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Abstract

The paper is concerned with a simplified system, proposed by Ericksen [6] and Leslie [20], modeling the
flow of nematic liquid crystals. In the first part, we give a new Serrin’s continuation principle for strong
solutions of general compressible liquid crystal flows. Based on new observations, we establish a localized
Serrin’s regularity criterion for the 3D compressible spherically symmetric flows. It is proved that the clas-
sical solution loses its regularity in finite time if and only if, either the concentration or vanishing of mass
forms or the norm inflammation of gradient of orientation field occurs around the center.
© 2018 Elsevier Inc. All rights reserved.
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1. Introduction

In this paper, we consider the motion of the compressible nematic liquid crystal flows, which
is described by the following simplified Ericksen—Leslie system,
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pr +div(pU) =0,
oU, + p(U - VYU — uAU — (u + 1)V(divU) + VP = —Ad - Vd, (1.1)
d; + (U -V)d = Ad + |Vd|*d.

Here p > 0 is the density of the fluid and U is the velocity field. d denotes the macroscopic

average of the nematic liquid crystal orientation field, which conforms to |d| =1. P = P(p) is
the pressure of the fluid, which is a function of the density. The equation of state is given by

P(p)=ap”, a=>0,y>1. (1.2)

The constants o and A are the shear viscosity and the bulk viscosity coefficients of the fluid
respectively, and they satisfy the following physical conditions,

n>0, 3r+2u>0. (1.3)

The three equations in (1.1) are the equations for conservation of mass, linear momentum and
angular momentum respectively.
The domain €2 is a bounded ball with radius R, namely,

Q=Bgr={xeR’ |x| <R <o}
We study an initial boundary value problem for (1.1) with the initial condition
(p,U,d)(0, x) = (po, Up, do)(x), x €L, 1.4

and the boundary condition

ad
Ux)=0, —=(t.x)=0, 120, xedQ. (1.5)
n

And we are looking for the smooth spherically symmetric solution (p, U, d) of the problem
(1.1)—(1.5) which enjoys the form

p(t,x)=p(, |x)), U, x)=ul, IXI)%, d(t,x) =d(t, |x|). (1.6)

Then, for the initial data to be consistent with the form (1.7), we assume the initial data
(po, Uop, do) also takes the form

po(x) = po(lx]), Uo(x) = Mo(IXI)%l, do(x) = do(|x]). 1.7

In this paper, we further assume the initial density is uniformly positive, that is,

po(x) =po(lx)=p >0, xeQ, (1.8)
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for a positive constant p. Then it is noted that as long as the classical solution of (1.1)—(1.5) exists
the density p is positive, that is, the vacuum never occurs. It is also noted that the assumption
(1.6) implies

Ut,x)+U(t,—x) =0, xeg, (1.9)

and Vd follows the same principle. We necessarily have U (t,0) =0 and Vd(¢,0) =0.
In the spherical coordinates, the original system (1.1) under the assumption (1.6) takes the
form

ou
pr + (ou), +m7 =0,

2
u u 1 m
(pu)z+[l)u2+P(P)] +mZ =K(ur+m—) — = (ld:1H)r — —ld, |, (1.10)
r r r/r 2 r

m
di + udy =dry +1dr*d + —d.,

where m = N — 1 and k =2u + A.
In this paper, we will focus on the following three-dimensional (N = 3) initial boundary value
problem for the system (1.10). The initial condition is given as

(p’u3d)|l=0:(1007 MOde)v (111)

and the boundary condition is

u(t,ry=0, d.(t,r) =0 forr € {0, R}. (1.12)
Now, we consider the following Lagrangian transformation:

r

t=t, y:/p(t,r)rmdr. (1.13)
0

Then, it follows from (1.10) and (1.13) that

r r

9 d
yt:/_p(t’f)"’:mdfz—/ ('Ou)—f-mﬂ -t"dt = —pur™, (1.14)
at ot T
0 0
and y, = p(t, r)r™. Consequently,
rr=u, ryz(prm)_l. (1.15)
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Hence, the system (1.10) can be further reduced to

pi+ p* (" u)y =0,

~ 1 _
r"us + py =« [p(r’”u)y]y -5 (rzmpzldﬂz)y —mr"™pldy |, (1.16)

d=r"p(r"pd ,)y +mr™ L pdy +r¥" p*|dy |2,
where t > 0, y € [0, My] and My is defined by

R R

Mo=/p0(r)rN—1dr=fp(t,r)rN—1dr, (1.17)
0 0

according to the conservation of mass. We denote by E the initial energy

2 Y 2
d
E0=/rN_1 o0 4 0 @07y (1.18)
2 Ty -1 2
0

and define a rectangle Q; , for > 0 and y € [0, My], as

Q:1,y =10, 1] x [y, Mo]. (1.19)

There are some special related cases. When the density p is initially constant and the fluid is
incompressible, then the density remains constant and consequently the whole system (1.1) be-
comes the incompressible version. For this case, Lin [21], Lin—Liu [23,24] initiated the rigorous
mathematical analysis. For some more recent results, please refer to [9,22,25,31] and references
therein.

