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Abstract

In this work, we study the stability of the expanding configurations of radiation gaseous stars. Such
expanding configurations exist for a thermodynamic model, given as a class of self-similar solutions to the
associated dynamic system with viscosity coefficients satisfying 24 + 31 = 0 for the monatomic gas; that
is, the bulk viscosity is vanishing. With respect to small perturbations, this work shows that the linearly
expanding homogeneous solutions are stable for a large expanding rate. This is an extensive study of the
result in [14] by Hadzi¢ and Jang.
© 2019 Elsevier Inc. All rights reserved.
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1. Introduction

The evolution of a viscous gaseous star can be described by the following system:

3:p + div(pii) =0 in Q).

9 (pit) + div(pit @ u) + Vp + pVy = divS in Q(), o
9;(cypB) + div(c, pOu) + pedivii — A =€p +S: Vi in Q(1),

Ay =p in R3,
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where p, i, ¥, Q(t) denote the density, the velocity field, the self-gravitation potential and the
evolving occupied domain. S = u(Vu + Viu ") + Adivii I3 is the Newtonian viscous tensor, and
cy > 0,€ > 0 denote constants for the specific heat coefficient and the rate of generation of
energy. The viscosity coefficients are taken as the ones for the monatomic gas in this work; that
is,

@ = constant > 0, 2 + 31 =0. 2)

This is indicated by the kinetic theory (see [24, pp 3, (1,11)]). Notice that this implies the flows
are affected only by the shear viscosity (« > 0) but not by the bulk viscosity (2u 4+ 31 =0). p is
the pressure potential, which is taken as

p=Kpb (K = constant > 0), 3)

where 6 is the temperature distribution.
System (1) is complemented with the boundary conditions,

u-n=Yy on I'(¢) := 9Q(¢),
plaii —Sii =0 onI'(1),
0

0= on I'(z),

where V is the normal velocity of the moving surface I'(¢). Such a system is referred to as
the thermodynamic model for radiation gaseous stars. In fact, we will show the existence
of expanding configurations when ¢, = 3K in the following. The stability of such expanding
configurations is investigated as well.

The gaseous star problem has been studied in a huge number of literatures. To name a few, in
[1], Auchmuty and Beals studied the variational solutions for the rotating gaseous stars; that is,
to find the solutions (equilibrium states) to the following system:

div(pit) =0 inQ:={p>0}cR3,
div(pu @ u) + Vp(p) =—pVy inQ, “)
Ay =p in R3,

where p(p) is a given function of the density p. Under some conditions on the angular momen-
tum or the angular velocity, and the equation of state, it is shown that there exists at least one
compactly supported solution (with supp p C Bg for some 0 < R < 4+00). In [2], Caffarelli and
Friedman showed that such solutions have at most a finite number of rings (i.e., the support of
the density distribution is consisted of a finite number of connected components). Also, the reg-
ularity of the solutions was studied. See also in [4,5,9-11,21,27-29,35] for more discussions on
the related problems.

On the other hand, when # = 0 in (4) (referred to as the non-rotating gaseous stars), the
existence of equilibrium was established by Chandrasekhar in [3]. In particular, Lieb and Yau
showed that the solution has to be spherically symmetric in [22]. In the case when p = p¥, such
solutions are called the Lane-Emden solutions for the non-rotating gaseous stars.
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The linear stability and instability theory of these solutions was studied in [23], where Lin
studied the eigenvalue of the linearized operator of the associated evolutionary problem. A con-
ditional nonlinear stability theory was given by Rein in [34].

The compactly supported solutions for the non-rotating gaseous star admit the physical vac-
uum boundary; that is, the sound speed is only 1/2-Holder continuous across the gas-vacuum
interface. Such a singularity makes the study of the corresponding evolutionary problem chal-
lenging (see [25]). It is only recently that the local well-posedness in smooth functional spaces
is studied by Coutand, Lindblad and Shkoller [6—8], Jang and Masmoudi [18,19], Luo, Xin and
Zeng [30] in the settings of one spatial dimension, three spatial dimensions and spherical sym-
metry with or without self-gravitation. See [16] for a viscous flow. We refer the reader to [25,33,
36,37] and the references therein for other discussions on the vacuum-interface problems.

With the local well-posedness theory, it is possible to analyze the nonlinear stability and in-
stability of the Lane-Emden solutions for the non-rotating gaseous stars. In particular, the works
from Jang and Tice [15,17,20] show that for 6/5 < y < 4/3, the Lane-Emden solutions are un-
stable, and additional viscosities can not reduce such instability. When it comes to the case when
4/3 <y < 2, the asymptotic stability theory is first studied in [32] in the viscous case. See [31]
for the model with degenerate viscosities.

Meanwhile, the isentropic model for radiation gaseous stars (that is, the gaseous star problem
with p = p4/ 3 see [3,9,14]) is rather complicated. On the one hand, only for a specific total
mass [ pdx = M > 0, called the critical mass, the non-rotating gaseous star problem admits
solutions with compact support. On the other hand, by studying a class of self-similar solutions
in [12], the authors showed the existence of expanding and collapsing solutions with variant total
mass. Such phenomena are originally studied in [13] and are far from fully understood. Recently,
in [14], the authors show the asymptotic stability of the expanding solutions. The damping struc-
ture in the Lagrangian coordinates and the conservation of energy for smooth solutions are the
two important ingredients in their work. When considering the heat generation and heat conduc-
tivity in the gaseous star, i.e. the thermodynamic model for radiation gaseous stars, in [26] the
author shows that for 1/6 < €K < 1, there exist infinitely many self-similar equilibrium states
for the non-rotating radiation gaseous star problem. Also, there exist self-similar expanding and
collapsing configurations just as in the isentropic model.

1.1. The expanding configurations in the spherically symmetric motion

We will study the aforementioned expanding solutions of the thermodynamic model of radi-

. . . . . . . - o X
ation gaseous stars. Considering the spherically symmetric motion, i.e., u(x,t) = u(r,t) - —,

p
p(X,1) = p(r,1),0(%,1) = 0(r,1), p(X, 1) = p(r,1), Q1) = Bry where r = [X| € [0, R(1)),
¥ € R3, system (1) can be written as

¥ (r2p) + 8, (r’pu) =0,
3 (r> pu) + 8, (r? pu®) +r*d:, p + p g s7p(t,5) ds
0y (ru) 9, (rtu)

4
=Qu+nMr?| ;> ]rz?ﬂrz[ o ],

3 (cor2pB) + 8, (cor? pOu) + K p0d, (ru) — 8, (r29,60) — er?p
u u
= 2r2((0pu)? +2(=)°) + A2 (0 +27)

®)
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where
p=Kpb.
The boundary conditions then can be written as
u(R(t),t)=0:R(), u0,1)=0,

=kt =0 (6)
O(R(t),t) =0,

4
where B = 2u + 1)d,u + ZAE = ?M(Z),u — Z)
r

The expanding configurations are obtained by searching solutions to (5) with the following
self-similar ansatz:

r=rq=0a()y,
0= pu(t,r) =a>(0)p(y),

L @)
Qzea(t’r)za (t)G(Y)v

u=uy(t,ry=a'(t)y,
for y € [0, Rg) with some 0 < Ry < +00.
Notice, when the viscosity coefficients are assumed to be the ones for the monatomic gases as
in (2), divS automatically vanishes on the boundary for the self-similar ansatz (7). So does ‘B.
1.1.1. The linearly homogeneous solutions

In [26], the following linearly homogeneous solution is given for system (5). Let (o, 0) be an
equilibrium state for (5) with 1/6 < €K < 1; that is, it satisfies the following

YK p0)y + 5 [§ s*h(s)ds =0,

. d (8)
—(y%0,)y = €y*p,

with 6, p > 01in [0, Rp), and 8(Ro) = p(Ro) = 0. Then after plugging the ansatz (7) into system
(5), it holds,

a" (e () =0, BK —c)a () (1) = 0.
Such a system admits non-trivial solutions if and only if
3K — ¢, =0.
Therefore the linearly expanding solution of form (7) is given when 3K = c,,, and it admits
a(t) =ag+at. )

We will refer the constant a; as the expanding rate of the linearly expanding solutions.
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Also, near the boundary y = Ry, p, 6 admit the following properties:

—00 < (7F) . (§), < —C <0,

1-(1+k)eK

055] < 0G5 =k ), [36] < 0() + 0@ F ), kez™.

