Available online at www.sciencedirect.com =
. . Journal of
ScienceDirect Differential

Equations

ELSEVIER 1. Differential Equations 246 (2009) 512-540
www.elsevier.com/locate/jde

Reverse Holder inequalities for singular parabolic
equations near the boundary

Mikko Parviainen

Helsinki University of Technology, Institute of Mathematics, PO Box 1100, FI-02015 TKK, Finland
Received 21 February 2008; revised 9 June 2008
Available online 3 July 2008

Abstract

We show that weak solutions to a singular parabolic partial differential equation globally belong to a
higher Sobolev space than assumed a priori. To this end, we prove that the gradients satisfy a reverse
Holder inequality near the boundary. The results extend to singular parabolic systems as well. Motivation
for studying reverse Holder inequalities comes partly from applications to regularity theory.
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1. Introduction

We study the global regularity properties of singular parabolic partial differential equations.
Parabolic partial differential equations with the principal part in the divergence form are either
degenerate or singular depending on the vanishing of the gradient. In particular, the parabolic
p-Laplace equation

Ju . _
= div(IVulP~2Vu)

is singular when 1 < p < 2 and degenerate when p > 2. In the degenerate case, the modulus
of ellipticity, |Vu|P~2, vanishes when |Vu| = 0, whereas in the singular case, it becomes un-
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bounded. The modulus of ellipticity describes the rate of diffusion, and therefore, the behavior of
solutions is quite different between the two cases. For example, disturbances have a finite speed
of propagation in the degenerate case, whereas solutions extinct in finite time in the singular
case.

Weak solutions to degenerate equations belong to a slightly higher Sobolev space than as-
sumed a priori. Moreover, this holds up to the boundary, as shown in [21]. In the singular
case, there are several new phenomena and hence, it is not obvious that singular equations
have the higher integrability property as well. In this paper, we show that weak solutions to
singular parabolic partial differential equations also have the higher integrability property when
2n/(n + 2) < p < 2. Furthermore, the results extend to systems of the form

a .
% —divA;(x,7,Vu), i=1,2,...,N.

We assume that the complement of the domain satisfies a uniform capacity density condition,
which is essentially sharp for our main results. In addition, the boundary values belong to an
appropriate higher Sobolev space. Note, however, that the results of this paper are already non-
trivial for regular domains and smooth boundary values. The proofs are based on Caccioppoli
and Sobolev—Poincaré-type inequalities as well as on the careful analysis of level sets. We also
apply intrinsic scaling and covering arguments. Intuitively, some properties of the heat equa-
tion can be restored in the intrinsic geometry that depends on the gradient itself. However,
boundary effects and singularity cause extra difficulties: The covering now consists of three
kind of intrinsic cylinders. Indeed, the cylinders may lie near the lateral boundary, near the
initial boundary or inside the domain. Due to singularity, it is a delicate problem to cover the
space—time domain in such a way that an appropriate reverse Holder inequality holds. More-
over, the proof in the degenerate case utilizes the L”-norm of the gradient, whereas in the
singular case, we avoid the use of the L?-norm of the gradient by applying a different scal-
ing.

The first nonlinear parabolic higher integrability results apparently date back to a 1982
paper of Giaquinta and Struwe [11]. They studied the local higher integrability for systems
of parabolic equations with quadratic growth conditions. However, for more general sys-
tems, the problem remained open for some time: In the year 2000 Kinnunen and Lewis
settled the local higher integrability question in [16] when p > 2n/(n + 2). For recent re-
sults, see Acerbi and Mingione [1] and Parviainen [22]. See also Antontsev and Zhikov [3],
Arkhipova [4], DiBenedetto [5], and Duzaar and Mingione [6] for further parabolic regularity
results.

In the elliptic case, the same higher integrability proof applies to both degenerate and singular
equations. Granlund showed in [12] that an elliptic minimizer has the global higher integrability
property if the complement of the domain satisfies a measure density condition. Later, Kilpeldi-
nen and Koskela generalized the elliptic results to a wider class of equations and to a uniform
capacity density condition in [15]. The higher integrability estimates provide a useful tool in
applications to partial regularity (see, for example, Giaquinta and Modica [10]) and stability, to
mention a few. On the other hand, the regularity properties of solutions are often interesting in
their own right.
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2. Preliminaries
2.1. Parabolic setting

Let £2 be a bounded open setin R”, n > 2, and let 2n/(n 4+ 2) < p < 2. We study the equation

3—’: =divA(x, 1, Vi), (x,1)eR x(0,T), 2.1)

where u: 2 x (0,7) > Rand A: 2 x (0, T) x R" — R". We assume that .4 is a Carathéodory
function, that is, (x, ) — A(x, t, &) is measurable for every & in R" and & — A(x, ¢, §) is con-
tinuous for almost every (x,t) € £2 x (0, T'). In addition, there exist constants 0 < o < < 00
such that

A(x,1,8) - >algl” and  |A(x,1,8)| < BIEIP.

As usual, W!-?(£2) denotes the Sobolev space of functions in L? (§2) whose first distributional
partial derivatives belong to L?(§2) with the norm

lullwiroy = lullLr@) + 1IVullLre)-

The Sobolev space W&’P(Q) is a completion of Cgo(.Q) in the norm of W17 (£2).
The parabolic space L?(0, T; WP (£2)) is a collection of measurable functions u (x, ) such
that for almost every ¢ € (0, T'), the function x + u(x, t) belongs to W”’(.Q) and the norm

T l/p
||u||Lp<o,T;wl,p<m>=< / leliyp gy df)
0

is finite. Analogously, the space L7 (0, T’; WO1 P (§2)) is a collection of measurable functions
u(x,t) such that for almost every ¢ € (0, T), the function x — u(x, t) belongs to Wg’p(Q) and

||“||L11(0,T;W1,p(g)) < Q.

The parabolic Sobolev space W12(0, T; L%(£2)) consists of functions
2 2 d¢ 2 2
peL7(0,T; L*(2)): 5 € L*(0,T; L*(£2))
with the norm

g

lelwr2,r; 2@y = el 202y + ” ”

LZ(O,T:LZ(-Q)).

