
JID:YJDEQ AID:9152 /FLA [m1+; v1.276; Prn:8/01/2018; 10:53] P.1 (1-24)

Available online at www.sciencedirect.com
ScienceDirect

J. Differential Equations ••• (••••) •••–•••
www.elsevier.com/locate/jde

On center singularity for compressible spherically 

symmetric nematic liquid crystal flows

Yun Wang a,∗, Xiangdi Huang b

a Department of Mathematics, Soochow University, SuZhou, 215006, People’s Republic of China
b NCMIS, AMSS, Chinese Academy of Sciences, Beijing, 100190, People’s Republic of China

Received 9 June 2015; revised 29 November 2017

Abstract

The paper is concerned with a simplified system, proposed by Ericksen [6] and Leslie [20], modeling the 
flow of nematic liquid crystals. In the first part, we give a new Serrin’s continuation principle for strong 
solutions of general compressible liquid crystal flows. Based on new observations, we establish a localized 
Serrin’s regularity criterion for the 3D compressible spherically symmetric flows. It is proved that the clas-
sical solution loses its regularity in finite time if and only if, either the concentration or vanishing of mass 
forms or the norm inflammation of gradient of orientation field occurs around the center.
© 2018 Elsevier Inc. All rights reserved.
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1. Introduction

In this paper, we consider the motion of the compressible nematic liquid crystal flows, which 
is described by the following simplified Ericksen–Leslie system,
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⎧⎪⎨
⎪⎩

ρt + div(ρU) = 0,

ρUt + ρ(U · ∇)U − μ�U − (μ + λ)∇(divU) + ∇P = −�d · ∇d,

dt + (U · ∇)d = �d + |∇d|2d.

(1.1)

Here ρ ≥ 0 is the density of the fluid and U is the velocity field. d denotes the macroscopic 
average of the nematic liquid crystal orientation field, which conforms to |d| = 1. P = P(ρ) is 
the pressure of the fluid, which is a function of the density. The equation of state is given by

P(ρ) = aργ , a > 0, γ > 1. (1.2)

The constants μ and λ are the shear viscosity and the bulk viscosity coefficients of the fluid 
respectively, and they satisfy the following physical conditions,

μ > 0, 3λ + 2μ ≥ 0. (1.3)

The three equations in (1.1) are the equations for conservation of mass, linear momentum and 
angular momentum respectively.

The domain � is a bounded ball with radius R, namely,

� = BR = {x ∈ R
3; |x| ≤ R < ∞}.

We study an initial boundary value problem for (1.1) with the initial condition

(ρ,U,d)(0, x) = (ρ0,U0, d0)(x), x ∈ �, (1.4)

and the boundary condition

U(t, x) = 0,
∂d

∂ 	n(t, x) = 0, t ≥ 0, x ∈ ∂�. (1.5)

And we are looking for the smooth spherically symmetric solution (ρ, U, d) of the problem 
(1.1)–(1.5) which enjoys the form

ρ(t, x) = ρ(t, |x|), U(t, x) = u(t, |x|) x

|x| , d(t, x) = d(t, |x|). (1.6)

Then, for the initial data to be consistent with the form (1.7), we assume the initial data 
(ρ0, U0, d0) also takes the form

ρ0(x) = ρ0(|x|), U0(x) = u0(|x|) x

|x| , d0(x) = d0(|x|). (1.7)

In this paper, we further assume the initial density is uniformly positive, that is,

ρ0(x) = ρ0(|x|) ≥ ρ > 0, x ∈ �, (1.8)
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for a positive constant ρ. Then it is noted that as long as the classical solution of (1.1)–(1.5) exists 
the density ρ is positive, that is, the vacuum never occurs. It is also noted that the assumption 
(1.6) implies

U(t, x) + U(t,−x) = 0, x ∈ �, (1.9)

and ∇d follows the same principle. We necessarily have U(t, 0) = 0 and ∇d(t, 0) = 0.
In the spherical coordinates, the original system (1.1) under the assumption (1.6) takes the 

form

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

ρt + (ρu)r + m
ρu

r
= 0,

(ρu)t +
[
ρu2 + P(ρ)

]
r
+ m

ρu2

r
= κ

(
ur + m

u

r

)
r
− 1

2
(|dr |2)r − m

r
|dr |2,

dt + udr = drr + |dr |2d + m

r
dr,

(1.10)

where m = N − 1 and κ = 2μ + λ.
In this paper, we will focus on the following three-dimensional (N = 3) initial boundary value 

problem for the system (1.10). The initial condition is given as

(ρ,u, d)|t=0 = (ρ0, u0, d0), (1.11)

and the boundary condition is

u(t, r) = 0, dr (t, r) = 0 for r ∈ {0,R}. (1.12)

Now, we consider the following Lagrangian transformation:

t = t, y =
r∫

0

ρ(t, τ ) τmdτ. (1.13)

Then, it follows from (1.10) and (1.13) that

yt =
r∫

0

∂ρ

∂t
(t, τ ) · τm dτ = −

r∫
0

[
∂(ρu)

∂τ
+ m

ρu

τ

]
· τm dτ = −ρurm, (1.14)

and yr = ρ(t, r)rm. Consequently,

rt = u, ry = (ρrm)−1. (1.15)
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Hence, the system (1.10) can be further reduced to

