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Abstract

In this paper, relations between the asymptotic behavior for a stochastic wave equation and a heat equa-
tion are considered. By introducing almost surely D—x-contracting property for random dynamical systems,
we obtain a global random attractor of the stochastic wave equation vu!;, + u) — Au” + f(u") = JOW
endowed with Dirichlet boundary condition for any 0 < v < 1. The upper semicontinuity of this global
random attractor and the global attractor of the heat equation z; — Az + f(z) = 0 with Dirichlet boundary
condition as v goes to zero is investigated. Furthermore we show the stationary solutions of the stochastic
wave equation converge in probability to some stationary solution of the heat equation.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction

The need for taking random effects into account in modeling, analyzing, simulating and pre-
dicting complex phenomena has been widely recognized in geophysical and climate dynamics,
materials science, chemistry, biology and other areas [5,10,15,23]. Stochastic partial differential
equations (SPDE:s or stochastic PDEs) are appropriate mathematical models for complex systems
under random influences [24].

Wave motion is one of the most commonly observed physical phenomena, which can be de-
scribed by hyperbolic partial differential equations. Nonlinear wave or hyperbolic equations also
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have been studied a great deal recently in many modern problems such as sonic booms, bottle-
neck in traffic flows, nonlinear optics and quantum field theory, see [21,25]. However for many
problems such as wave propagation through the atmosphere or the ocean, due to the presence
of turbulence the media has random fluctuation, the more realistic models must take the random
fluctuation into account, which leads to the introduction of stochastic wave equations, see [4,5].

Let D C R3 be a bounded open set with smooth boundary 8 D. In this paper we consider the
following singular perturbed stochastic wave equation on D

vug, +up — Au’ + f(u”) = VoW (1.1)

with Dirichlet boundary condition and positive parameter v. A is the Laplace operator on D,
W (¢) is an infinite dimensional Wiener process and non-Lipschitzian nonlinear term f satisfies
some increasing properties, see Section 2. If v is small, a natural idea is using the following heat
equation on D

7t —Az+4+ f(z) =0 (1.2)

with Dirichlet boundary condition to approximate system (1.1) in some sense.

It is known that the study of asymptotic behavior as t — oo is one of the most important
parts in modern research of nonlinear evolutionary systems. So a natural question is what is the
relation between the long time behavior of systems (1.1) and (1.2) as v — 0. The present paper is
devoted to determine the asymptotic behavior of systems (1.1) and (1.2) as t — oo respectively
and then find the relation between them.

First we apply the theories of random dynamical system and random attractor to study the
long time behavior of system (1.1). It is proved that the dynamical behavior of system (1.1) can
be described by a global random attractor A" (w) in space (H*(D) N Hy (D)) x H{ (D). Here
w € (82, F,P). In our approach a stationary Ornstein—Uhlenbeck process which solves a linear
stochastic wave equation, see Section 3, is introduced to transform the stochastic system (1.1)
into a system with random coefficient. Then almost surely D—«-contracting property for a con-
tinuous random dynamical system is introduced, see Definition 2.10, to obtain a global random
attractor for the random dynamical system generated by the system with random coefficient. And
some technique of energy estimates is used in our argument. A novelty of here is that we obtain
the random attractor in space (H 2(D)N H(} (D)) x HOl (D). The random attractors, which are
obtained in HO1 (D) x L%(D), for stochastic wave equations have been studied in [8,11,26] and
others. And as far as the authors know almost surely D—a-contracting property is the first time
introduced for continuous random dynamical systems to study the existence of random attractors.

Next we pass the limit v — 0 in system (1.1) and prove that A" (w) is upper semicontinuous
in space H& (D) x L3(D) atv=01in probability, that is

lin}) dist(A" (w), .AO) =0 with probability one.
v—

Here A°, which is a deterministic set, is the extension of a global attractor for system (1.2) in
space (H*(D) N H} (D)) x H{} (D) and dist(-,-) is the Hausdorff semidistance

dist(X, Y) = sup ingd(x, y),

xeX Y€
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on a metric space (E, d). In [2], Caraballo et al. have studied the upper semicontinuity of random
attractors with respect to noise for stochastic parabolic equations. Here we apply the result in [2]
to a stochastic hyperbolic equation with singular perturbation.

Finally for any 7' > 0, we concern ourselves with the limit of stationary solutions u"(-) of
system (1.1) in space L20,T; L*(D)) asv — 0. Itis proved that any limit point of a sequence of
stationary solutions of system (1.1) in L2(0, T; L>(D)) as v — 0 defines one stationary solution
of system (1.2). In this approach a key step is the tightness of distributions of the sequence of
stationary solutions in space L?(0, T; L?(D)). And the mean square convergence is proved on
a new probability space (£2,, F,, P,) for any ¢ > 0 which yields the convergence of stationary
solutions in probability on (£2, F, P).

