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Abstract

In this paper, we prove the global boundedness and stability of the predator—prey system with prey-taxis
in a two-dimensional bounded domain with Neumann boundary conditions. By deriving an entropy-like
equality and a boundedness criterion, we show that the intrinsic interaction between predators and preys is
sufficient to prevent the population overcrowding even the prey-taxis is included and strong. Furthermore,
by constructing appropriate Lyapunov functionals, we show that prey-only steady state is globally asymp-
totically stable if the predation is weak, and the co-existence steady state is globally asymptotically stable
under some conditions (like the prey-taxis is weak or the prey diffuses fast) if the predation is strong. The
convergence rates of solutions to the steady states are derived in the paper.
© 2016 Elsevier Inc. All rights reserved.
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1. Introduction

Prey-taxis, the movement of predators towards the area with higher density of prey popula-
tion, plays important roles in biological control and ecological balance such as regulating prey
(pest) population or incipient outbreaks of prey or forming large-scale aggregation for survival,
cf. [11,25,31]. It was first observed in the field experiment by Karevia and Odell reported in the
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paper [15] where a PDE prey-taxis model was derived to interpret the heterogeneous aggregative
patterns due to the interactions between individual ladybugs (predators) and aphids (prey) subject
to the so-called area-restricted search strategy. In order to put the detailed individual field obser-
vations into a meaningful and tractable population-level model, Karevia and Odell [15] treated
the prey-taxis as biased random walks which can incorporate micro-scale observations of indi-
viduals. Then passing to the continuum limit, they derived a PDE model which, augmented with
the predator—prey interaction, can be formulated as:

ur=Au—V-(upu,v)Vv) + G (u, v), (1.1

vy = DAV + Go(u, v), ’
where u = u(x, t) denotes the predator density at position x and time # > 0 and v = v(x, t) the
prey population density; the term —V - (up (1, v) Vv) stands for the prey-taxis with a coefficient
p(u, v) which may depend on the predator or prey density and D is the prey diffusion rate. The
functions G1(u, v) and G7(u, v) describe the population interactions between the predator and
the prey.

Ecological/biological population interactions can be defined as either intra-specific or inter-
specific. The former occurs between individuals of the same species, while the later between
different species. The predator—prey population interaction, including both intra-specific or inter-
specific interactions, possesses the following prototypical form

Gi(u,v) =yuF () —uh(u), Gao(u,v) = f(v) —uF(v)

where u F'(v) represents the inter-specific interaction, uf(u) and f(v) accounts for the intra-
specific interaction. Specifically F(v) is the so-called functional response function accounting
for the intake rate of predators as a function of prey density, #(u) is the predator mortality rate
function and f'(v) is the prey growth function; the parameters y > 0 denotes the intrinsic preda-
tion rate. The most widely used forms of F(v) in the literature are:

F(v) = v (Lotka—Volterra type or Holling type I);

v . oM ) (1.2)
F(v) = m (Holling type I); F(v) = m (Holling type III)

with constants A > 0 and m > 1. The predator mortality rate function % (u) is typically of the

form

h(u) =60+ au (1.3)

where 6 > 0 accounts for the natural death rate and o > 0 denotes the rate of death resulting
from the intra-specific competition (also called density-dependent death, e.g. see [20]). The prey
growth function f(v) is usually assumed to be negative for large v due to the limitation of
resource (or crowding effect) and typical forms are

f ) =wuv(l —v/K) (Logistic type);
f@)=pnv(l —v/K)(/k — 1) (Bistable or Allee effect type)

(1.4)
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where p > 0 is the intrinsic growth rate of prey and K > 0 is called the carrying capacity and
0 < k < K. Other type of functional response functions and predator—prey interactions can be
found in the excellent surveys [7,24,38].

Without prey-taxis (i.e. the term V - (up(u, v)Vv) is ignored), the model (1.1) becomes the
well-known diffusive predator—prey system which has been widely studied from numerous per-
spectives over many years (see [8,39] and references therein). If prey-taxis is included, the system
(1.1) becomes a cross-diffusion system which is much more difficult to handle and not many re-
sults are available. If p(u, v) = ﬁ(o =1,2) or p(u, v) = x is a constant, the traveling wave
solutions of (1.1) in x € R have been investigated by Lee et al. [19] for a variety of functional
forms F(v), h(u#) and f(v). They showed that the incorporation of prey-taxis to the diffusive
predator—prey model reduces the effect of the predator on controlling prey spread. In a sub-
sequent work [20] they studied the pattern formation of prey-taxis system (1.1) in a bounded
interval with zero Neumann boundary condition. When the prey-taxis model (1.1) is considered
in a multi-dimensional bounded domain 2 C R"(n > 2) with Neumann boundary condition, the
first interesting question would be whether the solution blows up, which is interpreted as over-
crowding (or outbreak) of populations, since the prototypical taxis model such as Keller—Segel
model may blow up in two or higher dimensions (e.g. see [14,45]). Up to date there are a few
results available to the prey-taxis model in this direction and we shall recall them below. First if
the following Rosenzweig—MacArthur predator—prey model (e.g. see [30])

F(v) = —— h(u)=6, and f(v) = po(l — v/K), (1.5)
Atwv

is considered and the prey-tactic coefficient p (1, v) = p1(u) depends only upon u but is truncated
at some number u,, > 0 (i.e. p;(u;;) =0 and p;(u) > 0 for 0 < u < u,,), Ainseba et al. [1] ob-
tained the global weak solutions of (1.1) with (1.5) for n > 1 by the Schauder fixed point theorem
and duality technique, which was later extended to the global classical solutions by Tao in [34]
for n <3 via LP-estimates and Schauder estimates, where the solution bound depends on time.
Recently He and Zheng [12] has improved the result of [34] by obtaining the uniform-in-time
boundedness of solutions. Note that the truncation assumption used in [1,12,34] for p1 () is an
analogy of the volume-filling effect used in chemotaxis (see [28,41]). Second if p(u,v) = x >0
is a constant, the existence of non-constant steady states of (1.1) with (1.5) was studied in [21,
40] by Hopf bifurcation theorem and index degree theory. Furthermore the numerical solutions
of (1.1) with (1.5) were examined in [6] illustrating that the initial condition and the form of
F (v) play important roles in the pattern formation of prey-taxis. Recently Wu et al. [46] consid-
ered various functional forms of F(v), h(u) and f(v), and showed that the solution is globally
bounded if y is small. The asymptotic behavior of solutions is derived for some particularized
predator—prey interactions under certain conditions.

In the existing works as recalled above, either the technical truncation assumption (see [,
12,34]) or smallness assumption (see [46]) was imposed for the prey-taxis coefficient to ensure
the global boundedness of solutions. To preclude the population overcrowding (outbreak), these
assumptions are often used for the Keller—Segel chemotaxis models which resemble the prey-
taxis system in the absence of the predator—prey interaction (see [13,14]). The present situation
is somewhat different: the ecologically intrinsic predator—prey interaction has dampening effects.
Then a natural question is whether this intrinsic predator—prey interaction itself is sufficient to
preclude the population overcrowding without imposing additional conditions like truncation or
smallness assumption ? To explore this question, we consider (1.1) with the predator—prey in-
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teraction in a two dimensional bounded domain with Neumann boundary conditions. That is we
consider the following initial-boundary value problem

ur=Au—V-(xuVv) +yuF @) —uh(u), xe€, t>0,

vy =DAv—uFW)+ f(v), xe, t>0,

o (16)
= =0 x€od2, t>0,

u(x,0) =uo(x), v(x, 0) =vo(x), x €9,

where y > 0 is referred to as the prey-tactic coefficient measuring the strength of prey-taxis and
v denotes the outward normal vector of d€2. Though the functional forms of F(v), #(u) and f (v)
givenin (1.2)—(1.4) are typical forms for the predator—prey system, our results in the paper indeed
are allowed to cover a wider class of these functions. Specifically in the sequel, we assume that
F(v), h(u) and f(v) satisfy the following hypotheses that are fulfilled by the typical examples
given in (1.2), (1.3) and (1.4):

(H1) F(v) € C%([0,00)), F(0)=0, F(v)>0in (0,00) and F'(v) > 0, F”(v) <0 on [0, 00).

(H2) The function 4 : [0, co) — (0, c0) is continuously differentiable and there exist two con-
stants 6 > 0 and « > 0 such that h(u) > 6 and 4’ (u) > « for any u > 0.