Notice, this implies that near the boundary y = Ry, it holds,

AT (), B(y) ~ Ry — y. (10)

In the inviscid case for the isentropic flow, the stability of the expanding solutions is given by
HadZi¢ and Jang in [14]. The main observation in [14] is that in the Lagrangian coordinates, the
perturbation variable admits a non-linear wave equation with damping. Such a structure provides
the dissipation estimates and therefore controls the nonlinearity. Moreover, the conservation of
the physical energy will give the energy coercivity together with the spectral gap of the associated
linearized operator.

It should be emphasized that the conservation of energy plays important role in HadZi¢ and
Jang’s work. Roughly speaking, the spectral gap of the associated linearized operator gives a
weighted Poincaré-type inequality in the space of functions with vanishing weighted mean value.
The conservation of energy gives the control the remaining weighted mean value of the pertur-
bation variable. Indeed, the difference of the perturbation variable and its mean value is of order
O(2), and therefore can be treated as a nonlinearity term and controlled by the total energy.

The goal of current work is to analyze the effect of viscosities on the expanding solutions
in the thermodynamics model. The benefit of conservation of physical energy no longer exists.
This downside is expected to be complemented by the extra viscosity. However, the story is not
so simple. In fact, while in the Lagrangian coordinates the damping structure (just as in Hadazi¢
and Jang’s work) still exists, the extra integrability of the solution provided by it has different
temporal weights with the one provided by the viscosity tensor. This will break the pattern of
energy estimates as one will see. In particular, we fail to get the decay estimate of higher order
energy, which will be explained later. In addition, the physical energy for the thermodynamic
model is not monotone. In fact, it holds

R(t)

d
EE=R2(t)a,9(R(t),t)+e / r2pdr,

where

R(t) R(1) R(1) r

1
Ezifrzpuzdr—kc‘,/ﬂder—/rp/szpdsdr.
0 0

0 0

In the Lagrangian coordinates, this means that there are several linear forcing terms with no
determined sign, which will cause troubles to close the energy estimates.

We perform delicate energy estimates with negative temporal weights in this work, which
will control the growth of energy. While doing the temporal weighted estimates, we integrate the
forcing terms in the temporal variable and it turns out that such calculations will give an extra

Please cite this article in press as: X. Liu, On the expanding configurations of viscous radiation gaseous stars:
Thermodynamic model, J. Differential Equations (2019), https://doi.org/10.1016/j.jde.2019.09.043




YJDEQ:10013

6 X. Liu/ J. Differential Equations eee (esee) eee—eee

denominator proportional to the expanding rate a;. Therefore, by letting a; be large enough,
we will be able to close the energy estimates. In the end, we make use of the imbalance of
the temporal weight in the damping term and the viscosity tensor to recover the control of the
perturbation and show the stability of the linear expanding solutions.

1.2. Main result
We will state the main result of this work in this section.

Theorem 1.1. The linearly expanding solutions of the isentropic model for the radiation gaseous
stars given by (7) to (5) with (8) and (9) are stable with respect to small perturbations if the
expanding rate ay of the expanding solutions is large enough.

2. Lagrangian formulations

In this section, we will write down system (5) in a fixed domain (i.e., in the Lagrangian
coordinates). Denote the Lagrangian spatial and temporal variables as (x, t). Similarly as in [32],
the Lagrangian unknown r(x, t) is defined by

r(x,t) a(t)x X
/ sz,o(s,t)ds: / s2pa(s,t)ds=/s2,5(s)ds,
0 0 0

and r(x,0) =x, x € [0, Rp),

(1)

where 0 < Ry < +00 is the first zero of 5 (and ). After applying spatial and temporal derivatives
to (11), it follows,

2_
dr(x, 1) = u(r(x.0).1), p(r(x,0),1)= xrf(x), (12)

Ix

where the continuity equation (5); is applied. Then the expanding solution (7) is given by

re =a(D)x, pg =a (X)), Oy = (HO(x),

ug =o' (t)x,

where «, p, 0 are given as in section 1.1. Moreover, in the Lagrangian coordinates, the unknowns
{p,u,0} in the moving domain [0, R(¢t)) are now replaced by {r,r;, 0} in the fixed domain
[0, Ro).

Notice, we use the same notation 6 for the temperature in the original moving coordinates and
in the Lagrangian coordinates. System (5) can be written in terms of the Lagrangian variables in
the Lagrangian coordinates as follows: for x € [0, Ry),
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= 2
XN\2 a2 X\4 0 ox o= _4 (rerx
(Z)° P07+ P+ () 5 Jo 570 ds = Zu e I
_ x256 r? _
3Kx2p3,60 + K 5 (r2r), — [—Bx]x —ex%p (13)
72Ty Fy
— ‘_‘Wzr (ril _ r_’)z
3 Ny r’’
where
2 -
0
P=k=2
r2ry
Also, the boundary conditions (6) can be written as
4 rye 1t
r0,6)=0, B=-pu(— — — =0,
w7 =Ro (14)
6(Ro, 1) =0.

What to do next is to define the perturbation unknowns and to write down the system satis-
fied by them. As one will see, the aforementioned damping structure will appear naturally, but
with a temporal weight. In order to avoid dealing with the temporal weight, in [14], the authors
introduce some new temporal variables for the self-similarly expanding solutions and the lin-
early expanding solutions, respectively. We will adopt the same strategy in the following and
write down the corresponding system for the linearly expanding solution of the thermodynamic
model.

2.1. Linearly expanding solutions in the perturbation variables

Considering the linearly expanding solution of the thermodynamic model, define the pertur-
bation variables as

_rxn - rix, 1

M= T = I, ci=a(@ —0) =a()d —4. (15)

Then after employing (8), system (13) in terms of the perturbation variables {5, ¢} is in the
following form:

QNN SOl (O i Kp(s+0) ] - (K p0)+
(4 i (3(%?572; )Z’) A+m2(+n+xno T+p)?
_ T4 o (1)x +1)7)xt — 4 Aua® Nt
= 31 O g, =@ OB e O 6)
3szﬁg+Kp(§+9)(x3(1+n)2nz)x_a(t)[ +m® 5
' (L+m2(1+7+x70) L+n+xn, "
(1+mn) 25 2,82 2
—  _1)x%,]. = 1 1 ) - S,
+(1+n+xnx )x%0: ], = (x> (1 + > (1 +n+xn5) - F(0)
where
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4 N + XNt Ul
B = u( -,
3 M 4+n+xn 147
4 Nr + XNyt N 12
S == — .
() 3M[1+n+xnx 1+n]

The associated boundary conditions are then given by

B(Ro,1) =0, ¢(Ro, 1) =0.