Here we point out that in [3] Cerrai and Freidlin have studied the following stochastic hyper-
bolic equation

vuy +ul — Au’ + f(w’) =W (1.3)

with f is global Lipschitz continuous. And for any finite time 7 > 0 and « > 0 the following
approximation is obtained

lim P{[u” (1) = 2()| ¢ 0,712y > ¥} =0, (1.4)

which is called Smoluchowski—Kramers approximation, with z solves the following stochastic
heat equation

w—Az+ f2)=W. (1.5)

And the stationary distribution of system (1.3) is coincide with that of system (1.5). In this
paper we derive the approximation on long time interval for system (1.1) with non-Lipschitz
nonlinear term f and rescaled white noise. Such approximation is not Smoluchowski—Kramers
approximation. Here we just consider the case that the noise is of trace-class to which It6 formula
can be applied. The study of global random attractors was initiated by Ruelle [18]. And the
fundamental theory was developed in [7,8,19] and others.

The rest is organized as follows. In Section 2 some preliminaries are given. A stationary
Ornstein—Uhlenbeck process with some basic properties is given in Section 3. And we transform
system (1.1) into a random partial differential equation in Section 4, then a global random attrac-
tor for the random partial differential equation is obtained in Section 5. The main result about the
upper semicontinuity of the random attractor is proved in Section 6. In last section we consider
the convergence of stationary solutions for system (1.1).

2. Preliminary

Let D C R", n = 3, be an open bounded set with smooth boundary. Define the following
unbounded operator on L2(D)

Au=—Au, D(A)=H?*(D)NH}(D), (2.1)
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which is self-adjoint and strictly positive. For s € R we can define D(A*/?) endowed with the
norm

- lls = 1A% 12y

Consider the following singularly perturbed stochastic wave equation on D

vy +ur + Au+ f(u) = \/;W, 2.2)
u(0) = uo, ur(0) =u; (2.3)

where 0 < v < 1 and {W (¢)},cR is an L?(D)-valued two-sided Q-Wiener process with
Qex =akex, k=1,2,...,

where {e;} is a complete orthonormal system in L?(D), ay, is a bounded sequence of nonnegative
real numbers. Then W (¢) can be written as

W) = Jagexw(t)

k=1

where wy are real mutually independent Brownian motions. Further we assume
Tr(AQ) < oo. 2.4

For more descriptions of Q-Wiener process we refer to [17].
We assume that the nonlinear term f € C 2 on R and there exist positive constants Cy, Ca, C3
and Cy4 such that for any s € R

(D) 1< i1+ sP);
@) 1/ ()< Ca(l +15]%);
(3) F(s) = Cs(ls|* = 1);

(4) sf(s) = Ca(F(s) — 1)

where F(s) = [ f(r)dr.

Remark 2.1. Here we omit the superscript v without causing confusion unless in Sections 6
and 7.

Remark 2.2. Note that the growth exponent of the nonlinearity is critical in R*. And to the best
of our knowledge this is the first result for the random attractor for the stochastic wave equation
with critical growth exponent.

Remark 2.3. Also note that the assumptions on f are satisfied for cubic nonlinearity f(u) =

u® —au, a € R, and not satisfied for the sine-Gordon equation with f(u) = sinu. However the

calculations are simpler in that case since f and its derivative are bounded.
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Let H = H(} (D) x L2(D) and H! = (Hz(D) N HOl (D)) x HO1 (D) with product norms written
as || - l3¢ and || - |41, respectively. We also consider the following heat equation

z+Az+ f(z) =0, z(0) = zo. (2.5)

Under the assumptions on f it is well known that system (2.5) possesses a global attractor
Ac H*(D)n HO1 (D), see [13,22] and others. Associated with the attractor A we define the
set

A" ={(x,y): x e A, y=—Ax — f(x)} (2.6)

which is a natural embedding of the attractor Ainto H!.
For our purpose we introduce the following probability space (§2, F, P) as

2 ={we C(R; L*(D)): w(0) =0}

endowed with compact-open topology, P is the corresponding Wiener measure and F is the
P-completeness of Borel o-algebra on £2. Write E as the expectation with respect to IP. Let

o) =w(+1)—w@), 1R,
then (2, F, P, (6;);cr) is a metric dynamical system with the filtration

Fo=\/Fl. teR,

s<t
where
Fy=o{W() - Wt): s <t <n <t

is the smallest o -algebra generated by random variables W (#;) — W (z1) forall s <# <1 < t.
The metric dynamical system (§2, F, P, (6;),cr) defined above is ergodic. Since the above prob-
ability space is canonical we can define the Wiener process and its shift operator

W(t) =w(t), W(t, 0w)=w(t+s) —w(s) =Wt +s)— W(s) 2.7)

which is called the helix property.
Now we introduce the concept of the random dynamical system (RDS).

Definition 2.4. Let (E, d) be a Polish space and (£2, F, P, (6;);cr) be a metric dynamical system.
Suppose the mapping

O R"xQ2xE—>E
is (B(R™) x F x B(E), B(E))-measurable and satisfies the following properties

o ¢(0,w)x =x;
o ¢(t,0:w)0d(r,w)x =¢(t +1,w)x forallt,7 € RT, x € E and w € £2 (cocycle property),
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then ¢ is called an RDS with respect to (6;);cr. If ¢ is continuous with respect to x for # > 0 and
w € 2, ¢ is called a continuous RDS.

For detail we refer to [1].

We intend to study the long time behavior of an RDS generated by system (2.2) by means of
random attractors. Now we recall some knowledge of random attractors.

