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Abstract

In this paper, we use the Laplace transform and Dirichlet-Neumann map to give a systematical scheme to
study the small wave perturbation of general shock profile with general amplitude. Here we use certain non-
classical shock waves for a rotationally invariant system of viscous conservation laws to demonstrate this
scheme. We derive an explicit solution and show that it converges pointwise to another over-compressive
profile exponentially, when the perturbations of the initial data to a given over-compressive shock profile
are sufficiently small.
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1. Introduction

Consider the following simple rotationally invariant system originated from the study of MHD
and nonlinear elasticity by Freistiihler [3],

iy 4 (% + %)y = piyy,

(1.1)
U + (D@2 + 92))x = Lixx-

The characteristics are
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r(i, ) = @, —ii), ra(i, ) = (i, 0), A, d) =i+ 0%, A, 0) =313, 7). (1.2)

The 1-characteristic is linearly degenerate and the 2-characteristic is genuinely nonlinear except
at the origin

Vi -r1(i,0) =0, Vis-r(i,d) =6 + 1°). (1.3)

A viscous shock wave has end states along the same radial direction through the origin, i.e.,
in the direction of (i, v). The system is rotational invariant and so, without loss of generality,
consider the end states to have the second component zero (i, 0). When 24 are of the same sign,
the shock is classical, and there is only one connecting orbit along the z_ axis. When u4 < 0,
the shock may cross the non-strictly hyperbolic point (i, v) = 0 and becomes over-compressive.

Here we are interested in over-compressive shock, which is characterized by

D=, T2) > Mo, 52) > b > Mg, 54) > M (fir, 1), (1.4)

b is the speed of over-compressive shock. (1.4) implies that the over-compressive shock is a
node—node connection. Thus when exists, there is a 1-parameter family of viscous profiles. More
details about the over-compressive shock will be given in the Section 2.

The goal of this paper is to prove that the over-compressive shock profiles for (1.1) can be
stable against small perturbations using our new approach: given the profile ® = (¢, ¥) of an
(appropriate) over-compressive shock profile, and a function (itg(x), vg(x)) (of appropriate type)

such that
( o (x) ) ( fio (x) )
= - (1.5)
vo(x) vo(x)
is small (in an appropriate sense), then the solution (iz, v) of (1.1) with initial data (z¢(x), vo(x))
converges time-asymptotically to another profile ®* = (¢*, ¥*). We give the pointwise conver-
gence rate to the new profile.

Since there is a 1-parameter family of viscous shocks with given end states, the stability of the
shock profile is to be understood in the following way: the perturbation of a stable shock profile
would converge to the same or another profile in the 1-parameter family. Thus, in addition to the
phase shift, the perturbation also changes the time-asymptotic profile of the solution. Therefore,
instead of using the conservation laws to identify the phase shift and diffusion waves as for
the Laxian shocks, we use the two conservation laws to identify the phase shift and the new
profile. This should make the situation well-posed as we have two conservation laws and the
same number of parameters to determine. Here and thereafter, we set © = 1 without loss of
generality.

The main theorem is given as follows:

Theorem 1.1 (Main Theorem). Give an over-compressive shock profile ® = (¢, 0) with the shock
speed b. Let C be a universal positive constant, and let the initial perturbation defined by (1.5)
satisfy lug(x), vo(x)| < O(1)ee™™V/C Then for ¢ sufficiently small, there exists a unique profile
D* with ®(£o00) = O*(£00), such that the solution of (1.1) satisfies:
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{ﬁ(x,t)}
— ®*(x — bt — xq)

S 0(1)88—(\x—bt|+z)/C.
v(x,1)

