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Abstract

In the present study an asymptotic model for wave propagation in shallow water with the effect of the
Coriolis force is derived from the governing equation in two dimensional flows. The transport equation
theory is then applied to investigate the local well-posedness and wave breaking phenomena for this model.
The nonexistence of the Camassa-Holm-type peaked solution and classification of various traveling-wave
solutions to the new system are also established. Moreover it is shown that all the symmetric waves to this
model are traveling waves.
© 2019 Elsevier Inc. All rights reserved.
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1. Introduction

The study of water waves has been a source of intriguing — and often difficult — mathematical
subject due to the familiar phenomena and various mathematical models [46]. The water wave
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problem for gravity waves is described by Euler’s equations, which is the result of applying New-
ton’s second law to an inviscid fluid [32]. Their complexity led physicists and mathematicians to
derive simpler set of equations likely to describe the dynamics of the water-waves equations in
some specific physical regimes.

To simplify matters, attention is restricted to model equations with only two unknowns here
instead of the governing equations for two dimensional flows with four unknowns: the horizon-
tal velocity, the vertical velocity, the pressure and the free surface. Inspired by Constantin and
Ivanov’s modeling approach in [13], it enables us to derive a new system with the Coriolis effects
from the rotation-Green-Naghdi equations by using the asymptotic expansion in the Camassa-
Holm (CH) scaling, i.e. u < 1, 8 = O(,/u) (here € and p are the amplitude parameter and the
shallowness (long wavelength) parameter respectively), namely,

N+ (1 +mu)x =0, t>0, xeR,

(1.1)
Up — Upxx Uy +dUslyy +Ullyyr + 1 +290, =0, >0, xeR,

where u is connected with the average of horizontal velocity, n is related to free surface eleva-
tion from equilibrium with the boundary condition # — 0 and n — 0 when |x| — oo, Q is a
dimensionless parameter describing the strength of the Coriolis effect (2 > 0).

Such equations are derived by adopting the technique involving the construction of asymptotic
expansions with respect to two dimensionless parameters ¢ and . The significance of introduc-
ing the dimensionless parameters is that it is often possible to deduce from their values some
insight on the behavior of the flow. It is worth introducing some terminology at this point [36]:

1) Small/large amplitude regimes. It is said that the flow under consideration is in a small am-
plitude regime if ¢ < 1. If no smallness assumption is made on ¢ (i.e. if e = O (1)), then the
flow is said to be in a large amplitude regime.

2) Shallow/deep water regime. The shallow water regime corresponds to u < 1. If this con-
dition is not satisfied, then the situation is in deep water (the situation p =~ 1 is sometimes
referred to as intermediate depth).

Throughout this paper, we consider only shallow water waves, i.e. u < 1. Then, simpler
models under additional assumptions on ¢ can be derived. That is, one may find shallow water
waves in particular asymptotic regimes by relating ¢ and p.

Before we commence our motivation to study the new model of shallow water waves, we shall
focus on three specific physical regimes by connecting ¢ and w. First of all, consider the shallow
water wave with small-amplitude, i.e. long wave regime.

nwLl, e=0(W). (1.2)

The most well-known model within this regime is the Korteweg-de Vries (KdV) equation [10,35]

2 1
e +nx + 55777))6 + gl”)xxx =0,

where 7 is related to the free surface as well as the horizontal component of the velocity. That’s
why this regime is also called KdV regime. The KdV equation describes the propagation of
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unidirectional, one-dimensional waves on the surface of water over a flat bottom. It is a represen-
tative as an integrable equation which provides an explanation of the phenomenon observed by
Russell possessing smooth solitary waves that such waves can propagate in a liquid medium with
out change of form. Actually, the derivation of the KdV equation allows great flexibility and the
approach naturally allows the various alternatives. Indeed, it can be derived from the following
Boussinesq’s equations [2,3,15] within the same regime by specializing to a wave moving to the
right.

ne + [0 +enwly — él’waxx =0,

Wy + EWWy + 7Nx — FUWexr =0,

where 7 is related to the free surface and w is connected to the horizontal velocity. Moreover,
the KdV equation belongs to a wider class of equations — the Benjamin-Bona-Mahoney (BBM)
equations [4,6]

3 1
N+ nx + ESYMx +u(B+ g)nxxx + uBnxxe =0, (1.3)

where f < 0. As mentioned by Whitham [46] that the nonlinear shallow water equations which
neglect dispersive altogether lead to breaking of the typical hyperbolic kind, with the develop-
ment of a vertical slope and a multivalued profile. Notice that among these models (such as
KdV) the balance between the nonlinear effects and the dispersive effects under the scaling (1.2)
is provided and the wave breaking phenomena (i.e. the solution remains bounded while its slope
becomes unbounded in finite time) is not captured even though they provide good asymptotic
approximations to the full water wave problem [1,34]. So in order to investigate shallow water
waves with wave breaking phenomena, one may consider new models, whose behavior is more
nonlinear than dispersive. Then a possible method to derive such equations directly from the
governing equation is to adjust the relation between € and .

In light of the foregoing discuss, we now introduce the shallow water wave equation with
moderate amplitude, characterized by large values of ¢, i.e.

n<l, e=0W/n. (1.4)

Unlike the case of the BBM equations (including KdV) in the regime (1.2), in the present setting
(1.2) with the formal asymptotic procedures, the correct generalization of the BBM equations
(1.3) under the scaling (1.4) is provided in the following class of equations [14]:

3
ur+ux + Eguux + w(atyxx + Buxxr) = eU(YUllxxx + SUyliyy),

where u is related to the horizontal velocity u? (6 € [0, 1]) evaluated at the level line 6 of the
fluid domain, «, y, § and 8 < 0 are constants in terms of two parameters. As shown in [14], this
two-parameter family of equations is consistent with the Green-Naghdi equation, which implies
that it is a good approximation to the governing equations for water waves. Moreover, with proper
conditions on «, B, ¥, § and transformations on u#, one recovers two prominent equations which
are completely integrable. One is the Camassa-Holm (CH) equation [7]
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U+ Kty + 33Uty — Upyxy =2UxUyx + Ullyxy. (1.5)

The CH equation was first obtained by Fokas and Fuchssteiner [22] as a bi-Hamiltonian gen-
eralization of the KdV equation. It also arises in the study of a certain non-Newtonian fluids
[5] and models finite length, small amplitude radial deformation waves in cylindrical hyper-
elastic rods [16]. The novelty of Camassa and Holm’s work was the physical derivation and
the discovery that the solitary wave solutions to this equation are soliton. Another one is the
Degasperis-Procesi (DP) equation [18],

U+ Ky +4utty — Upyy = 3UxUyy + Uy (1.6)

Much attention is intrigued by the equation (1.5) and (1.6) in more than two decades because
they inherit some properties of KdV equation [33,35,37,42] but not limit to the smooth solitary
wave, which exactly answered the question raised by Whitham [46]. A breakthrough of the CH
equation and DP equation is that, when « = 0, they admit peaked solitary waves [7,8,17,38].
The wave profile of so-called “peakon” is shaped like u(z¢,x) = ce !l ¢ € R, which has
largest amplitude ¢ and speed c. The first derivative u, is smooth except at the peak, where it
has a jump discontinuity. Another important feature is that the CH equation and DP equation
accommodate wave breaking phenomena [7,12,14,41], i.e. the solution remains bounded while
its slope becomes unbounded in finite time, due to the capture of stronger nonlinear effects than
the classical nonlinear dispersive BBM and KdV equations.

In addition, the shallow water wave equation with large amplitude gives another physical
regime

pn<l, e=0(). (1.7)

The standard asymptotic procedure gives the classical Green-Naghdi (GN) equations [28] (also
known as the Serre [44] or Su-Gardner equations [45])

N+ [ +en)le =0,

m_1 3 2 (1.8)
ur+nx +euuy =3 Trer [(1 +en)’ (uxs + eutiyy — £ux)]

X

which takes into account the dispersive effects neglected by the shallow-water equations. These
equations coupled the free surface elevation 5, to the vertically averaged horizontal component
of the velocity u. A rigorous justification of the GN model can be found in [40] for the 1D water
waves with a flat bottom; the general case was handled in [1,19] based on a well-posedness
theory.

Following discovering of these models mentioned above, we are motivated to search some
models for shallow water wave equations with moderate amplitude exhibiting the Coriolis effect.
One of our purposes in the present paper is to derive this kind of model equation (1.1) with
the Coriolis effect under the CH regime and understand how the Coriolis forcing due to the
Earth rotation affects the wave propagation, wave breaking mechanics as well as formulation
of those peaked traveling-wave solutions. It is noted that in the process of the derivation of the
asymptotic model equation in the present paper, the rotation parameter €2 is considered as a
fixed O(1) constant relevant to the amplitude parameter ¢ and the shallowness parameter . The
motivation with such a fixed €2 in the asymptotic expansion is that such a model could retain more
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mixed terms of the free surface component and horizontal velocity component in the asymptotic
system of equations so that we can perform the analytical study, with an emphasis of investigating
whether or not these rotation can defer or enhance the formation of singularity or phenomena of
wave breaking by interaction between those two components free surface and horizontal velocity.
Of course, it is interesting to know how the interaction of those two components caused by the
rotation parameter will affect symmetry property of traveling waves, existence or non-existence
of certain solitary waves or surface waves, and stability or instability of those waves, for example.
Moreover, a small parameter 2 is introduced in [23], where the Coriolis parameter 2 and the
amplitude parameter ¢ are of the same order of magnitude. For some other models including the
Coriolis force in the shallow-water wave propagation regime, we refer the reader to recent work
in [21,30,31].

It is found that the consideration of the Coriolis effect gives rise to —[(1 + n)u], or n; into
the second equation of system in (1.1). For the model in question, we first concern with its local
well-posedness in suitably function space. The two equations for # and 1 possess the transport
structure. Due to transport equation theory applied in [24], the local well-posedness for system
(1.1) will be established. Moreover, the asymptotic expansion in the Camassa-Holm regime gives
the fluid convection between nonlinear steeping and amplification, which has interesting impli-
cations for the fluid motion, particular in the relation to the wave breaking phenomena and the
permanent waves. On the other hand, using Moser-type estimates and Littlewood-Paley analysis
for the transport equation, we obtain the blow-up criterion. Our approach is to trace the dynamics
of the solution and its gradient along the characteristics. Then the dynamics of the wave-breaking
quantity is established by a refined analysis on evolution of the solution u and 7.

Another interesting issue investigated here is the traveling-wave solutions of (1.1) in the form
of (u(t,x),n(t,x)) = (ps(x —0ot), Ys(x —ot)), o € R for the function ¢, ¥, : R — R such
that ¢ — 0, ¢ — 0 as |x| — oo. It is known that the traveling-wave solution of the classical
CH equation appears to be a weakly peaked soliton [7], which is one of the interesting features
for the CH-type equation. It was also found that the mCH equation, as the dual equation of the
mKdV equation, admits peaked solitons [27]. As one can see that the system (1.1) has the same
nonlinear terms in u with the CH equation except for the coefficients. A natural question remains
that how the Coriolis forcing and the convection between nonlinear steeping and amplification
affects the propagation of the traveling waves, in particular, the peaked solitons. To this end, it
is of interest to study and classify the traveling-wave solutions of (1.1) and the existence of the
CH-type peakon solution. Actually, we use a suitable framework for weak solutions to classify
all weak traveling waves of equation (1.1) as [38,39]. It is unclear whether the system (1.1)
with the weak Coriolis effect supports traveling waves with singularities. Using a natural weak
formulation of (1.1), we can define exactly in what sense the peaked and cusped traveling waves
are solutions. In fact, it turns out that the equation for ¢ takes the form <p§ = F(¢), where F is
no longer a rational function comparing with the CH equation. A standard phase-plane analysis
determines the behavior of solution near the zeros and poles of F'. In fact, peaked traveling waves
exist when F has a removable pole and cusped traveling waves exists correspond to when F has a
non-removable pole. Due to the added Earth rotation term, the numerator of F is a combination
of polynomial and nature logarithmic function whose root are not explicit. By analyzing each
possible case carefully, we show here only cusped and smooth traveling waves exist for (1.1),
and the CH-type peakon does not exist.

