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Abstract

A Lie system is a system of first-order ordinary differential equations describing the integral curves of
a t-dependent vector field taking values in a finite-dimensional real Lie algebra of vector fields: a so-
called Vessiot—Guldberg Lie algebra. We suggest the definition of a particular class of Lie systems, the
k-symplectic Lie systems, admitting a Vessiot—Guldberg Lie algebra of Hamiltonian vector fields with
respect to the presymplectic forms of a k-symplectic structure. We devise new k-symplectic geometric
methods to study their superposition rules, 7-independent constants of motion and general properties. Our
results are illustrated through examples of physical and mathematical interest. As a byproduct, we find a
new interesting setting of application of the k-symplectic geometry: systems of first-order ordinary differ-
ential equations.
© 2015 Elsevier Inc. All rights reserved.
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1. Introduction

The interest of geometric techniques for studying systems of differential equations is un-
deniable [2,5,10,45,57]. For instance, symplectic and Poisson geometry techniques have been
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employed to uncover interesting structures of many dynamical systems [45]. Further, other more
recently discovered geometric structures, e.g. Dirac or Jacobi structures, have also proved their
usefulness for studying differential equations and related topics [29,38,59]. In this work, we fo-
cus upon the study of a particular class of differential equations, the Lie systems [4,16,20,22,49,
56], by means of the referred to as k-symplectic structures [6,29,35].

A Lie system is a system of first-order ordinary differential equations whose general solution
can be expressed as a function, the superposition rule, of a generic finite set of particular so-
Iutions and a set of constants. In geometric terms, the Lie—Scheffers Theorem [16] asserts that
a Lie system is equivalent to a ¢-dependent vector field taking values in a finite-dimensional
Lie algebra of vector fields: a Vessiot—Guldberg Lie algebra [20,30,31,53]. This condition is so
stringent that just few systems of differential equations can be considered as Lie systems [20].
Nevertheless, Lie systems appear in important physical and mathematical problems and enjoy
relevant geometric properties [4,20,23,25,26,30,51,53], which strongly prompt their analysis.

Some attention has lately been paid to Lie systems admitting a Vessiot—Guldberg Lie algebra
of Hamiltonian vector fields with respect to several geometric structures [7,8,21]. Surprisingly,
studying these particular types of Lie systems led to investigate much more Lie systems and
applications than before. The first attempt in this direction was performed by Marmo, Carifiena
and Grabowski [15], who briefly studied Lie systems with Vessiot—Guldberg Lie algebras of
Hamiltonian vector fields relative to a symplectic structure. This line of research was posteriorly
followed by several researchers [4,26].

The general theory of Lie systems admitting a Vessiot—Guldberg Lie algebra of Hamiltonian
vector fields with respect to a Poisson structure, the Lie—Hamilton systems, was fully established
in [21]. For instance, this approach allows one to prove that the well-known invariant for Riccati
equations [58]

(= x3) (2 —xg)
(= xa) (X2 — x3)

can be retrieved as a Casimir element of a real Lie algebra of Hamiltonian functions [8]. More-
over, this work introduced the study of Poisson co-algebra techniques to obtain superposition
rules for these systems [8].

The no-go theorem for Lie—Hamilton systems is a useful tool to establish when Lie systems are
not Lie—Hamilton ones as witnessed by its applications in the literature [14]. Meanwhile, many
such systems admit Vessiot—Guldberg Lie algebras of Hamiltonian vector fields with respect to a
Dirac structure. This can be employed to generalise the techniques employed for Lie—Hamilton
systems to a larger class of Lie systems: the Dirac—Lie systems [14].

As a byproduct of studying Dirac—Lie systems, they appeared some Lie systems that admit a
Vessiot—Guldberg Lie algebra with respect to several presymplectic structures. We here discover
a new characteristic of many of these systems: the kernel of these presymplectic structures have
zero intersection, i.e. they form a k-symplectic structure [29]. Such systems are relevant as they
describe Schwarzian equations [14] and coupled Riccati equations [8], which have applications
in the theory of Lie systems, classical mechanics and other fields [16].

In this work, we show that the above mentioned property can also be found in many other
Lie systems, e.g. in Lie systems for studying diffusion equations or control systems [44,50].
This suggests us to define a new type of Lie systems, the k-symplectic Lie systems, admitting
Vessiot—Guldberg Lie algebras of Hamiltonian vector fields relative to the presymplectic forms
of a k-symplectic structure.
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The development of our new techniques to study k-symplectic Lie systems leads to the def-
inition and analysis of new geometric structures for k-symplectic manifolds. We show that it is
relevant, at least for our methods, to define generalisations of the usual structures of the sym-
plectic geometry to the realm of k-symplectic structures. In this way, we define the here called
k-symplectic Hamiltonian functions and k-symplectic vector fields. We construct certain Poisson
structures related to k-symplectic structures, the derived Poisson algebras, which are a key to ob-
tain superposition rules for k-symplectic Lie systems. This significantly improve and generalise
a very few results given in [6] and [41] where analogous of our new structures, e.g. k-symplectic
Hamiltonian functions, very briefly appear under other denominations. We have kept our ter-
minology as we think that it reflects the fact that we are generalising presymplectic notions.
Moreover, our results are more general since, for instance, the k-symplectic Hamiltonian func-
tions appearing in [6], the referred to as Hamiltonian maps, are defined only for a certain type of
k-symplectic structures.

Nowadays, the k-symplectic geometry is mainly applied to the study of first-order classi-
cal field theories. In particular, it gives a geometric description of the Euler—Lagrange and the
Hamilton—De Donder—Weyl field equationsand the systems described by them. For instance,
k-symplectic geometry enables us to describe their symmetries, conservation laws, reductions,
etcetera [6,29,35,40,42,52]. Meanwhile, we consider k-symplectic structures for studying sys-
tems of differential equations, which opens a new setting of application of these geometrical
structures.

We demonstrate that k-symplectic Lie systems can be considered as Dirac—Lie systems in
several non-equivalent ways. This does not mean that k-symplectic Lie systems must be con-
sider simply as Dirac-Lie systems. Indeed, the techniques devised for k-symplectic Lie systems
are more powerful since, roughly speaking, they permit us to use all these non-equivalent Dirac—
Lie systems at the same time. For instance, we illustrate that a Schwarzian equation [9,47] can
be studied as a k-symplectic Lie system or as a Dirac-Lie system in different manners. The
k-symplectic structure allows us to obtain simultaneously several constants of motion giving rise
to a superposition rule for these differential equations. Meanwhile, if we consider Schwarzian
equations as Dirac-Lie systems, these constants of motion must be obtained separately using
different geometric arguments.

The structure of the paper goes as follows. Section 2 concerns the description of the most basic
notions to be used throughout our paper: #-dependent vector fields, Lie systems and k-symplectic
structures. In Section 3 the analysis of several remarkable Lie systems leads to introduce the
concept of a k-symplectic Lie system, which encompasses such systems as particular cases. As
it can be difficult to determine whether a Lie system is a k-symplectic Lie system; we pro-
vide a no-go theorem to determine necessary conditions to be a k-symplectic Lie system in
Section 4. Sections 5 and 6 are devoted to introducing some geometric structures which are em-
ployed to study k-symplectic Lie systems. In particular, in Section 5 we introduce the notion
of £2-Hamiltonian function as a generalisation of the Hamiltonian function notion, and in Sec-
tion 6 we relate k-symplectic structures to various Poisson algebras: its derived Poisson algebras.
Subsequently, the k-symplectic Lie—Hamiltonian structures are introduced and analysed in Sec-
tion 7. Next, we analyse general properties of k-symplectic Lie systems in Section 8. Section 9
is devoted to devising a method to calculate superposition rules for k-symplectic Lie systems.
Finally, Section 10 summarises our main results and present an outlook of our future research on
these systems.



2224 J. de Lucas, S. Vilarifio / J. Differential Equations 258 (2015) 2221-2255

2. Fundamentals

Unless otherwise stated, we assume all mathematical objects to be real, smooth and globally
defined. This permits us to omit minor technical problems so as to highlight the main aspects of

our theory.
Given a linear space V and a subset {v1, ..., vx} C V, we write (vy, ..., vg) for the linear hull
of the vectors vy, ..., vg. Let us denote Lie algebras by pairs (V, [-,-]), where V is endowed with

a Lie bracket [-,-]: V x V — V. Given two subsets A, B C V, we write [ A, B] for the real linear
space spanned by the Lie brackets between elements of A and B. We define Lie(B, V, [-,-]) to be
the smallest Lie subalgebra of V containing B. From now on, we use Lie(3) and V to represent
Lie(B, V,[-,-]) and (V, [-,-]), correspondingly, when their meaning is clear from context.

Given a fibre vector bundle pr: P — N, we denote by I"(pr) its C°°(N)-module of smooth
sections. So, if ty : TN — N and ny : T*N — N are the canonical projections associated
with the tangent and cotangent bundle to N, respectively, then I'(ty) and I"(;ry) designate the
C°°(N)-modules of vector fields and one-forms on N, correspondingly.

A generalised distribution D on a manifold N is a function that maps each x € N to a linear
subspace D, C T, N. We say that D is regular ar x’ € N when the functionr: x € N > dim Dy €
NU {0} is locally constant around x’. Similarly, D is regular on an open U C N when r is constant
on U. A vector field Y € I'(ty) is said to take values in D, in short Y € D, when Y, € D, for
all x € N. Likewise, similar notions can be defined for a generalised codistribution, namely a
mapping relating each x € N to a linear subspace of 7' N.

We call z-dependent vector field on N amap X : (f,x) e R x N+ X(¢,x) € TN such that
tyo X =mp for m : (t,x) € R x N+ x € N. This condition entails that every ¢t-dependent
vector field amounts to a family of vector fields {X;};cr with X; : x € N+ X (¢,x) € TN for all
t e R [20].