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

ρt + ρ2(rmu)y = 0,

r−mut + py = κ
[
ρ(rmu)y

]
y

− 1

2

(
r2mρ2|dy |2

)
y

− mrm−1ρ|dy |2,

dt = rmρ
(
rmρdy

)
y

+ mrm−1ρdy + r2mρ2|dy |2d,

(1.16)

where t ≥ 0, y ∈ [0, M0] and M0 is defined by

M0 =
R∫

0

ρ0(r) rN−1dr =
R∫

0

ρ(t, r) rN−1dr, (1.17)

according to the conservation of mass. We denote by E0 the initial energy

E0 =
R∫

0

rN−1

(
ρ0

u2
0

2
+ aρ

γ

0

γ − 1
+ |(d0)r |2

2

)
dr, (1.18)

and define a rectangle Qt,y , for t ≥ 0 and y ∈ [0, M0], as

Qt,y = [0, t] × [y,M0]. (1.19)

There are some special related cases. When the density ρ is initially constant and the fluid is 
incompressible, then the density remains constant and consequently the whole system (1.1) be-
comes the incompressible version. For this case, Lin [21], Lin–Liu [23,24] initiated the rigorous 
mathematical analysis. For some more recent results, please refer to [9,22,25,31] and references 
therein.

When d is a constant vector field, the system (1.1) becomes a compressible Navier–Stokes 
one for the isentropic flow, which is one of the most important models in fluid dynamics. There 
are a huge amount of literatures about that. For an overview, see, for example, [8,26] and ref-
erences therein. The local strong solution was proved to exist uniquely ([2,3,28,29]). Whether 
the local strong solution blows up or not is still an open problem. Some blowup criteria have 
been contributed to study the mechanism for possible breakdown. The earlier ones rely on the 
high-order bound of density or velocity, see [4,7]. Later, efforts were made toward the criteria 
in terms of low-order bound of density only or velocity only. In this direction, Huang [14] and 
Huang–Xin [18] first established a blowup criterion, analogous to the Beale–Kato–Majda crite-
rion [1] for the ideal incompressible flows, which can be stated as follows: suppose T ∗ < ∞ is 
the maximal existence time for a local strong solution and

λ < 7μ, (1.20)
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then

lim
T →T ∗

T∫
0

‖∇u‖L∞ dt = ∞. (1.21)

It is improved later in [17] to

lim
T →T ∗

T∫
0

‖Du‖L∞ dt = ∞, (1.22)

where Du is the deformation tensor, Du = ∇u+(∇u)T

2 . More recently, one Serrin type’s criterion 
was given by Huang–Li–Xin [16] (without the assumption (1.20)), which is

lim
T →T ∗

(‖divu‖L1(0,T ;L∞) + ‖√ρu‖Ls(0,T ;Lr)

)= ∞, with 2/s + 3/r ≤ 1. (1.23)

(1.23) is called as Serrin type, since it is almost the same as the well-known Serrin’s criterion 
for the 3D incompressible Navier–Stokes equations. In the same paper, Huang–Li–Xin [16] gave 
another criterion in terms of density, but with the artificial condition (1.20), which is

lim
T →T ∗ ‖ρ‖L∞(0,T ;L∞) = ∞. (1.24)

The same result was also obtained by Sun–Wang–Zhang [30] independently.
Now, let’s return to the system (1.1). There are not so many results. It is not clear whether a 

global weak solution to (1.1)–(1.5) exists in dimensions greater than one. For the one dimensional 
case, such an existence has been derived by Ding–Wang–Wen [5]. On the other hand, strong 
solutions are proved to exist, refer to [11]. The strong solution to the system (1.1)–(1.5) is defined 
as follows.

Definition 1.1 (Strong solutions). (ρ, U, d) is called a strong solution to (1.1) in � × (0, T ), if 
for some 3 < q < ∞,

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

ρ ≥ 0, ρ ∈ C([0, T ];W 1,q ), ρt ∈ C([0, T ];L2 ∩ Lq),

U ∈ C([0, T ];H 1
0 ∩ H 2) ∩ L2(0, T ;W 2,q), Ut ∈ L2(0, T ;H 1

0 ) and
√

ρUt ∈ L∞(0, T ;L2),

∇d ∈ C([0, T ];H 2) ∩ L2(0, T ;H 3), dt ∈ C([0, T ];H 1) ∩ L2(0, T ;H 2), |d| = 1,

and (ρ, U, d) satisfies (1.1) a.e. in � × (0, T ).

It is also an open problem whether the strong solution blows up in finite time. One step toward 
this problem is to make clear the mechanism for the possible breakdown. After the recent blowup 
results in the study for the compressible Navier–Stokes system, some similar blowup criteria 



JID:YJDEQ AID:9152 /FLA [m1+; v1.276; Prn:8/01/2018; 10:53] P.6 (1-24)

6 Y. Wang, X. Huang / J. Differential Equations ••• (••••) •••–•••
for the compressible nematic liquid crystal flow were derived, see [11,12,19,27] and references 
therein. In particular, it was shown by Huang–Wang–Wen [11,12] that

lim
T →T ∗

(‖DU‖L1(0,T ;L∞) + ‖∇d‖L2(0,T ;L∞)

)= ∞, (1.25)

or (with the crucial artificial assumption 7μ > 9λ)

lim
T →T ∗

(‖ρ‖L∞(0,T ;L∞) + ‖∇d‖L3(0,T ;L∞)

)= ∞, (1.26)

where T ∗ is the maximal time of existence of strong solutions.
In [19], the authors established a Serrin type criterion,

lim
T →T ∗

(‖ρ‖L∞(0,T ;L∞) + ‖U‖Ls1 (0,T ;Lr1 ) + ‖∇d‖Ls2 (0,T ;Lr2 )

)= ∞, (1.27)

with ri and si satisfying

2

si
+ 3

ri
≤ 1, 3 < ri ≤ ∞, i = 1,2.

Our first result gives a new blowup criterion for further use. It can be stated as follows.