(H3) The function f : [0, co) — R is continuously differentiable satisfying f(0) = 0, and there
exist two constants p, K > 0 such that f(v) < pv forany v >0, f(K)=0and f(v) <0

i L) s : o L)
for all v > K. Moreover the ratio F(y) 1S continuous on (0, o0) and 7}1_% )

exists.

The first goal of this paper is to show that the solution of the prey-taxis system (1.6) with the
predator—prey interaction in two dimensions is globally bounded for any x > 0. In particular the
boundedness results do not require the truncation assumption imposed in [1,12,34] to cut off
the prey-taxis or the smallness assumption in [46] to weaken the prey-taxis. This implies that
the intrinsic predator—prey interaction is sufficient to preclude the population overcrowding in
spite of the aggregation effect of the prey-taxis. The boundedness of solutions is established by
first deriving an entropy-like equality based on which the L?-estimate of u is obtained and the
boundedness criterion (see Lemma 3.1) then follows to get L°°-bound of u. The results are given
in the following theorem.

Theorem 1.1 (Boundedness-prevention of overcrowding). Let Q@ C R? be a bounded domain
with smooth boundary and the hypotheses (HI)—(H3) hold. Assume (ug, vg) € [Wl"”(Q)]2 with
uo, vo > 0(z 0) and p > 2. Then the problem (1.6) has a unique global classical solution (u, v) €
C (2 x [0,00)) NC>1(Q2 x (0, 00)) satisfying

ul, OllLe@) + v, Dl = C,
where C > 0 is a constant independent of t, and in particular 0 < v < Ko where
Ko := max{]|voll >, K}. (1.7)
Remark 1.2. In [46], the global existence of solutions of (1.6) with x > 0 small was obtained

under the condition F'(v) < C for some constant C > 0 (see hypothesis (/) in [46]) in any di-
mension. Based on the idea in [36,44], we improve the results of [46] by removing the smallness
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assumption on x and covering more general response function F'(v) in the two dimensional case.
However whether the same results hold true for three or higher dimensions remains unknown in
the present paper.

In addition to the population overcrowding, another relevant question is whether the interact-
ing predator—prey population will arrive at the coexistence, exclusion or extinction eventually,
which is always a central question in population dynamics. It is straightforward to check that the
system (1.6) has three homogeneous steady states (ug, vs):

(0,0) or (0, K), ity F(K) <0,
(us, v5) = . (1.8)
(0,0) or (0, K) or (uy,vy), ifyF(K)>6

with u,, v, > 0 determined by the following algebraic equations:

_F@ _
=y VF@) _h(

f(v*)>’ (1.9)

F(vy)

where (0, 0) is the extinction steady state, (0, K) is the prey-only steady state and (u,, vy) is
the coexistence steady state. The coexistence steady state (uy, vy) is determined as follows: first
solve for v, from the second equation of (1.9) and then substitute it into the first equation to get
u. Given arbitrary functions F(v), h(u) and f(v), the second equation of (1.9) does not guar-
antee to generate a positive solution vy, but it usually does for biologically meaningful forms
like those given in (1.2)—(1.4). In particular, if F (v), h(u) and f(v) are explicitly given, (u, v4)
can often be explicitly found. For example, if F(v) is of Holling type II, f(v) is of logistic type
W, VQT’\Q). Next we shall
explore the question: which of the above three homogeneous steady states will be eventually at-
tained. This amounts to find the global asymptotical stability of the homogeneous steady states
of (1.6). In general, global stability of the cross-diffusion system like chemotaxis or prey-taxis
system is difficult and not many approaches are available. Here we manage to use Lyapunov func-
tionals to get the global stability of the homogeneous steady states under certain conditions. Our
plan is to first present the global stability results for general functions F (v), h(u) and f(v), and
then apply them to some frequently used explicit forms as applications presented in two propo-
sitions (see Proposition 1.4 and Proposition 1.6). For the global stability, except the hypotheses
(H1)—(H3), we need another hypothesis for the following compound function:

and h(u) is given by (1.3), then one can get (uy, vy) = (

(1.10)

as follows:

(H4) The function ¢ (v) is continuously differentiable on (0, c0), ¢(0) = lirr%) ¢(v) > 0 and
v—>
¢’ (v) <0 for any v > 0.
We remark that the hypothesis (H4) is not stringent, and can be satisfied by many forms given

in (1.2) and (1.4) by imposing some conditions on the parameters if needed. For example, if
f(v) is of logistic type given in (1.4), then (H4) is automatically satisfied if F(v) is of Holling
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Type I and satisfied with A > K if F(v) is of Holling Type II given in (1.2). But (H4) may not be
fulfilled by bistable function f(v) or the Holling type III functional response function F(v). In
general, if (H4) is not satisfied, pattern formations such as periodic orbits or non-constant steady
state may arise (see [47]).

Then our global stability theorem is given as follows:

Theorem 1.3 (Global stability). Let the hypotheses (HI)—(H4) and assumptions in Theorem 1.1
hold, and let (u, v) be the solution obtained in Theorem 1.1. Then the following results hold:

1. Ifthe parameters 0, y, K satisfy
y F(K) <60 (weak predation),

where “=" holds in the case of @ > 0, then the steady state (0, K) is globally asymptotically
stable. Furthermore, one can find some constants A;j > 0 and C; > 01 = 1,2) and ty > 0
such that for all t > ty it holds that

lullzoe + v = Kl < Cre™, if yF(K) <0,
and
lulles + llv = Kl < Co(1+1)™*2, if yF(K)=6 and a > 0.
2. If the parameters x,0,y, K satisfy
y F(K) > 0 (strong predation),

and the co-existence steady state (U, Vi) exists, then (uy, vy) is globally asymptotically
stable provided that

D u F2(K)
—=2De=—7rr (1.11D)
X 4y F(v:) F'(K)

where u, and v, are determined by (1.9) and do not depend on D and x, and “=" holds in

the case of ||voll L < K. Furthermore, if o > 0, one can find a Ty > 0 such that the following
decay holds for all t > Ty

i — usll oo + lv — vill oo < Cze™™,

for some positive constants C3 and A3.

We have the several remarks concerning the global stability theorem.
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Remark.

e Since the growth of the predator comes from predation, the quantity y F'(K) becomes the
predation rate of the predator. Hence the results of Theorem 1.3 tell us that if the predation
is weak, in the sense of y F(K) < 0, the prey-only steady state (0, K) will be attained and
the predator will go extinct. In this case, the prey-taxis does not play a role in stability.
Whilst if the predation is strong, namely y F(K) > 0, the coexistence steady state (i, vy)
can be reached if the ratio of prey diffusion to the square of prey-taxis coefficient (namely the
quantity %) is suitably large. This implies that predation rate, prey diffusion and prey-taxis
strength all play a part to reach a coexistence steady state (uy, vy) in the predator—prey
system with prey-taxis.

e Since u, and v, are independent of D and y, the condition (1.11) in Theorem 1.3 is always
achievable by letting D be suitably large or x be suitably small. Since in the case of weak
predation, the global stability of (0, K) is unconditional, Theorem 1.3 implies that global
stability of constant steady states will always be achieved and hence no pattern formation
arises if the prey diffuses fast or prey-taxis is weak (including no prey-taxis x = 0). This
raises an interesting question as whether the coexistence steady state is stable, or in a further
step whether pattern formation (non-constant steady states) is possible, if y F(K) > 6 and
D/x? < D..

e In the second part of Theorem 1.3, the value of (u., v,) is not explicitly given because the
functional forms of F'(v), h(u) and f (v) are not specified. Once they are given, the values of
(ux, v4) and D, can be explicitly found and hence condition (1.11) can be identified. Below
we shall present the applications of Theorem 1.3 to some well-known functional forms in the
predator—prey system by specifying (u., vi) and hence the condition (1.11). But we should
underline that our results are quite general and applications are not restricted to the examples
presented below.

The first example for the application of our results is a widely used class of predator—prey
system: the Rosenzweig—MacArthur type given in (1.5).

Proposition 1.4 (Stability of the Rosenzweig—MacArthur predator—prey system with prey-taxis).
Let F(v), h(u) and f(v) be given by (1.5) and assume (uq, vg) € [(WLP(Q)1? with ug, vo >
0(£0) and p > 2. Then the initial-boundary value problem (1.6) has a unique global classical
solution in Q C R? with the following stability results:

o [f the predation is weak, namely )LJ;—KK < 0, then the steady state (0, K) is globally asymptot-
ically stable, and there exists a ty > 0 such that for all t > t

lullzoe 4 lv = K||zoe < Cre™, forall t > tg

holds for some constants A1 > 0 and C1 > 0.
o [f the predation is strong, namely A’;—KK > 0, then the system (1.6) has a unique coexistence
steady state (Uy, Vy):

(MM[(V —0)K —61] 61 >
(u*a v*) - ) )
(y —0)’K y —0
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which is globally asymptotically stable provided that . > K and

2>MK)/()»+K) yK iy
X2 49y —602 \it Kk )

where “=" holds in the case of ||vo||L> < K.

