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Abstract

For elliptic systems of differential equations on a manifold with boundary, we prove the Fredholm prop-
erty of a class of boundary problems which do not satisfy the Shapiro—Lopatinskii property. We name these
boundary problems generalised elliptic, for they preserve the main properties of elliptic boundary problems.
Moreover, they reduce to systems of pseudodifferential operators on the boundary which are generalised
elliptic in the sense of Saks [R.S. Saks, On properties of generalised elliptic pseudodifferential operators on
closed manifolds, Zap. Nauchn. Sem. LOMI 243 (1997) 215-269].
© 2007 Elsevier Inc. All rights reserved.

MSC: primary 58J05; secondary 35J40, 35515

Keywords: Elliptic operators; Homotopy invariance; Fredholm property

Contents
0. IntroduCtion . .. ... ... ...t e 418
1. Homotopical equivalence . . ... ... .. .. ...ttt e 418
2. Normal form . . . ..o e 421
3. Boundary problems for overdetermined elliptic systems . . . .. ......... . ... ... 425
4. LeftregulariSer . . ... ... .. e 429
5. Boundary integral equations. . . .. ... ... 437
6. Evaluationof the symbolof W . .. .. .. . . ... .. 438
7. Generalised elliptic boundary problems . . . . ... .. ... 440

* Corresponding author.
E-mail addresses: krupchyk @joyx.joensuu.fi (K. Krupchyk), tarkhanov@math.uni-potsdam.de (N. Tarkhanov),
jukka.tuomela@joensuu.fi (J. Tuomela).

0022-0396/$ — see front matter © 2007 Elsevier Inc. All rights reserved.
doi:10.1016/j.jde.2007.05.021



418 K. Krupchyk et al. / J. Differential Equations 239 (2007) 417—447

8. Imhomogeneous problem . . .. ... ... ... 443
9. Anexample . . . . ... e 445
References . . ... ... .. e 447

0. Introduction

Nowadays by ellipticity is usually meant the property of operators in algebras with symbolic
structure to have an invertible symbol. While a symbol may characterize a very particular prop-
erty of operators, one tries to construct a full set of symbols which control the Fredholm property
of operators. For algebras of pseudodifferential operators on spaces with singularities the invert-
ibility of symbols no longer can be verified effectively at all.

The simplest singularity might occur is the boundary of a compact C*° manifold. The Fred-
holm property of boundary value problems in Sobolev spaces on such manifolds is equivalent to
the invertibility of two symbols. One of the two symbol maps is given by ordinary differential
operator which acts in spaces of bounded functions on the semiaxis under suitable conditions at
the origin. Its invertibility is referred to as the Shapiro—Lopatinskii condition [1].

The symbol construction is related to an appropriate choice of the principal parts of operators.
These are in turn determined by available group actions on the underlying manifold. The opera-
tors are given domains prescribed by the group actions in question. The construction of abstract
Sobolev spaces based on a group action goes as far as [12].

Generally, the ellipticity property of a pseudodifferential operator is only a property of the
way in which the operator is written, and it may appear or disappear by replacing the operator by
a homotopically equivalent operator. On the other hand, the Fredholm property of a pseudodiffer-
ential operator is homotopically invariant but it may be necessary to change the function spaces
for the evaluation of kernel and cokernel.

If motivated by the Fredholm property, the class of elliptic operators should therefore survive
under homotopical equivalence. In this way we obtain what we call generalised elliptic operators.
More precisely, a pseudodifferential operator is called generalised elliptic if it is homotopically
equivalent to a classical elliptic pseudodifferential operator.

We show that generalised elliptic operators give rise to Fredholm operators in suitable function
spaces.

As but one simple example which cannot be treated within the classical theory of elliptic
boundary problems but is readily encompassed by our theory we show an inverse problem of
Newton potential.

1. Homotopical equivalence

In this section we recall the notion of equivalent overdetermined pseudodifferential operators
which belong to a calculus, cf. §1.2.1 in [18]. By an overdetermined pseudodifferential operator
is meant a sequence

di

Cc>(EY) o, C®(E") 5 Cc>(E?) (1.1)

consisting of two pseudodifferential operators d% and d }; satisfying dédo = 0. We write it dg
for short.



K. Krupchyk et al. / J. Differential Equations 239 (2007) 417—447 419

Two overdetermined pseudodifferential operators dg and df are called equivalent if there
exist pseudodifferential operators M; of type F' — E' and M i_l of type El — F',fori =0,1,2,
and pseudodifferential operators £ of type E' — E'~! and hf of type F' — F'~! fori =1,2,
with the property that the following conditions are fulfilled:

(1) M dy —diM; =0, @ M7 'M;=1-hf d —d"hl,
Mi:r]ldﬁi - dj'?Mi_l =0, MiMi_l =1- th+ld52 - dﬁs_lhiE

fori =0, 1, cf. the diagram

dy dp,
C®(FY ————= C®(F)) ——= C®(F?)

hy hy
My H My M, w Mt My w My! (1.2)
dy dy

C®(EY) ————= C®(E")) ——= C>(E?).
hE nk¥

If two overdetermined pseudodifferential operators dg and dr are equivalent, then there is a
topological isomorphism between the cohomology spaces of complex (1.1) and that for dr at
steps 0 and 1. This isomorphism is defined by the operators My and M; from (1.2).

Theorem 1.1. Let dp and dr be equivalent overdetermined pseudodifferential operators.
Then the cohomology spaces H' (C*°(E")) and H'(C*°(F")) are topologically isomorphic for
i=0,l1.

In particular, if both d}- and d}. vanish, then d% : C*°(F%) — C*°(F!) is Fredholm if and only
if so is the operator d% :C®(E% — C®(ED).

Proof. Denote by N (dg) the null-space of d%, and N (dg) the null-space of dg. We claim that
these spaces are topologically isomorphic. To prove this, consider a map of N (d%) to N (d%)
given by v > Mov for v € N(d%). By (1),

dg-M()v = M]d?;v
:O’

hence Myv belongs to N(dg) indeed. Suppose that v € N(a’%) satisfies Mov = 0. Then by (2)
we get

v:MalMov—i—hfdgv
=0,

i.e., the map v — Myv is injective. Finally, let u € N(d%). Setv = Mo_lu, then v € C*(F?) and

d%v = Ml_ldgu

=0,
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which is due to (1). Moreover, by (2), we get

Mov=u — hfdgu

:],[’

i.e., the map v — Myv is surjective.

We now denote by R(d?,) the range of d%, and R(d%) the range of d%. We claim that the
cohomology spaces N (d}v) / R(dg) and N (d}E) / R(dg) are topologically isomorphic. To prove
this, consider a map of N(d}p)/R(d%) to N(d}g)/R(dg) given by [g] — [M;g] for g € N(d;),
where by [g] is meant the cohomology class containing g, and similarly for [M;g]. This map is
well defined, for

d};Mlg = Mzd}pg
=0,
the second equality being due to (1), and if g = d%v for some v € C®(F°), then Mg = d%Mov
by (1), whence [Mg] = 0. Suppose g € N(d}p) satisfies [M1g] =0, i.e., Mg = d%u for some
u € C*(EY). By (2), we obtain
g=M;'Mig+hidpg+dphig
= d%hfg,
showing [g] =0, i.e., the map [g] — [Mg] is injective. Finally, let f € N(dé). Set g = Mflf,
then g € C®(F') and
drg =My 'dy f
=0,
which is due to (1). Moreover, by (2), we get
Mig=f—hydgf —dghi f
=f—dYhEf,

i.e., [M1g] =[f]. Hence it follows that the map [g] — [Mg] is surjective, which completes the
proof. O

By this theorem we can see that equivalent overdetermined pseudodifferential operators are
in fact different manifestations of a mathematical object describing the same physical or some
other process.

The modern theory of operator algebras is mostly interested in describing the operators which
are invertible modulo “small” operators. By “small” operators are usually meant compact opera-
tors, and then the class under study are Fredholm operators. On using representation theory one
arrives at matrix or more general operator bundles where the invertibility is to be established. In
this way one obtains what pretends to be an algebraic characterisation of the Fredholm property
and is usually referred to as ellipticity. However, the ellipticity is strongly related to function
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spaces that are chosen to be the domain and target space of operators under consideration. In par-
ticular, the classical ellipticity corresponds to usual Sobolev spaces graded according to scalar
orders of operators. This leads to numerous concepts of ellipticity.