An integral curves of X is an integral curve y : R+ R x N of the suspension of X, i.e. the
vector field 9/dr + X (¢, x) on R x N [1]. Every integral curve y of X admits a parametrisation
in terms of a parameter 7 such that y (f) = (¢, x(7)) and

220 1) = (X0 ).

t

This system is referred to as the associated system of X. Conversely, every system of first-order
ordinary differential equations in normal form describes the integral curves y (f) = (¢, x(f)) of a
unique f-dependent vector field. This establishes a bijection between ¢-dependent vector fields
and systems of first-order ordinary differential equations in normal form, which justifies to use X
to denote both a 7-dependent vector field and its associated system.

Definition 2.1. The minimal Lie algebra of a t-dependent vector field X on N is the smallest real
Lie algebra, VX, containing the vector fields {X;};cr, namely VX = Lie({X;};er).

Definition 2.2. Given a t-dependent vector field X on N, its associated distribution, DX, is the
generalised distribution on N spanned by the vector fields of VX, i.e.

DY ={r:|YeVX}CTiN, xeN,

and its associated co-distribution, VX, is the generalised co-distribution on N of the form
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VY= eT!N|9(Z) =0, VZ, e DX} = (DX)° c TN,
where (DX)° is the annihilator of DX.

It can be proved that r¥ : x € N > dim fo € NU {0} must only be constant on the connected
components of an open and dense subset UX of N (see [21]), where DX becomes a regular, in-
volutive and integrable distribution. Since dim Vf =dim N — r¥(x), then VX becomes a regular
co-distribution on each connected component of UX also. The most relevant instance for us is
when DX is determined by a finite-dimensional VX and hence DX becomes integrable on the
whole N in the sense of Stefan—Sussmann [46, p. 63]. It is worth noting that even in this case,
VX does not need to be a differentiable distribution, i.e. given ¥ € V¥, it does not generally exist
a locally defined one-form § € VX such that 8, = ¥.

Among other reasons, the associated distribution is important to study superposition rules for
Lie systems [28]. Meanwhile, the associated co-distribution appears in the study of constants of
motion for Lie systems [21]. For instance, the following proposition described in [21] shows that
(locally defined) 7-independent constants of motion of #-dependent vector fields are determined
by (locally defined) exact one-forms taking values in its associated co-distribution. Then, VX is
what really matters in the calculation of such constants of motion for a system X.

Proposition 2.3. A function f : U — R is a t-independent constant of motion for a system X on
an open U if and only if df € VX|y.

Let us now turn to some fundamental notions appearing in the theory of Lie systems.

Definition 2.4. A superposition rule depending on m particular solutions for a system X on N is
a function @ : N x N — N, x = @ (x(1), ..., X(m); 1), such that the general solution x(¢) of X
can be brought into the form x(t) = @ (x(1y(t), ..., X(m) (t); A), Where x(1y(t), ..., X(m)(¢) is any
generic family of particular solutions and A is a point of N to be related to initial conditions.

The conditions ensuring that a system X possesses a superposition rule are stated by the
Lie—Scheffers Theorem [16,37].

Theorem 2.5. A system X admits a superposition rule if and only if X can be written as X =
Y _1ba(t)Xy for a certain family bi(t), ..., by (t) of t-dependent functions and a collection
X1, ..., X, of vector fields spanning an r-dimensional real Lie algebra. In other words, a system
X admits a superposition rule if and only if VX is finite-dimensional.

The Lie—Scheffers Theorem may be used to reduce the integration of a Lie system to solving
a special type of Lie systems on a Lie group [15]. More precisely, every Lie system X on a
manifold N possessing a Vessiot-Guldberg Lie algebra V, letus say X =Y |, _,bo (1) Xy, where
X1,..., X, is a basis of V, can be associated with a (generally local) Lie group action ¢ : G X
N — N whose fundamental vector fields coincide with those of V and dimG = dimV [48,
Theorem XIJ. This action allows us to bring the general solution x(¢) of X into the form x(¢) =
o(g(1), x0), where xo € N and g () is the particular solution with g(0) = e of the Lie system

8 : R
—:—_—E be()XR(g), g€, 2.1
1t = () a(g) 8 ( )
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where X f, X f form a basis of the linear space of right-invariant vector fields on G admit-
ting the same structure constants as — X1, ..., —X, (see [15] for details). In this manner, if ¢ is
explicitly known, then the explicit integration of a Lie system X reduces to finding one partic-
ular solution of (2.1). Conversely, the general solution of X enables us to construct the solution
for (2.1) with g(0) = e by solving an algebraic system of equations obtained through ¢ [3].

A presymplectic manifold is a pair (N, w), where N is a manifold and w is a closed two-form
on N. We say that a vector field X on N is Hamiltonian with respect to (N, w) if there exists a
function 2 € C°°(N) such that

txw=dh.

In this case, we call & is a Hamiltonian function for X. We write Adm(w) for the space of Hamil-
tonian functions relative to (N, w). We also call these functions admissible functions of (N, w).
We hereafter denote by X, with 7 € C°°(N), a Hamiltonian vector field of & relative to w. Since
ker w may be degenerate, every function 7 may have different Hamiltonian vector fields. It is
well known that Adm(w) is a linear space that become a Poisson algebra when endowed with the
Poisson bracket {-,-}: Adm(w) x Adm(w) - Adm(w) of the form

{f,g}Zng,

where X is any Hamiltonian vector field of g. It can be proved that this definition is independent
of the chosen X [55].

Since w may be degenerate, there may exist non-zero Hamiltonian vector fields related to
a zero function. We call these vector fields gauge vector fields of w and we write G(w) for
the space of such vector fields. It is immediate that G(w) is an ideal of Ham(w). Hence, the
space Ham(w)/ G (w) is also a Lie algebra and the quotient projection 7 : X € Ham(w) — [X] €
Ham(w)/ G (w) is a Lie algebra morphism. Moreover, we can define the following exact sequence
of Lie algebras

Ham(w)
0= HI% (N) = Adm(w) > Zl?w‘)"

— 0,

where HgR(N ) is the zero cohomology de Rham group of N and A : f € Adm(w) — [—-X ] €
Ham(w)/G(w) (see [14] for details).

Definition 2.6. Let N be an n(k + 1)-dimensional manifold and wy, ..., @y a set of closed two-
forms on N. We say that (w, ..., wg) is a k-symplectic structure if
k
[ kerw; (x) = {0}, (2.2)
i=1
forall x e N. We call (N, wy, ..., w) a k-symplectic manifold.

Definition 2.7. A k-polysymplectic form on an n(k + 1)-dimensional manifold N is an R¥-valued
closed nondegenerated two-form on N of the form



J. de Lucas, S. Vilariiio / J. Differential Equations 258 (2015) 2221-2255 2227

k
i=1

where {e!, ..., ¥} is any basis for R¥. The pair (N, £2) is called a k-polysymplectic manifold.

Remark 2.8. Historically, the polysymplectic structures (see Definition 2.7) were introduced by
Giinther in [29], while the notion of k-symplectic manifold was introduced by Awane [6] and
independently by de Leoén et al. [33,34] under the name of k-cotangent structures. Note that
the notion of k-symplectic structure considered in this paper is not exactly the definition given
by Awane, because in Awane’s definition a k-symplectic structure on a manifold is a family of
k closed two-forms such that (2.2) holds and there exists also an integrable distribution V' of
dimension nk such that w,|yxy =0 forall» =1, ..., k. Observe that when k = 1, Awane’s defi-
nition reduces to the notion of polarised symplectic manifold, that is a symplectic manifold with
a Lagrangian submanifold. For that, in [35] we distinguish between k-symplectic and polarised
k-symplectic manifolds and in this paper we follows the definition of k-symplectic manifold con-
sidered in [35].

By taking a basis {el, e, ek} of R¥, every k-symplectic manifold (N, wy, ..., wk) gives rise
to a polysymplectic manifold (N, £2 = Zle w; ® e'). As £ depends on the chosen basis, the
polysymplectic manifold (N, §2) is not canonically constructed. Nevertheless, two polysymplec-
tic forms §21 and £2, induced by the same k-symplectic manifold and different bases for R¥ are
the same up to a change of basis on R¥. In this case, we say that £2| and £2, are gauge equivalent.
In a similar way, we say that (N, w1, ..., ) and (N, w’l, ...,w,’{) are gauge equivalent if they
give rise to gauge equivalent polysymplectic forms. We can summarise these results as follows.

Proposition 2.9. Let Sym; (N) and Poly(N) be the spaces of k-symplectic and k-polysym-
plectic structures on N, correspondingly. The relation (N, w, ..., wr)R1(N, a)’l, e, a);() (or
§£21R2827) if and only if the k-symplectic structures (k-polysymplectic manifolds) are gauge
equivalent is an equivalence relation. Moreover,

k
¢:[(o1,...,00)] € Sym(N) /Ry |:Za)i ® 6,1 € Poly(N)/R»
i=1

is a bijection.

So, we can say that, up to gauge equivalence, k-symplectic and k-polysymplectic manifolds
are essentially the same.

Corollary 2.10. Two k-symplectic manifolds (N, w1, ..., w) and (N, o}, ..., w;c) are equivalent
ifand only if (w1, ..., wr) = (@], ..., @}).

3. On the need of k-symplectic Lie systems

In this section we show for the first time that several Lie systems of physical and mathematical
interest admit Vessiot—Guldberg Lie algebras of Hamiltonian vector fields with respect to the
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presymplectic forms of a certain k-symplectic structure. This suggests us to propose a definition
of k-symplectic Lie systems and, in following sections, to study their properties.
Consider a Schwarzian equation [9,47]

{ t}—(P—Xd—x_l—édz—x g_2—2bt 3.1
* _dt3(dt) 2<dt2><dt> =20, G-D

where {x,t} is the refereed to as Schwarzian derivative of the function x(¢) in terms of the
variable ¢ and b (¢) is an arbitrary ¢-dependent function. This equation is a particular case of a
third-order Kummer—Schwarz equation [13] and it appears in the study of iterative differential
[43], Riccati and second-order Kummer—Schwarz equations [39]. For simplicity, we hereafter
assume bq(t) to be non-constant.

