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Abstract

We prove the time-global existence of solutions of the degenerate Keller—Segel system in higher dimen-
sions, under the assumption that the mass of the first component is below a certain critical value. What
we deal with is the full parabolic—parabolic system rather than the simplified parabolic—elliptic system.
Our approach is to formulate the problem as a gradient flow on the Wasserstein space. We first consider a
time-discretized problem, in which the values of the solution are determined iteratively by solving a certain
minimizing problem at each time step. Here we use a new minimizing scheme at each time level, which
gives the time-discretized solutions favorable regularity properties. As a consequence, it becomes relatively
easy to prove that the time-discretized solutions converge to a weak solution of the original system as the
time step size tends to zero.
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1. Introduction
1.1. Description of the problem
We consider the following degenerate parabolic system:

oru=V-(Vu™ — xuVv), xe, t>0,
gdv=Av—yv+au, xe, t>0, (1.1)
u(x,0) =up(x), ev(x,0) =evp(x), x €,

where «, x, y, €, m are constants satisfying o, x,6 >0, y >0, m>2—2/d,d >2 and Q is a
bounded domain in R? with smooth boundary. We impose the following boundary conditions:

ou™ ov
a—v—xua—vzvzo, x€d, t>0, (1.2)

where v is the outward unit normal to €2. Notice that (1.1) preserves the mass fQ udx.

The aim of this paper is to prove the time-global existence of solutions of the system (1.1)
under the assumption that the initial mass fQ ugdx is below a certain critical mass and for an
arbitrary vg > 0. Our approach is to formulate (1.1) as a gradient flow on a certain metric space,
then to apply the variational method to prove the time-global existence. Note that the system
(1.1) does not have a gradient flow structure in standard function spaces such as L? because of
the presence of the drift term V - (xuVv). This is where the Wasserstein distance comes in, as
we will explain later.

Recall that (1.1) is a version of the celebrated Keller—Segel chemotaxis model featuring a
nonlinear diffusion. The Keller—Segel model was proposed by Keller and Segel [1] in 1970 to
describe an aggregation phenomenon of certain microorganisms called “slime molds”, which
have a characteristic property called chemotaxis. Chemotaxis is a motion toward higher con-
centration of a chemical substance. This kind of microorganism, when put in a nutrition-poor
environment, produces a chemical substance that attracts other individuals within the same pop-
ulation. This leads to formation of an aggregate, which produces spores. In this way, the slime
molds propagate the next generation. In equations (1.1), u stands for the density of slime molds
and v stands for the concentration of the chemical substance, hence we are interested in non-
negative solutions of (1.1). From a mathematical point of view, the aggregation phenomenon can
be interpreted as a blow-up phenomenon of the solution of (1.1), that is, the density of slime
molds singularly concentrates at some point.

The case ¢ = 0 is the so-called “parabolic—elliptic system”, while the case ¢ > 0 is the so-
called “parabolic—parabolic system”. In both cases, the exponent m =2 — 2/d, d > 2 has been
identified as a critical exponent separating two different behaviors described below.

(i) sub-critical casem >2 —2/d
All solutions exist global in time [2—-6]. We can find related results for a system with non-
degenerate diffusion [7].

(i) super-critical case m <2 —2/d
There are global solutions starting from suitably small initial data [8,9,4-6], while, if ¢ =0,
there are solutions that blow up in finite time [10,11,4]. The latter phenomenon is expected
to take place also when ¢ > 0 but is not yet proved. However, the existence of blow-up
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solutions has been shown for a related system which includes a non-degenerate diffusion
term V - (A(u)Vu) with A(u) <u™ (u > 1) instead of Au" [12].
(iii) critical case m =2 —2/d
It is expected that there is a critical mass M, of the L'-norm |juo| .1 such that
(iii-a) all solutions exist global in time if ||ug||;1 < M,
(iii-b) for any M > M., there exists a solution with |lug|/;1 = M that blows up in finite
time.

When ¢ = 0, result (iii) is known to be true for d > 2 [13-16]. For ¢ > 0, the global existence
assertion (iii-a) is known only for d = 2 [17-19]. (See also the “Note after submission” at the
end of this section.) As for d > 2 and ¢ > 0, the recent work of Ishida and Yokota [9] proves the
time-global existence under the assumption that both u#y and Awvg are relatively small — a condi-
tion that is restrictive compared with (iii-a). When ¢ > 0, the assertion (iii-b) is not yet proved
except for some partial results. More precisely, Herrero and Velazquez [20] construct an example
of radially symmetric solution that blows up in finite time with a mass larger than 87/« x when
2 is a disc domain. On the other hand, Horstmann and Wang [21] prove that when €2 is a smooth
bounded domain in R?, for any mass M larger than 47 /o x and not equal to an integer multiple
of 47 /a x, unbounded solutions with mass M exist. However, this result does not clarify whether
the existence interval is finite or infinite.

The present paper gives a proof of (i) and (iii-a) when ¢ > 0 and d > 2. We first find a candi-
date M, > 0 of the threshold mass in (iii) by investigating variational properties of the Lyapunov
functional associated with (1.1). Then we prove the time-global existence of solutions of (1.1)
under the assumption that |lugll;1 < Ms. In particular, we have M, =400 if m > 2 —2/d and
M, < +o0if m =2 —2/d. We thus obtain the results (i) and (iii-a). The main difference between
our results and the earlier results by Ishida—Yokota [2,9] is that our variational approach makes it
possible to obtain global existence more directly from the Lyapunov functional, which is known
to play a fundamental role in determining the sharp threshold mass for the parabolic—elliptic
system. More precisely, our results show the time-global existence of solutions of (1.1) under a
rather mild condition [|ug||;1 < M, (and for an arbitrary v € HO1 (2)), where M, is the threshold
mass for the Lyapunov functional to be bounded from below. We expect that M, is the threshold
value in (iii) for our parabolic—parabolic system withm =2 —2/d,d > 2.

As mentioned earlier, our approach is to formulate (1.1) as a gradient flow in a certain metric
space. One of the advantages of this approach is that it gives us a better understanding of the
relation between the time-global existence of solutions of (1.1) and the variational properties
of the Lyapunov functional ¢,,, which is to be defined in Section 1.3. More precisely, our ap-
proach shows that the lower boundedness of the Lyapunov functional guarantees the time-global
existence of the solution of (1.1). Our approach is similar in spirit to that of Blanchet, Calvez
and Carrillo [22] and Blanchet, Carlen and Carrillo [23], who interpreted the parabolic—elliptic
Keller—Segel system (where one sets m =1 and ¢ =y =0 in (1.1)) as a gradient flow in the
Wasserstein space. However, in the present case, where ¢ > 0, one cannot reduce (1.1) to a single
non-local equation and hence cannot interpret system (1.1) as a gradient flow in the Wasserstein
space. Nonetheless, we can still formulate it partly in the framework of the Wasserstein space, as
we will show later. The applications of the Wasserstein distance to the present type of evolution
PDE’s has been developed in the pioneering work of Otto [24,25], Jordan, Kinderlehrer and Otto
[26], and other related works [27-32].

A common strategy in the above-mentioned works [27,28,22,23,26,29,30,24] is first to ap-
proximate the evolution equation by a time-discrete problem, which consists of solving a certain
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minimization problem at each time step. One then proves the convergence of the approximate
solution to a weak solution of the original evolution equation as the time step size tends to O.
In proving the convergence, one needs some compactness properties of the time-discretized
solutions, but the minimizing nature of the time-discretization significantly simplifies the com-
pactness argument.

There are two approaches for proving that the limit of the discretized solutions is indeed a
weak solution of the original equation. One is to use the Euler—Lagrange equation associated with
the minimization problem at each time step. This Euler—Lagrange equation is written explicitly
in the form of a backward Euler difference scheme for the original evolution equation with some
penalty term. The other approach, found in [28,29], uses the concept of “curves of maximal
slope”, which is formulated in the framework of abstract metric spaces. The former approach
based on the Euler—Lagrange equation is more direct and simpler than the latter, while the latter
approach based on the notion of curves of maximal slope gives a framework to deal with the
problem systematically. The present paper adopts the former approach to prove the existence of
the solution of (1.1). We also employ some techniques of the latter approach to establish the
energy dissipative inequality, which confirms that our Lyapunov functional ¢,, indeed decreases
along the weak solution.

Note that, in this latter approach, the subdifferentials of the functional play a crucial role.
In [28], existence of subdifferentials having certain good properties is shown for what are called
“regular” functionals. However, in our present problem, it is not clear if our Lyapunov func-
tional is regular, therefore the known results cannot be applied directly. Neither is the former
approach so straightforward. In order to make this approach work, we need to show that the time-
discretized solution possesses adequate regularity properties as otherwise the Euler—Lagrange
equation would not make sense, and this is one of the main difficulties to overcome in the former
approach.

In order to solve this regularity issue in the Euler—Lagrange approach, we make the following
crucial modification in the time-discretization. Rather than solving for # and v simultaneously,
we alternate between solving for # and v. More precisely, we use a two-step time-discretization
scheme, in which the solution of the next time level is given by solving a minimization problem
for u (in the Wasserstein space) and one for v (in L?) alternately rather than simultaneously.
With this new scheme it becomes relatively easier to obtain sufficient regularity of the time-
discretized solutions for deriving the Euler-Lagrange equations rigorously, thus establishing the
convergence of time-discretized solutions to a solution of (1.1).

Let us comment briefly the boundary conditions. One can find many papers that consider
Keller—Segel system on whole space RY [13,22,23,14,15,10,8,2,9,11,4-6] or that on a bounded
domain of R? with homogeneous Neumann boundary conditions for both # and v [12,17,20,
21,3,18,33,7]. On the other hand, there are also some papers that deal with boundary conditions
similar to ours, namely, the no-flux boundary condition for # and the homogeneous Dirichlet
boundary condition for v [34-36,33]. One of the advantages of our boundary conditions is that
we can systematically deal with the problem on the whole space R? and that on a bounded
domain of RY. More precisely, under the boundary conditions (1.2), our critical mass M, is
independent of the choice of Q and coincides with the critical mass for R¢ (see Remark 4.1 and
Proposition 4.2).

Uniqueness results are obtained by Bedrossian, Rodriguez and Bertozzi [13], and Sugiyama
and Yahagi [37] for parabolic—elliptic system with m =2 — 2/d, and by Kowalczyk and Szy-
manska [3] for parabolic—parabolic system with m > 3 — 4/d. However, we do not know if
uniqueness holds for our case. This is partly due to the fact that our weak solutions do not
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have adequate regularity and that our Lyapunov functional ¢, is not A-convex in the sense of
[28, §2.4] (see also [28, §4] for uniqueness results).