Example 1.1. Consider the differential operator Au := rotu + u defined on functions
u:R3 — R3. It is not overdetermined, for the only differential operator A' satisfying A'A =0
is obviously A' = 0. On completing the system Au = 0 to an involutive system we arrive at the
overdetermined differential operator BY = (1pdiv)A,i.e., By = (Au, divu), with a compatibil-
ity operator B! given by B! f =div f’ — f4 for a function f = (f’, f4) on R? with values in R*.
The differential operators A and B are homotopically equivalent, for the commutative diagram

BY B!
00— CPR3IxR) —= C®R3>xRH ——= C®R*xR) —=0

0 hf
1 u 1 M w My 0“0 (1.3)
A 0

00— CPR} xR == C*RIxRH) —/——=0——>0
0

takes place with My f = f' for f = (f', fa) € C®([R> x R*), and M;'f = (f,div f) for
f e C®MR3 x R?), and hgy = (0,—y) for y € C®°(R3 x R). It is easy to see that the first
line of (1.3) is an elliptic complex in the classical sense. On the other hand, the operator A is
nor elliptic in the classical sense neither Douglis—Nirenberg elliptic. Hence, under homotopical
equivalence the property of being elliptic can hardly be traced in explicit form.

This example shows that the only way to algebraically recognise the Fredholm property of
a square system is to bring it to a normal form. The normal form suggests also appropriate
function spaces in which A behaves properly. The diagram (1.3) shows for instance that if M
is a compact closed Riemannian manifold of dimension 3 and A is the differential operator on
one-forms on M defined by Au = du + *u, where * is the Hodge star operator, then A induces a
Fredholm operator from H*(7T*M) to the subspace of H~!(A?T* M) consisting of all f with
df € H =1 (A3T* M).

2. Normal form

Let M be a C° manifold with boundary 0 M, and 7 : V — M a vector bundle over M.
Denote by 79:J,(V) — M the bundle of g-jets of the bundle V. Introduce the canonical
projections

7l Ty (V) = Je(V),

for r < ¢, and define the embedding &, by requiring that the following complex be exact

q
0= SUT*M)®V 2> 1,(V) 25 1, (V) — 0.

Let s be a section of the bundle V. Then its gth prolongation, a section of J,(V), is denoted
by j9s. We write S(V) for a space of sections of the bundle V.
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Definition 2.1. By a (partial) differential equation of order g on V is meant a subbundle R, of
J4 (V). Solutions of R, are its (local) sections.

We will only consider linear problems in the present paper, so R, will be a vector bun-
dle. Suppose V? and V! are two (vector) bundles. A linear gth order differential operator A
can be thought of as a linear map S (V% — S(V1). Then we can associate to A a bundle map
A:J,(V9) — V! by the formula A = A;j7. Now with A one can represent a differential equation
as a zero set of a bundle map, R, =ker A, or A(x, j9s(x)) =0.

Definition 2.2. The differential operator j”A:S(V?) — S(J.(V!)) is said to be the rth prolon-
gation of A. The associated morphism is denoted by .A,.

Then we can define the prolongation of R, by R4, = ker A,. We also define R((;J)rr =

ngj: T (Rytrts)- Note that R((;;)r, C Ry+r, but in general these sets are not equal.

Definition 2.3. A differential operator A is called sufficiently regular if R((]Slr is a vector bundle
forallr >0ands > 0.

If M C R”" and the operator A has constant coefficients, then A is sufficiently regular.

Definition 2.4. A differential operator A (of order ¢) is called formally integrable if A is suffi-
ciently regular and R,(IIJ)F, =Ry forallr > 0.

The formal integrability of an operator A of order ¢ means that for any r > 1, all the dif-
ferential consequences of order g + r of the relations As = 0 may be obtained by means of
differentiations of order no greater than r, and application of linear algebra.

The formal integrability cannot in general be checked in practice because there is an infinite
number of conditions. Hence we need a stronger property, the involutivity of the system, which
implies formal integrability, and can be checked in a finite number of steps. For the actual de-
finition of involutivity we refer to [8,13,17], and elsewhere. There is the following important
result.

Theorem 2.1. For a given sufficiently regular system R, there are numbers r and s such that
R((;lr is involutive.

In practice to complete a system to the involutive form one may use DETOOLS package [4]
in computer algebra system MUPAD [7].

The formal theory gives the notion of a principal symbol of the system which actually coin-
cides with the classical concept.

Definition 2.5. Let R, C Jq(VO) be a sufficiently regular differential equation given by
R, = ker A. By the principal symbol 09(A) of A is meant the map S9(T*M) ® V? — V!
defined by 09(A) = Ag,.
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Consider a coordinate system on M. Then a linear gth order partial differential equation R,
is given by

Au:= Y Ay(x)D°u
el <q

= f,

where x € O, an open subset of R”, and A, (x) is an (I x k)-matrix of functions on O. Fixing
any one form & we get a bundle map o7(A)(£): VO — V! which in coordinates is given by

dl(A)E) = ) Aa(x)E.
lorl=g

To study the Fredholm property of overdetermined operators it is convenient to reduce the
operator to a certain equivalent canonical form.

Definition 2.6. A differential operator A:S (V% — S(V1) is called normalised if (1) A is a first
order operator; (2) A is involutive; and (3) the principal symbol o' (4): T*M @ VO — V! is
surjective.

The condition (3) means that there are no (explicit or implicit) algebraic (i.e., non-differential)
relations between unknown functions in the system. If such relations exist, then we may use them
to reduce the number of unknown functions.

Theorem 2.2. Every sufficiently regular operator A can be transformed in a finite number of
steps into an equivalent normalised operator.

To consider boundary value problems we choose two bundles on the boundary ) of M, i.e.,
WO Wl — Y. The bundle V* |y — Y is the restriction of Vi > M to the boundary. If u is a
section of V/ — M, then yu is the corresponding section of V| y — Y. This map y is called
the trace map.

Definition 2.7. An operator ¥ : S(V?) x S(W0) — S(V!) x S(W!) of the form

"2 0 u
lp 9 == ’ 9
() (Vk”z,l Wz,z) <w)

where ¥; ; are differential operators, is called a boundary problem operator.

If WO =0, we obtain in this way an operator ¥ (u) = (Au, y Bu) which defines a classical
boundary problem on M.

Definition 2.8. A boundary problem operator ¥ is said to be normalised if ¥ ; is normalised
and y ¥, 1 contains only differentiation in directions tangent to the boundary.

Theorem 2.3. Every boundary problem operator ¥ whose component ¥ 1 is sufficiently regular
is equivalent to a normalised boundary problem operator.
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Note that this theorem still holds for the classical boundary value problems, i.e., in the case
¥, =0.

We will not give the explicit mappings involved in the equivalence in Theorem 2.3 but we just
indicate the steps of construction of the equivalent normalised boundary problem operator for a
classical boundary problem (A, B). Namely, one should go through the following 4 steps:

1st step: Construct the involutive form of A.

2nd step: Prolong the system, if necessary, until the order of the system is higher than the order
of normal derivatives in the boundary operator B.

3rd step: Construct an equivalent first order system.

4th step: Eliminate, if necessary, the extra variables (unknown functions) using the algebraic
relations in the system.

It is worth pointing out that the system is involutive if and only if the equivalent first order
system is involutive, cf. [13].

We complete this section by constructing the normalised classical boundary problem for the
familiar stationary Stokes problem in two dimensions.

