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Abstract

In this paper we study an indefinite Kirchhoff type equation with steep potential well. Under some suit-
able conditions, the existence and the non-existence of nontrivial solutions are obtained by using variational
methods. Furthermore, the phenomenon of concentration of solutions is also explored.
© 2013 Elsevier Inc. All rights reserved.

Keywords: Kirchhoff type problem; Steep potential well; Ground state; Nehari manifold; Mountain pass

1. Introduction

In this paper, we investigate the existence and concentration of solutions to a class of Kirchhoff
type problems:

—(a/|Vu|2dx+b)Au+)LV(x)u=f(x,u) in]RN,
RN (Kk,cz)

ueHl(RN),
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where N >3, feC (RN x R, R), the parameters a, b, . > 0 and the potential V satisfies the
following conditions:

(V1) VeC@®RN)and V >0o0nRV;

(V2) there exists ¢ > 0 such that the set {V < ¢} = {x e RV | V(x) < c} is nonempty and has
finite measure;

(V3) 2=imt V1) is nonempty and has smooth boundary with 2 =Vv~-Y0).

Kirchhoff type problems are often referred to as being nonlocal because of the presence of the
integral over the entire domain £2. It is analogous to the stationary case of equations that arise in
the study of string or membrane vibrations, namely,

Uy — <a/|Vu|2dx+b)Au=f(x,u), (1.1)
2

where £2 is a bounded domain in RY, u denotes the displacement, f (x, u) is the external force
and b is the initial tension while a is related to the intrinsic properties of the string (such as
Young’s modulus). Equations of this type were first proposed by Kirchhoff in 1883 to describe
the transversal oscillations of a stretched string, particularly, taking into account the subsequent
change in string length caused by oscillations. The solvability of the Kirchhoff type equation (1.1)
has been well-studied in general dimensions and domains by various authors (see, for examples,
[10,11,14,16,18,20,22,24] and the references therein).

Nonlocal effect also finds its applications in biological systems. A parabolic version of
Eq. (1.2) can, in theory, be used to describe the growth and movement of a particular species.
The movement, modeled by the integral term, is assumed dependent on the “energy” of the entire
system with u being its population density. Alternatively, the movement of a particular species
may be subject to the total population density within the domain (for instance, the spreading of
bacteria) which gives rise to equations of the type u; — a( f o udx)Au = f.Chipot and Lovat [8]
and Corréa et al. [9], for examples, studied the existence of solutions and their uniqueness for
such nonlocal problems as well as their corresponding elliptic problems.

More recently, the stationary problem of Eq. (1.1):

—<a/|Vu|2dx+b>Au=f(x,u) in £2,
Q (1.2)

u=>0 on 052,

has been studied by many authors; for example, Alves et al. [1] and many others [5,7,19] us-
ing variational methods, proved the existence of positive solutions while Zhang and Perera [25]
obtained sign changing solutions via invariant sets of descent flow. Bensedik and Bouchekif
[5] studied the asymptotically linear case and obtained the existence of positive solutions for
Eq. (1.2) when the assumptions about the asymptotic behaviors of f are the following

(f1) t— M is a nondecreasing function for any fixed x € 2;

(f2) 1m0 L2 = F(x) and lim,— 0o L2 = g(x) uniformly in x € £2, where 0 < p(x),

g(x) € L°°(£2) and sup, . p(x) < mohy, Ap is the first eigenvalue of (—A, HO1 (£2)).
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On the other hand, the conditions (V' 1)—(V 3) imply that AV represents a potential well whose
depth is controlled by A. AV is called a steep potential well if A is sufficiently large and one ex-
pects to find solutions which localize near its bottom £2. This problem has found much interest
after being first introduced by Bartsch and Wang [4] in the study of the existence of positive solu-
tions for nonlinear Schrédinger equations and has been attracting much attention, see [2,3,21,23].
Very recently, Jiang and Zhou [ 15] first applied the steep potential well into Schrodinger—Poisson
system, and obtained the existence and concentration results by combining domains approxima-
tion with priori estimates. Later, Zhao et al. [26] studied another Schrédinger—Poisson system
with V satisfying the conditions (V 1)—(V 3), namely,

—Au+ AV u+ K(x)pu=ul’2u inR>,
—A¢p =K (x)u® in R3,

where A > 0, K >0 for x € R? and K € L>(R?) (or L>(R?)). They obtained the existence
and concentration results for p € (3, 6) via variational methods. In particular, the potential V is
allowed to be sign-changing for the case p € (4, 6).

Inspired by the above facts, the aim of this paper is to consider the Kirchhoff type equations
with steep potential well. To the author’s knowledge, this case seems to be considered by few
authors. We mainly study the existence of ground state solution for Eq. (K ,) with the indefinite
nonlinear term f (x, u). Furthermore, the non-existence and concentration of nontrivial solutions
are also discussed.

Before stating our results we need to introduce some notations and definitions.

Notation 1.1. Throughout this paper, we denote by | - |, the L"-norm, 1 < r < oo, and we have
to use the notations p* = sup{p, 0} and the critical exponent 2* = 1\%§2 for N > 3. Also if we
take a subsequence of a sequence {u,} we shall denote it again {u,}. We use o(1) to denote any

quantity which tends to zero when n — oo.

Definition 1.1. u is a ground state of Eq. (K _,) we mean that u is such a solution of Eq. (K )
which has the least energy among all nontrivial solutions of Eq. (K ).

We need the following the minimum problem: for each positive integer k = 1, 3, 4,

k+

1
2
Aﬁ’”:inf{(fwuﬁdx) ue Hy(£2), fq|u|k+1dx=1}, (1.3)
2 2

where ¢ is a bounded function on £2 with g7 % 0. Then kgk) > 0, which is achieved by some
ok € Hé (£2) which fQ glox[¥tldx =1 and ¢ > 0 a.e. in £2, by the compactness of Sobolev
embedding from HOl (£2) into L¥1(£2) and Fatou’s lemma (see Figueiredo [13]). In particular,

2
Agk)/qlulkﬂ dx < </|Vu|2dx) for all u € H} (£2). (1.4)
Q 2
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Now, we give our main results.

