
3<j<No—

s > |va-ry

~

3<j<No-5

LYHF

H yNo—2

vNo—2-i(1 _p) f‘

L3L3 Ly

1331

yNo=2-jqq P}f‘

VN()—Z

LILY

Y Hv VAI-P}f|

3<j<Nop—

L3L3

1332

VN()—Z

VN2 - P f|

LILY

+ 3 HVZVJI P}f‘

3<j<Nop—

L3L3

Ig33

(3.23)

Ig 3.3 is the most difficult term among these three terms in the right hand side of the above

inequality, which can be bounded as follows

msj
kot Y |Rvia— T [vino
3<j<N0—5
Jenen, o
2100
I ms (Noy—3—j)
5 vasj V/{I P}f ms,+2 HA {I—P}f” 4(m5,+2)(N0 3+s)
3<j<Nyp—5
ms j (j+s)
HVNO 3{1 P} f (m5,+2>(N0 KES)) ||A A{I P}f“ 2(N0 "H»s)

2NG+25—2j—
_2(N0_3+v) HVNO -

x HVNH{I—
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) ms (No—3-1)
5 H vmsﬂr V’{I P} f m5,+2 ||A {I P}f” —(m5/+2)(N0 3+s)
3<j<N0 -5
ms;i(j+s)Bj R ms i (j+s)(1-B;)
x [ E v —py s EIRAE [(ylor w31 — py | T
2is 2Ng+25—2j—1
x AT =Ry |0 [Ny | O HVNH
< max {6N0_3+m5,ms+2<r>, E (t)} v
No—2 2
+g”v 0= {I—P}fH . (3.24)
v

Here we have used the fact that there exist positive constants ms; and B; € (0, 1) such that

ms;j(j+s)B; 2No+2s—2j—1 _ . .. 9
(n151+’2)(N0 3’+S) + SNy = 1 holds for 3 < j < Np — 5. Noticing that No > 8 and 2 <

s < 3, itis easy to see that we can take

4Ny 28 4NZ +4sNo — 42Ny + 90 — 30s

ms = max ms; = — >
3<j<No—5 2s+3 2543 (No—3+s5)2s+5)
2(2jNo —S5No —6j + 15+ 2sj — 55)
>  max
T 3<j<Ny-5 (No—34+5)(2s+5)

2s+7 N 6s+37
2543 25+3

satisfies £ 8 +1o;(1— ;) = 0, one can deduce that lo; = § —

with Ng > 8. Moreover, since fg i
(2j—=5)(ms;+2)
2ms;(j+s)

Consequently, j +2+ms; < No—3+ms <

4 J—
Z(Tﬁj),whereﬁ] =

with 3 < j < Ny — 5. And we take fg = max {fgj}.
3<j=No—5
Apply the same way as the estimate on /g 3 3, the term /g 31 and /g 3 2 can be dominated by
the upper bound of /g 3 3.
Collecting the above estimates gives (3.2).
When k = Ny — 1 > 5, similar to that of (3.7), we have that

i ([ e ml )« [ore-n |

<[ (V0 Eup, V) [ (Y B v, v )|
Iy Lo

" ‘(VNO_I((U X B) -V, f), VNO_lf)‘—i- ‘(VNO_IF(f, ), VNO_lf)‘. (3.25)

I Iz

Applying the similar trick as (3.8), one has

_ 2
Io < Eny1.0 (1) (HvNo—lEH + HVNO—I (3.26)

2 2
>+sHvN0—1f
%

Y
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For 171 in the right hand side of (3.25), we can get that
ms Y |(wxvip).vhioiy, g vy

l<j=<No—1

Y (((vxvf'B).VNO—I—-/'vvf,vNO—IPf)’

I=j=No—1

I

+ Y ‘((vxVjB)-VNO_l_jVUPf,VNO_I{I—P}f>‘
1<j<No—1

I

+ 3 ‘((v><VjB)-VNO’l’jV,,{I—P}f,VNO’I{I—P}fN. (3.27)
1<j<Ny—1

I3

Applying Lemma 2.3, one has

_ 2 2
I+ 1z S ENg—1,0(1) (HVNO_IBH + HVNO_l

v

2
) ety
\

Asto 1113, when j = Ng — 2 and j = Np — 1, it follows from Lemma 2.3 that

1113<HVN0 2BH H V=5,V (T — P}f‘ " ()5 N1y —
No—1 1-% L oNo—1
G KA PN OB A B T W IR LB 2V
|- vhtg]|
L2H]
No—1 2
S&y 10|V B e
’ Y
Moreover, for the case 1 < j < Ng — 3, one has
TR DI 201 I A0 B ST | TN A B OF
1<j<No-3 L3
2Ny—2j-5 A 1 . 1
< Z HAﬂB”m yNo-1p 2<N0 1+é> ‘V’”ﬁ/‘*‘ VNO*I*J{I_P}f e j+1
1<j<No—-3
x [vMor =i g—py | " |y vt a - ey g
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No—2j-5
SIS EGE
I<j<No—3

1
2(N0 1+J) mej+1 g j+1

yMo—1p

‘v yNo—1-i _py s

me j E)) mej (No—1+s—j)

||A A{I _ P}f” (m6]+l)(NO 2+s) ’VNO 2{1 P}f (mgj+D(Ng—2+s)

|Vt —pyy|

SEDB IS 5| ot [v-s oo | gmert g No—1-7 g _ py g7

1<j<No—3

v

me ;i (j—1) m6,(N0 1+s—j)(1— ﬂ)

X [ A7 (L= Py £ | P | quplios g2y py | IO

m()J(NO 1+4s— ])ﬂ
(mgj+1)(No— 2+s)

x[@Ev*2a—pys

‘(v)i“fVNO_l{I _p)f H 1-B;

x Hm%v%—l

- 2
< max {5N01+m6,m6+1<r>, E 1 i (z)} (H vt g w2 -
Y

)

te (HVN"_ i+ ”v”ﬂ—l{I—P}fHD. (3.28)

Here we have used the fact that there exist positive constants mg; and B; € (0, 1) such that

2j+25+3 | mej(No—1+s—j)B; _ ; ici 9 3
S No—T55) + (m’()j+])(N072+s)’ + B; =2 holds for 1 < j < Ny — 3. Noticing that 7<s<3 and

Np > 6, it is easy to see that we can take

2Np 7 2NZ +2sNo+ 14 — 11Ny — Ts
me = max me;j >
I<j=No—3 T 35—1/2 3s—1/2 3sNo + 352 — 65
2NZ +2sNo+4j + 10— 9N0—2]N0—2s]—5s
> max
1<j<No—3 3sNog+3s2—2j—5—6

Consequently, No — j +mg; < No — 1 + mg < gi J_’fﬁ No — 33ss—i;113//22 with Ng > 6. Moreover,

since ile and fllj satisfy respectively % B; +ZA101(1 —,3]) =0 and y,B] +f11](1 — Bj) =1 with
0 < Bj < 1, one can deduce that, il()] =5 - T ﬁ ) andluj r— 2(1 ﬂ  from which we can

(4No+4s—7-2j—5)(No—2+5)(m4;+1)

see that /11 > lj0;, where B; = @No—2425)(No—1 T5—j +m3, CNo+35—7—3) with 1 < j < Ny — 3.