Let us analyse the properties of Schwarzian equations through a Lie system by following the
exposition given in [13]. The first-order system of differential equations obtained by adding the
variables v = dx/dr and a = d®x/dr? to (3.1), i.e.

dx_

e 7

dv

a:a, 3.2)
da 342

— =—— +2b1(t)v,

5 2v+ 1(Hv

is a Lie system. Indeed, it is the associated system to the 7-dependent vector field

9 9 3 a? 0
XHKS—y_— fa—4(Z— 4261000 | — =Y3+ b1 ()Y,
dx v 2 v da

where the vector fields on Oy = {(x, v, a) € T2R | v # 0}, with T2R being the second tangent
bundle to R [36], given by

B 9 3 3 o 3a’d
Y1=2 —, Yr=v— 2 —, Yr=v— N - 33
=% 2= T, = T T2 Ba (3-3)
satisfy the commutation relations
[Y1, V2] =711, [Y1, Y3] =2Y>, [Y2, Y3] =73. 3.4

In consequence, Y1, Y» and Y3 span a Lie algebra of vector fields y3KS isomorphic to s((2, R)
and X3KS becomes a ¢-dependent vector field taking values in V355, i.e. X3K5 is a Lie system.

Let us prove that V3XS is a finite-dimensional Lie algebra of Hamiltonian vector fields with
respect to the presymplectic forms of a two-symplectic manifold (O3, w, w2). To do so, we look
for presymplectic forms w satisfying that Y7, ¥> and Y3 are Hamiltonian vector fields relative to
it, i.e. Ly,w =0 for « = 1,2, 3 and dw = 0. By solving the latter system of partial differential
equations for w, we find the presymplectic forms

dvAd 2
W] = UU3 a, a)zz—ﬁ(xdvAda+vda/\dx+adx/\dv). 3.5)
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Observe that

0 0 0 0
kerw| = =l kerw, = xa——i—va— +a8— .
X v a

Since v # 0 for every point of O», then w; and w, have constant rank equal to two and kerw; N
kerwy = {0} on O;. So, (w1, ;) forms a two-symplectic structure.
In addition, Y7, Y» and Y3 are Hamiltonian vector fields with respect to both presymplectic

forms:
2 a a?
tyyw1 =d > ) ty,w1 =d 2) ty;w1 =d 703 )’ (3.6)

4x 2ax 2a  ax
Lyla)zz—d(—), Lyza)QZd(z— —2), Ly3a)2=d<— - F) (3.7)

v v v

and

The interest of the two-symplectic structure (w1, @) relies on the fact that system (3.2) cannot be
studied through a Lie—Hamilton system (see [ 14] for details). Nevertheless, the use of the above
presymplectic structures will allow us to study such systems through similar techniques to those
developed for Lie-Hamilton systems [14].

Let us now turn to showing that the system of Riccati equations

dx; 2 .
i a(t)+b)x; +c)x;, i=1,2,3,4, 3.8)

can also be related as before to a two-symplectic structure. This system is important due to the
fact that their z-independent constants of motion are employed to obtain a superposition rule for
Riccati equations [8]. Let us show first that this system is a Lie system on O = {(x1, x2, x3, x4) |
]_[l - ]( — x;) #0}. The system (3.8) is associated to the 7-dependent vector field

XBe = a(t) X1 +b(1) X2 +c() X3,

where

L LI : N
These vector fields satisfy the commutation relations
[X1, X2] = X1, [X1, X3]1=2X>, [X2, X3] = X3. (3.9)
Let us define the symplectic forms
4

dx; Adxp dx3 A dxg dxi/\dxj

(x1 —x2)?  (x3—x4)? o i - xj)?
i<j

w] =
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Hence, (w1, w2) becomes a two-symplectic structure. Additionally, the vector fields X1, X»
and X3 are Hamiltonian relative to w; and wy:

1 1 1
lX1(U1=d< N ) szwlz_d(x1+xz+x3+x4>’
X1 — X2 X3 — X4 2 X1 — X2 X3 — X4

o B ) (3.10)

Lx;W1 =d
X1 — X2 X3 — X4

and

4
1 Xi +xj

, =-d — |

) T (ijz—:l xi_xj)

i<j

N
ij=1"" J
i<j

4
xixj
=d —. 3.11
X302 (Z x,-—xj) (3.11)
i,j=1

i<j
Let us now turn to the system of differential equations

dx; dx; dxs dxy 5 dxs
— =b1(t), —=by(t), —=by(t)x;, — =by(t)x;, — =2by(t ,
” 1(1) ” 2(2) " 2(2)x1 ” 2(1)x] ” 2(1)x1x2

where b1 (¢) and by(¢) are arbitrary #-dependent functions and whose interest is due to its relation
to certain control problems [44,50]. This system is associated to the ¢-dependent vector field
X; =b1(t) X1+ by(t) X2, with

d d 5 0 d
Xo=—+x1— +x7— +2x100—.

Xl = =
9x2 X3 x4 0xs

axy’
These vector fields span a Lie algebra V' of vector fields along with

0 d d 0
X3=—4+2x1— 4+ 2xp—, X4 = X5=

- 0x3 0X4 X5 h a7 a

Indeed, the only non-vanishing commutation relations between the previous vector fields read
[X1, X2] = X3, [X1, X3]=2X4y, [X2, X3] =2Xs5.

Consequently, X is a Lie system as indicated in [50]. Additionally to this, we can add that the
Lie algebra V consists of Hamiltonian vector fields relative to the presymplectic forms

w1 =dx; Adxp, wy=dx; Adx3z, w3=dx;Adxg, wq4=dxyAdxs +x§dx1 A dxs.

The kernels of the above presymplectic forms are
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K 0 a 0 K 0 a 0 K a g 0
erwl=\—>H7—s7— ) erwy =\——— | erw3 =\—,-—, 77—/
! 3)63 3)64 8X5 2 8)62 8x4 3)65 3 8)62 3X3 aX5

ad 0 ad d
kerwq = < 2 >

— — — X —
0x3 0xg4 0xy x5

Obviously, ﬂ?zl kerw; = {0} and (w1, ..., ®s) become a 4-symplectic structure. In addition,
X1, X2, X3, X4 and X5 are Hamiltonian vector fields with respect to these presymplectic forms.
In fact,

1
tx, w1 =dx2, tx, w2 =dxs, tx, w3 =dxg, Lx, w4 = gdxi,
Lx,W1 =—dX1, sza)zz—idxl, sza)3=—§dx1, tx2w4=d(x5 —xlxz),
tx,w1 =0, Ly, =dxy, Lx3w3=—dx2, Lx3w4=—dx22,
tx,w1 =0, tx,wp =0, tx,w3 = —dxy, tx,w4 =0,
Lx5w1 =0, Lx5w2=0, Lxsa)gzo, Lx5w4=—dx2.
Let us now consider the control system in R [50]
dx dxo dxs dxy 5 dxs 5
—=b1(t), —=by(t), — =by(t)x1 —b1()x2, — =b(t)x7, — =b1(t)x;.
" 1(2) ” 2(8) " 2(1)x1 — b1 (t)x2 " 2(8)x3 5 1(1)x5
This system is associated to the #-dependent vector field
Xi=b1()X1 +b2(1) X2,
with
X 0 0 42 0 X 0 n 0 42 0
= — — X — X5 —, = — X1—— X7 —.
! 0x] 2 0x3 2 x5 2 0x2 ! 0x3 1 0x4
These vector fields span a Lie algebra V of vector fields along with
X 0 + 0 0 X X
= — X1—— — X -, = -, = —.
3 ax3 ! x4 2 x5 4 x4 5 x5

Indeed, the only non-vanishing commutation relations between the previous vector fields read
[X1, X2] =2X3, [X1, X3] = X4, [X2, X3] = —X5.

Consequently, X is a Lie system. Additionally, the Lie algebra V consists of Hamiltonian vector
fields relative to the presymplectic forms

w] =dx; Adxa, wy =dxy Adxs, w3 =dx; Adxy,

w4 =dx; Adxz + x1dx; A dxp.
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The kernels of the above presymplectic forms read

] a 0 a a a a a a
kerw; =(—, —, —), kerw, =(—, —, —), kerwz=({—7\ —, —),
3)63 BX4 a)C5 8)61 3)63 a)C4 8)62 3)63 3X5

a 9 0 8>

kerwg={—, —, — — x] —
<8X4 d0xs 0x) 0x3

Obviously, ﬂ?zl kerw; = {0} and (w1, ..., ws) become a 4-symplectic structure. In addition,
X1, X2, X3, X4 and X5 are Hamiltonian vector fields with respect to the four presymplectic
forms. In fact,

1
3

tx, w1 =dxa, Lx, = —gdxz, tx, w3 =dxq, tx, w4 = d(x1x2 + x3),

1.3 2
tx,w1 = —dxy, Lx, w2 = dxs, LX, w3 = —gdxl, Lx,w4 = —dxy,

1.5 [

tx;w1 =0, LX;w2 = dez, Lx;03 = —de , Lx;w4 = —dxy,
tx,w1 =0, tx,w2 =0, tx,w3 = —dxq, tx,w4 =0,
txswi =0, Lxswy = —dx2, txsw3 =0, txsw4 =0.