Example 2.1. Consider the boundary problem in R%r ={x e R% x> 0}

{—Au—{—Vp:f’,

. inX=R2,
divu = f3

B: u=0 onyzaRﬁ_,

where u = (u1, uy) is the velocity field, p is the pressure, and f’ = (f1, f2). By completing the
above system to the involutive form we arrive at an overdetermined system

—Au+Vp=f,
Ap =div f + Af3,
AD: divu = f3, .1

duy + 91002 = 1 f3,
010u1 + 322142 = f3

in X. Introducing nine new variables (unknown functions)

V1,00 = U1, V1,10 = 01u1, V1,01 = O2u1,
V2,00 = U2, V2,10 = O1U2, V2,01 = O2u2,
V3,00 = P, V3,10 = 01 P, V3,01 =01 p

and substituting them into (2.1), and also adding the compatibility equations we get the first order
system
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—01v1,10 — d2v1,01 + V3,10 = f1.
—01v2,10 — 22,01 + V3,01 = f2,
01v3,10 + d2v3,01 =div f' + Af3,
V1,10 + 12,01 = f3,

A®@: 91110+ d1v2,01 = 01 f3,

02v1,10 + 02v2,01 = 2 f3 and
d1vj.00 —vj,10 =0,

02v;5,00 — vj,01 =0,

dvj,10 — d1vj,01 =0

for j =1, 2, 3. This system is not normalised since there is an algebraic relation v 10+ v2,01 = f3
between the dependent variables. Using this relation we can now eliminate the unknown function
v2.01 from the system and obtain the following normalised system

—01v1,10 — d2v1,01 + V3,10 = f1,
d2v1,10 — 01v2,10 + v3,01 = f2 + 92 f3,
d1v3,10 + d2v3,01 =div '+ Af3 and
01vj,00 — vj,10=0,

A®); 01v2,00 — V2,10 =0,

d2v;,00 — vj01 =0,

0202,00 + V1,10 = f3,

02v;,10 — 91v5,01 =0,

91v1,10 + d2v2,10 =01 f3

for j =1, 3. Finally, substituting the new unknown functions in the boundary conditions, we
obtain

P
' V2,00 = 0.

Hence it follows that the classical boundary problem operator (A, B() is normalised.
3. Boundary problems for overdetermined elliptic systems

Let X be a bounded domain in R"” with smooth boundary } = 94X, and A(x, D) an (I x k)-
matrix of scalar partial differential operators with C* coefficients in a neighbourhood of
X =X U)Y. We assume that [ > k, i.e., the inhomogeneous system Au = f is overdeter-
mined, and that A(x, D) is given a Douglis—Nirenberg principal symbol structure (N, M), where
M = (M,...,My) and N = (Ny, ..., N;) are tuples of integer numbers. This means that the
order of the entry a; j(x, D) in the matrix A(x, D) does not exceed N; + M;. As usual, one
assumes without loss of generality that N; < 0 and max{Ny, ..., N;} =0, and that g; ; =0 if
N; + M < 0. The integer o = max{N; + M} is a scalar order of A(x, D), and we assume that

0 is positive.
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We assume that the operator A (x, D) is Douglis—Nirenberg elliptic, i.e., the matrix o (A)(x, &)
constituted of the principal homogeneous parts of a; ;(x, &) of order N; + M has maximal rank
k for all x € X and £ € R \ {0}. This matrix satisfies the homogeneity condition in &

o(A)(x,AE) =0 (A)(x, E)Jf{l 3.1
for all A > 0, where
A~ M 0 AM 0
”n, = - , ), = .
0 A~ Mk 0 AN

We will consider the operator A in Sobolev spaces H**M(X) — H*N(X) fors =0,1,...,
where

H M) = B x oo x B PR,
H N () = BN (@) o BN ),

To study the kernel and cokernel of the operator A : H*M(X) — H~N(X) one introduces
the vector space 9(y, n) constituted of all bounded solutions to the system of ordinary differen-
tial equations

1d
U(A)<y,n+v(y)75>u(y,n;t)=0 (3.2)

on the semiaxis # > 0, depending on the parameter (y,n) € T*Y \ {0}, where y € Y, n € Ty*y is
non-zero, and v(y) is the unit inner normal vector to the boundary at the point y.

If the space 9 (y, n) is trivial for all (y,n) € T*Y \ {0}, which is possible even for [ = k
provided |N| + |M| =0, then the operator A : H*tM(X) — H*~N(X) has closed range and his
kernel is finite dimensional, cf. for instance [5,16]. In particular, the equation

Au=f (3.3)

is normally solvable.
In the general case the kernel of the operator A : HtM (X)) — H*~N(X) is finite dimensional
only if additional boundary conditions

B(x, D)uly = ug B4

are posed on the solutions of (3.3), where B(x, D) is an (m x k)-matrix of scalar partial dif-
ferential operators with C* coefficients in a neighbourhood of the boundary ). We assume
that B(x, D) is given a Douglis—Nirenberg principal symbol structure (O, M), too, where
0 =(0,...,Op), and that B(x, D) complements A(x, D) in the sense that the space 91(y, 1)
does not contain any non-zero solution satisfying the condition

1d
U(B)<y,n+V(y)l—E)u(y,n;0)=0 (3.5)

for all (y,n) € T*Y \ {0}, cf. [16].
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This condition requires that m > maxdim91(y, n), where the maximum is over all points
(y,m) € T*Y \ {0}

In the case where [ =k, |[N|+ |[M| > 0, and A is properly elliptic, the function dim 9 (y, n)
is constant on 7*)\ {0} and is actually equal to 1/2(]N |+ |M|). Then, form = 1/2(|N| + |M]),
our condition on B(x, D) just amounts to the Shapiro—Lopatinskii condition, and the boundary
problem (3.3), (3.4) is called elliptic. An elliptic boundary problem gives rise to a Fredholm
operator

HS*N (X)
. A s+M
A= CHM(XY) > @ (3.6)
T
Hs—1/2-0 )
for s > max{O, ..., Oy}, where T stands for B followed by the restriction to the boundary ),

cf. [2,16,20].

Solomyak [15] showed a properly elliptic first order differential operator A with |N| 4
|M| = 4, for which it is impossible to find any pseudodifferential operator B with m =2 comple-
menting A. It follows that an elliptic system of differential equations fails in general to possess a
boundary problem satisfying the Shapiro—Lopatinskii condition. As is known [3], this restriction
on elliptic systems is of topological character.

However, if one admits boundary matrices B(x, D) with the number of rows m greater than
max dim91(y, n), then it is always possible to find suitable boundary conditions complement-
ing A.

Theorem 3.1. For each elliptic operator A of principal symbol structure (N, M) there is a
boundary operator B of principal symbol structure (O, M) which complements A.

Proof. We first assume that N = 0 and M is the k-row with equal entries 0. By the Green formula
for A, cf. for instance [18], the Cauchy data
(u, Dyu, ..., D‘{,’_lu)|y
obviously complement A, where by D, is meant differentiation in the direction of the inner
normal vector to ). We can thus ask about the minimal number of boundary conditions comple-
menting A.
In a small neighbourhood of the boundary ) we can write the operator B in the form

o—1
2_BiDi.
j=0

where B; are differential operators of order o — j acting only in directions tangent to V.
Given a point (y,n) € T*Y \ {0}, we choose a (k x Q)-matrix @(y, n;t) whose columns
constitute a basis of the space 91(y, n). Then the matrix

P (y,n;0+)
D;®@(y,n; 0+)

Ay, n) = (3.7

DY @ (y, n; 04)
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has maximal rank Q = dim1(y, n) at the point (y, n). Let M(y, ) be a Q-rowed submatrix of
A(y, n) of non-zero determinant. Since

1d
B<y, n+ V(y)l—E)Cb(y, 7 04+) = (Bo(y.m). ..., Bo—1(y. M)Ay, n)

we can choose elements of the matrix (Bo(y,n),..., Bo—1(y,n)) in such a manner that
(Bo(y,1)y ..., Bo—1(y,m))A(y, n) = M(y, n) be fulfilled. Then the operator B complements A
at the point (y, ), and therefore in some neighbourhood U (y, ) of this point in 7*) \ {0}.
IfU(y,n) = T*Y\ {0} then B is a desired operator. Since each row of the operator B contains
only one non-zero element, whose order we denote by §;, then, setting O; = §; — o, we get
o(B)=B.
If U(y,n) does not coincide with 7*) \ {0}, then we find a cover of T*) \ {0} by such

neighbourhoods U and choose a minimal finite subcover {Uj, ..., U;}. In this case we form an
operator
B
B=|: (3.8)
By

of (Q; x k)-matrices B; complementing A in U;. Then we reduce the number of rows of this
matrix by eliminating equivalent rows, and assign orders to the rows of B in such a way that
o (B) = B. This readily yields a boundary operator B with desired properties.