When d is a constant vector field, the system (1.1) becomes a compressible Navier—Stokes
one for the isentropic flow, which is one of the most important models in fluid dynamics. There
are a huge amount of literatures about that. For an overview, see, for example, [8,26] and ref-
erences therein. The local strong solution was proved to exist uniquely ([2,3,28,29]). Whether
the local strong solution blows up or not is still an open problem. Some blowup criteria have
been contributed to study the mechanism for possible breakdown. The earlier ones rely on the
high-order bound of density or velocity, see [4,7]. Later, efforts were made toward the criteria
in terms of low-order bound of density only or velocity only. In this direction, Huang [14] and
Huang—Xin [ 18] first established a blowup criterion, analogous to the Beale—Kato—Majda crite-
rion [1] for the ideal incompressible flows, which can be stated as follows: suppose T* < oo is
the maximal existence time for a local strong solution and

A<Tu, (1.20)

Please cite this article in press as: Y. Wang, X. Huang, On center singularity for compressible spherically symmetric
nematic liquid crystal flows, J. Differential Equations (2018), https://doi.org/10.1016/j.jde.2017.12.035




YJDEQ:9152

Y. Wang, X. Huang / J. Differential Equations eee (eeee) ese—eee 5
then
T
lim /||Vu||Locdt=oo. (1.21)
T—T*
0

It is improved later in [17] to

T
lim /||Du||Lw dt = 0o, (1.22)
T—T*

0

. . T . N . .
where Du is the deformation tensor, Du = w. More recently, one Serrin type’s criterion

was given by Huang—Li—Xin [16] (without the assumption (1.20)), which is
Tlgr%* (||divu||L1(O,T;LOO) + ”ﬁM“Ls(O’T;Lr)) =o00, with 2/s+4+3/r <1. (1.23)

(1.23) is called as Serrin type, since it is almost the same as the well-known Serrin’s criterion
for the 3D incompressible Navier—Stokes equations. In the same paper, Huang-Li—Xin [16] gave
another criterion in terms of density, but with the artificial condition (1.20), which is

lim 00 LLooy = OQ. 1.24
Am llollzeeo.r:Lo) (1.24)

The same result was also obtained by Sun—Wang—Zhang [30] independently.

Now, let’s return to the system (1.1). There are not so many results. It is not clear whether a
global weak solution to (1.1)—(1.5) exists in dimensions greater than one. For the one dimensional
case, such an existence has been derived by Ding—Wang—Wen [5]. On the other hand, strong
solutions are proved to exist, refer to [ 11]. The strong solution to the system (1.1)—(1.5) is defined
as follows.

Definition 1.1 (Strong solutions). (p, U, d) is called a strong solution to (1.1) in  x (0, T), if
for some 3 < g < o0,
p>=0, peC(0,T]; W), p, € C([0,T]; L* N LY),
UecC(0,T]; HH NHHNL*0,T; W>49), U, € L*0,T; H}) and \/pU; € L>(0, T; L?),
Vd e C([0, T]; H)NL*0,T; H3), d, € C([0,T]; HYNL*0,T: H?), |d| =1,

and (p, U, d) satisfies (1.1) a.e.in 2 x (0, T).