It was recently proved that diffusion equations and other PDEs can be approached through the
Lie system [32,54]

j—j = —4da(t)us —2d(t)s, c(ll—); = (c(t) + 4a(t)u)x + f(t) —2ug(t),
du _ 2 dy _
T —b(t) +2c(Hu + 4a(t)u”, pri (2a(t)x — g(t))v,
d
d—l; = (c(t) + 4a(t)u)v, d_j = a(t)x2 —g()x.
dw 5
P a(t)v”,

Its general solution can be obtained by integrating

d
d—L: — —b(t) + 2c(t)u + 4a()u’,
dv
= (c(t) + 4a(t)u)v, (3.12)
dw 5
— =al(t .
m a(rv
This is a Lie system [14]. In fact, it describes the integral curves of the #-dependent vector field

XRS —a@)X| — b(1) X2 + (1) X3,

where
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5 0 0 d d 0 d
X =4’ — + duv— +v* X, = —, =2u— +v—
R AR M 2= u “au TV
satisfy the commutation relations
[X1, Xo] = —4X3, [X1, X351 = —-2X1, [X2, X3] =2X>.
Consider the presymplectic forms
dwdu Adw  dvAadw  4w?du Adv 4du Adw  Swdu Adv
WRS—1 = — 3 + 3 ) WRS—2 = — 2 3 .
v v v v v
(3.13)
Their kernels read
k 29 4w 442l k O ol
erw =(v>— wy— w —), erw =(v— w—
RS2 N dw k== dw

Note that ker wgs—1 Nkerwgs—2 = {0}. So, (wrs—1, wrs—2) is a two-symplectic structure. More-
over, X1, X and X3 are Hamiltonian vector fields relative to wgrs_1, WRrs—2:

I/L2U)2 U2 w2
tx,wrs—1 =d| 4uw — 8 >~ 5 ) Lx,wrs—1 = —2d
v

2 02
uw2
LX;WRS—1 =d<w—4—2), (3.14)
v
and
uzw w uw
LXla)RS_2=4d u—47 N LX,WRS— 2——4d v2 LX;WRS— 2——8d v2
(3.15)

Let us consider a type of Lotka—Volterra systems, i.e. a system of the form

dx; .
dt’— (b,(t)+Zc,](t)x]> i=1,...,n,

j=1

for certain functions b;(f) and c;;(¢), that can be studied as a Lie system, namely its minimal
Lie algebra is finite-dimensional. Systems of this type have already been studied by one of the
authors of this work in [7]. We hereafter call these systems Lie—Lotka—Volterra systems. More
specifically, consider the system

=5 a3+ b(0)x2,

d dx
St a(t)xy +b(t)xi, = —ax + b(1)x3, ”

dt dt

dx d
d_t“ = a(t)xs + b(1)x2, f = a(t)xs + b(t)x2. (3.16)
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Observe that its associated ¢-dependent vector field reads
X=a(t)X1+b()X,,

where

satisfy [ X1, X2] = X». So, X admits a Vessiot—Guldberg Lie algebra isomorphic to the Lie alge-
bra of affine transformations on the real line. Let us show that this system is a four-symplectic
Lie system. Consider the presymplectic forms

dx; Adxy dx3z Adxy dx; Adxy dx3 A dxs
1= 2 2 w2 = 2 2
(x1 — x2) (x3 — x4) (x1 — x2) (x3 — x5)
dxy A dxy dx4 A dxs dx; A dxs dx4 A dxs
w3 = > = w4 = 5 5 - (3.17)
(x1 —x2) (x4 — x5) (x1 —x3) (x4 — x5)

Note that ﬂ?:l kerw; = {0}. So (w1, w2, @3, w4) is a four-symplectic structure. Moreover X

and X, are Hamiltonian vector fields with respect to w; withi =1,...,4:
1 X1+ x2 X3 + X4 X1X2 X3X4
lX1601=—d + Lx2a)1=d
2 \x1—x2 Xx3—Xx4 X1 — X2 x3—x4
1 X1 +x2 x34+x5 X1X2 X3X5
LXla)zz—d LX2w2=d
2 \x1—x2 Xx3—2X5 X1 —Xx2 x3—X5
1 X1 +x2 x4+ xs5 X1X2 X4X5
lea)?a:_d LX2w3=d
2 \x1—x2 XxX4—X5 x1—x2 X4 — X5
1 X1+ x3 X4 + X5 X1X3 X4X5
Lx, w4 = —d s LX2w4=d + . (3.18)
2 \Xx1—Xx3 XxX4—X5 X1 —X3  X4—X5

All above systems posses a Lie algebra of Hamiltonian vector fields relative to all the presym-
plectic forms of a k-symplectic structure. This suggests us the following definition.

Definition 3.1. Given a k-symplectic structure (w1, ..., @) on an n(k + 1) dimensional mani-
fold N, we say that a vector field Y on N is k-Hamiltonian if it is a Hamiltonian vector field with
respect to the presymplectic forms wy, ..., wk.

Note that X is a k-Hamiltonian vector field if and only if it is Hamiltonian for all the presym-
plectic forms of the space (wj, ..., wg). In view of Theorem 2.10, two k-symplectic structures
(@1, ...,w) and (@, ..., w}) are equivalent if and only if (w1, ..., @) = (@], ..., ®}). So,if X
is k-Hamiltonian for a k-symplectic manifold, it is k-Hamiltonian for all equivalent k-symplectic
manifolds. In addition, it also makes sense to say that X is §2-Hamiltonian for a polysymplec-
tic form £2 if X is k-Hamiltonian for a k-symplectic manifold possessing 2 as an associated
polysymplectic form. From now on, we will talk about k-Hamiltonian and/or §2-Hamiltonian



J. de Lucas, S. Vilariiio / J. Differential Equations 258 (2015) 2221-2255 2235

vector fields indistinctly. We write Ham(£2), where 2 is a polysymplectic form induced by
(w1, ..., wg), for the space of k-Hamiltonian vector fields.
In view of the above comments, it is justified to define k-symplectic Lie systems as follows.

Definition 3.2. We say that a system X is a k-symplectic Lie system if VX is a finite-dimensi-
onal real Lie algebra of k-Hamiltonian vector fields with respect to a k-symplectic structure
(w1, ...,wr). Wecall (w1, ...,w) a compatible k-symplectic structure.

Note that the above can be restated by saying that a system X on a manifold N is a
k-symplectic Lie system if and only if it admits a Vessiot—Guldberg Lie algebra of k-Hamiltonian
vector fields with respect to a certain k-symplectic structure on N. Observe that Lie—Hamilton
systems [21] are a particular type of k-symplectic Lie systems. Nevertheless, we already com-
mented that not every k-symplectic Lie system is a Lie-Hamilton system (for more details see
description of the system (3.2) and [14]).

Every k-symplectic Lie system can be considered as a Dirac-Lie system [14]. More specifi-
cally, if X is a k-symplectic Lie system relative to the k-symplectic structure (wy, ..., wg), then
VX is a family of Hamiltonian vector fields with respect to each one of the presymplectic forms
1, ..., 0k So, VX is a Lie algebra of Hamiltonian vector fields relative to each Dirac struc-
ture L* induced by the presymplectic form w, (see [14,24] for details). Following the notation
of [14], we say that the triple (N, L*7, X) is a Dirac-Lie system. Moreover, it can be proved that
every Lie system can be considered as a Dirac—Lie system [14]. Meanwhile, not every Dirac-Lie
system can be considered as a k-symplectic Lie system, e.g. a Lie system given by an autonomous
vector field X # 0 on the real line. Nevertheless, the main advantage of k-symplectic Lie systems
is that they can be considered as Dirac—Lie systems in different ways. This suggests us to find a
natural approach to the study of these systems, which is given by k-symplectic structures.

4. A no-go theorem for k-symplectic Lie systems

Determining whether a Lie system is a k-symplectic Lie system generally requires solving
a system of PDEs to find a compatible k-symplectic structure. In many cases, it can be diffi-
cult to establish whether this system of PDEs has enough solutions giving rise to a compatible
k-symplectic structure. That is why it is important to find simple necessary and/or sufficient
conditions to ensure or to discard that a Lie system is a k-symplectic Lie system.

In this section we provide a no-go theorem giving conditions ensuring that a Lie system is
not a k-symplectic Lie system. The main idea is that the minimal Lie algebra of the Lie system
under study must leave stable, in the sense given next, the kernels of the presymplectic forms of
any k-symplectic structure compatible with the Lie system. This condition is easier to verify than
finding a compatible k-symplectic structure. Although we here provide only one main result, it
is easy to develop further no-go theorems from our ideas.

Definition 4.1. We say that a distribution D is stable under the action of a Lie algebra V of vector
fields when [X, Y] e D forevery Y e Dand X € V.

Definition 4.2. Given a finite-dimensional real Lie algebra V of vector fields on N, we say that
V is s-primitive when there exists no distribution D of rank s stable under the action of V. We
call V odd-primitive when V is s-primitive for every odd value of s < dim V.
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Remark 4.3. Observe that the above definition of s-primitive Lie algebra of vector fields is a
generalisation of the notion of a primitive Lie algebra of vector fields on the plane given in [27].

Theorem 4.4 (No-go k-symplectic Lie systems theorem). If X is a Lie system on an odd dimen-
sional manifold N and VX is odd-primitive, then X is not a k-symplectic Lie system.

Proof. Let us suppose that there exists a compatible k-symplectic structure (wj, ..., wg) for X.
On an odd-dimensional manifold, every two-form of the k-symplectic structure has non-trivial
odd-dimensional kernel. Let Z # 0 be a vector field Z € kerw,. As the elements of V¥ are
Hamiltonian with respect to each one of the presymplectic forms of the k-symplectic structure,
we have that Lyw; =0 for every Y € vX and

0= ﬁytza),‘ = Lzﬁya)i + lly,Z1wi = L[y, Z Wi .

So [Y, Z] € kerw; and the kernel of wj; is stable under the action of the elements of VX. As V¥
is odd-primitive and kerw; is odd-dimensional, we get a contradiction. Then, the compatible
k-symplectic structure cannot exist. O

Example 1 (Lie systems on Lie groups). Let us consider the Lie systems on Lie groups of the
form

dg - R R - L L
ar =Y bRxF)+ ) phinxlig. ged. 4.1
a=1 a=1
where G is a Lie group, X fe’ ..., XK and X IL, ..., XE form basis of right and left-invariant

vector fields on G respectively, and blL ®,..., brL (1), b{e ®,..., bf (t) are arbitrary ¢-dependent
functions. Additionally, we assume G to be connected.

Systems of the type (4.1) appear when searching for transformations mapping a Lie system
into a new one, e.g. in a reduction process [19]. Additionally, each Lie system on a manifold can
be solved by means of a particular solution of systems like (4.1) where only right-invariant or
left-invariant vector fields appear. Moreover, such systems appear in Control Theory and Dar-
boux integrable systems [11,56]. An interesting question is to determine if such systems can be
endowed with a compatible k-symplectic structure. As proved next, the answer is negative for a
large family of systems (4.1).

Assume that (4.1) is such that G is odd-dimensional and its Lie algebra of left-invariant
vector fields, g, has no odd-dimensional ideals, e.g. g is simple. Suppose also that the min-
imal Lie algebra VX of the system (4.1) is isomorphic (as a Lie algebra) to g @ g, namely
vX = (Xf, ., XK, XIL, ..., XE). Let us prove that the V¥ is odd-primitive by reduction to
absurd.