Remark 1.5. The global stability for the case of weak predation A’;_—KK < 6 has been proved in
[46, Corollary 5.2]. Here we not only get this result as a consequence of our general theorem,
but also derive the exponential convergence rate. Furthermore we obtain the global stability for
the case of strong predation: A’g_—KK > 6, which was not considered in [46]. We underline that by
the general hypothesis (H4), the condition A > K should be imposed in Proposition 1.4 to ensure
¢’ (v) < 0 forall v > 0. But from the proof of Lemma 4.2, it is easy to see that in the case of weak
predation y F(K) < 6, the condition ¢’ < 0 for any v > 0 can be relaxed to ¢'(K) < 0 which is
naturally satisfied by the function forms in (1.5) (see also [46, Corollary 5.2]). This is why we

only give the requirement A > K for the case of strong predation in Proposition 1.4.

The second example to be discussed is when the functional response function is of a Lotka—
Volterra (or Holling type I) type, reading as

F(v)=v, h(u) =0 +au, and f(v) = po(l — %). (1.12)

For this case, we will have the following results on the global stability of the system with con-
vergence rates.

Proposition 1.6 (Stability of the Lotka—Volterra predator-prey system with prey-taxis). Let
F(v), h(u) and f(v) be given by (1.12) and assume (ug, vg) € [W]’p(Q)]2 with ug, vo > 0(z0)
and p > 2. Then the initial-boundary value problem (1.6) has a unique global classical solution
in Q@ C R? subject to the following stability results:

o [fthe predation is weak, i.e. y K <6, where “=" holds in the case of a > 0, then the steady
state (0, K) is globally asymptotically stable. Furthermore, there exists a number to > 0 such
that

Cre ™1, ifyK <0
lullzoe +llv = Kllze < _a :
Co(l+1)2, ifyK=6anda >0
holds for all t > ty and some constants Co > 0, A; > 0(i =1, 2).
o [fthe predation is strong, i.e. y K > 0, then the system (1.6) has a unique coexistence steady
state (U, Vy):

_ (R(yK —6) K(pa+0)
(U, V) = s
yK+4+upua yK+ po

which is globally asymptotically stable if
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D _nKykK-0)
x>~ Ay(apn+0)’

“«

where “=" holds in the case of ||vollL~ < K. Furthermore, if « > 0, there is a Ty > 0 so
that the following decay holds for all t > Ty and some positive constants C3 and A3:

lu — il Lo + v — vill oo < C3e™ ™.
2. Preliminaries
In what follows, without confusion, we shall abbreviate fQ fdx as f of for simplicity. More-
over, we shall use ¢; for C; (i =1, 2,3, ---) to denote a generic constant which may vary in the

context. We first give the existence of local solutions of (1.6), which can be readily proved by the
Amann’s theorem [3.4] (cf. also [41, Lemma 2.6]).

Lemma 2.1 (Local existence). Let 2 C R"(n > 2) be a bounded domain with smooth boundary
and the hypotheses (HI)—(H3) hold. Assume (ug, vo) € [W'P(Q)1* with ug, vo > 0(z 0) and
p > n. Therz there exists Ty > O_such that the problem (1.6) has a unique classical solution
(u,v) € C(2 x [0, Trax)) N cz! (2 x (0, Tpax)) satisfying u, v > 0 for all t > 0. Moreover
if Tmax <00, then |lu(-,t)|pe — 00 as t /' Tax.
Lemma 2.2. Under the conditions in Theorem 1.1, the solution (u, v) of (1.6) satisfies
0<v(x,t) <Ko, forall xeQ, t >0, (2.1)

where K is defined by (1.7), and it further holds that

limsupv(x,t) < K for all x € Q. 2.2)

—>0o0

Moreover, there is a constant C > 0 independent of t such that
luC, )|l <C, forall t>0. (2.3)

Proof. Using the facts that u, v and F(v) are non-negative, then we have

v—Av=—uF)+ fv)< f(v), x€Q, t>0,

=0, xedQ, t>0, (2.4)
v(x, 0) = vo(x), x €Q.

Let v*(¢) be the solution of the following ODE problem

dv*(t) .
ar = f(@* @), t >0,
v*(0) = [lvo Lo~

(2.5)
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Then the hypothesis (H3) yields that v*(¢) < K¢ = max{||vg|lz~, K}. It is clear that v*(¢) is a
super-solution of the following PDE problem

Vi—AV=f(V), xeQ, t>0,
o =o, x€dQ, t>0, (2.6)
Vix,0)=vo(x), xeg,

and hence it holds that
0< Vi(x,1) <v*@) forall (x,1) € Q x (0, 00), 2.7)

where V > 0 results from the strong maximum principle with the fact f(0) = 0. Combining
(2.4), (2.6) and (2.7), and using the comparison principle, one has

0<uv(x,1) < V(x, 1) <v*(t) < Ko forall (x,1) € Q x (0, 00), (2.8)

which gives (2.1). Noting that f(v) < 0 for all v > K by hypothesis (H3), we further have from
(2.5) that hm sup v*(¢) < K, which along with (2.8) gives (2.2).

Multlplymg the second equation (1.6) by y and adding the resulting equation into the first
equation of (1.6), then integrating the result over Q x (0, 7), one has

d
‘. /u+y/v +/uh(u)=)//f(v)§w/v,
Q Q

Q Q Q

which together with the hypotheses (H2) and (H3) and the fact that 0 < v < K gives

d
a4 /u+y/v +o /u+y/v 5(VM+9y)/v§(yu+0y)Ko|QI. 29)
Q

Q Q Q Q

With the Gronwall’s inequality applied to (2.9), we obtain (2.3) and complete the proof of
Lemma22. O

Next, we present some basic inequalities which will be used later.
Lemma 2.3 (Gagliardo—Nirenberg inequality). Let Q2 be a bounded domain in R" with smooth
boundary. Let 1 < p, q < oo satisfying (n — kq)p < nq for some k > 0 and r € (0, p). Then, for
any w € Wk4(Q) N L' (), there exist two constants ¢ and c3 depending only on Q, q, k,r and
n such that

k 1-
lwllzr < ctID wlfqllwll* + callwlier,

where a € (0, 1) fulfilling
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1 1 &k 1
—=a<———)—|—(l—a)—.
P g n r

We should remark the original Gagliardo—Nirenberg inequality (e.g. see [27]) is stated only
for r > 1, but this condition can be readily relaxed to r € (0, p) by using the Holder’s inequality
(cf. [42, Lemma 3.2] ).

Lemma 2.4 (/26]). Let Q be a bounded domain in R* with smooth boundary and w € W1-2(Q).
Then for any € > 0, there exists a constant C, > 0 such that

lwll3s < el VwllZllwinwlllz + Ce(lwlF lwln w1+ [w]l1).
Lemma 2.5 ([44]). The following two statements hold:
() Suppose that g € C*(R). Then for all ¥ € C*(Q) fulﬁllmg =0 on 92, it follows that

3, 2 2 2,2
5/8(W)|VW| AWZ—/E,’(K”NAW +/8(W)|D ¥l

Q Q Q

1 3|V |?
f g WIvylt - /g(w M

Q a2

(ii) Let g € C'((0, +oo)) be positive and let G(s) =: A d" for s > 0. Then for all positive
Ve C3(Q) fulﬁlllng =0 on 9%, the following mequallty holds:

f S W) 1oyl < 2+ ﬁ)zf W) | pag .
Q

g W) g'W)

Q

3. Prevention of overcrowding

In this section, we are devoted to proving Theorem 1.1 by deriving some a priori estimate.
Motivated by the ideas in [5, lemma 3.2], we first show that the L°°-boundedness of preda-
tor density u can be reduced to proving its L”-boundedness for p > 5 (see Lemma 3.1 for
details). Hence in two-dimensional spaces (n = 2), we can immediately obtain the uniform
boundedness of solutions provided that there exists a constant C > 0 independent of ¢ such
that |lu(-, 1)]|;2 < C. To this end, we first derive an entropy-like equality to show the uniform
boundedness of |ulnu| ;1 and ||Vv| ;2 (see Lemma 3.2 and Lemma 3.3), which leads to the
boundedness of ||u(-, )]|;2 in two dimensions based on the argument in [5, Lemma 3.3]. Below
we first show the boundedness criterion of solutions of (1.6) below, which is an extension of [5,
lemma 3.2] where the growth term in the first equation is uniformly bounded for any u, v > 0,
whereas this is not the case in our model. But the idea of our proof is essentially inspired by [5,
lemma 3.2] and we present necessary details of the proof below for clarity.