It is also an open problem whether the strong solution blows up in finite time. One step toward
this problem is to make clear the mechanism for the possible breakdown. After the recent blowup
results in the study for the compressible Navier—Stokes system, some similar blowup criteria
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for the compressible nematic liquid crystal flow were derived, see [11,12,19,27] and references
therein. In particular, it was shown by Huang—Wang—Wen [11,12] that

Am (DUl o,7:) + 1Vl 20,7:)) = 00, (1.25)

or (with the crucial artificial assumption 7 > 91)

li o0 Lo Vd||; 3 .1 00y) = 00, 1.26
TLH}*(”,O”L 0,T;L )+|| ”L’(O,T,L )) o0 ( )

where T* is the maximal time of existence of strong solutions.
In [19], the authors established a Serrin type criterion,

T]i)n}* (Lol ,7:25) + Ul zs1 0.7 + IVl 120,75 172)) = 00, (1.27)

with r; and s; satisfying

2 3 .
—+—<1, 3<ri<oo, i=1,2.
Si ri

Our first result gives a new blowup criterion for further use. It can be stated as follows.
Theorem 1.1. For g € (3, 6], assume that the initial data (po, Uy, do) satisfy
po€ W infpy >0, Upe H*NH], Vdoe H?, |do| =1.

Let (p, U, d) be a strong solution to the initial boundary value problem (1.1)—(1.5). If T* < oo
is the maximal time of existence, then

1
lim sup <H (p(0), ;(t))

t—T*

+ ||Vd||Lz(0J;LOO)) = 00 (1.28)
LOC

provided

A <2u. (1.29)

Remark 1.1. As in [12], Criterion (1.28) restates the important role of liquid crystal orientation
field. To prevent breakdown of classical solutions, we may only need to track the behavior of Vd
rather than the velocity U. In fact, we will give the localized version of (1.28), which is our main
result in this paper.

Let us mention that the global radially symmetric strong solutions exist in annular domains,
which was proved in [10]. So we guess the singularity will happen around the center. We try
to capture the possible singular behavior at the center. In fact we have the following localized
Serrin’s continuation principle.
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Theorem 1.2. Assume that the initial data (pg, Ug, do) satisfy (1.7)—(1.8) and

(po, Uo, do) € H?, |do| = 1. (1.30)

Let (p, U, d) be a classical spherically symmetric solution to the initial boundary value problem
(1.1)=(1.5) in [0, T] x 2, and T* be the upper limit of T, that is, the maximal time of existence
of the classical solution. Then, if T* < oo, the following continuation principle holds

. 1
hmsup <,0(t,r)+—(t,r)+ ||Vd||L2(O,t;L°°(O,r))> = Q. (131)
(t.r)—>(T*,0) P

Remark 1.2. Theorem 1.2 characterizes a local behavior of blowup phenomenon for compress-
ible liquid crystal flows. (1.31) can be viewed as a localization of Serrin’s continuation principle.
It asserts that the concentration or vanishing of the density, the unbounded Serrin norm inflamma-
tion of the gradient liquid crystal field around the center should be responsible for the formation
of singularities.

Remark 1.3. Theorem 1.2 is consistent with the result in [10], where it is proved that the global
radially symmetric strong solutions exist in annular domain.

Remark 1.4. The method we adopt here is in the same spirit as that in [13,15], where compress-
ible Navier—Stokes equations were considered.

This paper is organized as follows. Section 2 is devoted to some preliminaries. We will illus-
trate the main ideas of Theorem 1.1 in Section 3 and concentrate on the proof of Theorem 1.2 in
Section 4.

2. Preliminaries

First, let us explain some notations and conventions used throughout this paper.

Notations. For 1 < p < oo and integer k > 0, the standard Sobolev spaces in 2 are denoted
by:

LP =LP(Q), WhP=wkr(Q), H' =Wk,

and HO1 ={v e H'| v]yq = 0}. We denote
f=t+v-vs [ gax=[ rax
Q

Next, one proposition is presented for the Lamé system, which comes from the momentum
equation (1.1),. Assume that Q C R3 is a bounded smooth domain. Suppose V € HOl is a weak
solution to the Lamé system,

WAV 4+ (u+1)VdivV = F, in Q,
V(x)=0, onodQ.

Please cite this article in press as: Y. Wang, X. Huang, On center singularity for compressible spherically symmetric
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In what follows, we denote LV = AV + (u + A)VdivV. Owing to the uniqueness of solution,
we denote V = L7 F.

The system is an elliptic system under the assumption (1.3), hence some regularity estimates
can be derived. For a proof, refer to [30].

Proposition 2.1. Let g € (1, 00). Then there exists some constant C depending only on A, |1, q
and 2 such that

e if Feld, then
IVilw2e = CllFllLa; 2.1

o if Fe W1 (ie, F=divf with f = (fij)3x3, fij € L9), then
IVIiwie <CllfliLa.
3. Proof of Theorem 1.1

Suppose the conclusion of Theorem 1.1 fails, then there exists some M| € (0, co) such that
for any t < T*, the following inequality holds true

1
o)l + H SO+ IVl = M1 3.1
LOO
We then prove the following inequality
timsup (Jlp ()l + V4l 30,1 1v)) < C- (3.2)
t—>T*

It gives a contradiction to the definition of T*, according to (1.26).