Finally, the space C([0, T]; L2(£2)) comprises all continuous functions « : [0, T] — L2(£2) (that
is, u is continuous with respect to 7 in the norm || - || ;2(5)) such that

u ) = max ||u(-,t < 00.
lellcqoriizay = max Jut.0f 2
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A function u belonging to the space L? O, T; WIL’CP (£2)) is a weak solu-

tion to (2.1) if

(2 x0,THNL

loc loc

T T
d
_/ ua—i’dxdwr /A(x,t,Vu)-V¢dxdf=0a (2.2)
02 0%

for every ¢ € C5°(£22 x (0,T)).

A Lebesgue-type initial condition and a Sobolev-type boundary condition turn out to be
convenient for our purposes. To be more specific, we say that u is a global solution if u €
L2(£2 x (0,T)) N LP(0, T; Wh-P(£2)) satisfies (2.2) as well as the initial and boundary con-
ditions:

u(,t) — (-, 1) e Wol’p(.Q) for almost every r € (0, T) and

1
E/ lu—@>dxdt >0 ash— 0, (2.3)
02

for a given
e W20, T; L*(2)) N LP(0, T; WP (£2)) N C([0, T1; L*(£2)).
Observe that already smooth ¢ leads to a nontrivial theory.
There is a well-recognized difficulty in proving Caccioppoli-type estimates for weak solu-

tions: We often use test function depending on u itself, but ¥ may not be admissible. We treat
this difficulty by using the standard convolution. We set

¢>g(x,r)=/¢>(x,r—s>cg<s)ds,

where ¢ € Cgo (82 x (0,T)) and & (s) is a standard mollifier, whose support is contained in
(—e, ¢) with ¢ < dist(spt(¢), £2 x {0, T}). We insert ¢, into (2.2), change variables, and apply
Fubini’s theorem to obtain

T
//ug—dz—i—/ A(x,t,Vu), - Vopdz =0. 2.4)
02

Here u, and A(x, t, Vu), denote the mollified functions in the time direction.
2.2. Notation
Let

Qr=02x0,T)
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be a space—time cylinder. We denote the points of the cylinder by z = (x, ) and employ a short-
hand notation dz = dx dr.
Let zo = (x0, #9) € 27 and 6, p > 0. Then we denote

By (x0) = {x eR" |x —xo| < ,0},
B,(0) = [x € R 1x — x| < p)

and

15 1 5
Agp2(to) = t0—59,0 ,to—i-E@p .

Further, a space—time cylinder in R"*! is denoted by

Qpﬂpz (ZO) = pr@pz (X(), t()) = Bp (.X()) X A9p2 (t())

When no confusion arises, we shall omit the reference points and simply write B, Ag,2 and
0, 9p2- The integral average of u is denoted by

uy(t) = ][ u(x,t)dx:L/u(x,t)dx,
|B,0|B

B,

where | B, | denotes the Lebesgue measure of B,,. The power 2, = 2n/(n+2) is used in the initial
boundary term. Finally, ¢’ sometimes denotes the time derivative of ¢ instead of %—‘f.

2.3. Capacity

Let 1 < p < oo. The variational p-capacity of a compact set C C §2 is defined to be

cap (€. ) =inf [ Vgl .
2

where the infimum is taken over all the functions g € C§°(§2) such that g = 1 in C. To define the
variational p-capacity of an open set U C £2, we take the supremum over the capacities of the
compact sets belonging to U. The variational p-capacity of an arbitrary set E C 2 is defined by
taking the infimum over the capacities of the open sets containing E. For the capacity of a ball,
we obtain the simple formula

cap, (B, Bryp) = cp" 7, 2.5)

where ¢ > 0 depends only on n and p. For further details, see Chapter 4 of Evans and Gariepy [7],
Chapter 2 of Heinonen, Kilpeldinen and Martio [14], or Chapter 2 of Maly and Ziemer [18].

In this paper, we assume that the complement of the domain satisfies a uniform capacity
density condition. For the higher integrability results, this condition is essentially sharp as pointed
out in Remark 3.3. of Kilpeldinen and Koskela [15] in the elliptic case.
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Definition 2.6. A set E C R" is uniformly p-thick if there exist constants 1, pg > 0 such that

cap,(E N B (x), Byy(x)) > peap, (B, (x), Bay(x)),
for all x € E and for all 0 < p < pg.

If we replace the capacity with the Lebesgue measure in the definition above, we obtain a mea-
sure density condition. A set E, satisfying the measure density condition, is uniformly p-thick
for all p > 1. Singularity does not play an essential role before Lemma 3.2, and, therefore, we
mostly omit the proofs of first lemmas. For more details, we refer the reader to the degenerate
proofs in [21]. Since §2 is bounded, the estimate in Definition 2.6 actually holds for every p.
Moreover, the estimate is also valid inside a uniformly p-thick domain near the boundary as
stated in the next lemma.

Lemma 2.7. Let §2 be a bounded open set, and suppose that R" \ §2 is uniformly p-thick. Choose
y € 2 such that B%p(y) \ 2 # (. Then there exists a constant fL = (1, po, n, p) > 0 such that

cap,, (B2, (y) \ 2. Bap(y)) = ficap,(B2p(y). Bap(y)).-

A uniformly p-thick domain has a deep self-improving property. This result was shown by
Lewis in [17], see also Ancona [2]. For a good survey of the boundary regularity, see Section 8
of Mikkonen [20].

Theorem 2.8. Let 1 < p < n. If a set E is uniformly p-thick, then there exists a constant ¢ =
q(n, p, ) such that 1 < g < p for which E is uniformly q-thick.

We end this section by stating without a proof a capacitary version of a Sobolev-type in-
equality. A boundary version of Sobolev’s inequality follows from this lemma coupled with the
boundary regularity condition. For the proof, see Hedberg [13], Chapter 10 of Maz’ja’s mono-
graph [19] or Lemma 3.1 of Kilpeldinen and Koskela [15].

The lemma employs quasicontinuous representatives of the Sobolev functions. We call u €
WP () p-quasicontinuous if for each & > 0 there exists an open set U, U C £2 C By, such
that cap p(U , Bop) < &, and the restriction of u to the set §£2 \ U is finite valued and continuous.

The p-quasicontinuous functions are closely related to the Sobolev space W7 (£2): For ex-
ample, if u € WP (£2), then u has a p-quasicontinuous representative. In addition, the capacity
can be written in terms of quasicontinuous representatives.