Notice that « is growing linearly over time. It will be convenient to work with the linearly
temporal variable 7, defined by

t
1 In(1 t
r:r(t):/ do = +ait/ao) (17)
a(o) aj
0
Consequently, we have
a0 . at d at _ ~ art
t(t)=—(" — 1), —t =ape""" =a(r), a(t(t)) :=a(t) =ape™".
ai dt

By denoting the unknowns in the linearly temporal variable as

E(x,t(0) :==n(x,0), {(x, (1) =g (x,1), (18)

system (16) takes the form

T it it + [ e G e
= &3 (B +_4u(1_;$3)x), 2 2 "
s R o1
+ (% — 1)), =@’ (L +6)7(1+& +x6) - §(®).
where
Bi= g“(li—;f;;x - 1?5)’ 0
56) = iu[ §r + xéxr 3 I

3Pl e+ xE, 146

Now the boundary conditions appear to be

B(Ro,7) =0, ¢(Ro,7)=0.
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2.2. Comments and methodology

To establish the appropriate energy estimates, it is worth looking at some linear model equa-
tions. First, consider the following linear equation associated with (19):

K (frr +kfe) =€ frar,
where k > 0 is a constant. Then the L2-estimate of this model equation is of the form

kt k kt
%Hﬂlim + / eT|| felrdr+ / | fre |7, dr < iitial data,

The damping structure in the above equation will imply a faster decay. On the other hand, the
following linear equation is associated with the temporal derivative of (19);:

ekt(frrr +kfie) = e3kffxxrr + e3krfr +---

We remark that such a structure is a consequence of the monoatomic gas viscous coefficients in
(2). Then the L>-estimate will yield

kt k kt 3kt
e e e P AR e A

3kt
< [ SlAliar+.

where we can not bound the first integral on the right since we only have the bound of
i ekt H It H iz dt from the previous analysis. Therefore we shall apply the negative temporal
weight to njlcanipulate the estimate. Such estimates will control the growth of the higher order
norms. Eventually, as long as the growth is not too large, we can use the elliptic structure of the
equation to recover the spatial regularity and estimates of &.

On the other hand, the equation (19), has the form

ge — X g =T (I [T+ (fex+ f)+

Then similar L2-estimate yields

1 o2kt o2kt
el + [ Solaliyar= [ S par+.

where we have no estimate on the first integral on the right. Instead, we only know H f || Loop2 Will
T X

be bounded. Therefore by choosing the temporal weight e ™7 with k¥ > 0 large enough, we can

obtain the temporal weighted estimate. Such a structure exists for all the higher order estimates.
We carefully track the temporal weights throughout our analysis and eventually perform elliptic
estimates to establish the spatial regularity of ¢.
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Unless stated otherwise, we adopt the following notations hereafter:

T

Ro
/~dx=/~dx, /~dt=/~dr,
0

0

where 0 < Rg, T < oo are positive constants and our solutions live in the space-time domain
(0, Ryp) x (0, T). Also, H 193% denotes the standard space-time Sobolev norm in the space-
time variable (x, ) € (0, Rg) x (0, T). For any fixed time t € (0, T), |-||Lq is the standard
Sobolev norm in the space variable x € (0, Ry). Here p, g € (1, oo]. sup, wifl be used to rep-
resent supy_, .7- A < B is used to denote that there exists some positive constant C such that
A<C-B.A~Bwillmean A < B and B < A. C = C(-) is a constant which is different from
line to line and depends on the arguments. The following form of Hardy’s inequality will be
employed in this work:

Lemma 1 (Hardy’s inequality, [17]). Let k be a given real number, and g be a function satisfying
fol sk(g? + ¢ ds < 0.

1. If k > 1, then we have

1 1
/sk_zgzds < C/sk(g2 +g’2)ds.
0 0

2. Ifk <1, then g has a trace at x =0 and

1 1
/sk_2(g —g(0)%ds < C/skg’2ds.
0

0

In this work, inspired by [32], let us define the relative entropy functional as

H(h) :=log(1 + W21 +h + xhy), 1)

where 4 : (0, Ry) x (0, T) — R is any smooth function. We will have the following estimates on
the relative entropy.

Lemma 2. For h satisfying,

xhx|

hy|

max{|| 1oL xhy | Lope) <& (22)

LPLX’ |

LLE”

with some 0 < ¢ < 1 small enough, the following estimates of the function $(h) hold:

/ (h% +x*h3,)dx < f ()2 dx, 23)
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/ (h2, +x*h2 )dx < / H(h)2 dx+¢ / (h? + x%h2 ) dx. (24)
Proof. Notice that
1
h)y = 2(1+h hy)h 1+h)2h h
H(h)x (l—i—h)(l—l—h—i—xhx){( +h+xh)hy + (1 +h)2hy +x xx)}

. Ahy + xhyy 2(h 4+ xhy)hy + hQhy + xhyy)
 (L4+h)(1+h+xhy) (L+h)(1+h+ xhy)

Under the assumption (22), we have

1
f 53 dx 2 f (@hy +xhy)? dx —e / I+ xh3 dx.

A

2l can be calculated as follows:
A= 16/h§dx +/x2h§xdx +8/xhxhxxdx = 16/h§dx+/x2h§xdx
- 4/h§ dx +4xhy|,_p = 12fh§ dx + /x%x dx.
Therefore, (23) follows easily. Similarly,

Ahyr + xhyyr 1

xT = 4 x XX
W = Ty g oy T e

{Z(h + xho)hy + h(2hy + xhyy) |
(L+h)(1+h+ xhy) &

from which we have

1
f S dx 2 1 / (hyr + xhyyr)?dx — e / (hy +x°h3, +h3,

1
+x2h% )dx > T /(12h§t +x2hyxr) dx — g/(h§ +x%h2,
+h2, 4+ x*hE ) dx.

xxT
This finishes the proof.
3. Stability of the linearly expanding homogeneous solutions

In this section, we will study the linearly expanding homogeneous solutions of the thermody-

namic model, which are given in section 1.1. More precisely, we will study the stability of such
solutions. We work with the perturbation variables (&, ¢) (defined in (18)) in the Lagrangian
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coordinates. The equations satisfied by (&, ¢) are given in (19) together with the boundary condi-
tions in (20). The initial condition is given as (§(-,0),&;(-,0), ¢(-,0)) = (§0(-), §1(-), &o(+)). To
start with, we denote the point-wise bounds of the perturbation variables as

)| s

(’?):Z Sup{”x$}€(r)”Lgo’ -xgx‘[(r)”L;o’ Ef(t)”Lgov
i (25)

[ /@] 0,

where ¢ := Ry — x denotes the distance to the boundary. We analyze the perturbation variables
(&, ¢) in three steps.
First, by assuming that

< &g

with &g sufficiently small, we perform estimates of the perturbation in section 3.1. We will estab-
lish the lower and higher order energy estimates with temporal weights. The temporal weights
will track the growth of the energy functionals.

In section 3.2, we will explore some interior estimates. In particular, these will recover the
regularity of the solutions near the coordinate center x = 0. Moreover, the estimates will establish
the interchange of temporal weights between the temporal derivatives and the spatial derivatives.

Notice, we will make use of the large enough growing rate of the expanding solution to ma-
nipulate the extra forcing terms. Therefore, while establishing the temporal weighted estimates,
we shall track carefully the constant a; during the proof.

To summing up the analysis, in section 3.3, we show that @ can be indeed bounded by the
total energy functional defined in (26) and therefore bounded by the initial energy (29), below.
Then by choosing the initial energy small enough, we will end up with a globally bounded and
small @. Then a continuity argument will demonstrate the asymptotic stability of the linearly
expanding homogeneous solutions.