Theorem 1.2. Suppose that the conditions (V1)—(V3) hold. In addition, for each k = 1, 3,4,
we assume that the function f satisfies the following conditions:

(D1) f(x,s) is acontinuous function on RN x R such that f(x,s) =0 forall s <0andx € RV,
Moreover, there exists p € L% (RN) with

S2 min{b, 1}
+ — ’
|p \oo < Bg:= P
{V <}l =

such that

lim f(xk, 9 _ p(x) uniformly in x € RN

s—0 s
and

f(xk, ) > p(x) foralls>0andx e $2,

s

where S is the best constant for the embedding of DLYZ(RN)Y in LY RN, and | - | is the
Lebesgue measure; _
(D2) there exists q € L®RNY with qT #0 on 2 such that

=¢q(x) uniformlyinx e RV:

lim %)
k

s—>00 8

2 mi 2-2%
(D3) there exists a constant dy satisfying 0 < dp < % H{V < c}| 2% such that

1
F(x,s)— Zf(x,s)s <d0s2 forall s >0 and x eRVN.
Then we have the following results:

G Ifk=1, N >3 and bkgl) < 1, then there exists a positive number a* such that for every
a € (0,a*), there exists A* > 0 such that Eq. (K;_,) has at least one nontrivial solution for
all A > A*,
(ii) If k =3 and N = 3, then for each a € (0, 1/)»53)) there exists A* > 0 such that Eq. (K, ;)
has at least one nontrivial solution for all . > A*.
(iii) If k =4 and N = 3, then for each a > 0 there exists A* > 0 such that Eq. (K, ) has at
least one nontrivial solution for all . > A*.

Theorem 1.3. Suppose that the conditions (V1)—(V3) hold. In addition, for each k = 1, 3, 4,
we assume that the function f satisfies the conditions (D1)—(D3) and the following condition:

(D4) feC'RY xR,R) and s —> % is non-decreasing function for any fixed x € R.
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Let A* > 0 be as in Theorem 1.2. Then we have the following results:

1 Ifk=1 N >3 and b)»(ll) < 1, then there exists a positive number a* such that for every
a € (0,a”*), there exists A*™ > A* such that Eq. (K, ,) has a ground state solution for
all . > A*,
(i1) Ifk =3 and N = 3, then for each a € (0, 1/)»53)) and ). > A*, Eq. (K, ,) has a ground state
solution.
(iii) Ifk =4 and N =3, then for each a > 0 and A > A*, Eq. (K, ,) has a ground state solution.

Now, we consider the following the minimum problem:

2
X?):inf{(/wmzdx) ‘ueHl(RN), /q|u|4dx:1}>o. (1.5)
RN RN
~(3)
)‘l

Clearly, < )L?). Then we have the following result.

Theorem 1.4. Suppose that the conditions (V 1)—(V 3) hold. In addition, for each k = 1, 3, we as-
sume that the function f satisfies the conditions (D2) and (D4). Then we have the following
results:

— 2% 2
Q) Ifk=1, N >3 and b > |qlocS™2|82| 2% , then there exists positive number A, such that
foreverya >0 and A > Ay, Eq. (K, _,) does not admit any nontrivial solution.

(i) Ifk=3and N =3 and X§3) > 0, then for every a > 1/’):53) and A > 0, Eq. (K, ) does not
admit any nontrivial solution.

On the concentration of solutions we have the following result.
Theorem 1.5. Let u) be the solution obtained by Theorem 1.2. Then for every r € [2,2%),

u) — ug strongly in L™ (RNY as A — oo, where ug € HO1 (£2) is the nontrivial solution of equa-
tion:

—<a/|Vu|2dx+b>Au=f(x,u) in 2,
2 (Koo)

u=0, onds2.

The remainder of this paper is organized as follows. In Section 2, some preliminary results
are presented. In Sections 3-6, we give the proofs of our main results.

2. Variational setting and preliminaries

In this section, we give the variational setting for Eq. (K, ,) following [11] and establish
compactness conditions. Let

X = {u e H'(RY) ( / V)l dx <oo}

RN
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be equipped with the inner product and norm

(u,v) = /(Vqu + Vuv)dx, lull = (u, u)'/?.

RN

For A > 0, we also need the following inner product and norm

(u,v))\zf(Vqu+AVuv)dx, el = G, )}

RN

It is clear that ||u|| < ||u], for A > 1.
Set X; = (X, ||lul|;). It follows from the conditions (V' 1)—(V2) and the Holder and Sobolev
inequalities, we have

/(|Vu|2+u2)dx

RN

=/|Vu|2dx+ / u?dx + / u®dx

RN {V<c} {V=e}

i) 2
2 z 2* 1 2
< | |Vul“dx + ldx |u|= dx + - V(x)u“dx
c
RN {V<c} {V<c} {V2c)

g(l+|{V<c}]22_;2§_2)/|Vu|2dx+1/V(x)uzdx
RN CRN

ra_ o1 ) )
gmax{1+|{V<c}| ST ,—}</|W| dx+/V(x)u dx),
C
]RN

RN

which implies that the imbedding X < H!(R") is continuous. Moreover, using the same con-
ditions and techniques, for any r € [2, 2*], we also have

*

2% 2 r—=2

5, TN\ 73
/|u|rdx<< / u*dx + / u2dx> <52 </|Vu|2dx> )
RN {V<c} RN

V>cl

— 2%

1 = . 7\ 55
<— / ,\V(x)u2dx+( / ldx) (/|u|2 dx> )
AC

{V=>c} {V<c} {V<c}

N

* r=2

2%
.(3—2*<f|vu|2+woc)u2dx> 2)22

RN
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2%—r
*

1 2 r2_ , ’ )
g(A—/AV(x)u dx +|{V <c}| 7§~ /|Vu| dx)
C

RN

RN
— r=2
(5 w2

2*—r

LWV <al 7], 2\ e 2
max) = S ul ) ST ),

<
AC S2
— 2% —r
52 22 ) 7o
:(max{/\—, (V<el| 7 D S ull}  forall A >0, (2.1
C
this implies that
r L;r_fr r §2 %
/|u| dx <|{V <c}| 7 57 |ull} forallk>7|{V<c}} =, (2.2)
RN