Lemma 2.9. Suppose that q € (1, p) and that u € W' (Bap) is q-quasicontinuous. Denote
Ng,(u)={x € B,: u(x) =0}

and choose q € [q, q*), where q* = qn/(n — q). Then there exists a constant ¢ = c¢(n,q) > 0

such that
B 1/q ¢ 1/q
(][ |u|’1dx) << /|Vu|qu> .
Capq (NBp (u)’ sz)

By, By,
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The above estimate also holds if the powers on both sides are replaced by p.

Lemma 2.10. Suppose that u € WI’P(sz) is p-quasicontinuous and let Ng,(u) be as above.
Then there exists a constant ¢ = c(n, p) > 0 such that

1/p c 1/p
<][ |u|pdx> g( f|Vu|pdx) .
cap,(Np,(u), B2p)

By, B,

3. Estimates near the boundary

In this section, we derive estimates near the lateral boundary 052 x (0, T'). These estimates are
applied in Section 4 in order to prove a reverse Holder inequality. We start with a Caccioppoli-
type inequality.

Lemma 3.1 (Caccioppoli). Let u be a global solution with the boundary and initial con-
ditions (2.3). Let 6 > 0, suppose that 0 < 0p> < M for some M > 0, and let Qpop2 =

Qp,0p2 (x0, ty) C R"t. Then there exists a constant ¢ = c(n,p, M,a, B) > 0 such that

/ |Vu|?dz + esssup / lu — | dx
1€4,2N0.7)

Qp,gpzﬂﬂr o
c 2 c
< — u— dz + — u—olPd
S o2 / lu—l”dz+ o / lu —|"dz
Q4p,0(4p)2mQT Q4p.g(4p)2mQT

e f (1612 +1Vl?) d.

Qup 6ap2 2T

Proof. The proof is virtually the same as in the degenerate case. Observe, however, that now the
power 2 dominates over p. Formally, we choose in (2.4) the test function

$(x. 1) =n"(x, 1) (ux, 1) — 9(x. ) x(,, (),

where X(})ltl (t) is a piecewise linear approximation of a characteristic function approaching

X0, (t) as h — 0. Furthermore, n € Cgo (R"*1) is a cut-off function such that sptn C Q4p,9(4p)z,
n(x,t)=1iIn prepz, 0<n<l1,and

pIVn| +6p?

8_17 <c.
ot

The assumption 6p% < M is utilized together with Young’s inequality to estimate
w2 "2,.p ¢ p 2
lo'In"lu —gldz<e lo'1™n dZJrW n"lu —¢|”dz
2x(0,11) 2x(0,11) 2x(0,11)

in the proof. Here ¢ dependson M ande. O
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In order to derive a reverse Holder inequality, we estimate the right hand side of Caccioppoli’s
inequality in terms of the gradient. A natural idea is to use Sobolev’s inequality, but there is
a principal difficulty in the parabolic case: We assume little regularity for a weak solution in
the time direction, and Sobolev’s inequality is not applicable in space—time cylinders as such.
Nevertheless, weak solutions satisfy the following parabolic Sobolev’s inequality.

Lemma 3.2 (Parabolic Sobolev). Let u be a global solution with the boundary and initial con-
ditions (2.3). Suppose that R" \ 2 is uniformly p-thick. Let 0 > 0, suppose that 0 < 6p*> < M
for some M >0, and choose Q , y,2 = Q, g,2(x0,70) C R"* such that B%p(xo) \ 2 # 0. Then

there exists a positive constant ¢ = c(n, p, M, i, po, o, B) such that

C
ess sup / |u—(p|2dx<£ / |u—<p|2dz+c / IV(u—<p)|pdz
ted, 2N(0,T)
9/)2 Bﬂﬂg Q4p19(4p)2ﬂﬂ7‘ Q4019(4p)2ﬁﬂr
+c f (I¢'P* +Vel?) dz.

Qup oup2Nier

Proof. The claim follows from Caccioppoli’s inequality and Lemma 2.10 in a straightforward
manner: We extend u(-,7) — ¢(-,¢) by zero outside of £2 and use the same notation for the
extension. For a given ¢, we denote

Np,,(u—¢) = {x € Ezp: u(x,t) —e(x,1) =O}.

We estimate the second term on the right side of Caccioppoli’s inequality by using Holder’s
inequality and Lemma 2.10. Consequently,

C

c 0" 1 p

— lu —@|Pdz < |V —)|" dxdr.

pP PP cap,(Np,, (u —¢), Bap)
Qup o221 Aoap2NO.T) Bap

Since R” \ £2 is uniformly p-thick and Bg_x p(xo) \ 2 # (J, we conclude by Lemma 2.7 and (2.5)
that

cap,(Np,, (u — ¢), Bay(x0)) > ficap,,(B2p(x0), Bay(x0)) = cp" ™"

for almost every ¢ € [0, T']. Notice that this estimate still holds true if we redefine u(-, 1) — ¢(-, t)
in a set of measure zeroin 2. 0O

One of the difficulties in proving the first reverse Holder inequality is the fact that both the
powers 2 and p appear in the above inequalities. We combine the previous lemma with the
following Sobolev-type inequality in order to estimate the terms on the right hand side of the
Caccioppoli. Observe that the self-improving property of the capacity density condition plays an
important role in the proof.

Lemma 3.3. Let u be a global solution with the boundary and initial conditions (2.3). Suppose
that R" \ 2 is uniformly p-thick. Let 6 > 0, suppose that 0 < 0p> < M for some M > 0, and
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choose Q, 9,2 = Q, g,2(x0,10) C Rt such that B%p(xo) \ §2 # (0. Then there exist constants
g<pandc=c(n,p, M, i, pg) > 0 such that

1 ol )
o | weePa< st [ u-ef:
1Q4p.040)2] 1Q4p.040)2]

4p.04p2 ST 4p.04p2 ST
! 1-3/2
2
x( ess sup / lu — ¢l dx) .
1€ 4542 N0.T) |B4p|B o
4p

Proof. In order to prove the claim, we apply Holder’s and Sobolev’s inequalities. First, divide
the term on the left hand side of the claim as

1 1 q/2
/ |M—<p|2dx:( f |u—(p|2dx>
Bu,| Bu,|

BypyN$2 BypyN$2

1 ) 1-G/2
X lu — | dx) , 3.4)
<|B4p| [

ByyN$2

where g < p is fixed later. Next we extend u(-,t) — ¢(-, t) by zero outside of §2, use the same
notation for the extension, and set g* = gn/(n — ¢). Furthermore, for a given ¢, denote

Np,,(u—¢)={x € Bap: u(-,1) — ¢(-,1) =0}.