A set-valued map B : 2 — 2F is called a random closed set if B(w) is closed, nonempty and
w > d(x, B(w)) is measurable for all x € E. A random set B is said to be tempered if for a.e.
wef2andally >0

lim e~ 7" diam(B(6—;»)) =0

11— 00
where diam(B) = sup, ,cp d(x,y). Let D be the collection of all tempered random sets in E.
And for such a set we write as a D-set. Then we give the following definition of the random
attractor, see [7,8,19].

Definition 2.5. A random set .A(w) € D is a random (pullback) attractor for RDS ¢ if
e A(w) is a random compact set, i.e., w > d(x, A(w)) is measurable for every x € E and
A(w) is compact for a.e. w € §2;

e A(w) is strictly invariant, i.e., ¢ (t, w) A(w) = A(6;w) Vt > 0 and for a.e. w € £2;
o A(w) attracts all sets in D, i.e., for all B € D and a.e. w € §2 we have

Jlim dist(¢ (1, 0—,0) B0, 0), A(w)) =0.

The following theorem gives a sufficient condition for the existence of a random attractor, see
[7,8,19].

Theorem 2.6. Suppose ¢ is an RDS on a Polish space (E, d) and there exists a random compact
set B(w) absorbing every tempered random set D C E. Then, the set

Aw = (] Jo(t.0- 0. BO_0)

t2tp(w) t2>71

is a global random attractor for RDS ¢.

However this result is improper for the present situation since a wave equation generates a
semigroup without compactness. So we give another method to obtain the global random attrac-
tor.

We review briefly the basic knowledge of Kuratowski measure of non-compactness, see
[14,20] for detail.

Definition 2.7. For a bounded set A in a metric space E, the Kuratowski measure of non-
compactness «(A) is defined as

a(A) = inf{s > 0: A has a finite open cover of sets {X;} with diam(X;) < 8}.
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If A is an unbounded set in E define a(A) = oo. The following properties will be useful in
our approach.

Lemma 2.8. The Kuratowski measure of non-compactness o(A) on a complete metric space E
satisfies the following properties:

(1) ¢(A) =0 ifand only if A is precompact in E.

(2) If B1 C B, CE, a(By) < a(By).

3) a(A) =a(A).

4) If {A¢)e>v, is a family of nonempty, closed bounded sets such that Ar C As, T > s, and
o(A;) > 0as T — oo, then ﬂT>TO A is a nonempty compact set in E.

(5) If (E,d) is a Banach space, then a(B1 + B2) < a(B1) + a(B2).

Remark 2.9. For the set A € D, a(A) is a random variable.

For a random dynamical system ¢ (¢, @) on a Polish space (E, d) we introduce the following
definition, similar definition for cocycle, see [6].

Definition 2.10. A random dynamical system ¢ on a Polish space (E, d) is almost surely D—-a-
contracting if for any set A € D

a(p(t, 0—)A(0—»)) > 0 as., t — oo.

The following theorem describes sufficient conditions for a random dynamical system to be
almost surely D—«-contracting.

Theorem 2.11. For a random dynamical system ¢ (t, w) on a separable Banach space (E, || - ||E),
if almost surely the following hold

(1) ¢(t,0) =11, ) + ¢2(1, w);

(2) for any tempered random variable a > 0, there exists r =r(a), 0 < r < 0o, a.s. such that for
the closed ball B, with radius a in E, ¢1(t, 0—;w) B, (0—;w) is precompact in E fort > r(a);

3) llp2(t, 0—t)ullg <k(t,0_1w,a), t >0, u € By(0—;w) with k(t, w, a) is a measurable func-
tion with respect to (t, w, x) which satisfies k(t,0_;w,a) — 0 as t — 00,

then ¢ (t, w) is almost surely D—a-contracting.

Proof. Let A € D and a tempered random variable a > 0 such that A C B,. Then for any ¢ > 0
with t > r(a)

a(pt, 0_10)A(6—1w)) < (P (1, 6—1w) By (0 w))
= a(p1(t, 0_10) By (0_ ) + ¢2(1,6_10) B, (6 ))
<a(pa(t, 0-10) By (6—0))
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< diam(¢2(t, 0_;w)B, (9716())) + ¢
<2k(t,0_;w,a)+e.

Then the arbitrariness of ¢ yields the result. O

For an almost surely D—a-contracting random dynamical system ¢ on a Polish space (E, d),
we give the following result about a sufficient condition of existence of a global random attractor
in E.

Theorem 2.12. For a random dynamical system ¢ (t, w) on a Polish space (E, d), assume that

(1) ¢(t, w) has an absorbing set B(w) € D,
(2) ¢(t, w) is almost surely D—a-contracting.

Then ¢ (t, w) possesses a global random attractor in E.

Proof. The argument is just a small adaption of that in [14] or [20] for deterministic system.
Set

A@) = () J o, 6-) Bo®-).