In the general case where A is an elliptic operator with principal symbol structure (N, M) and
M # (o, ..., 0) (k-tuple), the data

mj—

(1 Doty DY ),

for j =1,...,k, complement A, u; being the jth component of the vector-valued function u.
Hence, substituting zero rows for those rows in the matrix (3.7) which correspond to the deriv-
atives D’lfu jform; <k <o—1, we get amatrix having maximal rank at the point (y, ). The
rest of the proof runs as before. 0O

If a boundary operator B with principal symbol structure (O, M) complements an ellip-
tic operator A with principal symbol structure (N, M), then the boundary problem (3.6) has
finite-dimensional kernel and closed range. The cokernel of the operator (3.6) can be of infi-
nite dimension even in the case / = k, provided that m > 1/2(|N| + |M]), cf. [16]. The proof
of this reduces to constructing a left regulariser of the operator (3.6). The crucial point of this
construction consists in constructing a left regulariser of the symbol

= (29)

with constant coefficients in the half-space. Since this theorem is of great importance in the
sequel, we show a simpler construction of a left regulariser of the operator o (4) in the half-
space. To this end we use a special method of solution of a linear system presented in [14,
Chapter 1].
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4. Left regulariser

As usual, we write R} for the half-space {x € R": x,, > 0}. Let u be a smooth function on
R’ rapidly decreasing at infinity and satisfying

A(D)u(x)= f(x) forx, >0, @.1)

B(D)u(x) =up(x’) forx, =0, '

where A(D) is an (I x k)-matrix of scalar differential operators with constant coefficients and
principal symbol structure (N, M) and B(D) is an (m X k)-matrix of scalar differential operators
with constant coefficients and principal symbol structure (O, M), both operators being without
lower terms. Suppose A is elliptic, and B complements A. For simplicity we first consider the
case where A is a homogeneous elliptic operator of order o, i.e., n; =0 and m; = o for all 7, j,
and the scalar order of B is less than o, i.e., all Oy, ..., O,, are negative. Given any function u# on
R% which is smooth up to the boundary, we extend u by 0 to all of R”, and denote this extension
by eju.

Denote by Fy,geu and Fyr,¢u the Fourier transformations of such functions in x and x’.
Then Fyseer D%u = E“Fyeequ forall o = (o1, ..., o) with @, =0, and

fx,_)§8+Dnu = i}n}—x._)ge_;,_u + lFx/HE’M|xn:O+a

j—1
fx,_)ge_,_D,gu:E,{fm_)ge.,_u-l-lZ%‘,{_l_lUl(if/)» 4.2)
=0

where U,(§") = D}, Fyrse/tt]x, =0+
Set U = (U, ... U,_1) and

AE) =) AjENE]
j=0

where A (&) are homogeneous matrix-valued polynomials of degree o — j in £’. Applying the
Fourier transform to (4.1) and taking into account (4.2), we readily get

o j—1

AE) Faoceru+1y > AjENE T TUE) = Fuseer f. (4.3)

j=1:=0

Write the second term on the right-hand side of (4.3) in the form AU. Changing the order of
summation we see that

o—1 L
iv=1Y" <A(s) — Y A8 )sn“ws’)

1= j=0

o—1 fo—1—t
! < Z Aj+l+z(§/)f§;{)Uz(§/), 4.4)

=0 j=0
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and so A = (Ao, R Ao,l) can be specified as a block matrix constituted of

o—1—t )
= Y Ajrin@EL,
Jj=0
matrix-valued polynomials of degree 0 — 1 — ¢ in &,. Since A(D) is elliptic, the matrix A (&) has
a left inverse matrix Azl (&) for all £ € R" \ {0}. A familiar way to choose such a matrix is

AT'E = ((A®)*A®) (A®)", (4.5)

where A* = AT is the adjoint matrix. Let R(§) = E — A(E)Azl(é) for & e R" \ {0}, where E is
the identity (I x /)-matrix. Then the system (4.3) is solvable if and only if

R(E)(Frser f —AU) =0 (4.6)

for all £ € R" \ {0}, as is easy to see.
This condition can be transformed, when one uses the equality

1 adj(A)*AE)
 det(A(§)*A&)
_c®
- p®)

((A®) A®))”
4.7

for & € R" \ {0}, where p(&) is a properly elliptic polynomial of order 2z, with 0 < @ < ko,
and C(¢) is a (k x k)-matrix of polynomials of degree 2(z — 0) which is obtained after possible
cancellation of common divisors. Then pR = pE — ACA* is a matrix-valued polynomial of
degree 2w . However, pRAU is a polynomial in &, of degree less than 2z . Indeed, since RA =
0, we get

o—1

PRAU =—1pRY Y A;(EE T'U(E)

=0 j=0

which is due to (4.4). As j < t, the desired conclusion is obvious. Hence it follows that

2o
pRAU =Y &' Pie"UE). 4.8)

j=1

The coefficients P;U of this polynomial can be expressed through f. Indeed, multiplying

equality (4.6) by S,’;_l and integrating the product over a contour y enclosing all roots of the
polynomial p(&', &,) in &, lying in the upper half-plane, for a fixed &', we obtain

i+j—2
Z E@/ 6, POV E) = / ER(E) Furces f 49)

./:ly
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fori =1,...,w. The matrix M(§") = (M; j(§)))i=1,...w, j=1,..., With entries

itj—2
M; (&)= m dé,

Y+

is non-degenerate for all £ € R"~!\ {0}, this latter can be seen by verifying the Shapiro—
Lopatinskii condition for the Dirichlet problem on R’ for the elliptic operator p(D). Hence,
setting P;U = 0 for j > w, we determine the other P;U by inverting the matrix M (£¢'). The
solution of (4.9) obtained in this way we can write in the form

P
PU = U
P2w

_(TFreerf
= < 0 ) (4.10)

for & € R"~1\ {0}. Note that for f =0 the conditions (4.6) and (4.10) are actually equivalent.
If (4.6) is satisfied, then

Frosgert = A7 (E)(Fuoger f — AU)

for £ e R" \ {0}, as is easy to check. Applying the inverse Fourier transform in &, to both sides
of this equality, we get

o0

1 -
Frrmgru (', xn) = o— / e s ATV (E) (Frsger f — AU) d&y, (4.11)

—00

where the integral over the real axis can be replaced by the integral over y. . Furthermore, apply-
ing the Fourier transform in x’ to the boundary condition in (4.1) yields

QU2=/B(S)AZ](S)A(S)U(E’)dEn

Y+

= /B(E)AZI(E)fXngJrfdén — Fxtsgruo, (4.12)

Y+

we have used the above formula for 7y, g/u. On the other hand, writing the boundary operator
B(D) in the form

o—1
> B(D)D,

=0
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and introducing a block matrix B = (Bo, ..., By—1), we obtain from the boundary condition
similarly to (4.3)

BEUE) = Fuegruo. (4.13)
Lemma 4.1. If the operator A is elliptic and B complements A, then the homogeneous system
(4.10), (4.12), (4.13) (i.e., that corresponding to f = 0 and uo = 0) has only trivial solution
U =0forall & e R"~1\ {0}.

Proof. Let U = (U, ..., U,—1) be a solution of the homogeneous system (4.10), (4.12), (4.13).
Our objective will be to show that for each &’ € R™~1\ {0} the vector-valued function

o
1 1xpn A—1 A l
v(xp) =o€ "Ap(E)AG)UE)dS,
—0o0
is a bounded solution of the equation
, 10
A&, —— Jv(xy) =0 (4.14)
1 0xy,

for x, # 0, satisfying the boundary conditions

B(E/,l 0 )v(xn)=0 (4.15)
1 0x,

for x, = 0. Moreover, the jump of the function D}, v(x,) at x,, = 0 just amounts to
D, v(0+) — D v(0—) =U, (4.16)

whenever t=0,1,...,0—1.

To this end, pick contours y; and y_ which bound half-disks in the upper and lower half-
planes containing all singularities of the matrix ((A(E)*AE))~!, i.e., all roots of the polynomial
p(&',&,). Then the integral over the real axis in the formula for v(x,) can be replaced by the
integral over yy for x, > 0 or over y_ for x, < 0. Hence it follows that v(x,) is bounded for
X, # 0. Applying the operator A(¢’, D,) to v readily get

1 0 1 ~ 1 -
A(s’,— )v(xn)=g / S RAEUE) dty — - f G AU EYdE  (@.17)

1 0x,
v+ 2

for x, # 0.