Here the constant xy and profile ®* are determined by

/(uo, vo) (x)dx = /((tb*, Y (x — bt —x0) — (¢, ¥)(x — bt))dx.
R R

The stability of viscous shock profile has been studied widely, as an issue of physical im-
portance and interest, for example [3,4,9-11,15,17]. However, many existing stability results for
systems depend much on the assumptions of weak shock strength, see [11,13,16]. The purpose
of this paper is to present a unified approach of studying small wave perturbation around the
general shock profile with general amplitude. Our method involves an interesting blend of the
Laplace transformation and Dirichlet-Neumann map introduced by Liu and Yu [12], described
in Section 2. Although the shock we considered is over-compressive (no transversal waves in the
solution) and the technical difficulty in our model is similar to those in [6,7,15], one could apply
this scheme to other type of shocks because it doesn’t require much restrictive assumptions. The
advantage of our splitting scheme is that it can give the sharp pointwise analysis of each part by
separating the hyperbolic wave structure in the far fields and local structure around shock front.
We will use this method to study the Lax shock wave of discrete Boltzmann equation in the near
future. For another interesting functional analytic approach to the stability of general viscous
shock waves, one could see series of results by Zumbrun and various collaborators, e.g. [14,17].
That method is based on the framework of the Evans-function criterion method including Gap
Lemma [5], functional analysis and semigroup method, generalizing the earlier work by [15].

Now we outline the ingredients of splitting scheme to elaborate the ideas of our new approach.
It is used to handle the linearized system around the general amplitude profile ¢:

ur + (f(PJu)x = tixx,

(1.6)
u(x,0) =uo(x),

with

¢ (£00) = My,

¢/ (x)| = O (1)e PV €,
lug(x)| = O (1)ge *I/C.

The scheme is carried out in three steps and we study the structure of the linear wave propagation
around the profile.

In the first step, we obtain a non-decaying structure which is caused by initial data through
the standard procedure. This is done in Section 3.1 with approximate manipulations. The non-
decaying component is defined as (¢) W (x), has the property that

1B/(0)] = 0(he <t
W (x)| = O0(1)e ¥I/C,
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W (x) is the stationary solution of (1.6) with W(Z+o00) = 0. With this observation, we extract the
non-decaying part precisely. Otherwise, one would fail to get the nonlinear stability.
The remainder z(x, t) = u(x, t) — B(r) ¥ (x) satisfies the following

{ 2+ (f(P)D)x = 2xx + S(x, 1),
(1.7)

|2(x,0)] =0,|S(x, )] = O(1)ge~ (KFD/C,

In the second step, we construct a new function to approximate the remainder, which satisfies
a modified error equation:

{ re+ (f(@L)r)x =rxx + S(x, 1),
(1.8)
r(x,0) =z(x, 0),
where
¢ (00) if x>1L,
PL(X) =1 ¢(x) if x| <L, (1.9)

p(—o0) if x=—-L,

choosing L sufficiently large, L = O(1)|In¢|. Here we only modify the values of the shock
profile at far fields. Due to this modification, one can split the whole space domain into three
parts: the far field (—oo, —L], [L, 00), and finite domain region [—L, L]. This is similar to the
work by Kreiss [6,7]. Convergence rate of r(x, t) at each boundary can be obtained through the
wave interactions in these three domains.

When |x| > L, (1.8) turns to be a constant coefficient problem. The solvability condition for
the constant coefficient problem in each far field gives a Dirichlet-Neumann map:

Lslrls(—L—, s) =D Ls[r](—L—,5) + [1 (—L—,s), (1.10)
Lglr]ls(L+, 5) = Dollg[r](L+, 5) + L (L+, 5). (L.11)
D; and D, are Dirichlet—-Neumann kernels defined by (2.5), I and I, are terms due to initial
datum and source term S(x, t).
In the finite domain, we introduce a transition function G(x, s) in the Laplace space which
satisfies:
sG — f(¢L)Gx - Gxx =0,
G(—L,s)=1, (1.12)
Gy (—L,s)=—-D; — f(¢r)(—00).

Applying the Laplace transformation to the first equation in (1.8) with respect to time variable ¢,
we multiply the transformed equation with G (x, s), integrate in the domain [—L, L],

L

/ G(x,s) (SLy[r] + (f (@) Ls[rDx — Lglrlex — 2(x, 0) — Ls[S1(x, 5)) dx =0.
“L
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Integrating by parts, with the help of C! continuity of r at x = —L and the special boundary
datum in (1.12), we have

L
ILi(—L,s)+ / G(x,s)Lg[ST(x, s)dx
—L
:(Gf(‘pL)Ls[r]_GLs[r]x"f‘Gst[r]”La (1.13)

which gives another relationship for Lg[r], (L, s) and Ls[r](L, s).