>0t>71

We claim that A(w) € D is a global random attractor of ¢ (¢, w) in E. In fact it is known that,
see [7,8,19], A(w) is nonempty, invariant and attracting all the sets in D. So we just prove the
compactness of A(w). Let

Av@) =], 6-10)By(6-).

t>t

Then A;(w) C Bp(w) € D and a(A;(w)) — 0 a.s. as T — oo. By property (4) in Lemma 2.8,
A(w) is compact. The proof is complete. O

3. Stationary Ornstein—Uhlenbeck process

In this section we construct a stationary Ornstein—Uhlenbeck (OU) process. First we consider
the following deterministic linear system,

o=, @3.1)
v =—Ap — ¢, (3.2)
®(0) = g0, ¥ (0) = o, (3.3)

for any (¢o, ¥o) € H, and v € (0, 1]. Write (3.1)—(3.3) as the following abstract form
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dZ(t)

I =A,Z(1), Z(0) = (g0, ¥0)" (3.4)

0 1
w=(20, 1)
v v

By the theory of semigroup, A, is a generator of Co semigroup S, () on H. Further there are
M, >0, A, > 0 such that

with Z(t) = (¢(1), ¥ (1))T and

S|, < Mye™", 1>0,

see [3]. Here | - | denotes the operator norm. We claim that A can be taken as a positive
real number independent of v € (0, 1]. In fact a simple calculation yields the eigenvalues of
operator A,

T
where {A}ren are the eigenvalues of operator A satisfying 0 < A1 < Ao < - < A < -0,

Ar — oo as k — oo. Then A} can be taken as

A 1
A= —Re(ST =Re{—l} Zmin{)\l, 5}
N

where Re denotes the real part of a complex number.
Denote the adjoint semigroup of S, (¢) by S} (¢) which is defined by, see [3],

S¥)(w,v) = (HlSv(t) <u —Tv) IS, () (—vu, v)), (u,v) eH,

where IT; and IT, are the projections from H to Hj (D) and L?(D), respectively.
Now we consider the following linear stochastic problem in H

Vil + 1+ A=W, (3.5)
1n(0) = no, 1n:(0) =1, (3.6)
which is equivalent to
dE (1) 1 = T
=A,E(t — W), F(0) = , 3.7
P v ()+ﬁ Q) (0) = (0, m) (3.7

with (¢, w) = (n(t, w), :(t, 0))T and W(t) = (0, W(1))T.

Suppose condition (2.4) holds, by the classical analysis of SPDEs [17], system (3.7) has a
solution (1(t, ), n,(t, ®)) € L?(£2; C(0, T; H}(D))) x L?(2; L*(0, T; L*(D))) for any initial
value (19, n1) € H. In our approach a stationary solution of system (3.7) is useful. For such a
solution Z (¢, w) = (n(t, w), n;(t, w))T we have the following result.
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Lemma 3.1. Assume (2.4) holds. Then

(1) system (3.7) has a unique stationary solution (n, n;) which is a Gaussian process in H
2) t = ||(n(6rw), n; (6:w)) |14 grows sublinearly, that is

161 610), 1 G 24 _

lim 0;
t—+o00 t
2 1
3) E|n(o)],= S O
t
1 m m
4) ;/|| (nGiw), n:(Orw)) |7, ds = E| (n(@), ni(@)) |3, =00, meZ*.

0

Proof. Consider system (3.7). Let

e¢]

c, = / 5,(5) 0y Q17 (s)ds

0

where Q, : L?(D) — H is defined as

1 1
0vh = E(O, Q2h), helL*(D),

and Q% H — L%(D) is the adjoint operator of Q,, defined as

Oy (u,v) = %Q%v, (u,v) e H.

Following the proof of Proposition 5.1 of [3], we have
1
CU(Mav):E(qua QU), (M,U)EH,

with TrC, = "TH Y ie ax < oo. Thus by condition (2.4), operator C, is nonnegative, symmetric
and of trace-class on H. So by Theorem 11.7 of [17], system (3.7) has a unique invariant Gaussian
measure N (0, C,) on H. Then

t

(1) = / Su(t —$)dW(s)

—00
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which distributes as A/(0, C,) is the unique stationary solution of system (3.7). And by Birk-
hoff ergodic theorem, sup, ¢, ,41711(7(6:@), 0 (B;w))l7¢/n tends to zero as n goes to infinity

gives (2). Applying Itd formula to ||n,(¢) ||%, see [4], we easily have

t

t t
e(n()) =e(n(0))+/Ters+2ﬁ/(nt(s),dW(s)>—2/||n,(s)||§ds (3.8)
0 0

0

where

e(n®) =v]n ][5+ a7

Taking expectation on both sides of (3.8), then the stationarity of (5, ;) yields (3). And (4) also
follows by Birkhoff ergodic theorem and the Gaussian property of (1, n;). O

Remark 3.2. Further by condition (2.4), (1, 1;) in fact takes value in H!. Formula (3.8) is an
energy equation for system (3.7). And by the above result we see that E||n; (w) ||(2) is independent
of v. Moreover 1 (6;w) coincides with the stationary solution of the following linear heat equation
in distribution, see [3],

n+ An=JoW. (3.9)

Furthermore 7 (6;w) distributes as A/ (0, %Q) which means 1 (6;w) converges to zero when v — 0
in H*(D) N H} (D) as.