In the following, the polynomial of & will be also denoted as @. The total energy and dissipa-
tion functionals are given by

E(t) i= eI+t / x4 pE2 dx + 1T / x2pe2dx + / xpgdx + / x*&ldx
+/x2%.2dx+e(r2—2)a|r/x4ﬁ§3t dx+e(zz—2)a.r/x2ﬁ§r2dx
()24 Dar / X232 dx + 1H2)/243/ T / X2[(1+E)xErr
— x&& P dx + [ X (2 +x%&]) dx + 2T / X (&5 + £ dx
+e(r3_2)“”fxx2,5§r2,dx+/§3dx—i—/xzéfxdx+/.Cx2dx
ez [@ g g+ [ 2 ax 26)

D(t) ;=/a1e<1+rl>alffx“p‘gfdxdr+/e<3+’1>“1f/x2[(1 + E)xbyr
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_Xfxér]zdxd‘r+fa1€llalr/xzﬁé'zdxdt+/€(2+ll)“lr/x2§3dxdr
+ [aerDer [ 45 axar s [eror [0+ 66
—xsxs”]zdxdr+/e’2“"/x2;3, dxdt

+ / eBroar / x(x%&2, + &) dxdr + / et / X(EL +E2)dxdT, (27

where ry, /1 satisfies the following:

—1l<rn<1,rn-3<lh <-2,
rn=<r—-10+2<0,0<rn-0Lh=<2 (23)

B<t<rn—-1,rn<rn-2,L+2>0.
The initial energy is given by
=8, 0) = /x4,6§12dx +/x2,5;02dx + /x“ﬁgg dx
+ /x‘*gg,x dx + /x4,5§22 dx + fxz,a;f dx + / x (&5 +x7&5 ) dx (29)
+ [anigars [ @28 0
where x is the cut-off function defined as

1 0<x<Ry/2,

= {o 3Ro/4<x < Ry,

and —8/Rp < x/(x) <0 and &, ¢; are the initial data corresponding to &;;, ¢; defined by the
equations in (19); that is

1 B} _ Kp(¢o+6) (Kp0)x
(5 g (0xP82 T avaodn) + [ e e S e gy
Ap o5, &1+ xé 28,
= _ao( ) ,
3 1+&+xEx 14+&7F
2 P+ DA +E)%Dx o (1+5)°
SRR i s B S E ool O
1 2 _ 4
- (% —1)x%0,], = ?Maox2(1 +£0)2(1 + & + x&0.x)
X[ éj‘l‘f'xfl,x _ 51 ]2'

I+&+x5x 1+
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Remark. Here we write down an example for all the parameters, which satisfies the constraints
in (28),

rn=1/2, n=-1/2, 1 =-5/2, h=-2, t=-3/2,r3=-5/2. (30)
3.1. Energy estimates
We start with the L2-estimate of (19).

Lemma 3. Considering a smooth solution (&, {) to (19) with the corresponding boundary con-
ditions (20), define the following functionals:

ég,l = e(””)“”/x“ﬁé?dx, 5},1 = ell‘”f/xz,é{zdx,
De1=Deni + Dei :=/ale(””)“”/x“ﬁsfdxdr

+ [ [0+ ot - st Paxar, G31)
ﬁ;,l =@;,11 +2A?;,12 ::/aw““”/xzﬁ;zdxdr

+/e(2+ll)alrfx2§fdxdr,

where r1, 1 are some constants satisfying the following constraints:
—1<rn<1l,j—-n>=-3,L1+2<0. (32)
Suppose that ay > 0 is large enough and @ < &g is small enough. Then we have
&1+ &1+ Dey + Dy S Cleo,ar, r1, 1D)E. (33)
Also,

|x*5'/% HigOL_% + |x% Hig@Lg + [xt ”ig°L§ < Co.ar.r.)éo. (34)

Proof. Multiply (19); with @ x3(1 4 £)2&; and integrate the resulting equation over the spatial
variable. It yields the following:

2&‘[ + g‘[ +x'§xr )dx

d . R
—Eg1+D =5/1/Kx2' -
77 et Dea p¢ (1+5 1+ £+ xE,

~r| 2=h 1 _ 1 .
o fK’“ P e ase  arpp) G5 HrEwds 35)
x&x x&yx

+a" /21@%9‘( )& dx

1+8)3  A+8&A+&+x&)
= fl + iz + i3,
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where
Es,] = e /x45§3dx,
Dg1 = %/)ﬁﬁ%}zdx—k 47“&3“1 / >0 *‘I?;EIX—S:SX&]Z e

In the meantime, multiply (19); with @'1¢ and integrate the resulting in the spatial variable. We
have

d - A 5 _
—E; 1+ Dei =@ “'/ 29
dt c1+ Dt o X x(

1+&€°>
L+& +x&,

_ah / Kp(& +0)x (1 +6)%1x
(1+ 621+ +x&)

X (14+&+xE)FE) - cdx = Iy + Is + I,

1) - Cpdx

(36)

crdx4alth /x2(1 +£)?

where

. 3Ka!
E;q:= Za fxzﬁfzdx,

R 3ka la, [, 5 (1+8)?
Dy i=—l]—— ol°d g2t T X% gy,
o1 1 2 fx psdx +a 11 1 xE, X"y dx

By choosing 1 —ry > 0, =11 > 0, the following estimates on the energy and dissipation func-
tionals E¢ 1, E¢ 1, Dt 1, D¢ 1 hold:

Egq 2 altn /x4,6§r2dxZe(l+r1)alr/x4ﬁér2dx,

E{,l > gh /xzﬁgzdxzel‘“”/xzﬁfzdx,

ﬁ;uza—rmvwa/ﬁﬁg¢p+u—@m“ﬂfx%a+snaf
—xa&Fdxza—mme“””/x%ﬁdx
+41—@k“““mﬂ/x%a+§naf—xa&ﬁdm

Dy 2 —11&11*‘&,/x2;3g2dx+(1 — p)a>th /ngfdx
> —llalel“”t/xzﬁ{zdx + (1 — @)e?Hnar /ng‘fdx.

Integration in the temporal variable of (35) and (36) yields the following:
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és,1+(1—"1)155,11+15g,12S/fldt+/i2dt+[i3df+<‘fo,
37
5},1+(—ll)7§;,11+1A);,12§/f4d1’+/f5dt+/iﬁdr+(§0.

What is left is to perform estimates on the right of (37). In order to do so, we shall need the
following estimates. Holder’s inequality implies

d 1d
([ xpean) P ([ ato52an)? = S 1 [ stpgas
= [ spsecar = ([ 5 an) P ([ 2455 an)”
£ d £ 1d £
([ PG a0 ([ R ) =S o [P

= ([ )" ([ 216 P

from which one can derive
d 422 1/2 442 12
d—r( x*pErdx) T < (| x*pgldx)",
d
_(/xz( x&yx )2dx)1/2 5(/x2[( x&x ) ]de)l/z,
dt 1+¢& 1+&77
and therefore
1/2 2
/x4,5§2dx§/x4,6§§dx+ [/(/x“;sgfdx) / dt}
§/x4,5§gdx—i—/afle_(l‘”’)‘”rdt ~ﬁg,11,

2
[gtars [ x| [([ 210+ o6, - xeeran' ]

< [wgtoav+ [e Ot D

(38)

Moreover, by applying Hardy’s inequality, one can derive

/x2(€3+x2§§,)dx§ a +@)/x253dx

+ f X2((1 + &)xEyr — xEvEr) > dx
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<(14) / x*(Ro — x)?&2 + x*€2_dx
+ f X1+ E)xExr — xEEr)  dx

<(1 +cb)/x4(Ro —x)%&2dx +d)/x253dx
L1 +6) / (1 + E)xEr — xEcE) dx,

which implies, provided that @ is small enough,
[P veiarsase [xr-ar g an
+ +cb)/x2<(1 + E)xbrr — xEcEr) dx

Repeating the above arguments, one can get

fx2g,2dx+/x4s§, dx <(1 +cb)</x4/3g3dx+/x2[(1 +E)xEyr —xsxé,]zdx>, (39)

where we have used the fact that p = (x) = (Rp — x) from (10). Similarly, Hardy’s and the

Poincaré inequalities imply

/xzézdx§/x4,(3$2dx+/x453d)€, /xzé‘zdfo/xzfxzdx'

In the meantime, the right of (37) can be estimated as follows:

le df§(1+6?))f€rla”/x2,5|§|(|§r|+|X§xr|)d)€df§€ﬁ§,1
+ Ce(1+@)a;y  supe 117D D 5 4 Ce(1 4 d)ay!
T
x supe1=h=dar Py (40)
T
/izdr+/f3dr,s(1+c:>)/e”“”/xzﬁé<|s|+|xsx|><|sr|

