Available online at www.sciencedirect.com

Journal of

CrossMark SClenceDl reCt Differential
& 3 Equations
ELSEVIER J. Differential Equations 260 (2016) 5103-5127 —_—

www.elsevier.com/locate/jde

Initial layer and relaxation limit of non-isentropic
compressible Euler equations with damping

Fuzhou Wu *"*

& Yau Mathematical Sciences Center, Tsinghua University, Beijing 100084, China
b Center of Mathematical Sciences and Applications, Harvard University, Cambridge, MA 02138, USA

Received 21 August 2014; revised 17 November 2015
Available online 18 December 2015

Abstract

In this paper, we study the relaxation limit of the relaxing Cauchy problem for non-isentropic compress-
ible Euler equations with damping in multi-dimensions. We prove that the velocity of the relaxing equations
converges weakly to the velocity of the relaxed equations, while other variables of the relaxing equations
converge strongly to the corresponding variables of the relaxed equations. We prove that as relaxation time
approaches 0, there exists an initial layer for the ill-prepared data, the convergence of the velocity is strong
outside the layer; while there is no initial layer for the well-prepared data, the convergence of the velocity
is strong near ¢t = (. The strong convergence rates of all variables are also estimated.
© 2015 Elsevier Inc. All rights reserved.
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1. Introduction

In this paper, we use p, u, S, o to denote the pressure, velocity, entropy and density of ideal
gases respectively with the equation of gas state

1
e=0(p.S) =5z p7 exp(=7},
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where A >0, y = (Cj—"; > 1 are constants. Assume the constants j, 9, S satisfy p > 0,5 >0, p =

ApY ¢S5. Then we study the relaxation limit of the relaxing Cauchy problem for 3D non-isentropic
compressible Euler equations with damping:

pr+u-Vp+ypV-u=0,

rzut—i—tszu—i—éVp—ku:O,

Si+u-VS§S=0,

(p.u, $)(x,0) = (po(x, 7), L&D §y(x, 7)),

(1.1)

where (po(x, 7),Uo(x, T), So(x, 7)) are small perturbations of (p, 0, $).In(1.1), (p,u, S,0) —
(p,0,8,0) as |x| = +oo. T is a small positive parameter representing the relaxation time, let
7 € (0, 1]. The density o satisfies the equation o; +u - Vo + 0oV -u =0by (1.1), and go(x, 7) =
o(po(x, T), So(x, 7)) is small perturbation of o = o(p, S).
The equations (1.1) are derived from
pr+U-Vp+ypV-U=0,
Uy +U - YU+ Vp+1U=0,
Sy +U-VS=0,

(p.U, §)(x,0) = (po(x, 7)., Up(x, T), So(x, T)),

(1.2)

with the time rescaling:

t=tt ulx,t) =4, 1), ple,t) = px, 1), 00, 1) = 6(x, 1), S(x, 1) = S(x, 1), (1.3)

then (p(x,1),u(x,t), S(x,1), o(x, t)) satisfy the equations (1.1).

(1.2) has no explicit form of its relaxed system, so we study its equivalent system (1.1) after
the time rescaling. Note that the initial velocity of (1.1) differs from that of (1.2). For both
(1.1) and (1.2), the smallness of the initial data requires [|Uo(x, 7)| 43y to be small. While
u(x,0)= M in (1.1) may be large when 7 is small.

Let t = 0 in the relaxing equations (1.1), we formally obtain the following relaxed equations

pr+u-Vp+ypV-u=0,
éVp—i—u =0,
(1.4)
S;+u-vS=0,
(p, $)(x,0) = (lim po(x, ), lim So(x, 7)),
=0 7—0

where o = o(p, S).

Due to its fundamental importance in both application and nonlinear PDE theory, the relax-
ation limit problems have been attracting much attention. We survey there some results closely
related to this paper.
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For the relaxing isothermal compressible Euler equations with damping:

{ 0+ V- (ou)=
(15)

ou; +ou-Vu+5>Vo + %Qu =0,

where 52 = R0, is constant. [1] proved the uniform bounds in the Sobolev space H* (RY), s €N,
s>14 %, after the time rescaling, the density o converges strongly to the solution of the heat

equation in C ([0, T], HS/(B )), where 0 < s’ < s, B, is a ball with radius r. The results of [1]
were extended in [2] to more general Sobolev space of fractional order. In [3], (1.5) was studied
in one dimension with BV large data away from vacuum, and it was proved in [3] that after the
time rescaling, o converges strongly to the solution of the heat equation in L2(R x [0, T']) (global
in space) by using the stream function.

For the relaxing isentropic compressible Euler equations with damping

0+ V- (ou)=
. (1.6)
our+ou-Vu+Vp+ 2ou=0,

where p(p) = Ap”. [4] proved the uniform bounds in the Sobolev space H*(R%), s € N, s >
14+ %, after the time rescaling, the density o converges strongly to the solution of the porous
media equation in C([0, T], H ‘/(B )), where 0 < s’ < s. Similar results were obtained in the
Besov space B3 51 (RN, 0 =1 +4 5 (see [5]) and in the Chemin-Lerner space (see [6]).

Relaxation limit problem also appears in Euler—Poisson equations, see [7—10] for weak so-
lutions and [11,12] for smooth solutions. It has been proved that the current density, which is
the product of the electron density and electron velocity, converges weakly to that of the drift-
diffusion model. If the initial data are well-prepared, the current density converges strongly to
that of the drift-diffusion model (see [13]). If the initial data are ill-prepared, the authors (see
[14]) proved the difference between the current density of 1D hydrodynamic model and that of
the drift-diffusion model decays exponentially fast in the large time interval [0, + log(r%)] with
A €(0,1), 8> 0. The key of the proof in [14] is that the solutions of the relaxing and relaxed
equations converge to the corresponding stationary solutions exponentially fast while both sta-
tionary solutions are close to each other. As to the relaxation limit of weak solutions (see [15])
and classical solutions (see [ 16—18]) to non-isentropic Euler—Poisson equations, the current den-
sity converges weakly to that of the energy-transportation model or drift-diffusion model.