This paper is constructed as follows. In the rest of this section we present our main results
and give a list of symbols that will be used later. In section 2, we explain the basic concept
of the Wasserstein distance. In section 3, we reformulate our problem in the framework of the
Wasserstein space and define time-discretized solutions, which are given by solving a certain
minimizing problem at each time level. Section 4 is devoted to variational analysis. Among other
things, we prove basic properties of the threshold M, and show that our M, coincides with the
threshold mass M, introduced in [14], despite the apparent difference in the two definitions. We
also prove that the minimizing problem associated with the time-discretization of (1.1) is solv-
able, which guarantees the existence of time-global discrete solution for each time step size t.
In section 5, we prove that the time-discretized solution converges to a weak solution of (1.1)
as T — 0, which establishes Theorem 1.4. Finally, in section 6, we prove the energy dissipative
inequality (Theorem 1.5).

Note added after submission: After submitting this paper, the author was informed of the
following article that had been announced in arXiv three months prior to the submission of the
present paper:

Blanchet and Laurencot, The parabolic—parabolic Keller—Segel system with critical diffusion
as a gradient flow in RY, d > 3, arXiv:1203.3573v1 [math.AP], 15 Mar 2012.

This paper deals with the same problem as ours for m =2 —2/d, d > 2, on R?. Furthermore, it
interprets (1.1) as a gradient flow in the Wasserstein space and proves the time-global existence
of solutions of (1.1) under the assumption that |ugl|; 1 < M., M. being the threshold mass for
the parabolic—elliptic case introduced in [14]. As we will show in section 4, this constant M,
coincides with our threshold mass M., therefore their result is quite similar to our Theorem 1.4.
The main difference between the two papers lies in the method of time-discretization. As a result,
the two papers take different approaches for proving the regularity of time-discretized solutions,
which is a cornerstone property for proving convergence of the discretized solution to a weak
solution of the original system. More precisely, in the preprint of Blanchet and Laurencgot, an
elaborate technique developed by [30] combined with an ingenious choice of a certain auxiliary
functional is used to obtain the regularity of the time-discretized solution. On the other hand,
the present paper uses a different discretization scheme (3.7) (which we may call the splitting
scheme) that allows us to obtain regularity without sophisticated techniques. Incidentally, the
present paper proves the energy dissipative inequality for weak solutions (see section 6), which
may be of independent interest. The author would like to thank the anonymous referee for point-
ing out the above paper to him.

1.2. Main results

Now we state our main results. The following functional ¢,, is known as a Lyapunov func-
tional associated with the Keller—Segel system (1.1):

1

G (1, v) ::—/umdx—X/uvdx—i—i/wmz—i—yvzdx, (1.3)

m—1 2a
Q Q Q
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where €2 is a bounded domain in Rd, d > 2, with smooth boundary. We consider the functional
¢m in the space

X (Q) = {(u,v) c (Ll(sz)mLm(sz)) x HY(Q) 1 lullp =M. u>0,v zo}.

We define pp(€2) and M, by

nm (L) = (u,v)iel};fmsz) Gm (u, v),
M, () :=sup{M = 0; umu(2) > —oc}. (1.4)

We have the following theorem on the properties of M,. The first theorem, which is concerned
with the critical case m =2 — 2/d, shows that M, is indeed a threshold mass for the lower
boundedness of ¢y, .

Theorem 1.1 (Properties of M form =2 —2/d). Let m =2 — 2/d. Then:

(i) 0 < Mu(R) < +00;
(i) pm(Q)=>0for0 <M < M (Q), while 11y () = —00 for M > M().

Furthermore, M (2) depends only on «, x,d and is independent of y and the choice of 2, and
it holds that

M(e, x.d) = (ax)~ T My (1, 1,d).

According to Theorem 1.1, we write just M, without the dependence upon €2 hereafter. The
next theorem is concerned with the case m > 2 —2/d:

Theorem 1.2 (Properties of M, form >2 —2/d). Let m > 2 — 2/d. Then: M, = +o0. In other
words, |y (2) > —oo for every M > 0.

Remark 1.1. The case m > 2 — 2/d is often called the ‘sub-critical’ case. The justification of
this meaning for case ¢ = 0 can be found in [4].

Next, we state the definition of weak solutions and the time-global existence of solutions of
the system (1.1).

Definition 1.3 (Weak solutions). We say that a pair (u, v) of non-negative functions is a weak
solution of (1.1) on the time interval [0, T'] if

(i) (u,v) € L®(0,T; L'(Q) N L™(2)) x L>(0, T; Hy () and [|u(-, )] ;1 = lluoll 1.
(i) u € L?P(0,T; L%()) for p =2m/(d2 — m)) > m and u™ € L2(0,T; W-1H(Q)), v e
L0, T; W*2(Q)).
(iii) ltiirgdw (u(t),up) =0and lriﬁ)l lv() —voll;2 = 0, where dw denotes the Wasserstein distance

to be introduced in §2.
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(iv) (u, v) has the following additional regularities:

T

|Vu™ —)(qu|2
— = dxdt < 400,
u

0Q

T
//|Av—yv +au|2dxdt < 4o00.
0Q

(V) (u,v) satisfies

b
/(u(b) —u(a))pdx + //(Vum — xuVv, Vo)dxdt =0,

b
8/(v(b) —v(@)Ydx = //(Av —yv+oau)y dxdt,
Q agQ

forany a,b € [0, T] and for all ¢ € CS’O(R") and for all ¢ € C2°(R).

Remark 1.2 (Weak formulation of boundary conditions). Since the test function ¢ in (1.5) be-
longs to C° (R?) rather than C2°(L2), the identities (1.5) imply the following natural boundary
condition in the weak sense:

ou™ v
— — XU— =0ond2 x (O, T)
av av

In view of this and the fact that v € H& (£2), one sees that the boundary conditions (1.2) are
automatically satisfied by our weak solution (i, v).

Theorem 1.4 (Time-global existence). Let m > 2 —2/d. For any ug € L*(2) N L™ () and vg €
HO1 () with ug, vo > 0, there exists a weak solution (u, v) of (1.1) with this initial data that exists
globally for all t > 0, provided that ug satisfies

/uodx <M,.

Q

Recall that M, = 400 if m > 2 — 2/d. Thus, in this case, a time-global weak solution exists
for any ug € L2(Q) N L™ (), vo € HO1 (2) with ug, vg > 0. As a matter of fact, as for the case
m > 2 —2/d, Theorem 1.4 has already been known in a slightly different setting. In fact Ishida
and Yokota [2] obtained the same result for Q = R?, except that their definition of weak solutions
is slightly different from ours. The main novelty of the present paper is the result for the case m =
2 —2/d. As we mentioned earlier, the constant M, coincides with the threshold mass obtained
in Blanchet et al. [14] fore =y = 0.
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Theorem 1.4 will be proved by constructing time-discretized solutions as defined in subsec-
tion 3.2 and showing that this discretized solution converges to a weak solution of (1.1) as the
time step size tends to 0. As we see below, any weak solution constructed in this way satisfies
the energy dissipative inequality:

Theorem 1.5 (Energy dissipative inequality). Let (u, v) be a weak solution of (1.1) that is given
by a limit function of discrete solutions to be defined in Definition 3.2. Then

¢m(u(a), v(a)) — ¢mu(b), v(b))

b b
Vu™ — xuVul|?
2//wdxdt+i//|Av_yv+au|2dxdt (1.6)
u ae
aQ aQ

holds for every b € [0, +00) and a € [0, b))\ N, N being an L' -negligible subset of (0, +00).

Here, the meaning of the first term in the right-hand side of (1.6) is that the integrand is equal

m 2

to =XVl 5 the subset of Q where u is positive and zero otherwise. The above theorem
implies, in particular, that ¢, is indeed a Lyapunov functional for (1.1) even for weak solutions.
A similar inequality has been known for the parabolic—elliptic systems (see [13,14]), but as far

as the author knows it is new in the case of parabolic—parabolic system.

1.3. Notation

£ d-dimensional Lebesgue measure
ty  push-forward of the measure  through the map ¢
¢, optimal transport map from a measure 4 to a measure v
dw  Wasserstein distance
D(¢) effective domain of functional ¢
|0¢|(v) metric slope of functional ¢ at v
P(2) probability measures on 2 with finite second moment
LP(Q) p-summable functions on 2 C R¢ with respect to . d
Lg (€ RY)  R?-valued 2-summable functions on 2 with respect to us!
I Il 2y the normin L3 (2 RY) ie. 1§ 120, = 164/l 2(q) With u > 0
C°(2) compactly supported smooth functions on
Cp(2) continuous and bounded functions on £2
wk.p (2)  Sobolev space over 2
H(Q) the closure of C2°() in W!2(Q)
H'(Q) the closure of C2°(L2) in the seminorm ||V - || 2

2. Preliminaries

In this section, we collect some results on the Wasserstein distance. We refer to the books
[28,31,32] and the handbook [38].
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Z(2) denotes the space of probability measures on 2. For any u € Z2(2), we identify u with
a measure on R¢ by setting w(R? \ ) = 0. Thus we have #(Q2) C & (R?). In what follows we
will mainly work on Z(R%). We endow 22 (R¢) with the following topology:

Definition 2.1 (Narrow convergence [28, §5.1]). We say that a sequence (u,) C & (R?) is nar-
rowly convergent to u € Z(R?) as n — oo if

lim /f(x)dun(X)=/f(X)du(x)
n—o0
R4 R?
for every function f € Cj,(R?), the space of continuous and bounded real functions defined
on R,

We define the subset 22,(R?) of Z2(R%) by

PH([RY) = Me@(Rd):/|x|2du(x)<oo

R4

For Q c R?, we identify 22, (Q2) with the set of measures ju€ 22, (R?) such that ;o (R4 \ €2) =0.
If © is bounded, then £%,(L2) coincides with Z(2).

Definition 2.2 (Push-forward [28, §5.2]). Let u,v € Z(R?). If, for a u-measurable map ¢ :
R? — R? and for every f € Cp(RY), it holds that

/f(y)dV(y)=/f(t(x))du(x),
R4

R4

then we say that v is a push-forward of p through ¢ and denote it by v = tyu.

Remark 2.1. Note that, in the special case where u, v possess density functions du(x) :=
u(x)dx, dv(y) :=v(y)dy, and if ¢ is a diffeomorphism, then we have

v(t(x))det(Dt(x)) =u(x).
Hence,
tr(u(x)dx) = u(t~ ' (x))det (Dt~ (x)) dx.