Andwetakefllz max [illj}~
1<j<Np—-3

Applying the same trick as /17 yields that

5 No—1 - ||? No—1 4|2
ho S max ) Eng—jtmemet1 (D), €y 3 1O, E ) (1) ”V 0 EH +HV o f
’ 14 o= L=~

v
? +¢€ HVNO_ ? .
v v

I

2
VN()—]
N
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For the last term /17 in the right hand side of (3.25), one has by applying the similar argument
to deal with (3.14) that

nes Y |(R/RA VNI ) v - Py )|

J<No—1

T2

+ 3 (v a-p v e ), VN - pyy))|

J=<No—1

Ii2»

+ Y ‘(F(Vj{I—P}f,VNO‘I_j{I—P}f),VNO_l{I—P}f>‘. (3.29)

J=<No—1

lia3

We only estimate the term /12 3 for brevity. To this end, when j =0 or j = No — 1 one has

hoa 5| V=P NP g |V =Py
SN L Y

SER0Y RAG B O

2 2
+eHvN0—1{1—P}f .
v v

For the case j = 1 or Ny — 2, we have

hoa S [V 2= Py

L IVIE=P} fll g2

vhn-ryr],

No—1 2
SIVI=P)flpy | VO =P

2 2
—{—8HVN°_1{I—P}f :
v v

S &2 [V - Py

For the case j =2 or No — 3, we have

hoa 5 | VY- P

L IVI=PHf 2

vNo—11 — P}fH
L v

X

SIVHI=P) fllg2p2 vVl I - Py f

vV21—pyf|

H!L? v

S &0 [V —P}in e vhoia- P}in.
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For the case j =3 or Ny — 4, we have

)

IV =P} f 1l 2,2

hoas |V -pig|

X

SIVE=P) gz [VOZU=PLF| V7T
No—3 No—1
R R
For the last case 4 < j < No — 5, we have
s 2 H o |V vhlr-py £
4< ] NO R v
< Z HV/{I—P}f‘LzL2 VNofl*j{I_P}f‘LZL?O ”VNofl
4<j<Np—5 v 2L%
I1231
+ Z HV VAI-P)f 1212 VNOilij{I_P}f‘LzLoo ‘vNO*]{I—
4<j<Np-5 Xt 2L
11232
+ Z HVQVJ{I—P}f o VNoflfj{I_P}f e HVNofl{I_P}fHV
4<j<Np-5 xbx ZLS
I1233
(3.30)

112,33 is the most difficult term among those three terms in the right hand side of the above

inequality, which can be bounded as follows

2 ] m?/
hoass . | PVIa—py | v a -y
4<]<N0
x [Vt |
” { I LZLY
m7j(No—=3—))
< ”Vm7j+2V/{I P} f m7,+2 ”A {I P}me
4<j<N0 -5
my (J+s)
HVN() 3{[ P}f (m7j+2)(N0 3+s) ”A S{I P}f” 2(NO 3*‘)
2Ng+25—2j—1
% HVN073 {I . 2(Ng—3+9) HVN071 {I _
v
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myj (Nog—3-j)

m7;-+2 T | A~ (1= P P I

s X v
4<j<Nop—5

VI{I-P}f

myi(j+s)Bj R myj(j+s)(1=4;)
(m7j +2)(Ng—3+s) <v)112j VNO—3{I _ P}f (m7j+2)(N0—3+s)

3 [CRAAGI S oF;

X [ A1 = Py £ | o5

‘VNO—I

2Ng+2s—2j—1
2(Ng=3+5) HVNO_1
%
- No—3 2
Smax { €y sim 24 . €, 0 [Py
o—1,—=7 v

+8HVN°_1{I—P}in. (3.31)

Here we have used the fact that there exist positive constants m7; and 8; € (0, 1) such that
m7;(j+s)B; + 2Ng+25—2j—1
(m7;+2)(No—3+s) 2(No—3+s)

=1 holds for 4 < j < Ny — 5. A necessary and sufficient con-

m7;j(j+s) + 2No+25—2j—1
(m7;+2)(No—3+s) 2(No—3+s)

No — 5, from which one can deduce that m7; > % holds for 4 < j < Nog — 5. It is easy to see
that we can take

dition to guarantee the existence of such a f is >1,4<j<

29 4N0 -30 4j —10
m7 = max m7j=—N0—
4<j<Ny—5 2s +5 2s + 5 2s +5 4</<N0 5 2s+5°

Consequently, j +2 +m7; < Ng —3 +m7 = %figN - 6211455

I12; satisfies ¥ + [12;(1 — B;) = 0, one can deduce that /1o, = & — —2(1zﬂj)’ where B; =
(2j=5)(m7;+2) __ . . _ r T
Ty A with4 < j < Ny —5. And set [, = 45}2%—5 {llgj }

Similarly, 712,3,1 and /12,3 2 can be controlled by the upper bound of /3 3 3.

Collecting the above estimates gives (3.3).

Finally, we turn to the case of k = Ny > 6. For such a case, we have similar to that of (3.7)
that

with Ny > 9. Moreover, since

Y

([l e ) v

S| (V0 o) VN p) [+ |(VoE - V), VY0 )|

I3 14

+ ’(VNO((U X B) -V, f), VN0f>‘ + ’(vNor(f, ), VN°f>‘. (3.32)

I15 lie

For the first term /73 in the right hand of the above inequality, one has
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Is< ‘(E v g, VN"f)’ n ‘(VE oMol f VNOf))

1131 1132

+ ](VNO—lE.UVf, VNOf)’—f—‘(VNOEmf, VNOf)’

l133 1134

+ > (VBN v (3.33)

2<j<Np—1

135

For the first term /13,1 in the right hand side of (3.33), using the Holder inequality with exponents
(p,q,r)=(+00,2,2) gives

_Yr
haa S NEI |y =5 vz |

o™ fote] o | o zvme i

vl

Here we can deduce from Lemma 2.3 that § = %, 1136 + £(1—6)=1— % which gives
_y=l_y_ 20— 1)(1\’0 1+S)

56, 0 ([ el 4]
4

hs= )
Slmllarly, I13,2 can be bounded by

_Yr _
1132 SIVE| 3 |[(v)m2 vt

Sa=e] ™ [ E] o)

0 1-6
ot

2
)+e‘
v

Here we can deduce from Lemma 2.3 that § = % 1146 + £(1—6)=1— % which gives

1+s)°
7 y_v=l_y_ ZQL_QLMQ_LtQ
14—2 0 — 2

For I3 3, we have by usmg the Holder inequality with exponents (p, g, r) = (2, +00, 2) that

55N07_i174(l) (‘

s s [vorte] fwtoes] |

oot el

Applying Lemma 2.3, the last term ;3 5 in the right hand side of (3.33) can be dominated by

I35 S H V/E (v)! %

2<]<N07

> fae]

2<j<No—2

L6

AN

(v>1—% VN()—]
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l—o;
o5
N\ O
s 3 e o] (Joven [ e )
2<j<Nop—2
1—aj
X H(U)F%f” !
— -« - «i—a;B;
S DR ol Ll (R 54 I (UL A
2<j<No—2
d () Evho-t [P

(3.34)

Yool

Here we deduce from Lemma 2.3 that 6; = ]\{;‘Y:rls,aj = %,and L.Bj +f15j(1 —-Bj) =

- 2
<ty ([
N()—l,—T

I — 5. If we set o;fj = | — 6 which gives that lis; = 5 — J5 = % —
(y =1 @No=2j+1)(No—1+s) P r
N2 D No-TH)—2Np2— - - And we take fis = max {1151 }
For the most important term /13 4, if n > %No — %, we have from Lemma 2.3 that
2Np—
No—1 n+1 No+n n+| 1-X 2N8—2 1—-¥Y o No—1 2N0
I3a S|VOTE VAT E (v)y 72 f (v) T2V
Noe1 =75 o . VR R Y o 2N3—2
gﬂv -1 g yNotn g <H(v) 16y No— f” )% )
2N =5
x [ =% |
o I I
,S”VNO_IE AT yNo+n g n+ )(U)TVNO_lf 2Ny—2
3(1 o) 2N,
x H< Yoy No—t ¢ | 072 {18 ¢ 72
_n_ 1
SJ”VNOAE T || g Notn g [ 7+ )< )ZVNO lf 2N0 2
R 3(1—a) 2N -5
s R, L2 %
< |vomtg | v g ™ )(u)vaO*‘f "
R 3(1-a) 2N,
x H(UVIGVNO?]JC 2Np—2 (U)i%is‘}’lf 2NO
c No—1 No—1 2 2
Smax {Evpn . €, |, 0 |v EH +HV ) +e| ~.(333)
’ Y
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Here we require that 2130—"‘_2 = Ll nd % o+ 6l —a)y=1-— — . From which deduce that
2Ng— I-5-%a _y 1= Ly 3(1-y)(n+1)
@ = 301D = and 16 = 12—a2 =5+ 1= + 3n—2No+1 -
For the second term /15 in the right ha d s1de of (3.32), due to

nss Y ‘((v < ViBy.vNo-iy, £ VN0f>‘ + ‘((v « vy . v, f, VN"f)’