Theorem 1.1. For q̃ ∈ (3, 6], assume that the initial data (ρ0, U0, d0) satisfy

ρ0 ∈ W 1,q̃ , infρ0 > 0, U0 ∈ H 2 ∩ H 1
0 , ∇d0 ∈ H 2, |d0| = 1.

Let (ρ, U, d) be a strong solution to the initial boundary value problem (1.1)–(1.5). If T ∗ < ∞
is the maximal time of existence, then

lim sup
t→T ∗

(∥∥∥∥(ρ(t),
1

ρ
(t))

∥∥∥∥
L∞

+ ‖∇d‖L2(0,t;L∞)

)
= ∞ (1.28)

provided

λ < 2μ. (1.29)

Remark 1.1. As in [12], Criterion (1.28) restates the important role of liquid crystal orientation 
field. To prevent breakdown of classical solutions, we may only need to track the behavior of ∇d

rather than the velocity U . In fact, we will give the localized version of (1.28), which is our main 
result in this paper.

Let us mention that the global radially symmetric strong solutions exist in annular domains, 
which was proved in [10]. So we guess the singularity will happen around the center. We try 
to capture the possible singular behavior at the center. In fact we have the following localized 
Serrin’s continuation principle.
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Theorem 1.2. Assume that the initial data (ρ0, U0, d0) satisfy (1.7)–(1.8) and

(ρ0,U0, d0) ∈ H 3, |d0| = 1. (1.30)

Let (ρ, U, d) be a classical spherically symmetric solution to the initial boundary value problem 
(1.1)–(1.5) in [0, T ] × �, and T ∗ be the upper limit of T , that is, the maximal time of existence 
of the classical solution. Then, if T ∗ < ∞, the following continuation principle holds

lim sup
(t,r)→(T ∗,0)

(
ρ(t, r) + 1

ρ
(t, r) + ‖∇d‖L2(0,t;L∞(0,r))

)
= ∞. (1.31)

Remark 1.2. Theorem 1.2 characterizes a local behavior of blowup phenomenon for compress-
ible liquid crystal flows. (1.31) can be viewed as a localization of Serrin’s continuation principle. 
It asserts that the concentration or vanishing of the density, the unbounded Serrin norm inflamma-
tion of the gradient liquid crystal field around the center should be responsible for the formation 
of singularities.

Remark 1.3. Theorem 1.2 is consistent with the result in [10], where it is proved that the global 
radially symmetric strong solutions exist in annular domain.

Remark 1.4. The method we adopt here is in the same spirit as that in [13,15], where compress-
ible Navier–Stokes equations were considered.

This paper is organized as follows. Section 2 is devoted to some preliminaries. We will illus-
trate the main ideas of Theorem 1.1 in Section 3 and concentrate on the proof of Theorem 1.2 in 
Section 4.

2. Preliminaries

First, let us explain some notations and conventions used throughout this paper.
Notations. For 1 ≤ p ≤ ∞ and integer k ≥ 0, the standard Sobolev spaces in � are denoted 

by:

Lp = Lp(�), Wk,p = Wk,p(�), Hk = Wk,2,

and H 1
0 = {v ∈ H 1| v|∂� = 0}. We denote

ḟ = ft + U · ∇f,

∫
f dx =

∫
�

f dx.

Next, one proposition is presented for the Lamé system, which comes from the momentum 
equation (1.1)2. Assume that � ⊂ R

3 is a bounded smooth domain. Suppose V ∈ H 1
0 is a weak 

solution to the Lamé system,

{
μ�V + (μ + λ)∇divV = F, in �,

V (x) = 0, on ∂�.
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In what follows, we denote LV = μ�V + (μ + λ)∇divV . Owing to the uniqueness of solution, 
we denote V = L−1F .

The system is an elliptic system under the assumption (1.3), hence some regularity estimates 
can be derived. For a proof, refer to [30].

Proposition 2.1. Let q ∈ (1, ∞). Then there exists some constant C depending only on λ, μ, q
and � such that

• if F ∈ Lq , then

‖V ‖W 2,q ≤ C‖F‖Lq ; (2.1)

• if F ∈ W−1,q (i.e., F = divf with f = (fij )3×3, fij ∈ Lq ), then

‖V ‖W 1,q ≤ C‖f ‖Lq .

3. Proof of Theorem 1.1

Suppose the conclusion of Theorem 1.1 fails, then there exists some M1 ∈ (0, ∞) such that 
for any t < T ∗, the following inequality holds true

‖ρ(t)‖L∞ +
∥∥∥∥ 1

ρ
(t))

∥∥∥∥
L∞

+ ‖∇d‖L2(0,t;L∞) ≤ M1. (3.1)

We then prove the following inequality

lim sup
t→T ∗

(‖ρ(t)‖L∞ + ‖∇d‖L3(0,t;L∞)

)≤ C. (3.2)

It gives a contradiction to the definition of T ∗, according to (1.26).
The first step of the proof is the derivation of basic energy inequality. Multiplying (1.1)2 and 

(1.1)3 by U and (�d + |∇d|2d) respectively, adding the resulting equations together, we obtain 
the following energy estimate:

Proposition 3.1. It holds that for every 0 < t < T ∗,

∫ (
1

2
ρ|U |2 + 1

2
|∇d|2 + aργ

γ − 1

)
dx

+
t∫

0

∫ (
μ|∇U |2 + (μ + λ)|divU |2 + |�d + |∇d|2d|2

)
dxds

=
∫ [

1

2
ρ0|U0|2 + 1

2
|∇d0|2 + aρ

γ

0

γ − 1

]
dx.