The first step of the proof is the derivation of basic energy inequality. Multiplying (1.1), and
(1.1)3 by U and (Ad + |Vd|*d) respectively, adding the resulting equations together, we obtain
the following energy estimate:

Proposition 3.1. It holds that for every 0 <t < T*,

1 , 1 s ap?
—p|lU —|Vd — ) d
/<2P| |+2| |+y—1 X

t
+//(M|VU|2+(M+A)|divU|2+|Ad+|Vd|2d|2) dxds
0

14

a
p0:|dx.

y—1

The key estimate of Theorem 1.1 lies on the following enhanced energy estimates.

—/ : |U|2+1|Vd|2+
= 2)00 0 ) 0

Please cite this article in press as: Y. Wang, X. Huang, On center singularity for compressible spherically symmetric
nematic liquid crystal flows, J. Differential Equations (2018), https://doi.org/10.1016/j.jde.2017.12.035




YJDEQ:9152

Y. Wang, X. Huang / J. Differential Equations eee (eeee) eee—eee 9

Lemma 3.1. Under the condition (3.1), as long as A < 2y, it holds that for every 0 <t < T*,

t
/<p|U|4 + |Vd|4) dx + // (|VU|2|U|2 + |Vd|2|V2d|2) dxds < C. (3.3)
0
Proof. The momentum equation (1.1); can be written as follows,

pU; + (pU - VYU — AU — (4 M)VdivU + VP = —div(M (d)), (3.4)

where
1
M(d)2Vd®Vd — E|Vd|2]13. (3.5)

Multiplying (3.4) by ¢|U|9~2U, and integrating over 2 yields

d _ .
& [owian s [{aw2[wvue + o+ p@vo? + e - 2191017

+q0.+ WU - UdivU | dx

(3.6)
gq/Pdiv(|U|‘I*2U)dx+cf|Vd|2|U|‘1*2|VU|dx
5C/P|U|q*2|VU|dx+C/|Vd|2|U|q*2|VU|dx.

Here,
glUI2 [LIVU P + G+ ) (@v0)? + u(g = DIVIUIR)
+ g+ (VU2 . UdivU
> g|UT [l VU * 4 O+ w)(divU)* + (g — 2) [VIU|)?
— (W@ —DIVIU|| - 1divU ] (3.7

_ . 1
=q|U|"? [mvwz + (A + ) (divU — 5|V|U||)2]

1
+qlUT7? [u(q —2) = 10+ - 2>2] IVIU|I.

Please cite this article in press as: Y. Wang, X. Huang, On center singularity for compressible spherically symmetric
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Note that |V|U|| < |VU|, taking ¢ =4 and X < 2u, we have
%/p|U|4dx+/|VU|2|U|2dx
5C/P|U|2|VU|dx+C/|Vd|2|U|2|VU|dx
5C/p|U|4dx+Cf|VU|2dx+%/|VU|2|U|2dx+C/|Vd|4|U|2dx

1
5C/p|U|4dx+C/|VU|2dx+Z/|VU|2|U|2dx+C/|Vd|2 (|U|4+|Vd|4) dx.

Hence,
d 4 2 2
o plU|"dx + | |VU|"IU|"dx

gc/p|U|4dx+c/|VU|2dx+C||vd||ioc </,0|U|4dx+/|Vd|4dx>,

where we used the lower bound for density.
Applying the gradient operator to (1.1)3, then one gets that

(3.8)

Vd, — VAd = —V(U - Vd) + V(|Vd|*d). (3.9)

Multiplying (3.9) by 4|Vd|?Vd and integrating the resulting equation over 2 lead to
%/|Vd|4dx+4/<|Vd|2|V2d|2+2|Vd|2|V(|Vd|)|2> dx
=4/ \Vd|>Vd - [—V(U -Vd) +V(|Vd|2d)] dx
5C/|Vd|3|V2d||U|dx~|—C/|V2d||Vd|4dx
52/|V2d|2|Vd|2dx+C/|U|2|Vd|4dx+Cf|Vd|6dx
52/|v2d|2|vc1|2dx+cnvd||%oo~(/p|U|4dx+/|Vd|4dx>.