1<j<No—1
s > |[(0xviB v vey)|
1<j<No—1
Iis,1
+ ) ’((v x VI B) . vN=iy,Pf, VNO{I—P}f)‘
1<j<No—1
Iis2
+ Y ’((v x VI B) . vN=i v (1 - P} f, VNO{I—P}f>‘.
1<j<No—1
Iis3

+ ‘((v « VNoB) . V,Pf, VN°f>’+ ‘((v x VN0 BY . V(1 — P}, VNOPf)(

Ii54 liss

+|(@x v¥B) 1 - Py £, VY- P £ (336)

Iis6

Applying Lemma 2.3, one has

2
)—i—e‘
vV

Asto I153, when j = Nop — 1 and j = Ny — 2, it follows from Lemma 2.3 that

Iisy + Dis2 S Eng o) (‘

|5 —py|

1153<HVN" 13” H V=5 v v (1 — P}f‘

LIL® L2L2

(v) T vVo(1 - P)

o

L2L3 L1212

~

< Hw)l*wxvv{l—l)}f VNO*IBH HVNO{I—

L2H?

554%

2
L) HVNO’IBH +8HVN0{I—
Y

As for the case 1 < j < Ng — 3, one has
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nsas Y |viB| [V iR o va—piy|
1<j<N0—
2Ng=2j-5 m mgi+1 . ﬁ
< Y [ATB| T [Nt g PR g gNeip_py g |7
1<j<Nop-3
) _M8j
x [vMomip—pyr | v - ey
i T || s+ , T
DD P Rl DU ] R N A B8 ST IS
1<j<Np—-3
mgj -1 mg; (No+s—j)
A 1= P T [0t p—py [T oo py |
7 —1
5 Z ||A SB“ 2(1\10 1+3) ‘VNO lB 2(N0 I+r) ‘VmSJ—HVNO*j{I—P}f g 1
1<j<Nop-3
mgj (=1 mgj(No+s—))(1=F;)

x | A= (L — P} £ || T 00T

‘( >l|7,VN0 l{I P}f“m

mg i (No+s—i)B;j
(m8,+1)(N0 1+s)

H(U 2VN0 1{1 P} f ‘(v)l]gijo{I_P}lefﬂJ

x| r v -

c No—1 2 No—1
Smax { vyt (0.6, O |V BT [t
’ Y

+e(

Here we have used the fact that there exist positive constants mg; and 8; € (0, 1) such that
2j+2543 + mgj(No+s—j)B;
2(No—T+s) " Gmg;+D(No—1+s

of my;, it is suffice to take

)

oa-nrf)

5+ Bj =2holds for 1 < j < No— 3. Similar to the way to determine

2No—6 2Ny —7 2Ng—2j—5
mg= max mgj= > = max ———.
1<j<Ny—3 2s+5 2s+5 1<j<Ny—3 2s+5

25+7 6 . .
Consequently, No — j + 1 +mg; < Ng +mg < 2?15 No — 7545 with Ny > 6. Moreover, since

ll7j and l]gj satisfy respectively 7,31 + 1171(1 — B;j) =0 and %ﬂj + lAlgj(l — Bj) =1 with
0 < Bj < 1, one can deduce that f17j =5 - 2(+5) and flgj =% 2(1 /3 5 from which we

(4No+25—7—2j)(mg;+1)
2mgj(No+s—j)

can see that l]gj > 117], where 8; = with 1 < j < Np — 3. And we take

l]g: max {llgj}.
1<j<No—3
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Applying the similar trick as 713, we have

2
hsa+ 155 S Engtn(t) <HVN°_IB” + H yNo—1

)+l

(3.38)
For I15,6, by employing similar argument, we can get that

l+n H~n

yN-lp

hse S [V IV (L= P} f 3012

W)V -pf|

l+n

SINAG TRl LAl

||V \% {I P}f”HlLZ

W)V -Pyf|

1
I+n

S M i M e AT ;Tz
IV L= P2 1 ¥~ Pl
< [ o2t 5 v, g ;mf
ﬁ 3 e
o i matigh)
< HVNO+HB T+n )VN()—IB T+n VXVZ’9+1{I—P}f ;rlmgz HA {I—P}f”;f:g)(%f’gﬂ)
i TR y _mgU=p)(1+s)
- (1+mg)(No—3+s) Y _ (g (Vo =315
x H<v>119VNo MI—P}f le 0= ‘(wzvNo SI_p)f iy )

< Jivom—pyr| " fwivion—py|’

< max {€N0+n(t), E3mo, 14mo (1), SNO _iZ()(t)} <HVN0—1BH2 n HVNO—S{I —
e

)
P (H vM-3 1 _pyr Hi + HVNO{I _P)f Hi) . (3.39)

Here we have used the fact that there exist positive constants mg and 8 € (0, 1) such that 17— +n +
mo(1+5)f 4+ B =2 holds for 1 < j < Ny — 3. Similar to the discussions above, it is suffice

(14+mg)(No—3+s) 5
_ Ng—2+s . . . .
to take mo = 075 No Then, if we choose n be the smallest value which is strictly greater
9

than %No - % and use the facts that No > 6, s € |5, ;) we can deduce that 3 +mg <3 +
No—2+:

G OntA—Ry <

B) =0 and Vﬂ + lzo(l — B) =1 with 0 < 8 < 1, one can deduce that, l19 = 7 — 2(1——/3) and

(2+n)(No—3+s5)(mo+1)
 (I4+n)mg(No—3+s+mg(No+2s—2)) *

<3+ 243 13 < 6. Moreover, since {19 and I satisfy respectlvely 2,3 + l19(1 —

fzo = % 2(1 ﬂ) from which we can see that lzo > 119, where 8 =
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I14 can be dominated by using the same trick as I15

114§maX{5N0+m3,m8+1(t),54,%_;(l),EN g O ENotn (1), Exmo, 14mg (1), € izo(’)}
075 0.— 5"

)

2
) . (3.40)

2 2
feneng] o
% %

([oel +[rea-ns

L R A R

For 116, we have

hes Y |(Fv/pg vomi ), vy 7)|

J=No
Te,1

+ 3 ‘(F(Vj{l —P)f, VNP ), vNoqT - P}f)‘

J=No

l16,2

+ > ’(F(Vj{l — P} f, VNI — P} ), vIVO(T — P}f) , (3.41)

J=<No

Lie3

and we only estimate the term /¢ 3 for brevity. To this end, when j = 0 or j = Ny, one has

Noa S| VAU =PLr| I =P fllgre | VY- Pyf |

N 2
S [V =Pr7 |

N 2 N 2
SEAROY AT B JFY IR LTI B8 T
v v
For the case j =1 or No — 1, we have
hoa S | VY I=Pif | IVI=PI Sl VY- Py |
LSLs VX v