From the equality (4.10) with f =0 we deduce that RA(S YU (') = 0 holds on the real axis.
Therefore, the first integral on the right-hand side of (4.17) reduces to the integral over a semicir-
cle S+(R) ={§, € C: |§,] = R, £3§, > 0}, which is actually independent of R large enough,
and by (4.8) it tends to zero when R — oo. It follows that this integral is equal to zero. By the
Cauchy theorem, the second integral on the right-hand side of (4.17) vanishes, too. This shows
that (4.14) is fulfilled.
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We now prove that v(x,) satisfies boundary conditions (4.15). For x;,, = 0+ this follows im-
mediately from (4.12) with f =0 and uo = 0, because

19 1 -
B(E’,— )v (0+)=——/B(S)AZI(S)A(E)U(E’)dEn
1 0xy 21
v+

=0.

To derive the boundary condition (4.15) at x, = 0— we make use of the last equality, obtaining

1 0 1 -
B(&C——)U (0—)=——/B(&)Azl(é)A(S)U(E/)dEn
1 0xy 2
y—

1 ~
=5 / B(E)AL (E)AE)UE) d&y,
T

S(R)
where S(R) is the circle of radius R around 0. Substituting (4.4) into this equality we get

o—1 o—1

1 19 _ L j—i—1 sl I
B(&;E)vm—)— ZZ(ZM /sn dsn)B,(swt(s)
S(R)

j=0 (=0
o—1 1 P
+ZZ(% / BE)AL (©)&] ‘dsn)Aj@’)Uz@’).
=0 j=0 S(R)
(4.18)

The second integral on the right-hand side vanishes since the integrand is O(|&, |72) as &, — 00.
It follows that

19 o—1 o—1
B(s’, 75)” O0=)==Y_> 6.;B;jE.&)

j=0 =0

=—BU,

which vanishes by (4.13).
It remains to establish jump formulas (4.16). For this purpose we start with an equality

DXv(0+) — Dfv(0-)

1 - 1 i
= —E/;’jAzl(S)A(é)U(é’)déﬂ + Z/éﬁAgl(S)A(S)U(é’)d&
2 r=

1

- / AL OAEUE) dE,.

S(R)
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Once again using equality (4.4) we split the integral on the right-hand side into the sum

o—1 1 o—1 1 1 o
Z <% / S’ic—L—l d‘i:n)UL(E/) _ ZZ <% / AZ](S)EZ:JF] 1d§n>Aj(E/)Ut(§,)-
=0 S(R) =0 j=0 S(R)

4.19)

The last integral here vanishes if k < o. Hence it follows that

o—1

Div(0+) — Dfv(0—) =Y &.,U,
=0
= Uk

whenever k =0,1,...,0 — 1, as desired.

Since the boundary operator B complements A, we conclude that v(x,) = 0 for all x,, > 0, and
so v(x;) = 0 holds for all x,, < 0, too. Indeed, to each non-trivial solution v(&’, x;,) of the problem
(4.14), (4.15) on the semiaxis R there corresponds the solution u (&', x,) := (—1)°v(—§', —x,)
of the problem (4.14), (4.15) on the semiaxis R, and this latter has only trivial solution. Us-
ing the jump formulas (4.16) we thus conclude that U (£") = 0 for all £ € R*~!\ {0}, which
completes the proof. O

The principal significance of Lemma 4.1 is in the assertion that the matrix
P&
BEH=| QE)
B(&")
of the system (4.10), (4.12), (4.13) has a left inverse for all £’ € R"~!\ {0}. Denote it by BL_I &,
and the right-hand side of the system by A(Fy¢ey f, Fyrsgup). Then we obtain
U =B, A(Fuser f, Forsgro). (4.20)
By the very construction, if f = Au and ug = Bu|y for some u(x), then (4.20) gives
UE) = (Fropu@,04), ..., Dy Fuopux',04)).
Substituting (4.20) into (4.11) yields

fx’n—)é’”(x/y Xn)

e ¢]

1 -
=5 e AT E) (Fuseer f — AG)BL (ENA(Frsser fo Fumgug)) déy.  (4.21)

Applying the inverse Fourier transform in &', one can now derive a formula for the solution of
problem (4.1) in the form of convolution of f and uo with matrices of Poisson kernels, cf. [16].
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We are however interested in constructing a mere left regulariser of problem (4.1). To this end
we multiply the integrand in (4.21) by a non-negative function y (&) of class C*°(R") which is
equal to 1 for |£| > 1 and O for || < 1/2. Such functions are called excision functions. Applying
now the inverse Fourier transform in &, we get an operator

(i)

~ Qn)

/ ¢ YOV AL @) (Frmses f — A@)BL ENA(Frsses f, Fuoguo)) dé
Rn
(4.22)

which is a left regulariser of problem (4.1). Indeed, using (4.3) and (4.20), we readily get

Au
H<BWy)

~ @n)y

/ ¢ GAL O (A Famseru + ABOUE) — AGUE) d§
Rn
=equ — S(e+u),

where

S(eru)(x) =

/e’”’S)(l — X&) Frzequds

R7

Q)"

is a pseudodifferential operator of order —oco in R", as desired.

We now discuss those modifications in the construction of a left regulariser which should be
done in the general case where A is an elliptic operator of principal symbol structure (N, M).
Formula (4.22) for a left regulariser and other main formulas remain still valid. Note that we can
assume without loss of generality that the tuple N is equal to zero. For if N; < 0, one can raise
the order of the ith row in the operator A by applying the derivatives D with |a| = —N; to
this row, cf. [16]. In other words, one can find an elliptic differential operator A with constant
coefficients and principal symbol structure (0, —N), such that A has finite-dimensional kernel,
the composition AA is of principal symbol structure (0, M), and B complements AA. Then the
composition [T A of the operator A and a left regulariser I7 of the problem

AA
T
is a left regulariser of the genuine boundary problem .A.

Thus, let N =0 and 0 = max{My, ..., M} be the scalar order of the operator A. The decom-
position

AE) =) A;EE]

J=0
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remains still valid, however, A (') are possibly inhomogeneous matrix-valued polynomials in
&' of order < 0 — j. Moreover, some A (£') may vanish identically. For the components a;,; (&)
of the matrix A(£) one can write exacter equalities

M;
aij(&) =Y aj . (EEL.

u=0
Analogously, writing (4.4) componentwise, we obtain

k M_,'—l Mj—l—t

AU)i=1Y " 3" > i jusur1EVEUED,

j=1 =0 pu=0

which shows that AU is completely determined by the components Uy j, ..., U M—1,j of the

vector U, for j =1, ..., k. Write U’ for these components, then AU = 0 if U’ = 0.

The operators Azl and R have principal symbol structures (—M, 0) and (0, 0), respectively.
The matrix A*A has principal symbol structure (M, M), and so det A*(£§) A (&) is a homogeneous
polynomial in & of order 2|M|. The polynomial p(£) of the representation (4.7) has order 2w,
and min{My, ..., My} < @ < |M]. The product pR is still a matrix-valued polynomial of degree
2w, however, the degree of the polynomial pRAU in £, is less than 2z . Hence it follows that
RAU—)OEISS”—)OO.

The boundary operator B bears principal symbol structure (O, M). The components
O1, ..., Oy, of the tuple O are negative, if we assume that the orders of the elements b; ; of
the matrix B do not exceed M. Writing

0,‘+Mj
bijE)= > bijuEEL

n=0

we readily observe that similarly to AU the vector BU is completely determined by the part
U’ of the vector U. Therefore, the relations (4.10), (4.12), (4.13) can be thought of as a system
relative to the unknown vector U’.

Then Lemma 4.1 remains valid. This follows by the same method as above, the only difference
being in replacing the jump formulas (4.16) by

D, (0+) — Dyv;(0-) = U, (4.23)

forevery j =1, ..., k and for every component U, ; of the vector U,, where t =0, 1,..., M; —1.