Adding the two equations, (3.8) and (3.10) together, employing the Gronwall’s inequality, we
have

(3.10)

t
/<p|U|4+|Vd|4) dx—i—//(|U|2|VU|2+|Vd|2|V2d|2> dxds < C, 3.11)
0

which completes the proof for Lemma 3.1. O
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Lemma 3.2. Under the condition (3.1), as long as A < 2y, it holds that for every 0 <t < T*,

t
/<|VU|2+|V2d|2> dx+//(|th|2+|V3d|2) dxds <C.
0

Proof. Let us take the L2-norm of both sides of the equation (3.9). Using Young’s inequality,
we get that

d
E/|v2ar|2dx+/(|VAd|2+|th|2)dx

(3.12)
§C/ (|VU|2|Vd|2+ \U12IV2d|? + |Vd[® + |Vd|2|V2d|2> dx.
Here the second term on the right hand can be estimated as follows,
/|U|2|v2d|2dx
5/(|U||VU||Vd||V2d|+|U|2|Vd||VAd|)dx
1
< c/ (|U|2|VU|2+ |Vd|2|v2d|2) dx + 5||VAd||§2 +/ \U*|Vd|*dx
1
< E||VAd||§2 —i—C/ \U2 VU |?dx 4 C||Vd |3 (/ |V2d|2dx+/pU4dx>,
where for the last inequality we used the assumption (3.1),
p=>M".
Hence,
d
Z/|v2d|2dx+/(|vmz|2+|Vd,|2)dx
(3.13)

§C||Vd||2Loo/(|VU|2+|V2d|2+p|U|4+|Vd|4)dx+C/|U|2|VU|2dx.

Multiplying the momentum equation (3.4) by U, and then integrating over €2, then one gets
that

Please cite this article in press as: Y. Wang, X. Huang, On center singularity for compressible spherically symmetric
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1d

S [ (VP + e+ n@ive)?) dx +/p|U|2dx

=/,oU~(U»V)de—i—/PdivU,dx—/div(M(d))-U,dx
p (3.14)
=/,oU-(U~V)de+E/Pdidex—/Ptdidex

d
+ E/M(d)-Vde —/M(d), -VUdx.
To deal with the term [ (P; - divU + M(d); - VU) dx, we split U into two parts, v and w. Let
v=L""(VP +divM(d)), and w=U —v.

Now,

/ [P, -divv+ M(d), - Vv] dx

__ / div[P,T3 + M(d),] - vdx

(3.15)
= —/(Cv)t ~vdx
1d 2
=——/‘(—£)%v dx.
2dt
Note that the equation for P is
Py +div(UP) + (y — 1) PdivU =0, (3.16)
hence it follows from Proposition 2.1,
‘/ P, - divwdx
< C/P|U| . |V2w|dx+C/P|VU| -|Vw|dx
(3.17)

<CIUll2 - IV*wli2 + CIVUIl 2 - IVl 2
< CIVU| 2 llpUll 2

1 .
<—IV/pUl3, + CIIVUIl3,,

and

Please cite this article in press as: Y. Wang, X. Huang, On center singularity for compressible spherically symmetric
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'/M(d), -Vwdx

< fM(d), VU dx

+ ‘/M(d),-Vvdx

5C/|th|-|Vd|~|VU|dx+C/|Vd,|-|Vd|~|Vv|dx

3.18
<1Vd2 C | VA IVU*dx +C | |Vd|*|Vv|*d G
_4|| .+ [Vd|"IVU|"dx + [Vd|"|Vv|~dx

1

=4IVl 72+ ClVd|]~ </|VU|2dx+/(IP|2+IM(d)Iz)dX>
1

ZHth”Lz‘i‘C“Vd”LOO <1 +/(|VU| +|Vd| )dX)

Taking the estimates (3.15)—(3.18) into (3.14), we have

d .
= U <M|VU|2+(/L+A)(divU)2] dx+2](t)> +/p|U|2dx
1
5||Vd,||L2+cf|U| VU dx+C/|VU| dx (3.19)

+ C||Vd|3 [1 +/(|VU|2+ |Vd|4)dx]

where

J(t)=%/)(—c)%uzdx—/Pdidex—/M(d).Vde.

Adding the two equations (3.12) and (3.19) together, we have

i 2 . 2 2 112 2 2

= U <M|VU| F (4 M) (divD)? + V2| ]dx+21(r))+f(p|U| +|VAd )dx

< C|Vd||i /(IVUlz +|V2d*) dx + C||Vd||7 [1 +/(|Vd|4+p|U|4>dx]
+C/|U|2|VU|2dx+C/|VU|2dx.