Definition 2.3 (Wasserstein distance [28, §7.1], [31, Def. 6.1]). The Wasserstein distance dy is
defined by

d%(w,v)= inf /|x—y|2dp(x,y>
pel(u,v)
R4 x R4
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where the set I'(i, v) of transport plans between p and v is defined by

F(u,v):={p e PRI x RY): (x1)4p = p and (m2)4p = v}
with 1 (x, y) =x and ma(x, y) =y, that is,
| twar=[swan [ rorap= [ rora
RY xR4 R4 RI xRA R4
forevery f € Cp (R), where Z(R? x R?) denotes the set of probability measures on RY x R4,
The space (22> (R%), dw) is a complete metric space and is called the “Wasserstein space”

(see [28, Prop. 7.15], [31, Def. 6.4, Thm. 6.18]). We say that a set S C @(Rd) is “tight” if for
any ¢ > 0, there exists a compact set K, C R4 such that

pw@RINK,) <e forallped.
It is known that if S is tight, then S is relatively compact in 22 (R¢) with respect to the narrow
topology (Prokhorov’s compactness theorem; see for instance [39, I1I-59]). If € is a bounded

domain in R and if S ¢ Z(Q) (C Z(R?)), then it is clear that S is tight.

Proposition 2.4 (Lower semicontinuity of dw, [28, Lem. 7.1.4]). Let (in), (v,) C P2(RY) be
two tight sequences narrowly converging to i, v in 2(R%). Then

dw (u, v) < liminfdw (p, vn).
n—>oo

Proposition 2.5 (Brenier’s theorem [38, Thm. 2.3], [32, Thm. 2.12]). Let w,v € P>(R4). If
is absolutely continuous with respect to the Lebesgue measure £°, then there exist the optimal
transport plan py and the optimal transport map t;‘i such that po = (id x t;)#u and

& (11, v) = / x — yPdpotx. y)
R4 xR

= / v — 2,01 dp(x)
R4

o {t:v=tyn

= inf /|x—t(x)|2du(x).
}Rd

Moreover, the map t; coincides -a.e. with the gradient of a convex function ¢.

In the rest of the this paper, we identify the probability measure v = u.Z“ with its density u
and write u instead of u.Z?.
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3. Reformulation of the problem

In this section we reformulate the system (1.1) as a gradient flow in the Wasserstein space and
define a time-discretization scheme for this new system.

3.1. Gradient flows in the Wasserstein space

Since the pioneering work of Jordan, Kinderlehrer and Otto [26], there have been many works
that interpret the following type of evolution equation as a gradient flow on the Wasserstein
space:

Jqu=V- (uV (i—"b)) in R? x (0, 00), (3.1)

u

where 6¢/Su denotes the first variation of a functional ¢ and V denotes differentiation with
respect to the space variable x. Since (3.1) conserves the mass fRd u dx, by normalization one

can assume
/udx =1;

R4

hence u can be regarded as a probability measure, and thus there is room for interpreting (3.1) as
an evolution equation on the space of probability measures — more specifically the Wasserstein
space. However, it is not easy to directly interpret (3.1) as a gradient flow, as the Wasserstein
space does not possess adequate differential structure. Given such difficulty, a usual strategy is
first to consider time-discretization of (3.1) based on the following steepest descent scheme: Let
7 > 0 be the time step size and u(t) be the initial data. One then recursively defines u’; by

1

5 d%v(u,u’;—l)} fork=1,2,3,..., (3.2)
T

uli € argmin {¢(u)+
ue P (R9)

where “argmin” denotes the set of minimizers. In order for this minimizing problem to be solv-
able, one assumes that ¢ («) is coercive and lower semicontinuous, and possesses some sort of
compactness properties. One then considers the limit of (u’é)keN as T — 0, which clearly exists
for some sequence 7, — 0 because of the compactness. The central issue is how to prove that
the limit function is a weak solution of (3.1).

There are two different approaches for this last step. One approach, found in [27,22,23,26,
30,24,25], is to use the Euler—Lagrange equation associated with (3.2). We will explain more
about this approach below. The other approach, found in [28,29], uses the concept of “curves of
maximal slope” on abstract metric spaces and proves first that the limit of (ulg)keN is indeed a
curve of maximal slope in the Wasserstein space. Then, characterization of curves of maximal
slope in terms of subdifferentials shows that this limit function satisfies (3.1) in the weak sense.
Both approaches have their advantages, but we will adopt the former one in the present paper.

Now let us explain more about this former approach. For each k € N, let [;(u) denote the
functional on the right-hand side of (3.2). Then, for each ¢ € CX° (Rd), h € R, we consider a
perturbation of u € 22, (R?) in the form of the push-forward (id + hV¢)gu. Here |h| is chosen
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sufficiently small (say, |k| < §p) so that (id + hV¢) is a diffeomorphism on R?. Then, since
(id + hVQ)gu € P> (RY), by the minimality (3.2) we have

Liuk) = l}?‘mal Li((id + hVT)gu®).
<00

Differentiating the functional I; on the right-hand side with respect to /4 and setting & = 0,
we obtain, at least formally, the following identity (cf. Lemmas 5.5 and 5.8):

uk — k-1 8¢ ‘
Y c¢dx+ [ (V= ].V¢)u;dx =0(1).
T Su
Q Q

This is the Euler—Lagrange equation. From its form it is clear that this equation converges for-
mally to a weak form of (3.1) as 7 — 0. As (u’;)keN is defined by a steepest descent scheme, this
gives an (indirect) interpretation of (3.1) as a gradient flow.

Now let us come back to our problem (1.1). As is easily seen, (1.1) is formally written as

follows:
8
dqu=V- <uv <ﬂ>> :
Su
8
£d,v = — o (ﬂ) ]
X \ dv

By an analogy with (3.1), this expression suggests that (1.1) may be interpreted (at least formally)

as a gradient flow in the product space of the Wasserstein space and L>-space. We will see that
this interpretation can be justified rigorously.

(3.3)

3.2. Construction of time-discretized solutions

In this subsection, we construct a time-discretized solution associated with the system (1.1).
We begin by normalizing u. We make the change of variables

u ~
i=—, i=M"""t, where M:= /udx,
M
Q
along with the new parameters:
c= X ioM" e, a=aM (3.4)
X - Mm71 ’ - ’ - . K

Then (i, v) satisfies the same equations as (1.1) with the above new parameters and the new time
variable 7; furthermore, we have fQ udx = 1. Therefore, in what follows it suffices to consider
only the solution of (1.1) that satisfies

/ wodx = 1. (3.5)

Q
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Remark 3.1. When m =2 — 2/d, by Theorem 1.1, we have

~ o~ -~ g M*(“vad)
M (a, x,d)=(ax) ZM*(I’l’d)ZT (3.6)
Therefore, whether or not the mass M is below the threshold value M, in the original parameters
is equivalent to whether or not M, (&, x,d) > 1 in the new parameters. In the rest of this subsec-
tion, the new parameters &, x, &, ig, # will be denoted by «, x, &, ug, u for notational simplicity.

Now, we divide the time interval [0, co) into sub-intervals with length 7 > 0. Let (ug, v?) =
(ug, vo) be initial data and we recursively define (ulé, v’T‘) fork=1,2,3,... by

k : k=1 ex k=12
vk & argmin {0k~ )+ 20— o g
veH)(Q)
| (3.7)

u];e argmin {(ﬁm(u,vf)—l—z d%,(u,u/;—l)}’
T

ue P()

k

that is, v; minimizes

€
—X||v—vlr‘

v Pl v) + M2 in Hy ()

and uX minimizes

1
U g (u, V5) + Zarﬁv(u, uk=h in 25(Q).

Thus the recursive procedure (uX~!, vA=1) > (¥, vk) at each time step consists of minimizing

v and u alternately instead of minimizing them at once. We may therefore call (3.7) a “splitting
scheme”. The reason for adopting this splitting scheme is that it makes each minimizing proce-
dure easier to handle as we only need to consider minimization in one variable rather than two.

Proposition 3.1. Let ug € L?() N L™(Q) with ug > 0 and vy € Hy (Q) with vy > 0. As-
sume (3.5). Then ulg and v]TC are uniquely defined and non-negative for all k € N. Moreover,
if My = My (t, x,m,d) > 1, then there exists a constant Co := Co(a, x,m, d, ug, vo) such that

luk i@y + IVVEll 2y < Co forallk e N. (3.8)

Definition 3.2 (Discrete solutions). Given a solution (u’§, v't‘) reN of (3.7), we define the piecewise
constant interpolation

k- fort e ((k— 1), kt],
v (t) :=vk  fort e ((k—1r,kt].

We call (u;, v;) adiscrete solution.
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Theorem 1.4 and Theorem 1.5 are consequences of the following theorem:

Theorem 3.3 (Lyapunov solution). Let ug € L*(2) N L™ (S2) with ug > 0 and vy € H(} (2) with
vo > 0. Assume (3.5) and My = M (a, x,m,d) > 1. Then there exists a sequence t, with t, | 0
and a limit function (u, v) such that

Uz, (1) = u(t) weakly in L™ (2), Vt=>0,
Uy, (1) = v(t) weakly in H} (), ¥t >0.

The limit function (u, v) is a time-global weak solution of (1.1) and satisfies the energy dissipative
inequality (1.6) in Theorem 1.5.

Remark 3.2. Note that the uniqueness of the solution of (1.1) (for each given initial data) is not
known.

We prove Proposition 3.1 in §4 and Theorem 3.3 in §5 except the energy dissipative inequal-
ity (1.6), which will be proved in §6.

4. Variational analysis
In this section, we give a proof of Theorem 1.1, Theorem 1.2 and Proposition 3.1. Here and
throughout the rest of the paper, the symbol || - || » stands for the norm || - || .» (), unless otherwise

stated. We begin with some preliminary estimates.
By the Holder inequality, the Sobolev inequality, and the interpolation inequality, we have

/uvdx <l o 0l 2
L2 L2

& (4.1)
< .
< Cllull 20, 1Vl 2
1-6y.,.10
< Csllull,, " llullzm VUl L2
Here we have 60 = Z’Z’iﬁ’dn__zl)) € (0, 1) since d > 2 implies 1 < % < Z(dd_l) < m. The constant C;

denotes the best Sobolev constant for the embedding H! (Q)— L ) (2). We define C,, and C,
by

Cs ifm>2—2

q - ||uvn|1|/L21 o %’ 42)
wu,0)eV(Q) |lu ullym IVvll;2
u;#OIIMJHQIIIQ

where Y(Q2) := {(u,v) € (Ll(SZ) N L’”(Q)) X HI(Q)}. Note that 6 = % when m =2 —2/d
and that H'(Q) coincides with H(} (R2) if @ is bounded. It is obvious that C, < C; from the
inequality (4.1). Using this constant C,, and Young’s inequality, for any 8 > O we have
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1-60 0
/uvdXSCmIIMIILl lallzm VOl 2
Q

/3 201-6
=2 ||Lm+—||wn

2

Hence, it holds that

1 BxC x (1
b, v) > el — '"|| N3+ 2 (= = - ) 1Vl (4.3)
m—1 2 \«a

/3

Particularly, if m =2 — 2/d, then letting 8 = o + 6 with § > 0, (4.3) reduces to

axCs (o @+ 2/d Sx 2
Gm(u, v) > T* <M1 || I ) lullfm + mIIVUIILz, 4.4)

where M| is the constant defined by

) dj2
M= (ereeer) )

Now we are ready to prove Theorem 1.1 and Theorem 1.2.