Consider an odd-dimensional distribution D on G invariant under the action of VX. Since G
is connected, the invariance of D under X f s X ,f implies that the vector fields taking values
in D are invariant under the diffeomorphisms given by the left-hand multiplications on the group,
namely the mappings Ly : g’ € G+ g-g’ € G with g € G. So, given D, C T, G, i.e. the subspace
of the distribution D at the neutral element e of G, we obtain that (Lg)+Y € D, forevery Y € D,.
Indeed, since L, is a diffeomorphism, then D, >~ D,.

If YL is a left-invariant vector field on G with YL (e) = Y, we have that

YE(g) = (Lg)«YE(e) € Dy
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for every g € G. So, Y takes values in D. Using that each (L ¢)« 1 a diffeomorphism, we obtain
that given a set of vector fields YL ..., YSL whose values Y 11‘ (e),..., YsL (e) form a basis for D,,
then (YIL)(g), R (YSL )(g) form a basis of D for every g € G. Consequently, D admits a global
basis of left-invariant vector fields Y. IL Y YL . As D is invariant under VX, then £ xL Y JL with
a=1,...,dimG and j =1,...,s, is a left-invariant vector field taking values in D. Hence,

L yL L L
[Xg. Yi]e(ri....x5)
and (Y IL ey YSL) is an odd-dimensional ideal of g. By assumption, g has no odd-dimensional

ideals. This is a contradiction and we have that D is not invariant under V. By Theorem 4.4,
we obtain that (4.1) is not a k-symplectic Lie system.

5. On £2-Hamiltonian functions

Every k-Hamiltonian vector field can be associated to a family Ay, ..., hx of Hamiltonian
functions (each one relative to a different presymplectic form of a k-symplectic structure). It
is convenient for the study k-symplectic Lie systems to introduce some generalisation of the
Hamiltonian function notion for presymplectic forms to deal simultaneously with all A, ..., .
In this section, we propose and analyse the properties of such a generalisation. Some of our
results extend to our k-symplectic structures several theorems devised by Awane in [6] for a
more particular type of k-symplectic structures.

Definition 5.1. Given a polysymplectic structure §2 = Zle w; ® ¢/ on N, we say that h =
h e +...+h ®ekisan §2-Hamiltonian function if there exists a vector field X;, on N such
that vx,w; =dh; fori =1, ..., k. In this case, we call i an £2-Hamiltonian function for Xj.
We write C*°(2) for the space of £2-Hamiltonian functions.

We already illustrated that a polysymplectic form §2 depends on the chosen bases {e, ..., eX}
therefore, also the £2-Hamiltonian function /. Nevertheless, if £2 and £2 are two gauge equivalent
polysymplectic forms then the sets C(£2) and C*°(£2) are the same up to a change of variables
on RF.

Observe that an £2-Hamiltonian function is a certain type of R¥-valued Hamiltonian function.
In [41], the author called k-Hamiltonian system associated to the R¥_valued Hamiltonian % the
vector field X, of the above definition. Moreover, Awane [6] called # a Hamiltonian map of X
when X is additionally an infinitesimal automorphism of a certain distribution on which it is
assumed that the presymplectic forms of the k-symplectic distribution vanish.

Example 2. In view of the relations (3.14) and (3.15), the vector fields X| = 4u28/8u + 4uvo/
dv +v%9/0w, X, = 9/0u and X3 = 2ud/du + vd/dv have §2-Hamiltonian functions

2,2 2

u w v 1 u?w 2
f=4uw -8 27 Qe + 4u—167 e,

g=—2—2®€ —4—2®€, h= w—4—2 Re —8—2®€,
v v v v
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relative to the polysymplectic structure £2 = wgs_| ® e' + wgs_2 ® e obtained from the two-
symplectic structure (wgs—1, wgrs—2) constructed from the presymplectic forms (3.13).

Proposition 5.2. Let 2 = Zle w; ®eé' be a polysymplectic structure, every §2-Hamiltonian vec-
tor field is associated, at least, to an $2-Hamiltonian function. Conversely, every §2-Hamiltonian
function induces a unique S2-Hamiltonian vector field.

Proof. The direct part is trivial. Let us prove the converse. By definition, each §2-Hamiltonian

function h =h; @ e! + ...+ hy ® € is associated to, at least, one vector field X,. Suppose that
there exist two §2-Hamiltonian vector fields X and X, associated to /. Then, we have

txla)iZsza)iZdhi, i=1,...,k

and

tx;—x,w; =0, i=1,...,k.
Since kerw; N ... Nkerwg = {0}, it turns out that X1 = X,. O
Proposition 5.3. The space C*°(82) is a linear space over R with the natural operations:
k k
htg=) (hit+g)®e, A-h=) rhi®c

i=1 i=1
where h = ZL] hi®eé, g= ZL] gi®e € C®(R)and r e R.
Proof. Let X; and X, be the £2-Hamiltonian vector fields associated to & and g, respectively.

The linear combination Ak + pg, with A, u € R, is an §£2-Hamiltonian function associated to the
vector field A Xy, + uX,. Indeed,

kathxgwi:d(Ahi—l—/Lgi), i=1,...,k.

Then, C°°(£2) is closed relative to the defined addition of elements and multiplication by scalars.
It is immediate that these operations give rise to a vector space structure on C*°(£2). O

Proposition 5.4. The space C°°(§2) becomes a Lie algebra when endowed with the bracket
{-,'}2 : C®(£2) x C®(2) — C*°(82) of the form

mee +...+h@ h@e +...+h @},
={h. i), @ + .+ (), ®¢, (5.1)

where {-,-}, is the Poisson bracket naturally induced by the presymplectic form w;, with i =
L,....k
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Proof. Given two £2-Hamiltonian functions h = Zf-czlh,' e, g = Zf-;l gi ® ¢ with
£2-Hamiltonian vector fields X and X, we have

L[Xhan]wi :d{gl‘,hi}wi, i= 1, ,k

Hence, {g,h}e is an $2-Hamiltonian function with Hamiltonian vector field [Xj, X,]. So,
C°°(£2) is closed with respect to this bracket, which is trivially antisymmetric and holds the
Jacobi identity, which turns (C*°(£2), {-,-}2) into a Lie algebra. O

We cannot ensure C®(£2) to be a Poisson algebra in a natural way. Observe that given h =
Zf-‘zl hi®e,g= Zf-czl gi ® ' € C*(£2), the function

h-g=(hig)®e +...+ (higr) ® " (5.2)
is not in general a C*°(§2)-function. Indeed,
d(higi) =gidh; + hidg; = 1g,x,w; + Lhi Xo @i = L(g; Xp+h; X o) @i i=1,...,k.

In general, g; X + h; X, is different for each i and & - g is not an §2-Hamiltonian function. For
instance, consider again Example 2. The function

w? uw? 1 uw?
h-g=-2—|w—-4—7F|Qe +32— Qe
v v v

. . . . 2 2
is not an §2-Hamiltonian function for £2 = wgs_1 @ ! + wrs—_» @ 2. Indeed, —2%(w - 4’%)

and 32uw?/v* are related to the vector fields

2w? a a uw?\ 3
a1 Xp+hXe= ——2(214— +U—) + (u) —4—2>—,
v v

81/{ av 8),{
4w ad 0 S8uw 09
g2Xn Xy == 7\ g Fvgr ) - T g

which are different.

Since we cannot ensure that (C*°(£2), -, {-,-}2) is a Poisson algebra, we cannot neither say
that {h, -} : g € C®(2) —~ {g, h}o € C*(£2), with h € C*(£2), is a derivation with respect to
the product (5.2) of £2-Hamiltonian functions. This shows that k-symplectic geometry becomes
quite different from Poisson and presymplectic geometry, where an equivalent of this result holds.
Nevertheless, we can still ensure that {&, g} = 0 for every locally constant function g and,
moreover, we can still prove other properties of this Lie algebra. For instance, let us consider the
following result.

Proposition 5.5. Consider a polysymplectic manifold (N, $2). Every §2-Hamiltonian vector field
X acts as a derivation on the Lie algebra (C*°(82), {-,-}) in the form

Xf={fhle, VfeC™(),

with h being an §2-Hamiltonian function for X.
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Proof. Note that {f, h} does not depend on the chosen §2-Hamiltonian for X. Every two
§2-Hamiltonian functions related to the same §2-Hamiltonian vector field differ on a constant
(on each connected component on N). So, if 41 and &, are §2-Hamiltonian functions for X, then
{f,h1}e ={f, ha}e and X f becomes well defined.

Now,

X{f.gle={{f.g)e.h}, ={{f h}e. g}, +{f {g. o}, ={(Xf glo +{f. Xg}a.
Since X acts linearly on C®°(S2), the results follows. O

Theorem 5.6. Given a polysymplectic form §2 = Zf-(:l w; ® ' on a manifold N, we can define
an exact sequence of Lie algebras:

k

0>HY(N) @ ... & Hly(N)—> C®(2) 23 Ham(£2) — 0, (5.3)

where Bo (f) = — Xy is the §2-Hamiltonian vector field corresponding to f and HgH(N ) is the
first De Rham cohomology group of N.

Proof. First, we prove that Ham(£2) is a Lie algebra. In fact, given two §2-Hamiltonian vector
fields X and Y there are two §2-Hamiltonian functions /4 and g such that X = X and ¥ =Y,
(see Proposition 5.2). Moreover, we have that txw; = dh;,tyw; = dg; for each i =1,..., k.
Therefore

Lx+pyw; =dAh; +ugi), tx,yiwi =d{gi, hilw,, i=1,....k VA, nekR

Hence, the sum, the Lie bracket and the multiplication by scalars of £2-Hamiltonian vector fields
are §2-Hamiltonian vector fields, that is, Ham(£2) is a Lie algebra.