The key estimate of Theorem 1.1 lies on the following enhanced energy estimates.
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Lemma 3.1. Under the condition (3.1), as long as λ < 2μ, it holds that for every 0 < t < T ∗,

∫ (
ρ|U |4 + |∇d|4

)
dx +

t∫
0

∫ (
|∇U |2|U |2 + |∇d|2|∇2d|2

)
dxds ≤ C. (3.3)

Proof. The momentum equation (1.1)2 can be written as follows,

ρUt + (ρU · ∇)U − μ�U − (μ + λ)∇divU + ∇P = −div(M(d)), (3.4)

where

M(d) � ∇d ⊗ ∇d − 1

2
|∇d|2I3. (3.5)

Multiplying (3.4) by q|U |q−2U , and integrating over � yields

d

dt

∫
ρ|U |q dx +

∫ {
q|U |q−2

[
μ|∇U |2 + (λ + μ)(divU)2 + μ(q − 2)|∇|U ||2

]
+ q(λ + μ)(∇|U |q−2) · UdivU

}
dx

≤ q

∫
P div(|U |q−2U)dx + C

∫
|∇d|2|U |q−2|∇U |dx

≤ C

∫
P |U |q−2|∇U |dx + C

∫
|∇d|2|U |q−2|∇U |dx.

(3.6)

Here,

q|U |q−2
[
μ|∇U |2 + (λ + μ)(divU)2 + μ(q − 2)|∇|U ||2

]
+ q(λ + μ)(∇|U |q−2) · UdivU

≥ q|U |q−2[μ|∇U |2 + (λ + μ)(divU)2 + μ(q − 2) |∇|U ||2
− (λ + μ)(q − 2)|∇|U || · |divU |]

= q|U |q−2
[
μ|∇U |2 + (λ + μ)(divU − 1

2
|∇|U ||)2

]

+ q|U |q−2
[
μ(q − 2) − 1

(λ + μ)(q − 2)2
]

|∇|U ||2 .

(3.7)
4
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Note that |∇|U || ≤ |∇U |, taking q = 4 and λ < 2μ, we have

d

dt

∫
ρ|U |4 dx +

∫
|∇U |2|U |2 dx

≤ C

∫
P |U |2|∇U |dx + C

∫
|∇d|2|U |2|∇U |dx

≤ C

∫
ρ|U |4 dx + C

∫
|∇U |2 dx + 1

4

∫
|∇U |2|U |2 dx + C

∫
|∇d|4|U |2 dx

≤ C

∫
ρ|U |4 dx + C

∫
|∇U |2 dx + 1

4

∫
|∇U |2|U |2 dx + C

∫
|∇d|2

(
|U |4 + |∇d|4

)
dx.

Hence,

d

dt

∫
ρ|U |4 dx +

∫
|∇U |2|U |2 dx

≤ C

∫
ρ|U |4 dx + C

∫
|∇U |2 dx + C‖∇d‖2

L∞

(∫
ρ|U |4 dx +

∫
|∇d|4 dx

)
,

(3.8)

where we used the lower bound for density.
Applying the gradient operator to (1.1)3, then one gets that

∇dt − ∇�d = −∇(U · ∇d) + ∇(|∇d|2d). (3.9)

Multiplying (3.9) by 4|∇d|2∇d and integrating the resulting equation over � lead to

d

dt

∫
|∇d|4 dx + 4

∫ (
|∇d|2|∇2d|2 + 2|∇d|2|∇(|∇d|)|2

)
dx

= 4
∫

|∇d|2∇d ·
[
−∇(U · ∇d) + ∇(|∇d|2d)

]
dx

≤ C

∫
|∇d|3|∇2d||U |dx + C

∫
|∇2d||∇d|4 dx

≤ 2
∫

|∇2d|2|∇d|2 dx + C

∫
|U |2|∇d|4 dx + C

∫
|∇d|6 dx

≤ 2
∫

|∇2d|2|∇d|2 dx + C‖∇d‖2
L∞ ·

(∫
ρ|U |4 dx +

∫
|∇d|4 dx

)
.

(3.10)

Adding the two equations, (3.8) and (3.10) together, employing the Gronwall’s inequality, we 
have

∫ (
ρ|U |4 + |∇d|4

)
dx +

t∫
0

∫ (
|U |2|∇U |2 + |∇d|2|∇2d|2

)
dxds ≤ C, (3.11)

which completes the proof for Lemma 3.1. �
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Lemma 3.2. Under the condition (3.1), as long as λ < 2μ, it holds that for every 0 < t < T ∗,

∫ (
|∇U |2 + |∇2d|2

)
dx +

t∫
0

∫ (
|∇dt |2 + |∇3d|2

)
dxds ≤ C.

Proof. Let us take the L2-norm of both sides of the equation (3.9). Using Young’s inequality, 
we get that

d

dt

∫
|∇2d|2 dx +

∫
(|∇�d|2 + |∇dt |2) dx

≤ C

∫ (
|∇U |2|∇d|2 + |U |2|∇2d|2 + |∇d|6 + |∇d|2|∇2d|2

)
dx.

(3.12)

Here the second term on the right hand can be estimated as follows,

∫
|U |2|∇2d|2dx

≤
∫ (

|U ||∇U ||∇d||∇2d| + |U |2|∇d||∇�d|
)

dx

≤ C

∫ (
|U |2|∇U |2 + |∇d|2|∇2d|2

)
dx + 1

2
‖∇�d‖2

L2 +
∫

|U |4|∇d|2 dx

≤ 1

2
‖∇�d‖2

L2 + C

∫
|U |2|∇U |2 dx + C‖∇d‖2

L∞

(∫
|∇2d|2dx +

∫
ρU4dx

)
,

where for the last inequality we used the assumption (3.1),

ρ ≥ M−1
1 .