Combining (1.11), (1.13) and C! continuity of r at x = L together, we identify ILs[r], (L, s)
and Lg[r](L, s). Similarly one can get the boundary information at x = —L.

Once the boundary information is clear, one could solve the problem (1.8) in each domain
respectively. In the far fields, we only need to consider the constant-coefficient initial boundary
problem. The behavior of solution in the finite domain can be obtained through the standard PDE
method.

The truncation error of the above approximation e(x, t) = z(x,t) — r(x, t) satisfies:

er+ (f(Pe)x = exx + ((f(PL) — f(@)r)x,

(1.14)
e(x,0)=0.

This is similar to system (1.7) and hence we can construct it’s solution by iteration.
In the third step, we introduce an iterative scheme:

=kl k=1 k>,

rk is the approximate solution of eX. The smallness and pointwise localization property of r* will
assure that the series of errors Z?io r/ obtained in each iterative step converges and establish
the wave propagation patterns for system (1.7).

The plan of this paper is the following: some preliminary preparations are given in Section 2;
in Section 3, we apply the splitting scheme to solve the linear decoupled system and give the
pointwise estimate of the Green’s function; the nonlinear stability of perturbation for the general
shock profile is proved in Section 4.

2. Preliminaries
2.1. Profiles of over-compressive shocks

Profile (¢, 1) of any viscous shock wave is a heteroclinic orbit of the O.D.E. system

¢’ =(¢* +y? —b)p — by,
V' =@+ Y2 - by — b, @2.1)

the speed b and the relative flux by, b, are given by the Rankine—Hugoniot conditions:
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(@5 + 0% — b)iig = (@2 + 02 — bYii— = by,

(@ + 03 —b)oy =@ + 92 —b)i_ =by, 22)

with 14 = ¢(£00), v+ = Y (F00).

Since the system (1.1) has a non-strictly hyperbolic point (i, v) = 0, there may exist shock
waves which are more or less compressive than the classical Lax shocks. These are called the
overcompressive or undercompressive shocks, that have distinct behaviors. When the shock is
classical, there are three characteristics impinging on the shock and one leaving the shock. The
shock is called overcompressive if more than three characteristics are impinging on the shock
i.e. (1.4), and undercompressive if less than three characteristics are impinging on the shock.
Here we focus attention on the case of overcompressive shocks. We quote a lemma in [3] which
characterizes the overcompressive shock waves.

Lemma 2.1.

(i) a4, v4 satisfy the inequality (1.4) with by and by from (2.2) if and only if (i, v_) # (0, 0)
and (iit, 1) = a(ii-, 1-), a € (—3,0).

(1) In this case, there is a 1-parameter family of viscous profiles that satisfy (2.1) and (2.2).

2.2. Dirichlet—-Neumann map

We list the procedure of constructing the Dirichlet—-Neumann map we will need in the follow-
ing sections, please refer to [12] for more details.

Definition 2.2. For a function y(¢) defined for # > 0, its Laplace transform and inverse Laplace
transform are defined as follows:

oo

Y(s) =L[yl(s) = / e *Ty(t)dt, for s €{z e C|Re(s) > 0};
0
y+iT
y@) =LY = L lim / &Y (s)ds,
2mi T%ooy_iT

Re(s) =y, s.t. y is greater than the real part of all singularities of Y (s).
Consider the following half space problem:

Vi+ AV, =Vyy, for x>0, t>0,

V(0,1) = V(0 1), (2.3)
Vix,0) = W),

A is a constant. A functional property on given boundary datum V}, is imposed for the consistency
with zero initial datum case and for an application condition for the Bromwich integral:

V), € {g|L[g](s) exists for Re(s) >0, g"1(0) =0 for n e NU{0}}.
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For convenience, we define L as the Laplace transform with respect to time variable ¢, IL¢ as
the Laplace transform with respect to space variable x, L. ™! as the inverse Laplace transform.