According to Lemma 2.9, we have

1 5 a2 c g
lu—pl"dx) < Vu—p)|Tdx. 3.5
| B cap;(Np,,(u — @), Bap)
B4p B4P

To continue, we would like to use the uniform capacity density condition, but this is not im-
mediately possible since ¢ < p and since we only assumed that the complement of a domain
is uniformly p-thick. Nevertheless, Theorem 2.8 asserts that the density condition satisfies the
self-improving property. This, together with Lemma 2.7 and (2.5), implies

cap; (Ng,, 4 — @), Bap) > ficap; (Bay, Bay) = cp" 1,

for almost every ¢ and for large enough ¢ < p. We combine this capacity estimate with (3.5) and
(3.4), and end up with

1 cp‘i G 1 1=4/2
f|u—¢|2dx<—/|wu—¢)|"dx<—f|u—¢|2dx> :
|Bap| | B, | B4yl
B4p B4ﬂ B4ﬂ

The claim follows by integrating this estimate with respect to time. O
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4. Reverse Holder inequalities

The proof of the main result, Theorem 6.1, consists of three cases: We consider cylinders near
the lateral boundary, near the initial boundary and inside the domain. This section provides a
reverse Holder inequality near the lateral boundary for the gradient of a solution, and the next
section deals with a reverse Holder inequality near the initial boundary. Finally, Section 6 com-
bines all the cases and shows that the reverse Holder inequalities have a self-improving property.

We utilize the estimates from the previous section in scaled space—time cylinders. The scaling
takes both singularity and boundary effects into account. In particular, the scaling allows us to
absorb the additional terms into the left hand side in the next lemma. In addition, the right scaling
helps in combining the initial and lateral boundary estimates in the proof of the main result. Due
to singularity, the term with the power 2 is dominant contrary to the degenerate case.

Lemma 4.1 (Reverse Holder). Let u be a global solution with the boundary and initial con-
ditions (2.3). Suppose that R* \ 2 is uniformly p-thick. Let . > 0, set 6 = A>~P, suppose
that 0 < 6p% < M for some M > 0, and choose Q.00 = Qp.0p2(x0,10) C Rt such that
B%p(xo) \ §2 #£ (. Further, denote

1 1
B,=— / o/ dz + ——— [ |Vo|*dz 4.2)
P |Qp,9p2|Q 9|Qp,0p2|

pvgpzﬂﬂr Qp_epzﬁfzr

for short. Suppose then that there exists a constant c1 > 1 for which
1 u—ol?
R a—— / (' ¢l +|Vu|p)dz+l3’p

< wm=er
19,6021 0p*
po*!

2
.0p2 2T

2

C u —

<—4 / (% + |Vu|”) dz + c1Bap < AP, (4.3)
19Q200,0(200)2 fp

20p.0(20p)209T

Then there exist constants c =c(n, p, M, c1, i, po, @, B) > 0 and g = g(n, p, u) < p such that

1 . N
— / |Vu|? dz < (7 f IVl dz) + cB,.
1Q20p.620)2 ] 1Q4p.604p)2]

200,0(20p)2 n$2r 4p,9(4p)2mQT

Proof. To prove the claim, we estimate the terms on the right hand side of Caccioppoli’s in-
equality with the gradient by using the parabolic version of Sobolev’s inequality. Observe first
that Lemma 3.1 provides the estimate

1 / ( lu — ¢|?
o |Vul? + ——=— |dz+B
10,62 0p? P

.0p2 N7

C C
oo [ weePar o [ wera
0p=1Q4p 0(4py?| 1Qap 6402

40402 2T 4p.00p2 82T



522 M. Parviainen / J. Differential Equations 246 (2009) 512-540

C
o / lu — ¢|P dz + cBay. 4.4)
PP1Q4p. 64y ]

ap.owp? 2T

Notice that we inserted some extra terms to the above inequality. This will help us at the end of
the proof to absorb terms into the left.

Since p <2 and 6 = A>~7, we may estimate the third term on the right in terms of the first by
using Holder’s and Young’s inequalities. We conclude that

C
_— lu — @|P dz
PP1Q4p.6¢4p)2] ./
4p,0ap2 2T
c p/2
<91’/2<2— / |u—(p|2dz>
0071045 64p)2!
4p.,0(4p)2 ner
¢ 2
et S lu — |~ dz, 4.5)
00°1Q4p 040y
4p,0up2 80T

and hence it is enough to estimate the first term on the right hand side of (4.4).
In view of Lemma 3.3, there exists a constant ¢ < p such that

1
S / u— o[*dz
1Q4p.0040)]

4p.9(4p)2mQT
cpd z
\L / |V(u—<p)|qdz
1Q4p.040)]
ap.oap2 92T
1 1—g/2
X ( ess sup Bal / |u —<p|2dx) . (4.6)
A 0,7) | b4
te 9(4/7)20( ) 0 B4,N$2

The first integral on the right hand side is of the correct form, but the second integral should
be estimated from above by the gradient. To accomplish this, we apply Lemma 3.2, Holder’s
inequality, and assumption (4.3). First, according to Holder’s inequality and (4.3), we have

1 p/2
R U I B R At
p,0(ap

Qup 6ap2 2T 4p,0p2 82T

since # = A2~P. This leads to

c
€ss sup f |u—<p|2dx<§ / lu—¢|?dz +c / ‘V(u—@)’pdz
teA, 2N(0,T)
002 B,N2 Q4 0ap2N2T Qypoup2NSr
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+c / (|§0/|2+|V§0|p)dZ<Cpn+2)\,2. 4.7)

Qup op2 2T

To continue, we merge estimates (4.6) and (4.7), apply Young’s inequality, and conclude that

1 [ w-era
- - u—oltdz
9,02| Q4p,9(4p)2 |

4p.04p2 82T

plc ; -3/

s — / V=) dz(o?2?) ™
00°1Q4p 042
4p.004p)2 82T
c _ p/q
S(i / |V(u—§0)’qd2) + el
Q45,0402
4p.6ap2 82T

since (0p2) "1 pd (p222)1=4/2 = pr—14.
We combine the previous estimate with (4.4) and (4.5). Furthermore, we deduce by Holder’s
and Young’s inequalities that the second term on the right hand side of (4.4) can be estimated as

1 1 r/2
- f |V¢|sz<9p/2(— / |V<p|2dz>
1Qap.040)2 01Q4p.6(40)]

ap.oap2 T ap.oap2 92T
<ed + cBap.
Combining the facts, we end up with
1 2
- / <|Vu|p+|u f' )dz+Bp
| Qp,9p2| 910
0,002 N2t
. r/q
<3erP + (— / IV —g)| dz) + cBa,. 4.8)
1Q4p 0402

4p.0ap2 82T

Next we absorb 3¢A” into the left. To accomplish this, we employ scaling of the time direction
and choose ¢ > 0 small enough. Finally, since (4.3) implies

1 _ 2
- - / |Vu|PdZ<L / <|Vu|P-|— Ju 2('0' )dz—I—CBp,
192062002 19,002 Op

200,002 2T Q02821

we have proven the claim. O
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5. Estimates near the initial boundary

This section provides estimates near the initial boundary §2 x {0}. Here we compare the so-
Iution with its average instead of the boundary function, and the estimates become somewhat
different.