Once we have proved that all the spaces in (5.3) are Lie algebras, we turn to showing that the
sequence is exact. The inclusions of 0 in H};(N)&® .X. ®HJ; (V) and of H,;(N)&® .X. &H ) (N)
in C*°(£2) are obviously Lie algebra morphisms. Likewise, the projection of Ham(£2) onto O is
also. If we take into account that the Lie bracket {f, g}, where f and g are §2-Hamiltonian
functions with §2-Hamiltonian vector fields X y and X,, admits an £2-Hamiltonian vector field
—[X s, X1, we obtain that Bo({f, g}2) = [Xr, X,]. In other words, Bg, is a Lie algebra mor-
phism.

Finally, observe that the kernel of By; is given by those §2-Hamiltonian functions & related
to a zero vector field. That means that dh; =0 fori =1, ..., k. So, every A; is constant on each
connected component O;, with j =1,..., p, of N and its value is determined by a constant on
each O;. This gives the isomorphism

ker B 3 h> (h1(01), ..., h1(0p), ..., hi(01), ..., h(0p)) € Hig(N)@® K. @HJ (N).

Using this, we clearly see that the given sequence is exact. O
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6. Derived Poisson algebras

Given a k-symplectic manifold (N, w1, ..., ®g), we can construct several Poisson algebras on
certain subsets of C®°(N), the hereafter called derived Poisson algebras. This will become very
important in following sections, where such derived Poisson algebras are employed to study the
geometric properties of k-symplectic Lie systems.

The k-symplectic structure (w1, ..., w;) along with a basis e’ ..., e for R¥ and an element
6 € (RX)* allow us to define a polysymplectic form £2 = Zf:l w; ® €. It is immediate that the
contraction

1

k
20=1(2.0)=> 0()wi

i=1

is a presymplectic form on N. We call Adm(£2y) the set of admissible functions with respect
to (N, §29). We hereafter denote by X ¢, with f being a function on N, a Hamiltonian vector
field of f relative to a presymplectic form. Recall that when f is a k-Hamiltonian function,
X y denotes the k-Hamiltonian vector field associated to f.

Note that a vector field X is k-Hamiltonian if and only if it is Hamiltonian for all the presym-
plectic forms of the space (wy, ..., wg). In particular, X is Hamiltonian for any presymplectic
form £2¢ with 6§ € (R¥)*. This gives rise to the following proposition.

Proposition 6.1. Ler 2 = Zle w;i ® €' be a polysymplectic structure and 6 € (RK)*. Every
§2-Hamiltonian function gives rise to an admissible function with respect to (N, §2g).

Proof. If h=h; @ el +... + hr ® ef is an £2-Hamiltonian function, then there exists an
§2-Hamiltonian vector field X}, such that

LxhwiZdl’li, i=1,...,k.

Thus, one has

k k
1x, 20 =Y _0(e')ix,0i =Y _0(e)dh; = dhg,
i=1 i=1

where hg = (h, 6) = Y°5_, 0(¢')h;. Therefore hy € Adm(£25). O

Proposition 6.2. Let (w1, ..., w) be a k-symplectic structure and {el, e ek} a basis of RX,
The k-symplectic structure induces a k-polysymplectic form §2 = Zle w; ® €' and a family of
Poisson algebras (Adm($2y), -, {-,-}o), where {-,-}g is the Poisson bracket induced by the presym-
plectic form g, with 0 € (RK)*, on its space of admissible functions.

Proof. Itis immediate that the sum and multiplication by scalars of admissible functions are ad-
missible functions. This turns Adm(£2y) into a vector space. The product of functions is bilinear
and commutative. Moreover, if & and g are admissible functions with Hamiltonian vector fields
X, and X,, then & - g is an admissible function with Hamiltonian vector field gX;, + hX,. So
Adm(£2y) is an R-algebra.
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If 4 and g are admissible functions with respect to (N, §£2yp) with Hamiltonian vector fields
X, and Xy, then {£, g}¢ is an admissible function with Hamiltonian vector field [ X, X;]. So,
for each 6 € (Rk )*, Adm(£2y) is closed with respect to this bracket, which is antisymmetric and
holds the Jacobi and the Leibniz identity. Then, (Adm(£2y), -, {-,-}9) is a Poisson algebra for
eachf. 0O

Proposition 6.3. Given a polysymplectic form §2 = Zf‘: 10 ® e', every 2-Hamiltonian vector
field X}, is a derivation on all the Lie algebras (Adm($2y), {-,-}o) with 6 € (Rky* of the form

Xnf=1{f hole. VfeAdm($2). (6.1)

Proof. Note that Xj, f = {f, hg}o € Adm(£2y) is well defined. Every two functions related to
the same Hamiltonian vector field with respect to £2¢ differ in a locally constant function. So, if
Xy =X, then X1 f = {f.hYo = {f, h3}o = X2 f. Now,

Xn(f. 8o ={{f. 8o, ho}y ={{f holo. g}, + {f. {8, hoYo}y = {Xu [, g}o + {f, Xnge. |
Proposition 6.4. Given a polysymplectic form 2 = Zle w; ® e, then
b0 (C(2), {-}2) = (Adm(£20), {-,-}o)

his hg = (h,0)

is a Lie algebra morphism. Hence, every finite-dimensional Lie algebra WV C C*(82), {-,-}2)
is a Lie algebra extension of the Lie algebra (¢pg(WV), {-,-}0).

Proof. Let g, i be two £2-Hamiltonian functions. From (5.1) and (6.1), we obtain

=~

(th, g)e) =Z thi, gt = Ze )X (hi) = Xg(ho) = {ho, go}o.

and ¢ becomes a Lie algebra morphism. Moreover, we have the exact sequence of Lie algebras

k

0 (HRx(N) @ ... @ Hg(N)) n\W > W =%

Polwy

— P (W) — 0.

Therefore, WV, {-,-}) is a Lie algebra extension of (¢pg(WV), {-,-}9). O

Proposition 6.5. For every polysymplectic manifold (N, §2) we have the following commutative
exact diagram:
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T HRk

Hig (MF <———— Wy C®(R2)
W\ BQ
Adm(£2y) w Ham($2)
Polyy Bolw /
Ag g |Ham(9)/

Ham(£2y)
G(£29)

where Wy = HY(N)X "\ W and we recall that G($2g) is the space of gauge vector fields of §25, we
call mp : X € Ham(82g) — [X] € Ham(£2y)/ G (§2¢9) the quotient map onto Ham(82g)/ G ($2y),
and Ag : Adm(829) — Ham($2y)/G(82y) is the Lie algebra morphism mapping each f €
Adm(£29) to the class [—-X r].

Proof. The only non-trivial part which does not follow from previous results of this section is to
prove that the diagram

Bg
C®(£2) —— Ham(£2)

l@ l”@l—lam(())

A9 Ham(52g)
Adm(£2y) —— = Ham(

is commutative. Using that Ham(£2) C Ham(£2y), we have that

dhg =deg(h) = (dh,0) = (1x,92,0) =1x,20 = [Xp,]1=1[Xnl,

for an arbitrary h € C*°(£2). So,

79 0 Bo(h) =mg(—=Xp) = [ Xpl =[—Xpn,1 = Ag(hg) = Ag o Py (h)

and mgo B =Agogyg. O
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7. k-Symplectic Lie-Hamiltonian structures

Let us further investigate the properties of the k-symplectic Lie systems provided in the previ-
ous sections. Consider again the Schwarzian equations in first-order form (3.2). Remind that
Y1,Y> and Y3 are Hamiltonian vector fields with respect to the presymplectic structures wi
and w;. In particular, from the relations (3.6) and (3.7), the vector fields Y7, Y> and Y3 have
Hamiltonian functions

2 a a?
==, mM==, h=_, 7.1
LY 172 17 03 7.1
and
4x 2ax 2a  a’x
n=—-= h=2-="= B==-=), 7.2
2 v 2 v2 2 v v3 (7.2)

with respect to the presymplectic forms w; and w» given by (3.5), correspondingly. Moreover,
we have

{nihi}, =—ni.  AnimY, =-20f Wi}, =—hi. =12
Consequently, the functions h;?‘, with ¢ = 1, 2, 3 and a fixed i, span a finite-dimensional real Lie
algebra of functions isomorphic to sl(2, R). The same applies for h‘i‘ +h%, witha=1,2,3, and
in general for any linear combination w1h{ + uxhf, with fixed (u1, u2) € RZ\{(0, 0)}. In this
way, a k-symplectic structure is associated with many different Lie algebras of functions which
can be employed to study the properties of the system.

Now, we consider the space C*°(§2) of £2-Hamiltonian functions given by the two-symplectic
structure (w1, wy). From the relations (3.6) and (3.7), the functions

h“:h‘i‘®61+hg®ez,

with o = 1, 2, 3, span a finite-dimensional Lie algebra when endowed with the Lie bracket (5.1).
Thus, every X ;X5 is an £2-Hamiltonian vector field with $2-Hamiltonian function

h5S = (3 + b1 (Oh]) @ €' + (h3 + b1 (Hh)) ® €.

Since we assume b (¢) to be non-constant, the space Lie({h?KS}teR, {-,-}22) becomes a real Lie
algebra isomorphic to s[(2, R).

If we now turn to the system of Riccati equations (3.8), we see that we can obtain a similar
result. More specifically, the relations (3.10) and (3.11) imply that X, X, and X3 have Hamil-
tonian functions

hi =

Py 1

1 1 h%=;<XI+xz+X3+x4>, W X1X2 n X3X4

+ =
X1 — X2 )C3—X4’ X1 — X2 X3 — X4 X1 — X2 X3 — X4

(7.3)

and
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I 4 1 5 4 Xi +xj 3 4 XiXj
hy=Y_ hy = Yo ==) w=) L 14

9
Xi — X Xi — X Xi — X
! J ij=1" J ij=1"" J

i<j i<j i<j

Moreover, we have that

| ) 1 1 43 2 2 43 3 .
{hi. h; }wi:_hiv {i. h; }w,-:_Zhi’ {ni. h; }wi:_hi’ i=12
Consequently, the functions h?‘, with @ = 1,2, 3 and a fixed i span a finite-dimensional real Lie
algebra of functions.