Case 1: Vp(x) =0.

Applying the Laplace—Laplace transform to the equation of V in (2.3), one has:

(s + AE —E)JIV] = (A — H)Ls[V51(0, 5) — 3, 1 [V1(0, ),

JIV]=Le[Ls [V
By purely algebraic manipulations one obtains the solution in terms of variables &, s, L;[V}]
and 0, L[ V]:
—:Ls[V1(0, 8) + 3L [V 10, $)(A — VAZ +4s)
VAT +45(E — J(A+VA? 1+ 45))
N —3Ls[V1(0, 5) + SLg[ V10, ) (A + ~/A2 + 4s)
VAT 4s(E — (A - VAT 1 4s)) ’

J[V]=

(2.4)

Note that the characteristic polynomial s + A£ — &2 has only one positive root £ = %(A +

+/AZ + 4s) for s > 0, the boundedness of the solution V requires that |V| < oo as x — oo.
This results in:

—0,Ls[V1(0,5) + L[ V510, $)(A — VA2 +4s) 0
VAZ + 45 -

which gives the Dirichlet-Neumann map:

2s
0xLs[V1(0, 5) = ——————=—=—=Ls[V11(0, s) = DL,[V}1(0, ). (2.5)
o A+VAT+4s ’
Case 2: Vp(x) #0.
One needs to shift the initial datum to the boundary by introducing:

V=V-—I(x,1),
00 A (2.6)
I(x,1) = [57 GA(x — y, 1) Vo(y)dy.
G* is the fundamental solution for
G4, + AGA, =G4,,, for xeR, t>0,
2.7
GA(x,0) =8(x).
Therefore, V has the initial value and satisfies:
V, + AV, =V, for x>0, t>0,
V(0,1) = V(0,1) — 10, 1), 2.8)

V(x,0)=0,

which is the Case 1.
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3. Pointwise estimate of solution for the linearized rotationally invariant system

Linearizing system (1.1) around the given profile ® = (¢, 0) gives the decoupled system:

ur + (3% — byu)z = uzs,
v + (9% — b)v)z = vis, 3.1
uo(%), vo(¥) = O(1)ge™ /€,

here we have changed the coordinate system to make the presentation of this problem convenient:
X =x — bt,
t=t.

Set fi(¢) = 3¢2 — b, fr(e) = ¢>2 — b. Without loss of generality, we assume the end states
(ti—,uy) = (1, @) because of Lemma 2.1.

3.1. Extract the non-decaying structure

Before extracting the non-decaying structure, we lay down a standard procedure to catch the
non-decaying structure and give the pointwise estimates.

Approximate the over-compressive shock profile with a discontinuous function, which takes
the form:

Consider the approximate linearized equations:

i+ (fL(H)u)z = uzz,
v + (f2(H)V)z = Uxx, (3.2)
iio(%), Do(X) = O(1)ge KI/C,

Due to the discontinuous property of H (x, t), we separate the whole space into two half-spaces:

ii; + ((3 = b)it)z = iizz, for ¥ <0, t>0,

U + ((1 = b)d)z = vzz, for ¥ <0, >0, (3.3)
up(x), vo(x) = 0(])88_|X‘/C’

ur + ((30(2 — b))z =iizz, for x>0, t>0,
U + (@ — b))z = Uzz, for >0, >0, (3.4)
up(x), vo(x) = 0(1)ge_|x|/c.

The boundary data u# (0=, 7), v(0+£, ¢t) will be determined by C! continuity of (i, v) and two
Dirichlet-Neumann maps.
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We now apply the procedure given in the preliminary section to obtain the Dirichlet-Neumann
maps in the transformed variables. For i, the Dirichlet—-Neumann maps with the zero initial
datum in each half space are:

L[]z (0—, ) = S/G=DH T 1710~ 5) = Dy L[] (0, 5), s

- o?—b— a2 —b)2+4s - -
Ly[it]z 0+, 5) = 2=ty G bH T, 17104, 5) = DL [](0+, 5).