Lemma 3.1 (Boundedness criterion). Suppose the conditions in Lemma 2.1 hold. Let (u, v) be
the solution of (1.6) defined on its maximal existence time interval [0, Tpyqy). If there exists p > %
and
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sup  lu(-, t)|lLr < Mo, (3.1)
1€(0,Tnax)

then one can find a constant C > 0 independent of t such that
lu(, )L + (G, ) llwiee < C forall t e (0, Tax). 3.2)
Proof. By |ju(-,1)||Lr < My, we claim that
Vo, )|l <cy1, forallt € (0, T,4x) 3.3)

with

34)

e [1.;5). if p<n,
[1, oc], if p>n.

In fact, from the second equation of system (1.6), we know that v solves the following problem

9
v = DAv — v+ g(u,v) in Q, a—:=0, 3.5)

where g(u,v) :=v — uF(v) + f(v). By the properties of F(v), f(v) and the fact that 0 <
v(x,1) < Kgin (2.1), one have

lg@, v)llLr <c2(llullLr +1) <c2(Mo+1) :=c3. (3.6)

Then applying the results of [16, Lemma 1] (see also [35, Lemma 1.2]) to the problem (3.5)
with (3.6), we obtain (3.3) with (3.4). Without loss of generality, we assume that '7’ <p<n
which entails -2 > n. Then we can find n <r < % such that (3.3) holds. Now, for each
T € (0, T14x), we define

M(T):= sup llu(:, 1)z, (3.7)
te(0,T)

which is finite due to the local existence results in Lemma 2.1. Next, we will estimate M (T). Fix
t € (0,T) and let tp = (t+ — 1)4+. Then using the variation-of-constants formula and noting that
uh(u) >0, we get

t

t
u(-, 1) <e"02 . 10) —X/e(I_S)AV~(u(-,s)Vv(~,s))ds+)//e(’_s)Au(-,s)F(v(-,s))ds,

fo fo

which implies
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t
lul, Ol < e %, 1)l + x / "2V - (u(-, 5)Vu(-, 5)) || Lods

fo

! (3.8)
+y / =% u(, $)F (-, )| Loods
fo
=L+ bL+15.
The argument in [5, Lemma 3.2] has shown that there is a constant ¢4 > 0 such that
L= [e""%u(, o)l L~ < ca. (3.9)

Moreover, since r > n, we can fix a number g > n satisfying g € (rr?, r). Then by the Holder

inequality, interpolation inequality, (2.3), (3.3) and (3.7), we can find § = W € (0, 1) such
that

luC. )Vot, s)lie < fuC )l IVVC )L

r—q r—q

r
S M) lpee™ NuCo)l Y IVOC )l

< cesM(T).

. 1 _l_n f—tg —Li_n 1 —l_n 2,
Since t — 1y < 1,wehavefto(t—s) Tuds= [y Y0 2 Mdo < [0 2 YHdo = qan thanks
to ¢ > n. Then by the smoothing properties of (¢7%);>o (see [9, Lemma 3.3] or [43, Lemma
1.3]), we can estimate I, as follows

_n

t
1
Izscf,xfu—s)‘f (e, $) V0 (e 5) | ods
0]

t
s 1l (3.10)
<cscexMO(T) | (t—s) 2 2ds
0]

_ 2gqesc0x

M*(T) := e M*(T).

Now it remains to estimate the term /3. Letting u F'(v) = ﬁ fQ uF (v), using (2.1), (2.3) and the
properties of F'(v), we obtain u F'(v) < |—512‘F(K) fQ u < cg. Using the smoothing properties of
(e’A)on ([43, Lemma 1.3]) again and noting ¢ — #op < 1, we obtain
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t
L=y / e 2 UF ) — uF ) + e 2UF (v) || poods
fo

t t
<y / "2 uF (v) — uF (v))llLoeds +y / e 2UF (v)|| oo ds
to fo

: ) ' 3.11)
< y69/(t —5) 2 ||luF(v) —uF(v)||Lpds+y/c8ds
0]

]

t
<2yeoF(K) / (t — )% lullLods + yes
0]
<10,

where we have used (3.1) and the fact that ft; (t— s)_;_ﬁds = zpz—p due to p > % Substituting

—n

(3.9), (3.10) and (3.11) into (3.8), we can find a constant ¢;; > 0 such that
I, D)l < e7M°(T) + ey, forall 1€ (0,T),
which implies
M(T) < cM*(T) + 11, forall T € (0, Tax). (3.12)

Since 0 < é < 1, from (3.12) one has

1
3
M(T)fmax[ <—C“> ,(2C7)1lfs}, forall T € (0, Tyur).
7

which implies ||u(-, t)||Lo < c14 for all ¢ € (0, T}4x). Furthermore (3.3) with (3.4) yields (3.2).
Then the proof of Lemma 3.1 is completed. O

3.1. Entropy energy estimate

We first derive an entropy-like equality which will be essentially used to derive the bound-
edness of ||ulnu|;1 and ||Vv]|/;2. The basic framework of such entropy-like equality was first
established by Winkler in [44, Lemma 3.2]. The difference is that the model (1.6) considered in
the present paper has some new terms yu F (v) — uh(u) and f(v) and the model in [44] include
the fluid into the model. To make our results convincing and clarified, we present a proof for our
results with some necessary details to show the new estimates compared to the results of [44,
Lemma 3.2].

Lemma 3.2. Let F(s) = IS %. Suppose that the assumptions of Theorem 1.1 hold, then the

solution (u, v) of (1.6) satisfies following identity
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d (1 |Vol? IVMI2 / 2
e In F(v)|D~F
= Xf wts o )| D*Fw)?
sz
o 2GR +1/[ Fo) —unw]+ 5 [ 5o Vol
= — —_ n —_— —_
X yF(v u)ulnu X uF ) —uh(u F) ™
Q Q 19}
1 F'(v) D/F”(v) 4 Vo2 /F(v) 5
- = \% — Y - = \%
2/ ey VS | e 1V [ o S @ 0y VU @)
Q Q Q Q
(3.13)
where D> F denotes the second-order derivative of F.
Proof. Multiplying the first equation of (1.6) by 1 + Inu and integrating the result yields
/ /|Vu|2
(3.14)
:X/Vu-Vv+/(yF(v)—h(u))ulnu—}—/[qu(v)—uh(u)].
Q Q
Integrating by parts and using the second equation of (1.6), we have the following identity
Vol? 1 [ F'(v Vv - Vv
1d [ |V =__/ « )|Vv|2v,+/—t
2dt F(v) 2 ) F*(v) F(v)
Q Q Q
1 [ F A
:_/ (”)|VU|2UI—/—UU,
2) F2(v) F(v)
¢ ¢ (3.15)

D [F® o L F@ ] / F'v)
= Q/Fz(v)wm Av 2/ KR Berm A0
Q Q Q

2
_p [1AY —/Vu-Vv— LGN
F(v) F(v)
Q

Next, we will estimate the terms on the right hand of (3.15). Choosing ¥ = v and g(y/) = ng)

in Lemma 2.5 (i), one has
3 [ F Av|? D*v|*> 1
_/ W) Gopan—— [180F [ 1D _/
2) F2(v) F(v) F(v) 2
Q Q Q
1

|F'(v)|? 1 a|Vv|2
[t
(v) F(v) v
Q

Q2

(3.16)
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v do 7 17 ( ) : :
Letting F(v) = f] o)’ then one has F'(v) = F(v) and F"(v) = ) which gives

fF(v)lsz(v)|2:/F(v)l]-"(v)llezvlz+2/F(v)]-"(v)]—'”(v)(D2v-Vv)-Vv

Q Q Q
+ / FQ)IF )PVl 3.17)
Q
_ [ ID™]? F'(v) IF')* _
—/ F) —2/ F2(v)(D v~Vv)~Vv+/ ) [Vul®.
Q Q Q