Hence,

d

dt

∫
|∇2d|2 dx +

∫
(|∇�d|2 + |∇dt |2) dx

≤ C‖∇d‖2
L∞

∫
(|∇U |2 + |∇2d|2 + ρ|U |4 + |∇d|4) dx + C

∫
|U |2|∇U |2 dx.

(3.13)

Multiplying the momentum equation (3.4) by Ut and then integrating over �, then one gets 
that
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1

2

d

dt

∫ (
μ|∇U |2 + (μ + λ)(divU)2

)
dx +

∫
ρ|U̇ |2 dx

=
∫

ρU̇ · (U · ∇)U dx +
∫

P divUt dx −
∫

div(M(d)) · Ut dx

=
∫

ρU̇ · (U · ∇)U dx + d

dt

∫
P divU dx −

∫
PtdivU dx

+ d

dt

∫
M(d) · ∇U dx −

∫
M(d)t · ∇U dx.

(3.14)

To deal with the term 
∫

(Pt · divU + M(d)t · ∇U) dx, we split U into two parts, v and w. Let

v = L−1 (∇P + divM(d)) , and w = U − v.

Now,

∫
[Pt · divv + M(d)t · ∇v] dx

= −
∫

div [Pt I3 + M(d)t ] · v dx

= −
∫

(Lv)t · v dx

= 1

2

d

dt

∫ ∣∣∣(−L)
1
2 v

∣∣∣2 dx.

(3.15)

Note that the equation for P is

Pt + div(UP ) + (γ − 1)P divU = 0, (3.16)

hence it follows from Proposition 2.1,

∣∣∣∣
∫

Pt · divw dx

∣∣∣∣
≤ C

∫
P |U | · |∇2w|dx + C

∫
P |∇U | · |∇w|dx

≤ C‖U‖L2 · ‖∇2w‖L2 + C‖∇U‖L2 · ‖∇w‖L2

≤ C‖∇U‖L2‖ρU̇‖L2

≤ 1

4
‖√ρU̇‖2

L2 + C‖∇U‖2
L2,

(3.17)

and
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∣∣∣∣
∫

M(d)t · ∇w dx

∣∣∣∣
≤
∣∣∣∣
∫

M(d)t · ∇U dx

∣∣∣∣+
∣∣∣∣
∫

M(d)t · ∇v dx

∣∣∣∣
≤ C

∫
|∇dt | · |∇d| · |∇U |dx + C

∫
|∇dt | · |∇d| · |∇v|dx

≤ 1

4
‖∇dt‖2

L2 + C

∫
|∇d|2|∇U |2 dx + C

∫
|∇d|2|∇v|2 dx

≤ 1

4
‖∇dt‖2

L2 + C‖∇d‖2
L∞

(∫
|∇U |2 dx +

∫
(|P |2 + |M(d)|2) dx

)

≤ 1

4
‖∇dt‖2

L2 + C‖∇d‖2
L∞

(
1 +

∫
(|∇U |2 + |∇d|4) dx

)
.

(3.18)

Taking the estimates (3.15)–(3.18) into (3.14), we have

d

dt

[∫ (
μ|∇U |2 + (μ + λ)(divU)2

]
dx + 2J (t)

)
+
∫

ρ|U̇ |2 dx

≤ 1

2
‖∇dt‖2

L2 + C

∫
|U |2|∇U |2 dx + C

∫
|∇U |2 dx

+ C‖∇d‖2
L∞

[
1 +

∫
(|∇U |2 + |∇d|4) dx

]
,

(3.19)

where

J (t) = 1

2

∫ ∣∣∣(−L)
1
2 v

∣∣∣2 dx −
∫

P divU dx −
∫

M(d) · ∇U dx.

Adding the two equations (3.12) and (3.19) together, we have

d

dt

[∫ (
μ|∇U |2 + (μ + λ)(divU)2 + |∇2d|2

]
dx + 2J (t)

)
+
∫ (

ρ|U̇ |2 + |∇�d|2
)

dx

≤ C‖∇d‖2
L∞

∫
(|∇U |2 + |∇2d|2) dx + C‖∇d‖2

L∞

[
1 +

∫
(|∇d|4 + ρ|U |4) dx

]

+ C

∫
|U |2|∇U |2 dx + C

∫
|∇U |2 dx.

Employing Gronwall’s inequality and taking (3.11) into account, we get that

∫
μ|∇U |2 + (μ + λ)(divU)2 + |∇2d|2 dx +

t∫ ∫
ρ|U̇ |2 + |∇dt |2 + |∇�d|2 dxds ≤ C. �
0
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Hence, it follows from Lemma 3.2 and energy equality that

‖∇d‖L3(0,t;L∞) ≤ C,

which completes the proof of Theorem 1.1 with the help of the criterion (1.26).

4. Proof of Theorem 1.2

Suppose the conclusion of Theorem 1.2 fails, then there exists a r0 ∈ (0, R), M2 ∈ (1, ∞)

such that for any r ∈ (0, r0) and t < T ∗, the following inequality holds true

ρ(t, r) + 1

ρ
(t, r) + ‖dr‖2

L2(0,t;L∞(0,r))
≤ M2. (4.1)

Note that for spherically symmetric solutions,

�U = ∇divU =
(
ur + m

u

r

)
r
· x

r
, (4.2)

we rewrite the equation of momentum as

(ρU)t + div(ρU ⊗ U) + ∇P = 1

3
κ�U + 2

3
κ∇divU − �d · ∇d, (4.3)

where κ = 2μ + λ. The new equation satisfies the assumption (1.29). According to Theo-
rem 1.1, it remains to show that in fact there exists a constant C > 0 depending only on 
M2, ρ0, u0, d0, r0, R, a and T ∗ such that for any r ∈ (r0/2, R) and t < T ∗

ρ(t, r) + 1

ρ
(t, r) + ‖dr‖2

L2(0,t;L∞(r,R))
≤ C. (4.4)

First, we give the basic energy equality in the spherical coordinate system.