From the classification of the traveling waves for system (1.1), it admits both cusped and
smooth traveling solutions. Both of these two solutions are symmetric around the crest. Con-
versely, this raises the interesting question whether symmetry is a priori guaranteed for traveling



T. Luo et al. / J. Differential Equations 267 (2019) 3232-3270 3237

waves. Adopting the idea in [20], we are able to give an affirmative answer to the case of system
(1.1).

The remainder of this paper is organized as follows. The derivation of the new model and the
Green-Naghdi equations with Coriolis force are presented in Section 2. The local well-posedness
of the new model and the wave-breaking criteria for solutions to (1.1) by using transport equation
theory are contained in Section 3. Section 4 is devoted to the investigation of existence and
nonexistence of Camassa-Holm-type peaked solution and classification of the traveling-wave
solution of the model. Moreover, it is demonstrated that all the horizontal symmetric waves
should be traveling waves.

Notation. Throughout this paper, we denote the norm of the Lebesgue space LP(R) by |-z,
1 < p < oo and the norm in Sobolev space H*(R), s € R by ||-|| gs. The spatial convolution on
R is denoted by “x’.

2. Derivation of the model

It is observed that in certain ranges of scales in the geophysical water waves fluid dynamics
is primarily influenced by the interaction of gravity and the Earth’s rotation. Consider now that
water flows are incompressible and inviscid with a constant density p and no surface tension,
and the interface between the air and the water is a free surface. Then such a motion of water
flow occupying a dynamic domain D; in R> under the influence of the gravity g and the Coriolis
force due to the Earth’s rotation can be described by the Euler-Coriolis equations [29], namely,

ﬁ,+(ﬁ~V)ii+2§2xii:—%VP+§, xeD, t>0,
=0, xeD;, t>0, Q2.1

<

where # = (u,v, w)! is the fluid velocity, P(t,x,y,z) is the pressure in the fluid, g =
(0,0, —g)T with g ~9.8 m/s” the constant gravitational acceleration at the Earth’s surface, and
Q= (0, Qpcos¢, Qpsin ¢)T, with the rotational frequency ¢y =~ 73 - 1079 rad/s and the local
latitude ¢, is the angular velocity vector which is directed along the axis of rotation of the ro-
tating reference frame. We adopt a rotating framework with the origin located at a point on the
Earth’s surface, with the x-axis chosen horizontally due east, the y-axis horizontally due north
and the z-axis upward. We now focus on two-dimensional flows, moving in the zonal direc-
tion along the equator independent of the y-coordinate, in other words, v = 0 throughout the
flow. In 2D case, consider here waves at the surface of water with a flat bed, and assume that
Dy ={(x,2):0<z < ho+ n(t, x)}, where hg is the typical depth of the water and n(¢, x) mea-
sures the deviation from the average level. Under the f-plane approximation (sin¢ ~0, ¢ < 1),
the motion of inviscid irrotational fluid near the Equator in the region D, with a constant density
p is described by the Euler’s equations in two dimensions [11,29],

Ur + uuy + wu; +2Qow = —lPx,
pl 2.2)
w +uwy + ww; —2Qou = —;PZ - g,

the incompressibility of the fluid,
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uy +w; =0, (2.3)
and the irrotational condition,
u; —wy =0. 2.4)
The pressure is written as
P(t,x,z) = Pa+ pg(ho — 2) + p(t, x, 2),
where P, is the constant atmosphere pressure, and p is a pressure variable measuring the hydro-
static pressure distribution.

The dynamic condition posed on the surface X, = {(x, z) : z = ho + n(t,x)} yields P = P,.
Then there appears that

p(t,x, ho+n(t,x)) = pgn(t,x). 2.5
Meanwhile, the kinematic condition on the surface is given by
w=mn;+uny, when z=ho+n(,x). (2.6)
Finally, we pose “no-flow” condition at the flat bottom {z = 0}, that is,
w|;=0 =0. 2.7
There are many shallow water models as appropriate approximations to the full Euler dynam-

ics when the water depth is small compared to the horizontal wavelength scale [1,14]. We denote
the amplitude parameter ¢ and the shallowness parameter u respectively by

e =a/ ho, w=h3/2%, (2.8)

where a is the typical amplitude of the wave and A is the typical wavelength. According to the
magnitude of the physical quantities, we introduce dimensionless quantities as follows

x—>Ax, z—hoz, n—an, t— t,

A
~/ gho
and

u— +/ghou, w— /ughow, p— pghop.
And under the influence of the Earth rotation, we introduce

Q = ho/g Q. (2.9)

Furthermore, considering whenever ¢ — 0,
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u—0, w—>0, p—0,
that is, u, w and p are proportional to the wave amplitude. In this case, we choose a scaling

u— eu, wW—>eEew, p—>ep. (2.10)

Therefore the governing equations become

ur +e(Muy + wuz) +2Qw = —py in O0<z<l1+en(,x), (2.11a)
w(wr + e(uwy +ww;)) —2Qu = —p; in O0<z<l1+en(,x), (2.11b)
uy +w; =0 in 0<z<l+4en(,x), (2.11¢)
u; — pwy, =0 in 0<z<l1+4en(,x), (2.11d)
pP=n on z=1+en(t,x), (2.11e)
w="n +euny on z=1+e¢en(t,x), (2.11f)
w=0 on z=0. (2.11g)

It is our purpose here to establish new model with the effect of the Earth rotation in shallow
water wave with moderate amplitude. Similar to the classical Green-Naghdi (GN) equations [28].
Let u be the average horizontal velocity,

h

1
(e, x) défE/ua,x,z) dz, 2.12)
0

where h = h(t,x) =1+ en(¢, x). We multiply (2.12) by & and differentiate it with respect to x
to find

h

(hit) = / y dz + eneiun,
0

where u, = u(t, x, z)|,=5. Then the above equation combining with (2.11c), (2.11f) and (2.11g)
gives rise to the first equation of the Green-Naghdi equations

e+ (hit)x = 0. (2.13)
To derive the second equation of the Green-Naghdi equations, let

u(t, x,2) =uo(t, x,z) + pui (£, x, 2) + O(u?). (2.14)

For the linear problem (u — 0), the expression in (2.11d) implies ug_; = 0. Hence, u¢ is a func-
tion independent of z, i.e. uo = ug(x, t). From (2.11c) and (2.11d), we have

Ulxx +Uzz = 0,
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which implies

0.
Wi ug.z; =0,

. (2.15)
WD U xx = —UL zz-
Considering 1o = uq(z, x), the equation of order u! implies
Z2
uyp= _?u(),xx + Z\y(t’ -x)a
where W(z, x) is an arbitrary function. Therefore,
Z2 2
U=um— MEMO’” + uzW(t, x) + O(u). (2.16)
Taking advantage of the governing equations, one has
Z3 Zz 2
w=—zupx + Mg MO0 xxx — ME‘Px(t, x)+ 0, (2.17)
and
n
p=n— 7> —2*) (w0 + suouo xx — £uf ) — 2Q(h — 2)ug

2
+ 5 = Do, — QA = )W+ 0L,

Then differentiating the expression of p with respect to x, combining with the expressions of
u, w and integrating with respect to z from O to / give rise to the equation related to ug and &
only, namely,

h h 1%
uo.r + i Wi o+ erouox + epsuoWy + 1 = Ehz(uo,xt + EUQUQ xx — EUG ,)x
+ phhy (wo,xt + euouo xx — 814(2)’)() +2Q(hxuo + hMO,x) - Mghzhxuo,xx

— %szh%o,m F2UQRR Y+ u QB2 + O(12).  (2.18)
Notice that the relation between u and ug is

i} h? h

=g — p-guo + 5 W+ O, (2.19)
which can be obtained by using the function u’s expression (2.16) in the definition of u (2.12).
Finally, the following system called the rotation-Green-Naghdi (R-GN) equations are revealed
by the relation between u¢ and u, which performs as
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1 i), =0,
{m + (1 + en)it),, (2.20)

iy + 1 + ety +2Q0; = 3y ((1+en)3 (s + eitite, — i)+ O(u?).

The detailed derivation of the R-GN equations can be found in [26]. It is noted that the R-GN
model in (2.20) (for the solution (1, u)) is locally well-posed in the Sobolev space H*(R) x
HTY(R) with s > % [9], while the case of without the Coliolis effect was studied in [40].

We now consider the rotation parameter €2 as a fixed O (1) constant relevant to the amplitude
parameter ¢ and the shallowness parameter w. As is pointed out in the introduction, it is our
purpose with a fixed €2 in the asymptotic expansion to investigate how symmetry, existence and
non-existence of traveling waves, and stability issues of those solitary waves can be affected by
interaction between free surface and velocity components in the asymptotic system.

The model equations in (1.1) could be derived from the R-CH equations with moderate am-
plitude. For simplicity, u is replaced by u in (2.20). Let us start with the linear terms in (2.20) in
terms of € and u given by

N +ux=0( ),
(2.21)
ur +1x + 280, = O(€, ).
This formula then yields
Nee — Nax — 28215 = O(€, @),
(2.22)
Uy — Uxx — 2Ry = O (€, 1).
Solving the second order linear partial differential equation mentioned above, we obtain
w=u (x _Wert1- Q)t) Tus (x W21+ Q)t) 1 0(e, ),
(2.23)
n=n (x —(V2+1- Q)t) +m (x +(VR2+1+ Q)z) + O(e, ).
For the simplicity, we only consider the waves move towards to the right side, i.e.
u=u(x —ct)+ O(e, ),
(2.24)
n=nx—ct)+ 0(e, p,

where ¢ = v/Q2+1 — Q, and Q is a dimensionless parameter describing the strength of the
Coriolis effect, which implies

{ ur = —ciy + O(€, p),
(2.25)

N =—cnx + O(e, w).

Hence, it is deduced that
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Nt + Uy = 0(6’ M)’ (226)
1
nx + = O(e, 1), (2.27)
1
n——-u=0(e,un. (2.28)
C

The equation (2.28) and the expansion of equation (2.20) with a remain term of order O (€2, i1?)
thus imply the following system

ne + [ +enul, =0,
(2.29)

1% € 3
(u — E“xx)t + €uny +nyx +2Qn, = 3 (“Mxx + §u§> + 0(62,“’ l/«2)-
X

Applying the transformation u(z,x) = eu(/ut, /ux),n(t, x) = en(/ut, /;ux) the above
equation (2.29) and ignoring terms of order O (e, 1?) yield the following system

ne+ (A +nmu)y =0,
(2.30)
U — Upxy + Uty +Aylyy + Ullyygy + 1y + 2820, =0.