+xExdxdt S Eﬁgyl + Ce(1 +é))(a;1/e(r1—l)a|r dr

+/e(”—3)“'rdt) ~sup{fx4,5$2dx+/x4§fdx}, (41)
T
/im5(1+a)>/e<2+“>“”/x2|éx|(|s| + &)kl dx S €D 1o
+Co(1+ @) f e<2+“>“lfdr~sup{ / x*pgdx + f x“s?dx}, (42)
T
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/isdr5(ch)/e““”/xzﬁuu+|9‘|>(|&|+|xsﬂ|)-|c|dxdr
< P Ay o —1 (li—=r1=3)ait | N
NeD;,1+CE(1+w)al supe Dg,ll

T

+Ce(l+d)ay ' supet=17347 . Dy, (43)
T

/iédr <d —i—c?))/e(lﬂ')“”/xz(éf+x2$fr)~§dxdt <eDen

+ Cec?)al_l supe(l'_”_l)”‘f -755,11 + Ceé)supe(l‘_”_3)alr 'ﬁgvlz. (44)
T T

Therefore, for rq, [ satisfying (32), (37) and (38) together with the inequalities from (40) to (44)
imply the following energy estimates:

&1 +Ds 1 S€De 4 Ce(1+d)ay ' Dy
+Ce(l+d)(a” +ar ) x (G0 +ay Den +ay ' De. )+,
5},1 + 7.5;,1 S 625;,1 +Ce(1 +(Z))al_1 x (& +a1_2255’11 +a]_115§,12)
+Ce(l+ @)@, + @) Dg1 + &o.

Consequently, after choosing € > 0 small enough, for sufficiently large a; > 0 and sufficiently
small &y > 0, the above estimates yield (33). In particular, (38) and (39) imply (34).

Next, we shall write down the corresponding temporal derivative version of system (19). Di-
a3 (1+£)%-(19),] and 8. [@ 2 - (19),] yields the following system:

rect calculation of 9;[&
&72x/3€rrr - &73&1)‘,5511 + (&73&11' - 3&74&3))@55‘[
o Ko +0)  (Kpb),
e O gt re ey e
=1 +6)(Brr +4pu(—=),,) +2(1 + &)& (By +4u(—=—),).

e 6(¢ +0) (1 %')122_]E @
~ 2 2=y g~ 3~ 2= g2 P O ES
3Ka 2x p(;l” S)621(01 A X ,Oé“(rl+ [;;1 (14821 +&+x&) ]r
g 4+8° U+ 2
[1+§+x€xx §X+(1+5+365x Dl

=[&' XA+ +§ +x6) - T,

with

B, (Ro,7) =0, & (Ro, 1) =0.

Similarly as before, we shall perform the L?-based energy estimate in the following.
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Lemma 4. Under the assumptions as in Lemma 3, define the functionals:
Eg o= 27T /x“ﬁérzf dx, Ep:=el7PUT /xzﬁﬁ dx,

Do =D+ Dem :=/a1e(r2’2)“"/x4/3.§r2, dxdrt

(46)
+ [ e [ 2104 Oxtrr — w6 Paran
D= / elart /x2§xzr dx dr,
where 1y, Iy satisfy the constraints:
n<r—1,050b+2<0,0<rn—-05h<2. (47)
For ay large enough and &y small enough, we have the following estimates:
&2+ &2+ Den+Dea < Cléo, ar,ri, 1, ra, ). (48)

Proof. Multiply (45); with @2x3&,, and integrate the resulting in the spatial variable. It holds,

d . A ~ A ~ A
EEg,z +Dgr=Li+Ly+ L3+ Lg, (49)

where

- A
Eer = > /x P& dx,

/xz[(l +E)xEree _xéxgrrp d
X,

A "2 3 4-22 4 .
Dg o= — 2 + = 2
£,2 2a ot,/x o&; dx 3/,LO( 14 E T

~

i =@ 3 — 36748 / ¥t dix,

- 4 ~r2/ 2{ (1+§)2(§r+x§xr) (§rr + x8xrr)
2= S U X1~
3 (1+& + x&)?
(1 + &) (& + x8x0) e + xEx10) 2
14£+x&, Ef(grr —I—xéxn)}dx,
i3 — 3G 40{1/)62{ 2K pExExErr 2K,59—x€x§rr
A+86)A+5+x6) (A+EA+E+x8)

2K169_x§x$rr Kpl(3&rr +x6xir) Kﬁé(:;grr + x&xze)

(1+£)3 1+ & + x&, 1+ & + x&,
K p0(3Err + XErrr) }
_ dx,
(14£)?2

Please cite this article in press as: X. Liu, On the expanding configurations of viscous radiation gaseous stars:
Thermodynamic model, J. Differential Equations (2019), https://doi.org/10.1016/j.jde.2019.09.043




YJDEQ:10013

20 X. Liu/ J. Differential Equations eee (eeee) see—eee

. o Kpt K po K po

Ly = 2 3/ 2{ T XTT -

b i Sl b syl Tl
2K pxéy 2K pOxE, 2K,5éng] }

+§”[(1 +HA+E+x8)  (I+HA+E+x5)  (1+8)°

In the meantime, multiply (45), with @2¢; and integrate the resulting in the spatial variable. It
holds,

d - N ~ A A o
B2+ Dea=Ls+ Lo+ L7+ Ls, (50)
where

A 3K
E;p:= 7&12_2/x2,5§3dx,

R 3 B} s (14¢)?

D{',Z = —3K(12/2+1)0l12 3ar/x2p§r2d.x+0llz m'ngfrd)ﬁ
. ~ 14&)2 (1+4&)? ~
Ls:=—a" 2xr{ X ( -1 ex}d )
sE= /X 28 N Syl Ml Corrarralal AL £

P+ N3+ )%,
(14+&)2(1 + & + x&x)

O 0 3 2
i7=—Kah? / - {P@ + O +6) sf]x} i
(I+82(1+E&+x&) |,

’

L¢:=2Ka">3a, / Cr -

A

Py e —a" 2, / (1 + 61+ + 16§ (@) dx
1 gh! /xZ[(1 +E2(1+& +xE01:5E) - Lrdx
P /xz(l +E2(1+E +xEFE)]r - ¢ dx.

Integration in the temporal variable of (49) and (50) yields the following inequalities, provided
thatrp < 0,1, +2 <0,

(‘fg,z-i-(—rg)'ﬁg,z[+(l—(J))ﬁggz5/£1dt+/i2dt+/i3dr
+/i4dl’+(§0’
(51)
o+ (—h)2— 1)/a1e(12_2)“”/x2,6§r2dxdr+(l —®)Dea
5/i5dr+/£6dr+/i7dr+/i3d1+c§0.