It is well known that Eq. (K ) is variational and its solutions are the critical points of the
functional defined in H!(RY) by

1 2
Jm(u)=5<bf|Vu|2dx+/wuzdx>+%(/|Vu|2dx> —/F(x,u)dx,
RN RN RN RN

where F(x,u) = fou f(x,s)ds. Furthermore, it is easy to prove that the functional J, , is of
class C! in H'(RN), and that

(Ji’a(u),v)z(b+af|Vu|2dx)[Vqudx+fAVuvdx—ff(x,u)vdx.
RN RN RN RN

Hence, if u € H! (RN) is a critical point of J, 4, then u is a solution of Eq. (K ,). Furthermore,
we have the following result.

Lemma 2.1. Suppose that the conditions (V1)—(V3) hold. In addition, for each k = 1, 3,4, we
assume that the function f satisfies the condition (D3). Then for each nontrivial solution u;, of

Eq. (K 4), we have Jy 4(u;) > 0.

Proof. If u, is a nontrivial solution of Eq. (K ), then

2
(b/|Vu,\|2dx+/)\Vu§dx>+a</|Vux|2dx) =/f(x,u,\)u;\dx.
N RN

RN RN R
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Moreover, by the condition (D3),
1 2
F(x,up) — Zf(x, w)uy, [dx < | doujy dx,
RN RN

this implies that

Jk,a(u;\)=%<b/ |Vuk|2dx+/AVu§dx> — /[F(x,uk)—%f(x,uk)uk]dx

RN RN RN
min{b, 1}
> Tlluxlli —do / u3 dx
RN

> <min{b, 1}
4

2*-2 _
—d[{V <c}| T S—Z)Huuﬁ
> 0.

This completes the proof. O

Next, we give a useful theorem. It is the variant version of the mountain pass theorem, which
allows us to find a so-called Cerami type (PS) sequence.

Theorem 2.2. (See [12], Mountain Pass Theorem.) Let E be a real Banach space with its dual
space E*, and suppose that I € C'(E, R) satisfies

max{I(O), I(e)} <u<n< | iﬁlf 1(u),
ull=p

for some u < n, p>0and e € E with |le|| > p. Let ¢ > n be characterized by

¢= inf max I(y(7)),
yel 0<t<1 (y( ))

where I' = {y € C([0, 1], E): y(0) =0, y (1) = e} is the set of continuous paths joining 0 and e.
Then there exists a sequence {u,} C E such that

Iwy)—¢é>n and  (L+ llugll)| 1wy

E*—>0, as n — o0.

In what follows, we give the following lemmas which ensure that the functional J; , has the
mountain pass geometry.

Lemma 2.3. Suppose that the conditions (V1)—(V?2) hold. In addition, for each k = 1,3, 4, we
assume that the function f satisfies the conditions (D1)—(D?2). Then there exzst p>0andn=>0

such that inf{J, 4 (u): u € X, with ||ul|, = p} > n forall » > —|{V<c}| 5 .
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Proof. For any € > 0, it follows from the conditions (D1) and (D2) that there exists Cc > 0
such that

|P loo + € 2

F(x,s) < >

—I— — |s| forall s e R, (2.3)

where max{2, k} <r < 2*. Then, by (2.2), (2.3) and the Sobolev inequality, for every u € X, and
22 SV <o) F

+ C
/F(x,u)dxéim |(;O+E/-u2dx+—€/|u|’dx
r

RN RN RN

2*—2 2%y
(1P oo + OV <} 7 CllV <)l 7™
S luel§ + — = lull},
28 rS”

this implies that

1 2 2 a 2 ?
J;L,a(u)=§<b'/.|Vu| dx+/AVu dx>+z</|Vu| dx) —/F(x,u)dx
RN

RN RN RN
I (P oo + OV <) 7
> —(b/ |Vu|2dx+/wuzdx> _ AP oo TEN ]2
2 252
RN RN

ClV <o}’ 7
S E T e
rS’

*

" CV <} 7
)nuni S =
rSr

Therefore, by the condition (D1), fixing € € (0, @ — |pT|x) and letting ||u]/ = p > 0 small
enough, it is easy to see that there is > 0 such that this lemma holds. O

(1" oo

1
> E(min{b, 1} — 2

Lemma 2.4. Suppose that the conditions (V1)—(V?2) hold. In addition, for each k = 1,3,4, we
assume that the function f satisfies the conditions (D1)—(D2). Let p > 0 be as in Lemma 2.3.
Then we have the following results:

1) Ifk=1, N >3 and Agl) < %, then there exist a* > 0 and e € H'(RN) with ||e|| > p such
that J, 4(e) <0 forall a € (0, a*) and A > 0.
(i) If k =3 and N =3, then there exists e € H' (RN) with ||el|;, > p such that Jr.a(e) <O for
all0<a < 1/)»(13) and A > 0.
(iii) Ifk =4 and N =3, then there exists e € H' (RN with |e||, > p such that Jr..ale) <O for
alla>0and ) > 0.
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Proof. (i) By bkgl) < 1, the condition (D2) and Fatou’s lemma, we have

. Do) 1 2 2 . F(x,1¢1)
t—lgﬂlpoo T = E b./ |V¢1| dx + / )\.V¢1 dx | — t—1>l—§r£loo Wﬂﬁ] dx
RN RN RN
<2 [ vepax- 1 2 < L (p— 2 Voi|*d
\5 V1] X—E q91 X\E —W V1|~ dx
Q Q I "o
<0,

where Jy o(u) = J;. 4 (1) with a = 0. Thus, if J) o(t¢1) — —o0 as t — +o00, then there exists
e € HY(RN) with |||, > p such that Ji.o(e) < 0. Since J;_4(e) — Jyo(e) as a — 01, we see
that there exists a* > 0 such that J; ,(e) <0 for all a € (0, a*).