4. Conjugation between the stochastic PDE and random PDE

Consider the following random PDE for w € £2 fixed,
Vo + v+ Av+ f(v+1n) =0, 4.1
v(0) =uo — n(w), v (0) =u1 — ne(w) 4.2)
where (7, n,) is the stationary solution of system (3.5)—(3.6). By the classical analysis in [22], for
any (ug, u1) € H, system (4.1)~(4.2) has a unique solution (v, v,) € C(0, T; H} (D) x L*(D))
for any 7 > 0 and a.s. w € 2. (The global existence of solution follows the boundedness of so-

lution in Section 5.1.) Then system (4.1)—(4.2) generates a continuous random dynamical system
@V (t,w) on 'H as

@ (1, ) (v(0), v:(0)) = (v(t, ®), v (1, W)). 4.3)
Define an isomorphism on H as
T(w,x) =x~+ (n(w), n(®)), x€eH, (4.4)
then system (2.2)—(2.3) generates a random dynamical system ¥" (¢, w) on H as

Ut w) g, u) =T o @’ o TN, w)(uo, uy) = (u(l, ), us (t, a))).
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For more about the dynamics between two conjugate RDSs, see [9].
We end the section by the following simple truth for system (4.1)—(4.2).

Lemma 4.1. For any (ug, u1) € H we have

t

t
/|| v,(s) ||§ds =H@O)—H({) — /(f(u(s)), ni(s))ds (4.5)
0

0

where
1
H(t) = ; Jor )| + HEG 12+ (F)@), 1).

We aim to prove the existence of random attractors for ¥" (¢, w) which is upper semicontinu-
ous with respect to v. By isomorphism 7, it is enough to prove the same result for @" (¢, w).

5. Random dynamics of stochastic wave equations

We always write C as some constant independent of v, Q;(w), i =1,2,3,4, O, (w), u >0,
are almost surely finite positive random variables in the form of some polynomials of ||u0||%,
||uo||%, leq ||%, ||77||S, ||7]||%, ||r;,||(2) and ||n,||% and are independent of v. In this section we prove
the existence of random attractors for @" (¢, w). Our approach is the classical energy method, see
[7,8] for stochastic partial differential equations. We consider the system on a fixed w-fiber.

5.1. Boundedness of solutions in 'H
Let p = v; + 8v, where § € (0, §9) with 5o = min(%, )‘7'), then
vor + (1= 8v)p + (A =81 —8v))v+ f(u) =0. (5.1

Multiplying o on both sides of (5.1) and integrating on D, we have

d
M(uvn% +llplig) + 8T + (1 = 8v)llpllf — 8(1 — 8v) (v, p) + (f W), p) = 0.

Notice the choice of § and v € (0, 1], by a simple calculation we have
Sllollf +(1 -8 §—8(1—-8 > 2w+ Lipn2
iy + A =dv)llplg =81 =dv)(v. p) = SllvliT + S llo-

Moreover by the assumptions of f we have

= d F d
(f(u),u;)—E/ ) dx.

D

(f(u),u>=/f(u)udx>C4/F(u)dx—c4|D|,
D

D
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and

5C.
(FGar,me+m) < 252 / Fuydx +C(1+ [, +8nl1F)
D

for some positive constant C. Here we use the embedding of H 1(D) into LG(D).
Combining the above estimates and by Holder inequality we have

d
E(IIUII% +vllolg +2/ F(u)dx +2C3|D|>
D

+a(||v||%+v||p||%+2fF(u)dx+2c3|D|)
D
ég(@w)

where o = min(§, %, %) and
g(6,) =25C4|D| — 2aC3|D| +2C (1 + |1 + 8nl}).
Then Gronwall lemma yields
||v||%+v||p||%+2/F(u>dx+2ca|D|

D
t

13

(5.2)

< e“”(Hv(O) [T +v]pO]5+2 / F(up) dx +2cg|D|) + / e g0y ds. (5.3)
D

0

Since v € (0, 1], o can be chosen independent of v and by the embedding theorem we have

olT + vl
_1
< (T+8x72) (vl + llvr + 8vlIF)
1
< (1+3,\1—7)<||v||f+ ||p||(2)+2/F(u)dx+2C3|D|>

D
t

< (148072)e ™ Q1 Gw) + (1483 72) / e~ g (0y0) ds.

0

Let
t
riw) =1 +2(1+5,\1—%) lim /e—““—”g(es_tw)ds
11— 00
0

(5.4)
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which is a IP. a.s. finite random variable, since g(6;®) grows polynomially at most. And Q1 (w)
in fact is a P. a.s. finite random variable, then for any D-set B in H, there is Ty(B) > 0 such that

v, 6-1w) ||f + [ve (2, 6— ) ||(2) <ri(w), fort>Ty(B)P. as. (5.5)
5.2. Boundedness of solutions in H'

To obtain the existence of random attractors we need the further estimates in ! for solution
(v, v;) of system (4.1)—(4.2) with (v(0), v;(0)) € H!.
For some 8 > 0 small enough, multiplying (4.1) by A(v; + Bv) in H, we have

1d 2 2 2 2
EE[\)IIVU:HO + 1 Avllg = 2Bv (v, Av)] + (1 = BV I + BllAvliG + BV, Vv)
= B(f W), Av)+(f (w), Av,). (5.6)

Notice that

d
(£ @), Av) = —{f @), Av) = (" (s, Av), 5.7
we focus on the last term. Then Holder inequality yields

(" @yus, Av)| < | f' )] 6lusl 31 Av]o.