Similarly as before, we establish the following estimates concerning the right of (51):
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r < P 2 (rp—r1=3)ait A
Lidt S €Dgpy + Ceaysupe Dg 11,
T
/ Lrdt < eﬁg,z + Cec?)(al_2 sup 271+ Dait +al_1 sup e271-Dait)
T T
x 75 C.é —1 (rp—ri—Dait (rp—r1=3)ait «25

£.11 + Cew(a;  supe +supe ) - D¢ 12,

T T

/igdr <a +é>>/a1e<r2*3>“” /xzﬁ(ICI (€] + D) (e |

+ |xEcrr ) dxdt < eDia+ Ce(l + @) (a) supe>1-0a®
z
+ a% Supe(rz—ll—S)alr) ) 25;’12 +Cc(1+0) f(ale(r2—4)alr
.
+ afe27007) g7 (/ x*pE%dx + /x“gfdx),
[Ladr o [ [ 5c el + oo (e
+ [x&xrc)dxdt S 6755,2 +C.(1 +cb)/(afle(’2*12*2)“lf +erh=haity 4o
x Erp + Ce(1 + @) sup(a;2e2 17007 4 g-lemn=Naity p
z

+Ce(1+ ‘?))(al_l sup e<r2_r1_7)alf + Supe(rz—r1—9)a1r) ) ﬁf,lz,
T T

fisdr§<1+cb>fe12“”fx2|cxr| 2el + 18D (& + xEve ) dx dT < eDrn
+ Cedsup ela=h—2ait 75;,12 +Cc(1+ (Z))af] sup ela—n=Dharr 755,11
. .
+ Ce(1 + @)super1=daT . D, 1y
.
fiadr5(1+cb)/a1e<’2*2>“”/x2|;f|<|c|+|é|)-(|sf|+|x§x1|>dxdr
< ef);,z +Cc(1+ c?))c?)alz sup ela=h=Oait 15;,12 + Ce(1 + d)aq
.
x supe2=HAT Dy 4 Co(1 4 d)ad supe21=DAT Dy o
. .
f Lydt S(140) / ehm2ar f x25|cf|[|§r|2 + [xEe |+ |Eoe | + [XExre]
+ (16| + |sx1|>|;r|} dxdt $e€Deo+ Ce(l +d)ay! sgloe“f”*)‘“r - Dg. 11
+Cc(14d)supe>1=Dat . D ) 4 C.(1+ @)af] sup g2 2art
. .

% 255,21 +Cc(14d) Sgpe(lzfrzfél)aﬂ ,ﬁg’zz + Ceé)/efzmt dt .5‘4’2,

Please cite this article in press as: X. Liu, On the expanding configurations of viscous radiation gaseous stars:
Thermodynamic model, J. Differential Equations (2019), https://doi.org/10.1016/j.jde.2019.09.043




YJDEQ:10013

22 X. Liu/ J. Differential Equations eee (eeee) see—eee

/isdr <a +(b)fe“2*”“” /x2|¢f|[a1(|sr|2 xEee?) + (& + xEc )

+ (18] + 1xExc]) - (See| + |x$xrr|)j| dxdt S 615;,2 + Cedd(ar + afl)
X supe(lr”%)“lr -155,11 + Cec?)(al2 + 1)sup ela—r=dair -ﬁg,lz
T T

(b—r2—2)ajt

+ ng\)af] supe(lz—rz)alr . 755,21 + Cedsupe . ’155,22-
T T

Now we shall choose 7, /5 satisfying (47). Then the above estimates yield
&t (1 —)Dgp S €Dsn + Ce(l +0)(ar > 4+ a7 Héa + Ce(1 + &) (an
+a}) D1 + Ce(al +a; > + DDgy + (1 +d)(a) + 1)(/ x*pE> dx
+/x4s§dx)+éo,

Eeo+ (1= )Drp S €Dpp+ Co(14+0) (1 + a7 )Dep + Cc(1+d)(1
+ay ! +a)De 1+ Ce(@+da))Det +bay '€ + Eo.

Therefore, after choosing € > 0 small enough, for sufficiently small &y > 0 and sufficiently large

aj, these estimates imply (48), where we have applied (33) and (34).

3.2. Interior estimates

In the following, without loss of generality, we assume 0 < @ < &y < 1. We shall perform
some interior estimates in this section. Multiply (19); with xx&; and integrate the resulting

equation in the spatial variable. After integration by parts, it holds,

2 53 / y { e +xEc)” | (148 +xEDE

3 14 E 1k, 1+ }dx=J1+Jz+J3+J4,

where
Ji ::—8?#&3/X/%dx—&3/)(/x%&dx
+/X/K‘;’Cgf(a +s>2§1++és+xsx> G fé)“

J .:/XK—( (¢ +é)(§r + x8x7) . é(%_r + x6x7) 49—x§x$r
* (1+8)2(1+& +x8) (1+&)* (1+8)°

)dx,

)dx.

We have the following estimates on fk’s on the right of (52):

(52)
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A5eM”/xﬁm&m+mM”/x%a+snax—xa&Fdx
+(/x4ﬁ§3dx)1/2{(/x peta) o ([ xtpgtan) " + (/x4g3dx)1/2},
fzsealr{(/x“,éétzrdx)]/z—i-m(/x pE2 dx)' } / £2dx)'?,
f3§{(fx€ dx)'? + (/x(<s+xsx>2+52)dx)”2}
[ (e w600+ D)

We will derive the following lemma from (52):

Lemma 5. Under the same assumptions as in Lemma 4, we have the following inequalities:

f (BHoarT / X (Ee +x6:0) + D dxdT < C@o.ar.ri.ra I 0, (53)
/ X & +x%D) dx < C(Ro.ar,r1, 2,11, b, ©)é, (54)

where
—3<t<r—-1<0. (55)

In addition, the following estimates hold:

/xz[ﬂ + E)xEyr — xEE P dx < C(Bg, ar, r1, 11, 12, 1) M7 - &,

(56)
/ng’f dx < C(8o, a1, 11,11, 72, 12)e®247 . &),

with

01 =—(r+r)/2-3/2<0, 0a:=—(1+h)/2—1>0. (57)
Moreover, as a corollary, we have

f X (P8 + £ dx S C(Eoarriu 1 ra, )e™ M7 - &, (58)

with
03:=—rp—2<0. 59
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Proof. Multiply (52) with e*'7 and apply Cauchy’s inequality to the resulting equation. It fol-
lows,

(1= e)eBtvar / X(Er +xE)? +EDdx S Ce {e“—”“” f x*pgl dx
+ajelt—har / x*pEl dx 4 eIt / X(E +xE0)? + &) dx
+ ¢t darr / X;de} + BtvaiT f x*pE2 dx (60)
4 eBvarT /xz[(l +E)xE — xEE P dx + em(/ x*pE2dx)'?
x {(/xzﬁgzdx)”2+(/x“ﬁgzdx)”z+(/x4s§dx)”2}.
Similarly to (38), one has
([ 1462+ 890" 8%+ [([ xe 4360’ + 8D ) Par.

Therefore, we have the following inequality

e(3+t)a|r / x((¢r + x‘gxr)2 + %'3) dx S e(t—3)a1r . f e—(3+t)a|r dt

(61)
GBt+vart 2 2 5

x [e X (Er +x&0)" +85)dxdt + Ry,

where

Ry =& et Dur +e(t_3)“"(/)(§2dx +/x2/3§2dx)
+e(t—l)alr/x4lég_-gr dx + (@PeDar +e(3+r)alr)/x4[3§r2dx
+eBroar / XL+ §)xEer — xEc& P dx 4 )7 -sup{ / x*pg? dx

.

+/x4§fdx} <Gy eIT Tl hDarT g phiae /leag_zdx
4 -h=SaT | CHDarT /ngfdx 4 a7 letrrthar
Xa16<r2_2)”‘T/x4,5§,2T dx + (1D | gl emnidar)

Xal€(l+r1)u1f/x415$3dx_i_e(tfr])a]‘[.e(3+r1)alt/x2[(l+§)x§xr
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— x&cE )P dx + VAT sup{/ x*pErdx + /x4§3 dx}.
T
Then after applying Gronwall’s inequality together with (33), (34) and (48), it admits
/ eSO / X (G +xE0)” + £ dxdr
< ecfe(t—3)a]r dr.fe*(3+t)a]1 dt % / R\l dr (53)

< C(ép, a1, r1,r2, 11,12, v)&,

provided that (55) holds. Consequently,
/ X +E7dx S / X((E +x86:)% + %) dx S &

+/e—(3+t)alr dt./e(3+t)al'f/)(((é‘r+x€xr)2+§3)dxdf (54)

< C(&o, a1, r1,r2, 11,12, ©)&.