Now, we consider the space C*°(§2) of £2-Hamiltonian functions given by the two-symplectic
structure (w1, wy). From the relations (3.10) and (3.11), the functions

h*=h ®e' +h% ® e,

with @ = 1, 2, 3 span a finite-dimensional Lie algebra when endowed with the Lie bracket (5.1).
Thus, every XX is an £2-Hamiltonian vector field with £2-Hamiltonian function

hR = a()h' + b(0)R? + ()R,

Again, we can associate X to a curve t — hX in a finite-dimensional real Lie algebra
Lie({h[R}téRv {1}9)
Both examples suggest us to define the following notions.

Definition 7.1. A k-symplectic Lie—-Hamiltonian structure is a triple (N, £2, h) where (N, §2) is
a polysymplectic manifold and / represents a ¢-parametrised family of £2-Hamiltonian functions
hy: N — RF such that Lie({h; };er, {-,-}) is a finite-dimensional real Lie algebra.

Definition 7.2. A f-dependent vector field X is said to admit a k-symplectic Lie-Hamiltonian
structure (N, 2, h) if Bo(h;) = —X;, forall t € R.

Theorem 7.3. A system X admits a k-symplectic Lie—Hamiltonian structure if and only if it is a
k-symplectic Lie system.

Proof. Let (N, £2,h) be a k-symplectic Lie—Hamiltonian structure for X, then Lie({h;};cR,
{-,-}s2) is a finite-dimensional real Lie algebra. Since By is a Lie algebra morphism, then
V = B (Lie({h;};er)) is a finite-dimensional real Lie algebra. As each vector field —X; is
§£2-Hamiltonian with an §2-Hamiltonian function within {4,};cg, then {X,};,cgr C V. Therefore,
VX =Lie({X;};er) C V and X is a k-symplectic Lie system.

Conversely, if X is a k-symplectic Lie system, the vector fields {X;};cr are contained in
a finite-dimensional real Lie algebra of §2-Hamiltonian vector fields vX . So, we can write
X: = 22:1 by (t) Xy for abasis {X1, ..., X,} for VX of £2-Hamiltonian vector fields and certain
t-dependent functions by, ..., b,. In view of the sequence (5.3), the space BEZI(VX ) is a finite-
dimensional real Lie algebra of £2-Hamiltonian functions. If Ay, ..., &, is a set of elements of
C°(£2) with associated §2-Hamiltonian vector fields X1, ..., X,, then h; = Z;zl by (t)hy is an
£2-Hamiltonian function and —Bg (h;) = X; for every t € R. Hence, hy,..., h, are contained
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within the finite-dimensional Lie algebra B _(_21 (VXyand (N, £2, h) becomes a k-symplectic Lie—
Hamiltonian structure for X. O

8. On general properties of k-symplectic Lie systems

We now turn to describing the analogue for k-symplectic Lie systems of the basic properties
of general Lie systems. Additionally, we show how the derived algebras enable us to investigate
their 7-independent constants of motion.

Recall that, as for every Lie system, the general solution x(¢) of a k-symplectic Lie system X
on N can be brought into the form x () = ¢(g(¢), xo), where xo € N and ¢: G x N — N is aLie
group action. The ¢ plays another relevant role. It is known that if G is connected, every curve
g(¢) in G induces a t-dependent change of variables mapping a Lie system X taking values in
a Lie algebra V¥ into another Lie system Y, with general solution y(r) = ¢(g(¢), x(t)), taking
values in the same Lie algebra VX [12,17,18]. In the particular case of X being a k-symplectic
Lie system, we have that VX consists of k-Hamiltonian vector fields with respect to some
k-symplectic structure. Since the vector fields {Y;};cr belong to VX also, they are k-Hamiltonian
vector fields and Y is again a k-symplectic Lie system.

Using again that x(t) = ¢(g(?), xo), we see that the each particular solution of a Lie system
X is contained within an orbit S of ¢. Indeed, it is easy to see that the vector fields {X;};er
are tangent to such orbits and it makes sense to define the restriction X|s of X to each orbit S.
Therefore, the integration of a Lie system X reduces to integrating its restrictions to each orbit
of ¢, which are Lie systems also. So, it is interesting to know whether X | is again a k-symplectic
Lie system. More generally, we want to know whether the restriction X|gs of a k-symplectic Lie
system X to a submanifold § C N, where it has sense to define X|g, is again a k-symplectic Lie
system. This requires studying the notion of /-symplectic submanifold (I < k) of a k-symplectic
manifold (N, wy, ..., wy).

Definition 8.1. Given a k-symplectic manifold (N, wy, ..., wx), a submanifold S C N is said to
be an [-symplectic submanifold with respect to (N, w1, ..., wr), (I <k)ifdimS =n;(l + 1) for
an integer n; and

(T, NT,s={0}, Vpes, (8.1

where (T),S )= is the I-th orthogonal complement of T, S relative to the k-symplectic structure
(N,o1,...,0p),ie. TpSt ={v e T,N : 01 (v,w) = ... = w; (v, w) =0, Yw € T, S} [35].

Let us observe that the condition (8.1) is equivalent to
I
(TS NT,S={0}, Vpes. (8.2)
i=1

where (TpS)L" is the presymplectic annihilator of T},S, i.e. TpSJ-" ={veT,N:ww w)=0,
Yw e T,S}.
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It is easy to prove the following

Lemma 8.2. If (N, w1, ..., wx) and (N, a)’l, e w,/c) are gauge equivalent and S C N is a sub-
manifold then

(T, = (1,9 k, Vvpes,

where (T,,S)J-’k and (T,,S)J-/'k are the k-th orthogonal k-symplectic to T,S with respect to
(N,w1,...,wr) and (N, o, ..., w,) respectively.

Notice that (TPS)L'I #* (TpS)r*l in general for / < k. For instance, consider the linear ex-
ample given by N = R® with the gauge equivalent two-symplectic linear structures (w; =
el Aed wr =e? Ae3) and () = 2 A e, w) = el A e3), where {e!, €2, €3} its the dual of the
canonical basis of R3. Then if § = span{e1 }, we obtain

SJ"lzspan{el,ez} and ST 1=R3

Therefore, 1! = st

Lemma 8.3. Given a k-symplectic manifold (N, wy, ...,wx) and a submanifold S C N, with
t: S < N a natural embedding, (*wy, ..., "w;) is an l-symplectic structure on S if and only if
S is an l-symplectic submanifold of (N, w1, ..., k).

Proof. It is a direct consequence of the following relation

1 l
(ker(c*wi(p)) = ﬂ er(w;(p)) N TS = (T, ' NT,S, VpeS. O
i=1 i=1

Observe that if a submanifold S C M is endowed with an [-symplectic structure
(t*wy, ..., "wy) with [ <k, then for all I such that [ <[’ < k (it is necessary that there exists ny
such that dim S = ny (I’ + 1)), (w1, ..., *oy) is an I’-symplectic structure on S.

Proposition 8.4. Let (w1, ..., wg) be a k-symplectic structure on N and X be a k-symplectic Lie
system. Given an l-symplectic submanifold S such that DX C TS, the restriction of X to S is an
l-symplectic Lie system.

Proof. Let X be a k-symplectic Lie system on N with respect to the k-symplectic structure
(w1, ..., wr). Then, VX is a finite-dimensional real Lie algebra of k-Hamiltonian vector fields,
i.e.if Y € VX, then Y is a Hamiltonian vector field with respect to wy, ..., wk. Since DX TS,
we have that there exists X |s and VXIs = Lie({X;|s}) is a finite-dimensional real Lie algebra of
Hamiltonian vector fields with respect to t*wy, . .., t*wj, with ¢ being the embedding ¢ : S — N.
Therefore, the restriction of X to S is an /-symplectic Lie system. 0O

Let us now turn to describing several properties of constants of motion for Lie systems.
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Proposition 8.5. Let X be a k-symplectic Lie system on a manifold N with k-symplectic
Lie—Hamiltonian structure (N, 2, h). For each 6 € (R*)*, the space I(gf of t-independent con-
stants of motion of X admissible relative to §2¢g is a Poisson algebra with respect to each Poisson
bracket {-,-}p induced by $2¢.

Proof. Let f1, f>: N — R be two t-independent constants of motion for X, i.e. X, f; =0, for
i=1,2and t € R. As X is a k-symplectic Lie system, all the elements of V¥ are Hamilto-
nian vector fields with respect to each 29 with 0 € (R*¥)*. Hence, we can write XA f glo =
{X:f,glo +{f, X:g}o for every f,g € Adm(£2y) and t € R (see Proposition 6.3). In particu-
lar, X/{ f1, fale = {X: f1, fo}o + {f1, X: fa}o =0 for every r € R, i.e. the Poisson bracket of
t-independent constants of motion admissible relative to £2¢ is a new one. As Af] + uf> and
f1 - f> are also t-independent constants of motion for every A, u € R, it follows that IQX is a
Poisson algebra with the bracket {-,-}y induced by the presymplectic form §29. O

Let us prove some final interesting results about the 7-independent constants of motion for
k-symplectic Lie systems.

Proposition 8.6. Let X be a k-symplectic Lie system on a manifold N with k-symplectic Lie
Hamiltonian structure (N, §2,h). For each 0 € (Rk)*, the function f : N — R is a constant of
motion for X admissible relative to $2¢ if and only if f Poisson commutes with all elements of

each ¢g (Lie({h:}ier, {+-}2))-

Proof. The function f € Adm($2y) is a t-independent constant of motion for X if and only if

0=X,f={f.(h.6)}, VreR, voe (R)". (8.3)

From here,

{£{(he,0), (e, 0)) ), =

{{f’ <h179>}9’ (hl‘/79>}9 + {(hl‘ae)’ {f’ <hl‘/79>}9}9
=0

, Vit eR,

and inductively follows that f Poisson commutes with all successive Poisson brackets of ele-
ments of {(h;, 0)};cr and their linear combinations. As these elements span ¢g(Lie({h;};ecr)),
we get that f Poisson commutes with ¢g (Lie({/;};cR))-

Conversely, if f Poisson commutes with ¢g(Lie({h,};cRr)), it Poisson commutes with the
elements ({h;};cr, ), and, in view of (8.3), it becomes a constant of motion for X admissible
relative to £29. O

Observe that every autonomous Hamiltonian system is a k-symplectic Lie system with re-
spect to a symplectic form w. Thus, it possesses a k-Hamiltonian structure (N, §2, h) with h
being a ¢t-independent Hamiltonian. In consequence, the above proposition shows that the time-
independent first-integrals for a Hamiltonian system are those functions that Poisson commute
with its Hamiltonian, recovering as a particular case this well-known result.
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9. Prolongations of k-symplectic Lie systems

Our concern in this section is to prove that given a k-symplectic Lie system, its prolonga-
tions are also k-symplectic Lie systems. This enables us to apply our techniques to obtain some
of their 7-independent constants of motion and, through them, the superposition rule for initial
(non-prolongated) k-symplectic Lie system [16]. To do so, let us define the prolongation of a
section of a vector bundle (see [14] for details).