Proof of Theorem 1.2. The condition m > 2 — 2/d implies 26 < m in (4.3). Consequently, the
sum of the first term and the second term in the right-hand side of (4.3) is estimated from below
by m lull'n — C if the constant C > 0 is chosen sufficiently large. Therefore, letting g = 2
in (4.3), we have

Gm(u,v) = S s—lulfn + ™ ||VU||%2 —C>-00 (4.6)

-1

on Xr(€2) for any M = |lu|| ;1. This implies M, = 400 in this case. O
Next, we consider the case of m =2 —2/d.

Proof of Theorem 1.1. From the estimate (4.4) with § = 0, it is clear that ¢,, is bounded from
below as long as ||u||;1 < M;. Thus we have M, > M.

Next we show that M > M,. Without loss of generality, we can assume that €2 contains the
origin. We define the operator 7;, 1, : (4, v) € Xy () — (U, V) € Xy (RY) by

Vx):

v Munax) ifaxeQ, A Pv(nmx)  ifax e,
X) . = =
0 if \jx e R4\ Q, 0 if jx e R\ Q,

for A1, A2 > 0. We identify (u, v) € Xp(S2) with 711 (4, v) € Xm (Rd). Then we can express ¢y,
as
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1
Om (U, v;0, X, ¥) ::—/umdx—x/uvdx—f—i/|Vv|2+yv2dx.
m—1 2a
R4 R4 R4

One can easily check that for (U, V) = 7,.1(#, v) and ¥ > 0,

O (U, Vi e, Xies Vi) = Kd_2¢m(14, vie, x, v) and Ul pigay = lull 1)
“4.7)

where o =——, xe=k"""x, ]/KZKz)/.

That is, the lower boundedness of ¢,, (i, v; &, x, ) is equivalent to that of ¢, (U, V; ., Xi» Vi)
for fixed «.

We now investigate the lower boundedness of ¢, (U, V; ok, Xk, ¥ic).- From the definition of
the constant Cy, for any § > 0, there exists a pair (us, vs) € X7 (€2) such that

1/d 2
lusvsll 1 = (Coc— $)llus )\ s I 1V vl 2.

Then the pair (Us, Vs) := Te.1(us, vs) € Xy (Rd) also satisfies

1/d
L1(Rd)

m/2

1Us Vsl 1 ray = (Cx — HI1Usl 1T o gy

IVVsllp2way-

Let us assume that M := |lus|l 1 (q) = |Usll L1 (gey > M1 and we choose § such that

Cy —8)?
Mf/d——( L "y <,
C*
Let
1/d 2
e _ (@€ = ONUsI o sl
IV Vsl 12 wa)
) IV Vsl 12 wa)
or equivalently o, = 1/d 2
(C* - 8)” U(S ”Ll(Rd) ”U(S ”Lm(Rd)
Then we have
1/d 2
1Us Vsl 1y = (Ce = ONUsl i 1Us e 1V Vil 2 ey
2/d
a(Co = 821 Us 13 (N U o L
= 2 20[,( 8 L2(Rd)"

Consequently, it holds that
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XV
O (Us, Vs; o, Xes Vi) — o K/Vszdx

20,

R4
S X Gy a (Co= 8 g o
T G e 1Us 17 gy

Letting W), V(L) = Tr.2.(Us, Vs), we have

~ ~ _ X X ~
(U, V) =297 | ¢ (Us, Vi) — zf”/v,szdx +%/v2(x>dx
K K
R4 R4

2 2
d—2 % X Cs 2/d (Cx—9) 2/d m d—4 Xk Ve 2
= A 2 (M] C% M ”U(SHL’"(Rd) +)‘* 205/( ||V5||L2(Rd)
— —00, (A— +00).
Therefore, we obtain M| > M, and hence
> dJ2
M=M= —— . 4.8

Finally, we show that M, is independent of the choice of 2. For that purpose, we denote the
value Cy in (4.2) by C4(€2), in order to clarify its dependence on the domain. Then, from (1.4),
it suffices to prove that C,(£2) is independent of the choice of 2. We denote by Br an open
ball in R¢ with center at 0 and radius R. We can choose R;, Ry > 0 such that Br, C Q C Bg,
since €2 is bounded and contains the origin. It is obvious that C.(Bg,) < C4(2) < C.(Bg,) by
zero-extensions. Define

luv|l 1 (Ra
J W, v) = 7 m/LQ(R) .
||u||Ll(Rd)||u||Lm(]Rd)||Vv”L2(Rd)

From the definition of Cy(Bg,), for any § > 0, there exists a pair (us, vs) € Y (Bg,) such that
J (us, vs) > Cx(Bg,) — 8.

Taking into account that J(u, v) is invariant under the operator 7,  and that 7, ;(us, vs) €
Y(Bg,) if A > R2/R1, we have

Cy«(Br)) = T (Thx(us, vs)) = T (us5,vs) = Cx(Bg,) —8 for A > Ry/R;.

This implies that C«(Bg,) > C«(Bg,) and thus we have C.(Bg,) = C«(Bg,) = C«(R2). There-
fore, M, is independent of the choice of Q2. O

Proposition 4.1. It holds that C.(2) = C+(R?) for any bounded domain @ C R4,
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Proof. C,(Q) < C,(R?) is trivial by definition. We show the opposite relation. By definition,
for any & > 0 there exists a pair (U, V;) € (L' N L™)(R?) x H(RY) such that U, £0, V, £ 0
and

&
JUe, Vo) + 5 > C.(RY).

On the other hand, since C2°(R?) is dense in (L' N L™)(R?) and in H'(R?), there exists a
sequence {(un, vy)} C CE?O(R") x C (R9)Y such that

up — Us in (L' N L™ (R?) and Vv, — VVs in LZ(RY).

Then if n is sufficiently large we have
e
[T (Us, Vs) = J (un, vn)| < 5.

In fact, by using the estimate (4.1),

/Usvedx_/unvndx 5/(|U£_un||va|+|Un||V8_vn|)dx

R4 R4 R4
1/d 2 1/d 2
= € (1 = tall N0 =l Z209 Vell 2+ 105 Nt 74719 Ve = Va2 )

and we can deduce that the numerator of J(u,, v,) converges to that of J(Us, Vs). It is clear
that the denominator of J (u,, v,) converges to that of J(Us, Vs). Hence J (u,, v,) converges to
J (Us, Vs). Since the support of u,, is bounded we already seen that

Ci(2) = J (un, vp)
for any bounded domain € ¢ R¥. Thus we have
Ca(R) = J (tn, va) = Cx(RY) — &,
which implies that C(22) > C.(R?). O

The next proposition implies that M, is equal to the sharp critical mass M, for the parabolic—
elliptic case (see Blanchet et al. [14]).

Proposition 4.2 (Alternative definitions of Cy). Let KC be the fundamental solution of —A in R,
d > 2, that is,

_ 9
T 2d -2l

Then it holds that
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K = yu@uy)

a4
R4 xRd Ll(]Rd)

Cc2= sup

2 dxdy ¢ . 4.9)
ue(LT®RHNL™ (R9))\{0}

m
||l/l ”L'”(Rd)

Proof. Throughout this proof, the norm | - |[» stands for || - || p(ga). From Remark 4.1, we can
redefine C by

Jga uvdx

up 9
2/d 2
(u,v)eY(RY) ”M”Ll ”“”TmnvanZ
u,v£0

Ci =

where
YR = [(u, V) € (Ll(Rd) n L’”(Rd)) x H' R u>0,v> 0}.

We define the functional A, (v) by A, (v) := IIVvlliz/(fRd uvdx)?. Then

) (fga uvdx)?
Ci= sup 27d) 2
wwey®) llull}y lullfm IVVll;,
u,v#0

1 1
sup —— T  sup ( )}
ue(Ll(Rd)ﬂLwRd»\{O}!||uI|L/1 leell 7o verit @y oy \ Au(V)

sup 37d ~ -
ue'®HNLm®RONO) | Nullyy Nullfm — inf Ay (v)
veH'! (RH\{0)

Here one can characterize the function v which attains inf A, (v) by the Euler—Lagrange equa-
v

tion. Let (v;) C Hl(Rd) be a minimizing sequence of A, (v). Then (V;) := (v;/||Vvjl2) is
also a minimizing sequence of A, (v) since A,(V;) = A, (v;). So [|[VV;|l 2 = 1, there exists a
subsequence, still denoted by V; and V, such that

VV, — VV weakly in L2(RY), V; — V weakly in L7 (RY).

It is clear that |[VV| ;2 <liminf;_, [|[VV}]|;2. By the interpolation inequality, u € L'®RY) N
L™ (R%) belongs to L i (R?), the dual space of L% (R?). Therefore, we obtain

lim udex=/qux
J—>00
R4 R4

and hence A, (V) <liminf; .. A,(V;). This implies the existence of a minimizer of A, (v).
Thanks to the calculus of variation, the function v, which attains min A, (v) is given by
v
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—Avy = /uv*dx Ay (v u.
R4

By using the fundamental solution KC of the Laplace operator —A, we can write

Vg = /uv*dx Ay () xu.
R4

Multiplying both sides by « and integrating on R?, we see that

/ K(x — yyu(u(y) dxdy.