Combining (3.5) with C! continuity of i, taking the initial datum iio(X) into account, we
have:

Ly [u](0—, 5) = Ls[u] (04, 5),

(3 = B0, 5) — Ly[le(0—, 5) = Bo® — H)Ly[@1(O0+, 5) — Ly[als 0+, 5), (3.6
Ly [z (0. 5) = Ly[11:(0—. 5) = Dy (Ls[@](0—, ) — L [11(0—, 5)).
Lylle 0+ 5) — Ly 11 0+, 5) = Do (L@ (0. 5) — L[ 110+, 5)),

where 1 (0—, ¢) and I (0+, #) are given by (2.6):

o0
10-,1)= / G (& — y, Diio(y)dy 1o,
0

o0
10+.1) = / G P (% — y, Diio(»)d¥|z-0-
0

Solving (3.6), we have
(3 = 3a® = Dy + D)Ly [i] (0, 5)
= —DLs[1]1(0—, s) + D2Ls[1](0+, s) + Ls [/ 1z (0—, s) — Ls[112(0+, 5)
=Ls[lol(s) = O(1)e.
The operator which converts L[i2](0—, s) into Ls[Ip](s) has the following expression:

3—30(2—D1+D2

_3-3a?— /(3 —b)2+45 — /(a2 — )2 +4s
N 2

1 1
=25 — .
<3a2—b— Ba? —b)2 +4s 3—b+\/(3—b)2+4s>

Hence,

Ci+ s+ C
S

Ls[u](0—,5) = O(1) Ls[1ol(s),

C is a positive constant.
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Taking the inverse Laplace transformation, we have the following estimates:

t t
lu(0x£,1)| = O(l)/lo(r)dr + 0(1)[ ;\/j_; * (0 + C)lo(T)dT
0 0
—Cit
<0(l)e mdr. 3.7
0

Here and in the following, instead of studying the inverse Laplace transform of type /s + C, we
consider ‘{j_‘? = \/s1+_c by the usual inversion formula of the Laplace transform:

100
Ll = 1 / R SN (3.8)
PSs+C 2mi Js+C Jrt

—ioo

The inversion of the Laplace transform has the property that division in s corresponds to differ-
entiation in ¢.

Similarly, one could obtain the same estimate for v(0+£, ). For large times, the boundary
information obtained in (3.7) implies that there is a non-decaying component caused by initial
data.

Moreover, if extracting the boundary information, one can get the pointwise estimate of (3.2)
with the help of Green’s function for the two half-space problem:

Lemma 3.1.
|G (%, 1), 5(F, 1)) — diag (@O, 1), 5(0£, )W (F)| = 0 (1)ee” FIH/C

W is the stationary solution of (3.2) with W(+00) = 0. One has the following estimates: |¥ ()| <

O(l)e™ ¢, |diag(ii(0%, 1), 5(0%, )] < O(De [} f/;CTlTldr.
For large times, fR diag(u (0%, 1), v(0+£, t))\If()E)d)E = fR (19(x), vo(x))dx due to conserva-
tion laws.

If the initial data fR (tg(x), vo(x))dx =0, one has

(%, 1), D(F, )| = O(1)ge™ KIHN/C

Proof. The way of obtaining the estimates is similar to that in [1,2], we just take the equation of
u(x,t) in system (3.3) as an example and outline the main ingredients of proof here.
One shifts the initial datum to the boundary by

]

w(x, 1) =i(x, 1) — / G (x —y, Diag(y)dy.
0

Denote the Laplace—Laplace transform of w(x, t) as J[w](&, s), it is the solution of
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(s + B=b)E —&HJ[wl = (3 — b — &)Ls[w](0, 5) — Ly [w](O0, 5),

_ Ci+v/s+C1 1
Ly[w(0,5) = 0(he (SRR — o —bs).
_ Ci+/s+C1 1 1
Then J[w](§, ) = O(1)e( s \/4s+(37b)2)57%((37b)7\/(37b)2+4x)'