3. Local well-posedness and wave-breaking criteria
In this section, we consider local well-posedness of the Cauchy problem to the system (1.1)
and present the wave-breaking criteria for solutions to (1.1) by using transport equation theory.

Now we are in a position to state the local well-posedness result of the following Cauchy
problem, which may be similarly obtained as in [25] (up to a slight modification).

Theorem 3.1. Given any X = <ZO) e H*R) x H*"'(R), s > %, there exist a maximal T =
0

T (2, [ Xoll s (Ryx ms-1(R)) > 0, and a unique solution X = (:;) to (1.1) such that

X=X(,X0)eC(0,T); H (R) x H* 'R NC ([0, T); H*'(R) x H 2(R)).
Moreover; the solution depends continuously on the initial data, i.e., the mapping Xy —
X(-, Xo) : H'R) x H"Y(R) — C(0,T); H*R) x H*"'(R)) n C([0,T); H*"'(R) x

H’"%(R)) is continuous and the maximal existence time T can be chosen independently of
the Sobolev order s.

Lemma 3.1. Let Xo = (zg ) € H*(R) x HS~Y(R), s > 3/2, and let T be the maximal existence

time of the solution X = ( z ) to (1.1) with initial data Xo. Then we have for allt € [0, T),

/uz(t, x)+ ui(z, x)+ nz(t, x)dx < ez(QH)f(; lluxll oodz (/ u(z)(x) + u(z)’x x)+ n(z)(x)dx).
R R
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A direct computation combining with the Gronwall’s inequality gives rise to the above lemma,
so the detailed proof is omitted.
To consider the wave-breaking criteria, we first recall the following propositions.

Proposition 3.1. [24] (1-D Moser-type estimates). The following estimates hold:

(i) Fors >0,

Il felas@) < CULflLoe@®ylg s ®) + I f s ) llgll LooR))- 3.1

(i) Fors >0,

I foxgllms®) < CUSLoo®)0x gl s ®) + I f 1 gs+1 ) 1€ I Loo(R))- (3.2)

(iii) For sy < %, s > % and s1 + 52 > 0,

Il felasi®y < Cllfllas ®)lIgll a2 (R)> (3.3)

where C’s are constants independent of f and g.

Proposition 3.2. [24] Suppose that s > —%. Let v be a vector field such that Vv belongs to
Ll([O, Tl; H“l) ifs>1+ % or to Ll([O, T1; H% N L°) otherwise. Suppose also that fo € H®,
Fe Ll([O, T1; H®) and that f € L*®°([0, T]; HS)NC([0, T1; S") solves the d-dimensional linear
transport equations
8,f +v- Vf = F,
(T)
fli=0 = fo.

Then f € C([0, T]; H®). More precisely, there exists a constant C depending only on s, p and d
such that the following statements hold:

M) Ifs#1+9,

t t
11 = W follae + [ 1F@lede +€ [ V@@l (G.4)
0 0
or,
t
171 =0 (1ol + [ €V ONF @), (3.5)
0

with V(1) = [y IVo@Il g drifs <1+ L and V(t) = [y IVo(0)|l gs—1dt. Else,
) If f = v, thenforall s > 0, the estimates (3.4) and (3.5) hold with V (t) = fol 10xu(T)]| LoodT.
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Proposition 3.3. [24] Let 0 < s < 1. Suppose that fy € H*, g € L'([0,T]; H®), v, d,v €
Ll([O, T1; L®) and that f € L*°([0,T]; H*) N C([0,T1; S") solves the 1-dimensional linear
transport equation
{ Ohf+v-of=g,
(T)
fli=o0 = fo.

Then f € C([0, T]; H®). More precisely, there exists a constant C depending only on s such that
the following statements hold:

t t
1 = W follae + € [ Ne@lede +€ [ 17 @ eV 0y, (3.6)
0 0
or,
t
171 =Y (1ol + € [ Ng@ ). (3.7)
0

with V() = [3([v(D)ll 2 + 19, v(0)l| L )d .
The above proposition was proved in [43] using Littlewood-Paley analysis for the transport

equation and Moser-type estimates. Using this result and performing the same argument, we can
obtain the following blow-up criterion.

Theorem 3.2. Let X = <Z0> € H*(R) x H"'(R) with s > 3/2, and X = <Z) be the cor-
0
responding solution to (1.1). Assume T > 0 is the maximal time of existence. Then

T
T <o0 = / 0xu ()| LoodT = 00. (3.8)
0

Proof. We shall prove this theorem by an inductive argument with respect to the index s. To this
end, let us first give a control on ||n(#)|| L and |[u(¢)]| poo.
In fact, applying the maximal principle to the transport equation about p :=n + 1,

Pr +upx + puyx =0, (3.9)

we have

t
lo@llLe < llpolle +Cf [9xullLoe |l pllLoodT.
0

A simple application of Gronwall’s inequality implies
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c e d
lp @)l < llpollLoceC Jo 1oseliedT, (3.10)
which gives rise to

t
IOl <ol + 1= 14 (1 + ol oe)e® o Ieluoedr, (3.11)
Now let us concentrate our attention to the proof of Theorem 3.2. This can be achieved as follows.

Step 1. For % < s < 3, applying Proposition 3.2 to the transport equation with respect to 7,

Ne +uny + Nty +uy =0, (3.12)

we have (for every 1 < s < 2, indeed)

t 1
IOl gs-1 < lInoll gs—1 +C/ ndxu + Oxull ys—1dz +C/ 70l ggs—1 Clull oo + [10xu | o) d T
0 0

Using (3.1), one has

mdxu + Oxuell grs—1 < xutll gs—1 + C Ul gs-1ll8xuall oo + | Oxell st llnllLoe).  (3.13)

Therefore, we have

t
I gs—1 < lInoll gs—1 + C/ [10xu(T) | -1 (1 + [In (D) Lo)dT
0

t
+C/||77(T)||Hs—l(||u||L°°+||3x”||L°°)dT~ (3.14)
0

On the other hand, Proposition 3.1 applied to the equation about u,

1
Uy — Uty + 0y p * (u2+ Eui +n—22((1 +r;)u)) =0,

implies (for every s > 1, indeed)

t

Nl s < luoll s +c/
0

op (w2 + %uﬁ +1 =221+ 0w )@ dr

t
e / ()l s 105 () ool
0

Thanks to the Moser-type estimate (3.1) and Proposition 2.3 in [24], one has
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1
epx (12 4+ 5l +1 =291 +nw)) .

1
2 2
<cle+ Sud -+ —20((1 + n)u)HHH
< C (oo N1t oo + 1B ot 52| oo

Flll s+ Nl grs—1 + el sl oo + Il s lull oo )

From this, we obtain

1
lullas < luoll as +C/ (@) s (u (D) 2o + [[0cu(T) e + In(D) ][> + Ddt
0

t
+C/ IO gs-1 (I (D)L + lu(T) L + Dd, (3.15)
0

which together with (3.14) ensures that

t
lu@las + 1@ gs-1 < lluollms + lnoll gs-1 + C/ (IIM(T)IIHS + ||77(T)||H»‘—1)
0

(Il + 10 @l + 9@l +1)dz. (3.16)

Using the Gronwall inequality yields

i) 25+ 0 st < (Il -+ 1ol g1} o HMus e e sl e i,
(3.17)

In view of the Sobolev embedding theorem H® < L* (for s > 1/2), it is then found from

Lemma 3.1 that

1
Ju@) o < Cllull g1 < c(/u2 Fud )’
R

1
< @D sl / a3+ () + i)
R

1
< e(§2+1)f0 llqulLOOdT(”bt()”Hl + “770”L2)’ (3.18)

which together with (3.11) and (3.17) implies that

Nu@ Nl ms + 1@l s

< (IIuolle + ||no||Hs—|)eC Jo I0xu(DllLoodT+C1(t+1) exp{(Q+1+C) f3 lou(@liLoedt) (3 19)
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where C; = Ci(||luoll g1, Imollz2. lInoll ). Therefore, if the maximal existence time 7' < oo
satisfies fot |0xu(T)|| LodT < 00, we get from (3.19) that

lim sup ([ (@) || zs + In (Ol gs-1) < 00 (3.20)

t—T

contradicts the assumption on the maximal existence time 7 < oo. This completes the proof of
Theorem 3.2 for s € (%, 2).

Step 2. For s € [2, %), applying Proposition 3.1 to the transport equation (3.12), we have

t t
IOl gs-1 = lInoll gs—1 +C/ ||(773xu+8xu)(f)llys—ldf+cf ol ggs=r 19zl 1T
0 0

(3.13) applied implies that

t t
@ gs—1 < lInoll gs— +C/ l[9c2e] ggs—1 (1 +- IIHIILoc)dT+C/ ol gs=rllOxuell 1T,
0 0

which together with (3.15) yields

lull s + In@ gs—1 <lluollzs + lnoll gs—1
t

+C/ (lu@ s + ||17(f)||hrs—1)(||LtIIH%+€0 + (@)l + 1)dz,
0

with 0 < €9 < %, where we used the fact H2€0 < L N H?. Applying Gronwall’s inequality
gives

C Lol 3., +ln@llLoo+Ddr
lu@) s 4+ 1@ gs—1 < (ol s 4 oll grs—1 + K )e CER :

(3.21)

Therefore, using the uniqueness of the solution in Theorem 3.1, (2.24) and (3.20), we get that: if
the maximal existence time T < oo satisfies fOT |10xu(T)||LodT < 00, then (3.21) implies that

lim sup (lu() | s + 1N (@) gs-1) < 00 (3.22)

t—T

which contradicts the assumption on the maximal existence time 7" < co. This completes the
proof of Theorem 3.2 for s € [2, %).

Step 3. For 2 < s < 3, by differentiating once (3.12) with respect to x, we get

Oy +udy (Ny) + 2uxnye + Nuyx +uyy =0. (3.23)
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Proposition 3.3 applied to (3.23) implies that

t
I (D gs—2 < Imo,x 1 gs—2 + C/ 1 2nxux + nutxx + 1x) (0|l gs—2dT
0

t
+C/||nx(f)||Hs—2(||MI|L°°+||3xMI|L°°)dT
0

t

< Il +C [ (el + 1@ )

0

(M@l + 18 (@ + 1@l +1)dr, (3.24)
where we used the following estimates from (3.2):

Izl gs—2 < C (1Bxull gs—1Inllzoe + 18xn 1l s—2 lluax |l o)

and

Imucxll gps—= < C (Inll gs—1 8zl oo + atwx | gs—2 Il zoe) -

The estimate (3.24) together with (3.14) and (3.15) (where s — 1 is replaced by s — 2), thus imply
that

1
)l + 10O et = Natoll s + 0l - +C/ (N s + 1@z )
0

(Il + 10 @l + 1@l +1)dz. (3:25)

Again, applying Gronwall’s inequality gives (3.17). Therefore, using arguments as in Step 1, it
completes the proof of Theorem 3.2 for s € (2, 3).