2
SIVE=P}f iy [VVU-Pyf |

S &0 |V - P}in e vNoa—pyy 2

For the case j =2 or Ny — 2, we have
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hos < VORIV IR g [V 0Py
SIVAL=PH 2 T o [VOU=PF |
S T
For the case j =3 or Ny — 3, we have
hos S VORI IV Pl [V IRy
SIVI=P}fll g2 VNO
< 520 |[vH0 21— +eH
For the case j =4 or Ng — 4, we have
hea S | V20 o V=Pl [V Y7
v X v
SIVHI=P) fllgor2 VNO - P}fHH1 |vea—rir,
S s | VNI - +sHvN0{I—
For the last case 5 < j < Ng — 5, we have
R S I I ST N T
163 S LR T O Lt T N L AT e T
5<j<No—5
< viI—P ‘ vNo-i1—p ‘ HVNOI—P H
s X vuemg] L vedaeeg], [viea-eg]
S<j<No-5 ; ;
116,3,1
v,V vNo—ig_p ‘ vV p H
+ Z H L212 { I L2L%® { I v
5<j<No—
116,32
2 N
+ Hv VJ{I—P}f‘LZLz vva-
5<j<No— xtx
116,33

(3.42)

I16,3,3 is the most difficult term among those three terms in the right hand side of the above
inequality, which can treated as follows
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.
633 S va101+2vj{I—P}f W Vj{I_P}f #?42
5<]<N07
myg;(No—=3—j)
S vam/-ﬂv]{l P}f m10,+2 ||A S{I—P}f”W
5<j<No—
mygj(j+s) —9
HVNO MI—P)f <m10]+2)(N0 3+5) HA (I — P}f” 2<No 3+5)
2Ng+25—2j+3
HVNO 3{1 2(Np—3+9) ”VNO{I—
myg;j(Ng—3-J)
< Hv’”“”“vf{l P 7| [ A5 (1 — Py £ | P
5<j<N0 -5
mi0; G+9)8; myg; G+ (1=8;)

(myq; +2)(N0 3+3) (m10j+2)(Ng—3+s)

3 [CRAAGRI B JF}

[ORIA S ¥

2Ng+25—-2j43
T2(Ng—=3+9) ‘

2j-9
x |A=S I =Py £

‘VN0_3{I _P)f

v

< max {5N0_3+mm,2+mm(t), £ iy (;)} [v%-sa—p) sz
’ Y
te ”VNO{I—P}in. (3.43)

Here we have used the fact that there exist positive constants mig; and B; € (0, 1) such that
myo; (j+s)B; + 2No+2s—2j+3

(m10;+2)(No—3+s) 2(No—3+s)

dition to guarantee the existence of such a g is

=1 holds for 5 < j < Ng — 5. A necessary and sufficient con-

mij(j + ) 2No+2s —2j+3
(m1oj +2)(No—3+5) 2(Ng—3+5)

>1, 5<j<Nyp-5,

from which one can deduce that mp; >
can take

2 +9 8 holds for 5 < Jj < No—5.Itis easy to see that we

4y 37 4No—38 _ 4j—18
07 3549 2549  s<jtne-5 25+9

mijo= _max mjp; =
s<jsNo-s 2549

Consequently, j + 2 4+ mjoj < No —3 +mjp < 2;;_193N - 621':_694 with Ny > 10. Moreover,

since lej satisfies £, + lej(l — Bj) =0, one can deduce that lzlj =5- 2(1+ﬁj)’ where

(2j—=9)(m10;+2)

Bj= IV OES) with 5 < j < Ng — 5. And we take i21 = max {iz]j}.

5<j<No—5
The term /16,31 and 16,32 can be dominated by the upper bound of /¢ 3 3.
Thus collecting the above estimates gives (3.4) and the proof of Lemma 3.1 is complete. O
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The follow lemma is concerned with the macroscopic dissipation estimates on f (¢, x, v).

Lemma 3.2. For the macroscopic dissipation estimates on f(t,x,v), we have the following
results:

(i) Fork=0,1,2---, Ny — 3, there exists an interactive energy functionals ka (t) satisfying

2 5 5
G0 |V E B + [V g E B[+ vE|

such that
k k|12 k1 2 k22
d—Gf<f>+ |[va + [ @r o + [v+25]
o) (|92 o2 o) o v
k 2 k+1 2 k+2
+ Hv - n Hv g — + Hv - (3.44)
% %
(ii) For k = Nog — 2, No — 1, there exist interactive energy functionals Gy (t) and GNO l(t)

satisfying

G20+ 6 0 < [V e+ [V g | 4 |9 b
such that
S L Lot o S

dt
)+ o]
v

< Enpol) (H ACTN) a NA

fenen

(iii) As in [10], there exists an interactive energy functional E™(t) and D7 (t) satisfying
N N

gnm < Y | E B’

le|<N
and
D) ~ llall* + 1V(a. b, w1 + IVESn- + V2B, x s,

respectively such that

"”(t)+DNmac(t)< > o - P}f|| +En (D (1) (3.46)
la|<N

holds for any t € [0, T].
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Proof. For the case of k =0,1,---, Ng — 2, as in [24], by repeating the arguments used in
Lemma 3.1, and by using the local conservation laws (2.13) and the macroscopic equations
(2.14) which are derived from the so-called macro—micro decomposition (1.11), we can deduce
that there exists an interactive functional ka(t) such that

d k k+1 2 k 2
07O+ [v s+ vl

2

< [[{ vk ! 8
NH<V (r(f,f>+5v-Ef+(E+uxB>~vvf>, u>

163}

2 2
+e||Vk+1E||2+HV"{I—P}fH +Hv’<+1{1—1>}f .
v v

(3.47)

Similar to that of Lemma 3.1, I>; can be bounded by

_ 2 2 2
D1 S Eng-1,0(0) (H Ve H + H Ve ” + H Vel ’
v

i)—i—HV"{I—P}f

which yields that

7050+ [vres ] vl

e (e I K

2
v

i>+HV"{I—P}f

2
+ |-y

(3.48)
where
k ko|? k1 ||
OB M I e
When k = Ny — 1, we have by employing the same argument that

d B 2 2
Loyt o]+ [

<Enpo) (H vl B[+ [vy

)
Fe| VNl E|2 4+ HVNO’l{I _ P}f“i n HVNO{I - P}f“i, (3.49)

where

2 2
ap s |vts e vl
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By the similar procedure as in the proof of Lemma 3.1, we have for k =0, 1, --- , No — 3 that

d 2 2
4 Chs 0+ |[VHE 4[5

2 2 2
5Hvk+1 {Ea—l—be}H +HV"+1bH +Hv’<+2(a,c,E)H +Hvk+2{1—P}f

2
v
o k+1 2 k+2 2 k+1 2 k+2 2
<o ([ e+ [#2]) 4 [0+ [0
k+2 2
+ Hv +2(] — p) f” (3.50)
v
where
k k+1 2 k+2 2
Gh 5 ('S HV + (E,b,B)H +Hv + BH .
While for the case of k = Ng — 2,

d _ 2
G 0+ [v™-E. B

2 2 2
S |V¥ Ea+ b x BY| + 19N 22 4 | VYo, b, 0|+ VY- pyy
v

- 2 2
S Eno® |V E B a, )|+ VN2 + | VYo, b, 0

2
, (3.51)

+HVN°{I—P}f’

where
2 2
N2 S ”vNO—l(E, b, B)H + HVN"_ZBH .

With the above estimates in hand, we now turn to deduce (3.44), (3.45), and (3.46). In fact
for the case of k =0,1,---, Ngo — 3, a proper linear combination of (3.48) and (3.50) gives
(3.44) with G%.(1) ~ G’}(z) +x1G (1), 0 < k1 < 1, while (3.45) follows by a suitable lin-

ear combination of (3.49), (3.51) and (3.48) with k = No — 2, where G}°~%(1) + G}*~' (1) ~
PO+ G (0 + Gy (0.0 <k < 1.