By the integration by parts, we have

—2/ F® 2y vy VU——/;(( ))V(|V 2). Vv

F2(v)
Q
F'(v) _ /(F”(v) B |F’(v)|2> 4
/ |Vv| Av+ 0) 2 ) [Vol™.
Q Q

Then it follow from (3.17) that

|D?v|? |F'(v)]?
/ (V)| D*F(v)] Fo) F3(v)| vl
@ ¢ o & ) (3.18)
v v
Vo Vol*.
+fF()' 2 /F2<v>' vl
Q Q
The combination of (3.16) and (3.18) thus leads to
1 [ F'(v) ) |Av|? F"(v) 1 1 9|Vu|?
— Vu[?A
2/F2(v)' vhav= /F(v)+ /F2()' o5 /F(v) o
Q Q Q Q2 (3‘19)
—/F(v)|D2]-'(v)|2.
Q
The integration by parts applied to the last term on the right hand of (3.15) gives us that
f(v) Ap— f’(v)F(v)—F’(v)f(v)wv|
F(v) F2(v) : (3.20)
Q

Substituting (3.19) and (3.20) into (3.15), one has
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;5 / F)|D*F(v)|*
D ”(u) of 2/ 1 .3|Vv|2_l/F(v) 5
=2 / o) T Fe T 2 ) Fay vl (3:2)

Q Q2 Q

1 [ F'(v _ frW)F@) — F'(v) f(v) 2

2f 0 )|v v*f(v) — /Vu Vo + o) [Vvl|2.

Q Q

The combination of (3.14) and (3.21) yields (3.13). Then the proof is completed. O
Based on the Lemma 3.2, we can obtain the following estimates.

Lemma 3.3. Assume the conditions in Theorem 1.1 are satisfied. Then there is a constant C > 0
such that the solution of (1.6) satisfies

lulnull; 1 + | Voll;2 < C.

Proof. By the hypotheses (H1), (H2) and the fact 0 < v < K¢, we have

%/(yF(v)—h(u))ulnu—i—%/[qu(v)—uh(u)]
Q Q

< v F(K) /|ulnu|+/u —l / uh(u)Inu.
X X

Q Q {0<u<1}

This, together with the identity (3.13) and the fact that F”(v) <0 for v > 0, gives

d (1 1 [ |Vv]? 1 [ |Vul?
4 —/ulnu+— Vol +—/| ul +D/F(v)|D2]-'(v)|2
2 X u
Q Q

dr | x F(v)

Q Q

2
< v F(K) /|ulnu|+/u 1 / uh(u)lnu+—f 8|Vv| (3.22)
X X F(v) av
Q Q {0<u<1}
Y ALl s [
F(v)
Q

From hypothesis (H3), one can show that 1];83 is bounded for 0 < v < K. This, along with the

facts h(u), f(v), f'(v) and F’(v) are continuous in [0, c0) (see hypotheses (H1)—(H3)), yields a
constant ¢ > 0 to update (3.22) as
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d (1 1 [ |Vv]? |w |2 / )
— | = In — F D F
als /u wts [ o WID2F )’

(3.23)

/ a'V”'2+ f|ln|+ /'
- C u u C
F(v) v ! !

where the inequality (2.3) has been used. Next, we will estimate the terms on the right hand of
(3.23). First, we claim that there exists a constant ¢; > 0 such that

|D?v|? [Vl ) 5
e +/ ) §D/F(v)|D Fw)|*. (3.24)
Q Q Q

F(v)

Indeed choosing ¥ = v and g(y) = F(v) in Lemma 2.5 (ii), one has G(v) = F(v) and

F'(v) (v)
Q/F3( )|v ot <(2+\/—)2Q/ o )|sz( v)|?, forall > 0. (3.25)

Since F'(v) >0, F”"(v) <0and 0 < v < Ko, then 0 < F'(Ky) = c3 < F'(v) < ¢4 = F’(0). Thus
(3.25) gives us that

Vol <2+f)2
F*(v)
Q

/F(v)lDz}'(v)|2 forall 7> 0. (3.26)
Cs
Q

Furthermore, noting that (a — 19)2 > %az — b%forall a, b € R, we see that

?v  F) v dvl|
F(v) Cdxpdx,  F2(v) axx ox

f F)|D*F)]* = f F(v)- Z

o o k=1

]

2

1 9% P
F(v) - .
@) kgl ‘ F(v) 0x30x;

—

[\S)]

F'(v) dv vl
Fz(v) oxy 0x;

/F()Z

k=1

_ LD [|F'@P|IVu!
“2) F) F3(v)
Q Q

’

which together with (3.26) gives
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|D?v)? / 22 2/ [Vol*
<2 F D F
o) S ()| WI"+c; i)
@ = = (3.27)
22 +/2)%¢2 +2¢2
< . i / F()|D*F(v)|*.
3

Q

The combination of (3.26) and (3.27) gives (3.24). Moreover, noting that |u Inu| < 05u% + ¢5 for
some constant c¢s5 > 0, then using the Gagliardo—Nirenberg inequality (see Lemma 2.3) and the
inequality (2.3), one can derive that

1 1 1 Vul|?
_/ulnu+61/|u1nu|§ X g, 5—f| ‘W (3.28)
X X X u

Q Q Q

Then substituting (3.24) and (3.28) into (3.23) gives

d (1 1 [ |Vv]? 1 |D%v|? |Vo|*
— Julnu + - +—fulnu+c +

dr \ x 2] F) X F(v) F3(v)
- D/ 1 9|Vu)? N |Vu|? N
= Foy oav V) Fe T

Q2 Q

Next, we shall estimate the first term on the right hand of (3.29). For convenience, we let ¢(v) =

1
N
Vol — ('X(”v') ) °. Then by the boundedness of F'(v), it follows that
F2(v)

F(v) [2F()D?v-Vv— F'(v)|Vv|*Vv|?

Vo)|? = .
VeI =29.p F*(v)
2 D2 2 F' 2 \v/ 4
_2ADME IF WPV (3:30)
F(v) 2F3(v)
o (12202 IVl
c .
=S\ Fo T PO
To proceed, we recall the following trace inequality [33, Remark 52.9] for any ¢ > 0:
lell2pe) = elVellzq) + Cellell2q)- (3.31)

Then by the inequality %\:"2 < 2K|Vv|2 on 0L2 for some constant x > 0 (see [23, Lemma 4.2]),
(3.30) and above trace inequality, we have
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2
D/‘ 1 a|w|2< D/ |Vl Dllol
— : K =K
2 F(v) v F%(v) P20
R 02

<|132v|2 |Vv|4) |Vvl?
C

(3.32)

Fv) F3) F@)’

In virtue of the boundedness of F(v), it follows from the Cauchy—Schwarz inequality that

Lt Vol _ (1, Vol () < Vot (3.33)
) C1 c9 J F(U) == D C1 c9 FQ(U) — 2 F3( ) C10- .

Then adding § [, ‘PY(UU‘)Z on both sides of (3.29) and substituting (3.32)—(3.33) into the resulting

inequality gives us that

d 1/1 +1 [Vv|? N 1/1 + |Vu|? -
—|—fulnu+ = ulnu i,
dr \ x 2) Foy | T\ x F | =
Q Q Q
which, upon the application of Gronwall’s inequality, implies
1 / | + |Vv|2
— [ ulnu <ci2.
X F(v )
Q Q
This completes the proof by the fact that —uInu < - for all u > 0 and F(v) > Ko Ko) >0. O

Lemma 3.4. There exists a constant ¢y > 0 such that for all t € (0, Tyyqy), the solution of (1.6)
satisfies

d
E/|Vv|4+D/|V|Vv|2|2+2D/|Vv|2|D2v|2Sclfu2|Vv|2+c1. (3.34)
Q Q Q Q

Proof. We differentiate the second equation of system (1.6) and multiply the result by 2Vu.
Then using the identity A|Vv|2 2Vv-VAv + 2|D2v|2 we obtain

(IVv[»): =2DVv-VAv —2Vv - VuF@)) +2[Vv|> f' (v)
= DA|Vv|? —=2D|D%*v|* = 2Vv - V(uF (v)) + 2|Vv|* f' (v).