R4 xRR4

1an (v)

As a consequence, (4.9) holds. O

Proof of Proposition 3.1. In what follows, all the parameters are understood to be normalized
ones as in Subsection 3.2. In particular, (3.5) holds. First, we show that v’r‘ is solvable under the
assumption that u’;_l and v’,‘ ~1 are solvable. Let (v ;) be a minimizing sequence of

k—1 eX k—1)2
V> @ (7 ,U)+M—T||U—Uf 725

and I; be the infimum of the right-hand side. Choosing B8 to be o < 8 in (4.3), we see
that ||Vv;|l;2 is bounded and that I; has a finite value. Therefore, there exist a subsequence
of (vj), still denoted by (v;), and a function v, € HOI(Q) such that (v;) converges to vso

weakly in HO1 (R2) and hence in L% (£2). Taking into account that fQ u’é‘lv jdx converges to
2d
fQ u’i_lvoo dx since ulé_l € (LY (Q) N L™(Q)) C L7+ (), one sees that

k—1 X k=12
Om (U7 ’Uoo)‘i‘E”voo_vr 72 < Ik

Since the opposite inequality is obvious, we have

_ k—1 €X k=12
—¢m(”1— 7v00)+ﬁ||v00_v'[ ”LZ'

Therefore, one can define v’r‘ by vo.
Next, we show that ulg is solvable by a similar argument. Let u ; be a minimizing sequence of

1 _
U > G (u, 05) + Zd%v(u, uk=h,

and J; be the infimum of the right-hand side. If m > 2 — 2/d, it is clear from (4.6) that
lujllm is bounded and Ji has a finite value. In the case m =2 — 2/d, choosing B to be

B<2/(x(m— 1)C2||u||2/d) in (4.3), we see that |lu;||z» is bounded and that J; has a finite
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value. Therefore, there exist a subsequence, still denoted by (u;), and a function us, € L™ (£2)
such that (u ;) converges to us, weakly in L™ (£2). Taking into account the lower semicontinuity
of the Wasserstein distance with respect to the narrow convergence (Proposition 2.4) which is
weaker than the weak convergence in L™ (£2), we see that 1, is indeed a minimizer of the above
functional. Thus, one can define u’§ by Ueo-

In the case m > 2 — 2/d, the estimate (3.8) is clear from (4.6). In the case m =2 — 2/d,
from (4.4), we see that (3.8) holds if M, := M; > 1.

The uniqueness of ¥ and v¥ follows from the strict convexity of v > ¢, (u¥~1, v), v >
lv — vk 1||22 and u — ¢, (u, v’T‘), and the convexity of u — d‘%v (u, u’i‘l) (see for instance [24,
Prop. A.1]).

Finally, we prove that for any t > 0 and k € N, the functions uf and v’j are non-negative. The
non-negativity of ulg is clear because u’; belongs to %2, (£2). Consequently, it holds that

G W10 > (W1 105 ). (4.10)

We prove v’t‘ > 0 by induction in k. For k = 0, we have v?

triangle inequality,

= vg > 0 by the assumption. By the
|v’r‘| — |v'§’1|| < IUI; — v’r"] |. Therefore, if v’;’] > (0, then we have

1ok =51 o < ok — k1) o (4.11)

Combining (4.10) and (4.11), we obtain

k— 1 k k 1 k—1 k—1
b (s~ >+ ||v 172 > @ i, 05 |)+2 [l
Since v¥ is the unique minimizer of the functional
k-1 ex k=12
v'_)¢m(uf ’lD—i_E”U_UT ”LZ’
we have |v | = v . Therefore, if the initial data vg is non-negative, then v is also non-negative

for any 7 >OandkeN. a
5. Time-discretization method

We saw in the previous section that the discrete solutions (u;, v;) defined in (3.2) exist for
any 7 > 0. In this section, we prove that there exists a sequence (t,) with 7, | 0 such that the
sequence (i, , Uy,) of discrete solutions converges to a time-global solution of (1.1), provided
that M, > 1.

Here and in what follows the parameters «, x, € and u, ug, ¢t are understood to be normalized
as in Subsection 3.2. Thus, throughout the rest of the paper, we assume that (3.5) and M,. > 1. By
Theorem 1.1, Theorem 1.2 and Proposition 3.1, these assumptions induce the lower boundedness
of ¢, and the estimate (3.8).
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5.1. Some fundamental estimates for discrete solutions

In this subsection, we establish fundamental estimates for the discrete solutions and show
that the discrete solution (u;, v;) converges weakly in L™ () x HO1 (£2) for some sequence T =
7, 0.

Let us recall the definition of the metric slope. The metric slope is the equivalent of the normed
value of a gradient of a functional in Hilbert space.

Definition 5.1 (Metric slopes [28, Def. 1.2.4]). Define the distances d; and d; by

di(uy, u2) :=dw i, up)  foruy,uz € 22(Q) € P (RY),

4
da(v1,v2) =\ [Zlvr = walla forvi, v € L(Q).

The metric slopes |01¢m | (u, v) and |02¢:, | (u, v) of ¢y, at (u, v) € D(¢y,) is defined by

=\t
|01¢m | (u, v) :=limsup (&m (u, v) — (@i, v))

IZ%M dl (Mv ﬁ)

S+
192¢hm | (11, v) = lim sup (fn 0, 0) — $m(@, D) ,
v dr(v, v)

’

where D(¢,,) denotes the effective domain of ¢,,, that is,

D(pm) :=={(u, v); ¢m(u, v) < +o00}.
We also define D(|01¢,,|) and D(|02¢,,|) likewise.

Lemma 5.2 (Fundamental estimates [28, Lem. 3.1.3, Lem. 3.2.2], [32, §8.4.1]). Our recursive
scheme (3.7) yields the following estimates:

(i) Slope estimate: fork=1,2,3,...

k  k—1
91 i, vy < St

t 5.1
dr (VK vk

k=1 .k
102G |(uz ", v7) < .

(i) Energy estimate:

sup g (%, v5) < gy (o, v0).
k>0
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(iii) Total square distance estimate: for any N € N,

N
Yo [drwk k™) + dd ok vEh | < 20 o, vo) — inf ).
k=1

(iv) Gradient energy estimate: for any T > 0,

T T
/ |91 (@ (1), Ve (1)) dt + / |92¢0m | (u, (1), U (1)) dt
0 0

< 2(¢m (o, Vo) — ¢m (U= (T), v(T))),

where (U, v;) is a discrete solution defined in Definition 3.2 and u,(t) := u’é_lfort S
(k=D ktl, ie, u (1) =u(t — 7).

Proof. We first show the estimate (i). Let (ux, vs) € D(¢;,) be given. If u, € argmin {¢>m (u, vy)
ue P (Q)

1
+5-di ) } then it follows that
T

1

5 di (u, uy)

1
G, v2) + —di 1) < (1, 0.) +
for all u € 2,(K2), and then
1 2 1 2
Om Uz, Vi) — P (U, V) < 2—d1 (u, uy) — =—di (ur, uy)
T 2T
1
= E(dl (u,uy) — dy (ur, u)) (di (u, us) + di (e, 1))
1
= 5o dius, w)(dy (u, uy) + dy (ur, uy)).

Hence we have

(d’m(“ra Vx) — O (u, v*))+

|8l¢m|(ur, U*) = limsup

U—>ug dl (ufv u) (5 2)
. 1 di(ug,u
<limsup _(dl (u, uy) +dy(ue, u*)) = M
U—ur 2t T
.. . L 5 .
Similarly, for v; € argmin { ¢, (s, v) + =—d5 (v, v4) ¢, we obtain
veH! (Q) 2t
dr(vr, v4)
|92 | (e, v7) < ———2. (5.3)

Therefore, by the definitions of u’§ and v’; , the estimates (5.1) hold.
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Next, from the definition of u’t‘ and v]t‘, it is obvious that

1 ~ _
¢m(u'§,v'§)+§d12(u'§,u’§ ) < g @108y,
_ 1 _ _ _
O l,vf)+§d§(v'§,v'§ D < g @h=1 ok,

Combining both inequalities, we obtain

1 _ _ _ _
¢m(uf,vlf‘)+z[d12(u’§,u’; 1)+d22(v1§,u’; 1)]§¢m(14,§ 171;’; Y

The statements (ii) and (iii) follow from this inequality.
Finally, from (i) and (iii), we have

T T

/|81¢m|2(ﬁr’vr)dt+/|82¢m|2(ﬂpir)dt

0 0

N
=Y (1019m Pk, o5 + 29 P! 0y

k=1

N

1 _ _

5; E (dlz(u];,uli 1)+d22(v1r‘,v'r‘ 1))
k=1

< 2(pm (uo, v0) — Pm (U (1), v (T))). O
Lemma 5.3 (Convergence of discrete solutions [28, Prop. 3.3.1], [32, §8.4.1]). There exist a

sequence (Ux,, Vr,) of discrete solutions with t, |, 0 and a function (u,v) € L™(2) x HO1 ()
such that

Uz, (1) = u(t) weakly in L™ (2), Vt >0,
(5.4)
s, (1) — v(t) weakly in H} (Q2), V¥t >0.

Proof. Let w; := (u;,v;) and define the distance d by d? = dl2 + dzz. First, we show that
dw. (1), w.(s)) < C/|t —s|. Without loss of generality, we can assume s < ¢. There exist
£1, £, € N such that

U1—Drt<s<lit, Urp— 1Dt <t =<t

By the triangle inequality, the Cauchy—Schwarz inequality and Lemma 5.2-(iii), we have

1/2
2 Lo ook k=1
Pk,
d@ O, TN < Y dwhwt < =y | 3 Lot )
k=01+1 041 T (5.5)

< V2(@m(uo, vo) — inf ) (t — 5).
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From the estimate (3.8), for each fixed 7, {w (¢)};~¢ is relatively weakly compact in L™ (£2) x
HO1 (£2). Hence by [28, Prop. 3.3.1], our assertion holds true. 0O

5.2. Regularity of discrete solutions

The aim of this subsection is to derive the Euler—Lagrange equations satisfied by discrete
solutions at each time step. By our minimizing scheme (3.7), the discrete solutions possess a
certain regularity, which enables us to derive the Euler—Lagrange equations.

First, given § € C° (R?; R?), we calculate the derivative of ¢,, with respect to the perturba-
tion (id 4 t&)yu as t — 0. Similar perturbations can be found in [26] and [28, §10.4.1]. Since
the range of (id + t£) lies on R? rather than €, this perturbation requires the extension of the
domain of the functions u and v. Therefore, we extend the domain of # and v from 2 to RY.
More precisely, we extend u by setting u = 0 outside 2. As for v, we use a standard extension
operator from W>2(2) to W22 (R?) (see for instance [40, Thm. 4.26]).

Lemma 54.Let 1 < p <oo and & € Cfo(Rd; RY). If v, converges to v in LP(RY), then for
8 > 0 small enough and for every t € [0, 8], v, (id + t&) converges to v(id + t&) in LP(R?). In
addition, it holds that

lvn(id +18) — v(id + &)l p(ray < Csllvn — vlippwey 1 €10,8],
where Cs is a positive constant depending on § and &.