Proposition 4.1. It holds that for every 0 < t < T ∗,

R∫
0

rm

(
ρu2

2
+ aργ

γ − 1
+ |dr |2

2

)
dr

+
t∫

0

R∫
0

rm

(
κu2

r + mκ
u2

r2 + |drr + |dr |2d|2 + m
|dr |2
r2

)
drds

=
R∫

0

rm

(
ρ0u

2
0

2
+ aρ

γ

0

γ − 1
+ |(d0)r |2

2

)
dr.

(4.5)

With the help of (4.1) and Proposition 4.1, the regularity of d is at hand.
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Lemma 4.1. Let r1 = r0
2 . Under the condition (4.1), for every 0 ≤ t ≤ T < T ∗, it holds that

t∫
0

R∫
r1

rm|drr |2 drds ≤ C(E0 + E3
0T ), (4.6)

and then

t∫
0

R∫
0

rm|drr |2 drds ≤ C(M2E0 + E3
0T ). (4.7)

Consequently,

‖dr‖2
L2(0,t;L∞(0,R))

≤ C(M2E0 + E3
0T + M2). (4.8)

Proof. By Gagliardo–Nirenberg inequality and Poincaré’s inequality,

‖dr‖4
L4(r1,R)

≤ C(r1,R)‖dr‖3
L2(r1,R)

· ‖drr‖L2(r1,R). (4.9)

As |d| = 1, one obtains

R∫
r1

rm|drr |2 dr

≤ 2

R∫
r1

rm|drr + |dr |2d|2 dr + 2

R∫
r1

rm|dr |4 dr

≤ 2

R∫
r1

rm|drr + |dr |2d|2 dr + 2Rm

R∫
r1

|dr |4 dr

≤ 2

R∫
r1

rm|drr + |dr |2d|2 dr + C‖dr‖3
L2(r1,R)

‖drr‖L2(r1,R)

≤ 2

R∫
r1

rm|drr + |dr |2d|2 dr + C‖r m
2 dr‖3

L2(r1,R)
‖r m

2 drr‖L2(r1,R)

≤ C

R∫
r1

rm|drr + |dr |2d|2 dr + 1

2

R∫
r1

rm|drr |2 dr + C‖r m
2 dr‖6

L2(r1,R)
.

(4.10)

Hence, (4.6) follows immediately from energy equality (4.5) and (4.10).
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To prove (4.7), it amounts to show

t∫
0

r1∫
0

rm|drr |2 drds

≤ 2

t∫
0

r1∫
0

(
rm|drr + |dr |2d|2

)
drds + 2

t∫
0

r1∫
0

rm|dr |4 drds

≤ 2

t∫
0

r1∫
0

rm|drr + |dr |2d|2 drds + 2

t∫
0

⎛
⎝‖dr‖2

L∞(0,r1)

r1∫
0

rm|dr |2 drds

⎞
⎠

≤ CE0 + CE0M2.

(4.11)

We then use the following Sobolev inequalities for radially symmetric functions with the 
boundary condition dr(t, 0) = 0 and conclude

|dr |rm =
∣∣∣∣∣∣

r∫
0

(drτ
m)τ dτ

∣∣∣∣∣∣=
∣∣∣∣∣∣

r∫
0

(
(dr )τ + m

dr

τ

)
τmdτ

∣∣∣∣∣∣

≤
⎡
⎣ R∫

0

(
drr + m

dr

τ

)2

τmdτ

⎤
⎦

1
2 (

rm+1

m + 1

) 1
2

.

(4.12)

Therefore,

‖dr‖2
L2(0,t;L∞(r1,R))

≤ C(M2E0 + E3
0T ). (4.13)

Combining with the assumption (4.1), we have

‖dr‖2
L2(0,t;L∞(0,R))

≤ C(M2E0 + E3
0T + M2). � (4.14)

It remains to establish the upper and lower bounds of the density away from the center. We 
then work in Lagrangian coordinates.

The following lemma gives a relationship between r and y.

Lemma 4.2. There exists a positive constant C1 depending only on a, γ , such that

r(t, y) ≥ C−1
1 y

γ
(m+1)(γ−1) E

− 1
(m+1)(γ−1)

0 , (4.15)

and

Rm+1 − r(t, y)m+1 ≥ C−1
1 (M0 − y)

γ
γ−1 E

− 1
γ−1

0 , (4.16)

for all (t, y) ∈ QT,0 = [0, T ] × [0, M0].
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Proof. By the energy equality (4.5), one has

y =
r∫

0

ρτm dτ =
r∫

0

ρτ
m
γ τ

m
(

1− 1
γ

)
dτ

≤
⎛
⎝ r∫

0

ργ τm dτ

⎞
⎠

1
γ
⎛
⎝ r∫

0

τm dτ

⎞
⎠

1− 1
γ

≤ Cr
(m+1)(1− 1

γ
)
E

1
γ

0 .