However, there have been no rigorous analysis of the initial layer and strong convergence of
the velocity for the ill-prepared data in the above mentioned papers. A main distinction of results
in this paper is that we give results on the initial layer and strong convergence of the velocity,
strong convergence rates of all variables. Our main concern is the non-isentropic flow (1.1), but
our results are valid for the isentropic flow (1.6) and isothermal flow (1.5) (assuming no vacuum).
We show that for the ill-prepared initial data, the strong convergence of the velocity is not uniform
near t = 0, there exists an initial layer whose thickness is 0(12). Outside the initial layer, the
velocity of the relaxing equations converge strongly to that of the relaxed equations. Only for the
well-prepared initial data, there is no initial layer, the strong convergence of the velocity holds in
[0, T]. The key of our analysis in this paper is uniform a priori estimates with respect to T and
pointwise decay of the quantity u + 1V p. Moreover, the methods in this paper can be applied to
the relaxation limit problems for Euler—Poisson equations and Euler—-Maxwell equations.
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In this paper, all of our results are stated for the relaxing system (1.1) and the relaxed system
(1.4). The first result is the following convergence result:

Theorem 1.1. Fix an arbitrary T € (0, +00), suppose for all T > 0, the initial data for the
relaxing Cauchy problem (1.1) satisfy || (po(x, T) — p, Up(x, T), So(x, T) — S)||H4(R3) < €p, €0 IS
sufficiently small, depends on T but not on t. Then the problem (1.1) admits a unique solution
(p,u, S, ) in [0, T] satisfying

”(86([7 P) .Cafu aE(S S) BE(Q Q))“LOC([OT H4 Z(R3))

O<€<2
+ ”“H o1 at @y = €T €0), (1.7
0<t<

such that as T — 0,

(p.S.0) = (P, S.0) in C([0, T], CFHH(K) N W3#2(K)),
u—1i in No<¢<z HY([0, T], H*¢(R?)), (1.8)

where 1y € [0, %), ws € [2,6), K denotes any compact subset of R3, (p, i, S, 0) is the unique
classical solution to the relaxed equations (1.4).
Assume ||(po(x,T) — lim po(x, ), So(x, T) — lim Sp(x, r))||H3(R3) < O(t“'), then as
=0 7—0

7 —0,
||(17 - ﬁy S — Sa o — é)”C([O,T],ClH‘l(R3)0W2’/‘2(R3)) < O(Tmin{l,a]}), (19)
where 1 € [0, 31, 2 € 2, 6].

The main results concerned with the initial layer and strong convergence of the velocity are
stated in the following theorem:

Theorem 1.2. Let (p,u, S, 0) and (p, i, S‘, 0) be the solutions obtained in Theorem 1.1. For the
ill-prepared data, i.e., lim %Z/lo(x, )+ ——=Vpo(x,7)| #0, there exists an initial layer
—0 0o(x,7) 00

[0, t*] with t* = Ct>7% for the velocity u, where C > 0, 0 < 8 < 2, such that as T — 0,
lu(x,t*) — i (x,0)|o0 — 0 and

”M - ﬁ”c([l*,T], C0+”|(R3)0W1‘“2(R3)) < O(Tmin{l’al})v 1231 € [07 %]7 n2 € [2, 6] (110)

If 8 =0, for any constant C > 0, u(x, Ct?) does not converge to u(x,0).

Vpo(x, ‘L’)H = 0, assuming

. . 1
For the well-prepared data, i.e., llm ” Uo(x, T) + )

Qo(x )

%L{o(x, T)+ < o(t*),ast— 0,

Qo(x 7)

e =l ¢ o, 7, c0+m1 @3y w2 iy < O™y €10, 51, w2 € (2,61 (L1D)
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Remark 1.3. (i) In the above theorems, (p,u, S, ¢) depend on 7, while (p, i, S’, 0) do not.
Compare (1.8) with (1.9), (1.10), (1.11), the strong convergence with such higher regularities in
(1.8) must be restricted to arbitrary compact subset K. The strong convergence in (1.9), (1.10),
(1.11) holds in the whole space R3, their proofs do not need compact embedding.

(i1) In Theorem 1.2 for ill-prepared data, § # O implies that the thickness of the initial layer
is O(t?). The strong convergence of u is not uniform near t =0, u|,—¢ # i|;—0, u(x, C1?) does
not converge to u(x,0), while u(x, Cr29) converges to u(x,0) when § > 0. Simply, for any
fixed small number t,, > 0, u(x, t) — ii(x, 1) in C([ty, T1, COHH (RN WIH2(R3)), py €0, 11,
w2 €[2,6]. ~

(iii) (p, S, 0) converge strongly to (p, S, o) in [0, T'], but for ill-prepared data, (p;, S, 0r)
may not converge strongly to (p;, S;, &;) near ¢ = 0, they may have an initial layer (see (5.3)). In
this paper, we do not have enough regularity of V - (v — v) to prove the initial layer and strong
convergence of p;, St, o;.

(iv) If one replaces the initial data (po(x, ), %Z/{o(x, 7), So(x, 7)) in (1.1) with (po(x),
%L{o(x), So(x)), where (po(x),Up(x), Sp(x)) are independent of t, then for the well-prepared
data, po(x) = const and Uy(x) = 0 (equilibrium states); while for the ill-prepared data, po(x) #
const or Up(x) # 0 (non-equilibrium states).

In the following, we give more comments on Theorem 1.1 and Theorem 1.2. If t > 0 is fixed,
the global existence of classical solutions to the equations (1.2) is proved in [19-21]. However,
for the relaxation limit problem in this paper, T > 0 is variant and approaches 0, so we need the
uniform existence of the solutions and uniform bound (1.7) which are different from [19-21].
The uniform a priori estimates with respect to t produce the convergence results. In order to have
enough regularities to treat the initial layer of the velocity, (po(x, T) — p,Up(x, T), So(x, T) — S)
are required to be in H 4(R3) forall T > 0.

The uniform a priori estimates for the equations (1.1) imply the uniform bound (1.7). Passing
to the limit, we have the convergence results (1.8).

Let us give some comments and remarks on the initial layer as follows. The asymptotic ex-
pansions of the solutions to (1.1) give us some indication of the initial layer. We illustrate this as
follows: assume that the initial data have asymptotic expansion

(p(x,0), u(x,0), S(x,0),0(x,0)) = 3 " (p, ug, S§', 0f),

m>0

and solutions of the equations (1.1) have the asymptotic expansion

(px, 1), u(x, 1), S(x, 1), 0(x, 1)) = Y T (p" (x, 1), u™ (x,1), S" (x,1), 0" (x,1)),

m>0

then the leading order profiles satisfy the equations

3 p’ +u®-vpl +yp'v.u® =0,
0 1 0 __

u” + %Vp =0,

3 S% +u’.vsl=o,

(P°, SO (x,0) = (p. 5.

(1.12)
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if the initial velocity is well-prepared, i.e., ug = —QLOV pg, where 0° = o(p?, S°). Note that in
0
this case, u” + Ql—OVpO = 0 matches u8 + Qingg =0.

However, if the initial velocity is ill-prepared, i.e., ug #* —QI—OV pg, we may assume that the
0

velocity has the asymptotic expansion

~ t
ulx,t) = E T2m(um(x,t)+um(x’z))’ Z:¥7
m=>0

then the leading order profile of the initial layer correction # satisfies the equation

9.0%+ 4 =0,

A 1.13
uo(x,0)=u8+$Vp8. ( )
0

Then u(x, z) = (ug + QI—OV pg)e_z. Thus, the difference between u° and —#V po decays expo-

nentially within the initioal layer, but it does not equal zero in the layer.