By the assumptions of f and by classical interpolation results we have that for some positive
constant C

|f'@)] =] @+m] <CA+ WL+ Inl3),
3/2 1/2 1/2 1/2
w2 < Cllvl vl and s < Clluglly > lluely ",

then, by the similar calculation of [12], we have

1/2 3/2 1/2
(' @yur, Av)| < Q2(6,0) luy Il *NAVIE 1 Vug Il > + Q2(6,).

Write u = v + 7, then applying Young inequality, for any p > 0
}(f/(u)u,, AU>|
<u(IVu g+ 1AvIE) + Qu@ o) v § Il AvIG + Qu @) In Gl AVIG + Qubrw).

Now fix i > 0 small enough, by (5.6) and the above analysis we have

1d
3 [VIIV oI + 11 AVIE — 2Bv(vr, Av) —2(f (), Av)] + B (IVv G + 1 Av])

dt
< 0,60 (v 13 + I3 1 AvI3 + €| £ )| + Qe (Br0)

for sufficiently small 81 > O which is independent of v.
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Let
Y(0) = v [Vl + | AvlI§ — 2Bv(vr, Av) —2(f (u), Av).

Then by Holder inequality and the assumptions on f* we have for some positive constants Ci
and C;

Ci(vlvel} +1v13) — Qo(llull) < Y () < Ca(vllvellF + Ivl3) + Qo(llulll)  (5.8)

with Qo(Jlu|l1) a polynomial of ||u«|{. Then we have

1d
S YO+ (B1 — Q@) (Ilv:lIF + Ine13)) Y ()
< (B1+ Qu@ ) (Iv: 115 + 1m:115)) [28v] (vi. Av)| +2|(f (), Av)|]

+C|lfa)s + 0u@rw).

Applying Holder inequality, using (5.8) and notice that || f (u)||% <C+ |ju ||?), we obtain

d
TY (O +LOY @) < 03(0,0)
with
L(t) = 1 — 40, 0:) (1o, 13 + 1. 113)-

Then Gronwall lemma yields

t
Y(1) <e o L®dsy ) 4 f e N L®dT 010 . w) ds. (5.9)
0

By Holder inequality

t t t 1
1 1 1 :
1 [ euo el < [;/Qi(esmnn,(s)nédsx ;/||nz(S)||3dS} .
0 0 0

And by Lemma 4.1

t
1
- f 0, (650) v (5) |3 ds
0

1 1

t t 2)2

H _H O l l 2 2

. {Ht)t—()'Q;’;(t,w) T Q;(r,m[;/gmmds x ;/Hm(s)IIﬁdS] }
0 0
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where Q:‘L(t, w) = %fé Qi(@sa))llv,(s)n(z)ds. Write the right-hand side of (5.9) as r(¢, w). By
Birkhoff ergodic theorem

t
. o1
Jim 07 (1, @) < lim - f 0}, (6s0)ri (6;0) ds =E{ 0 (0)rf (@)} < o0,
0

t
1
lim —/Q4(0sa))ds=EQ4(w) <0
t—>o0 t
0

and notice that [, F (u) dx < C(1 + [lullo + lull2 + lull),

. |H(t,9_[w)_H(O,C())|
lim =

t—00 t

0, a.s.

Then by Lemma 3.1 and if Tr Q is sufficiently small we have

lim r(t,0_;w) <00, P.a.s.
11— 00

Then by (5.8) and (5.9) there is a P. a.s. finite random variable r;(w) such that for any D-set
B in H!, there is T} (B) > 0 we have

2 2
v]|oit, 6—0) | + ot 0—0)||; <3 (@), t>Ti(B), P.as. (5.10)
5.3. Existence of the random attractor
Taking Tr Q sufficiently small as in the above subsection, it is shown that @V (¢, 6_,; ) has an
absorbing set in ! which is independent of v.
By the above analysis and Theorem 2.12, we just prove that @V (¢, 6_;w) is almost surely
D-a-contracting in H'. Write
v(t,0_10) = v1(1, 0_,0) + v2(1, 0 0)
where v and v, satisfy
vui + o1 + Avp =0, v1(0) =v(0), v1:(0) = v;(0) (5.1
and

vy +var + Ava + f(v+1) =0, v2(0) =0, v2:(0) = 0. (5.12)

By a standard calculation for (5.11), we have for some positive constant y > 0 independent
of v

[a0 e+ [vr@]; < e (Jo@ | + [0 ) (5.13)
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where U] = v, +6v;. Then the condition (3) of Theorem 2.11 holds. Notice that (v2(0), v2;(0)) =
(0,0) € H', by the analysis of Section 5.2 we have

Jvar (1,6 |2 + 022, 6y 0) |3 < (@), 1> Ts, P.as. (5.14)

for some 75 > 0. For any tempered random ball B, C H!, by the assumptions of f, (5.13),
(5.14) and the embedding H%(D) C L®(D), { f (v(s, f_sw) + n(w)): 0 < s <t, (v(0), v,(0)) €
Bu(w)} is bounded in H*(D) N Hol(D) and therefore a compact set of H(}(D) a.s. Then
{(va(s, O_sw), v2: (s, 0_sw)): 0 < s <1, (v(0), v,(0)) € By(w)} is precompact in H! by the simi-
lar approach of [20] for deterministic nonlinear wave equations. So condition (2) of Theorem 2.11
holds, and @" (¢, 0_;w) is almost surely D—«a-contracting in H!. That means ®" (¢, 0_;w) pos-
sesses a compact global random attractor A" (w) C H'. We summarize the main result of this
section as the following theorem.