Employing Gronwall’s inequality and taking (3.11) into account, we get that

t
/M|VU|2+(/,L+/\)(divU)2+|v2d|2dx+f/p|0|2+|w,|2+|VAd|2dxdsgc. 0
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Hence, it follows from Lemma 3.2 and energy equality that

IVl 130,10 = Cs
which completes the proof of Theorem 1.1 with the help of the criterion (1.26).
4. Proof of Theorem 1.2

Suppose the conclusion of Theorem 1.2 fails, then there exists a ro € (0, R), M> € (1, 00)
such that for any r € (0, r9) and t < T*, the following inequality holds true

1
pltr)+ () + 1dr 1320 1. 100 0.0y = M- @.1)

Note that for spherically symmetric solutions,

AU =VaivU = (u, +m=) -, 4.2)
r’r r
we rewrite the equation of momentum as
. 1 2 .
(pU); +div(pU @ U) + VP = 5/<AU + §KVd1vU — Ad -Vd, 4.3)

where ¥k = 2 4+ A. The new equation satisfies the assumption (1.29). According to Theo-
rem 1.1, it remains to show that in fact there exists a constant C > 0 depending only on
My, po, ug, do, ro, R, a and T* such that for any r € (rp/2, R) and t < T*

1
pUt.r) + (1) + 1dr 1320, 1: 100 )y = C- “.4)

First, we give the basic energy equality in the spherical coordinate system.

Proposition 4.1. It holds that for every 0 <t < T*,

R
2 d.1?
/rm( ae +|r|>dr
2
0

t R
P 2 2 112 |d |2
+ Ku; +m/<—+|d,,+|d |“d|” + m—s— drds 4.5)
r
0 0
¢ poud — ap)  |(do),|?
m
= d .
/r ( > +]/—1+ > ) r
0

With the help of (4.1) and Proposition 4.1, the regularity of d is at hand.
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Lemma 4.1. Let r| = %0 Under the condition (4.1), for every 0 <t <T < T*, it holds that

t R
/ / r™\dy|* drds < C(Eo + E3T), (4.6)
0 n
and then
t R
/ / r"|d,,|* drds < C(MaEo + EJT). 4.7)
00
Consequently,

14, 1720, 1: e 0.5y < C(M2Eo + EGT + Mo). (4.8)

Proof. By Gagliardo—Nirenberg inequality and Poincaré’s inequality,

Idr 72, gy < CC1s RN 132, gy - i L2, Ry- 4.9)

As |d| =1, one obtains

R
[ i ar
r1

R R
52/r’"|d,,+|d,|2d|2dr+2frm|d,|4dr

8t r

R R
52/r’"|d,,+|d,|2d|2dr+2Rm/|dr|4dr

at rl

R (4.10)

<2 / P dpr + |dr AP dr + Clld; 35, gy lder |2,y

r

R
szfr'"wrr +1d,PdPdr + Cllridil} s, o lir¥ derll2g, gy

8t

R R
<c [, +1d2dPdr + [ 71y Pdr + ClrE a0
= r | rr+| r| | }’+2 r | rr| }’+ ”r r”Lz(rl,R)'

r r

Hence, (4.6) follows immediately from energy equality (4.5) and (4.10).
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To prove (4.7), it amounts to show

r n
/ f ¥ \der|? drds
0 0

t t
52//(rm|d,,+|d,|2d|2) drds+2//rm|d,|4drds
4.11)
00 00
t r t r
52//rm|drr + |dr|2d|2drds+2/ ||dr||ioo(0,rl)/rm|dr|2drds
0 0 0 0

<CEy+ CEyM;.

We then use the following Sobolev inequalities for radially symmetric functions with the
boundary condition d, (¢, 0) = 0 and conclude

r r
d
dy P = / (dyt™)ed| = / ((dr>f+m7’)fmdf
0

| (4.12)
2

IA
—
N

Q

3

+

3

o &
N——"
()

-

3

Ny

_

3
~
+| 3
N———
)]

Therefore,

1d: 132 0,12 0wy 1y < C(M2Eo + EGT). (4.13)

Combining with the assumption (4.1), we have

Id- 17201101 < C(M2Eo+ EgT +Ma). O (4.14)

It remains to establish the upper and lower bounds of the density away from the center. We
then work in Lagrangian coordinates.
The following lemma gives a relationship between r and y.