Proof. Let r;(x) := x + t&(x). Note that for ¢ small enough, r; isa C 1 diffeomorphism and
det Dr; > O since & € Cfo(Rd; RY). By the change of variables y = r;(x), we have

/Ivn(rt(X)) —v(r(x)|Pdx = / v (y) — v()|P det(Dr; ! () dy
R4 R4

= sup  (detDr7 o)) v = vlL ey O
(y,1)eR4 x[0,5]

Lemma 5.5 (Gdteaux derivatives). If (u, v) € D(|01¢m]) and v € W*2(), then Vu™ € L1(Q)
and for any & € C2° (R?; R?) the function t > ¢ ((id + t&)gu, v) is differentiable at t = 0 with

d
E[@n((id + 1&)4u,v)] L:oz /(Wm — xuVv, &) dx,
Q

5.6
IVu™ — xuVv|? 2 ©.6)
76196 < 1019m|"(u, v).

Q

On the other hand, if (u,v) € D(|02¢m]) and u € L%(Q), then Av € L%(Q) and for any n €
C2°(R2) the function t — ¢y, (1, v + tn) is differentiable at t = 0 with
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d X
E[‘Pm(u,v%-“?)] ‘t:O_ ;/(—Av—i-yv—au)ndx,
Q

(5.7)
i/|Av—yv+au|2dx < 182¢m 2 (11, v).
oE

Q

Remark 5.1. The inequality in (5.6) means

/|g1|2udx < 181w > (u, v)
Q

with

Vu™ — yuVv
glzixontheset{xeﬂzu>0}.
u

Proof of Lemma 5.5. Let us suppose (u, v) € D(|d1¢n|) and v € W>2(K). Define

m—1
Q Q

1
Flu]l i = —— | u"dx, I(u,v)::—)(/uvdx.

Leté e C2° (RY; R?) and u; := (id +1&)su. By the definition of the push-forward and the change
of variables, one easily obtains the relation:

uy(x +t€(x))det(id + t D& (x)) = u(x).

Using this relation and taking into account that (det (id 4+ t D&(x)) — 1)/t uniformly converges
to div € in 2, we have

N L) i ) SR /( - ! —1>um(x)dx
=0 t 10 (m — 1)t | \ (det(id + t D& (x)))"—1
Q
= —/um(x) div& dx.
Q

Next we calculate

. A, v) — 1 (u,v)
lim .
t—0 t

Recall that v € WZ’Z(Q) > W2'2(Rd) by the extension operator (see for instance [40,
Thm. 4.26]). Let (v,)uen C C?O(Rd) be a sequence converging to v in WZZ(RY). We define
the following two functions:

1(t) = —X/v(x—}-t‘g'(x))u(x)dx, I,(t) = —X/Un(x+t§(x))u(x)dx.

Q Q
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By Lemma 5.4, I, (¢) converges to I (¢) uniformly in [0, §] and ) (¢) converges to

I'(t):=—x /(Vv(x +1&(x)), E(x))u(x)dx  uniformly in [0, 8].
Q

Here, note that 1’(¢) is not defined if (u, v) is only assumed to be in the effective domain of ¢y,
that is, u € L™ (2) and v € H' () and this is the reason for requiring more regularity. Therefore,
I (t) is differentiable in (0, §) and it holds that

lim T, v) — 1, v) =1'0)=—x /(Vv(x), Su(x)dx.

t—0 t
Q

On the other hand, since u, = (id + t&)3u, Brenier’s theorem (Proposition 2.5) gives

dlz(u, u;) ;= inf /|x — t(x)|2u dx <t /|‘;‘|2udx
{t:u;=tyu}

]Ra'
and hence

) dy(u, ur)
limsup ———= < [1§ 12,
t—0 t

Combining all the relations above and recalling Definition 5.1, we obtain

/ u™ divé + x(Vv, §)udx = lim G (U, V) — G (ur, v)

t—0 t
Q
<1 (Dm (u, v) — @ (us, U))+ dy(u, uy)
< limsup
=0 di(u, ur) t
< 1010wl (u, U)”E”LQ(M)
< [01@m|(u, v)[|§] L.

Since u € (L'(Q) N L™(Q)) C LJ%(Q) and v € W>2(Q), the Sobolev embedding theorem
ensures that u|Vv| € L' (). This and the above estimate imply

/um divE dx < (10161t ) + x 1V 1) [1E]l Lo
Q

Hence, by the Riesz representation theorem, there exists an R9-valued measure L= (,uT, /L;,
.., i) such that

/ W divEdx = — Z/g,duj, (5.8)

Q i=lg
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where &€ = (§1, &2, ..., &4). Thus the above estimate can be rewritten as

d
Z/E,dM,wLx/ Vo, §)udx < 31|, V)1E] 20,
=g

Q

Again, by applying the Riesz representation theorem, there exists an R¢-valued function g €
L2(Q,RY) such that [|g1;2(,) < [31¢m|(u, v) and that

_Z/.gjdp,]—i-x/VvEudx——/(gl,g)udx. (5.9)

i=lg Q Q

Combining (5.8) and (5.9) yields
/u divEdx =— Z/éjduj / —ug) — xuVv, &)dx
Q =g

Here we note that ug; + xuVv € L'(€). Indeed, since llg1 ||L2(u) < 101¢m|(u, v), one has

1/2
gt < el i 1811 2y < 181m| (. v) < +o00,

and we have already seen that u|Vv| € L'(€2), which shows ug| + xuVv € L'(€). Thus the
above identity implies

ugy = Vu™ — yuVv
in the sense of distributions, which gives (5.6).

Next we prove (5.7). Let n € C2°(2) and v; := v + t5. Then, by the definitions of d, and the
metric slope |92¢, | (see Definition 5.1),

Gm (1, V) — P (u, vr)

t

X /(au —yv)n—(Vv, Vn)dx = lim
o t—0

i (P (, v) — P (u, V)T da(v, vy)
< limsup
t—0 dr(v, vy) t

EX
< /?|32¢m|(u,v)||77||L2-

As we are assuming (u, v) € D(|02¢,1), we have |02¢:,|(u, v) < co. Furthermore, since u €
L%(R2), the above inequality yields

/(Vv, Vn)dx < Clinll .2
Q
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for some constant C > 0, which implies Av € L?(£2). Consequently, we can rewrite the above
inequality as follows:

X &x
;(—Av +yv—oau,np =< v/ ;|32¢m|(14, v)lnll2,

from which we obtain

X
V e 180 vVt aulip2 < [02¢m|(, v).

The lemma is proved. O

Lemma 5.6. If (u, v) € D(|01¢m|) and v € W22(Q), then u belongs to L*(). Conversely, if
(u,v) € D(|02¢|) and u € LZ(Q), then v belongs to WZ’Z(Q).

Proof. By Lemma 5.5 and the Cauchy—Schwarz inequality, we have

) 172 172
Vu™ — xuV
/|Vu’"—xqu|dx§ /wdx /u(x)dx
u
Q Q Q

< 101¢m|(u, v).

Since v € W22(Q) ensures u|Vv| € L'(€2), we have
Vu™ |1 < 101¢m|(u, v) + xluVv| L. (5.10)

On the other hand, by the interpolation inequality, for 6 = %(2 —m)e[0,1]and p=7 > 1,it
holds that

p
p 1-6 0
u < u u
l I|L2_<II o I IILdmdl)

p—m m

= llullym |lu .

el ™ ™ o

Moreover, by the Sobolev inequality, there exists a constant C| depending only on d and €2 such
that

"l

llu <Cy (™I + 1IVu™ I 1) -

_d
Ld—1
Therefore we have u € L(2) and

llull?, < Ci laell? o™ (7 + 181 | e, v) + X [u Vvl L1) (5.11)

The second assertion follows from the estimate (5.7) and the L2-estimate lvllw22 < CllAvV|l;2
forve W»2(Q)NHJ(Q). O
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Corollary 5.7 (Regularity of discrete solutions). If ug € L*() and (ug, vo) € D(¢m), then it
holds that

(1) e L*(Q) V>0,

T (1) e WH2(Q) Vi >0.
Proof. From Lemma 5.2-(i), (ug, vi) € D(|02¢m|). From the assumption ug € L%(Q) and
Lemma 5.6, v} € W22(Q). Again, by Lemma 5.2-(i) and Lemma 5.6, (ul,v}) € D(|3;1¢ml)

and ui e LX(Q). Repeating this argument, we obtain u,(¢) € L23() and T, (r) € W22(Q) for
everyt>0. O

The following lemma is fundamental in the minimizing scheme with the Wasserstein distance.
One can find the proof in the section 5 of [26].

Lemma 5.8 (Gdteaux derivative of the Wasserstein distance). Let p := us? e P () and

Uy = ux L% € P>(R). Then for any & € C?o(Rd; RY), the function t > dlz((id + t&)uu, uy)
is differentiable at t = 0 and

d , .
Ed%((zd + 18w, uy)

1=l

= / (x — v, E()) dpa(x. y)

R4 xR4
where p is an optimal transport map from u to u.

Lemma 5.9 (Euler-Lagrange equations). Let {(ulé, vf)},‘ﬁo be a solution of the variational
scheme (3.7). Then for all ¢ € Cfo(Rd) and f € CX(Q), the function (ulé, v'r‘) satisfies the
following relations:

/(u’i —uk Npdx + 1 /(V(u’;)m — xuk ok, Ve)dx
Q Q
= 0(dp, (b, ut=1y), (5.12)

8/(1)1; — vk Yy dx —r/(Avf —yvf rautHy dx =o.
Q Q

Proof. Let & € C°(Q2; RY) and define U, := (id + t&)4u. Since u¥ is a minimizer of

1
ue P (Q) > {¢m(u, Vi) + Ed%(u, u’;‘l)} :
we have
1
G (Up, ) — o (ub, 0F) + > (d%(U,, Wk — dPlk, v’;)) > 0. (5.13)

Dividing both sides by # > 0 and passing to the limit as ¢ | 0, we obtain
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> 0.

d . 1. d? (U, b=y — d? b, v¥)
Lig,(U,. ‘ — 1
dt [¢m( t v‘[)] =0 + 21_ ( lnllis()up ¢

k

k. v=1%) and Lemma 5.8 (with

Consequently, we deduce from (5.6) in Lemma 5.5 (with u = u
u= uf, Uy = u];_l) that

/ (y = x, EM)dpr(x,y) +© /(V(ui)'” — xuf Vi, £)dx = 0.
R? xR4 Q
Similarly, dividing (5.13) by # < 0 and passing to the limit as ¢ 1 0, we obtain the opposite

inequality, hence

/ (y —x, EM)dp(x, y) + T /Mu’é)m — xukb vk E)ydx =0 (5.14)
R4 xR Q

for § € C2°(2; RRY). By Brenier’s theorem, there exists the optimal map #; : R — R? such that

// (y —x,&()dpr(x,y) =/(y—tk(y),é(y)>u'§(y)dy-

R4 xRd Rd
Therefore, the relation (5.14) leads to

id—t
Mu’é + V)" —ukvok =0 ae. onQ.