On the other hand, from (35) and (36), one has
Gt [ 311+ vt g, Py Sae 00 [ el
e ([ an) ([ 462an)'? 4 h+ b+
(62)
L2 HarT /ngf dx <o /x2,5§2 dx + ellalt(/ 252 dx)l/z
x (/xz,agzarx)l/2 + Iy + s + .
The right of the above inequalities can be estimated as follows:
I Serlalr(fx25§2dx)l/2 x (/x“ﬁgfdx + /xz[(l +E)xkrr
— xgi & P dx) P S et / 21+ ) — xEoE, P dx

+ Cee(rl_ll_3)alr(§{,1 +e(r1/2—1/2—11/2)a1'[ i é;y/fé;y/ﬁy

b, I S eeBtmar fxz[(l +E)xEyr — xEcE [P dx 4 Cee1 Dt
x Sup{fx4ﬁszdx+/x4§3dx} +e<’1/2—1/2>“1fsup{(/ xApEdx)' 2
T T
+ (/ x4$fdx)l/2} -é;,/lz,
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j4 Se(2+ll)alf(/x4ﬁ§2dx +/x4§3dx)1/2 % (/ngxzdx)l/z
§Ee(z+1‘)“'T/x2§fdx+Cee(2+l‘)alfsup{/x4ﬁ§2dx+/x4§fdx},
T
7 hat 2-.2 1/2 442 2 2 1/2
Is S et (/x p¢” dx) (/x pé,der/x [(1 4 §)x&xr — xEcéc] dx)
5e(l./24./271/2)a1r(§§1’/12551’/12+ell/2a]r(§;/12(/ 221+ E)xEre
1/2
_xsx$r]2dx) / )
_xsxér]de)]/z 566(2+l|)a|t/x2§3dx +C6é\)e(ll_rl_l)alréf,l
+Ceoe ™ [ 22001+ )6y —xEute P,

Therefore, from (62), together with (33), (34) and (48), we have the following estimates:

/xz[(l - EVxEry — xEE Pdx < CRo,ar, r1, 1, ray 1)ed T . &,

(56)
/ngfdx < C(o,ar, 1,11, r2,12)e®N7 . &,
where 91, 07 are as in (57). Combining (61) and (56) yields the following,
/ X((Ec +xEee)? + 8D dx Se0NT / T HINT dg
x [0 e +xtn + D drdr + o
where
Ry = e~ GtoaiT R, < Ey e 06Ut 4 g0t /ngf dx +/x2[(1 + E)xyr
— xEek P dx 4+ eTTNTE 4 (af + DTV UTE
+ e ba1T -sup{/x4,5§2dx + /x‘%ﬁdx}.
T
Consequently,
/ XPEL +EDdx ST &, (58)
where
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03 :=max{—6, —6+102,01, —r2 =2, —r1 — 1} =—r, =2 <0. (59)

In the following two lemmas, we shall derive some regularity estimates of &, ¢ around the
symmetric center x = 0.

First, we will need the following lemma concerning the estimate of the interior energy func-
tional.

Lemma 6. Under the same assumptions as in Lemma 5, define the interior energy and dissipation
functionals:

Eeaimen 0 [ el dx,

(63)
155,3 = / et / X(xzéfn + érzt)dx dr,
where r3 satisfies
r3<r—2<0. (64)
For & < &y small enough, we have the following interior energy estimate:
&3+ Des < Co, a1, 1,2, 11, ¢, 13)Eo. (65)

Proof. Multiply (45); with &"3 xx&;; and integrate the resulting equation in the spatial variable.
After integration by parts, it follows,

d - A A N N o N ~
EE$,3+D5,3=K1+K2+K3+K4+K5+K6, (66)

where

&r3—2

Eg,_v, =

f xx*pE2, dx,

A I3 3~ _

LA / {<1+s>2x253n +[2(1+s+xsx>2—(1+s>21§3f} dx
I T 14§ + xéx ’

Ky :=—(@" 3a,, —3a"4a?) / X X2 pE &y dx,

4 (Er + xEvr)? &
T =rs 2 - :
Kyi=3na fx{ua+f)&”xQ1+s+xaﬂ U+$V)

2x€ccé; + 2x'§x512
A+8?% (1483

Er"‘xé:xr _ ET )}dx
l+&E+xE 1+& ’

&
) +6x(1 +$)érérr(m>x

+3(1+£) ke (-

= 2(x(1 +&)&rkro)a
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~ - ~ 4
K3 := _&FS/X/{X(] +§)2'§rr%r +2x(1+&)5:6::5 + g:“«x(l +§)é$r}dx»

o . _azr3—4~ Kp(¢ +é)[x(1+é)2$tr]x T x&zz
K4 :=—-3a" ar/x{ A1 0201 28 K 9((1+§)2)x}dx,

Kp(G+6)  Kpb ]
1+&+xE  (1+8)27
2K (4 0)xéx 2Kﬁéxsx] } .
I+ +&E+xE)  (1+£)3 7]
, [Kp(C +0)er:  KpOE,
"\ 1+e+x6 (1+8)72

3 [ Kp(c+6)  Kpb }
+«o /Xxgrr{l_i_%__}_x%_x (1+$)2 de.

165 = &r33/X{(Err +x§xrr)[

+ &

K := —3&"*a,

Then for r3 < 0, integration in the temporal variable of (66) yields the following:

55,3+'15§)3§/k1dt+/[€2dt+/1€3dt+/1€4d‘[
(67)
+/1€5d‘[+/]€6d‘t+éo.
The right of (67) are estimated as follows:
/ 121 dt S Gﬁ%":; + Ceai,, Supe(r3_rl_5)a” . ﬁgy]],
T
/kzdr <eDss +C€c?)f e’3“'f/X(53+x2s§,)dxdz,
/123 dr < (1 +cb)75§1{221 {al_l sgpe(”_’ﬁz)“” 7551/221 +a'?

(r3=r2+Dart  Hl/2 (r3—r2/2—r1/2+1/2)ar T

X supe ‘De'y —i—d)af] supe
T T

% ﬁél,/lzl +da; 2 Sup o1372/2-1/2=1/Dart | @;{122 }

/kmg(1+@)/a1e<’3—3>“”/xﬁ<|c|+|s|+|xsx|>(|sn|

+ |xErrc ) dxdt S eDg 3 + Ce(1 4 @)ad supe ™~ =8at . D,
T
+C.(1 +(I))/a%e(r3_6)“” drt - sup/)((é2 +x2§f) dx,
T

/Iésdrs<1+cb)/e<’3*3>“”/xﬁ(|zf|+|sf|+|sxr|)(|sn|

+ [xErec ) dxdt <€D s+ Ce(1 4 @) supe3™270ut . D)
T
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+C.(1 _}_(b)/‘e(rs*@a]r/X($3+x2$fr)dxdr’

/&drsa +cb)/e<’3*3>“”/x4ﬁ<a1|c|+a1|s|+a1|xsx| s
1l + Ixee DlEee drde < (1 + DY

y {all/z Supe<r37r2/2711/273)alt ~D1/2 +a1/2(/ e2r3—rn—dart d_c)l/Z
T

X sup(/x4ﬁ§2dx+/x & dx)l/2 afl/z supe(’3_’2/2_12/2_2)“”
T T

(r3—r2/2—r1/2-5/Dait 751/2

xDl/ +a1 supe 11
T

T a7 supelriraon -1 p2 }
T
Therefore from (67), it holds,

&3+ (1 —@)Ds3 < Cléo, 01){155,1 +Dso+Dei+Di
—i—/e(”_t_m” .e(3+t)“”/x(é,z—kxzéfr)dxdr+/e(’3_6)“”dt
X/X(g2+x2§3)dx+/e(r3ft79)alr '6(3“)"”fx($3+x2§ff)dxdf}
+/e(2r3_’2_4)“”dr . sup(/ x*pE?dx +/x4§fdx) +éo ,Séo,
T

provided that (64) holds. Then with &y small enough, we finish the proof of the lemma.