Step 4. For s =k € N, k > 3, by differentiating (3.12) k — 2 times with respect to x, we have
3052 4 ud (052 + > Cry 1 wd2 ™y 400, (05 2u) + 051w = 0.

l1+lh=k-3, 11, >0
(3.26)

Applying Proposition 3.2 to the transport equation (3.26), we have

10520 (1) |l g1

t
<18 noll g +C / 1820 @ 1 185u(@ - 1dT
0
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~

0Tttt o o] o
o li+lh=k=3, I}, b=0

Since H' is an algebra, we have

173 (35 2u) [l i1 < Cllnll g 185 uell g1 < Climll gy el s

and
Z C11’123i1+1“3;lc2+1'7HH|
li+lh=k=3, 1}, b>0
<C > Cunldd T ullgp 192 g < Cllull g Il s
l1+lh=k-3, 11, >0
Therefore,
-2
1950 ()1l 1
t
<1195 *noll g1 + C / (el s + 101 ggs—1) (el =1 + Il g1 + 1)z (3.27)

0

(3.27), together with (3.14) and (3.15) (where s — 1 is replaced by 1), implies that

lu(®) s + 10O gs-1 < lluollzs + Inoll gs—1
t

+C/ (lu@ s + 1@l gs—1) (le @l g1 + 1@ g1 + 1)d.
0

Applying Gronwall’s inequality yields

M) s + 1@ oo < (ol s + 170l ot )€€ oWl =1+l g1+Ddr (3 7g)

Therefore, if the maximal existence time 7 < oo satisfies fOT |0xu(T)|| LcdT < 00, using the
uniqueness of the solution in Theorem 3.1, we get that

(Nl gs—1r + MO N 1

is uniformly bounded by the induction assumption, which together with (3.28) implies

lim sup ([[u(D)l s + | o (Ol s-1) < 0.

t—T

This leads to a contradiction.
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Step 5. For k <s <k +1 with k € N, k > 3, by differentiating (3.12) k — 1 times with respect
to x, we have

305+ ud, (95 ) + S Gt ua iy + d, 05 ) + 8ku =0.
Li+lh=k-2, 11, [,>0
(3.29)

Proposition 3.3 applied again implies that
10y~ ()1 s

t
<11* "ol yss + C / 15 (O 1l st (I (@) 2o + 185 u (D) || L2 )d T
0

t
+ c/ (X condirtudl 0o 0f e+ 0k 0] T
0 h+h=k=2,11, >0

Using (3.2) and the Sobolev embedding inequality, we have Veq € (0, %)

M3 X ) | sk < C (Il oo 185 ull sk + Il gps—rr 135 ]| o)

< C(Imllzoellwllzzs + 1l s IIMIIHk,%+€0)

and
L+1. alb+1
Clndud o]
Li+bh=k—2,11, >0
L1+1 h+1 I I1+1
<C Y G108l 102 sk + 10200 Lo 102wl s )
I+lh=k—2,11, >0

< C(Ill gy Il + 1013 lulls)-

Hence,

t
15 (Nl s <15 moll yss +C / (lu@) s + @) gs—1)
0

Sl e gy N34 + DT (3.30)

(3.30), together with (3.15) and (3.14) (where s — 1 is replaced by s — k), implies that

t

lu @l zs + 1@ gs—1 <lluoll s + lInoll s +C/(|IM(T)IIHS + (@)l gs-1)
0
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lall g+ 1005 + 1)
Again applying Gronwall’s inequality gives

C Lol v, Hlnl 3. +Dde
-4+ k=3 +
lu(@)llas + 10O gs—1 < (luoll s + Inoll grs—1)e a0 .

(3.31)

In consequence, if the maximal existence time 7" < oo satisfies fOT [10xu ()| LodT < 00, using
the uniqueness of the solution in Theorem 3.1, we get that

O gy + IO 5

is uniformly bounded by the induction assumption, which implies

lim sup ([lu(®) || s + 1o (@) || gs-1) < 00.
t—T

This leads to a contradiction. Therefore, in view of Step 1 to Step 5, this completes the proof of
Theorem 3.2. O

4. Traveling waves
In this section, we consider the traveling-wave solutions of (1.1), i.e. solutions of the form

(M(t,x), n(tvx)):((p(x_at)v I/I(X—Gl‘)), UER’

for some functions ¢, ¥ : R — R such that ¢ — 0, ¥ — 0 as |x| — oo.
The system (1.1) can be written in a weak form as

1
ut—uux=_axp*(u2+§u§+n—2sz((1+n)u)), t>0, xeR, @

N +uny =—+nuy, t>0, xeR.

A weak solution to (1.1) is defined as follows.

Definition 4.1. Let 0 < T < o0o. A function i = (ug, n9) € C([0, T); H'(R) x H'(R)) is called
a weak solution of

{ut — Uyt + Ul + AUy + Ulxyx + 1 + 200, =0, 42)
m+ (L4 mu)x =0, '
on [0, T) if it satisfies the following identity:

Jo Jrluds = 3o p (4 3k 40 =220 4w ) -puddxdr =0,

foT Jrnd: + (1 + nugyldxdr =0,
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for any smooth test function ¢ (¢, x) € Cgo ([0, T) x R), where p(x) is the corresponding kernel

of the convolution operator (1 — 83)’1. If u is a weak solution on [0, T') for every T > 0, then it
is called a global weak solution.

We now give the definition of a traveling-wave solution of (1.1).
Definition 4.2. A traveling-wave solution of (1.1) is a nontrivial solution of (1.1) of the form
G0 (t,X) = (@ (x — 1), Yo (x —ot)) € H'(R) x H'(R) with the constant wave speed o € R

and ¢, V¥, vanishing at infinity.

For a traveling-wave solution ¢ = (¢, 1) with speed o € R, it satisfies

[—0p — 302+ p* (9 + 502 + 9 —2Q((1 + ¥)p))]x =0,
[—ov + (1 +¥)epl, =0, in 2'(R).

Integrating the above system and applying (1 — 8%) to the first equation we get

{—0<p+0<pxx+%<p2+<p<pxx+%¢§+(1—209)1ﬂ=0, )

—oy +(1+v)p =0, in 7'(R).

In fact, the second equation of the above holds in a strong sense coming from the regularity of ¢
and .

4.1. Nonexistence of the CH-type peakon

To investigate the traveling-wave solution of (1.1), we start with the demonstration of the
nonexistence of the CH-type peakon.

Theorem 4.1. For 1 — 202 = 0, there is no any nonzero weak solution of system (1.1) in the
form of u(t, x) = a(o, t)e ¥ ! where ¢ € R and a(o, 1) € C(R x [0, T)).

Proof. Consider the traveling wave solution of the system (1.1), when 1 — 20 = 0, it reduces
to be

U — Uyxr T Uy FdUstiyy + Uty =0, t>0, xelR. 4.5)

Suppose the above equation (4.5) possesses the peaked traveling-wave solution in the form of
ua(t,x)=a(o,Ne ¥ & eRanda(o, 1) #0. (4.6)

Then, for all t € R, in the sense of distribution and d,u, (¢, x) = — sign(x — o t)u, (¢, x) belongs
to L°°(R). For any test function ¢ (-) € CZ°(R), by using integration by parts, we have

0 +00

/ sign(y)e Pl (y)dy = / —e¥p(y)dy + f e Yo (y)dy = f e Vg (y)dy.
R —00 0 R



T. Luo et al. / J. Differential Equations 267 (2019) 3232-3270
Note that

dua(t,x) =da(o, e ¥ ! 4 o sign(x — o1)ug(t, x) € L¥(R) forall t > 0.

Hence, using integration by parts, we deduce that

// UgPr — u QSX)dxdt—i-/ua(O,x)qﬁ(O,x)dx
0 R

R

f ol ity — uy - Bxua]dxdt
R

0\8 0\8

/d) da(o, e ! 4 o sign(x — ot)uy + sign(x — at)ui]dxdt
R

On the other hand, we know

x|

1
u=(~1- 85)71m = p*m, where p(x) = 567 ,

and the notation “*” denotes the convolution product on R, defined by

(£ <8)o0 = [ retx =y,

Hence,
o0
// 3)1u+2uax>8¢]dxdt
0 R
r 1
= —// [qb -0xp % (u + 2u“ x)]dxdt.
0 R
It is noted that 9, p(x) = —% sign(x)e ! for x € R. A simple computation reveals that
1 1 b
Oy p * (u + 2ua x)(t x) = ~3 / sign(x — y)e F 1. [az(a, )e 2ot
—0o0

1
+ 3 sign?(y — o1)a’(o, t)e_2|y_m|]dy.

3253

4.7)

(4.8)

4.9)

(4.10)
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When x > ot, we split the right hand side of (4.10) into the following three parts.

X
Ay p * (u + 2uax (t,x)=— / / / sign(x — y)e ¥V [ 2(g, 1)e 2ol
1
+ 3 sign?(y — o1)a’(o, t)eley*‘”l]dy
=L+ DL+

In the case that —oco < y < ot < x, it follows that

ot
1 1 ,
I =— 3 / e Y [a2(a, 1e*=on Eaz(o, t)ez(y_m)]dy
—o0
1 ot 3 3 ot
—_ _ / e—)c+y|:_aZ(O_7 t)eZ(y—ot)]dy — __aZ(U’ t)e—x—Zal / e3ydy
2 2 4
—o0 —0o0

ot

3 1
- _ Zaz(a’ t)efx72<7t [_e3y

. ] _ _%az(m t)efxfzm(e&n _ 0)

—00

[
—_ _ ot 7x+(rt.
4a (o,1)e

For ot < y < x, a direct computation gives that

X

Lh=— %/efxﬂ’ [az(a, ne=yten 4 %az(a, t)ez(fy“”)]dy
ot
X X
=_ l/‘e*xﬂ’[iaz(o, t)e72y+2"’)]dy = —Eaz(o, t)e7x+2‘”/e7ydy
2 2 4
ot ot

_3 2 —x+20t|: —y‘x ]_ 3 2 —x+20t( —x —ot
—Za (o,1)e e o —Za (o,1)e (e —e )

3 3
:_aZ(O,, t)672x+2crt _ _aZ(o,7 t)e*)C*FOI'
4 4
Forot <x <y <400, we have
1 i 1
I3 = 3 / X [a2(0, )X yton 4 5(12(0, t)e2(_y+‘”)]dy
X
+00 +00

1 3 3
-3 / Eaz(m e =3y gy Zaz(a’ e+ / e~ dy

X X



T. Luo et al. / J. Differential Equations 267 (2019) 3232-3270 3255

+00

= —%az(o, 1)e* 2! [6_3»" ] = —%az(a, r)e* 2ot (0 — e_3x)

X

1
— Za2(o,’ t)€_2x+20t.

Combining /1, I and I3, for x > ot, we have

1 1 3 3
Ay p * (uz + zug’x)(t, x)=— Zaz(o, He *tot 4 Zaz(cr, 1)e X +20t _ Zaz(o, e *to!

1
+ Zaz(o,’ t)e—2x+20t
— _ aZ(O_’ t)efor(Tl‘ + 612(0,7 t)672x+2gt.
When x < ot, we split the right hand side of (4.10) into the following three parts.

ot +

X o0
1 1 . e 2y
8xp*(u§+§u§,x>(t,x)=—§(/+/+/>s1gn(x—y)e v y‘-[az(a,t)e 2y=otl
—00 X ot

1
+ 3 sign®(y — o1)a’(o, t)e_zly_‘”l]dy
=1L +1L+ 1.