The proof uses the weighted mean

[y, 17 G Dux, 1) dx
fsz nP(x,1)dx

’

ugp(t) =

instead of the standard mean
uz,(t) = ][ u(x,t)dx.
By,

The weighted mean should be close to the standard mean, and therefore the weight n €
C8°(R"+1) is defined to be a cut-off function such that

sptn C Qap 02p2 (X0, 70), 0<n <1, and n=1 inQ, 4, (x0, ),

where 6 > 0. In addition,

sup n(x,t)<c¢ ][ n(x,t)dx, teAe(zp)z(to), 5.1
x€By, 5
2p

where
1 2 1 2
Apapp (o) = (10— 502p) 10+ 5620 ).

The following lemma gives a useful connection between the standard mean and the weighted
mean.

Lemma 5.2. Suppose that By, € §2, letu(-,t) € Lf;c(.Q), where p > 1, and let n, ugp(t), U2, (1)

be as above. Then there exists a constant ¢ = c(p, ¢) > 0 such that

/|u—u2p(t)|pdxéc/‘u—ugp(t)‘pdx<62f|u—u2p(t)’pdx.

BZ/) sz BZ,U
Here ¢ is the constant in (5.1).
Proof. Let us begin with the first inequality. We add and subtract ug o (t), which leads to

/|u—u;'p(t)ﬂgp(t)—uzp(r)|”dx<c/\u—ugp(t)}”dx+c|32p||ugp(t)—uzp(t)|1’
BZp sz
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since p > 1. This implies the desired estimate since
Byl 0 — sy " < [ a0~ ax
By,

due to Holder’s inequality.
To obtain the second inequality of the claim, we add and subtract u3,(¢). It follows that

][ |u — ugp(t)\‘"dx <c ][ |l —uzp (|7 dx + c|uz, () — ugp(t)|p.
By By

Then we estimate the last terms on the right hand side by using the definition of ug o (t), Holder’s
inequality, and assumption (5.1). We conclude that

u—uy,(t)n?fdx sup n\?
|u3p(t>—uzp<t>|<f3“' 20Ol <( el ) ][|u—u2p<r>|dx
By,

fszT]Pd)C fBand‘x
1/p
é&”( ][ ’u—uzp(t)|pdx> ,
By,

which completes the proof. O

We suppress the explicit dependence on ¢ in the notation, since this constant is fixed as soon as
the weight is fixed. From now on, we assume that the cut-off function 7, defined at the beginning
of the section, also satisfies

pIVn| + 6p*

an
—|<ec. 53
ar‘ ¢ (5-3)

The next lemma provides a Caccioppoli-type inequality near the initial boundary. We assume
that ¢(-, 0) € W23 (£2) and, thus, the boundary term in the next lemma is well defined.

Lemma 5.4 (Caccioppoli). Let u be a global solution with the boundary and initial condi-
tions (2.3). Let 0 > 0 and let Q, g2 = Q, gp2(x0,1%0) C R be such that By, (x0) C £2 and
0e A@(ZP)Z (to). Then there exists a constant ¢ = c(n, p, o, B) > 0 such that

/ |Vul?dz + esssup /}u —ugp(t)|2dx
1€4,,200.7) 4
0

Qp‘e/)zﬁflr
c 2 c p
< — u—ur(t)| dz+ — / u—uy, ()| dz
\9102 ’ 2p()’ oP | 2p( )|
Q002020827 Q2500020821
) 2/2,
+c( /’Vgo(x,O) *dx) ,
By,

where 2, =2n/(n + 2).
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Proof. Formally, we choose a test function
— P n h
$x.0) =P (e, 0)(u@.0) — ul (), O, 1€ Ag2 N (0. T),

where ugp () is the weighted mean and otherwise the notation is the same as in Lemma 3.1.
The weighted mean is utilized in the estimation of the first term of (2.4). We add and subtract
us , ()¢’ to obtain

—/mp’dz:—/(u—ugp(z))qs/dz— /ugp(r)qj’dz.
Q7 Qr 27

The last term in the above expression vanishes. To see this, we integrate by parts, use the defini-
tion of u)) , (1), and have

3]
Jp,, " dx [ nPudx
n / _ h 2, 2 n / _
_/uzp(t)¢ dZ—/Xo,zl(f)< /unpdx_ 4 fsz npgx )(uzp(t)) dr =0.

Q2r 0 By,
The rest of the proof is almost similar to the degenerate case and we omitit. 0O

The following lemma asserts that a parabolic Poincaré-type inequality is also valid near the
initial boundary.

Lemma 5.5 (Parabolic Poincaré). With the assumptions of the previous lemma, there exists a
constant c = c¢(n, p, «, B) > 0 such that

2 c 2
ess sup /|u—ugp(t)| dx < — / lu— 2 (t)|" dz
1€44,20(0.7) J Op

P

Q260020821
) 2/24
+c / |Vu|pdz+c</|V¢(x,O) *dx) .
szvg(zp)zﬂﬂr BZp

Proof. This is an immediate consequence of Lemma 5.4 since Lemma 5.2 and Poincaré’s in-
equality implies

c

i o p p
. / u—uy,(0]"dz<e f |VulPdz. O
Q20,6002 Q2060202

The following lemma helps us to combine Caccioppoli’s inequality with parabolic Poincaré’s
inequality. The proof is a straightforward application of Holder’s and Poincaré’s inequalities.
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Lemma 5.6. Let u € L*(0, T; Wy2* (2)), let § > 0, and choose Q, 4,2 = Q, 5,2 (x0,10) C
R such that By, (xg) C 2 and0 e Ae(zp)2 (t9). Then there exists a constant ¢ = c(n) > 0 such
that

24/n

/ |u—up(t)|2d1<c / |Vu|2*dz< ess sup /|u—u2p(t)|2dx> .
teAepzﬂ(O,T)B
0

o 2N21 0] 2 N7

p.0p p.0p

Proof. First, we divide the left hand side into two parts as

1—2x 2%
/ }u—up(t)yzdzz / (/|u—up(t)‘2dx> i </|u—up(t)|2dx> ’ dr.
By

Qp,()pzmQT Aepzm(o,r) By

Then we apply Poincaré’s inequality to the second part, replace u,(t) by u3,(t) in the first the
part, and take the essential supremum. 0O

The following lemma provides a counterpart for Lemma 4.1 near the initial boundary. Here
we can ignore the lateral boundary terms in the scaling.