The explicit expression of L;[w](x, s) is

Lo [w](E. s) = 0(1)5(C1 +vss+C1 - +13 b)2)g%f((3—b)—¢(3—b)2+4s)
s —
_ Ci+ s+ C 1 5
=0(e( . - k4s+(3_b)2)\/4s+(3—b)

2 E(B=b)—/(3-b)7+4s5)

X
Vas + (3 —b)?
Since x < 0 and
L' [V4s + (3 — b)?] = (48, + (3 — b)*8(1)) T
we have
L7 L[l 0] = O (e ™ = 0Dz F/ I,

C is a universal constant.
Thus

lw(x, 1) = 0(1)ge FV/C,

This verifies the non-decaying part of Lemma 3.1. The rest of the proof is quite standard and we
won’t repeat the analysis here.
With the above observation, we introduce a non-decaying component stacked in the shock

|7 2

. - e - _ - .
region: ()W (%), |B(1)] < O(e [y i/mdt’ W) < O0(e™ ¢, W(x) = (Y1,Y2) is a sta-
tionary solution of (3.1) with W (£o0) = 0. Extracting it from (3.1), setting

(z1,22) = (u,v) — BV,
we have

21+ (f1(@z)z =21z + B/ (O,

20+ ((P)22)i = 2258 + B/ )Y, U (3.9
zi(x,0)=0,i=1,2.
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3.2. Pointwise estimate of the approximate problem

The approximate problem for (3.9) is given as follows:

rie+ (il rDz =rizs + B Oy,
r + (fa(r)r)z =razz + B/ (Y2, (3.10)
ri(f,0)=0,i=1,2,

¢ is defined by (1.9).
Following the framework, we split the whole space domain into three parts. The solvability of
problem in the left and right far fields gives two Dirichlet~-Neumann maps:

Ls[r1]x(—=L—,5) =D1Ls[r1](=L—,s) + 1 (—L—,s), (3.11)
Lg[ril (L+, s) = Dollg[r11(L+, 5) + L (L+, s), (3.12)
where
I(—L—.s)= O(l)e

—(3— —_ph)2 ?
(s +C)( (€] b)+\/2(3 b)=+4s 1+0)

O(l)e
(s +C)(3oz2—b+\/ (;otz—b)2+4s +0)

L(L+,s) =

D, and D; are defined by (3.5).

Applying the Laplace transformation to the equation of r; with respect to time variable ¢, we
multiply the transformed equation with G defined by (1.12), integrate in the domain [—L, L] by
parts, with the help of C! continuity of r; at ¥ = —L, we get

L
_ _ _ O(e
G(x,s)Ls[S](x, s)d
_{ (X, )Ls[S1(x, s)dx + 1 Cy(—0h ZF_WHS s
= (Gfi(¢r)Lslr1] — GLglr1]z + GzLs[rDlr—, (3.13)

which is the second relationship for Dirichlet and Neumann data at x = L. Here S(x,t) =

B ().
By (3.12), (3.13) and the C! continuity of 1 at x = L, one could solve:

[E, GLgISlx 0(1)e
G(L—5) e i
(s+c)(w+C)G(L—,s)
Ly[ril(L—,s) = Gi(L—v)
fl (¢L (OO)) + D2 + GX(Lf,:Y)
O(l)e

3a2—b+/ Ba2—b)2+4
(HC)(%%)

F1(@L(00)) + Dy + G
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I o(l)e
L GL[S]d% — o
_ (=) N (v+c)(w+c)G(L— 5)
3(302— b)—m Gi(L—s5)  3(Qa?— b)—m Gi(L—.s)
RiEITA=) + Si=m
O(l)e
o2 b a2 —b)2 45
N N R ST a1
3(3a2— b)—\/m Gi(l—s) '
+Ga=n

To invert Lg[ri](L—,s), we first give some observation on the transition function G(x, s)
which satisfies:

sG — fi(¢L)Gz — Gzz =0,

G(—L,s)=1, (3.15)
Gi(~L.s) = =D — fi(g1)(—o0) = —2LH/EDL _ g

First, Vs, G(L—, s) #0. Set P(x, s) = — fggg , then P satisfies the following ODE problem:

P;=P?— fi(g)P s,
P(—L.s) = 3(3—b)+\/2(3—b)2+4s'

By the monotone property, we have

S1@L(+00) — [12@L(+00) +4s (3o — b) — /B B + 45

P(L =
(L,s)> > >

Therefore, Vs,

3Ba? —b) — \/(304 —b)2+4s GX(L

TG, s)

<3a2—b<0.