(i1) and (iii) By (1.3), we define

b3, ifk=3,

VE=0 g itk =a.

Then, by (D1), (D2) and Fatou’s lemma, one has

G w1V = limy oy foow 50 ¢ d,ifk =3,
m — = 3
=koo i —limy— 40 [Rn F%;?)‘ﬁf dx, if k =4

< %[a(fﬂ|V¢3|2dx)2_fgq¢§dX], 1fk=3,

| -5 S0 a9idx, if k = 4

| L@ -, itk=3,

-1, ifk=4
<0,

this implies that J, ,(tyx) — —oo as t — +oo. Therefore, there exists e € H L(RN) with
lell» > p such that J, 4(e) <O and the lemma is proved. O

3. Proof of Theorem 1.2
First we define

oy o = inf max J 1)),
.a Jor 0o ,a()’( ))

and

00 q(2)= inf max J 1)),
0.4(£2) Jinf ) oA, ralyl o) (r ()

where Jralg)(2) is a restriction of Jj 4 on Hy (£2),
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Lo={y €C([0,1], X;): y(0) =0, y(1) =e}

and

T(2)={y e C([0, 11, Hy (2)): y(0) =0, y (1) =e}.

Note that

Tal g o) @) = % / |Vu|?dx + %( / IVu|2dx>2 _ / F(x,u)dx forue HJ(£2),
RV RN RN
and « ,(§2) independent of A. Moreover, if the conditions (D 1)—(D3) hold, similar to the proofs
of Lemmas 2.3 and 2.4, we can conclude that Jj 4|4 L@ also satisfies the mountain pass hypoth-
esis in Theorem 2.2. Note that HOl (£2) C X, forall A >0, then 0 < n < oy ¢ < @, (£2) for all
Az %2|{V < c}|25_’3*. Define

a*,  ifk=1,
m(k)=1{ 12, ifk=3,
co,  ifk=4.

Then for each k € {1, 3,4} and a € (0, m(k)), we can take a positive number D, such that

s2 2-2*
0<n<oa<aq(R) <D, forallh>—{V <c}| Z .
C

Thus, by Lemmas 2.3 and 2.4 and Theorem 2.2, we obtain that for each a € (0, m(k)) and A >
— 272*
S;|{V < c}| 7, there exists {u,} C X, such that

Jra(ttn) > o34 >0 and (14 [lunll) | J,{)a(un)Hx;l —0, asn— oo, (3.1)

where 0 < n < a4 < @p,4(82) < D,. Furthermore, we have the following result.

Lemma 3.1. Suppose that the conditions (V1)—(V3) hold. In addition, for each k = 1, 3,4,

we assume that the function f satisfies the conditions (D1)—(D3). Then for each ) >
2-2*

%2|{V < c}| 7 and {u,} defined in (3.1), we have {u,} is bounded in X,

Proof. For n large enough, by (D3) and (2.2), we have

1
gt 12 aun) — Z(‘])/»,a(u")’ ”n)

:%(b/ IVunIde+/AVufldx> +/‘[%f(x,u,,)un_F(x,un)] dx

RN RN RN
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min{b, 1} ) 1
> Tllunllx - F(x,u,) — Zf(x,un)un dx
RN
min{b, 1}
> B0y 2~ do [ o
RN

> <min{b, 1}

2*—2 _
m —do[{V <c}| T S—Z)nunui,

this implies that

@ 12
lieall < (_ @t D ) .
S2min{b. 1} — 4do|(V < c}| "=

Therefore, {u,} is bounded in X;. O

Next, we investigate the compactness conditions for the functional J; ,. Recall that a C!
functional / satisfies Cerami condition at level ¢ ((C). condition for short) if any sequence
{un} C E such that I (u,) — c and (1 + ||u,|)||1’'(u,)| g+ — O has a convergent subsequence,

and such sequence is called a (C).-sequence.

Proposition 3.2. Suppose that the conditions (V1)—-(V 3) hold. In addition, for each k = 1, 3, 4,
we assume that the function f satisfies the conditions (D1)~(D3). Then for each D > 0 there
exists Ag = A(D) > % > 0 such that J, 4 satisfies the (C)q-condition in X, for all « < D

and ) > Ay.

Proof. Let {u,} be a (C)q-sequence with « < D. Then, by Lemma 3.1, {u,} is bounded in X.

Therefore, there exist a subsequence {u,} and uq in X, such that

u, = ug weaklyin X;;

u, —> ug strongly in L,’M(RN), for2 <r < 2%,

Moreover, JA/ 2 (0) = 0. Now we prove that u, — ug strongly in X, . Let v, = u,, — uo. It follows

from the condition (V2) that

n

/vgdx: f vidx + / v2dx

RN {V>c} {V<c}
1
gﬁ / rcvZdx + / v2dx
{(V>c) {V<c}
<! b | [V, AV? 1
S Vo, |~ + v, | +o(1).
RV RN

Then, by the Holder and Sobolev inequalities, we have

(3.2)
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2%y r—2
) N ¥ 2
/|vn|’dx<</|vn|2dx> </|vn|2 dx)
RN RN RN
< <E<b/ |an|2+/xVu,%>> (3_2*1922*(})/ |an|2dx> )
RN N RN

R

1 51—22__2*0.,2) 2(r—=2) ) ) r/2
< . NN 2 b/len| —{—/AVUn + o(1). (3.3)
c
RV

RN

Moreover, by the conditions (D1)—(D2) and Brezis-Lieb Lemma [6], we have
Jl,a(vn) = J)»,a(un) - Jl,a(MO) +o0(1) and J}C,g(vn) =o(1).
Consequently, this together with the condition (D3), (3.2) and Lemma 2.1, we obtain