Lemma 5.7 (Reverse Holder). Let u be a global solution with the boundary and initial con-
ditions (2.3). Let A > 0, set 6 = A2~P, and choose Q.02 = Q) gp2 (X0, 10) C R"! such that
By (x0) C 2 and 0 € A9(4p)2 (t0). Suppose that there exists c1 > 1 such that

1 —u,())?
g —— w_vap dz
1 2
|Qp,9p2|Q bp

0,092 N2r

2

c u—u

<— (% 1 |Vu|1’) dz < AP, (5.8)
120,620 Op

20p,0(20p)2 N2r

Then there exists a positive constant ¢ = c(n, p, c1, ®, ) such that

1
- \Vul? dz
1920p,00200)2

200,0(20p)2 n$2r

c P2, 5 2/2,
< <7 / [Vu|* dz> +—< ][ |Vo(x,0)] *dx) .
1Q4p.040)2] o

ap.0p2 2T Bay
Proof. In view of Lemma 5.4, we have

1 —u,()|?
— / <|Vu|ﬁ+7|u u”z( )| >dz
|Qp,9p2|Q 9,0

0,002 N2
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c 2
C—S— / lu—uzp (1) dz
0071025002002
20,002 82T

I — / \u—uzp(t)’pdz
PP|Q2p,9(2p)2|
20,0002 82T

2/2
c 2
+5< ][ |Vo(x,0)] *dx> : (5.9)

By

Since p <2 and § = 1277, we can estimate the second term on the right hand side in terms of
the first in the same way as in (4.5). Thus, we can concentrate on the first term on the right of
(5.9).

Recalling Lemma 5.6, we have

2; / }“_“200)}2&
0071Q25.0020)21
20002827
2./n
< ¢ |Vu|2*d —ul de
<75 Z  esssup |u u4p(t)| .
0071025002002 1€4,,200.T)
2p,0(2p)209r By

We also applied Lemma 5.2 to manipulate the last integral. Lemma 5.5 implies

esssup /|u u4p(t)| dx < / |u—u4p(t)|2dz
Ag(ap2NO.T) 1
Q4p,6<4p>2”9T
2/2,
+c f |Vu|pdz+c( dx)
Qupoap2Ner By,
5 2/2,
<cp"t A + c( / |Vo(x,0)]™ dx) (5.10)
By,
since 0 =177 and | Qg ga 2| = cOp" 2.
Collecting the facts, we end up with
1 / . 2
S — u—u, (t)| dz
9,02| sz,g(zp)ﬂ | 20 ’
2060202427
c ) 2/24\ 24/n
o / [Vu | dz(p”+2A2 + ( / }V(p(x,O)| *dx) ) .
0071Q25.0020)21
2062021 Bap
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Observe that p~2 = p~"+22+/" and, on the other hand, p~2 = (p~")>/". Young’s inequality
now leads to

1 / )
- lu —us, ()| dz
PP1Q24 002021

20,002 82T

c P/2
2
< <— / |V |~ dz)
|Q2p,9(2p)2|

20,0002 "8T

+c< ][ |Vo(x,0)

B,

2 P/ 2
*dx) Ferl (5.11)

Furthermore, since the power 2 dominates over p, we estimate

N /2 1 N /2«
( ][ |V<p(x,0)’ *dx) <m( ][ |Vgp(x,0)’ *dx) or/?

2p BZp

2/2,
<ol + g( ][ Vo (x, 0)* dx) . (5.12)

By,

Next we combine (5.9), (5.11), and (5.12), as well as recall the remark after (5.9). Finally, we
absorb the terms containing A? into the left by choosing ¢ > 0 small enough. This is possible
due to assumption (5.8). O

6. The main result

This section provides an improved version of a reverse Holder inequality. The proof employs
covering arguments and the reverse Holder inequalities from the previous sections. In the case
p = 2, we could use the well-known Giaquinta—Modica lemma, which can be found from Gi-
aquinta and Modica [10] or from Giaquinta [9]. See also Gehring [8], Stredulinsky [23] and
Giaquinta and Struwe [11]. Due to singularity, we follow a different strategy.

We define that 1752(0, T; £2) comprises functions in

Wwh2H(0, T; L2 (2)) N L*7(0, T; W'2H(2)) n C([0, T1; LA(£2))
with § > 0, and, furthermore, we assume that if ¢ € ‘752(0, T; $2) then ¢(-,0) € W1'2*+5(.Q).

Theorem 6.1. Let u be a global solution to (2.2) satisfying the boundary and initial condi-
tions (2.3) for a boundary function ¢ € ‘752(0, T; §2), where § > 0. Suppose that R" \ §2 is
uniformly p-thick and choose Qg g2 = Qg g2(x0, f0) C R"*! such that Q4R 4Ry intersects the
lateral and initial boundaries. Then there exist constants ey = go(n, p, 8, po, L, o, B) > 0 and
¢ > 0 with the same dependencies such that for all 0 < & < g9, we have
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where

1 c 2te (2+e)/(24+e)
o | 'V”'Wdzg(wm [ Ivewol dx)
R,R
QRYRZHQT ByprN$§2
¢ +e
- / (IVal? + g7*) dz
|Q4r. 4Ry
4R, 4R2N2T
c v
|Q4r.ar)?|
4R, (4R2 2T
u—o* | |u—isr(®)]
f="% o T Vul”,
1
UaR(t) = /”dxv
| B4r|
ByrN$2

g=(Vel +1¢'1%)",

andv=(e+B)/B, B=((n+2)p—2n)/2> 0.