Theorem 5.1. Suppose (2.4) and the assumptions on f hold, system (2.2) possesses a global
random attractor A”(w) in H!.

6. Upper semicontinuity of A" (w)

In this section we prove that random attractor A" (w) obtained in the last section is upper
semicontinuous in probability with respect to v. In fact we have our main result

Theorem 6.1.

lim dist(A” (@), A°) =0 with probability one.
v—>

Before giving the proof of the above theorem we give some results about the upper semicon-
tinuity of random attractors, for more see [2].

Suppose ¢ () is a dynamical system on a Polish space (E, d) and there exists a global attrac-
tor A in E. We perturb ¢ (¢) by a random element depending on a parameter v € (0, 1], so that
we obtain an RDS

¢ Rt x 2 xE—E,
such that for P. a.s. w € 2 and all r € R™
(H1) @' (t,0_w)x — d(t)x asv— 0,
uniformly on bounded sets of E. Then we can have the following result (see [2]).

Theorem 6.2. Assume that for all v € (0, 1] there is a random attractor A’ (w) for RDS ¢¥ which
satisfies (H1), and there exists a compact set K such that, P. a.s.

(H2) 1in}) dist(A"(w), K) =0.
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Then

lirr%) dist(A" (w), .AO) =0 with probability one.
v—

In applications, (H2) will follow from a similar property for random absorbing sets which are
in fact used to obtain random attractors (see [2]). So we only justify (H1). And since we consider
the upper semicontinuity of attractors, we just verify condition (H1) for the orbits in attractors.

To apply the above result we need the following estimates.

Writing y = v, and by differentiation of (4.1), we have the following stochastic differential
system

vy, +y. + Ay + F'(t,60_,0) =0 6.1)
with
F'(t,w) = f'(u") (v, +n))-

Applying Holder inequality and noticing the assumption on f’ with the embedding H; C L°, we
have for some positive constant C

[P o<+ ID)lor +nl, 62)

Notice that we restrict system (4.1) on A" (w), by the same approach in Section 5.1 and (6.2),
there is an a.s. finite positive random variable r3(w) such that

vt 5 <@
Then we have
v][ol 2, 60-0) |5 < r3(@). (6.3)

Proof of Theorem 6.1. Let ¢(¢) be the dynamical system generated by (2.5) and ¢" (¢, w) =
@V (t, w). It is enough to verify condition (H1) for the orbits in random attractor A" (w). That is
for a fixed w € §2, we prove for any v, € (0, 1], v, — 0 as n — o0, there is a subsequence, which
we still write as vy, such that (v (¢, 0_,w), v;" (¢, 0—;w)) — (v(t), v,(¢)) with (v” (0), v;" (0)) =
(v(0), v£(0)), with (v, vy) satisfying system (2.5).

Let VV» = v" — v, then V" satisfies the following equation

V= AV — f(v" +0") 4 f) — v (6.4)

with V2 (0) = 0. Since we restrict the system on A" (w), by the assumption of f’, f is Lipschitz
with Lipschitz constant L (w) which is an a.s. finite positive random variable. Taking scalar prod-
uct in L2(D) with —A V", we have

d
IV <@ ') = £ @), AV ol AV

N =

SL@| V" |} + L) |av™

o ol ave

olln™ 0°
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Then it is easy to verify that
[V (t)”1 —0 as.asn— o0, fort eR, (6.5)

by (6.3) and the fact that n"» — 0 as n — o0 a.s.
Multiplying both sides of (6.4) with V,” in L?(D), we have

[ve o< vl vl + 1 @ 0t = s oIV o + vl fo Ve -
Then also by n"» — 0 as n — o0 a.s., (6.3) and (6.5),
|| v, (t) ||0 — 0 as.asn— oo, fort eR. (6.6)

Thus condition of (H1) in Theorem 6.2 is satisfied which ends the proof of our main result. O
7. The limit of stationary solutions

In this section we consider the stationary solutions of system (2.2). By the random dynamical
system theory, the existence of a compact random attractor yields the existence of stationary
solutions which are included in the random attractor, see [7]. In the following we consider the
convergence of the stationary solutions of (2.2) as v — 0 in the space L2(0, T; L*(D)) for any
T > 0.