We choose a suitable positive constant C3, and conclude that Ls[r;](L—, s) is an analytic func-
tion of variable s for Re[s] > —Cs. Note that Ls[r1](L—, s) decays to zero when s — =ioco.
Therefore, by the complex analysis we have

|rl(L—’ t)| = O(I)Ee_f/c3 /eimLs[rl](L_v ”7 _ C3)d77 < 0(1)86,—[/(','47
R
for some constant C4. One could use the similar approach to estimate the term r(—L+, t).

Once all the boundary data are clear, with the help of spectrum gap [8], we solve the problem
in finite domain and get the following exponential decaying estimate:

sup  |ri (%, 1) = 0(1)ee™ /€. (3.16)
xe[—L,L]
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The problem restricted to the left or right far field is just a constant coefficient problem in half
space. Consider the problem in the left far field:

rie + (fil@r(=oo))r)zs =rizz + S(x, 1), x < —L,t >0,
r1(x,0)=z1(x,0), (3.17)
ri(=L,t) = 0(1)ge™"/C4,

With the Green’s identity, we have the solution for (3.17) when x < —L, t > 0:

—L
rx, 1) = / GNP (x —y, 0yri(y, 0)dy

—0o0
t

+/Gf‘(¢L(_°°))(i,t—r)(rl(—L,r) —riz(=L, 0))drt
0

t
+/G§1(¢L<*°°))(x,t — O)ri(~L, 1)dt
0

t —L
+/ [ GH@L=oN(z —y 1 —1)S(y, T)dydr. (3.18)

0 —o©

The transformation of Neumann datum r13(—L, t) is given by the Dirichlet—-Neumann map
(3.11). Note that

—G3-b)2 /4t —G-b)2 /4
Nezd N
2

(3—b)8(1)+(B—b)%¢

L' [Dy] =

’

L I (=L—,5)] = O(1)se=C 5 e=C=01/4

one has:

t
Ir(x, 0] =|0()e / G, 1t — 1, filpr(—oo))(L7 D] e € e/ C)dr
0

t

+0(1)8/Gx(f,t—f, fi(pr(—o0)))e ™ Cdr
0

t —L

+ 0()e f f GG —y,1—1, fi(pr(—00)))e "=/ Cayar

0 —o0

=0(1)eeTHFI=/C 5 <« _L t>0. (3.19)
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One could do the similar computations in the right far field. Combining (3.16) with (3.19), we
get the estimate for the whole space:

@, 0] =0)ee” WH/C for e R, >0, (3.20)
C is a universal positive constant. Similar approach can be used to estimate r.
3.3. Error term and iterative scheme

The error function (eq, e2) = (z1 — r1, 22 — r2) of the approximate problem (3.10) to (3.9)
satisfies the following initial value problem:

e + (fi(@ez =eizz + (f1(dL) — f1(®)r)z,

2 + (fa(@)er): = eriz + (fa(pr) — L))z, (3.2D
e;(x,0)=0,i=1,2,

here
ril = O(1)ee=FHD/C i =1 2,
|fi(¢r) — fi(@)|=0()e,i =1,2.
Now we introduce an iterative scheme to construct the solution of (3.9):

0

rl’ =ri7
g?zzi, (3.22)
ef.‘Eelffl —rlk*],k >1,

1

K+ (i@ =k + ((filor) — i)y s,

&+ (fap)eb) =k + ((falpr) — L@ s, (3.23)
ek (%,00=0,i=1,2,

rk, 4+ (Forhe =rf o+ ((filor) — @)y Ds,

K 4+ (florbe =1k + ((falor) — @) Dk, (3.24)
rk(%,0)=0,i=1,2.