Proof. The proof consists of several steps:

ey

(@)

€)

“

The general idea is to divide the space—time cylinder into a good and a bad set. In the good
set, the function |Vu|? is in control by definition, and in the bad set, we can estimate the
average of the gradient by using the reverse Holder inequality. The Calderén—Zygmund de-
composition is usually applied for this, but here we use a different strategy which seems to
work better in the nonlinear parabolic setting, in particular, in the global case. In the local
setting, Kinnunen and Lewis developed this strategy in [16].

To estimate the gradient in the bad set, we cover the space—time cylinder with intrinsic cylin-
ders in such a way that we can apply reverse Holder inequalities and control the dependence
on a location of a cylinder. The main difference from the degenerate case is in the local
geometry.

We consider three possibilities: An intrinsic cylinder either lies near the lateral boundary or
it does not. If it does not, then it may lie near the initial boundary or inside a domain. In
addition, the intrinsic scaling should correspond to a right reverse Holder inequality.
Finally, we obtain the higher integrability by using Fubini’s theorem.

Let us then carry out these steps.

Step (1): We denote Qg = O4r.ar)2(20) = Qur (4ary? (x0, t9). First, we choose the scaling A > 0
so that condition (4.3) or (5.8) holds in the cylinders having a center point in the bad set, where
the size of the gradient is large. To this end, set

. n+2)p—2n
D S—
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and
) 1 ) 1/
A= — / f+g dz) ,
0 (IQoI ( )
QoN$2r
and choose A such that
A >max (g, 1) = Ao.
Furthermore, set

o= 2n+8
4+ 2)((n+2)p-2n)

Step (2): Next we divide Qg into the Whitney-type cylinders
0i=0, 20w, i=12...,

where r; is comparable to the parabolic distance of Q; to the d Q¢. Parabolic distance is defined
to be

dist, (E, F) = inf{|x — |+ |t —7|"/% (x,0) € E, (X,7) € F}.

In addition, cylinders Q; are of bounded overlap, meaning that every z belongs at most to a fixed
finite number of cylinders, and

s, 5r2 C Qo
For (x,t) € Q¢ N 27, we define

1
c2[Qol”

h(x,t) = min{|Q;|”: (x,1) € Q;}|Vu(x,1)

’

where ¢y > 1 is fixed later. Further, choose (¥, f) € £27 such that
h(x,f) > X
and fix Q; for which (¥, 7) € Q; N 27. We define
a=a@.7)=(100l/10il)".
and
0= (a)>P.
Next we show that the second inequality in condition (4.3) is valid due to the definition of . To

accomplish this, set r = (xa)?/>~!r] with r;/20 < r{ <ri. Thus, Q,.4,2 C Qo. and for Q, 4,2 =
Q,.6,2(X,1),r;/20 < r;’ < r;, we obtain



532 M. Parviainen / J. Differential Equations 246 (2009) 512-540

1 / 1 | 2d
—|u—¢|"dz
|Qr79r2| Qrz

Qr,9r2 n$2r

_ 1
< el Qolr " () PP f u — | dz

| Qol
QoN2r
(n+4)/(n+2) 2
<c | Qol ()\ot)(lfp/z)" 1 / lu — o] dz
|Qil IQolQ I R?
oNS2r
< cPaPAP. 6.2)

We also have

1 f (IVul? +1¢'P) dz < OOl a1 r=21238 < P Gt G+ p
|Qr,0r2| |Ql|
r.GrZQQT
< CZPaP)LP,
sincea > 1and p > 2(,:’—:_2’) for 2n/(n 4+ 2) < p < 2. Furthermore, we can estimate
1 / |Vg0|2 dz<e |Qol (a)\)(l—n/Z)(P—z))Lﬁ
6|Qr’9r2| |Ql|
r,GrzmQT
< Cé’a((6+n)p78)/(4+n))h(1fn/2)(p*2)+ﬂ
< cfoz”k”,
since o, A > 1 and p > % aswellas p > (1 — %)(p —2) + B. We combine the estimates
and obtain
! / L|u—<p|2+|Vu|p dz + By < c2PaP AP
10, 0,21 or2 ’
’ 2N27

r,or

where ¢; is chosen to be large enough and B, was defined in (4.2). The first inequality in (4.3)
will be valid for small cylinders due to Lebesgue’s differentiation theorem, and, thus

! 1
limi u— 2+ Vup dZ+B/>C Pal’)\p’ 6.3
=010, g, ./ (0}”2' oI+ Vul ) r 2 (6.3)

Q,/,G,/Z ()?,f)

which holds for almost every (%,7) € Q; N 27 such that A (%, ) > A.

Observe that the integral above is continuous with respect to r. Furthermore, the integral is
less than or equal to co?aP AP for all r, r; /20 < (@M)1=P/2r <1, and greater than c,”aP AP for
r small enough. Thus, there exists p1, 0 < p; < (ak)p/ 2_lrl~/20, such that the integral equals
cPa? AP Moreover, for all larger values of radius, the integral is less than or equal to co?aPAP.
We arrive at
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1 1
claPar < ——— / (—Iu—(p|2+ |Vu|p> dz + B,
10, 007] 6p1
plﬁﬂlzﬂ.QT
c 1 2 »
gﬁ 0—m|u—(,0| + [Vul? ) dz + c¢Baop,
2001,6(2001)
20p1,6(20p1)? n§2r
< alir. (6.4)

At this point, we remark that «, A > 1, and, hence, by construction, Q) g(205,)2 C Qo as well
as 0r> < R* < M for some M > 0 as required.

Step (3): We shall also consider cylinders near the initial boundary. We suppose that B, C 2,
add and subtract 45 (1), and estimate

1 / - 2 c ~ 2
_ u—u,(t)| " dz < — / u—i4r(t)| dz.
|Qp,9p2| | i | |Qp,0p2| | |

pﬁPZQQT Qpﬁpzﬂ.QT

Thus, we can essentially repeat calculation (6.2). We can also repeat calculation (6.3), and, con-
sequently, there exists p; such that

1 1
claPaP < T / (%p — i) + |vu|1’) dz
2 2

<

|0

PZ»GPZ
pz.ﬁp%mgr
& 1 ~ 2 p

<——m 9—|M—M20p2(f)‘ +|Vul|? ) dz

19200,.6200,)°] 02

2002.9(2002)209T

< EaPAr, (6.5)

‘We now have two alternatives: Either B% ol (x) \ £2 # ¥ and scaling (6.4) holds, or B% ” x)\
£2 = and scaling (6.5) holds. Indeed, suppose that B, C §2 and estimate

1 2d
0—102 |M—Mp(t)| Z
prepzﬁflr

S i / lu— o> + | — <pp(t)|2 + |gp (1) — Mp(t)|2dz. (6.6)
0

N

p,é)pzﬁQT

Furthermore,

! 24 < L 24
0 0o (1) — u,(0)] <o lo — ul*dz.