In order to establish (4.18) and (4.23), we rewrite (4.18) and (4.19) componentwise and take
into account that the operators BAZ1 and Azl have principal symbol structures (O, 0) and
(—M, 0). Then the last integrals in (4.18) and (4.19) are still equal to zero, for O; < 0 and
@ < M;. Furthermore, if v(§ !, xp) is a solution to the problem (4.14), (4.15) on the semiaxis
R_, then by the suitable homogeneity of the operators A and B the vector-valued function
u&’, x,) = )Cllv(—g’, —X,) is a solution of the problem (4.14), (4.15) on the semiaxis R.
It follows that the problem in R_ has also a mere trivial solution. By (4.23) we conclude that
U’ =0 for all £ € R"~1\ {0}, as desired.
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5. Boundary integral equations

Let A and B be (k x k)- and (m x k)-matrices of scalar partial differential operators with
principal symbol structures (N, M) and (O, M) and C* coefficients in the closure of X, re-
spectively. We moreover assume that A is elliptic in X, and m = (|N| + |M]|)/2.

Consider the general boundary problem

Ax,Dyu(x)= f(x) forxedX, 5.1)
B(x, D)u(x) =ug(x) forxe). ’

We first study a homogeneous problem, i.e., that with f = 0. To this end, we consider also an
auxiliary elliptic boundary problem for solutions of the system Au =0,

(5.2)

{A(x,D)u(x):O forx e X,
C(x,D)u(x) =uop(x) forxel,

where C is an (m x k)-matrix of scalar partial differential operators with principal symbol struc-
tures (P, M) and smooth coefficients. To the elliptic problem (5.2) there corresponds an operator

Cy:H"™M(X)nkerA — HP=12(y) (5.3)

defined by Cyu := Culy. It possesses both left and right regulariser I7, that is IT = C;L =
CJ_JIR, where

Cyl Cyu=u—Sou if Au=0,

CyCylv=v—Sv and ACy'pv=0, (5.4)

where Sp and S are smoothing operators of order —oo.

We say that the operator (5.3) has principal symbol structure (P + 1/2, M). Then the operator
IT has principal symbol structure (—M, —P — 1/2).

In what follows we need some results of [19, Part II]. Hence we shortly present them with
necessary complements. Consider the operator

v HSTP2(Y) > mSTOT2(y) (5.5)

given by Vv := ByCi]Lv. It has principal symbol structure (O + 1/2, —P — 1/2), what just
amounts to (O, —P). The operator ¥ is well known to be pseudodifferential, and its complete
symbol o (¥) can be computed explicitly. Note that the operator ¥ is elliptic [6] if and only if
the boundary problem (5.1) is elliptic. It is important that existence and smoothness theorems for
problem (5.1) are encoded in the operator (5.5).
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More precisely, let H and H;, H» be Banach spaces, H — (Us HS(X)]‘) N ker A and
Hy, H, — | J, H*(Y)™. Assume that these embeddings are continuous, when the target space
is endowed with the topology of distributions, and that H, contains C*°())™. If in the diagram

By
H—— H

H,

the operator Cvy is Fredholm, then for the operator By to possess a regulariser (both left and
right one) it is necessary and sufficient that ¥ would possess such a regulariser. Hence it follows
that the operator By is Fredholm if and only if ¥ is Fredholm.

As mentioned above, for some elliptic differential operators A it is still impossible to find a
boundary operator C satisfying the Shapiro—Lopatinskii condition, and so, to choose a Fredholm
operator Cy. However, in any case we can find, by Theorem 3.1, a boundary operator C which
complements A, i.e., we may always choose an operator Cy) possessing a left regulariser CilL.

Theorem 5.1. Let Cy possess a left regulariser CJ_}IL. Then the operator By has finite-
dimensional kernel and is normally solvable, provided that W possesses a left regulariser. If

moreover Cy, possesses a right regulariser C v IR, then By is Fredholm if and only if so is ¥.

Proof. Let C 3_)’111 be a left regulariser of Cy. Then

By = By(c)—,}Lcy + So)
=¥ Cy + BySp, (5.6)

where By S is an operator of order —oo which defines a compact mapping of H to H. It follows
that By possesses a left regulariser BilL =C ;L v ! and therefore the operator By : H — H,
has finite-dimensional kernel and is normally solvable. If moreover both Cy, and ¥ possess right
regularisers C;,}R and W', then the operator By possesses also a right regulariser B;)]R =
Ci‘l R 1, and so it is Fredholm. Conversely, if Cy and By are Fredholm, then ¥ is obviously
Fredholm, too, as desired. O

From the equality (5.6) the results of [19] immediately follow. Yet another consequence of
(5.6) is

Theorem 5.2. If a smoothness theorem is valid for the operators Cy and W, then it also holds for
the operator By, i.e., any solution of problem (5.1) with f =0 in | J, H® (X)* actually belongs
to H ifug € Hs.

6. Evaluation of the symbol of ¥

In this section we discuss the boundary system ¥ v = g in detail. It is known, cf. [19], that in
order to compute a complete symbol o (¥) of the system in a neighbourhood of a point (y, ) €
T*Y \ {0} it suffices to use a local regulariser ITg of (5.1) instead of I1. By this is meant that
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CyIllgv=v— 8 gv,
Allgv =—T; gv

for all vector-valued distributions v supported in a small neighbourhood U of y on ), where
S1,0 and T o are smoothing operators whose order tends to —oo when Q — oo. The operators
¥ and By Il differ by a smoothing operator S¢p of the same type, i.e., ¥v — Byllgv = Spv
for all C™-valued distributions with support in U.

The construction of the operator /T reduces to solving a boundary problem on the semiaxis
Ry for a system of ordinary differential equations with parameter (y, n) € T*Y \ {0}.

Let O be a domain in X, such that O N ) = U, where U is a sufficiently small neighbour-
hood of a point y € ). In this domain we introduce coordinates (y, t) in which O is defined
by the inequalities |y|> + 12 < ¢ and ¢ > 0, for some & > 0, while the boundary ) is given by
the equality * = 0. The differential operator A(x, D) written in these coordinates is denoted by
A(y,t, Dy, D), and its complete symbol by A(y, ¢, 7, 7).

We now extend the twisted homogeneity (3.1) to include not only covariables n and t but
also the variables y and ¢, which will allow us to freeze coefficients. A matrix-valued function
F(z,t,n, 1) is called twisted homogeneous of order (H, M) if

F( e, a7 e A, At) = 2 F (2,1, 1, 7)o ! 6.1)
for all A > 0, where
A~M 0 A 0
) = ’ . ) J?)\, - ' .
0 A~ M 0 2Hi

For each yp € U and Q > 0, the operators A, B and C can be written in the form

Y
A(y.t. Dy, D)= Ag(y0.y = Yo.1. Dy, Di) + Ag 1,8 (y0. Y — Yo. 1. Dy, Dy).
q=0
0
B(y,t,Dy,Dy) = ZBq(yo, Yy —Yo0,t, Dy, Dt) + Bo+t1,r(Y0, Y — Y0, £, Dy, Dy),
g=0
0
C(y.t, Dy, D)= Cy(30.y = y0.t, Dy, D) + Coy1.8 (0. ¥ — 0.1, Dy, D), (62)
g=0

where Ay (yo,z,t,1,7), B4(3o,2,t,n, 1) and Cy(yo, z,t,7n, T) are matrix-valued polynomials
in z, t, n, T, depending on the parameter yg, which are moreover homogeneous of orders
(N—q,M), (0 —q,M)and (P—q, M), respectively. The coefficients of the operators Agy1 g,
Bgp+1,r and Co1, g vanish at the point (z, ) = (0, 0) for Q large enough, and the multiplicity of
this zero increases if 0 — oo. The expansions (6.2) are obtained by applying the Taylor formula
to each element of the matrices A, B and C around the point (y, t) = (y9, 0), and arranging into
groups the terms which have the same generalised order of homogeneity. In particular, Ao, By
and Cy are principal parts of the corresponding operators with coefficients freezing at the point
(y.1) = (50, 0).
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Set Aq = Ay(yo, —Dy,t,n, D;) and similarly for éq, C~’q. Consider a family of boundary
problems for systems of ordinary differential equations on the semiaxis ¢ > 0, parametrised by
(yo.m) € T*U \ {0},

AoZo(yo, n; 1) =0,
CoZo(y0,m;0) = Ep,

for ¢ =0 and

ATy (o, 1) = —A1 Zg—1(yo, 5 1) — -+ — Ag Zo(yo, mi 1),

CoZ4(y0,m;0) = =C1 Z4—1(30, 75 0) — - - — Cy Zo(y0, m; 0), (6.3)
forg=1,..., 0, where X, (yo, n; t) are unknown (k x m)-matrices. To guarantee the unique-

ness we require X (yo, n; t) to vanish when 1 — +o00.