The above arguments of (1.12) and (1.13) indicate the relationship between the existence of
initial layer and a class of initial data on a formal level. We are not concerned with the asymptotic
expansions in this paper (as to asymptotic expansion analysis in relaxation limit problem for
Euler-Poisson equations, see [22-24]; for Euler—Maxwell equations, see [25,26]) and only focus
on rigorous analysis of the initial layer and relaxation limit of the relaxing equations (1.1).

The relaxation limit is a singular limit, since (p, —éV p, S, 0) converge strongly to (p,u,

S , 0), instead of u — u. In order to measure the difference between u and —éV p, we introduce
a quantity:

n:u—f—éVp. (1.14)

The pointwise decay of n outside the initial layer is the key to the strong convergence of the
velocity. n satisfies the following transport equations with damping and forcing terms:

1
n+u-Vn+ —n= forcing terms, (1.15)
T

where t - [forcing terms] is bounded uniformly with respect to t, the damping effect becomes
stronger as T decreases.
Also, n satisfies another equation:

n="1t%u;+u-Vu). (1.16)

Then the equations (1.15) and (1.16) produce the following estimates respectively:

11136 = ClInliGpa g, < Cllli=ol}ya s, exp{= 35} + CT2,

T . (1.17)
f||nt||Hl(R3) dx SCt .
0
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Therefore, for the well-prepared data, lirrb n(x,t) =0 for any ¢ € [0, T], there is no dis-
T—>

crepancy between 1(x, t)|;~0 and n(x)|;=0 = ug + QI—OV Po, thus there is no initial layer, u — u

strongly in C([0, T, COH#1 (R?) N Wh#2(R)), 1 €10, 51, ua €2, 6].
While for the ill-prepared data, lin}) n(x)|r=0 # 0, while lin}) n(x, t,) — 0 pointwisely for any
T T—

fixed small number ¢, > 0, thus the discrepancy between 7n|;—o and n|;—,, make the initial layer
of the velocity exist. Within [0, #,], n must decreases rapidly, éV p is uniformly bounded, then u
changes dramatically. In [t,, T'], n — O strongly, u — u strongly. Near ¢ = 0, the behavior of n
is not uniform with respect to 7, n(x, C r2) does not converge to 0, while n(x, C rz_‘s) converges
to 0 when § > 0. Correspondingly, u|;—q # i|;=0, u(x, Crz) does not converge to u(x, 0), while
u(x, CIZ_S) converges to #(x, 0) when § > 0.

Finally, in order to prove that the thickness of the initial layer is O(z?), we have the following
equation of 7(x, z) by rescaling the time variable z = r’—z:

d9;1n(x,z2) +u(x,z) Vn(x, z) + n(x, z) = new forcing terms, (1.18)

where % -u(x,z) and % -[new forcing terms] are bounded uniformly with respect to 7. (1.18) pro-
duces the estimate |[1(x, z) [l 2g3) > 0 when 7 is small.

The uniform a priori estimates for the relaxing equations are hard to obtain for the bounded
domain 2 with fixed boundary 9€2, due to the characteristic boundary condition u - n|3q = 0.
However, our results can be extended without difficulties to the periodic domains T> due to the
convenience of periodic boundary conditions. The results are the same except that R? and K in
the theorems need to be replaced by T3, there is nothing new in methodology.

The rest of this paper is organized as follows: In Section 2, we reformulate the equations into
appropriate forms and derive the equations of 7. In Section 3, we prove uniform a priori estimates
for the relaxing equations. In Section 4, we prove the uniqueness of the relaxed equations and
the relaxation limit of the relaxing equations. In Section 5, we estimate the strong convergence
rates of the pressure, entropy and density. In Section 6, we study the initial layer and strong con-
vergence of the velocity, and then we prove the thickness of the initial layer for the ill-prepared
data.

2. Preliminaries
In this section, we will reformulate the equations (1.1) into appropriate forms, define the
energy functionals and derive the equations of the quantity 7.

For the relaxing equations (1.1) together with their initial data (po, ©o, So, 00) and constants
p, S, 0, we introduce the constants:

— /1 — j¥r
i=yyep =y

define the variables:
Ezp_ﬁ’ v:kl—lu, ¢=S—S’ é‘:Q_é’

where (&, v,¢,¢) — (0,0,0,0) as |x| - +o0.
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In order to prove the uniform a priori estimates, similar to the symmetrization used in [27,20],
we symmetrize the equations (1.1) into the following form:

& +kV-v=—ykiEV-v—kjv- V&,

2, + ko VE +v=—kt?v- Vo + (2 - Dve,

¢ = —kiv-Vo,

(. v,9)(x,0) = (po(x,7) — p, kl%uo(x, 7), So(x, ) = S),

2.1

where o =¢ +0 =0(& + p, ¢ + 5) and ¢ satisfies the equation ¢, + kjv- V¢ +kjoV-v=0by
the equation of gas state.

Let T = 0 in the relaxing equations (2.1), we formally obtain the following relaxed equations,
which are equivalent to the relaxed equations (1.4).

& +kV-v=—yki§V.-v—kv-V§,
ko VE +v=1-(3 - DIVE,
¢ =—kiv- Ve,

(€, ¢)(x,0) = (im po(x, 7) — p, lim So(x, 7) — S,

2.2)

where g =¢ +0 =0 +p.¢ +9).
In order to use the energy method to derive uniform a priori estimates with respect to t,
we define the following generic energy functional £[£](f) and three specific energy functionals

Ex[§1(0), E1181(), E2v](0):

Definition 2.1. Define
EE1@) == ALDYE(r)| ,
[E]( ) OSZSZ’(EZ+‘“|S4 ” t E( )||L2(R3)
£ t) = atDoe |2 ,
X[s]( ) Oigfz’()gg_i_‘(”f;; ” t E”LZ(RS)
SN =EE1— ¥ [L@iDUe)dx,
0<€<20+|a|=4 R3
Sl =IO+ X J (& = D3 D*v|*dx. (2.3)

0<€<2{+|a|=4 R3

Moreover, we use the following two notations: £[£, v](t) := E[£]() +E[v](®), E[E, v, ¢, £](F)
= EE,v](0) + ElPl(1) + E[¢](1).

It is easy to get the following lemma states that £[£](¢) and £[£](¢) are equivalent, E[v](¢)
and & [v](t) are equivalent.

Lemma 2.2. For any fixed T € (0, +00), t € [0, 1], if

sup E[€,Tv,9,¢1(0) <e,

0<t<T
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where 0 < € K 1, then there exist c1 > 0, ¢y > 0 such that for any t € [0, T,
c1€lE1@) < &1lE](0) < 2f[§1@),  c1&[v](r) < &[v]E) < e2&[v](1). (2.4)

Remark 2.3. Different from the symmetrization (2.1), there is a straight way to symmetrize (1.1),
which is
& +vkipV-v=—kv-V§,
v +v+ ﬁvg:-ﬁm-w, (2.5)
¢ +kiv-Vo =0,

with the weighted energy functionals:

Elel:=Y [ L@fo&)?, &ll=Y [ 2(dfo¢v).