For each r{‘ , we have the following estimate:
Irk &, 0)| = 0(1)ek e~ XKIFD/C for ¥ e R, 1> 0, (3.25)

The solution of (3.9) can be written formally in terms of the iterative scheme:

00
Zi = Z}’lk
k=0
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From (3.25), the series is convergent, and
|z (%, )] = O()ge  FHD/Cfor x e Rt > 0.
To summarize, we have the following theorem:

Theorem 3.2. The solution of (3.1) defines a semi-group GY, as follows:

Ggpluo, vol(X) = (u(x, 1), v(X, 1))
which satisfies:

(X, 1), v(F, 1)) — B ()| = O(1)ge” TN/,

where: |V (X)| = O(I)e_lél, IB(®)] < O()e fé f/;CTlTldt, C is a universal constant. For large

times,
/ B)W (F)d = / (o), T (F))d
R R

due to the conservation laws.
If the initial data satisfy: fR (u(x,0),v(x,0)dx =0, one has

lu(x, 1), v(x, 1) = 0(1)ge~ FIHD/C

4. Nonlinear stability of over-compressive shock waves (proof of Main Theorem)

The estimate obtained in Theorem 3.2 tells us that there is a stationary structure O ()ge WI/C

determined by the initial data. To get the nonlinear stability, instead of extracting the over-
compressive shock profile, the shock profile with a proper shift and a proper shape changed
is the real final state (extracting the stationary part). Consider the perturbation of new profile

Q" = (¢* (X — x0), ¥ (X — x0)),

which satisfies:

Jr(wo, vo)(¥)dx = [ (", ¥*) — (¢, ¥))dx,

i 4.1)
|&* — ®| = O(1)ee FI/C,

Note that the phase shift xg contributes to the integral only for the first component, because the
end states (i, v+) have zero second component. For simplicity, assume that xo = 0.
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u*(x,r) u(x,r)
The perturbation = — O* satisfies:

v¥(x, 1) v(x, 1)
u*(x,1) u*(x,r)
_ + | (A(P*(x)) — bI) _
(v*(x,t))t ( (v*(x,t) >>x
(u*(i,t)) ( (u*()?,t)))
= - Qe ,
vi(x, 1) )L V(X0 ) )

|<u(x 0) )' _ O(heeHI/C,
V¥ (%, 0)

u*(x,0)
/( “ )d
o v*(x,0)

where A(®*) = |*|21 4+ 20*®*T | Q is the quadratic remainder which is easily checked to
obey the estimate [3]:

(4.2)

|Q(®*, Z)| < 3(|9*| + |Z])| Z)>.

Due to the second estimate in (4.1), we rewrite the first equation of system (4.2) as follows:

i w* + (fi(@uH): =u*zz + O(De(e™ VW +v)z + 01, 1), @3

V' 4 (H@)vH)z = v¥5z + O(De(e™ MV Cw* +v*)z + 0a(%, 1),

Q1 and Q5 are higher order remainders including terms O (1)e2(e PV € (u* +v*))z, (u* + v*)>.

Now make an ansatz on the solution:
¥ (&, 1), v (%, )] < O(1)ee” WIH/C, (4.4)

to deal with the nonlinear term.
To verify the ansatz, we only need to show that under the ansatz, the following holds:

f Go(E — y. O™ (v, 0), v* (v, 0)1dy
R

t
+0(1)//G¢()E—y,t—s)
0 R

[e(e PV CW* +v*)y 4+ 01(y, 5), e(e™PVE @™ +v*))y + Qa2(y, 5)Idyds

<O0()se " WHD/C for xe R, t>0. 4.5)

By Theorem 3.2 G [ug. vl(¥) = (u(¥. 1), v(&. 1)),
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|Gy [0, vol ()] < O(1)ee™ KT/,
From the ansatz (4.4), we have:
|0(Me(e VW +v%)),] < 0(1)e?e” WHIIP,
and
10i (. 1)| < 0(1)eeTHD/D,
Therefore (4.5) is true and we prove the Main Theorem 1.1.
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