The problems (6.3) are uniquely solvable if and only if the boundary problem (5.1) is elliptic,
i.e., satisfies the Shapiro—Lopatinskii condition. Furthermore, each matrix X (yo, n; t) is twisted
homogeneous of order (—M, —P — g) in (¢, n) with C* entries for (yg,n) € T*U \ {0}.

We now define the operator

Op(X Zv(y, 1) = Tk Fyonx (1) Ty (v, 13 HU(),

which maps vector-valued distributions v with compact support in U to vector-valued distribu-
tions in O. Here x (1) is an excision function on R”~! which vanishes for || < 1/2 and is equal
to 1 for |n| > 1. Then the family of operators

0
Mo =7 op(x %)
q=0

is a local regulariser of problem (5.1).
From what has been said it readily follows that the complete symbol of the operator ¥ is

given in local coordinates y = (y1, ..., y»—1) in the neighbourhood U by the formal series
o
(W) (y, M~ aj(y,m, (6.4)
j=0

witha;(y,m) =3, ,—; BpZy(y,n;0).
In particular, the symbol of ¥ of order (O, —P) is equal to Eo (y,n, Dy) Xo(y, n; 0), which
implies that the problem (5.1) with f = 0 is elliptic if and only if so is the operator ¥.

7. Generalised elliptic boundary problems
In [19] one discusses boundary problems which lead to uniformly non-elliptic systems on ).

Developing [10], we now consider boundary problems which lead to a more broad class of non-
elliptic systems.
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A boundary problem (5.1) with f =0 is called generalised elliptic if the system Yv = g is
generalised elliptic, i.e., if there are admissible global transformations 71, ..., T,, such that the
composition 7, ... T; A0 is elliptic in Y and has order (0, —P). Here, A~ is the diagonal
(m x m)-matrix with entries §; ; A~9i, where A is an arbitrary first order elliptic operator on ))
with principal symbol |n|. See [11] for more details.

The quantity 6 (¥) + | P|, where §(¥) is the degree of non-ellipticity of the operator ¥, is
said to be the degree of non-ellipticity of boundary problem (5.1). The following lemma shows
that this definition is correct.

Lemma 7.1. The property of being generalised elliptic and the degree of non-ellipticity of prob-
lem (5.1) with f =0 are independent of the choice of the auxiliary elliptic problem (5.2).

Proof. Let &y, be yet another operator with principal symbol structure (R, M) defining an ellip-
tic boundary problem for the system Au = 0, and let 3 be a regulariser of this problem. Then
¥’ = ByP and ¥ = CyPP are matrix-valued pseudodifferential operators on ) with principal
order structures (O, —R) and (P, —R), respectively, and the operator ¥ is elliptic. From (5.4)
we obtain

vy = ByCi]LCy‘Bv + By SoPv
=wyy + Sv, (7.1)

where S is a pseudodifferential operator of order —oo. If the operator ¥ is generalised ellip-
tic, i.e., if there are admissible global transformations 71, ..., T, such that the composition
T,.. 1AW is elliptic in Y and has order (0, — P), then the operator ¥’ is generalised el-
liptic, too, for by (7.1) the operator

Tp.. 1A W o= (T,... 1A W)W v+ Sy

is elliptic in ) and has order (0, —R). Furthermore, if §(¥) and §(¥’) are the degrees of non-
ellipticity of ¥ and ¥’, then §(W') = 8§(¥) + | P| — |R|, which just amounts to §(¥') + |R| =
§(¥) + | P|. That is, the degree of non-ellipticity of problem (5.1) 6(¥) + | P| does not depend
on the choice of the auxiliary problem (5.2), as desired. O

‘We now turn to function spaces in which the operator By corresponding to the problem (5.1)

with f = 0 acts. Recall, cf. [9], that any finite sequence of elliptic operators 71, ..., T, deter-

mines a space H;_O_l/ 2(3)) of generalised functions v on ), such that

T,.. TiA % e H V%)),

It is easy to verify that

HS—O—n—l/Z(y) s H;fo*l/z(y) s HS—O—l/Z(y)’

and the same space H;_O_l/ 2(3/) can be described by different equivalent finite sequences.
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By Theorem 3 of [9], to any generalised elliptic operator ¥ there corresponds a space

H;_O_l/ 2 ()), determined by an arbitrary finite sequence reducing ¥ to an elliptic operator,
such that
W HSP2() - 1OV (7.2)

is a Fredholm operator.
5—0—1/2

Conversely, if there is a space H () such that the operator (7.2) is Fredholm, then ¥

is a generalised elliptic operator and each finite sequence of operators determining H;_O_l/ 2 )
reduces ¥ to an elliptic operator of principal symbol structure (0, —P).
Any generalised elliptic boundary problem gives rise to a Fredholm operator By acting as

By:H™M(X) Nker A — Hy 772

), (7.3)
the latter space being determined by an arbitrary finite sequence reducing ¥ to an elliptic oper-
ator. It is independent of the choice of the sequence and auxiliary problem (5.2). Theorem 5.1
shows that the Fredholm property of (7.3) follows from those of (5.3) and (7.2).

Conversely, if there is a space H;fo*l/ 2 ()) with the property that the operator (7.3) is Fred-

holm, then the operator ¥ = By C § 1L is Fredholm in the spaces (7.2), and so generalised elliptic.
We have thus arrived at

Theorem 7.2. If an elliptic operator A possesses some boundary problem (5.2) satisfying the
Shapiro—Lopatinskii condition, then the operator By corresponding to the problem (5.1) for
f =0 is Fredholm in the spaces (7.3) if and only if this latter problem is generalised elliptic.

As the range of the operator ¥ is contained in the range of the operator By,, Theorem 5.1
readily implies

Corollary 7.3. The null-space of operator (7.3) related to the boundary problem (5.1) with f =0
consists of C™ functions in X, and its range is described by a condition of orthogonality to
certain functions of class C*°())).

Moreover, if u is a weak solution of (5.1) with f =0 and Byu € H;*O*‘/z(y), then
ue HSTM(x).

As usual, by the index ind By, of operator (7.3) is meant the difference of the number of
linearly independent solutions of the homogeneous problem (5.1) and the number of linearly
independent vector-valued functions the orthogonality to which provides the solvability of the
problem (5.1) with f =0. By Theorem 7.2, ind By, does not depend on s if s > |O].

Theorem 7.4. Suppose the problem (5.1) for f = 0 is generalised elliptic. Then the indices of
operators (5.3), (7.2), and (7.3) satisfy

ind By =ind¥ +ind Cy.

Proof. By the properties of index, we obtain from the equalities ¥ = By Cy IL and (5.4) that
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. s . —1
ind¥ =ind By + 1ndCy’L,
. -1 _
indCy,; =—indCy,
which establishes the formula. O

This is a simple generalisation of the well-known formula of [2] which compares the indices
of two elliptic boundary value problems for the same differential operator in a domain.

8. Inhomogeneous problem

Our next objective is to study the inhomogeneous problem (5.1), i.e., the problem with arbi-
trary f. Following [19], we consider the auxiliary boundary problem

A(x,Dyu(x)=f forxeX, 8.1)
Cx,D)u(x)=0 forxe). )
Since it satisfies the Shapiro—Lopatinskii condition, the operator
A:H"M(X)ynkerCy — H N (X) (8.2)

is Fredholm. Hence, for each f € H*~N(X) orthogonal to a finite number of smooth vector-
valued functions gp,...,gp on X, there is a solution u € HSt™ (X)) of (8.1). Denote by
f = Gf the operator which assigns, to any such f, the solution of (8.1) orthogonal to all solu-
tions of the homogeneous problem (8.1). Obviously, such a solution G f is unique. We extend G
to an operator on all of H*~N (X)) by linearity, setting Gf = 0 if f belongs to the cokernel of
(8.2). Then G is a regulariser of the operator (8.2), i.e.,

GAu=u— Hou if Culy =0,
AGf=f—H f and CGfly=0, (8.3)

where Hy and H; are projections onto the kernel and cokernel of (8.2), respectively, both Hy and
Hj being smoothing operators of order —oo.