£,aR3 £,aR3

However, if we use (2.5) to prove uniform a priori estimates, the uniqueness and convergence
rates, we have to introduce many different weighted energy functionals into this paper. So we
still use (2.1) because (2.1) makes the proofs in this paper a little easier.

Finally, we define the quantity n precisely and derive its equations. Define
(e, 1) = v(x, 1) + gt VEG 1. (2.6)

Note that here n = % (u+ éV p), which differs from 7 introduced in the introduction (see (1.14))

up to a constant coefficient ki Actually, the coefficient can be any positive number, n defined
in (2.6) makes our calculation easier, while 7 introduced in (1.14) is convenient to represent our
ideas.

Differentiate (2.6) wit respect to ¢, we have

N =7+ ﬁvét - kf?vg’

then insert the evolution equations of v, &, ¢ into the above equation, we get the following trans-
port equation with damping and forcing terms for 5:

ne kv Vi + by =—1(Vo) Ve - LAVEV v — L2Y(V - ), 2.7)
where (Vv) is a matrix, 7 - [R.H.S. of (2.7)] is bounded uniformly with respect to 7, ‘R.H.S.” is

the abbreviation for ‘right hand side’.
Besides the equation (2.7), n satisfies another equation:

n="1%(v; +kv- Vo). (2.8)
In the rest of this paper, we will use the following notations: X < Y denotes the estimate

X < CY for some implied constant C > 0 which may be different line by line. [A, B] is the
commutator of A and B.
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3. Uniform a priori estimates for the relaxing equations

In this section, we derive uniform a priori estimates for the relaxing Cauchy problem (2.1). In
order to discuss the initial layer and strong convergence of the velocity, we need to estimate the
higher order time derivatives.

The following lemma gives uniform a priori estimate for £;[£](r) + 1252[1)](0, which is
equivalent to E[£](7) + T2E[v](1).

Lemma 3.1. For any fixed T € (0, 400), t € [0, 1], if

sup E[§,7v,9,7](1r) <k,

0<t<T

where 0 < € K 1, then there exists a constant C1 > 0 such that for any t € [0, T'],

d d
551 [§1(r) + rzac‘?z[v](t) +285[1(1) < CiVe(Ex[E1() + EMvI(D)). 3.D

Proof. Let& - (2.1); +v-(2.1),, integrate in R3, note that f V - (€v)dx =0, then we get
R3

S IEP+ PP +2 [ v dx
]R3 R3
= [2ykiv- V(£?) = 2kiv - VE — 2ki7%0 - Vv - v + %(g — é)vg cvdx
R3

S VEIVEN 2 10l 2y + VeV g S VEEXIENR) + EMwID)). (3.2)

Let 3!D%E - 3! D¥(2.1); + 8 D% - 3¢ D*(2.1),, where 0 < £ <2,1 < £ + |a| < 4, integrate
in R3, note that [V- (8fD¥E8/D*v) dx =0, then we get
]R3

4 [ 18fDE? + v D¥v|? dx +2 [ |8fDYv|? dx
R3 R3
= [ —2yki (3! D) DU (EV - v) — 2k1 (3FDE) D (v - VE)
]R3
— 2k 723 D) - 3EDY (v - Vv) + %(afp%) . afDa[(é - é)VS]dx =1. (33

When 1 < ¢+ |a| <3, itis easy to check that I} < \/e(Ex[E1(t) + E[v](®)).
When ¢ + |o| = 4, we estimate the quantity [} — % %(BfD“E)zdx + rZ% f(% —
R3 R3

D[3¢D%v|? dx, then

n-4 £ £@/DUe) d + 2% f3(§ — D[3fD*v[*dx
R’ R

< =2yky [(BfD*E)EV - (3fD%v) dx — 2k; [ (3fD*E)v - V(3fD¥E) dx
R3 R3
—2ki72 [ v V(D) - (3 D¥v)dx + £

[ - HarDey - Ve D ax
R3 R
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+222 [ (¢ = DED™) - GED v dx + 72 [ S[3LD v d
R3 R3
-2/ %(3f9“5)(8f9“5z)dx— / 3:(%)(3fpaé)2dx+Cﬁ(€x[$](t)+5[v](t))
R3 R3

S VEEXIEND +EWNMD) =2 [ £0fD*E)[9{ D& + kiypV - (3 D) ] dx
R3

+ 2 [ (G = DED) - [VED*€) + kit?0 (3 D v)]dx. (3.4)
R3

Apply 3¢D* to (2.1)1, where 0 < £ <2, £ + |a| = 4, we get

DYE, + kyypV - (3F D)

=—kia!D(v-VE) —kiy Y 3'DEV . (32D%v). (3.5)
£1+eey|>0

Plug (3.5) into the following integral, we get

[ £/ DE) 0/ D& + kaypV - (3f D)) dx
R3
=/ %(8fD“.§)[R.H.S. of (3.5)] dx
R3
SVEEXIEND +EWIM) + 5 [19fDE 2V - (Sv) dx
]R3

S VE(ExIEN@) + Ev]). (3.6)

Apply 3D to kyt2v; + k272v - Vo +kjv + évs =0, where 0 < £ <2, €+ |a| =4, we get
éwafpas) + k172 (3f DY)

= —kid{ D — KT D* (v - Vo) — X 31 D*1(1)* D Ve, (3.7)

Litap >0

Plug (3.7) into the following integral, we get

fﬁ — )@{ D) - [V(3/D*§) + ki?0d{ D*v] dx
R

= [ (= D@fD*v) - o[RH.S. of (3.7)]dx
R3

< Ity - [(§ — Drvldx + e(ExE1@) + EI@)

~

R3
S VEEX[END) + E[v]@)). (3.8)

Plug (3.6) and (3.8) into (3.4), we get

L—& [ S0{De dx + 125 [ (& — DI D dx S Ve(ExIEI0) +EIM).  (3.9)
R3 R3
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After summing ¢ and o, we have

ST O S N[5 TN LR S TGS ey

0<€<2,1<l+]|a|<4 R3 0<l<2 {+]|a|=4 R3
24 X JDTRAt Y &= DD )
0<0<2,1<l+||<4 R3 0<0<2,0+|al=4 R3
w2 X JuDPat Y [E =D DMRdr)
0<t<2,1<f+]a|<4 R3 0<0<2,6+|a|=4 R3
S VEEXTEND) + EvI). (3.10)

By (3.2) 4 (3.10), we proved that there exists a constant C; > 0 such that

d d
551 (E1() + fzagz[v](l) +2&[](1) < Ci/e(ExIE1(r) + E[v]@)). (3.11)
Thus, Lemma 3.1 is proved. 0O

The structure of the equations (2.1) implies Ex[£](¢) can be estimated by £[v](¢), as the
following lemma stated:

Lemma 3.2. For any fixed T € (0, 4+00), t € [0, 1], if

sup E[€,Tv,9,¢1(0) <e,

0<t<T

where 0 < € K 1, then there exists a constant c3 > 0 such that for any t € [0, T,
Ex[E](1) < c3&[v](@). (3.12)

Proof. Apply D% to V& = —k 12 vt—kzr2 v- Vv —kiov, where 0 < || <3, we get
pply Q iT7e

ID*VEN7 23y S THIDY U2 g3, + THID @V - V)75 g5, + 1D (@) 172 )
SID* 0113 g3, + D013 s, + EGIEWI@) + ElTvINEN] @)

+ E[vl@)EICIE](®). (3.13)

L2(R3)

Apply D* to & = —kjv- V& —k1ypV - v, where 0 < |a| < 3, we get

1D 12 gy S ID - VE2s ) + 1D PV - 0123 )

SID*V - U”Lz(Rs) + Ex[§1€[v](). (3.14)

L2(R3)

Similar to the above estimate, apply 9, D to &, where 0 < |¢| < 2, we get

”Daéll ”LZ(R?) ~ ”’Z)OtV vt||L2(R3 + EX[E]g[v](t) (315)
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By (3.13) + (3.14) + (3.15), we have

Ex[E1() < CREWIE) + CE[CIEW]E) + C2E[Tv](H)E[V]()
+ CE[Tv]()E[ZIE](®) + C2Ex[E1E[V] ()
< CLEX[E1E](1) + Ca(1 + 2€ + €2)E[V](1), (3.16)
for some C, > 0.
Assume ¢ is so small that CoE[v](#) < % Let c3 = 2Co(1 4 2¢ + €2), we get Ex[£](r) <
c3&[v](t). Thus, Lemma 3.2 is proved. O

Based on the above a priori estimates, we prove not only the uniform L°° bound of
T
E[&, Tv](t), but also the uniform bound of f Elv](s)ds.
0

Lemma 3.3. For any fixed T € (0, +00), t € [0, 1], if

sup E[§,7v,0,0](1) <¢,

0<t<T

where 0 < € K 1, then there exists a constant c4 > 0 such that for any t € [0, T,
ELE. Tv](1) = call (0. Uo) 17y g3,

T
JEWIs) ds < call Eo. Uo) 174 s - (3.17)
0

Proof. Since Lemmas 3.1 and 3.2 are proved, plug (3.12) into (3.1), then we get

LEMEND) + T2 EE M) + 28 [01(1) < Ci(1 + c3)/€EWI() < C3/e&olv](t),  (3.18)

Gi+a) _ (.

where C3 = m

Since € is sufficiently small, we assume € < é, then
3

LEEND) + 2 L&) + E[v]@) <0. (3.19)

By using Lemma 2.2, it is easy to get

t
ELE. Tol(0) + [ €M) ds < call (o, Uo) 174 ) (3.20)
0

for some ¢4 > 0. Thus, Lemma 3.3 is proved. O

The following lemma concerns the uniform bound of £[¢](z). Here, the finiteness of T plays
a key role in the proof.
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Lemma 3.4. For any fixed T € (0, +00), t € [0, 1], if

sup E[§,tv, ¢, ¢]1(1) <e,
0<t<T

where 0 < € K 1, then there are constants c5 > 0, cg > 0 such that for any t € [0, T],
EP10) = c51190l1%4 g, eXPIesT | G0, Uo) 14 - (3.21)
Proof. Let 3D%@ - 3¢D*(2.1)3, where 0 < £ <2,0 < € + |a| <4, we get
(19fD¥¢1?), = —v - VI3fDY¢|? — 20! D@8/ D*, v - V1. (3.22)
Integrate (3.22) in R3, we have

& [19fDY|2dx = [ [3fD*¢>V -vdx —2 [ 3! D*G[d{D*, v- Vipdx := I. (3.23)
R3 R3 R3

When ¢ + |a| <4, it is easy to check I < E[v](t)%é'[(p](t) by using commutator estimates.
Sum £, o, we have

LEMD1(1) < Ca€WID)2E(0). (3.24)

Integrate (3.24) in (0, t), where ¢ € [0, T], we obtain the uniform a priori estimate for E[¢](¢)
which is independent of t.

EIP1E) < esllpoll2s o, exP bf C4E[v1(5)7 ds)
< eslbollfya g3, exp{c4TfT8[v]<s> ds}
= C5“¢0”H4(R3 eXP{CéTII(Eo,Z/lo)IIHA‘(E@ }, (3.25)
where ¢5 > 0, cg = C4c4 > 0. Thus, Lemma 3.4 is proved. O
Dueto ¢ =o(& + p, ¢ + §) — 0, we can estimate £[¢](¢) in the following lemma:
Lemma 3.5. For any fixed T € (0, 4+00), t € [0, 1], if

sup E[§, v, 9, 5](1) <€,

0<t<T

where 0 < € K 1, then there are constants c¢7 > 0, cg > 0 such that for any t € [0, T],

ELE1@) < 71190014z XPLc6 T 1l G0, U0 17y sy} + 31l o, Uo) s s - (3.26)
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Proof. Since ¢ is expressed in terms of £ and ¢, namely,
-1 _5 N _by_ 5y 327
¢ =gz expl=3}|E+p)7expl=3) = p7 |, (3.27)

it is easy to get the tame estimate of composed functions (see [28]):

EIC1(1) < CsEIEN@) + CsE[1(1)
< 711b0l1 34 g3, €XPLc6 T 11 €0, U 4 )} + €811 G0, UO) 155 (3.28)
where ¢7 = ¢5C5 > 0, cg = c4C5 > 0. Thus, Lemma 3.5 is proved. O

Lemmas 3.3, 3.4, 3.5 imply that £[£, v, ¢, {](¢) is bounded by fixed T and the initial data,
i.e. |6, Uo) || g+ r3)» 1ol g4 (w3)- Thus, as long as €, which is the bound of the initial data and

depends on T, is chosen to be small enough, the a priori assumption sup E[&, v, ¢,¢]() <€
0<t<T
will be valid.

4. Relaxation limit of the relaxing equations

In this section, we study the relaxation limit of the relaxing equations (2.1).

Before we prove the relaxation limit of the relaxing equations (2.1), we need to prove the
uniqueness of the relaxed equations (2.2), which is necessary for the proof of the relaxation limit
(namely, Theorem 4.3).

Lemma 4.1. Assume (§',¢') € C'(R? x [0, T]) and (€2, ¢*) € C'(R® x [0, T]) are two solu-
tions of the relaxed equations (2.2) with the same data (lin}) po(x,t) — p, lirr%) So(x,7) — 9),
T— T—>

then &1 =&, ¢1 = ¢».

Proof. Set

where v/ = —#@,-VE", i =1,2. Then (é, 0, dA), g:) satisfy the following equations:

E 4 koV 0= —ykiEV -0 — ykiEV -0 — ki - VE — k1D - VE,

A
~

~ R 1 2 ~ z
kaVE + 0= g (oorz + 3572) V6 + o V6. @

¢ =—kid- Ve —kiD- Vdﬁ,
(¢, 9)(x,0)=(0,0).