(4.17)

Consequently,

r(t, y) ≥ C−1
1 y

γ
(m+1)(γ−1) E

− 1
(m+1)(γ−1)

0 . (4.18)

Similarly,

M0 − y =
R∫

r

ρτm dτ =
R∫

r

ρτ
m
γ τ

m(1− 1
γ

)
dτ

≤
⎛
⎝ R∫

r

ργ τm dτ

⎞
⎠

1
γ
⎛
⎝ R∫

r

τm dτ

⎞
⎠

1− 1
γ

≤ C
[
Rm+1 − r(t, y)m+1

]1− 1
γ

E
1
γ

0 . �

(4.19)

We are now in a position to establish the pointwise estimates of the density away from the 
center. We need to fix one point y0 ∈ (0, M0), such that

r(t, y0) ≤ r0

2
, for every 0 ≤ t < T ∗. (4.20)

Choose some point y0 satisfying

y0 ≤
( r0

2

)m+1 1

M2 · (m + 1)
.

It can be verified such a point satisfies (4.20), since

y =
r∫

0

ρ(t, τ )τm dτ ≥ M−1
2 · 1

m + 1
rm+1, for every 0 ≤ t < T ∗.
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Lemma 4.3. Under the condition (4.1), there exists a constant C such that

ρ(t, y) + 1

ρ
(t, y) ≤ C, (t, y) ∈ [0, T ] × [y0,M0]. (4.21)

Proof. In view of (1.15) and (1.16), it holds

κ(logρ)ty = κ

(
ρt

ρ

)
y

= −κ
[
ρ(rmu)y

]
y

= −r−mut − py − 1

2

(
r2mρ2|dy |2

)
y

− mrm−1ρ|dy |2

= −(r−mu)t − m
u2

rm+1 − py − 1

2

(
r2mρ2|dy |2

)
y

− mrm−1ρ|dy |2.

(4.22)

Thus, for y > y0 > 0, integrating (4.22) over (0, t) × (y0, y), we deduce that

κ log
ρ(t, y)

ρ(t, y0)
= κ log

ρ0(y)

ρ0(y0)
+

y∫
y0

[
(r−mu)(0, z) − (r−mu)(t, z)

]
dz

+
t∫

0

[p(s, y0) − p(s, y)] ds −
t∫

0

y∫
y0

m
u2(s, z)

rm+1 dzds

−
t∫

0

y∫
y0

[
1

2
(r2mρ2|dy |2)y + mrm−1ρ|dy |2

]
dzds

(4.23)

which is equivalent to

ρ(t, y)

ρ(t, y0)
= ρ0(y)

ρ0(y0)
exp

⎛
⎝κ−1

y∫
y0

[
(r−mu)(0, z) − (r−mu)(t, z)

]
dz

⎞
⎠

· exp

⎛
⎝κ−1

t∫
0

[p(s, y0) − p(s, y)] ds

⎞
⎠

· exp

⎛
⎝−κ−1

t∫
0

y∫
y0

m
u2(s, z)

rm+1 dzds

⎞
⎠

· exp

⎛
⎝−κ−1

t∫
0

y∫
y0

[
1

2
(r2mρ2|dy |2)y + mrm−1ρ|dy |2

]
dzds

⎞
⎠ .

(4.24)

We can rewrite (4.24) as
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ρ(t, y) =P(t)U(t, y) exp

⎛
⎝−κ−1

t∫
0

p(s, y) ds

⎞
⎠ (4.25)

where

P(t) = ρ(t, y0)

ρ0(y0)
exp

⎛
⎝κ−1

t∫
0

p(s, y0) ds

⎞
⎠ (4.26)

and

U(t, y) = ρ0(y) exp

⎛
⎝κ−1

y∫
y0

[
(r−mu)(0, z) − (r−mu)(t, z)

]
dz

⎞
⎠

· exp

⎛
⎝−κ−1

t∫
0

y∫
y0

m
u2(s, z)

rm+1 dzds

⎞
⎠

· exp

⎛
⎝−κ−1

t∫
0

y∫
y0

[
1

2
(r2mρ2|dy |2)y + mrm−1ρ|dy |2

]
dzds

⎞
⎠

= ρ0(y) exp

(
κ−1

3∑
i=1

χi

)
.

(4.27)

For every t ∈ [0, T ], y ∈ [y0, M0], it follows from the equation of mass, the energy inequality 
(4.5) and Lemma 4.2 that∣∣∣∣∣∣

y∫
y0

r−mu(t, z) dz

∣∣∣∣∣∣≤
M0∫

y0

r−m|u|dy

=
R∫

r(y0)

ρ|u|dr

≤ Cr(y0)
−m

R∫
r(y0)

ρ|u|rmdr

≤ Cr(y0)
−m

⎛
⎝ R∫

0

ρrmdr

⎞
⎠

1
2
⎛
⎝ R∫

0

ρu2rmdr

⎞
⎠

1
2

≤ Cr(y0)
−mM

1
2

0 E
1
2
0

≤ Cy
− mγ

(m+1)(γ−1)
M

1
2 E

(m+1)γ+m−1
2(m+1)(γ−1)

,

(4.28)
0 0 0
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which implies

|χ1| ≤ Cy
− mγ

(m+1)(γ−1)

0 M
1
2

0 E

(m+1)γ+m−1
2(m+1)(γ−1)

0 . (4.29)

Meanwhile, using the energy inequality (4.5) and Lemma 4.2 again,

|χ2| ≤
T∫

0

M0∫
y0

mr−m |u|2
r

dyds

=
T∫

0

R∫
r(y0)

m
ρ|u|2

r
drds

≤ Cr(y0)
−m−1

T∫
0

R∫
0

ρ|u|2rm drds

≤ Cr(y0)
−m−1E0T

≤ Cy
− γ

γ−1
0 E

γ
γ−1
0 T .