Then multiplying above equation by 2|Vv|? and using the integration by parts, we have

Please cite this article in press as: H.-Y. Jin, Z.-A. Wang, Global stability of prey-taxis systems, J. Differential
Equations (2016), http://dx.doi.org/10.1016/j.jde.2016.10.010




YJDEQ:8556

H.-Y. Jin, Z.-A. Wang / J. Differential Equations eee (eeee) eee—see 21

%/|Vv|4+2D/|V|Vv|2|2+4D/|Vv|2|D2v|2
Q Q Q
=2D/|Vv|28|Z—v|2dS—4/|Vv|2Vv-V(uF(v))+4/|Vv|4f’(v)
Q2 Y Q Q

2a|Vv|2 4
=2D [ |VvPE=—as+4 [ |Vu*f'(v)

Q2 Q

(3.35)

+4/uF(U)AU|V1}|2+4/MF(U)V(|VU|2)~Vv
Q

9| Vul?
SZD/IVvlz%dS+02IIIVUI2IIiz +c2/u<|Av||Vv|2+|V|Vv|2||Vv|>.

Q Q

With the inequality % <2«|Vv|? on 32 and (3.31) again, we get

23|VU|2 2,2 D 22 2,2
2D | |Vl TdSS4KDIIIVv| ||L2(39)55 IVIVUIZ " + c3[[[VV]7]]; 2. (3.36)
Q Q

By the Gagliardo—Nirenberg inequality and the fact || |Vv|2|| = ||Vv||i2 < C in Lemma 3.3,
we can find a constant 6] = ﬁ € (0, 1) such that

20 2(1-6 D
(e2+ e IVoPIG2 < cal VIVOPIZ VP + eall VoI, 53f|V|Vv|2|2+cs.
Q

Substituting above inequality into (3.36) gives

|v 12
f|v 2 dS + e[|Vl ||2z<D/|VIVv|2|2+C5- (3.37)
02 Q

Next, we will estimate the last term on the right of (3.35). Note |Av| < /n|D?v| and V|Vv|? =
2D?v - V. Then using the Young’s inequality, one has
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62/14 (|Av||Vv|2 n ’Vle|2’|Vv|)
Q

gczﬁ/u|vU|2|Dzu|+2cz/u|Vv|2|D%|
Q

Q
(3.38)

s(ﬁ+2)cz/u|Vv|2|D2v|

Q

2+ /n)3c?
§2D/|Vv|2|D2v|2+(8$/u2|Vv|2.

Q Q

Substituting (3.37) and (3.38) into (3.35) yields (3.34) and finished the proof. O
By Lemma 3.3, the boundedness of ||u(-, #)||;2 can be obtained.
Lemma 3.5. Let the conditions in Theorem 1.1 hold. Then the solution of (1.6) satisfies
luC, Oll2 =C, (3.39)
where C > 0 is a constant independent of t.

Proof. Multiplying the first equation of (1.6) by 2u, integrating the result with respect to x over
2 and using the facts that 0 < F(v) < F(Ko) and h(u) > 6, one has

d
E/u2+2/|Vu|2:2xquu~Vv+2y/u2F(v)—2/u2h(u)
Q Q Q Q

¢ (3.40)

5/|Vu|2+)(2/u2|Vv|2+2()/F(K)—9)/142.
Q Q

Q

Noticing that the Gagliardo—Nirenberg inequality and Young’s inequality, together with
Lemma 2.2, can give us that

1
2y F(K) —e>fu2 <er(IVull 2l + el ) < = [ Vuls + .
Q

one has from (3.40) that

d
E/u2+ fqu|2§X2fu2|Vv|2+Cz,
Q Q Q

which, combined with Lemma 3.4, yields

| =
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d 1
- fu2+/|Vv|4 —I—5/|Vu|2+D/|V|Vv|2|2§C3/u2|Vv|2+C4. (3.41)
Q Q Q Q Q

Based on (3.41), using Lemma 2.4, one can readily derive the following inequality (we omit the
details for brevity and refer readers to the proof of [5, Lemma 3.3])

(1) +z2(t) <ecs,

where z(t) = fQ u®+ fQ |Vv|*. This gives (3.39) by the Gronwall’s inequality and concludes the
proof. O

3.2. Proof of Theorem 1.1

Proof of Theorem 1.1. The fact 0 < v < Ky is proved in Lemma 2.2. From Lemma 3.5, we have
lle(-, )ll;2 < c1. Then we can apply Lemma 3.1 with p = 2 to find a constant ¢, > 0 independent
of ¢ such that [[u(-, 1)||pe + [|[v(-, 1) |ly1.0c < 2 for all t € (0, Tj4x) in two dimensions (n = 2).
This along with Lemma 2.1 finishes the proof of Theorem 1.1. 0O

4. Global stability

In this section, we are devoted to proving the global stability results in Theorem 1.3 via Lya-
punov stability and LaSalle’s invariant principle under the hypotheses (H1)-(H4). At first we
prove a basic result that will be often used in what follows.

4.1. A basic lemma

Lemma 4.1. Let F satisfy the conditions in (HI) and (1, v) be a solution of (1.6). Define a
function for some constant @ > 0:

v

= [ TO=T@,,

w

Then ¢ (v) is a convex function such that ¢(v) > 0. If we further assume that v — w as t — 00,
then there is a constant Ty > 0 such that for all t > Ty it holds that

L e e R @)

F'(w)
4F (w)

w

Proof. It is clear that ¢ (w) = ¢’ (w) =0 and ¢”(v) = F(w) ,f;((?) > 0 thanks to the hypothesis

(H1). Then the Taylor’s formula applied to ¢ (v) at v = w gives

1 "o~ 2
C(v)=§;“ ®@w—-—w)? =0
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where ¥ is between w and v. Thus the first part of the lemma is proved. Furthermore it follow
from the fact v — w as t — oo that

F'(v)  Fl(o)
F2(v) 2F(w)

L O) N U B
R o — w2 =3, @)

which yields a constant 7 > O such that for all ¢ > Ty it holds that

Fi©@) ) oy <oy < £

o2
o) o) (— w2 4.2)

This concludes the proof of Lemma 4.1. O
4.2. Global stability of the prey-only steady state

In this subsection, we consider the case of weak predation y F(K) < 6 for which the system
(1.6) has two homogeneous steady states (0, 0) and (0, K) (see also (1.8)). We shall show that
the prey-only steady state (0, K) is globally asymptotically stable in this case. Furthermore we
shall prove that the exponential stability of the homogeneous steady state (0, K) can be attained
if y F(K) < 6, and algebraic decay can be obtained if y F(K) =6 and o > 0. To this end, we
employ the following Lyapunov functional:

v

1 F(s) — F(K)
Viu(@),v@®) = Vi(t) = —/u(x,t)+/ (/ 7(1&) (4.3)
vy 2\ F(s)

which is the same as the one in [47] for the case y = 0. Then the following results can be proved.

Lemma 4.2. Let the conditions in Theorem 1.3 hold. Assume (u, v) is the solution of (1.6) ob-
tained in Theorem 1.1. Then if y F(K) <6 where “="" holds in the case of a > 0, the prey-only
steady states (0, K) is globally asymptotically stable. Furthermore if y F (K) < 0, there exist two
positive constants A1 and C1 and ty > 0 such that

lullzoe + lv — K || oo < Cre ™, forall t > to. 4.4)

If yF(K) =0 and o > 0, one can find two constants Ay > 0 and Cy > 0 such that

G
lullLee + llv — Kz < Q1o forallt > tg. 4.5)

Proof. We first use the LaSalle’s invariant principle (e.g. see [32, pp. 198-199, Theorem 5.24]
or [18, Theorem 3]) to show the global stability of (0, K). To this end, given initial date wy =
(uo, vo), we let w(z; wo) = (u, v)(¢) denote the unique global classical solution of (1.6) for ¢ > 0,
which defines a semi-flow (or trajectory) on X = [(WLr(Q)]1? with p > 2 (e.g.see[2]). Itis clear
from the fact F/(v) > 0 for all v > 0 and (4.1) that Vi (w) =0 if w = (0, K) and V;(w) > O for
all w # (0, K). That is V{(w) is a positive definite function. Furthermore, from the definition
of Vi and results of Theorem 1.1, we have Vi(w) < C for some constant C > 0 independent of
t > 0 for any solution w = (u, v) € X.
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Next, we shall show %Vl (w) = %Vl (t) <0 for all w € X where “="iff w = (0, K). Differ-
entiating the functional (4.3) with respect to 7, one has

dt y F(v)
Q

imm=1/m+/5@lﬁg%t
Q

) (4.6)

= l /(qu(v) —uh(u)) +/ (1 - —)(DAU —uF @)+ f()).
vy J F(v)

Applying the integration by parts to the second term on the right hand side of (4.6), after some
simple calculations and cancellations, we get

4y =1 F(K)—h DF(K) | F’ vo |
Elm—;/mV<>—w»— ({/(@F@
Qf() @ 4.7)
v
+ W(F(U)—F(K))
Q

From assumptions (H3) and (H4), one can easily derive that ¢ (v)(v — K) < O for all v # K.
Hence by the assumption F’(v) > 0, we have JFC?;;(F(U) — F(K)) < 0. By the hypothesis
(H2), we can derive h(u) > 6 4+ ou for any u > 0 and hence u(y F(K) — h(u)) <u(yF(K) —
0 — au) < 0. This, along with the fact that F(K) > 0 and F’(v) > 0 yields from (4.7) that
4vi(w) = LV(r) < 0forall w e X, where &V (w) = 0iff w = (0, K) by the hypothesis (H4)
and conditions in Lemma 4.2. Then by the LaSalle’s invariant principle (see [32, pp. 198-199,
Theorem 5.24] or [18, Theorem 3]), the trajectory w(¢; wo) = (1, v) — (0, K) as t — oo. This
shows that (0, K) is globally asymptotically stable.