Let & - (4.1); + 0 - (4.1),, integrate in R?, note that [ V- (£0)dx =0, [€|oo S €, |VE|oo S,
R3

IVloo S €, [D]oo S €, |V - Dloo <€, then we get
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£ f|§|2dx+2f|v|2dx
R"{
= [ 2ykiEd-VE+2(y — 1)kléﬁ VE— 2y — Dki€EV - D
R3
1 2
+ Gt )i VE+ zv VE dx

S Vel 2 wey IVE I 23y + ||v||L2(R3)||$||L2(R3) + ||£f||iz(R3)
+ 110l 2 @3y IS 1T L2 m3y)- (4.2)

Plug Vé = —kléﬁ — k1 Eﬁ into (4.2), apply Young’s inequality, then we get

g JIEP Ay +2 [ 107 dx < 101753, + CVEUE 172 g3, + 1E17253))- 4.3)
R3 R3

Let ¢A> -(4.1)3, we get (|¢A>|2), = —2k1¢§5 . V¢3 - 2k1¢3f1 . VdA). Integrate in R? and apply Young’s
inequality, then we get

4 [1pPdx = [ ki|$|*V -0 — 2k1pD - Vo dx
R3 R3
< 11901723y + CVElPN 2 g3 (4.4)

Sum (4.3) and (4.4), note that ||$”L2(R3) hS ||§||L2(]R3) + ||$||L2(R3), we have

(6P dx + [ 161 dx) < Cov/elllE N2 gs) + 1617253 4.5)
R3 R3

for some constant Cg > 0. Then
1122 0y + 1612255, < (Lm0l 22 gy + I Bi=0132 s, eXPICe/ET} =0 (4.6)

Since &1, ¢1,&2, ¢ € CI(R3 x [0,T]), we have & = &, ¢ = ¢p. Thus, Lemma 4.1 is
proved. O

Remark 4.2. (i) In the compactness argument of the following Theorem 4.3, the solutions of
the relaxing equations (2.1) have enough uniform regularities to guarantee the limits £/, ¢’ €
C'R3x[0,T],i=1,2.

(ii) For the relaxed system (2.2), ¢,v are functions of &, ¢, thus ¢ € C'(R? x [0, T]),
vE CO(]R3 x [0, T']) are unique.

In the finite time interval [0, 7], the bounds of £[£](r), E[tv](®), E[P](), E[¢](t) and
T
[ Elvl(s)ds are uniform with respect to 7, thus we have enough compactness to pass to the
0
limits in the relaxing equations (2.1). The following theorem states the relaxation limit of the

relaxing Cauchy problem (2.1).

Theorem 4.3. Suppose the conditions are the same with those of Theorem 1.1, then the problem
(2.1) admits a unique solution (&, v, ¢, ¢) in [0, T] satisfying
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sup E[€, v, P, {](t)—i—fc‘f v](t)dt < C(T, €p), 4.7
0<t<T

such that as Tt — 0,

E. 9,0 — (€,¢,0) in C(0,T], C*H(K) N WHH2(K)),
v=17 in . r; 2JLﬂ([o, T1, H*Y{R3)), (4.8)

where 1 € [0, %), w2 € [2,6), K denotes any compact subset of R3, (5, D, q~5, E) is the unique
classical solution to the relaxed equations (2.2).

Proof. By Lemmas 3.3, 3.4, 3.5, we have the uniform bound (4.7), then the bound of the solution
of (1.2), i.e., (p, i1, S, 0)(x, ') satisfies

T/t

sup E[p—p,a,$—8,06—01(t)+1 fé’[u](t)dt
0<t'<T/t

= sup El¢, kitv, 9, ;](r)+k2f6[v](r>dz
0<t<T

< ”(E()a Z/{O)”Hzt(R%) + ”¢0”H4(R3) eXp{CT”(S(), uO)”H“(R? } (49)

When the initial data are sufficiently small, we have the global existence of classical solutions
to non-isentropic Euler equations with damping (1.2) (see [20]), then we get classical solutions
to (1.2) in the time interval [0, 7 /t] for any t > 0, and then we can construct the unique classical
solution of the relaxing equations (1.1) in [0, T'] via the time rescaling (1.3).

By Aubin’s Lemma (see [29]), we get the compact embedding:

L0, T1, H*@®R3) N H' ([0, T1, H3(R3)) << C([0, T], CF#1(K) N W3H2(K)), (4.10)

where 11 € [0, %), u2 €[2,6), Kis any compact subset of R3. Apply (4.10) to (€, ¢, ¢), and note
that (4.7) implies &, ¢, ¢ € ﬂosgszH[([O, T1, H*¢(R?3)), then we have a subsequence which
satisfies (4.8). In fact, (4.8) is the whole sequence convergence, due to the uniqueness of the
relaxed equations (2.2) proved in Lemma 4.1.

Next, we have enough compactness to pass to the limits in the relaxing equations (2.1), then it

is standard to prove that the strong limits of (&, ¢, ¢), namely (£, ¢, ¢), and the weak limit of v,
namely v, satisfy the relaxed equations (2.2) in the distributional sense:

9 p1E +ykiv - (EVer +1VE) + ykipv - Vi — kg1 - VE dxds
R3
=— [ lim &(x, D)1 (-, 0) dx,

R3 70

o

- 4.11)
v- 2+k~VE @¢rdxds =0,
R3 ¢
Gdg3 — kiv - Vdpsdxds = — [ lim ¢0(X T)@3(-, 0)dx,

r3 70

o L O — o

w

R
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where @1, ¢2, @3 € Cgo (R3 x [0, T)). The proof is very standard, so the details of passing to
the limits are omitted here. Moreover, p = p + & = A(Z + 0)" exp{S + ¢} = Ap” ¢S holds
pointwisely due to the strong convergence of (§, ¢, ¢). Therefore, (, 3, $, 7) is a distributional
solution to the relaxed equations (2.2).

Since C!-regularity is the local in spacetime property, it is easy to know that (£, ¢) € C'(R? x
[0,T]). By Lemma 4.1, (é , ¢~>) is the unique classical solution to the relaxed equations (2.2). We
define v = —ﬁVé, then (£, 7, ¢, ¢) satisfy (2.2) in the classical sense.

However, v and o] satisfy (4.11),, they differ up to at most zero measure set (a subset of
R3 x {t = 0} for the ill-prepared data and the empty set for the well-prepared data). So ¥ is also
the weak limit of v, and ¥ in (4.11) can be replaced by v. Thus, Theorem 4.3 is proved. O

5. Strong convergence rates of the pressure, entropy and density

In this section, we estimate the strong convergence rates of the pressure, entropy and density,
for which there is no initial layer.