Finally, (3.46) follows by the same trick as in [12], we omit the details for brevity. Thus we
have completed the proof of Lemma 3.2. O

4. The proof of our main result

This section is devoted to proving our main result based on the continuation argument. For
this purpose, suppose that the Cauchy problem (1.6) and (1.7) admits a unique local solution
f(t, x, v) defined on the time interval 0 <t < T for some 0 < T < oo and the solution f(t, x, v)
satisfies the a priori assumption
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X(t) = sup {5N010+1*(T)+5N(T)+5N L@ +A+1)" =R ENI(T)} 4.1

O<t<t

where the parameters Ny, N, [, [y, and [* are given in Theorem 1.1 and M is a sufficiently small
positive constant. Then to use the continuation argument to extend such a solution step by step to
a global one, one only need to deduce certain uniform-in-time energy type estimates on f (¢, x, v)
such that the a priori assumption (4.1) can be closed.

For this purpose, we first deduce the temporal decay of the energy functional Ejli,o (t) in the
following lemma.

Lemma 4.1. Under the a priori assumption (4.1), then we have fork =0,1,2,---, No — 3 that
4 g O +Dk (1)<0 (4.2)
dr Mo No™7 =" '

Furthermore, we can get that

- ks
e S b [yt (@) Eyip @ 1407 *3)
Proof. From Lemma 3.1 and Lemma 3.2, we can obtain for k =0, 1,2, ---, Ng — 3 that

d i k
E“:No(t) + DNO(t) <0.
To get the time decay, we first deduce from Lemma 2.3 that

k+s+2

Hvk(Pf E, B)” Hv"”(Pf E.B)

”A_S(Pf E, B)” k+x+2

and

ks
k+s+2

2
”Vk“B H < H vkt2p AT B

Secondly, for other terms evolving the microscopic component of f (¢, x, v), we have from the
Holder inequality that

k+s 2
T+s+2 (k ) s
D AU 77 R S (SR S VY i [ GV L
k=<l|a|<No k=la|<No
Thirdly, we can get from Lemma 2.3 that
_k+s
HVNO(E, B)H 5 HVNO_I(E, B)H k+s+2 HVNO+ (E B) k+v+2 ]
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Consequently we can deduce that

k+s

kFs+2
k k) ;
&k, = (Dh, ) <O§£ &g, 5N0+k%(r)}) :

Hence, we deduce that

2
k+s

d -
Eeﬁ(}([) + ( sup {51\/0)%(‘[)7 5N0+1\’J2r5(‘[)}> ((c"/]s/()(t)

0<t<t

2
>l+m

Solving this inequality directly, we get

— k+s
kDS sup {Ey s (@), Eyp i @) 1 +07E

0<t<t
This completes the proof of Lemma 4.1. O

Bases on the time decay of £ 1];0 () obtained in the above lemma, we are ready to deduce the
Lyapunov inequality for Ey (¢).

4s—2sy+5y—2

8(1-y)
energy functionals Ey (1), 51{,0710 (t) and the corresponding energy dissipation rate functionals
Dn(t), Dy i(t), which satisfy (1.17), (1.22), (1.20), and (1.16) such that

3

Lemma 4.2. Suppose that No > 5, N <2Ny, ¥ < andly > 5 — % then there exist

d
TEN() + D) S D (6) + En(EL, 1, ®. @.4)

8
(I 4+n)t+?

Proof. First of all, it is straightforward to establish the energy identities

1d

s 2 (lerP+leEm)+ X (Lafos)

I<|a|=N I<|a|=N
= > (8“<%E-vf>,8"‘f)— > (“UE+vxB)-Vyf).0%f)
I<|a|<N 1<|a|<N
Ji J2
+ Y (3°T(f .0 ).
I<|a|=N

J3

For the 9% derivative term related to (E, B) with 1 < || < N, i.e., the estimates on J; and J,,
one has
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1/2 1/2
B S IEN | @)% g | | 720 £ |

2 e E| e |w ey

1<lay|<Ng—1,
aFa

- X el o], Joe]

le11=Ng,
oy Fo

<v)l/28af”

L3

Y o E] e | Eemm g
\a]\zllo+l.
Ot' o

[0 £,

ol

S A (R

2—y 2=y
Ty 2 - 1
= <||E||Loz +|v EHHN> Dy i) + ENOEY, 1,0 +eDy (). (45)

Here we choose [y > % — L and we also need to assume that N — No—14+1< Ngpand Ny—3 > 2,
which yield that N < 2Ny and Ny > 5 respectively. It is worth to pointing out that the most subtle
part is the estimation on the first term in the right hand side of the above first inequality which is
carried out as follows

1Bl )20 7| | )20 ¢

. 2(1-y)

T

SUEN | )20 f

2-y

SIEN )% £IP +ello* £113, (4.6)

and the other terms are easier in some sense.
For J, due to ((v x B) - 0%V, f, 3% f) =0, we can deduce by employing the same argument
to deal with J; that

2-y

Vi(E, B)

2-y
J2 < <||E||£OZ + } ;jo_z) D a(t) + EnEN, 1, (1) + Dy (D),

where we choose [y > % — %

By applying Lemma 2.3, it is easy to get that

I3 SENLODN @) + EJHOEN, 1) DY ().

Collecting the above estimates gives
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d

=2 (ler P+ lo“E. B)) + X Jo u-Ppif;

lo|<N le|<N

2=y
s (nEu;oz +|ViE B)|

2-y
H~> Dy (1) + ENDEN, 1, (1)
12
+ (N2 0 +¢) Dy (o). @.7)

Here by using the temporal decay of || E|| ;~, and ||V B|| zn,-1 obtained in (4.3), we need to ask
that 352 - 3=L > | which yields that 9 < #=3r=2,

Combing (3.46) with (4.7) gives (4.11).

For the estimates on the microscopic component {I — P} f, we first apply the micro projection
{I — P} to the first equation of (1.6) to get that

WI—P)f+v - Vi{I-P}f +Lf={I—P}g+Pv-V,f —v-V,Pf. (4.8)

After acting Bg‘ with |a| 4+ |B| < Np and |B] > 1 to the above equation and further multiplying it
by 85 {I — P} f, then direct energy method gives the identity

1d

2dt
= (951—v- V.1 -P}f). 95 (1 PS)

ag‘{I—P}fH2 + (agLf, ag{I—P}f)

+ (ag{{I—P}g+Pv-fo—v-vfo},ag{I—P}f). (4.9)

By the similar way as before, we can obtain that

d No—k 5
DY opa-pif|
m=1

Bl=m

ag{I—P}fH2~I—ﬂX=: ]

< Enor () (H Vmin{kJrl,Nofl}EHZ T vain{kn,z\foq}BHz i H VI — P} f

2
207"

+Hv’<{1—P}f i—irHV"“PfHZ. (4.10)

Thus we have completed the proof of Lemma 4.2. 0O

Now we turn to the weighted energy estimates on f(z, x, v), i.e. the estimate on Ey ;(2).