Now we can consider the elliptic estimates of (19). We rewrite the system in the following in
terms of the relative entropy functional G= 9(E) =log(1 4+ £)2(1 + & + x&,); that is,

o Kpe+d s (K p{)x
(14+8)2(1 +& +x&) (11+$)2(1 +4& i"x";:x)
+a 3 (K ph) (

4 .
gﬂgxt +

(I+E62(1+& +x&) (1+€)4)+ (1+8)?
x (@ 2xpEre + @ arxpée),
21+ L (1+8)?
e b =l g
P+ 1+, aas. a1n )

(1+§)2(1+§+x§x) +3Ka 2x2pe —a X214 &)
X (14§ +xE) - §(E).

(68)
)x%0,], + K&~
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Lemma 7. Under the same assumptions as in Lemma 6, supposed that
Ihb+2>0, (69)
we have

||EX ||i$°L§, + ||x§xx ||i?oL% + ||§X “iooLZ S C(§O7alvrlvlls r27127ta r3)£05

(70)
2 2
|6 ||L$OL% + ||xéxxt||L$oL2 < C(Ro,ar,ri, b, b, v r3)e T 7207E
In the meantime, we have the following:
2 ~ A A
[xexll o2 < C@ocar il ra o r3) (€0 + £)). (71)

Proof. From (68);, by noticing that

(o OFe? ) 0+0% (1+&)*

1+ &+ x&7" (1 +&)2(1+& +x&x) (1+§)2(1+$+x$x)gx’

it holds,

1 x2 1+ 2 2 .
/ 2 2 {[ ey } dx5<1+w)fx2<52
x2(14+8)7(A+85+x8) [TL+E+x5
+x%E0) dx + (1 +cb)/é§dx+(1 +d))e_4“"/x2(§3+x2§fr)dx
+ (1 +d)e T /xzﬁirz dx + de 247 /xz(ér2 +x%£2)
</QA§ dx + (@Dt | oo@=Daity Gy ((n=SbT o (-ri=br)
X é&l + e(—l=Dart .g}’z + éO < / gA)% dx _’_éo’

prov1ded that (69) holds, where we have used (33) (34), (39), (48), (56) and the fact that
](x Oy )x| < xZHGM 0, ‘ < x||6xx due to 6,(0) = 0. Meanwhile, direct calculation
shows,

[ ]S

/ 1 {[ 2<1+s>2§] }de_f[ x(1+&)
X2(1L+E2(0+&+x8) | M1 +E +xg, ) LVTHE T &
£ 2o xR +E)?
X (———), +2\/1+E+xéxl+é+ %_x] dx_/i

14+& 4+ x67F 1+§& +x&,
¢ ? ¢ 2
d (e R e
x ]2

x=Ry
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Therefore, combining the above inequalities yields,

/ffde/éideréo, (72)
/xzéfx dX§/§x2dX+(||x§x |7 + 1)/é§dx+éo. (73)

Here we have applied the following identity:

(& )=2<1+s>sx¢x+<1+s>2;xx_ A+0% s
LHE a8 (+62(+E+xE) I+ A +E+ak)

On the other hand, after multiplying (68); with éx and integrating the resultant, one can
derive,

%%“/éfdwéﬂ/ (1+$I§2'5((1§++j_)|_x€x)éfdx566_3“”/930&
+ Ce {e3‘“r / (2dx 4307 /(52 + x2E2) dx 4 aje T2
% ale(]+”)“'f/x4,6§3dx +aPe—AmrnarT
x eGrar / (1 +§)xber — xsxs,)zdx} + (a; LR
+ el daiTy / G dx + ajer2arT f x*pEd, dx
42" [ £)r6rer —xEubee
Then by noticing (33), (34), (48), (54) (72), applying Gronwall’s inequality then yields,
/Qfdx +/;3dx <é. (74)
Meanwhile, from (68)1,
/g}r dx S e bt / G dx + e 00T / ¢ldx + e 00T /(52 +x%€2)dx
4edarT /xz,éfg‘ff dx +a12e’4“‘f/x2/3§r2dx < (et g f(mra=2)be
FalenYaT 4 2T | —baT) &,

where (33), (34) (48), (54), (58), (65), (74) are applied. Consequently, we have

/ G2 dx e, (75)
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Then together with Lemma 2, (74) and (75) imply (70). Consequently, from (73)

N A A 1
[itec s 5 0+ Il 0o 50+ 84 el + 5 [t P

where the following pointwise estimate is used:

|x§x|2 N ||x§x Hi% +f|x§x(§x +xCxx)| dx S (1+ l/E)Hé‘x ”i% +€Hx§xx ”i)zC
This finishes the proof.

3.3. Pointwise bounds and asymptotic stability

In this section, we shall derive the following:

2 < CE(T) 4+ CE + CEX (1) + CE < C(Eo + &D). (76)

This will be sufficient to establish the asymptotic stability theory of the linearly expanding homo-
geneous solution of the thermodynamic model for the radiation gaseous star. Indeed, applying
the continuity arguments with small enough & and initial energy éo will finish the proof of
Theorem 1.1.

What is left is to show inequality (76). First of all, after applying Hardy’s inequality repeat-
edly, and the Sobolev embedding theorem, it holds,

e e < Dokl + e+ 8 72 < el + Itz a7
S L A Y e B PR P

S 176" s + 82 (78)

where we have used the fact that ,5% (x) ~ (Ro — x) from (10). On the other hand, applying
the fundamental theorem of calculus and Holder’s inequality yields

Ry

B A G N
0

=Y B R e P PR B 1)
S A +&)(|x(( +E)xéee —xE:E0 |1 + [425' %[ )

+ (I et | g+ 18 ) (I8 | 1z + Ie8ne ] 12)-

Here we have separated the norm of Hxéxr H 12 in the interior and boundary subdomains and used
the following form of the mean value theorem
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4
Axg € (Ro/4, Ro/2), such that |x&, (xo, T)| < R—O & || 2Ry 4, Ros2)-

Then employing (39) yields

Hxs”llmoN(1+w)(||x<(1+f>xsﬂ xsxsf>||Lz+|| p ‘/zsf||Lz)
+ (o) (I Pxtee ] 2 + 370" 1 (79)

+ ”x((l +&)xbxe _XSXEt)”L)Z() : (”Exr”Lg + ||x§xxr|‘L§)-

Similarly,

&l S 1270281 + L+ 0) (16 V26 o + |55 5

(80)
1+ £)x8er — x| ) e
(77), (78), (79), (80), together with (70), yield
”xéx ||iooLoo + H%— ”iooLoo 5 CE(T) + CgOv
et + [ g S @10 petemnomanzey
§ (e r/2HNaIT (k) A ATy = (r1/241/2)) (3 /24 ])
x E@)V2. & 1/2 —((r2+r3)/2+2)alf(é(f) +&).
Moreover, we have the following lemma:
Lemma 8. Under the same assumptions as in Lemma 7, we have the following:
2 2 2 2 2
| x&x “L?OLgo + ”5”L$°L§c + [ x&r “LgOL;o + & “LgOL};o +¢/0 HLgCLgO 82)

< C@o,ar,r1, 1,2, b, v r)E@) + &0+ EX() + &),
This finishes the first inequality in (76).

Proof. The pointwise bound of x&,, &, x&,¢, &; is a direct consequence of (81). What is left is the
estimate of H ¢/o ” Lo This is a direct consequence of (70) and (71) by applying the Poincaré

inequality, the Sobolevxembeddmg theorem and the fundamental theorem of calculus.

The second part of the inequality (76) is a direct consequence of Lemma 3, Lemma 4,
Lemma 5, Lemma 6 and Lemma 7.

Lemma 9. Under the same assumptions as in Lemma 7, we have the total energy inequality
E@ +D() < C@o,ar,r, 12,1, v, 13) (€0 + &)
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