D2 a — Jya(uo)

1
= Ja(vp) — Z(J)/»,a(vn)’ vn) 4 o(1)

:%(b/ IVU,,Ide—i-/)»VU,%dx) —/|:F(x,vn)—%f(x,vn)vn}dx+0(1)
RN et

RN
1 2 2 _ 2
> (b [1vuilde+ [ avildx)—do [ oldx+o1)
RN RN RN
e — 4d
> u(bf |Vun|2dx+/wu3dx)+o(1),
4)c
RN RN

4dyy

which implies that for every A > =2,

. 5 5 5 4)reD
min{b, 1}[v,lly <D | IVvu|“dx + [ AV, dx | < ———— +o(]).
Ac — 4dy
RN

RN

Moreover, by (2.2), one has
2ror
/ loal"dx < |[{V <c}| 7 57" |ullj,
RN

4)cD
min{b, 1}(Ac —

< \{V<c}\2;_*_’§—’< 4d0)>2 +o(1). (3.4)

Since (J):,a(vn)7 vp) =o(1) and
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/f(x,vn)vndx<(|p+|oo+e)/v,%dx+CG/|v,,|rdx,

RN RN RN

it follows from (3.3) and (3.4) that

2
0(1)—( /|Vv,,| dx+/AVU dx)+a</|Vv,,| dx>

RN
—(|p+|oo+e)/v£dx—cef|vn|rdx
RN RN
(IpTloo+€)
> min{b, 1}[|va I — L min{b, 1}[|v, I3

(/|vn| dx)(r M(/w dx)zﬁ

(1ptloo +€)
2 a3

> min{b, 1} (1 —
Ac

_(|{V<c}|2§_;r§—r)(r—2)/r< 4xcD >(r—2)/2

min{b, 1}(he — 4do)

2%
1 %5 _ -y 20 2/r »
) 5Tl

(1pF oo +6)
AC

2% —r r=2 2% —r 2/7‘
4rcD{V <c}| 7 r 1\ 2 __2"p-2 202
- = — S D +o(1).
min(b, 1)(Ac — 4dp)S” Ac

Therefore, there exists Ag = Ag(D) > 4% > 0 such that v, — 0 strongly in X, for A > Ap. This
completes the proof. O

> |l I3 - min{b, 1} - [1 —

Now we give the proof of Theorem 1.2: By Proposition 3.2 and 0 < n < ay 4 < ap,4(£2) for
all A > 82 ~{V <}l o5 , foreach a € (0, m(k)) and D, > g 4(£2) there exists

52 4d,
A* >max{—2*2, —O} > 0
c{V <} ™ €

such that for every A > A* and (C )as o -Sequence {u,} for J, 4 on X, there exist a subsequence
{u,} and u, € X, such that u, — u, strongly in X,. Moreover, Jy 4(u3) = ap, and u, is a
nontrivial solution of Eq. (K ,).
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4. Proof of Theorem 1.3

First we define the Nehari manifold

Noa = {u € X\ {0}: (J] ,u),u)=0} fori> A*

Then by Proposition 3.2, N , is nonempty. Define

Wi a(w) =(J] (), u)
2
=b/|Vu|2dx+/wu2dx+a</|W|2dx> —/f(x,u)udx.
RN RN RN RN

Then for u € N 4,

2
<lI/)\u(u) u ( /|Vu| dx+/AVu dx)+4a</|Vu| dx)

RN

—/fu(x,u)uzdx—/f(x,u)udx

RN RN

:—2<b/ |Vu|2dx+/AVu2dx)+3/f(x,u)udx
RN RN

RN

— / fu(x,u)uzdx. 4.1)

Moreover, we have the following result.

Proposition 4.1. Suppose that the conditions (V1)-(V 3) hold. In addition, for each k = 1, 3, 4,
we assume that the function f satisfies the conditions (D1)—(D4). Then we have the following
results:

(1) Leta™ > 0beasinLemma?2.4. Ifk =1 and bkﬁl) < 1, then for each a € (0, a*), there exists
A* > 0 such that N, 4 is a natural constraint for all ). > A**.

(ii) Let A* > 0 be as in Theorem 1.2. If k = 3, then for each a € (0, 1/1(13)) and ). > A*, Ny 4
is a natural constraint.

(iii) Let A* > 0 be as in Theorem 1.2. If k = 4, then for each a > 0 and ) > A*, Nx,a is a
natural constraint.

Proof. (i) By (4.1) and the condition (D4), for u € \;_, one has

(¥ o), u) < /|Vu| dx+/w” dx—/f(x u)udx)

RN
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1
<—2< / (b|Vu|2+)»Vu2)dx— / quzdx—l—(b—w)/lvwzd)c)
A
1 72

{(V>0} {(V>0}
g-z( f (bIVul* + AVu?)dx — / qu2dx>. 4.2)
{v>0} {v>0}

Moreover, by the condition (V'2), there exists ¢y > 0 such that

gl ST2[{0 < V < co}| <
which implies that
/qu dx < Igloe / W2 dx + 110 / W dx
{(V>0} {0<V <co) {V>co}

<1glosb™'S72{0 < V < o} / b|Vu|*dx +|Q|C‘;° / AVu? dx

{0<V<co} {V>co}
< / bIVu|?dx 4 Ll "”‘X’ / AVl dx. (4.3)
Aco
{0<V <o) {V>co}
Therefore, by (4.2) and (4.3), for every A > qu we have
(¥ ), u) < 2b< / |Vu|>dx — / |Vu|2dx)
{v>0} {0<V<co)
—2( / AVutdx — 14100 / AVuzdx>
Aco
{V>0} {V>co}

<0.