Taking the inner product of both sides with Vo, ¢ € C2° (R?), and integrating over €2, one sees
that

/(x — 1 (x), Vo))uk (x) dx + 1 /(V(uf)m — xuk V¥, Vo) dx =0.
Q Q

Here, by Taylor’s expansion ¢(¢x(x)) — ¢(x) = (Vo, ty —x) + O (|t (x) — x|?),

/(X — t(x), Vo)uk (x) dx

Q

_ / (0(x) — ot ()b (v) dx + / O(x — tr ()P dx
Q

Q

= /(u’; —uk N dx + O(dy, wk, uk~hy).
Q

Therefore, we obtain the first assertion of (5.12).
Considering the perturbation v’r‘ + i and the minimality of vlf‘, the second assertion of (5.12)
easily follows from (5.7). O
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5.3. Convergence to a solution of (1.1)

In this subsection, we prove the convergence result of Theorem 3.3. What we will show is
that the limit function (u, v) in (5.4) is a weak solution of (1.1). Furthermore, we prove that
convergence in (5.4) takes place in a stronger topology. We start by establishing the following

uniform estimate.

Lemma 5.10 (Uniform estimates). For p =2m/(d(2 — m)) and any T > 0,

T
sup/llﬁr(t)lli’idt < 400 (5.15)
>0
0
holds. In addition,
T T
sup/nw',"ui1 dt < +0o0, sup/l|Aﬁr||iz dt < +00
>0 >0
0 0

hold.

Proof. From the estimate (5.11) and Corollary 5.7, we have

= P p=m () — - = = =
%117 < Cullull L™ (1% 1 7m 4 101@m |G, U2) + x I VUl 2 |l 2) 5

where p =2m/(d(2 —m)) > m. Since p > 1, by Young’s inequality,

_ _ _ 1 _ p—1 _ _ _
Cillul 7" x IVl 2l || 2 < ;nufn’;z + T(Cm||u||’;mm||er||Lz)"/<P b,

and we deduce that

p—m
Ciplulyn

— P
||”r||L2§ Y

(1@ 115 + 181w @z, D)) + (Cry Nl VT |l 2)P/ P~V (5.16)

Since

T
laclizm, VU2, /|31¢m|2(ﬁr(t),5r(t))dt
0

are uniformly bounded from (3.8) and Lemma 5.2-(iv), integrating the square of (5.16)
over (0,7T), one obtains (5.15). Consequently, considering the estimates (5.10), (5.7) and
Lemma 5.2-(iv), the second and the third assertions hold. O
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Recall that there exists a sequence 7, with 7, | 0 such that, for every ¢t > 0, the sequence
of discrete solutions (i, (1), v, (t)) converges to some (u(t), v(¢)) weakly in L™ (£2) x HO1 (2)
(Lemma 5.3).

Now, we define

D (1) 1= 01 |* @ (1), V= (1)) + [d2¢hm | > (W= (1), V2 (1))
@ O+ IV D12, + AT )11,
+ [T Ol + VT ()] 2
and
Se(L):={t>0]| d.(t) > L}. (5.17)

Then from Proposition 3.1, Lemma 5.2-(iv) and Lemma 5.10, we have

[e.e]

/CI>r(t)dt < 400.

0
Consequently, for any T > 0 we have

1S:(L)| < %/cbr(t)dt—>0 (L — 00). (5.18)
0

o
First, we show that the following pointwise convergence holds at # € [0, 00) \ | Sz, (L).
n=1

Lemma 5.11 (Pointwise convergence). Let (u+,,Vr,) and (u,v) be as above. Assume that
sup,, &, (tp) < o0o. Then

n— 00
Q

lim / (Vg (to) — Xz, (1) VUz, (1), &) dx

= /(Vum(to) — xu(tp)Vu(t), &) dx,

Q

Jim_ / (AT, (10) = ¥, (10) + e, (1) dx
Q

=/(Av(to) — yvu(to) + au(ty) ¥ dx,
Q

holds for all § € C®°(RY; RY) and € CX(Q).
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Proof. By assumption we have

sup [91¢m | (i, (o), U, (f0)) < 400, sup |02, (u,, (10), Vg, (10)) < +00,
n n

sup ||u, (f0) |l ;2 < +00, sup ||Vﬁ¢fl (o)l < 400, sup ||V, (fo)ll w22 < +o00.
n n n

We drop #o for notational simplicity. The boundedness of ||u, ||.» and ||Vﬁ’r':l |1 imply that the

sequence (ﬁﬁfl)n is bounded in W11(€2), hence in BV(), functions of bounded variation. By
the compactness theorem for functions of bounded variation (see [41, Thm. 3.23]), a bounded
sequence in BV (£2) has a subsequence that is weakly* convergent in BV(£2), thus strongly con-
vergent in L' (£2). On the other hand, since U7, — u weakly in L™ (€2), we deduce that ﬁg —~y"
weakly* in BV(£2) without extracting a subsequence. That is,

7" —>u™  in LY(Q) (5.19)

n

and there exists an R?-valued measure = (w1, 12, ..., mg) such that

d
/(Vﬂﬁ,&)dx—) Z/éjdujz—/umdivsdx (5.20)

Q i=lg Q

for every & = (£1, &2, ..., £1) € CX(RY; RY).
On the other hand,

/(Vv,S)udx —/(VETM,S)ETM dx
¢ ¢ (5.21)

< /(Vv,&)(u—ﬁfn)dx +/|(VU—VETH,E)|ﬁfndx.
Q

Q
By the inequality |v|ly22 < liminf||vy, ||y22 < 400 and the Sobolev embedding theorem,
n—>oo

[(Vv, &)| € L% (£2), which also belongs to the dual space of L"(£2). Because of this, the first
term of the right-hand side in (5.21) tends to 0 as n — oo. The second term of the right-hand
side in (5.21) is estimated by

1§10 zee (Sup [, ||L2> Vv = Vg, || 2.
n

From the boundedness of |V, ||yy22 and Rellich’s compactness theorem, we see that the third
factor tends to 0 as n — oo. We thus have

/(ernvs)ﬁrn dx — /(Vv,’g‘)udx.
Q

Q
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In view of this and (5.20), one obtains

/(V_ — XU, VU, §) dx—>Z/§/d,u] —X/(Vv Eudx.

Q j=lg

This and (5.6) imply

5 [ i - / (Vo E)udx < Hminf 91 @, T2, €21,

j=lg

= timinf |91y | @, . U5, €] 20-
By the Riesz representation theorem, there exists g; € Lﬁ (2; ]Rd) such that
lgilly2 < liminf |91, Gz, Ds,)
and

d
Z/E,duj / (Vv, E)udx—/(gl,E)udx.
=g

Q

Therefore, we have

d
Z/Ejd,uj /ug1+Xqu,§)dx=—/umdiV§dx.

Q

Taking into account that ug| + xuVv € L' (), we have
ugi + yuVov =vu™

Combining all relations above, we obtain

lim [ (Vuy — xur, Vv, §)dx = /(Vum — xuVv, E)dx

n—0o0

Q Q
and

1/2

Vu — yuVo|?
/ [Vu™ = yuVol” < liminf |31 gy (i, . T, )- (5.22)
u n—o00
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Next, from the boundedness of [[u,, [/;2 and [[vz, ||y2.2, we deduce that

AUy, — yVg, +ou, — Av—yv+au weaklyin L3 (), (5.23)
which implies the second assertion. 0O

Lemma 5.12 (L! -convergence). Let (t,) be the sequence in Lemma 5.11. Then

n—00

b b
lim //(Vﬁ’fn —Xﬁfnvm,l,E)dxdt://(Vum — xuVv, &) dxdt,
aQ aQ

n—o00

b b
lim //(Ai,” — Y Vg, +Uy,) Y dxdt = //(Av —yv+oau)ydxdt,
aQ aQ

for any a, b € [0, 00) and for all § € C*®°(RY; R?Y) and ¥ € CX(RQ).

Proof. Let

pr, () = /(Vﬁﬁ — XU, VUy,, E)dx — /(Vum — xuVv, E)dx
Q Q

and let

P, (1), 1 €[0,00)\ Sq, (L),
0, te S, (L),

/Srn,L(t) =

where Sz, (L) is the set defined in (5.17).

For arbitrary L > 0 and f#y € [0,00) if there exists a subsequence (t,) such that 7y ¢
Uﬁil Sz (L), then we deduce from Lemma 5.11 that py/ 1. (f)) — 0 (n — 00). Consequently,
for arbitrary L > 0 and ¢ € [0, 00), we obtain pr, 1 () = 0 (n — 00). Therefore the Lebesgue
dominated convergence theorem yields

b ~
. L
hm IOT+
w00 | T4 oy L
a

dt=0

for any a, b € [0, 00).
On the other hand, by (5.6) and the Cauchy—Schwarz inequality, together with the fact that
Jo U, dx =1, we have

Please cite this article in press as: Y. Mimura, The variational formulation of the fully parabolic Keller—Segel system
with degenerate diffusion, J. Differential Equations (2017), http://dx.doi.org/10.1016/j.jde.2017.03.020




YJDEQ:8759

Y. Mimura / J. Differential Equations eee (eeee) eee—eee 37
2 2
- — |Vuy — xitr, Vg, | _
/|Vurr'f, — XU, VUg,|dx | < / o~ dx /ufn dx
Uz, (5.24)
Q Q Q
2,—  —
< |01Pn| (”r,,a Ur,,) < q)rn-

Next, we prove

2
/|Vum(t)—xu(t)Vv(t)|dx < liminf &, (1) (5.25)
Q

for Z!-a.e. t € [0, 00). Since Fatou’s lemma leads to

oo (0.9)

/liminfd%n (t)dr < liminf/ d,, (1) dt <400,
n—>oo n—oQ
0 0

we obtain

liminf &, (t) < +o00 for Lae.t €[0,00).
n—oo

Consequently, for .£ La.e. r € [0, 00), there exists a subsequence (t,) depending on ¢ such that
lim &, (f) =liminf &, (t) < 4-o00.
n—o00 n n—oo

Then (i (1), v/ (7)) satisfies the assumption of Theorem 5.11. Therefore, by the same derivation
as (5.22) we obtain

2

/lVMm(t) — xu(OVu@®)|dx | <lminf|di¢m|* @, (t), Ve (1))
n—o00 n n
Q
< lim &, (¢) =liminf &, (¢).
n—o00 n n—o00
Combining (5.24) with (5.25) and using Fatou’s lemma, we have

b b
/pf dt <2Vl / (q>,n +liminfcl>rn) dr
n n—o00
a

a

b b
<2|IVol3 /CDfn dt—i—liln;iogf/d)fn dt | < +oo,

a a

hence we also obtain
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b
sup/ﬁfn’L(I)dt < 4o00.
n

a

Therefore, for arbitrary L > 0, we have

/b” dt—/b _Pul 1/2(~ (A + po,.0)) dr
P, L = 1+,51n,L Pr,, L Pr,, L
a a

b 12, 1/2

Pr,,L - -2
< ———dt L+ dt
/1+prn,L /'0r LT oL
a a

-0 (n— ).