Let (u"(t), i (¢)) be a stationary solution of the stochastic wave equation (2.2) with v > 0.
Then we have the following result.
Theorem 7.1. For any T > 0, there is a positive constant Mt such that the stationary solution
" (), u; (1)) satisfies

T T
_ 2 - 2
E/Hu"(s)“lds < My, E/||uy<s)||0ds < Mr.
0 0

Proof. Applying Itd formula to [|u; ||(2), we have

t t
E(@" (1) — E(a"(0)) =—2f||ﬁ,”(s)||§ds+Ter+2ﬁ/(zz;,dW(s)), (7.1)
0 0

with
E@") = vy o+ |a* [} +2(F @). 1)

Then taking expectation on both sides of (7.1) and by the stationarity of (i", i}'), we have

T
1
E/||a,”(s)||§ds = S Tr Q7.
0
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By the definition of £(u"), (7.1) and the assumptions on F we have
!
|&" @7 < E(@ () + Tr 01 +2C5|D| + 2ﬁ/(ﬁ,“, dW (s)).
0
Thus we have

T
E/||12”(t) ||fdt <EE(@"(0))T +Tr QT +2C3|D|T.
0

Define My = max{% Tr QT, EE(i"(0))T + Tr QT? 4+ 2C3|D|T}. The proof is complete. O
For our purpose we introduce the following lemma about a compactness result, see [16]. Let

(X, -llx) €V, 1I-1ly) C (Z, |1l z) be three reflective Banach spaces and X C ) with compact
and dense embedding. Define Banach space

d
G= {v: veLX0,T; X), d—lt’ € L2(0,T; Z)}

with norm

T T
d
ol =/||v(s)||§(ds +fHd—z(s> ds, veg.
0 0

2
Z

Lemma 7.2. If K is bounded in G, then K is precompact in L*>(0, T; )).

Now let X = HOl (D), Yy=2Z= L?(D). Then by the estimates of Theorem 7.1 and Chebyshev
inequality, we have, for any o > 0 there is a bounded set K, C G such that

Pla" € Ko} >1—0.

Moreover by Lemma 7.2, K, is precompact in LZ(O, T; LZ(D)). Then the family of measures
{L(@")},, the distributions of {i”(-)}, in L>(0, T; L?(D)), is tight.
Now we introduce a new probability space (£2,, Fp, IP,) as
2, ={0' € 2: u" (&) € K,},
Fo={5N$§2p: SeF}

and

P(S N 2,)

F =5,

, forSelk,.

Denote by E,, the expectation operator with respect to IP,.
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We restrict the system on the new probability space (£2,, F,, P,) and arbitrarily fix a sequence

{V,} C (0, 1], b, — 0, n — oo. Consider the statlonary process i,

there is a subsequence {v,} C {D,} such that for any o’ € £2,

By the compactness of K,

" (0) — u(0), strongly in L2(D), n— oo, (7.2)
i’ — u, strongly in LZ(O, T; L2(D)), n— 0o, (7.3)
Vi — Vi, weakly in L2(0, T; (L*(D))’), n — oo, (7.4)

with it € L%(0, T’; HO1 (D)). We aim to prove that u solves (2.5) in the following weak sense

T T T
[(u(t) ¢ (1)) dt = (i1(0), ¢ (0) +/ Vii(t), Vo (1) dt+/(f(12(t)),¢(t)>dt (7.5)
0 0 0

forany ¢ € clo,T; C5° (D)) with ¢(T) = 0. In fact u*, the solution of Eq. (2.2), can be written
in the following weak form

T
f (@" @), ¢ (1)) d1
0
T T
=<ﬁ"”(0),¢(0))+/(Vﬁ""(r),v¢(r))dr—i—/(f(ﬁ""(t)),d)(t))dt
0 0

T T
—Vn / (", () dt + vy (1" (0), p(0)) — /v / (p@). daw (@) (7.6)
0 0

for almost all @’ € £2, and ¢ € clo,T; C5°(D)) with ¢(T') = 0. By the property of stochastic
integral

T
hm E |:J—/ (1), dW(t))] nli)rgovn/ifﬁ(t)&zg dt=0 (7.7)
0

where | - | LQ is the Hilbert—Schmidt norm, see [17]. Then by (7.2)—(7.4), the assumptions on f

and the estlmates in Theorem 7.1, we can pass the limit n — oo in (7.6) in the sense of LZ(SZQ)
and reach (7.5). And by the stationarity of iz”, i is also a stationary process with value in L2(D).
Furthermore it is easy to see that the distribution of u is independent of ¢ > 0. Then by the
arbitrariness of o, u"" converges to u in probability as n — oo.

Remark 7.3. Here we should point out that # may be still a random process since the initial value
1(0) may be an L?(D)-valued random variable as the limit of random variable " (0). That is,
u may be a stationary solution for the heat equation (2.5) with random initial value. However, if
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the heat equation (2.5) has just a unique equilibrium point i, u” converges in probability to the
deterministic equilibrium point i in L?(0,T: L*(D)) as v — 0.

Now we can formulate our main result of this section in the following theorem.

Theorem 7.4. Assume the conditions in Theorem 5.1 hold, for any stationary solution u" of
system (2.2), there is a subsequence {v,} C (0, 1], with v, — 0 as n — 00, and a stationary
process it valued in L*(D) such that i’ converges to it in probability. Moreover ii is a stationary
solution of system (2.5).
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