Take A™ = max{ %, A*}, where A* > 0is as in Theorem 1.2. Then ;4 is a natural constraint
for all A > A™*,
(ii) and (iii) By (4.1) and the condition (D4), for u € N, , we have

2
(llf)\a(u) u ( /|Vu| dx+/AVu dx)+4a(/|Vu| dx)
RN

—/fu(X,M)uzdx—/f(x,u)udx

<2< /|Vu| dx+/wu dx)+4a(/|Vu| dx)2

RN
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—(k+1) / fx,wudx
RN

:—2(bf|Vu|2dx+/,wM2dx> —(k—3)/f(x,u)udx<0.
RN RN

RN
Therefore, N, , is a natural constraint. This completes the proof. O

Now we give the proof of Theorem 1.3: For any u € N, _,, we have

0=(J{ o (), u) > minfb, 1}||ull} — / fx,u)udx.
RN

Now, choose € € (0, ®g — | pT|oo) as in the proof of Lemma 2.3 and use the conditions (D1) and
(D2) to get

S /[(|p+|oo +6)’"2 + C€|u|r]dx. 4.4)
RN

’ / f(x,w)udx
RN

Therefore, for every u € N, , we have

+ iy} 2% —r
(IpTloc +V <c}| |2 C{V <l ™
— A'__—

0> min{b, 1}]|u)} — = =

lully- (4.5

We recall that u # 0 whenever u € N, , and (4.5) implies that

2%-2

o (min{b, 1} = (1p* | + OV <} 72
lull;. > i
CellV <l 7 5~

1/(r=2)
) >0, foralluelN; ,.
(4.6)

Hence any limit point of a sequence in the Nehari manifold is different from zero. Use a similar
argument to the proof in Lemma 2.1, we can claim that there exists dy > 0 such that J, ,(4) > do
forallu € N 4, i.e., Jy 4 is bounded from below on N;_,. So, we may define

,B)u,a = inf{Jk,a(U): u ENA,a}s

and By 4 > 0. Let {i1,} C N, 4 be such that J, ,(it,) = Bi.4 as n — oo. Following almost the
same procedures as the proofs of Lemma 3.1 and Proposition 3.2, we can show that {i,} is
bounded in X; and it has a convergent subsequence, strongly converging to vy € Ny 4. Thus,
Jr.a(vo) = Bi.q. Moreover, by Proposition 4.1, J)’ha(vo) = 0. Therefore, vg € X, is a ground
state solution of Eq. (K ).
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5. Proof of Theorem 1.4

In this section, we give the proof of Theorem 1.4.
Proof. Suppose that « is a nontrivial solution of Eq. (K; _,). Then

2
(J) o), u)= /(b|W|2+wu2) dx +a< / |Vu|2dx> - / fx, wudx =0.
RN RN RN
(i) By the conditions (V1)—-(V3) and b > |q|ooS 2|.(2| 2* , there exists ¢; > 0 such that
) 72
b>|qleS "V <c1}] T,

which implies that

/qude<|q|oo / u?dx + 1) / u? dx

RN {V<ci} {V=er}

2%_2
<laloo|tV <} F fwm dx +'q'°° / AVl dx

{V>c‘1}
<b[|Vu| dx +|q|°° / AV dx.
Cl
RN {(VZer}
Then, by the conditions (D2), (D4) and (2.2), for A > A, 1= lg ‘
Oz(J)i’a(u),u)> /(bqu|2+AVu2)dx—/qu2dx
RN RN
> /(b|vM|2+wu2)dx— (b/ |Vu|2dx+|/q\£ / AVuzdx>
cl
RN RN {(VZer}
g 100 2
>1- MWu“dx >0,
Acy
(V=)

which is a contradiction. Therefore, Eq. (K ,) does not admit any nontrivial solution.
(i1) We consider the proof in two cases:
Case I ([ qu*dx =0): By (2.2), we have

0=(J; ,(u),u)

2
:b/|vu|2dx+/,\v”2dx+a</|vu|2dx> —/f(x,u)udx

RN RN RN RN
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2
2/(bqu|2+kVu2)dx+a(/|Vu|2dx> —/qu4dx

RN RN RN

2
:/(bWuIz—l—kVuz)dx—i—a(/|Vu|2dx> >0,
RN RN

which is a contradiction.
Case II (fpn qu* dx > 0): Set

u
U v qutd) A

Clearly, fRN qv4 dx = 1. Then, by the conditions (D2), (D4) and (1.5), we have

0=(J; ,(u),u)

1 2
2/(b|Vu|2+)»Vu2)dx+,W</IVulzdx) —/qu4dx
1
RN

RN RN

1/2
= ( /qu4dx) /(ble|2+AVv2)dx

RN RN

1 2
+,W(/qu4dx></|Vv|2dx) —/qu4dx
M RN RN RV
172
= ( /qu4dx> f(b|Vu|2+AVv2)dx

RN RN

1 2
+W/qu4dx(</|Vv|2dx> —)Lf)) >0,
1 RN

RN

which is a contradiction. Therefore, Eq. (K ,) does not admit any nontrivial solution. This
completes the proof. O

6. Concentration for solutions

In this section, we investigate the concentration for solutions and give the proof of Theo-
rem 1.5.

Proof of Theorem 1.5. We follows the argument in [2] (or see [26]). For any sequence A, — oo,
let u, := u;,, be the critical points of J;, , obtained in Theorem 1.2. Since

min{b, 1}

D> Xp,a = Jkn,a(un) = < 4

2*-2 _
—do[{V <c}| T S—Z) lunll3, |
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one has

a1, < Co. 6.1)

where the constant Cy is independent of A,. Therefore, we may assume that u, — uo weakly in
X and u, — ug strongly in L?OC(RN) for 2 < r < 2*. By Fatou’s lemma, we have

2
lletn ”7»;1

f Vuddx < liminf/ Vu?dx <liminf =0,
n—od

n—0o0 n

RN RN

this implies that ug = 0 a.e. in RV \ V=10), and ug € HO1 (£2) by the condition (V3). Now for
any ¢ € Cgo(.Q), since (J/{n’a(u,,), @) =0, it is easy to check that