Consequently, Cauchy—Schwarz inequality leads to

b
/,Orn dt = / pr, dt + / pr, dt
a

Sz, (L) [a,b1\Sx, (L)
1/2

12 b b
< (sup|sfn<L)|) sup / prdr| + / fr,.1dl.
n n
a

a

Here, the estimate (5.18) implies that the first term of the right-hand side becomes arbitrary small
if L > 0 large enough. The second term of the right-hand side tends to 0 as n — oo. This implies
the first assertion. The second assertion can be shown by a similar argument. O

Proof of the convergence result of Theorem 3.3. Fix a, b > 0 arbitrarily. For any t > 0, there
exist £¢ € N and €% € N such that

=Dt <a<fir, limlitr=a,
70

b b b (5.26)
£, — Dt <b=t]t, llil(}ﬁr‘l::b.
T

Summing up (5.12) from k = £¢ to €2, we obtain

the
/ @e (b) — T (@)@ dx + / / (VA" — Xit; Vo,, Vo) dxdi = R(7),
Q E‘{_TQ
UI)'L’
£ /(ir b)) —v(a)Ydx — / (AV; — yvr +au)ydxdt =0,
Q

(25491
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where R(t) = O(ZkeN dlz(u’;, u’i_l)) = O(t). By Lemma 5.3, we can extract a sequence T,
such that for every ¢ > 0, the discrete solution (i, (t), v, (¢)) converges to some function
(u(t), v(t)) as n — oo weakly in L™ (2) x HO1 (£2). Thus by Lemma 5.12, we see that this func-
tion (u, v) satisfies (1.5).

Finally, we check the regularity of the limit function (u,v). The property (i) in Defini-
tion 1.3 follows from (3.8). From Lemma 5.10, we see that u € LP(0, T; L2(2)) for p=2m/
(d(2—m)) > m and every T > 0. Consequently, we have u™ € L20,T; WhH(Q)) and v €
L?(0,T: W22(Q)) by the same argument as in the proof of Lemma 5.10. This confirms the
property (ii) in Definition 1.3. The proof of Lemma 5.3 implies that the limit function (u, v)
is continuous with respect to the topology of () x L*(2) endowed with the distance

d= ,/dlz + dzz. From this, the property (iii) in Definition 1.3 follows. It remains to check the

property (iv). Revisiting the proof of Lemma 5.11 and Lemma 5.12, one sees that the two lemmas
hold true for & € Cfo(Rd x [0, 00); R?) and ¢ € Cfo(Rd x [0, 00)) instead of & € Cé?O(Rd; R%)
and Y € C° (RY), respectively. Therefore, we have

b b
//(Vum — xuVv, &) dxdt :nlgrgo //(Vﬁg — XUg, VU, &) dxdt
aQ aQ

b 12 1/2
< liminf / / |AT,, — YTy, +au, |*dxdt / / &%, dxdt
n—oo n
aQ aQ
b 12 , 1/2
= liminf // |ATy, — YUy, +au, |*dxdt // & 1Pudxdt
n— 00 n
aQ aQ
Consequently, by duality and the inequality (5.6), we obtain
F v Vul? a Uy, Vg, |2
// VT = XVl i < liminf// e, = X000 VOl gy
u n—00 U,
a a (5‘27)
b
§liminf/|81¢m|2(ﬁtn,ﬁfn)dt.
n—oo
a
The right-hand side has a finite value by Lemma 5.2-(iv). Similarly,
b b
// |Av — yv 4 au|* dxdt < liminf// |ATy, — YTy, +au, |*dxdt
n— 00 "
aQ aQ (5.28)

b
gliminf/|82¢>m|2(£r Uy, ) dt.
n— 00 "
a
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These prove the property (iv) in Definition 1.3. Therefore, the limit function (u, v) is a weak
solution of (1.1) that exists globally in time. O

6. Energy dissipative inequality

In this final section, we prove Theorem 1.5. For that purpose, we need a certain continuity
property of ¢, with respect to the weak topology and Rellich’s theorem plays a key role in that
argument. This is a reason why we are mainly focusing on the case where €2 is a bounded domain
in R,

Lemma 6.1 (Lower semicontinuity of ¢p,). Let u, — u weakly in L™ (Q2) and v, — v weakly
in HO1 (2). Then we have

Gm(u, v) < liminf ¢y, (uy, vy).
n—00

Proof. It suffices to show that fQ uvdx is continuous with respect to the weak topology in
L™ () x H&(Q), because it is well known that ¢, (u, v) + x fQ uv dx is lower semicontinuous
with respect to this weak topology. By Rellich’s compactness theorem, we can extract a subse-
quence, still denoted by v,, such that v, — v strongly in L™ (), where m’ := g < %.
Therefore, by Holder’s inequality we have

/(unvn —uv)dx| < |lugllLm v — vl pw + /(un —wvdx|—>0 (n—o00). O
Q Q

Remark 6.1. Lemma 6.1 still holds in the case €2 = R, under the condition sup fRd Ix|2u, (x) dx
n

< +00.

Lemma 6.2 (Continuity of ¢y, ). Let (u+,, V-,) be a sequence of discrete solutions converging to a
weak solution (u, v) of (1.1). Then, for £-a.e. t € [0, o) there exists a subsequence (U, vy)
such that

M Ty (1), Ty (1) = (1), 0(0)).

Proof. The lemma is clear when = 0. By Fatou’s lemma, we have

o0 o

/liminfCDtn (t)ydr < 1iminf/<l>fn (1) dt < 4+o0.
n—od n—oQ

0 0

Hence

liminf ®,, (1) < 400 Z'-ae.t €[0,00).
n—oo

Consequently, for .Z La.e. 1y € [0, 00), there exists a subsequence (t,) such that
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lim &,/ (t) =liminf @, (fp) < 4o00.
n—oo n n—oo
Since (u/, vy7) and 7o satisfy the assumption of Theorem 5.11, from (5.19), it follows that
iy (1) — ulto) in L™ (R)

On the other hand, we deduce from he boundedness of [[v/ (1) || 22 and Rellich’s compactness
theorem that vy (to) — v(tp) strongly in HO1 (£2). Consequently,

Jm @y (i, (t0), Ve (1)0) = ¢ (u(to), v(10)). O

The gradient energy estimate listed in Lemma 5.2-(iv) leads to the following rough energy
estimate:

2(pm(u(a), v(@)) — ¢m(u(b), v(b)))

b b
|Vu™ —)(qu|2 X By
> ————dxdt + — |[Av — yv+ oul|“dxdt (6.1)
u ae
aQ aQ

for every b € [0, +-00) and a € [0, b)\ N, N being a .Z!-negligible subset of (0, +-00).

In fact, letting T = t;, and passing to the limit as n — oo in Lemma 5.2-(iv), and considering
the inequalities (5.27) and (5.28) with Lemmas 6.1 and 6.2, we obtain (6.1).

We now improve the estimate (6.1) by using the Moreau—Yosida Approximation.

Proof of Theorem 1.5. By applying the derivative of Moreaux—Yosida approximation [28,
Thm. 3.1.4] to our minimizing problem (3.7), it holds for k =1, 2, ... that

T
dz(vk’vk_l) d2(vk’vk—l) _ - _
D% ) /Hirdoqum(uf Db — g T b,

272 202
0
T (6.2)
dZ(Mk’ uk—l) d2(Uk, uk—l) . ) L
1 ;tzr —+/%da=¢m(ur l,vr)_¢m(ur»vr),
0

where
k . k-1 | P
V. € argmin § ¢, (uy ", v) + 2—d2 (v, v;7 )¢,
H (%) a

1
U¥ € argmin {¢m(u, vE) + —df(u, ut! } :
P2 20

Note that for any 0 € (0, 7) and k € N, V(f and U(’,c are uniquely defined by an argument similar
to the proof of Proposition 3.1. Moreover, by the slope estimates (5.2) and (5.3), it follows that
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d ka k—1
gt vhy < 2V )
o

ko k—1 (6.3)
di(Ug,uz")

191w |(UX, vF) <
o

* VT

We now define the De Giorgi variational interpolations by

U (t):=UF ift=(k—-Dt+o,
Vo(t):=VFE ift=(k -1t +o.

Note that Uf and VT have the same limits as u; and v, respectively. Indeed,

1 _ 1 _
¢m(U§,U§)+gd12(U§,u,; 1)§¢m(uf»vf)+gd12(u’§,u’; h
=1{¢ (uk Uk)—i—idz(uk uk_l) +1 l_l d2(uk uk—l)
— ) ¥Ym\*r Vg 2t1r’r ZUTIT’T
1 1
o T

1 B 1 -
§¢m(U§’u1§)+Edl2(Uz]r{v”]; 1)+§( )dlz(ulé,u]; )

from which we obtain dl(U(’,‘, uf’l) <d (uf, uf’l). Hence for t € ((k — 1)1, k7],

At (U (1), (1)) < di (U, ub)
< (i (UK, Y + dy b, )
<4dik, uf=") < 87 (@ (uo, vo) — inf ).

This implies that U, has the same limit as %, . By a similar argument, \N/f has the same limit as v;.
Thus

(Us, (1), Ve, (1)) — (u(t), v(t)) weakly in L™ (2) x H(S2) for all > 0.

Considering (6.2), (6.3) and Lemma 5.2-(i), we deduce that

O (1, (@), v, (@) — P (T (b), T (b))
[’r’r
1
= / 1910m | @, Te) + 820w |* (u,, U7) dt
e—Nr

Zfr
1 . .
+3 / 1910 |*(Uz, Ug) + 18200m | (., Vi) dt (6.4)

(ea—1)t
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/|81¢m| (e, Ur)+|82¢m| (ﬂr’ V) dt

l\)l>—‘

b
1 ~ -
+§/|al¢m|2<vf,vf)+|az¢m|2<z,,vf>dt,

where ¢¢ and Klf’ are the integers defined in (5.26). By Lemma 5.6, we see that U.(t) € LX)
and \7r gt) € W%’Z(Q) for any ¢ > 0. Therefore, Lemma 5.10 and holds true if we replace u; and
Ur by Ur and Vz, respectively. Hence revisiting the proof of Lemmas 5.11 and 5.12, we see that
(5.27) remains true if u, on the right-hand side is replaced by Uy, , and (5.28) remains true if v,
is replaced by ‘7,". Consequently,

b
Vu™ Vol|? -
/ [Vu™ = xuVol® dxdtfliminf/|81¢m|2(Urn,ifn)dt,
n—oo
a
(6.5)

b b
i//mv — yv+ au|*dxdt fliminf/|82¢m|2(gf , V) dt.
oe n—o00 n
a a

Thus, setting T = 7, in (6.4) and passing to the limit as n — oo, and applying Lemmas 6.1
and 6.2, we obtain the energy dissipative inequality (1.6). O
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