We proceed to derive the convergence rate of solutions. Let us first consider the case
y F(K) < 0. With the fact that ¢ (K) = % = 0, we use the Taylor’s formula to rewrite the
third term on the right hand side of (4.7) as

%(F(v)—F(K))=/¢(v)(F(v)—F(K))=/<15/(771)F/(772)(v—K)2
Q Q2 @

where 711 and 1, are between v and K. Noticing that v — K as t — oo and
lim ¢'(n1) =¢'(K) <0, lim F'(n)=F'(K)>0
v—>K v—>K

we can find a time #; > O such that for all # > #; it holds that: 2¢'(K) < ¢'(n1) < %qb’([() <0
and 0 < 3 F'(K) < F'(n2) < 2F'(K). This, along with (4.7), gives that
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d 1 / oz/ 5
vin<—FE) -0 [u-2 [
dt y y

Q

4.8)
- DF(K)/ F)| o /¢> (DF () — K)2.
Therefore there exists a constant ¢; > 0 such that
d
Evl ) <—c1Vi(¢) forallt > 1 4.9)
where
Vi(2) —/u—I—DF(K)/F(v) /(U—K)
Q
Next we apply Lemma 4.1 with w = K and find a constant #; > 0 such that
: F F(K
(v —K)r < / %ds <c3(v—K)?2, forall t>1, (4.10)
s

K

holds for some constants c¢;, c3 > 0. Then using the definitions of Vi (¢) and V;(¢) with (4.10),
one can find a constant c4 > 0 such that c4 Vi (¢t) < Vi (¢) for all t > t,, which together with (4.9)
and the non-negativity of Vi (¢) yields

d
Evl(t) < —c Vi) < —cieqVi(2), forall t > 1y

where fy = max{z, r2}. This gives rise to Vi(¢) < cse™ " for all ¢ > 1y, which, along with (4.3)
and (4.10), yields

lull 1+ lv— K|l 2 <cre” ", forall t > to. 4.11)

Next proceed to derive the decay rates of L°°-norm. From Theorem 1.1, we know that xuVv and
yuF (v) —uh(u) is bounded in L>° (€2 x (0, 00)). Then applying the standard parabolic regularity
theory (e.g. see [29, Theorem 1.3] and [37, Lemma 3.2]), from the first equation of system (1.6),
we can find a constant 8 € (0, 1) such that

llull <cg forall ¢> 1. (4.12)

ch Z(Qx[t 1+1])

Moreover, from the second equation of system (1.6), we can use the standard parabolic Schauder
theory [17] to obtain

<cg forall t>1. 4.13)

lvll g .
BT (@ t+1))
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Based on (4.12) and (4.13), one can readily get a constant c19 > 0 (e.g. see [37, Lemma 3.14])
such that

lull i <cio, forallz > 1.

This, along with (4.11) and the Gagliardo—Nirenberg inequality, yields for all ¢ > #; that

2 1 1
3 3 3 —ci4t
lullzoe < ctr(IVullsollully + lullpn) < cra(llull], + llullgr) < cize™ 4. (4.14)

Furthermore, from Theorem 1.1, we can derive v — K € W1(2) due to v € W-°(Q). Hence
it follows from the Gagliardo—Nirenberg inequality and (4.11) that

1 1 :
v = Kllzee < c15(IV0 = Kl lv = Kl J2 + lv = Kl 2) < cree™ " (4.15)

Then the combination of (4.14) and (4.15) gives (4.4) by choosing A; = min{ci4, c17}.
Next, we derive the decay rate for the case y F(K) =60 and « > 0. For this, we define

[+ fimmr [

Then from (4.8), we can find a constant c;g > 0 such that

W (t) _DF(K)/F )| ——

d
EVI(I) < —cigW(t). (4.16)

Using the definitions of V1(¢), W(¢) and (4.10), we have for all ¢ > 1

1

Vi(t) < cro /u+/(v—1<>2 <3 f:ﬂ +om /(v—K)2 <en Wi,
Q Q Q Q
4.17)

where we have used the Holder inequality and boundedness of v. The combination of (4.16) and
(4.17) then gives

L) < —enV2()
4 . ,
i 1) = —cnVy

which immediately yields a constant ¢33 > 0 such that Vi (¢) < cx3(1 + )~ for all 7 > . This,
along with the definition of V(¢), gives

leell 1+ v = K125 < c2a(1 4+ 1)~ forall 1> 1. (4.18)

Similar to the derivation of (4.14) and (4.15), by using the Gagliardo—Nirenberg inequality and
(4.18), we can find a constant A» > 0 such that
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lullzo + lv — K[| < ca5(1+1)7*2, forall >t

which gives (4.5) and completes the proof. O

4.3. Global stability of the co-existence steady state

Now we consider the global stability of solutions for the case y F(K) > 6. In this scenario, the
system (1.6) has three homogeneous steady states: (0, 0), (0, K) and (u, vi), where u,, v, > 0
and satisfy (1.9). We shall prove the coexistence steady state (i, vsx) is globally asymptotically
stable under certain conditions by using the following Lyapunov functional:

Vau(t), v(t)) =: Va (1) = l/ <u — Uy — Uy In i) +/ (/ Mds). (4.19)
y Uy F(s)
Q Q

Ux

The above Lyapunov functional has been used in [48] for the predator—prey system without
prey-taxis.

Lemma 4.3. Let the conditions in Theorem 1.3 hold. Assume (u, v) is the solution of (1.6) ob-
tained in Theorem 1.1. Then if y F(K) > 0, the coexistence steady state (U, vy) is globally
asymptotically stable if

D uF2(K)

2 4y F(v) F'(K)

where uy and vy are determined by (1.9) and independent of D and x, and “=" holds in the
case of ||vollL < K. Furthermore, if a > 0, there exist two positive constants C3 and \3 and
to > 0 such that

N — sl zoo + v — vyl oo < C3e ¥, forall t > tg. (4.20)
Proof. We first show the non-negativity of V,(¢). For this, we define ¥ (z) = z — uy Inz. Then

by the Taylor’s formula, we have

u v ®) .
=t = I =0 = P ) = ) = 55 )’ (4.21)

where £ > 0 is between u and u,. This asserts that u — u, — uy ln £ >0 due to uy > 0. Further-
more the non-negativity of the second term on the right hand side of (4.19) is guaranteed by the
result of Lemma 4.1. This shows that V;(¢) > 0 for all u, v > 0. Next we differentiate V;(¢) with
respect to ¢t and use the equations of (1.6) to obtain that
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29
d 1 Us F) — F(vy)
“=—[(1-= —
dr 2 (1) V/( u)ut—i_/ F(v) %3
Q Q
Vu|? vo |? Vu-V
LN R _DF(U*)/F’(U) v +Xu*/ Ly
14 u F(v) 14 u
Q Q Q
I

4.22)

+ l/ (1 _ “l)(qu(v) — uh(u)) + /(F(v) _ F(v*))(M _ u) .
14 u F)
2 Q

I
For I, we can rewrite it as

Vu u*z _%(u*
11=—/®TA®,®=|: } A—|:y;u “ }
Vo 5
Q

- DF()F'(v)
2yu IF()?

where ©7 denotes the transpose of ©. The basic algebra tells us that the matrix A is non-negative
definite and hence I <0 if and only if

DF () F' (Wusx  x2u?
Y IF ()2u?

D us|F(v)]?
- or — - 3
4y2u?  x2 T 4y F(v)F'(v)

(4.23)
where u, and v, do not depend on D and y, see (1.9).