Lemma 4.3. Suppose that % — %%10 <s < % No > 6, N < 2N, ;‘fj‘lzl <y <0, [l>N,

3 1 . 4s—2sy+S5y—2 4s—2sy+11y+42 .
> 2 — = <
lo>1+35 ot and 0 < mln{ 80— ° 8(-2p) } then there exists an energy

functional Ey (t) satisfying (1.15) such that
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d o o
Eé’w(r)+DN‘z<t)§5N‘z<r)e}vo,lo(z)+l‘;N ERARN e R (4.11)

Here Dy ;(t) and & /{/o o (t) are constructed in Lemma 4.2.
Proof. The proof of this lemma is divided into two steps. The first step is to deduce the de-
sired energy type estimates on the derivatives of f (¢, x, v) with respect to the x-variable. For

this purpose, the standard energy estimate on 0% f with |«| = N weighted by the time-velocity
dependent function w; = wj (¢, v) gives

X P X Jund e |

Ia\ N |a|=N
< S ol + X e e s+ 3 | (30 & v, wioe )|
la|=N la|=N la|=N
J4
+ 3 | (1B +vx By - VoL wpor )|+ Y (07T . wPon )| @12
le|=N le|=N
Js J6

As to the estimates on Jy4, Js, and Jg, we can deduce by following exactly the argument used
above to control Ji, J>, and J3 that

T SIEs | Pwio r] || @) Pwoe |
M ]
1<|a1|<Nyp—1
et
leer [=No
T S LT [ P I P )
leeg [=No+1,

o Fo

+ [0 E| H<v>‘*%wzf i LA
2-y
1‘1; )DNz(r)

+ENDEY, 1, (1) + D (D), (4.13)

2—y

<A +0)it? (nEuioz +|V2E

12)/

2-y
Js S+t (nEnL;o Ve B||Loo

2

) Dy (1)

+ENDEN, 1, (1) + DN (), (4.14)
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and
Jo S ENZ (DD () + ENT (D) (SNO " (r)) Dy(0). (4.15)

Here [p > 1 + % — L and it is worth emphasizing that to deduce the estimate on J5, we need to
ask that No — 3 > 3 which implies Ny > 6 and we have also used the following result which used
the fact that —1 <y <0

3 ((v X 91 B) x 9%V, {I — P} £, wfa“f)

Jerr =1
1y — Iy
SV Bl [{v) 2 wid* "V (T =P} £ {v) 2 wd* f|
1y oy _ Lty
SNV Bllzoo (0} w1397V (T= P} £ 77 [ (v) Twy—1 8“1V, (T — P} |77

x Il (v >w13°‘f||%||<

v
2

wz3°‘f||2 7

Y
S Ve BIIL' 1~ 1()wi— 1%~V (T P} £ || (0)wid* £ + ellwy 1% Vo {T— P} £,
x [lwid® flly

2=y
S A+ VBl Dni(t) + Dy (0). (4.16)

Collecting the above estimates gives the following desired weighted energy type estimates on the
derivatives of f (¢, x, v) with respect to the x-variables only

T Z lea"‘fH + Z lea"‘f” (1+t)1+19 ” w18°‘f||2

|Ot| N la|=N
<2 Nl + X0 (o Bl ua” s | + (Expi 0 + ) Dwato)
|a|=N la|=N
2 2-y 2-y
F(0 (||E||U+HV2 IV +vis] T )Dm(t)
+EN1(OEN, 1y (- (4.17)

Now we turn to get the desired energy type estimates on the mixed derivatives with respect to
both x and v variables. Due to

H wlf\ﬂwa,?fPf” <o b.o)

and notice that |[0%(a,b,c)|| has been estimated in (4.17), we only need to control
H wi— 8] 8/‘;{1 —-P}f H suitably and for this purpose, we need to deduce first the equations which

the microscopic components of f(t, x, v) satisfy. In fact, by applying the microscopic projection
{I — P} to the first equation of (1.6), we can get that

W{I-Pif+v-Vi{I-P}f +Lf={I-Plg+P V. f)—v-V.Pf (4.18)
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For the weighted energy estimate on {I — P}agf with |¢| + [B]| < Nand 0 < || <N — 1, we
have

d 2
5 cufowimnon]
lo|<N—1,
|+ BI<N
2 q 2
ey (sz_|ﬁag{1—P}va+mH<v>w1_|,s|ag{I—P}fH
le] <N—1,
|+ BI<N
2 2
S Y Jea—rie 4+ Yo VoS +(5},{flo(r)+e)DN,,(t)
le|]=N loe]<N—1
1+9 = 2 %_J =% 3 12;2}/
+ - - 1-2 -2y
+(1+1) (nEany vz L IV + | viB H) D)
+ ENIDEN, 1, (1. (4.19)

Here we used the fact that ((v x B)- 04V, (I— P} f.w? , 9%(I— P} f) — 0 and the similar trick

as (4.16).
Therefore, a proper linear combination of (4.4), (4.17) and (4.19) implies

d o o
Eé’w(r)+DN‘z<r)seNJ(r)e}vo,lo(z)+HZN ERARN e R

Here by using temporal decay of || E|| ;v and ||V B|| ;ny-1 obtained in (4.3), we need to ask that

3425 2—y 5425 2—y P s [ 4s—2sy+5y—2 4s—2sy+11y+2
s 1T, > 1 and =g - =2y > 1, which imply that ¢ < min S0=y) *  8(1=2)

Meanwhile, we also need to assume that ¢ > 0 and from which we deduce that y > ;f_‘fl by

using the fact that % - %%10 <s < % with Ny > 6. Thus we have completed the proof of
Lemma4.3. O

Applying the similar trick as Lemma 4.3, we have the following lemma:

Lemma 4.4. Under the assumptions of Lemma 4.3, then
d
TN+ DN () S EN-1 1O O+ Y [0 E[ [0 f] (4.20)
la|=N—1

holds forall0 <t <T.

To close the first part of the a priori assumption (4.1), we need to deduce the desired estimates
in certain negative Sobolev spaces on [ f(t, x,v), E(t,x), B(t, x)] and the first one is on the
estimate of || (f, E, B)(t) | -
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Lemma 4.5. Under the assumptions stated above, if we assume further that No > 5, we have for

se[3 = 3) s
(1A= P+ 4= & BIY) + | A~ - Pif]?
Stgo] (I P+ [ )
+&.00) (HA%—SPfH2 slwrtu—pis | o Evaa-p]

2 2
n HAE—S{I—P}f” ) 421)

Proof. We have by taking Fourier transform of (1.6) with respect to x, multiplying the resulting

identity by |&]72° f with f being the complex conjugate of f , and integrating the final result
with respect to £ and v over Rg’ X ]R?) that we can get

d
A= s P4 [amEB) + o~ a-pis;

S|(FLE-Vurt11er> f) | +|(v- FLEA11817 F)|
J7 Jg
+|(Flox B Vst 1™ F) |+ [(FIre n1 e 7). (4.22)
Jo J10

For J7, we have from Lemma 2.3, Lemma 2.4, and Lemma 2.5 that

B S|(FIE- Vo1 1181728 F) |+ |(FIE- VuPs1 1 1> 1= P )|
H|(FIE- VP12 0B )|
e aen e s (e ) a-ml

L ARy

A= p |+ | BV =Py )

< ||E'M6f||LL

5+2s
x

_v 2 e 2
Voll=Phf(v) 2| +e|AI-P}f]]

WA g+ 1ER
L

Hujw

b
< IEN g | 11l 12

2
+e|aa-pir|

<[ade| s Juar= s+ [ad ] |voa-prret

$1E00) (1P + [ at=s [ ) + & v - prrw ¢ |7

+el|aI-Pif|.
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For Jg and Jg, we have by repeating the argument used in deducing the estimate on Jg that

1

+1{&0m}"? (Hu‘sfll2 + Husz\‘ff‘r) te|a=a-Pyf.

ey

Js+Jy S ) (H Voll—P}f ()"

As to Jyg, we have from Lemma 2.3, Lemma 2.4, and Lemma 2.5 that

nos|a (wtrg )| o (e a-pr)|
s|a7 (wrireg )| [ama-r,

slwirgn| L, AT a-pir],

slw7irgn| 1A a-pir],

_r

S \<v>—1

A=l

S I

Pt Vi ¥

LL2 ‘LZ 2

S 3l fllzms [A™ T =P,
L2L}

< |aie A= I=P)f],

SWlzme (|a3 ]+ [ai=a—pis]) [a=a-pis],

2

3 2 3 2
snfnL;Hvz(HAf*PfH +|aia-pyy| >+8]|A‘S{I—P}f||v
= 3 2 3 2 2
<52,z(t)(HA7‘SPfH +|aiu-rpyy| )+8HA““{I—P}fHU-

Collecting the above estimates gives (4.21). Thus we have completed the proof of Lemma4.5. O

(4.21) tells us that to deduce an estimate on ||(f, E, B)(t)||z-s, one has to estimate
|| A%—SfH, [ (v)!- _and ||(v)7/2V,{L— P} f| first. Due to the fact

that the assumptions No > 5 and s € [% — 41\/03_—10’ %) imply that 1 —s <0, —s <1 — s, and

% — s > 0. These observations together with the fact that the nonlinear energy method de-

veloped by [23] and [33] for the Boltzmann type equations can indeed yield a nice weighted
estimate on the microscopic component {I —P}f together with its integer-order deriva-

i

tives with respect to x and v. That is, one can control ||A1_S{I —
()t =/21 — V) Y2V -P}f|
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HA%—Xf”, | =72 =P}f|, and |(v)""/2V{I—P}f| is then reduced to estimate

HA%_SPfH and ||A1_SPfH suitably. To this end, since % — s > 1 — s, the standard interpo-
lation technique together with the fact that the nonlinear energy method developed by [23] and
[33] for the Boltzmann type equations can also yield an estimate on V)’gP f for positive integer
k imply that we only need to deduce certain estimates on || A' =P f£||%. This is exactly what we
want to do in the following lemma.