Lemma 4.2. There exists a positive constant Cy| depending only on a, y, such that

1
y -1
r(t, y) > Cl—lyi(erl)(y,l) EO (m+1)(y—-1) , (415)

and

Rt yy™ > 7 (Mo — ) TTE, T, (4.16)

forall (t,y) e Or0=10,T] x [0, Mo].
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Proof. By the energy equality (4.5), one has

r r
m _1
y:/,otmdtzfprytm(l V>dr
0
1
4 4.17)
<| [prema / dr
0
<t m+1)(1-2) E()%
Consequently,
| ol o~ D
r(t,y) = C; ymiho-DE, = (4.18)
Similarly,
R R
m 1
Mo—y=/p1:mdt=fpr7tm(1_7)dr
r r
R 1 R -1
4 Y (4.19)
< p’t"dt /rmdr
r r
-1 1
< C [Rm+l _r(t’y)m—FIiI Y E(;/ 0O

We are now in a position to establish the pointwise estimates of the density away from the
center. We need to fix one point yg € (0, Mp), such that

r(t,y0) < %0, forevery 0 <t < T*. (4.20)

Choose some point yq satisfying
ro\m+1 1
Yo = (—) —_—
2 My - (m+1)
It can be verified such a point satisfies (4.20), since

r

y:/,o(t,r)rmdt ZMZ_I
0

1
m+41

m+1

rmT, forevery 0 <t < T*.
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Lemma 4.3. Under the condition (4.1), there exists a constant C such that
1

p(t,y)+ ;(t, y=C, (t,y)€l[0,T]x [yo, Mol.

Proof. In view of (1.15) and (1.16), it holds

ctosm=e(2) =—sTpim),
o/ )

. 1 .
= Mg = py =5 (PPN ) —mr ol P

2

_ u 1 _
= —(r ml/l)t —mm —Dy— = (rzmp2|dy|2)y — mr™ 1/0|dy|2.

2

Thus, for y > yg > 0, integrating (4.22) over (0, ) x (yg, ¥), we deduce that

pt,y) po(y)
=« log
p(t, yo) Po(y0)

y
+ / [7"u)(0,2) — r " u) (1, 2)] dz

Yo

t oy
+/[p(s,yo)—p(s,y)] ds—// u (S 62 s
0

t

y
—//[ r¥" p?|dy|?)y + mr™~ |dy|2i| dzds

0 Yo

which is equivalent to

r"u)(0,2) — (r"u)(1,2)] dz

p(t,Y) o) _l/y
= exp | « [
e, yo)  po(yo) ;

0

-exp x‘lf[p@,yo)— (s, y)] ds

o[ [
- exp
y

cexp | — 1// |: Pom 2|d 1? )y +mr™” ,o|dy|2] dzds

0 Yo

We can rewrite (4.24) as

YJDEQ:9152

.21

4.22)

(4.23)

(4.24)

nematic liquid crystal flows, J. Differential Equations (2018), https://doi.org/10.1016/j.jde.2017.12.035
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t
p(t,y) =PEUE y)yexp | =« / p(s, y)ds (4.25)
0
where
t
1, _
P) = P, y0) exp | « ! /p(s, yo)ds (4.26)
po(yo)
0
and
y
Ut y) = po(y)exp | k' / [ u)(0,2) — r"u)(1,2)] dz
Y0

oy, )
1 us(s,z
-exp | —« //m g dzds
0 Yo

ty
1
exp | [ [ [5<r2'"p2|dy|2>y+mrm‘p|dy|2} dds
0

Yo

(4.27)

3
= po(y) exp (K‘l Z)ﬁ) :
i=1

For every t € [0, T'], y € [yo, Mp], it follows from the equation of mass, the energy inequality
(4.5) and Lemma 4.2 that

y My

/rf’"u(t,z)dz §/r7m|u|dy

Y0 Yo
R

- / plu|dr

r(yo)
R

<Cr(yp)™" f plulr™dr (4.28)
r(30)
R IR 3
<Cr(yo™ /pr’"dr /puzrmdr
0 0
11
<Cr(yo) "My E;

_ my 1 (m+Dy+m—1
(m+D)(y—1) 2 2m+D(y—-1)
<Cy, M E,

3
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which implies

(m+1)y+m—1

|X1| <Cy (Wl+1)(7/ I)M Ez(m‘H)(V |) (429)

Meanwhile, using the energy inequality (4.5) and Lemma 4.2 again,

T My

|x2|<//mr m—d ds

0 Yo

T R 2
szmpluldd
r

0 r(yo)

(4.30)

T R
§Cr(yo)_m_1//p|u|2rmdrds

<Cr(yo) ™ 'EoT
__Y Ll

<Cy, " 'EJ'T.