For —oo < y < x < o't, a simple computation shows that

X

1 ' 1
1L =- 3 f e ¥ty [az(o, neP =2t 4 Eaz(a, t)ezy—z‘”]dy

—00
1] 3 3 [

=— - f e*xﬂ[—az(o, t)ezy*z‘”]dy:——az(a,t)efxfz‘” / eVdy
2 2 4
—0o0 —0o0

1 x 1
= — ~d2(o, t)e—x—Zate?)y‘ = ——a%(o, )e 2! <e3x _ 0)
4 —00 4

1 2 2x—20t
—_— s t .
= a“(o,t)e

For x < y < ot, it is found that

ot ot

1 3 X 3 ,
1L =— > / —ex_y[iaz(o, [)62)—201](1)} = Za2(a, 1)er 2ot / e’dy

X X

3 ot 3
=—a2(a, t)ex72<rt(ey ) — _aZ(O,’ t)ex72<rt(eot _ex)
4 x 4

3 3
21(12(0, t)ex—ot _ ZaZ(o,’ t)er—Zat.
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For x <ot <y < 400, it is easy to check that

+00
1 ' 1
13 =— 3 / —e*Y [az(o, ne 2Tl 4 Eaz(o, t)e_2y+2‘”]dy

ot

+00
ZEGZ(U, t)ex+2m / e_3ydy — —102(0', t)ex+20t (3_3y +OO)
4 4 ot

at

1 1
- _ ZaZ(O_’ t)ex+2<7t (0 _ 673ot> — Zdz(g’ t)exfm.

Combining 117, 11> and I I3, in the case x < ot gives

1 1 3 3
Oy p * (ui + EMZ’X)(I’ x)=— Zaz(o, Ne* 201 4 Zaz(a, 1eX o — Zaz(o, et

1 2
- .t x—ot
—|—4a (o,t)e
Z—GZ(U, t)er—Zot +a2(0_7t)ex—o’t.

According to (4.8), it is then inferred from these two cases mentioned above that

1 —a?(0, e T 4 4 (0, 1)e 2T ifx > o1,
8xP*<u2+§u3’x)(t,x): 5 _— R ' (411)
—a”(0,1)e”* " +a” (o, 1)e* ", ifx <ot.

If the function in the form of (4.6) is a weak solution of equation (4.5), then combining (4.8),
(4.9) and (4.11) yields that

da(o, )™ —ouy, —u’ =a*(o, )2 — a*(o, 1) !, if x <ot,

{ da(o,0)e ™ fou, +u2 =a*(0,1)e T —a?(0,1)e” N ifx > ot,
a =

which implies that

[ata(o, 1) +oa(o,1) —a*(o, t)]efx“” +2a% (o, t)e X201 =0, ifx > ot,

[Bta(o, 1) —oa(o, 1) +a*(o, t)]ex—‘” —2d%(0,0)> 21 =0,  ifx <ot

By the linear independence of the functions e *197 ¥~ ¢=2¥+201 3pd 2X=291 the above
condition holds if and only if

a(o,t) =0,

which provides a trivial solution of equation (1.1), u,(f, x) = 0, thereby concluding the proof of
Theorem 4.1. O
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4.2. Classification of traveling-wave solutions

Our attention in this subsection is turn to the classification of traveling-wave solutions based
on the argument in [38].

Proposition 4.1. If (p, V) is a traveling-wave solution of (1.1) for some o € R, then o # 0 and
o(x) # o forany x € R.

Proof. From the definition of traveling-wave solutions and the embedding theorem, we know
that ¢ and i are both continuous. If o = 0, then (4.4) becomes

Lo+ 0@ux + 302+ =0,
(1 4+ ¥)p=0.

4.12)

Since ¥ vanishes at infinity, the second equation of the above system indicates that ¢(x) =0
for |x| large enough. Denote xp = max{x : ¢(x) 5~ 0}. Hence ¢(x) =0 on [x(, c0) and ¢ £ 0 on
(x0 — 8, x0) for any é > 0. Consider now the first equation of (4.12) on [x¢, 00) we see that y =0
on [xp, 00). Then the continuity of ¥ implies that there exists a §; > 0 such that 1 4+ ¥ (x) > 0
on (xo — 61, x0). This together with the second equation of (4.12) leads to ¢ =0 on (xo — 61, X0),
which is a contradiction. Therefore o # 0.

Next we show ¢ # o. If not and there is some x; € R such that ¢(x;) = o. Then the second
equation of (4.4) infers that

p(x1) = (0 =) ¥ (x1) =0,
so o0 = 0, which is a contradiction. This proves Proposition4.1. O

According to the above proposition we obtain from the second equation of (4.4) that

v=—2_ (4.13)
o—g

Substituting this into the first equation (4.4) we obtain an equation for the unknown ¢ only

1 3
_U‘p“‘a(pxx“‘§¢2+§0(pxx+§§0;%+(1_209)£=0. (4.14)

We can rewrite (4.14) as
1
(9 4+0))xx = =92 + 200 — > +2(1 = 20Q) —20(1 —20Q)——, in Z'(R). (4.15)
oc—¢

The following lemma deals with the regularity of the traveling waves.

Lemma 4.1. Let ¢ = (¢, V) be a traveling-wave solution of (1.1). Then

(@+0)eC/R\ ¢ (=0)), fork>2. (4.16)
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Furthermore,
¢ € C¥R\ ¢~ (—0)). (4.17)

Proof. From Proposition 4.1 we know that o # 0 and ¢ # o and thus ¢ satisfies (4.15). Let
v = ¢ + o and denote

rv)=20(v—0)—(v— 0)2 +2(1 —20R).
So r(v) is a polynomial in v. From the fact that ¢ — o 7% 0 we know that
20 —v#0. (4.18)
Thus v satisfies
V)ax = =02 +r(v) —20(1 = 20Q)(20 —v)~".

From the definition of traveling-wave solutions that ¢ € H L(R), we know (v3),y € Lllo (R).
Hence (v?), is absolutely continuous and hence

v?> e C'(R), and then v € C' (R \ v~ (0)).
So from (4.18) and that v — o € H'(R) ¢ C(R) we know
2o —v)eC@®)NCR\ v H0)).

Moreover,
W) =[W) 2 1x = kv o], = [gv"—z(ztmx)]x

=§(vk—2)x(v2>x + gvH(vZ)m
(4.19)

k
=k(k —2)vF 202 + zvk_z[—v% +r(v) =20 (1 —20Q)(20 —v)"']

5 k
=k(k — E)vk_zvf + 5v"—zr(v) — vk 26 (1 =20 Q) (20 —v) L.

3

For k = 3, the right-hand side of the above equation is in L (R). Therefore, we have v’ €

loc
C! (R). Similarly, for k > 4, it is deduced from (4.19) that

5

VTN + gvk—zr(v) — k2o (1 -202) (20 —v) 7.

W) r = g(k —~

Therefore v* € C2(R) for k > 4.
For k > 8, we know from the above that

vt oF T R k2 (v) € CP(R), and vF 220 —v) T e CP(R\ v H(0)).
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Moreover, we have

_ 1 1 _
= 20N 0 e CT®).

Hence from (4.19) we conclude that
e R\ v 10), k=>8.
Applying the same argument to higher values of k we prove that
el R\ v ©0)), for k>2/.

Since o — ¢ # 0, the above infers that ¢ € C®°(R \ ¢~ !(—0)) and so is ¥ by (4.13). This
completes the proof of Lemma 4.1. O

Denote x = min{x : ¢(x) = —o} (if p(x) # —o for all x then let x = +00), then x < +o00.
From Lemma 4.1, a traveling-wave solution ¢ is smooth on (—o0, x) and hence (4.14) holds
pointwise on (—oo, ¥). Therefore we may multiply by (¢ + 0)?¢, and integrate on (—oo, x] for
X < X to get

, —1® +1B0%+2(1 - 201 +[03 + 30 (1 — 20Q)]¢?

! (p+0)3
852(1 —20Q)¢ +803(1 —20Q) In|o — ¢| (4.20)
+ 3
(p+o0)
=F(¢).

Applying the similar arguments as introduced in [38], we have the following conclusions.

1. When ¢ approaches a simple zero m of F(¢p) so that F(m) =0 and F’(m) # 0. The solution
@ of (4.20) satisfies

92 = (9 —m)F'(m) + O((p —m)?), as ¢ — m, (4.21)

where f = O(g) as x — a means |f(x)/g(x)| is bounded in some interval [a — ¢,a + €]
with ¢ > 0. Then, we have

o(x)=m+ ;l(x — x0)2F'(m) + O((x — x0)*), as x — xo, (4.22)

where ¢ (xg) = m.
2. If F(p) has a double zero at ¢ = 0 such that F/(0) =0 and F”(0) > 0, then

@2 =¢?F"(0) + 0(¢%), as ¢ — 0. (4.23)
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Hence,

0= o(exp(—,/F//(0)|x|)), as |x| — o0, (4.24)

which implies ¢ — 0 exponentially as x — oo.
. If ¢ approaches a simple pole ¢(xg) = —o of F(¢), then

e(x)+o=Ax —xo/*? +0((x —x0)*?), as x — xo, (4.25)

{%Mx—xm‘/3+0((x—xo>‘/3>, as x| xo.
Py =

5 (4.26)
—5Alx — xo|_1/3 + O((x —x0)1/3), as  x 1 xo,
for some constant A. In particular, when F(¢) has a pole, the solution ¢ has a cusp.
. Peaked traveling waves occur when ¢ suddenly changes direction: ¢, +— —¢y according
to equation (4.20). By all the information mentioned above, it enables us to classify the

traveling-wave solutions of (1.1) in two cases based on the form of (4.20).

4.2.1. The case when1 —20Q2 =0

In this case system (4.4) becomes an ODE for ¢ solely and an algebraic equation for vr. More

specifically, the equation for ¢ is

1 2 3 2
—09+0@ix+ 9"+ 9pxx + -9y =0.

4.27
7 7 (4.27)
In this case, equation (4.20) becomes
) _%(ps + 0203 + 0392
0, = 3 (4.28)
(p+0)
Let us start with
13 2 3
h@)=—cs¢"+o 9 +o.
Then, by the property of cubic polynomial, we can rewrite
1 3 2 3
f](fﬂ)=—§[§0 — 509 —507]. (4.29)
Let
5
m=—>c%n= —§03.
3 2
The determinator of equation f(¢) = 0 is defined by
5 5 25 125 175
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So f1 has only one real root A1, which is

- 35+ 175+35 175 @31
W2 Vi V2 Vs )T ‘

Theorem 4.2. Let 1 — 20 Q2 = 0. For system (1.1), there is an anticusped traveling-wave solution
(¢, ¥) with ming(x) = —o and min (x) = —3.
xeR xeR

Proof. Due to o = ﬁ > (, equation (4.28) has the following form

1.2
2 59 (*1 —9)0(p) .
Px = (0+0)3 = Fi(p), (4.32)

where Q(¢) > 0 is a quadratic polynomial, and A; > 0. From (4.32) we know that ¢ can not
oscillate around zero near infinity. Let us consider the following two cases.

(1.1) If ¢(x) > 0 near —oo, then there is some xg sufficiently large negative so that ¢(xp) = ¢ >
0, with ¢ sufficiently small, and ¢, (xg) > 0. o/ Fj(¢) is locally Lipschitz continuous in ¢
for 0 < ¢ < A1. Hence, there is a local solution to

{wx = JFi(9),
@(xp) =¢,

on [xo — L, xo + L] for some L > 0. Therefore by (4.22), (4.23) and (4.24), the smooth
solution can be constructed with the maximum height ¢ = A1 and decay to zero at infinity.
However, since o < A1, ¢ may take o, which contradicts with Proposition 4.1. Hence,
smooth traveling waves are excluded.