Lemma 4.6. Let s € |3 — > , 3) and No > 5, then there exists an interactive functional
2 4No—10" 2

G;S (¢) satisfying

2
GO S [ASE B+ | E B |+ |4 E|
such that

d . 2 2 2
EG?O) + HAI_S(a,b,c)H + ||A_Sa”2 + HAI_SEH + HAZ_SBH
< az=sg|? ey 2 sy 2 sy 2
SIATE| + AT A=PH |+ AT =P | + | APTHI-Pf

v v

+ E10(1)Dao (1) (4.23)
holds forany 0 <t <T.

Proof. Through Fourier transform, we can obtain that from (2.13), (2.14) that

i¢-©((1-P)f)=Ea+bxB, (4.24)

and
0 Onj (L= PLf) +i8;bn + i6nb; — 38mjit - b — Wsjit - 2 (1= P} )
=Opj (F+8)—26mE-b, 1<m,j<3, (4.25)
08, (L=P)f) +igc=B; (F+8).
where

~ ~ 1 —
F=—i& - v{I-P}f -Lf, g= R Ef —FI(E+vxB) -V, fl+FIL(f, f)]. (4.26)
Furthermore, we can deduce from (1.6);, (1.6)3, and (1.6)4 that

&E —i& x B=—b,
&B+it x E=0, (4.27)
ie - E=a, i€-B=0.
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Taking the L? inner product of (4.25), with i& il& | =28 é, we can deduce the bound of ¢ as in the

following

=] = e

= i (i 1igs1E17™)

(a5; (0-P1f) 1igj1e172¢) + 23: (2 (F+8) gl ™)

M-

5_
j=1 ot
%g(af (0-P17) igerer ) +g(3 (=P 1iganele )
+i<5/ (7 +8)ligelsl 25) (4.28)
j=1

For the second term in the right hand of the above inequality, we have by using (4.24)3 that

(&) (=P LigjacleI ™)
:(Ej<{I—P}f)|l§/|$| 25{ Eb— it b it E({I—P}f)})

<elal ‘2 + A a=Pis]l+ Al a-pyy Hi +&100 D20 (0),

while for the last term in the right hand of (4.28), one has

(5 (F+8) lig;ele™)

Sefatze E A P}in + [ ATHI=PYf |} + E10(0) Do ).

Thus we can obtain that

‘2 +lata—ryr|?+ HAl—S{I—P}in

[ zefar

1—s
G0+
+ E10(1)Dao (1) (4.29)

Here

s (=p17) tiggele ).

[l

3
6=y %(
j=I
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Noticing the identity
—s i i 2 r g —Se 7 2 2 —s Nk
617" (75 +6nby — Soms6 )| a5 =2 |I6176nb; |+ 5 16176 -]
R ™

—2 HAHb )2 + % A= (Ve b))%,

and by using (4.25); and (4.24),, we can get by repeating the argument used in deducing (4.29)
that

d

2< 1—s 2 -5 2
= ‘ NSHA (a,c,E)H +laa—ryr|?

G;Y(t) + HAI—Sb

¥ HAH{I —P) f”i +&1.0() D20 (1). (4.30)

Next, we estimate a. For this purpose, similar to that of (4.29), we have by using (4.24), and
(4.24); that
‘2

g HAI_S{I—P}in + &0 D20 (). (4.31)

i -5 —s |12 H 1—s
7Ga O+ |Aa|"+ A a

<|a= o0

Setting
G;-.‘(t) =G, () + k1G5 () + 2G5 (1), 0<ky <Kk K1,

we can therefore deduce by combing (4.29) and (4.30) with (4.31) that

d _ ) _ 2
TGO+ a7’ + A @ b0

<e HAHEH2 + A a—Pys ) + HAH{I _ P}in +E0Dao(r).  (432)

To deduce an estimate on the electromagnetic field [E (¢, x), B(¢, x)], we first get from (4.24),
and (4.27); that

s 61807
S (8;13+i§ (a+2¢)+ig-© ({1_1)}]?) —Ea+bxB| E|§|2—2s)
N % (’3 | EIEIH‘Y) — (13 | 8113"|€|2‘2S) te HA“SEH2 + HAH(a,c) H2

2 _ _
+aru-py| +EL0ND2o(0)
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5 % (b1EEP>)— (b1 (16 x B—b)1eP ™) +e HAI—SEH2 + HAZ_S(a,c)Hz

2 _ _
+| A a-rir |+ 0@ Dao)
_d
S (b|E|§|2 2S>+HA1 Sb’ +HA2 S(a, c)H +8HA1 SEH +8HA2 SBH

+ ”Az*S{I - P}fHU + E1,0) Do ().

(4.33)
Consequently, we have
d (71 Be—2s 1—s H2
—E%(b|E|E| )+HA E
1 2 2 2
slar[ 4@ o e
+ E1,0(H)Dao(2). (4.34)

On the other hand, for B, it follows that

HAHBH2 - (é | é|g|4—25) - (ig x B i€ x é|s|2—2S) - (atE +bik x é|g|2—23)
= L (Brie < BEP) — (Elig < aBigP ) + (b1 x Bie)

= L (Erigx B ) (16 x (5 x E) ) + (118 x Bler™)

d

2—-2s 2—s 1—s
d(ElléxBlél )+|a EH—i—HA b

&

e |ares]
That is

d . 5ig12—2s H 2—s H2
—E%(E|z$x3|é| >+A B

2
slae] +fat

2
‘ + A a-pyr|.

(4.35)
Combining (4.32) and (4.34) with (4.35) gives
—s 1—s 2 —s 2 1—s 2 2—s 2
def )+ ||A'" @, b, o)| +]|AFal|"+||A'TE| + |A*T°B
< 2—s 2 —S(y _ 2 1—sgy _ 2 2—s ¢y _
S|AT @ E)| 4+ |ATI=PYf|L 4+ [ATHI-PH| 4+ [ ATT{X
v
+ &1.0(1)Dao (D). (4.36)

Here G7*() =G (1) - 1% (13 | 12"|§|2—2X) R (E liE x 1§|g|2—2‘v) with i; (i = 1, 2) be-
ing suitably chosen such that 0 < Ky « K] <« 1. This completes the proof of Lemma 4.6. O
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Lemma 4.7. For any £ with £ =l + I* with I* =1 + (Ng — 5) (2 - %) + L with I’ being given
in Lemma 3.1, there is an energy functional E_NO,Z (t) such that

d 5 A 2
—En e+ Dr e S Y elIE. (4.37)
lee|=No
Furthermore, we have

t
I3 (1) < Y2 vNE|%d 4.38
Sup ¢ Ny, lp+l (T)N 0 +¢€ ” ” s. (4.38)

0<t<t 0

Proof. Noticing that we have obtained the temporal decay estimates on Ey,(¢) and due to

> (B v wa ) £ Y (e [0 B[P+ e e r 7).

lee|=No la|=No

we can deduce by employing the argument used to yield the energy inequality (4.11) for Ey ;(?)
that

d
Egzvo,e(t) + Dp,e() S & | Iz;\, ” 801E”2. (4.39)
al=Ny

A proper linear combination of (4.21), (4.23), and (4.39) gives (4.37), therefore (4.38) follows
by the time integration of (4.37). This completes the proof of Lemma 4.7. O

To close En(t) and Ey(¢) in the a priori assumption (4.1), we need the time decay of
Ex ().
0o

Lemma 4.8. Let Io < £ <o + (No — 5) (2 . 5) + 1 it holds that

%5,’;0, () + Dy ()
S Y NrEP e Y [VE B[ o Fu o vV g py
la=No =ik =
(4.40)

forany 0 <t <T,wherek=0,1,---,No—5.