(4.30)

Employing Lemma 4.1 and Proposition 4.1, we get that

|χ3| =
∣∣∣∣∣∣

t∫
0

y∫
y0

[
1

2
(r2mρ2|dy |2)y + mrm−1ρ|dy |2

]
dzds

∣∣∣∣∣∣

=

∣∣∣∣∣∣∣
T∫

0

r(y)∫
r(y0)

[
1

2

∣∣∣(|dr |2)r
∣∣∣+ m

r
|dr |2

]
drds

∣∣∣∣∣∣∣
≤

T∫
0

R∫
r(y0)

(
|dr · drr | + m

r
|dr |2

)
drds

≤
T∫

0

R∫
r(y0)

(
r|drr |2 + |dr |2

r
+ m

r
|dr |2

)
drds

≤ Cr(y0)
−1

T∫
0

R∫
r(y0)

[
r2|drr |2 + (m + 1)|dr |2

]
drds

≤ Cy
− γ

(m+1)(γ−1)
E

1
(m+1)(γ−1)

(M E + E3T ).

(4.31)
0 0 2 0 0
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Let us set

H = y
− mγ

(m+1)(γ−1)

0 M
1
2

0 E

(m+1)γ+m−1
2(m+1)(γ−1)

0 + y
− γ

γ−1
0 E

γ
γ−1
0 T + y

− γ
(m+1)(γ−1)

0 E
1

(m+1)(γ−1)

0 (M2E0 + E3
0T ).

(4.32)

The above estimates for U(t, y) can be simply written as

U(t, y) ≤ C sup
x∈�

ρ0(x) · exp(Cκ−1H),

U−1(t, y) ≤ C

(
inf
x∈�

ρ0(x)

)−1

· exp(Cκ−1H).

(4.33)

Next, we are in a position to estimate P(t). It follows from (4.25) that

d

dt

⎡
⎣exp

⎛
⎝γ

κ

t∫
0

p(s, y) ds

⎞
⎠
⎤
⎦= aγ

κ
ρ(t, y)γ exp

⎛
⎝γ

κ

t∫
0

p(s, y) ds

⎞
⎠

= aγ

κ
[P(t)U(t, y)]γ ,

(4.34)

which implies

exp

⎛
⎝ 1

κ

t∫
0

p(s, y)ds

⎞
⎠=

⎛
⎝1 + aγ

κ

t∫
0

[P(s)U(s, y)]γ ds

⎞
⎠

1/γ

. (4.35)

In view of (4.25) and (4.35), we have

ρ(t, y) = P(t)U(t, y)(
1 + aγ

κ

∫ t

0 (P(s)U(s, y))γ ds
)1/γ

. (4.36)

Observe that

M0∫
y0

dy

ρ(t, y)
=

R∫
r(t,y0)

rmdr = Rm+1 − [r(t, y0)]m+1

m + 1
.

Then, P(t) can be estimated as
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Rm+1 − (r(t, y0))
m+1

m + 1
P(t)

=
M0∫

y0

P(t)

ρ(t, y)
dy

=
M0∫

y0

(
1 + aγ

κ

∫ t

0 [P(s)U(s, y)]γ ds
)1/γ

U(t, y)
dy

≤
M0∫

y0

1

U(t, y)
dy +

(aγ

κ

)1/γ
[

sup
QT,y0

U(t, y)

][
sup

QT,y0

U−1(t, y)

] M0∫
y0

⎡
⎣ t∫

0

P(s)γ ds

⎤
⎦

1/γ

dy

≤ (M0 − y0)

[
sup

QT,y0

U−1(t, y)

]
·
⎡
⎢⎣1 + C sup

QT,y0

U(t, y) ·
⎛
⎝ t∫

0

P(s)γ ds

⎞
⎠

1
γ

⎤
⎥⎦

(4.37)

Taking γ -th power of both sides of (4.37), it follows from Lemma 4.2 that we have

(
M0 − y0

E0

) γ
γ−1

P(t)γ ≤ C

[
sup

QT,y0

U−1(t, y)

]γ

+ C

[
sup

QT,y0

U−1(t, y)

]γ

·
[

sup
QT,y0

U(t, y)

]γ

·
⎡
⎣ t∫

0

P(s)γ ds

⎤
⎦ .

(4.38)

Therefore, by Gronwall’s inequality, we deduce from (4.38) that

P(t) ≤ C

(
E0

M0 − y0

) 1
γ−1
[

sup
QT,y0

U−1(t, y)

]

· exp

{
CT

(
E0

M0 − y0

) γ
γ−1 ·

[
sup

QT,y0

U−1(t, y)

]γ

·
[

sup
QT,y0

U(t, y)

]γ}
.

(4.39)

Finally, recalling (4.26) and (4.36), we have

ρ(t, y) ≤P(t) ·
[

sup
QT,y0

U(t, y)

]
, (4.40)

and
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ρ(t, y)−1 ≤ P−1(t) ·
[

sup
QT,y0

U−1(t, y)

]
·
⎛
⎝1 + aγ

κ

t∫
0

[P(s)U(s, y)]γ ds

⎞
⎠

1
γ

≤ ρ0(y0)

ρ(t, y0)
·
[

sup
QT,y0

U−1(t, y)

]
·
⎛
⎝1 + aγ

κ

t∫
0

[P(s)U(s, y)]γ ds

⎞
⎠

1
γ

≤ CM2
2

[
sup

QT,y0

U−1(t, y)

]
·
⎛
⎝1 + aγ

κ

t∫
0

[P(s)U(s, y)]γ ds

⎞
⎠

1
γ

,

(4.41)

where the last inequality is due to the fact r(t, y0) ≤ r0
2 . Plugging the estimates (4.33), (4.39)

into (4.40) and (4.41), we can deduce the desired pointwise estimate for ρ. Thus the proof of 
Lemma 4.3, therefore, Theorem 1.2, is completed. �
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