(1.2) If ¢(x) < 0 near —oo. Then there is some xg sufficiently large negative so that ¢(xg) =
—e < 0, with ¢ sufficiently small, and ¢, (x¢) < 0. Since /F1(¢) is locally Lipschitz in ¢
for —o < ¢ <0, then —o becomes a pole of F1(¢). Then we may obtain a traveling-wave
solution with a cusp at ¢ = —o by (4.25) and (4.26). Hence, by (4.13) we know that when
@ exhibits a cusp singularity then i exhibits a cusp as well. Moreover, —% < ¥ <0 with

miﬂrg Y(x)= —%. This completes the proof of Theorem 4.2. O
xXe

4.2.2. The case when 1 —20Q #0

In this case, according to the Definition 4.2, suppose there exists a traveling-wave solution of
(1.1) in the form ¢ = (¢, ¥) in H'(R) x H'(R), then (4.15) admits a solution ¢ € H'(R) such
that ¢ decays to zero at infinity, i.e. F(¢) in (4.20) has a double zero at ¢ = 0. This infers that
F’(0) =0and F”(0) > 0. A direct computation shows that, if 1 —20Q #0 and o #0,

24
F'(0)=—""(1-209Q)In|o|=0, wheno = 1. (4.33)
o
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Thus, for 0 = 1, F(¢) can be simplified as

—1¢° + 1 (5 —4Q)p® + (4 — 6Q)¢? + 8(1 — 2Q)¢ + 8(1 — 22) In[1 — ¢

F(p) = 3
@+D (4.34)
__ L@
" (p+ DY
and
[ - 20* — 40 +201 + 220 + (-8 +200) — 02D (g 4 1)
E — — — 4.
2(¢) PESE
[ — 205 — g 4 (1422092 + (=8 +20Q)¢ + 16(1 — 29) + 16(1 — 29)¢—{1]
(p+1) )
(4.35)
Therefore, F,'(0) = —24 + 52Q > 0 requires
6
Q> > (4.36)

13
Let F>(¢) = 0. Then, it is deduced from (4.34) that
—1¢° + 3¢ +4¢? + 8¢ + 8In|1 — ¢

Q=2 . (4.37)
307 + 692 + 169 + 161n |1 — ¢

Lemma 4.2. For —1 < ¢ <0 o0r 0 < ¢ < 1, consider Q2 as a function of ¢, then it is monotonic
increasing with respect to .

Proof. To show that 2 is monotonic increasing with respect to ¢, we will start with the consid-
eration of the first order derivative of Q. If Q' > 0, then £ is monotonic increasing. In fact, €’
can be written in the following form

, o(p+1)?
&= 7 8(9), (4.38)

a —go)(g—‘<p3+6<p2+ 16¢ + 161n]1 —(p|)

where g(p) = [ga((p - 3)(§¢3 4602 + 1690 + 161n|1 — (p|> +4( — 105+ 303 440 + 80 +
8In|l1 —¢|)] is an increasing function on (—1, 1). Indeed, g’(¢) = %(2<p—3)h(<p), where h(p) =

[0(2¢% + 9¢ + 24) + 241In|1 — ¢|]. Since h'(p) = —W and #(0) = 0, this implies that
h(yp) is increasing and i (p) < 0 on (—1, 0), as well as (@) is decreasing and /2 (p) < 0 on (0, 1).
Hence, g’(¢) > 0on (—1, 1), i.e. g(¢) is an increasing function on (—1, 1), which get along with
g(0) =0 gives that g(¢) <0 on (—1,0) and g(¢) > 0 on (0, 1). Thus, by (4.38), it is concluded
that Q" > 0 on (-1, 0) U (0, 1), which demonstrates Lemma 4.2. O
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Let us discuss the maximum and minimum of a traveling-wave solution when 1 — 20 # 0.
On the one hand, (4.33) and Proposition 4.1 infer ¢ # 1, which implies maX(p < 1. On the other

hand, in view of (4.34), ¢ exhibits singularity at ¢ = —1, which 1mphes mlngo < —1. Then, by

the restrictions on the extremum of ¢ and Lemma 4.2, it is deduced that

81n2 — 82/15 !
0323~ om28/15 o 1 (4.39)
16In2 — 34/3 2

which combining with (4.36) gives that the traveling-wave solution of (1.1) may exist when

6 1
— < Q<. (4.40)
13 2

Hence, we focus on % < Q< % in the following.

Lemma 4.3. Let % < Q< % There is no root Ay < 0 such that f>(A2) = 0 and there is a A3,
where 0 < A3 < 1, such that fr(A3) =0.

Proof. We will begin with the proof of the monotonicity of f>(¢) and f>(¢) > 0 for ¢ < 0. From
(4.34), we know

H@) = —¢* + (5 —4Q)¢” +2(4 — 6Q)¢ + 8(1 —2Q) +8(1 —2Q) /(¢ — 1)

8¢? 1202 + 49

4 2 2

= — 5 = 4 it A

<p+<p+¢_1 [4¢” + o1 ] (441)
=@+ <4<p(<p+ 1)2>Q

B ¢ —1 ¢—1

Then, it is deduced from % < Q< % that f)(¢) < 0 if ¢ < 0. This implies f, is monotonic
decreasing on (—oo, 0), which get along with f>(0) = 0 infers f>(¢) > 0 for ¢ < 0. Hence, we
conclude that there is no root Ay < 0 such that f>(A;) =0.

Next, for 0 < ¢ < 1, we know (4.41) can be rewritten as

2
7o) == FL L), where ) = [* -3¢ +42]

Consider % < Q< %, then fz(<p) has two real roots r| and r,, where

21
3-/9-169 3-y1
rp= ————, where 0.69 ~ VB <r <1,
2 2 (4.42)
34+4V9—1692
rp = — where rp > 1.

Thus fz(go) > 0on (0,r) and fz(w) < 0 on (r1, 1), which implies that f; is increasing on (0, r1)
and is decreasing on (rq, 1). Moreover, for % <Q< %, a simple computation shows that,
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f2(0) =0, f2(1) = —o0,

»i ( L3 itats 1) <1+3+8+161 l)sz 0
V= — — n-)—\- - n— > V.
22 160 ' 24 2 6 2 2

Hence, according to the continuity of f>(¢), there exists a A3, such that f>(13) =0, where 0 <
A3 < 1. Consequently, the proof of Lemma 4.3 is complete. O

Theorem 4.3. For 0 = 1, when % <Q< %, system (1.1) possesses a smooth traveling-wave

solution ¢ > 0 with mzllg ¢(x) = A3, and an anticusped traveling-wave solution ¢ < 0 with
Xe

min =—-1.
ming(x)
Proof. In the case 1 — 20 Q2 # 0, equation (4.28) has the following form

,  —200 + 15— 4¢P + (4 — 6Q2)¢* +8(1 —2Q)p + 8(1 — 2Q) In|1 — |

! (p+1)°

f2(9)
= m = ().

(4.43)

By (4.43) we know that ¢ can not oscillate around zero near infinity. Let us consider the following
two cases.

(1.1) If ¢(x) > 0 near —oo, then there is some xq sufficiently large negative so that p(xg) = ¢ >
0, with ¢ sufficiently small, and ¢, (xo) > 0. By Lemma 4.3, \/F>(¢p) is locally Lipschitz
continuous in ¢ for 0 < ¢ < A3. Hence, there is a local solution to

!¢x = VR (9),
p(x0) =&,

on [xo — L, xo + L] for some L > 0. Therefore by (4.22), (4.23) and (4.24), the smooth
solution can be constructed with the maximum height ¢ = A3 and exponential decay to
zero at infinity

o(x) = O(exp(—«/SZQ - 24|x|))), as |x| — oo.

(1.2) If ¢(x) < 0 near —oo. In this case, we are solving

{(px = —VF(9),
p(x0) = —¢,

for some x sufficiently large negative and ¢ > O sufficiently small. Since +/ F> () is locally
Lipschitz in ¢ for —1 < ¢ < 0, then —1 becomes a pole of F>(¢). Then we may obtain a
traveling-wave solution with a anticusp at ¢ = —1 by (4.25) and (4.26). This completes the
proof of Theorem 4.3. O
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4.3. Symmetry of traveling-wave solutions
In this section, attention is turned to the unique x-symmetric weak solution of system (1.1).
Following [20] and the general principle deduced therein, we will prove that such a solution must

be a traveling wave. To achieve this goal, one starts with the definition for x-symmetric solution.

Definition 4.3. A solution u(¢, x) = (u(t, x), n(t, x)) is x-symmetric if there exists a function
b(t) € C'(R) such that for every > 0,

u(t, x) = (u(t, 2b(t) — x), n(t, 2b(t) — x)) (4.44)
for almost every x € R. We say that b(¢) is the symmetric axis of u(¢, x).

To accommodate for weak solution, we will use (, ) for distribution in the subsequent discus-
sion and we rewrite (4.3) in Definition 4.1 as follows:

{<u, (1= 83)¢e) +29(1. ¢0) + (7 + 13 + 1. bx) + (%, Br) =0, (4.45)

(. &) + (L +mu, ¢x) =0.

A result related to traveling-wave solution may now be enunciated.

Theorem 4.4. If (¢, x) is a unique weak solution of system (1.1) and is x-symmetric, then ii(t, x)
is a traveling wave.

The proof of the main result is approached via a series of lemmas. The following lemma gives
the form of a weak solution of (1.1), which implies the main theorem in this section.

Lemma 4.4. Assume that U = (U (x), V (x)) € H'(R) x L2(R) and satisfies

JRI=cUl = 3y —2QcV s + (FU? + U2 + V) + SU%pyx] dx =0,

(4.46)
Jrl=cVér + 1+ V)Udy]dx =0,
forall ¢ € C§°(R). Then u given by
i(t,x) = U(x — c(t — 1)) (4.47)

is a weak solution of system (1.1) for any fixed ty € R.

Proof. Without loss of generality, we can assume 7y = 0. Following the arguments in [20], we get
that i (z, x) belongs to C(R, H'(R) x L?(R)). For any ¢ € C° (R4 x R), letting ¢ = ¢ (£, x +
ct), it follows that

{Bx (CL) = ({x)c‘a (4 48)

0 (8e) = (&r)e +¢c(Cx)e-
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Assume i(t, x) = l}(x — ct). One can easily check that

(l/l, C)=<U7 CC)’ <M2, ;>=<U2’ §C>a
W2,0)=(U%e), .8 =(V,&), (4.49)
(L4 nu, o) = {1+ VU, &),

where U = (U, V)= (U(x), V(x)). In view of (4.48) and (4.49), we obtain

(u, (1 =395 = (U, (1 = 990 5)e) = (U, (1 — 02) (0, — cOxLe)),

(n, ct> <v O ge — cOxLe),

(5u 2408 = (FUP+ U2+ V.08, (4.50)
(su? ;m>—< U2, 93¢),

(A +mu, &) = (A + VIU, dxLe).