Proof. Let !’ be given in Lemma 3.1, we first deduce certain weighted energy type estimates on
the derivatives of f(¢, x, v) with respect to the x variable only. For this purpose, take k + 1 <
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la| < No — 1, by applying 9* to (1.6) and taking inner product of the resulting identity with
w%B“ f over Ri X R%, we have by using the argument used in deducing Lemma 3.1 that

d 2 2
& o £ o 2+ s N
2 2 ) 2
S R [T S T
|a"\/;|‘a<|21
o ool eaf |

while for the case of |a| = Ny, one has

d
o e £+ Jwed |+ ywed* f*

ESEA
_ 2
<0 E | + max {Ex (1), Eny e () < [v™-1e. B

2
VN()—l
M

2
) . (4.42)

H wg,‘ﬂqag//{l —

As forthe case of k=1, ---, No — 5, we have

1

7(1 I H(v)wgvk{I—P}fnz

o forstupi + st

2 2
S M I b W HV"“EH +[o2s]
% v

e [ Jwedt a4 X e ey

lo’ | =k,
18'1<2

2 2
n HV"“EH +Hv"+23H . (4.43)

As to the weighted energy type estimates on the mixed derivatives of f(, x, v) with respect
to x and v variables, as pointed out in Lemma 4.3, we only need to deduce an estimate on

H wi— g 9% (1 - P}f“. To do so, applying 9% with |a| + ] < No and k < |a| < No — 1 to (4.18)

and then taking the L? inner product of the resulting identity with w%_l ﬂla;; {I—P}f, we ob-
tain
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s [ paga e

‘wz—|ﬂ|3§{I_P}fH2+ng“f“ag{I_P}f v

7|
dt

< SNO_LH;/(I)( S e Vo - P}in + Hv)lcamei

la|+1B11=No
D SN 22D SR T
m=min{No—1L|er|+1} m=min{No—1,|c|+2}
2 2 5
+ Z ” wE—Iﬂlag/{I — P}va + H We_|ﬁ|+13§{i_2 (I-P}f ] + H V)\Cozl—&-lf i
18'1<IBl
+ X vl X sl X Jea-ryl
m=min{No—1,|a|+1} m=min{No—1,|a[+2} k<la|<No<No
. 2 ‘ )
+ae1 Y [VIEB| |0 F vy VT Ry @
1<j<k

Therefore, a proper linear combination of (4.2) (4.12), (4.43) and (4.44) implies
d
T €t (D) + D ()

2 . 2 737}/ k— _ 2
S Y NEEP 4 Yo |VIEB| [0 F wen VIV -y
la|=No 1<j<k

(4.45)
This completes the proof of Lemma 4.8. O
Based on the above lemma, we can obtain the time decay of £ ,’i,O’ (D).
Lemma 4.9. Suppose lo n,—5 =1lo and Iy +2 — % =lo k-1 with0 <k < No — 5, it holds that

&k i(t),SX(t)(l—i-l‘)_H;_i, i=0,1,---,k. (4.46)
No,l(),k+§

Proof. Firstly, from Lemma 4.8, multiplying (4.40) with £ =y ¢ by (1 + r)3te gives

d s s
ar L+ 038 0] + A+ 05D 4, 0

S Y A+0TTNEI + A+ 02T EER (o). (4.47)
lee|=No

Here € is taken as a sufficiently small positive constant.
Secondly, if we take £ = Iy o + 1/2 in (4.40), it holds that

d
E5}3,0,,0&1/2@) + D toor1 2O S Y N0*E| (4.48)

lee|=No
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A proper linear combination of (4.47) and (4.10) yields

d $+e 0 0
= [00(1 +03TEY O+ clsNo,lMH/z(t)]
+A+0TTDY )+ DYy o120

S Y A+DTTEIP + 1+ 0 R FE B VB, (4.49)
lee|=No

Integrating (4.49) with respect to ¢ over [0, ] yields

I+ t)%ﬂgl(\)/o,lo,o )+ 51(3’0Jo.o+1/2(t)

t

+/ <(1 + f)%+€D?Vo,lo,o O+ ,D(I{/o,lo,oJrl/z(T)) dt
0
SXOA 40" (4.50)

Combining (4.49) with (4.50), we can deduce that
Eglo,lo,o(t) SXOA+1)72.

Based on the time decay of 51(3,0’ (1), we can deduce that

lo,0
0 < —s4l
R, D SXOA+D7T
By using the principle of mathematical induction, we can get that
stk
ENpio, D SXOA+D77,
where lo x +2 — % =1p.x—1. Thus we complete the proof of Lemma 4.9. O

Now we are ready to obtain the closed estimate on Ey(¢) and Ey ;(¢) of the time-weighted
energy norm X (¢) in the following:

Lemma 4.10. It holds that

t
1+€
sup {SN(s) + 1+ s)—T‘)gN,l(t)} + f Dy (s)ds S YE. (4.51)
0<s<t

0
Proof. Firstly, by multiplying (4.4) by (1 + 7)™, it holds that
1+ t)_GOSN(t)] +eo(1+0)7 170N (@) + (1 +1) "Dy (1)

8 —
< A5 s DN @+ 140 DVEN(DEN, 1, ®)- (4.52)

yl
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Secondly, multiplying (4.11) by (1 4 #)~(+€)/2_one has

€0

+1 _ ot _f!
A+ Eng@®) + L+ D)

d e+l
_ 1 —T7
7 [( +1) 72 5N,l(t):|+ 3

0+l

SA+07 T En 0L 0 + (1 +0~ et maa]
<0 e ioeh, 0+ + 070 [VVE[ e |urv | (4.53)

A proper linear combination of (4.4), (4.52) and (4.53) and taking the time integration yield

t

evn+ (40~ en@+ [ [1497 086+ Dy (o) ds
0

t

et el 5
+/ (14577 Ena(s)+ (1 +5) "7 Dy(s)|ds SYZ.
0

Here we have taken Iy = I, n,—5 < lo,1 and have used the fact that

_ s
ENgto® = Exnp 1y, O A +0D7 T X(1)
obtained in Lemma 4.9. This completes the proof of Lemma 4.10. O

With the above preparations in hand, we now turn to prove Theorem 1.1. To this end, recalling
the definition of the X (¢)-norm and by putting the estimates (4.38), (4.20), and (4.51) together,
we can finally arrive at

X(1) <3, (4.54)

thus the global solvability result follows immediately from the well-established local existence
result for the Cauchy problem of the one-species VMB system (1.6), (1.7) and by employing the
continuation argument in the usual way.

Based on (4.54), fork =0,1,2,---, Ng — 3, we have from Lemma 4.1 that

O SV 417 F,

this gives (1.24).
On the other hand, let 0 <i <k < No — 5 be an integer, we have from Lemma 4.9 that

k+s—i

ek 0k+%(t)§Y02(l+t)— = =01, .k

No. I

Consequently, (1.25) follows from the above inequality. Thus the proof of Theorem 1.1 is com-
plete.
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