<b+a/|Vu0|2dx)/Vuo.dexsz(x,uo)godx,
RN RN

RN

that is, uo is a weak solution of (Ks,) by the density of CSO(.Q) in HOl (£2). Now we show

that u, — ug in L (RN) for 2 < r < 2*. Otherwise, by Lions vanishing lemma [17] there exist
8 >0, Ry > 0and x, € RY such that

/ (tn — uo)*dx =8,
BN (xy,Ro)
Since |B(x,, Rg) N {x e R¥: V < ¢}| — 0 as x,, — 00, by Holder inequality, we have
(uy — uo)2 dx — 0.
B(xn, Ro)N{V <c}

Consequently,

lenlZ, > hne / ()2 dx = Ane / (tn — o) dx

B(xy,Ro)N{V >c} B(xn, Ro)N{V >c}
- xnc< / (Uy — uo)> dx — f (Up — uo)> dx + 0(1))
B(xn,Ro) B(xy, Ro)N{V <c}
— 00,

which contradicts (6.1). Therefore, u,, — ug in L™ (RN) for 2 < r < 2*. Then, by the conditions
(D1), (D2) and u,, — ug in L™ (RY),

/f(x,un)undx—>/f(x,uo)uodx. (6.2)

RN RN
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Now, choose € € (0, @) — |pT|so) as in the proof of Lemma 2.3. Since U)/w,a(”n)’ u,) =0,
by (2.2), (4.4) and the fact that u, # 0, for n large we have

min{b, 1}|[u,l}, < (b/ |vu,,|2dx+/)\,,Vuﬁdx>

RN RN
(P oo+ OUV < )T ColV <)l '="
p € <c * 2 <c *
< x % lun ”)»n + - 5 3 lun ||;Ln,
which implies that
S7(@0 — |pT oo — €)min{b, 1}/
||un||xn>< [P oo — ) minih, 1} > 0. 6.3)
CcOo|{V <c}| 7
Moreover,
2
FOupundx = (b | [VupPdx+ | 2Vuldx)+a | Vi) dx
n
RN RN RN RN
> min(1, b} |u 7, (6.4)

Therefore, by (6.2)—(6.4), we have

S (@ — 1o — ey minlp. 11\ 22
/f(x,uo)uodx > min{b, 1}(S (©0 = [P loo — €) min{b, }> >0,
RN

2% —r
CeOl{V <c}| 7
this shows that uo # 0. This completes the proof. O

References

[1] C.O. Alves, FJ.S.A. Corréa, T.F. Ma, Positive solutions for a quasilinear elliptic equation of Kirchhoff type, Comput.
Math. Appl. 49 (2005) 85-93.

[2] T. Bartsch, A. Pankov, Z.-Q. Wang, Nonlinear Schrodinger equations with steep potential well, Commun. Contemp.
Math. 3 (2001) 549-5609.

[3] T. Bartsch, Z. Tang, Multibump solutions of nonlinear Schrédinger equations with steep potential well and indefinite
potential, Discrete Contin. Dyn. Syst. 33 (2013) 7-26.

[4] T. Bartsch, Z.-Q. Wang, Existence and multiplicity results for superlinear elliptic problems on RN, Comm. Partial
Differential Equations 20 (1995) 1725-1741.

[5] A. Bensedik, M. Bouchekif, On an elliptic equation of Kirchhoft-type with a potential asymptotically linear at
infinity, Math. Comput. Modelling 49 (2009) 1089-1096.

[6] H. Brezis, E.H. Lieb, A relation between pointwise convergence of functions and convergence functionals, Proc.
Amer. Math. Soc. 8 (1983) 486-490.

[7] C. Chen, Y. Kuo, T.F. Wu, The Nehari manifold for a Kirchhoff type problem involving sign-changing weight
functions, J. Differential Equations 250 (2011) 1876—1908.

[8] M. Chipot, B. Lovat, Some remarks on non local elliptic and parabolic problems, Nonlinear Anal. 30 (1997)
4619-4627.

[9] FJ.S.A. Corréa, On positive solutions of nonlocal and nonvariational elliptic problems, Nonlinear Anal. 59 (2004)
1147-1155.


http://refhub.elsevier.com/S0022-0396(13)00500-7/bib41434Ds1
http://refhub.elsevier.com/S0022-0396(13)00500-7/bib41434Ds1
http://refhub.elsevier.com/S0022-0396(13)00500-7/bib425057s1
http://refhub.elsevier.com/S0022-0396(13)00500-7/bib425057s1
http://refhub.elsevier.com/S0022-0396(13)00500-7/bib4254s1
http://refhub.elsevier.com/S0022-0396(13)00500-7/bib4254s1
http://refhub.elsevier.com/S0022-0396(13)00500-7/bib4257s1
http://refhub.elsevier.com/S0022-0396(13)00500-7/bib4257s1
http://refhub.elsevier.com/S0022-0396(13)00500-7/bib4242s1
http://refhub.elsevier.com/S0022-0396(13)00500-7/bib4242s1
http://refhub.elsevier.com/S0022-0396(13)00500-7/bib424Cs1
http://refhub.elsevier.com/S0022-0396(13)00500-7/bib424Cs1
http://refhub.elsevier.com/S0022-0396(13)00500-7/bib434B57s1
http://refhub.elsevier.com/S0022-0396(13)00500-7/bib434B57s1
http://refhub.elsevier.com/S0022-0396(13)00500-7/bib434Cs1
http://refhub.elsevier.com/S0022-0396(13)00500-7/bib434Cs1
http://refhub.elsevier.com/S0022-0396(13)00500-7/bib4352s1
http://refhub.elsevier.com/S0022-0396(13)00500-7/bib4352s1

1792 J. Sun, T.F. Wu/ J. Differential Equations 256 (2014) 1771-1792

[10] P. D’Ancona, Y. Shibata, On global solvability of non-linear viscoelastic equations in the analytic category, Math.
Methods Appl. Sci. 17 (1994) 477-489.