Notice that U is independent of time, for 7 large enough such that it does not belong to the
support of ¢., which implies

<U,(1—a§)a,;c)= /U(x)/at(l—axz)gcdtdx

R R,

= / U1 = 8,2)8e(T, x) — (1 = 39)c(0, )] dx =0,
& 4.51)

(U, dy0) = f U / d,¢. didx / U ()[Ee(T, x) — £(0, x)] dx =
R R

(V,9:¢:)=0.

Combining (4.50) with (4.51) gives that

1 2
+ 1, ¢x) + (U, Pxxx)

2 1o
2

1
(u, (1 —32)¢) +2Q(n, ¢r) + ( 5l

21/!
= (U, —c(1 — 32)3:¢0)) + 29V, —cdele) + %02 + 2U3 +V,8:Le) + <;U2 32¢c)

1.5 153
UF + V)it + 5 U3¢ | dud

:/f[—cU(l—Bf)8x§6—296V8x§C+(%U2+2

R, R
=0,

and
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M, @) + (A +mu, dr) =(V, —cd:&e)) + (1 + VU, 9 &)

://[—CV8X§C+(1+V)U8X§C] dxdt =0,
R, R

where we applied (4.46) with ¢ (x) = ¢.(¢, x), which belongs to C§°(R), for every given ¢ > 0.
This completes the proof of Lemma 4.4. O

Proof. Recall Definition 4.3 and noting that C§° (R x R) is dense in Cé R4+ x CS (R)), we can
only consider the test function ¢ belonging to Cé R4 x CS (R)). Let

bu(t,x) =¢(1,2b(t) —x), b(1) € C'(R). (4.52)

Then we obtain that (¢p)p = ¢ and

Oyup = —(0yxu)p, O =—(0 ,
{ up = —(3xu)p ‘ Db (0x9P)p 4.53)
0xPp = (0:®)p + 2b(3x )b,
where b denotes the derivative of b with respect to time. Moreover,
(up, @) = (u, ¢p),  (up, @) = (W, ¢p),
{ ¢ »e (4.54)

((cup)?, @) = (@)%, dp), (b, D) = (1, D).

Since # is x-symmetric, which get long with (4.53) and (4.54) gives that

w, (1= 92)y) = (u, (1 — )3 $)p) = (u, (1 — 92) (5 + 2bDpp)).

N, ¢r) = (Uaat¢b+2ba Db,

Jut+ 3u? 0, ¢0) = G + Jud + 0, —ocp), (4.55)
su?, ¢m>=<%u2,—a§¢b>,

(
(
(
(
(A +mu, ¢x) = ((1 +n)u, —0xPp).

In view of (4.45), we get

(u, (1= 9D} +2Q(n, 1) + (u* + Ju + 1, ¢x) + (5%, Prrx)
= (u, (1 — 32) (3, pp + 260,p)) + 22(n, d by + 2535 )
H(5u? + Sud + 1, —0edp) + (3u, —03¢p) (4.56)
=0,
(0, )+ (L e, ¢ = (0, 8y + 2b3cp) + (1 + e, —dep) =
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Notice that (¢p)p = ¢. Substituting ¢, in the system (4.56) for ¢, we have

(u, (1= 32)(31¢ + 2b3:$)) +2Q(n, dp + 2635 ¢) + (Su® + Su> + 1, —d:p)
+(3u?, —d3¢) =0, (4.57)
(0, 8¢ +2b3:p) + ((1 + n)u, —dc¢p) =0.

Combining (4.45) and (4.57), we have

(u,2b(1 — 92)3:9)) +22(n, 263, @) + (Su® + Lu? + 1, —20,¢)
+(3u?, —283¢) =0, (4.58)
(1,260, ¢) + (1 + mu, —20,¢) =0.

We consider a fixed but arbitrary 7y > 0. For any ¢ € Cf)’o (R), let ¢ (t,x) = ¢p(x)p.(t), where
pe € C3°(R ) is a mollifier with the property that o, — §(¢ — o), the Dirac mass at fo, as ¢ — 0.
From (4.56), by using the test function ¢, (¢, x), we have

I (2(1 — 32 fg. bupe (t)dt) dx +29 [ (2ax¢ S, bnpe (t)dt) dx
~ Ja (2ax¢ Jr, Gu? + L2 + n)pg(t)dt) dx — [q (a§¢ S, w2pe(0) dt) dx =0,
I (2ax¢ Jr. l}upg(t)dt) dx — fp (2ax¢ Jr, b0+ n)u,og(t)dt) dx =0.
(4.59)

Note that

lim f bupe () dt = b(ty) - u(ty, x), lim f bnpe (1) dt = b(1o) - (1o, x), in L*(R),
E—> E—>
R, R,

and

. 1 2 1 2 1 2 1 2

Iim | (zu”+ zui +n)p:t) dt = —u”(to, x) + zuy (to, x) +n(to, x),

e—0 2 2 2

Ry

lin})/. W2 - pe(t) dt = u? (1, x),
£E—>
Ry

m%/ b+ nu - pe(t) dt = b(10)(1 + n(t0, x))u(ty, x), in L'(R).
Ry

Therefore, letting ¢ — 0, (4.59) infers that
Jr b(to) - u(to, x)(1 — 32)d, dx + 22 Ir b(to) - n(to, x) - dcp dx

- Jr (%uz(fo’ x) + 32 (10, x) + (10, x)) e dx — [ $uP(t0, 0)83¢ dx =0,
Ir b(to) - n(t, x) - dxp dx — Ir b(to) (1 + n(to, x))u(ty, x) - dx¢p dx = 0.
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Thus, we deduce that u(ty, x) satisfies (4.46) for ¢ = B(to). Applying Lemma 4.4, we get that
a(t,x) = u(ty, x — b(1p)(t — 19)) is a traveling-wave solution of system (1.1). Since #(ty, x) =
u(ty, x), by the uniqueness assumption of the solution of system (1.1), we obtain u (¢, x) = u(t, x)
for all time ¢. This completes the proof of Theorem 4.4. 0O

Acknowledgments

The authors would like to thank the referees for many important suggestions and valuable
comments. The work of Luo is partially supported by China Postdoctoral Science Foundation
(2018M641270). The work of Liu is partially supported by the Simons Foundation grant 499875.
The work of Mi is partially supported by NSF of China (11671055), partially supported by NSF
of Chongqing (cstc2018jcyjAX0273), partially supported by Key project of science and technol-
ogy research program of Chongqing Education Commission (KJZD-K20180140). The work of
Moon is supported in part by Basic Science Research Program through the National Research
Foundation of Korea (NRF) funded by the Ministry of Education (2017R1C1B1002336).

References

[1] B. Alvarez-Samaniego, D. Lannes, Large time existence for 3D water-waves and asymptotics, Invent. Math. 171
(2008) 485-541.
[2] J.L. Bona, M. Chen, J.C. Saut, Boussinesq equations and other systems for small amplitude long waves in nonlinear
dispersive media. I. Derivation and linear theory, J. Nonlinear Sci. 12 (2002) 283-318.
[3] J. Boussinesq, Théorie de I’intumescence liquide, applelée ond solitaire ou de translation, se propageant dans un
canal rectangulaire, C. R. Acad. Sci. 72 (1871) 755-759.
[4] T. Benjamin, J. Bona, J. Mahony, Model equations for long waves in nonlinear dispersive media, Philos. Trans. R.
Soc. Lond. A 272 (1972) 47-78.
[5] V. Busuioc, On second grade fluids with vanishing viscosity, C. R. Acad. Sci., Ser. 1 Math. 328 (1999) 1241-1246.
[6] J.L. Bona, N. Tzvetkov, Sharp well-posedness results for the BBM equation, Discrete Contin. Dyn. Syst., Ser. A 23
(2009) 1241-1252.
[7]1 R. Camassa, D.D. Holm, An integrable shallow water equation with peaked soliton, Phys. Rev. Lett. 71 (1993)
1661-1664.
[8] R. Camassa, D.D. Holm, J.M. Hyman, A new integral shallow water equation, Adv. Appl. Mech. 31 (1994) 1-33.
[9] M. Chen, G. Gui, Y. Liu, On a shallow-water approximation to the Green-Naghdi equations with the Coriolis effect,
Adv. Math. 340 (2018) 106-137.
[10] A. Constantin, Nonlinear Water Waves with Applications to Wave-Current Interactions and Tsunamis, CBMS-NSF
Regional Conference Series in Applied Mathematics, vol. 81, STAM, Philadelphia, 2012.
[11] A. Constantin, On the modelling of Equatorial waves, Geophys. Res. Lett. 39 (2012) L05602.
[12] A. Constantin, J. Escher, Global existence and blow-up for a shallow water equation, Ann. Sc. Norm. Super. Pisa,
CI. Sci. 26 (1998) 303-328.
[13] A. Constantin, R.I. Ivanov, On an integrable two-component Camassa-Holm shallow water system, Phys. Lett. A
372 (2008) 7129-7132.
[14] A. Constantin, D. Lannes, The hydrodynamical relevance of the Camassa-Holm and Degasperis-Procesi equations,
Arch. Ration. Mech. Anal. 192 (2009) 165-186.
[15] W. Craig, An existence theory for water waves and the Boussinesq and Korteweg-de Vries scaling limits, Commun.
Partial Differ. Equ. 10 (1985) 787-1003.
[16] H.H. Dai, Model equations for nonlinear dispersive waves in a compressible Mooney-Rivlin rod, Acta Mech. 127
(1998) 193-207.
[17] A. Degasperis, D.D. Holm, A.N.W. Hone, A new integrable equation with peakon solutions, Theor. Math. Phys.
133 (2002) 1463-1474.
[18] A. Degasperis, M. Procesi, Asymptotic integrability, in: A. Degasperis, G. Gaeta (Eds.), Symmetry and Perturbation
Theory, World Scientific, River Edge, New Jersey, 1999, pp. 23-37.
[19] V. Duchéne, S. Israw, Well-posedness of the Green-Naghdi and Boussinesq-Peregrine systems, Ann. Math. Blaise
Pascal 25 (2018) 21-74.