Letting v = 0 in the proofs of a priori estimates for the relaxing equations (2.1), we can
similarly get the regularities for the relaxed equations (2.2):

IE, 8l 8z € L°([0, T1, H*(R¥),0 <€ <2,
ve o 2H@([o, T1, H* 4 (R3)). (5.1

Note that we do not have afﬁ e L°°([0, T], H4 ¢ (R3)), 0 < ¢ < 2. Thus, the solution to (2.2)
has enough regularities to estimate the convergence rates.

In order to estimate the convergence rates of the pressure, entropy and density, we need to
estimate the L>°([0, T], H3(R3)) N H'([0, T], H2(R?)) norm of the differences between the
variables of the relaxing equations and the variables of the relaxed equations. The results are
stated in the following theorem:

Theorem 5.1. Let (€, v, ¢, ¢) and (é, D, q~5, E) are the solutions obtained in Theorem 4.3. Assume
I(po(x, ) — limopo(x, 7), So(x, T) — lim0 So(x, Tl 33y < O(*), then as T — 0,
T— T—>

& — 5, ¢ — ‘51 ¢ — E)”C([O,T],C"*'/‘l RIHNWH2 (R3)) = O(Tmin{l’al}), 5.2)
where 1 € [0, 31, 2 € 2, 6].

Proof. (£,v, ¢, ¢) is the unique clgssical solution of (2.1), and (é, v, q7>, Z‘) is the unique classical
solution of (2.2). Denote p = 0 + ¢, set

N2a DPTVA'SY

then (é, 0, 43, ;:) satisfy the following equations:
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E 4+ kV - 0=—ykiEV -0 — ykiEV -0 — kv - VE — k1D - VE,
i 1.¢ VWi & i _ 2 2
kZVS—FU—E(ﬁ-F%)VE-FmVE—T v —kit7v - Vo, 5.3)

(ﬁ,:—kllﬁ)-V(f;—kllA%V(]S,

(é? &)(x’o) = (PO(x’ T) - Th_{%PO(% T)v So(xa T) - }E)I}) So(xa T))

Let (5.3); -& +(5.3), - 0, integrate in R3, note that i V. (D) dx =0, sup E[E,, 1) <4e,

R3 0<t<T
sup E[€, 1(1) < e, then we get
0<t<T
& f|§|2dx+2f|v|2dx
R3
:fzwqév- VE+ 2y — 2kiéd - VE+ 2y — Dk - VE
R3
+ (5 + £ VE D+ o VE - §— 20, - D — 2ty - Vo Ddx. (5.4)
Plug VS——klgv—klg“v—r v, —kit?v - Vo into (5.4), use ed= 7 v and apply Young’s

inequality, then we get
i/ |€|2dx+2Rf3 1817 dx < 1017253, + CVEUE N2 gy + 1517255,
+ CT2(1 + JO)EWI(). (5.5)

Let (;3 - (5.3)3, integrate in R?, use b= %f) + v and apply Young’s inequality, then we get

& f|¢|2dx = [ ki|B>V - — k19D - V — 2k1 D - V¢dx
R3
= ”U”L2(R3)+C\/_”¢”L2(]R3)' (5.6)

Sum (5.5) and (5.6), note that ||2||L2(R3) < ||§||L2(R3) + |I¢3|IL2(R3), we have
i ( I B2 dx + J 1317 dx)
2o (||$||L2(R3 + 1812, ) + T2C7 (1 + VOEI), (5.7)

for some constant C7 > 0. Then

1122 g0, + 16122 ) = (1E Lm0l s, + Idi=0l22 ) exp(CT Ve )

t
+72C7(1 + /€) [ exp{Cr/e(t — $)}E[v](s) ds
0
<24, (5.8)
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In order to obtain the higher order a priori estimates, we need to define another energy func-
tional:

FIEIQ@) = > |I3‘ZD“E(I)IIL2(R3

0<e¢<l1,1<l+|a|<3

Let /DY - 851)"‘(5 3 + afDW dEDA(S. 3)2, where 0 < ¢ < 1,1 < £+ |a| < 3, integrate
in R3, plug VE = —klgv — ki g“v — 72v; — ky7?v - Vv into the right hand of the equation, apply
Young’s inequality, sum £ and «, then we get

SFEN) + 2F[0](1) < FID)(1) + CVe(FIEI®) + FIE1®)) + CT2(1 + JOEWI(F).  (5.9)
Let 3!D%¢ - 9/ DY(5.3)5, integrate in R3, apply Young’s inequality, sum € and a, then we get
LFIp1t) < FIDI(®) + C/eFll(1). (5.10)
Sum (5.9) and (5.10), note that F[Z](r) < FIE](t) + Flp1(r), we have
L(FIEID) + FIP11)) < Cs/e(FIEND) + FIPI(1) + T2Cs(1 + JOEI@D),  (5.11)
for some constant Cg > 0. Then
FIEN®) + FIdI(t) < FIENO) + F[$1(0) exp{Cy /et}

t
+ 12C3(1 + /€) [exp{Cs/e(t — 5)}E[v](s) ds
0
<24, (5.12)

Due to the estimates (5.8), (5.12), the fixed T € (0, +o00) and the following embedding:
L>([0,T1, H*(R)) N H' ([0, T, H*(R?)) < C([0, T], C'™* (RY) N W2 (RY)),

we have [|(§ — é ¢ — ‘5 ¢ — E)”C([O 71,0101 R3YNW2H2 (R3)) = O(Tmin{l’al})-
Thus, Theorem 5.1 is proved. O

However, we can not prove the strong convergence of é,, (2)[’ g:t in time interval [0, T] by
using the equations (5.3), because v = v — ¥ in (5.3) behaves badly in the initial layer for the
ill-prepared data.

6. Initial layer and strong convergence of the velocity

In this section, we prove the strong convergence of the velocity outside an initial layer for the
ill-prepared data, then we prove the strong convergence of the velocity in the time interval [0, T']
for the well-prepared data. The convergence rate of the velocity is also estimated. Finally, we
prove the thickness of the initial layer is O (t2).

The results about initial layer, strong convergence of the velocity and its convergence rate are
stated in the following theorem:
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Theorem 6.1. Let (£,v,¢,¢) and (§,7,¢,7) be the solutions obtained in Theorem 4.3. For
the ill-prepared data, i.e., lim ‘vo (x,7)+ k—VEO (x, r)‘ # 0, there exists an initial layer
) 100(x,7) o

[0, t*] with t* = Ct279 for v, where C >0, 0 <8 < 2, such that as T — 0, |v(x,t*) —
v(x,0)]|00 — 0 and

1o = Bll e 7, o0 @AWt @iy < O@™HA) py €10, 51, 12 €12, 6].

If 6 =0, for any constant C € (0, +00), v(x, Ct2) does not converge to v(x, 0).

For the well-prepared data, i.e., hm H vo(x, 7) + klgo(x 5 Véo(x, I)HHZGR3 0, assuming

[v0te, ) + oty Vo . ”Hm(Rs) < 0(®), ast 0,

1o = Bll oo, 77,0041 @3ynw iz w3y < O(@™Mhere2hy g €10, 51, pa €12, 6.