Let 7 : E — N be a vector bundle. Its diagonal prolongation to N is the Cartesian product
bundle E" = E x ... x E of m copies of E, viewed as a vector bundle over N in a natural
way:

[m] ~
E(x(l) ..... Xomy) = EX<1> DD Ex(m).

Every section e : N — E of E has a natural diagonal prolongation to a section el™ of EU"I:

™ (xary, oy Xmy) = e(xay) + -+ e(xgm))-

Given a function f : N — R, we call diagonal prolongation of f to N™ the function

FM Gy xmy) = FE@) + -+ f Gm)-
The above construction can be used to define the diagonal prolongation of a ¢-dependent
vector field X on N, let us say

n
0
X[ = le(t,x)w.
=1

Its diagonal prolongation to N™ is the unique ¢-dependent vector field XUm on N™ such that
X" = x"™ for each 1 € R, namely

m

n
0
[
X,[m] = Z ZX (l‘,x(a))a—la

a=1 I=1 *a)

where {xéa) la=1,...,m,l=1,...,n =dim N} is the coordinate system on N given by

defining xéa)(x(l), ey Xm)) = X! (x(q)) for points x(1), . .., Xgn) € N.

Proposition 9.1. If X is a k-symplectic Lie system relative to (w1, ..., wk), then Xm s g
. S . [m] [m]
k-symplectic Lie system relative to (@], ..., w; ).

Proof. Let us consider the diagonal prolongations wg'"], s w,Em]. The differential of the di-
agonal prolongation of a differential form is the diagonal prolongation of the differential form
(cf. [14]). Hence, a)llml, o w][(m] are closed. Let us show that

k
D=("\kero}" = {0}.
i=1
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We define 7, : N — N to be the projection of N onto the r-th component of N™. If X takes
values in D, then

i) 9
0=w}m]<x —):(n,*wi)<x, ) i=1,....k j=1,...,dimN.
9x7y) 94

Hence, (7,):X € ﬂf‘ 1 ker(m¥w;) = 0. So, ()« X = 0. Repeating the same for each r, we ob-

tain X = 0. Therefore, (0™, ..., w™) is a k-symplectic structure. 0

Definition 9.2. Given a polysymplectic form §2 = Zf‘ 1 wl ®e' on N, its diagonal prolongation
to N is the polysymplectic form 21" = Zl 1 O; " @ el

Let us illustrate the above notion through a remarkable example. Consider again the
Schwarzian equation (3.1) as a first-order system. Several works have dealt with a superposi-
tion rule for such equations [14,39]. To obtain such a superposition rule, these works obtained
three functionally independent #-independent constants of motion for the diagonal prolongation
of 3.1)to (952]. Let us derive such constants of motion through the methods of this work in order
to show the advantages of our approach.

Schwarzian equations are related to a two-symplectic structure (w1, wz) on O, given by (3.5).
In view of Proposition 9.1, their prolongations to (’)g] give rise to a two-symplectic structure

on (952]. Indeed, we have that the prolongations of w; and w to (’)52] read

2
(2] dvg) Adag)
w7 = E _—

b V(i)
i=1

2
2l — 2 (xiydvgy Ad dagy A d dxgy Ad
) —_ZUT(XW v ANdagy +vpdag) Adxa +aipdxe Adve)).
=1 ()

Their kernels are given by

2
0 0 0 0 0
ker !’ :< , —> kero!? = @<x N—— + v —— +ag >
1 Ix1) 9x) 2 N @) ax ) (@) v () dag)

As proved in Proposition 9.1, both kernels have zero intersection. Using (3.6) and (3.7), we obtain

that the k-Hamiltonian functions for the diagonal prolongations to the vector fields (3.3) to (9[22]
read

2

Rl _ Z(i 2l - W ®82>’ p2121 _ Z[ 0 o (2 3 2“(:‘;)6(1‘)) ®ez}
i=1

V(i) V(i) i <,) V(i)

[\S)

and
2 2

2
Dagy  AGXi
p3121 = § :|:2 @ Qe! ( a?) (l)3 (l)> ®62]'

V3 vG) L6)
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It follows that
1,[2 2,[2 _ 1 1[2 1,[2 3,[2 _ 2,[2 2,[2 3,[2 _ 132
{h [],h []}Q[z]—h []’ {h [],h []}_Q[z]—Zh []’ {h [],h []}Q[z]—h 21

So, these functions close a Lie algebra isomorphic to sl(2, R). Next, we will use the derived
algebras to obtain several 7-independent constants of motion for these systems.

We can induce from $22 several presymplectic structures .Qézl contracting £2121 with an
element of & € (R?)*, i.e. QE] = (2121 &). For instance, let {01, 6} be the dual basis to {e', ¢*}.
We therefore have the presymplectic forms

2 =(2%0) =0l 2q=(@0)=0f
From Proposition 6.4, the Hamiltonian functions (hl’[z])g, (hz'[z])g, (h3’[2])g, for every
Ee (R2)*, span a real Lie algebra 27 such that s[(2, R) is a Lie algebra extension. Since s[(2, R)
is simple, 20 is isomorphic to sl(2, R) or zero.

If the Lie algebra is isomorphic to s[(2, R), it was proved in [14] that {C¢, (h;)¢}¢ =0, where

i =1,2,3, the bracket {-,-}¢ is the Poisson bracket on the space of admissible functions of .Qs[z]
and

Ce= (8P, (1), = ().

It is relevant that C¢ can be obtained from a Casimir element of a Lie algebra isomorphic to
5[(2, R) constructed induced by RLE21 p2.21 p3.021 Observe that C¢ is a t-independent constant
of motion for the prolongated system X gﬁs More generally, a similar procedure can be developed
for other Lie algebras of functions associated to k-symplectic Lie systems.

If we write £ = X161 + X260, with A1, A € R, we have that

Ce = [M ("B, + 22 () [ (F0) 422 (0 B ] = [10 (2B, 420 () TP

and

2 2
Ce=R[2), (1P, = (2R T+ 301, (1), - (122

+ a2 (hHH) () () () = 2(n% ) (2B .

So, we can write Cg = )»%Cgl + A%C;z + A1A2 Fg g, where Cg,, Ce, and Fy ¢, are three constants
of motion given by

— (n121)2 = (a2v1 — a1v2)?

Cs = (hl’[z])gl (h&[z])g &6 = 3.3 )

1

L)
_ (pl.12] 3.[2] 2.[21)2
Ce, = (h )52 (h )gz - (h )gz
201v2(v1x2 — v2x1) (@21 — ajv2)?
=—4<—x1x2+ 3.3 _42’
ajvy —viaz ViV,
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Fegg, = (hl’[Z])& (h3’[2])$2 + (h3y[2])§1 (hl’[Z])Sz o 2(h2![2])$2 (hz’p])i‘]

2(azv1 — v2a1)? ( 2viva(vy — U2)>
—— - ——=).

3.3 —
viv3 ajvy — via;

Using that Cy, is a t-independent constant of motion, Cs,, Fg, ¢, allow us to define three sim-
pler z-independent constants of motion Fi, F3, Fy:

2vivp(v1x2 — v2x1) 2v1v2(v) — v2)
Fi=x1x2 — , BR=x14+x—- ———-—
ajvy —viaz ajvy —viaz

16 2uiva(v) +v
Fy= F32—4F1+—=x1_xZ_M.
Cg, ajvy — v1daa

The ¢-independent constants of motion Cg,, F3 and Fy are the first-integrals employed in [ 14,39]
to obtain the superposition rule for Schwarzian equations in first-order form. In those works,
Cg,, F3, F4 were obtained by means of several geometric methods. In [39] they were derived by
means of the method of characteristics, which is quite long and tedious. In [21], the techniques for
Dirac-Lie systems enabled us to obtain F; and Cg,. Meanwhile, F4 had to be obtained through
a Lie symmetry. In this work, Cg,, F3, F4 appear simultaneously from the k-symplectic struc-
ture of Schwarzian equations. This is the key point of the usefulness of this approach to obtain
superposition rules. The k-symplectic structure provides a framework to exploit the geometric
properties of k-symplectic Lie system better than Dirac—Lie systems.

10. Conclusions and outlook

We have described the main properties of a new type of Lie systems, the k-symplectic Lie
systems. This has led to construct new Poisson structures related to k-symplectic structures
as well as the description of new methods to study Lie systems, e.g. their superposition rules,
constants of motion, etc. One of the advantages of the k-symplectic structures is that only the
k-symplectic structures provide a geometric framework containing all the geometric structure
of a k-symplectic Lie system. At present, the k-symplectic geometry is applied to the study of
first-order classical field theories. Finally, since we use this geometrical structures for studying
systems of ordinary differential equations, this paper opens a new setting of applications of the
k-symplectic structures.

In the future we aim to develop a theory of momentum maps for k-symplectic Lie systems
as well as to study the structure of restrictions of k-symplectic Lie systems to k-symplectic
isotropic/coisotropic and Lagrangian k-symplectic submanifolds. We also aim to investigate in
depth the existence of k-symplectic Lie systems on R3.

Moreover, we plan to extend our methods to the realm of the so-called PDE Lie systems:
the natural generalisation of Lie systems to partial differential equations. It seems that the
k-symplectic theory can be employed in this topic to provide a new geometric framework for
the description of such systems. We hope to apply our findings to new interesting PDE Lie sys-
tems of relevance.
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