If ||vg|l Lo < K, then from Lemma 2.2 one has 0 < v(x,t) < K. Since F’(v) > 0and F"(v) <
0 in (H1), the condition (4.23) is guaranteed if

D F?(K
Do Wl (4.24)
x° 4y Fu)F'(K)
2
Next, we consider the case ||vg||r > K. Supposing that D and yx satisfy X—Dz > 7K
then there exists a small g9 > 0 such that

Iy F)F (K)’
D u F2(K
= ( ,) + €. (4.25)
x* Ay F(v) F'(K)
2
Let H(v) = “;ﬁ—’;v);

. Then from the hypothesis (H1), it follows that H(v) € C 1([0, 00)) and
H'(v) > 0, which together with (2.2) gives

i us|F(v)|?
1m sup =
t—00 4VF(U*)F/(U)

Uy

. uHK)
Gy Fuy) SaPH) =

FX(K

_ M F /) . (4.26)
4y F(vy) 4y F(v) F'(K)

Therefore for the g > 0 chosen in (4.25), there exists Ty > 0 such that

us|F(v)]? usF2(K)
4y F(vx)F'(v) ~ 4y F(v) F'(K)

+eo for (x,1) € Q x [Ty, 00).

4.27)
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The combination of (4.25) and (4.27) gives

ux|F(v)[?

W FOOF W =2 for .0 eQxIT, 00).

In summary, we have shown that if (4.24) is fulfilled where “=""holds in the case of ||vg||L>~ < K,
then Iy <0 for t > T,. Next we estimate /> which can be regrouped as

/(u—u*)(VF(v) h(u)) /(F(v) F(v Q)(ii; u)

= /(u —uy)(F(v) — F(vy)) + " /(M — us) (¥ F (i) — h(u))
Q Q

f() (4.28)
+/(F(v) - F(v*))<F(U) —u>
Q
_ 1 f()
=— | Ww—u)(YF() —h@)+ | (F@) — F))| o — us«
1 F(v)
Q Q
=M+ M>.

By (1.9), we have y F (vy) = h(u,) which, along with hypothesis (H2), gives
1
M= /(u — ) () — )
Q

1
- /(u —u)(h(u) — h(uy)
Q (4.29)

1 ’ 2
——fh (61)(u — uy)
Y
Q

o 2
<— | (u—u <0,
14
Q

where £ is between u and u.. Similarly by the hypotheses (H1) and (H4) with (1.10), we have

fw) f(v*)>

My = /(F(v) - F(v*))<
F F (v,
2 (v) (v4)

_ / (F) — Fu)) (@) — ¢ (v,)
Q

= / F'(&)¢'(53) (v — v,)* <0,

Q
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where & and &3 are between v and v,.. This, combined with (4.29) and (4.28), yields that I <0.
Now (4.22) can be updated as

L= h+b=—[0T40 -2 [w-u?+ [ FE¢/ E)w =1,
5 2O=h+h= , U — Uy £2)9" (&3) (v — vy)”.
Q Q Q

Hence if (4.24) is satisfied where “="" holds in the case of ||vg| >~ < K, then %Vg (t) <0 for
t > T,. Noticing that %Vz(t) =0 iff (u, v) = (u4, vy) and (u, v) is bounded for all 0 < ¢t < Ty,
then (u., vy) is globally asymptotically stable by the LaSalle’s invariant principle following the
similar argument as in the proof of Lemma 4.2. Thus the first part of Lemma 4.3 is proved.

Next we proceed to show the decay rate (4.20). Since u — u, and v — v, as t — 00, by the
hypotheses (H1) and (H4), we can find a 77 > O such that for all ¢ > T7 it holds that

1 1
0< EF/(U*) < F'(&) <2F'(vy), ¢'(vs) <¢' (&) < Ecb/(v*) <0.

This, together with the facts that the matrix A is non-negative definite and o > 0, yields a constant
C > 0O such that

%VQ(I) < —C/[(u —u)? + (v —y)?), for allz > T. (4.30)
Q

Applying (4.21) with the fact u — u, and hence £ — u, as t — 0o, one can find a 7> > 0 so that
for all ¢ > T5 the following inequality holds:

1 5 u 1 5
(u—uy)” < U—uy —Ugln— )| < — [ (u—uy)”. 4.31)
4u Uy Uy
Q Q

Q

Furthermore, we employ Lemma 4.1 with w = v, to find a T3 > 0 so that for all # > T3

v

1w —vy)? < f O = FOD 4o r—v,)? @32)
F@)

Ux

holds for some constants cj,cy; > 0. Thus by the definition of V,(¢#) and the estimates
(4.31)—-(4.32), we can find two positive constants ¢3 and c4 such that for all ¢+ > f) =
max{Ty, T2, T3}

2 2 2 2
e3(lt = el + 10— val2) < Va(t) < calllu — |25 + [ = v 12,).

This, along with (4.30), gives a constant c3 > 0 such that

d
7 Vo(t) < —csVa(t), forall t > 1y

which, upon the application of Gronwall’s inequality, yields the following decay with constants
cg,c7>0
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c7t

2 2 —
le —usll72 + llv—vsll72 < coe
L L

Then by the same argument as deriving (4.14) and (4.15), we get (4.20) and complete the proof
of Lemma4.3. O

4.4. Proof of Theorem 1.3
Theorem 1.3 is clearly a direct consequence of Lemma 4.2 and Lemma 4.3.
5. Summary

In this paper, we consider the prey-taxis model with a class of predator—prey population in-
teractions which covers many existing well-known examples like those in (1.2)—(1.4). Our main
results consist of two parts: global boundedness (see Theorem 1.1) and global stability (see The-
orem 1.3). In the first part, we show that the global solutions of the prey-taxis system subject to
zero Neumann boundary conditions in two dimensional domain are uniformly bounded in time
for any prey-tactic coefficient x > 0 thanks to the intrinsic predator—prey population interaction.
This result improves the previous one obtained in [1,12,34,46] where either the truncation con-
dition or smallness assumption was imposed on y to preclude the blow-up of solutions. Our first
result implies that the intrinsic (or density-dependent) predator—prey interaction suffices to avoid
population overcrowding in spite of the aggregation effect of prey-taxis. But whether the results
hold true in three or higher dimensions remains unknown in our work. In the second part, we
show that the predator will go extinction and the prey will survive if the predator’s predation
capability is weak (like the ill or wounded predator) in the sense that y F(K) < 0. Whereas if
the predator’s predation capability is strong in the sense that y F(K) > 6, then the population
will reach a co-existence steady state provided that the prey-taxis is weak (i.e. x is small) or
the prey’s diffusion rate is large (i.e. D is large), see the condition (1.11). These results are all
well aligned with biological intuitions and reveal the conditions needed for the system to reach
a desirable asymptotic state. Furthermore our results indicate that the prey-taxis play a role only
in the case of strong predation for the global stability, whilst it does not affect the global stability
if the predation is weak.

There are many interesting questions arising from our work. The first question is whether the
co-existence steady state (i, vy) is globally asymptotically stable if the condition (1.11) is not
met in the case of strong predation. A more broader question is whether the prey-taxis system
has non-constant steady state (i.e. pattern formation) if (1.11) is not satisfied. Although the pos-
sibility of pattern formation of prey-taxis systems has been studied by the linear stability analysis
for numerous predator—prey population interactions, the rigorous proof of the existence of non-
constant steady states is still missing. In particular, the results of [20] have shown for a wide
range of F'(v), h(u) and f(v), the prey-taxis model (1.6) does not have pattern formation. By
this, we may conjecture that our global stability is also true for many forms of F'(v), h(u) and
f(v) even if the condition (1.11) is not satisfied. Our results along with those in [20] indicate for
a large set of F(v), h(u) and f(v), the prey-taxis system has no non-constant solution and hence
no pattern formation. But the non-homogeneity of population distribution (pattern formation)
in the prey-taxis system has been an observed phenomenon in the filed (see [15]). Then what
can we do with the model so that pattern formation can be generated become a very interesting
question. It is well-known that the non-homogeneous environment may induce non-constant sta-
tionary solutions (e.g. see [10,22]). Naturally we are motivated to ask if the non-homogeneity
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of environment in the prey-taxis system (e.g. changing f(v) in (1.6) to f(x, v)) can lead to the
existence of non-constant steady states. Furthermore in an open wild landscape, animals are not
confined within a closed (or isolated) area, and hence a non-Neumann boundary conditions may
be more suitable. Therefore the study of prey-taxis systems with Dirichlet or Robin boundary
conditions would be a very inspiring question to explore.
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