Employing Lemma 4.1 and Proposition 4.1, we get that

ty
1
|X3| = // [E(rzmp2|d)7|2)y +mrm]10|dy|2} dZdS

0 Yo

T r(y)

1 2
|/ [5\(|dr| "
0

r(y0)

T R
m
s/ / (1d: - dorl + " 1d,2) s
r 4.31)

0 r(yo)

T R
d.1? m
//<r|d,,|2+|;| +7|d,|2> drds

0 r(y0)

n T|d,|2] drds
.

IA

T R
SCr(yo)*‘/ / [r2|d,r|2+(m+l)|d,|2] drds

0 r(y0)

< C (m+l)(y D E(m+1)(y D (M2E0 + EOT)
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Let us set

Y

_ Y 1
E(;/71 T + yo m+D(y—1) E(;InJrl)(yfl) (M2E() + EST)

_ my 1 (m+1D)y+m—1 _ .y
_ (m+D)(y—1 2 2m+D(y—-1 y—1
H=y, My Eq + Yo

(4.32)
The above estimates for Z/(¢, y) can be simply written as
U(t, y) < Csup po(x) - exp(Ck " H),
xeQ
1 (4.33)
Z/l_l(t, y<C (inf ,oo(x)) ~exp(C/<_1H).
xeQ
Next, we are in a position to estimate P(¢). It follows from (4.25) that
t t
Y ay Y
7 | P e / pGs,y)ds | | =—pt ) exp| = / p(s,y)ds
t K K K
0 0 (4.34)
a
=L POUtYY .
which implies
t t 1/y
1 ay
exp | — p(s,y)ds | =1+ ~ [P(s)U(s, y))Y ds ) (4.35)
0 0
In view of (4.25) and (4.35), we have
P@)U, y)
pt,y) = t Y =g (4.36)
(1 + 9P UG, y))Vds)
Observe that
Mo d R Rm+1 m+1
[ [ mar — Iyt
P, y) m+1
Yo r(t,yo)

Then, P(t) can be estimated as

Please cite this article in press as: Y. Wang, X. Huang, On center singularity for compressible spherically symmetric
nematic liquid crystal flows, J. Differential Equations (2018), https://doi.org/10.1016/j.jde.2017.12.035




YJDEQ:9152

22 Y. Wang, X. Huang / J. Differential Equations eee (eeee) see—eee
R — (r (@, yo)"*!

m+1 P®

My
P(1)

o, y)
Yo

dy

M"(l + 4 [P Us, )] ds)w .

- UG, y) ' (437)
Yo
My My t 1/y
1 17y
< / dy + (ﬂ) sup U, y) | | sup U1, ) / /P(s)yds dy
U,y K Oty Oty
Yo Yo LO
t
< (Mo — y0) |: sup U_l(t,y)j| | 1+ C sup U(t,y) - /P(s)” ds
QT,yQ QT.yO 0
Taking y-th power of both sides of (4.37), it follows from Lemma 4.2 that we have
M, = !
_ =
<°—y°) P <C| sup U1, y)
EO QT.yO
(4.38)

t

% %
+C |: sup u'a, y):| . |:sup Ult, y)j| . /P(s)”ds

QT.yO QT.yO 0

Therefore, by Gronwall’s inequality, we deduce from (4.38) that

P(t)<C( Eo )ﬁ sup U7\ (t, )
=C{4; :

0— Y0 QTv.VO
(4.39)
B\ ' '
-expy CT < ) - | sup Z/{*](t,y) | sup Uz, y)
Mo — o 07,5 7.3
Finally, recalling (4.26) and (4.36), we have
(4.40)

p(t,y) <P@)- [sup U(t,y)} ,

QT.yO

and
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t
pan " =P sty | |14 f [P UGs. T ds
0

Q7.9
1
t 14
Pt 50) | 07, £
1
t Y
som3 | swp e |- (142 [ Pouc. as |
QT-,VO «
0

where the last inequality is due to the fact r(z, yo) < 7. Plugging the estimates (4.33), (4.39)
into (4.40) and (4.41), we can deduce the desired pointwise estimate for p. Thus the proof of
Lemma 4.3, therefore, Theorem 1.2, is completed. O
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