Proof. Let D%n - D%(2.7), where |«| < 2, we have

(D) + ZIDn?> =2D%) - D[~ L (Vu)VE — LAVEV v — L2V(V - v)]
—2k; Y. D%y - VD% . D). 6.1)

After integrating (6.1) in R3, we have

L[ 1D*nPdx + % [ D%y dx
R3 R3
=2 [ D*n-D*[—1(Vv)VE - Véjlvgv.v—%’wv.u)]dx
R%
—ki [v-VID?dx —2k; Y. [ D¥v.VD%p.D%;dx
R3 a1>0 R3

< %Rf Dy dx + 272 D[~ 1 (Vo) VE = LAVEV v = LLV(V - 0)]|2, o
+ki [ VoD dx =2k Y. [ D%v.VD%y.D¥%dx
R3 a;>0 R3

<5 fID“nlzderCIIV( M1 s+ CIDYVENT s + CleDY (Vo)

HI(R3) L2(R3) L2(R3)

+C||TD“(V U)||L2(R3 +ClTV(V - )% ”V(p)”Hl(R3

+C|”| [TDV(V - v)? #[lD”n|zdx-4klr|rV~v|oo

L2(R3)
+ 2k Y 41|7:D°“v|oo4 . f|VD°‘2n|2dx

a;>0

<%/ |D“n|2dx+C95[s,fv’¢,<:1<t), (6.2)
R3

where 0 < T < min{l, 7o} is small enough such that

4TIV - vloo + 8k Y TITDM 0] < CTE[TV](1)? < Croi/e < 1.

a1>0
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Thus, it follows from (6.2) that

& [ 1Dy dx + & f ID*n|? dx < CollE, Tv, ¢, £1(2),
R’%

& (expts }f | Dy |2dx)<cgexp{ SIELE, Tv, ¢, £1(D). (6.3)
After integrating from O to ¢, we get
[ 1D*n?dx <exp{—%} [ |D“no|2dx+cgfexp{ g T, 6, ¢](5) ds

R3 R3

< exp —#} f |D%no|? dx + Cgefexp{—lr;zs}ds

<exp{— }f ID"‘nolzdx+Cger (6.4)

When ¢ > t* = Ct%? exp{——} <exp{——}_exp{——} < 72, we have
J 1D*n(0)2 dx <exp{—L3} [ [Dno[? dx + Coer? S 12 (6.5)
R3 R3

Sum «, then we get

17112 o . <Y sup [ [D*n)Pdx ST (6.6)
Loo([r*,T1, H2(R3)) =2 relr T]Rfs

It follows from (2.8) that for any ¢ € [0, T'],

f||nz||Hl(R3 ds <r4f||vn||H1(R3 ds + ?|Tv |3, f||vU||H1(R3

+ 2ol f||Vvt||H1(R3

T
St ||vn||H1(Rg ds + 72€[zv] (r)f VOl 1 g3, ds

(=}

+ 12&[tv] (t)f V]2 s <72 (6.7)

HI(R*)
By using the following embedding:
L®([t*, T1, H*®R*) N H'([r*, T1, H' (R?)) — C([t*, T, COTH (R?) n W2 (RY)),

we have

||n||C([t*,T],C0+”‘1 (R3)ﬂW1’”2(R3)) 5 T. (68)

Since —ﬁvg — —ﬁvé =7 in C([0, T], COtH1(R3) N W2 (R3)), we get the following
convergence rate of the velocity outside the initial layer:
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”U — ﬁl'c([l*,T],C0+M| (R3)ﬂW1’M2 (R3)) S ” TI“C([I*’T],COJFMI (R3)ﬂW1‘M2(R3))
1 1 vi i
+ ” WVS — mVS ||C([0,T],C0+M| (R3)OW1’“2 (R3)) 5 Tmm{l’a]}. (69)
Especially, we know the asymptotic behavior of the velocity near t = 0, i.e., v(x, t*) converges
to v(x, 0) pointwisely, as T — 0.

While, for the initial data are well-prepared, i.e., [[7(x, 0)[| y2g2) = O(z*?), it follows from
(6.4) that

J IDnl*dx <exp{—%} [ |D*nol*dx + Cyer?
R3 R3
< [ ID%no|? dx + Coer? < 2% 4 72, (6.10)
R3

Sum «, we have that in [0, T],
||n||ioo([0’T]’H2(R3)) 5 Z / |Da77|2dx 5 .L.20£2 + 72- (611)
lor| <2p3
By (6.7) and (6.11), we have

Il o, 71, c0+1 ®3H AW 12 (R3y) S pmintlea), (6.12)

So we get the strong convergence of v in [0, T'] for the well-prepared data:
v — §in C([0, T], COH1(RY) N whH2(R?)). (6.13)

Similar to (6.9), we have [[v — 0l ¢ 0. 77, co+1 ®3)nw 2 (®R3)) S pmin{l,a,e}
Thus, Theorem 6.1 is proved. O

In Theorem 6.1, we show that v — ¥ strongly outside the initial layer [0, #*] when t* =
Ct?7%, 0 < § < 2. While the following theorem shows that the thickness of the initial layer is
O (z). 1t suffices to prove that for any constant C € (0, +00), |In(x, CTZ)IILZ(R3) is away from

zero, then v(x, Ct2) - ¥(x,0) as T — 0.

Theorem 6.2. Assume the ill-prepared data satisfy lin}) Inle=oll 23y = B > O, then for any
T—>

constant C € (0, +00), there exists t; > 0 such that ||n(x, CTZ)IILz(R3) is away from zero when
T € [0, 71].

Proof. Due to the continuity of 1|;=o, we can simply assume [|1]=oll .2r3) > g for T € [0, 71].

Setz = T’—z, then v(x, ) = % Let n(x, z) = n(x, t), we get the equation of #:

b +h V- Vi +i=-1(VV)vE - VT—lvgv V= I2Y(V V). (6.14)

Let (6.14) - 7, integrate in R3, apply Young’s inequality, then we have

L [1APde+2 [ [ dx = — [ 1> dx — 12C1o€lE, Y22, ¢, C1(0). (6.15)
R3 R3 R3
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Thus,

£ (exp(3z} [ [AI*>dx) = —12Cyo€ exp{3z}. (6.16)
R3

After integrating from O to z, we get

4
171G, 211723, = exp{=32}1ilz=0117 2 s, — 7°Cio€ [ exp{3(s — 2)} ds
0
> B exp(—32) — G5 (1 — exp(32))

> B exp(—32} £0, (6.17)

where z € (0, +00) and we choose 71 =,/ W}f{k}—l) > 0.

Then for any constant C > 0, ||n(x, CTZ)||L2(R3) =|n(x, O)llL2r3) 1s away from zero when
7 € [0, 71]. Thus, Theorem 6.2 is proved. O
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