Assume that f is orthogonal to all gi,..., gp/. We look for a solution of (5.1) of the form

u=Gf + U. Then for U we obtain the problem (5.1) with f =0,

Ax,D)U(x)=0 forx e X, 8.4

{B(x,D)U(x):Uo(x) forx e, 84

where Uy = ug — ByGf € HS=9-12()), for Gf € HST™™(X). Since (8.4) is a generalised

elliptic problem, it has a solution U in H*M (X) if Uy € H;_O_l/ 2(2( ) is orthogonal to a finite

number of linearly independent vector-valued functions v, 1, ..., vo,p~ of class C*°(}), i.e.,

/(Uo*f(x))*Uo(X)ds =0
y
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for j =1,..., D”. Summarising we rewrite the conditions of solvability of problem (5.1) in the
form

/(gj(x))*f(x)dsz forj=1,...,D,
X

/(vo,j(x))*(uo(x) — ByGf(x))ds=0 forj=1,...,D". (8.5)
y

It is fairly complicated to show separate conditions on f and up which are necessary and

sufficient for Uy to belong to H;_ 0-1/2 ()). In other words, it is difficult to choose natural spaces

in which the operator of a generalised elliptic problem (5.1) acts. Hence we restrict ourselves to
an assertion which is not as explicit as Theorem 7.2.

Theorem 8.1. If problem (5.1) is generalised elliptic of degree of non-ellipticity 8, then for each
s > max{o’, p'} — 8 4+ 1/2 it has a solution in the space H**M (X)) whenever f € HS N7 (X)

and ug € H;_O_l/z (Y) satisfy the orthogonality conditions (8.5).

Here o' is the maximal order of normal differentiation in the operator B, p’ is the maximal
order of normal differentiation in the operator C, and n’ is the maximal order of differentiation
in the composition T}, ... Tj reducing A=Y to an elliptic operator, n’ < |0| — 8.

The homogeneous problem corresponding to (5.1) has a finite number of linearly independent
solutions, and these are C*° up to the boundary of X. If u is a weak solution of (5.1), such that
Au e HNH'(X) and Buly € Hy °7'2(V), then u € H* M ().

Indeed, consider a weak solution u of (5.1) with these smoothness properties. By (8.3), the
function U :=u — Gf is a solution of the problem

(8.6)

AU=F inX,
BU=Up on),

where F = Hif € C®(X,C¥) and Uy = ug — ByGf € Hy °7'*()). Since Gf lies in

HtM (), it suffices to show that U € H*TM (X). To this end, we consider the regulariser I7 of
(5.3). From (5.4) and (8.6) we get

A(U-TICyU)=H,f inX,
Cy(U —MCyU)=S$,CyU onY,

where Hi f and S;CyU are C* functions on X and ), respectively. By the smoothness of
solutions of elliptic boundary problems we readily deduce that the difference U — I1CyU is C*
on the closure of X. Applying the operator By to this function and taking into account (8.6)
we see that ¥ CyU = Uy up to a vector-valued function of class C ©(X). As ¥ is a generalised
elliptic operator with principal symbol structure (O, —P) and Uy € H;fo*l/ 2 ()), Corollary 7.3
yields CyU € H*~P=1/2(). Combining this with AU € C*(X, C*) and once again using the
regularity property of solutions of elliptic problems, we deduce U € H**™ (X), which is the
desired conclusion.
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9. An example

Consider an inverse problem of Newton potential. When linearised, the problem of finding a
domain and density by the pair of outer potentials p; and p reduces to the following one: Given
any positive harmonic functions p; and p, on an open set U C R3, find harmonic functions u1
and u7 in a domain X € U which satisfy the boundary conditions

piuy — pau =up,
duq

duyp
Pla__P2a_+P2Pu2—MN .1

on ), where v is the unit inner normal vector to the boundary )/, and

P= av log

We first show that (9.1) is a generalised elliptic problem provided that the function p does
not vanish on Y. The principal symbol structures (N, M) and (O, M) of operators A = AE,
and B given by (9.1) choose as follows: N = (0,0), M = (2,2), and O = (—2, —1). Use the
auxiliary Dirichlet problem. Then the operator ¥ reduces to an elliptic pseudodifferential opera-
tor of principal symbol structure (O’, — P) = ((—2, —2), (2, 2)). Choose orthogonal coordinates
x = (x1, x2, x3) in a neighbourhood of a boundary point yg, such that X be defined by the in-
equality x,, =t > 0, the lines parallel to the ¢-axis be geodesics orthogonal to ), and ¢ would
coincide with the arc length. As in (6.2), the Laplace operator splits as A = Ao+ A; + -+,
where

2
A0—2:@//()’0)
j=1 J
3 32 3
Zw],(yo) x = o)~ P +Za,(yo)—
j=1 j=1 X

where a; ; and a; are expressed through the coefficients of the metric tensor and a3 3 = 1. In the
same way for the matrix B of (9.1) we obtain B = By + B + - - -, where

=( p1(Y0) —p2(yo) )
PIGOZ  —p2a(0)

_ ( (VP1(30), x = yo) ~(Vp2(30), x = yo) )
(VP1(30), x — yo) 2 —(Vp2(30), X — o) & + p2(30) p(0)
The problem (6.3) for g = 0 on the half-axis t > 0

2

0
o 2)Eo(yo n;1) =0,

Zo(yo,m;0)=E

AgXy:= (In 2
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has a unique solution Xy (yo, n; t) = exp(—|n|t) E» which vanishes as t — +o00. For ¢ = 1 it has
the form
A()E] = —Alﬂo fort > 0,
21(y0,n;0) =0,

where X' (yo, n;t) = 0 as t — 4o00. It is easy to compute that
A1 X = (co+ cit)exp(—Inlt) Ex

whence X1 (yo, n;t) = t(Co + Cit)exp(—|n|t)E>. The coefficients cg, ¢; and Cp, C; are ex-
pressed through the coefficients of operators Ag and Aj. However, the final result is actually
independent of X', as we will see, and so we need not any explicit expressions.

By (6.4), the first two terms of the complete symbol of operator ¥ of order (O, —P) =
(=2, —1), (2,2)) has the form

ao +ai = By Zo(yo, n; 0) + (B1 Zo(y0, n; 0) + Bo X1 (3o, 1; 0))

(i 2207 et
—piinl  p2nl p1Co—101 —(p2Co—102)+pap )’
where

2

Qivo.m=

j=1

8pl‘ 8
2, (yo) o, i

for i =1, 2. Note that both Cy(yp, n) and Q;(yo, n) are of degree 0 in 7.
Denote by A! a pseudodifferential operator with principal symbol |5| and consider the matrix

1 0
r=(, ).

It is easy to check that TV is a zero order pseudodifferential operator with principal symbol

0 D1 —p2
o (TY) = .
(%) (PlCo—lQl —(poo—lQ2)+p2P>

Since

deto®(TW) = pipap +1(p1Q2 — p20Q1)

on ) and the imaginary part p; Q> — p> Q1, which is linear in n for || = 1, always vanishes for

some 17, the operator TV is elliptic if and only if p does not vanish on the boundary ).
Summarising, we conclude that ¥ is reducible to the operator 7% of order O, or principal

symbol structure (O’, —P) = ((—2, —2), (2, 2)), as desired. Applying Theorem 7.2 yields
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Theorem 9.1. The operator By of problem (9.1) is Fredholm in the spaces
By: H*T2D(X) Nker(AEy) — Hy 2712 (),

fors >0, if and only if ply # 0.

By H;+(2’2)_1/2(y) is meant the space of generalised vector-valued functions ug = (up, un),

such that Tugy € HS+(2’2)_1/2(J)). This just amounts to saying that both up and Alup +un
belong to H*13/2())). Since the Dirichlet problem has index 0 and the operator T is invertible,
we deduce from Theorem 7.4 that ind By = ind(T'¥).
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