[11] P. D’Ancona, S. Spagnolo, Global solvability for the degenerate Kirchhoff equation with real analytic data, Invent.
Math. 108 (1992) 247-262.

[12] 1. Ekeland, Convexity Methods in Hamiltonian Mechanics, Springer, 1990.

[13] D.G. de Figueiredo, Positive Solutions of Semilinear Elliptic Problems, Lecture Notes in Math., vol. 957, Springer,
Berlin, 1982.

[14] X. He, W. Zou, Existence and concentration behavior of positive solutions for a Kirchhoff equation in ]R3, J. Dif-
ferential Equations 252 (2012) 1813-1834.

[15] Y. Jiang, H. Zhou, Schrodinger—Poisson system with steep potential well, J. Differential Equations 251 (2011)
582-608.

[16] J. Jin, X. Wu, Infinitely many radial solutions for Kirchhoff-type problems in RN J. Math. Anal. Appl. 369 (2010)
564-574.

[17] P.L. Lions, The concentration-compactness principle in the calculus of variations. The locally compact case, part I,
Ann. Inst. H. Poincare Anal. Non Lineaire 1 (1984) 109-145.

[18] Y. Li, F. Li, J. Shi, Existence of a positive solution to Kirchhoff type problems without compactness conditions,
J. Differential Equations 253 (2012) 2285-2294.

[19] T.F. Ma, J.E. Muiioz Rivera, Positive solutions for a nonlinear nonlocal elliptic transmission problem, Appl. Math.
Lett. 16 (2) (2003) 243-248.

[20] K. Nishihara, On a global solution of some quasilinear hyperbolic equation, Tokyo J. Math. 7 (1984) 437-459.

[21] C. Stuart, H. Zhou, Global branch of solutions for nonlinear Schrodinger equations with deepening potential well,
Proc. Lond. Math. Soc. 92 (2006) 655-681.

[22] J. Wang, L. Tian, J. Xu, F. Zhang, Multiplicity and concentration of positive solutions for a Kirchhoff type problem
with critical growth, J. Differential Equations 253 (2012) 2314-2351.

[23] Z. Wang, H. Zhou, Positive solutions for nonlinear Schrédinger equations with deepening potential well, J. Eur.
Math. Soc. JEMS) 11 (2009) 545-573.

[24] X. Wu, Existence of nontrivial solutions and high energy solutions for Schrodinger—Kirchhoff-type equations in
RY, Nonlinear Anal. Real World Appl. 12 (2011) 1278-1287.

[25] Z. Zhang, K. Perera, Sign changing solutions of Kirchhoff type problems via invariant sets of descent flow, J. Math.
Anal. Appl. 317 (2006) 456-463.

[26] L. Zhao, H. Liu, F. Zhao, Existence and concentration of solutions for the Schrédinger—Poisson equations with steep
well potential, J. Differential Equations 255 (2013) 1-23.


http://refhub.elsevier.com/S0022-0396(13)00500-7/bib445348s1
http://refhub.elsevier.com/S0022-0396(13)00500-7/bib445348s1
http://refhub.elsevier.com/S0022-0396(13)00500-7/bib4453s1
http://refhub.elsevier.com/S0022-0396(13)00500-7/bib4453s1
http://refhub.elsevier.com/S0022-0396(13)00500-7/bib4532s1
http://refhub.elsevier.com/S0022-0396(13)00500-7/bib46s1
http://refhub.elsevier.com/S0022-0396(13)00500-7/bib46s1
http://refhub.elsevier.com/S0022-0396(13)00500-7/bib485As1
http://refhub.elsevier.com/S0022-0396(13)00500-7/bib485As1
http://refhub.elsevier.com/S0022-0396(13)00500-7/bib4A5As1
http://refhub.elsevier.com/S0022-0396(13)00500-7/bib4A5As1
http://refhub.elsevier.com/S0022-0396(13)00500-7/bib4A57s1
http://refhub.elsevier.com/S0022-0396(13)00500-7/bib4A57s1
http://refhub.elsevier.com/S0022-0396(13)00500-7/bib4Cs1
http://refhub.elsevier.com/S0022-0396(13)00500-7/bib4Cs1
http://refhub.elsevier.com/S0022-0396(13)00500-7/bib4C4C53s1
http://refhub.elsevier.com/S0022-0396(13)00500-7/bib4C4C53s1
http://refhub.elsevier.com/S0022-0396(13)00500-7/bib4D52s1
http://refhub.elsevier.com/S0022-0396(13)00500-7/bib4D52s1
http://refhub.elsevier.com/S0022-0396(13)00500-7/bib4E49s1
http://refhub.elsevier.com/S0022-0396(13)00500-7/bib535As1
http://refhub.elsevier.com/S0022-0396(13)00500-7/bib535As1
http://refhub.elsevier.com/S0022-0396(13)00500-7/bib5754585As1
http://refhub.elsevier.com/S0022-0396(13)00500-7/bib5754585As1
http://refhub.elsevier.com/S0022-0396(13)00500-7/bib575As1
http://refhub.elsevier.com/S0022-0396(13)00500-7/bib575As1
http://refhub.elsevier.com/S0022-0396(13)00500-7/bib57s1
http://refhub.elsevier.com/S0022-0396(13)00500-7/bib57s1
http://refhub.elsevier.com/S0022-0396(13)00500-7/bib5A50s1
http://refhub.elsevier.com/S0022-0396(13)00500-7/bib5A50s1
http://refhub.elsevier.com/S0022-0396(13)00500-7/bib5A4C5As1
http://refhub.elsevier.com/S0022-0396(13)00500-7/bib5A4C5As1

	Ground state solutions for an indeﬁnite Kirchhoff type problem with steep potential well
	1 Introduction
	2 Variational setting and preliminaries
	3 Proof of Theorem 1.2
	4 Proof of Theorem 1.3
	5 Proof of Theorem 1.4
	6 Concentration for solutions
	References