http://refhub.elsevier.com/S0022-0396(19)30158-5/bib616C6C61s1
http://refhub.elsevier.com/S0022-0396(19)30158-5/bib616C6C61s1
http://refhub.elsevier.com/S0022-0396(19)30158-5/bib4243533032s1
http://refhub.elsevier.com/S0022-0396(19)30158-5/bib4243533032s1
http://refhub.elsevier.com/S0022-0396(19)30158-5/bib426F753731s1
http://refhub.elsevier.com/S0022-0396(19)30158-5/bib426F753731s1
http://refhub.elsevier.com/S0022-0396(19)30158-5/bib42424D3732s1
http://refhub.elsevier.com/S0022-0396(19)30158-5/bib42424D3732s1
http://refhub.elsevier.com/S0022-0396(19)30158-5/bib4275733939s1
http://refhub.elsevier.com/S0022-0396(19)30158-5/bib42543037s1
http://refhub.elsevier.com/S0022-0396(19)30158-5/bib42543037s1
http://refhub.elsevier.com/S0022-0396(19)30158-5/bib43483933s1
http://refhub.elsevier.com/S0022-0396(19)30158-5/bib43483933s1
http://refhub.elsevier.com/S0022-0396(19)30158-5/bib4348483934s1
http://refhub.elsevier.com/S0022-0396(19)30158-5/bib43474C3136s1
http://refhub.elsevier.com/S0022-0396(19)30158-5/bib43474C3136s1
http://refhub.elsevier.com/S0022-0396(19)30158-5/bib436F6E3131s1
http://refhub.elsevier.com/S0022-0396(19)30158-5/bib436F6E3131s1
http://refhub.elsevier.com/S0022-0396(19)30158-5/bib436F6E3132s1
http://refhub.elsevier.com/S0022-0396(19)30158-5/bib43453938s1
http://refhub.elsevier.com/S0022-0396(19)30158-5/bib43453938s1
http://refhub.elsevier.com/S0022-0396(19)30158-5/bib43493038s1
http://refhub.elsevier.com/S0022-0396(19)30158-5/bib43493038s1
http://refhub.elsevier.com/S0022-0396(19)30158-5/bib434C3039s1
http://refhub.elsevier.com/S0022-0396(19)30158-5/bib434C3039s1
http://refhub.elsevier.com/S0022-0396(19)30158-5/bib4372613835s1
http://refhub.elsevier.com/S0022-0396(19)30158-5/bib4372613835s1
http://refhub.elsevier.com/S0022-0396(19)30158-5/bib4461693938s1
http://refhub.elsevier.com/S0022-0396(19)30158-5/bib4461693938s1
http://refhub.elsevier.com/S0022-0396(19)30158-5/bib444B4B3032s1
http://refhub.elsevier.com/S0022-0396(19)30158-5/bib444B4B3032s1
http://refhub.elsevier.com/S0022-0396(19)30158-5/bib44503939s1
http://refhub.elsevier.com/S0022-0396(19)30158-5/bib44503939s1
http://refhub.elsevier.com/S0022-0396(19)30158-5/bib44493136s1
http://refhub.elsevier.com/S0022-0396(19)30158-5/bib44493136s1

3270 T. Luo et al. / J. Differential Equations 267 (2019) 3232-3270

[20] M. Ehrnstrom, H. Holden, X. Raynaud, Symmetric waves are traveling waves, Int. Math. Res. Not. 24 (2009)
4578-4596.

[21] L. Fan, H. Gao, Y. Liu, On the rotation-two-component Camassa-Holm system modeling the equatorial water waves,
Adv. Math. 291 (2016) 59-89.

[22] B. Fuchssteiner, A.S. Fokas, Symplectic structures, their Béacklund transformations and hereditary symmetries,
Phys. D 4 (1981) 47-66.

[23] A. Geyer, R. Quirchmayr, Shallow water equations for equatorial tsunami waves, Philos. Trans. R. Soc. A 376
(2018) 20170100.

[24] G. Gui, Y. Liu, On the global existence and wave-breaking criteria for the two component Camassa-Holm system,
J. Funct. Anal. 258 (2010) 4251-4278.

[25] G. Gui, Y. Liu, On the Cauchy problem for the two-component Camassa-Holm system, Math. Z. 268 (2011) 45-66.

[26] G. Gui, Y. Liu, T. Luo, Model equations and traveling wave solutions for shallow-water waves with the Coriolis
effect, J. Nonlinear Sci. (2018), https://doi.org/10.1007/s00332-018-9510-x.

[27] G. Gui, Y. Liu, PJ. Olver, C. Qu, Wave-breaking and peakons for a modified Camassa-Holm equation, Commun.
Math. Phys. 319 (2013) 731-759.

[28] A. Green, P. Naghdi, A derivation of equations for wave propagation in water of variable depth, J. Fluid Mech. 78
(1976) 237-246.

[29] I. Gallagher, L. Saint-Raymond, On the influence of the Earth’s rotation on geophysical flows, Handb. Math. Fluid
Mech. 4 (2007) 201-329.

[30] D. Ionescu-Kruse, Variational derivation of a geophysical Camassa-Holm type shallow water equation, Nonlinear
Anal. 156 (2017) 286-294.

[31] R. Ivanov, Hamiltonian model for coupled surface and internal waves in the presence of currents, Nonlinear Anal.,
Real World Appl. 34 (2017) 316-334.

[32] R.S. Johnson, A Modern Introduction to the Mathematical Theory of Water Waves, Cambridge University Press,
Cambridge, 1997.

[33] R.S. Johnson Camassa-Holm, Korteweg-de Vries and related models for water waves, J. Fluid Mech. 455 (2002)
63-82.

[34] K. Kano, T. Nishida, A mathematical justification for Korteweg-de Vries equation and Boussinesq equation of water
surface waves, Osaka J. Math. 23 (1986) 389-413.

[35] D.J. Korteweg, G. de Vries, On the change of the form of long waves advancing in rectangular channel, and on a
new type of long stationary waves, Philos. Mag. 39 (1895) 422-443.

[36] D. Lannes, The Water Waves Problem. Mathematical Analysis and Asymptotics, Mathematical Surveys and Mono-
graphs, vol. 188, American Mathematical Society, Providence RI, 2013.

[37] P.D. Lax, Integrals of nonlinear equations of evolution and solitary waves, Commun. Pure Appl. Math. 21 (1968)
467-490.

[38] J. Lenells, Traveling wave solutions of the Camassa-Holm equation, J. Differ. Equ. 217 (2005) 393-430.

[39] J. Lenells, Classification of all travelling-wave solutions for some nonlinear dispersive equations, Philos. Trans. R.
Soc. Lond. Ser. A Math. Phys. Eng. Sci. 365 (2007) 2291-2298.

[40] Y.A. Li, A shallow-water approximation to the full water wave problem, Commun. Pure Appl. Math. 59 (2006)
1225-1285.

[41] Y.A. Li, P. Olver, Well-posedness and blow-up solutions for an integrable nonlinearly dispersive model wave equa-
tion, J. Differ. Equ. 162 (2000) 27-63.

[42] R.M. Miura, The Korteweg-de Vries equation: a survey of results, SIAM Rev. 18 (1976) 412-459.

[43] P.J. Olver, P. Rosenau, Tri-Hamiltonian duality between solitons and solitary-wave solutions having compact sup-
port, Phys. Rev. E 53 (1996) 1900-1906.

[44] F. Serre, Contribution a I’etude des écoulements permanents et variables dans les canaux, Houille Blanche 3 (1953)
374-388.

[45] C.H. Su, C.S. Gardner, Korteweg-de Vries equation and generalizations. III. Derivation of the Korteweg-de Vries
equation and Burgers equation, J. Math. Phys. 10 (1969) 536-539.

[46] G.B. Whitham, Linear and Nonlinear Waves, John Wiley & Sons, New York, 1974.


http://refhub.elsevier.com/S0022-0396(19)30158-5/bib45485232303039s1
http://refhub.elsevier.com/S0022-0396(19)30158-5/bib45485232303039s1
http://refhub.elsevier.com/S0022-0396(19)30158-5/bib46474C3136s1
http://refhub.elsevier.com/S0022-0396(19)30158-5/bib46474C3136s1
http://refhub.elsevier.com/S0022-0396(19)30158-5/bib46463831s1
http://refhub.elsevier.com/S0022-0396(19)30158-5/bib46463831s1
http://refhub.elsevier.com/S0022-0396(19)30158-5/bib47512D50545253412D32303137s1
http://refhub.elsevier.com/S0022-0396(19)30158-5/bib47512D50545253412D32303137s1
http://refhub.elsevier.com/S0022-0396(19)30158-5/bib474C3130s1
http://refhub.elsevier.com/S0022-0396(19)30158-5/bib474C3130s1
http://refhub.elsevier.com/S0022-0396(19)30158-5/bib474C3131s1
https://doi.org/10.1007/s00332-018-9510-x
http://refhub.elsevier.com/S0022-0396(19)30158-5/bib474C4F51s1
http://refhub.elsevier.com/S0022-0396(19)30158-5/bib474C4F51s1
http://refhub.elsevier.com/S0022-0396(19)30158-5/bib474E3736s1
http://refhub.elsevier.com/S0022-0396(19)30158-5/bib474E3736s1
http://refhub.elsevier.com/S0022-0396(19)30158-5/bib4753523037s1
http://refhub.elsevier.com/S0022-0396(19)30158-5/bib4753523037s1
http://refhub.elsevier.com/S0022-0396(19)30158-5/bib496F6E657363752D32303137s1
http://refhub.elsevier.com/S0022-0396(19)30158-5/bib496F6E657363752D32303137s1
http://refhub.elsevier.com/S0022-0396(19)30158-5/bib4976616E6F762D32303137s1
http://refhub.elsevier.com/S0022-0396(19)30158-5/bib4976616E6F762D32303137s1
http://refhub.elsevier.com/S0022-0396(19)30158-5/bib4A6F683937s1
http://refhub.elsevier.com/S0022-0396(19)30158-5/bib4A6F683937s1
http://refhub.elsevier.com/S0022-0396(19)30158-5/bib4A6F683032s1
http://refhub.elsevier.com/S0022-0396(19)30158-5/bib4A6F683032s1
http://refhub.elsevier.com/S0022-0396(19)30158-5/bib4B4E3836s1
http://refhub.elsevier.com/S0022-0396(19)30158-5/bib4B4E3836s1
http://refhub.elsevier.com/S0022-0396(19)30158-5/bib4B64563839s1
http://refhub.elsevier.com/S0022-0396(19)30158-5/bib4B64563839s1
http://refhub.elsevier.com/S0022-0396(19)30158-5/bib4C616E3133s1
http://refhub.elsevier.com/S0022-0396(19)30158-5/bib4C616E3133s1
http://refhub.elsevier.com/S0022-0396(19)30158-5/bib4C61783638s1
http://refhub.elsevier.com/S0022-0396(19)30158-5/bib4C61783638s1
http://refhub.elsevier.com/S0022-0396(19)30158-5/bib4C656E3035s1
http://refhub.elsevier.com/S0022-0396(19)30158-5/bib4C656E3037s1
http://refhub.elsevier.com/S0022-0396(19)30158-5/bib4C656E3037s1
http://refhub.elsevier.com/S0022-0396(19)30158-5/bib4C693036s1
http://refhub.elsevier.com/S0022-0396(19)30158-5/bib4C693036s1
http://refhub.elsevier.com/S0022-0396(19)30158-5/bib4C4F3030s1
http://refhub.elsevier.com/S0022-0396(19)30158-5/bib4C4F3030s1
http://refhub.elsevier.com/S0022-0396(19)30158-5/bib4D69753736s1
http://refhub.elsevier.com/S0022-0396(19)30158-5/bib4F523936s1
http://refhub.elsevier.com/S0022-0396(19)30158-5/bib4F523936s1
http://refhub.elsevier.com/S0022-0396(19)30158-5/bib5365723533s1
http://refhub.elsevier.com/S0022-0396(19)30158-5/bib5365723533s1
http://refhub.elsevier.com/S0022-0396(19)30158-5/bib53473639s1
http://refhub.elsevier.com/S0022-0396(19)30158-5/bib53473639s1
http://refhub.elsevier.com/S0022-0396(19)30158-5/bib5768693734s1

	On a shallow-water model with the Coriolis effect
	1 Introduction
	2 Derivation of the model
	3 Local well-posedness and wave-breaking criteria
	4 Traveling waves
	4.1 Nonexistence of the CH-type peakon
	4.2 Classiﬁcation of traveling-wave solutions
	4.2.1 The case when 1-2σΩ= 0
	4.2.2 The case when 1-2σΩ<>0

	4.3 Symmetry of traveling-wave solutions

	Acknowledgments
	References