Q, 92N Q, 020821
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Finally, Poincaré’s inequality implies

l 2 c 2
— |g0—(pp(t)| dzég Vol dz.

Op
0, ,2N27 0, 02N27

p.Op p.0p

Consequently, by multiplying the integrals in (6.4) by a constant ¢ = c(n, p) if necessary, we can
make sure that they are larger than the integrals in (6.5). Hence, o2 < p1 whenever B, C £2,
which shows that one of the two alternatives always holds.

Let us assume that the first alternative holds. If A is replaced by «A, then (6.4) shows that
condition (4.3) in Lemma 4.1 holds with p; whenever A(X, f) > A. Thus, Lemma 4.1 implies

1 c B r/q
/ VulPdz < [ — 5 / \Vul dz
10,, 602! , | Qapy 002

”lf’/’lzmQT apy.bGap2 2T

+ By, ©6.7)

for some g < p.
Assume then that the second alternative holds. If Q% p2.0(Lp2)? does not intersect the initial

boundary, then we obtain a local result

1 1 ) P/ 2
|Q N / |Vu|pdz<c<|Q%p2’9(%p2)2| / |Vu| *dZ)
P2, 9/02 0

ne ne
patez T 07 6L pp2 2T

c ~ r/q
< <7 / IVu|? dz) , (6.8)
1Q4p,,04p2)°]

4p7.6(4p7)? né2r

by essentially repeating the proof of Lemma 5.7 without the initial boundary terms. If the sec-
ond alternative holds and if Q7 7 o.60(1p2)? intersects the initial boundary, then Lemma 5.7 can be
adjusted to the current setting. Thus by Holder’s inequality, we have

1 c B r/q
VulPdz < [ ————— |Vuld dz
|Qp2 0p2|Q 1Q4p,.0(40)2]

ﬂz.ﬂp%mQT 40.004py)2 2T
Lof / 24 (6.9)
6 \ | Bap, | ' '
B4p20(2

For convenience, we only used integer multiples of radii in Lemma 5.7, but the proof holds
verbatim for noninteger multiples as well.
Let us now return to the first alternative. By (6.4), we obtain
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1 a P
_1)\,17 ﬁ / (hp‘i‘wlu—gﬂz) dZ+a_pol
P 0p 1
1, pl.gﬂlzﬂQT
1 P 2 14
<— h +—|u—<p| dz 4o "By,
1920p,,62001)°] 0p}
20p1,6(20p1)2 n$2r

< AP, (6.10)

since the volumes of all the Whitney cylinders intersecting Oy, 9(20,,)? are comparable. In
view of (6.7) and (6.10), we have

1
— <h”+ =y )dz+01_p320p1
192001020012 Op
20p1,9<20p1>zmQT
c 3 r/q
< <7 f i dz> +ca "By, 6.11)
1Q4p,.0¢4p1)2]

4py.6app2 ST

Observe that the term f & 07 |u — ¢|%dz is not needed on the right hand side. Indeed, this term

can be estimated by the rlght hand side due to the Sobolev-type inequality as done in the proof
of Lemma 4.1. See, in particular, (4.8).
Next we decompose Qg into level sets in the spirit of Step (1). We define

G\ ={(x,1) € QoNL2r: h(x,1) > 1}
and
G ={(x,1) e QoNRr: glx, 1) > A}
Since h(x,t) > A in G(A), we can later use the previous estimates in G (A). Observe that
h(x,t) <nk whenever (x,t) € (Q4p|,0(4p1)2 N27r)\ G(nr),

and
g(x,1) <ni  whenever (x,1) € (Qu,, gap2 N 21) \ G(A).

Furthermore, since @ > 1 and @« =7 /6 < 1, we obtain by (6.11) and the previous estimates that

1 a b 2 -
R — WP+ i —? ) dz + @ Bagy,
[Q200,,60200)2] 007

20p1,6(20p1)? ns2r

¢ _ r/q
<cenPAf + <— h?dz
1Q4p, 064012

4py.6ap2 NG @M
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R / ¢” dz. 6.12)
1Qapy 0402

Q4 oiapy 2 "G

By Holder’s inequality and (6.10), there exists a constant ¢ > 1 such that

1 _ (r—q9)/q .
(— [ hi dz) <eaP 4. (6.13)

1Q4p, 04012
apy.0pp2 2T

To continue, we choose 1 > 0 small enough to absorb the first two terms on the right hand side
of (6.12) into the left. This is possible due to (6.10). We combine the result with (6.13), multiply

by [Q20,,,0(200,)2| and get
/ hP dz < caP4 / hidz +c / gPdz.  (6.14)
Q20p;.0(20p) 2 NE2T Qup 0(4p2NG ) Q4plyg(4pl)zﬂé(n)~)

If the second alternative holds and if Q 7 p0.6(1p2

we obtain a local version of the above estimate by using (6.5) and (6.8). Consequently,

)2 does not intersect the initial boundary, then

hPdz < eal—4 hidz

220090099221 Q 2p 0 m)? NG

<cal—i / h dz. (6.15)
Q4,02,l9(402)2 mG(U)»)

Finally, if the second alternative holds and if Q 750 pp)? intersects the initial boundary, then
we obtain an initial boundary version by using (6.5) and (6.9). Indeed, observe first that

a P 1 2\ a? AP

—( / |Vo(x,0)] dx) < —5—m)* < —-,

0 \|Bap,| - (@n)2r a
(Bap, NS2)\G (1)

where
G () = {x € Bar(x0) N 2: [Ve(x,0)| > nr}.

—n2/2,

Thus, by repeating the above reasoning and observing that p, y (n+2)

P , we deduce

P dz < cal—4 hidz

020,.6(20py)2 NS2T @i, 0(4py2 NG (13)

2/2,
+c< / \w(x,())|2*dx> . (6.16)

BapyNG(n2)
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As a next step, we use a covering argument to extend the estimates to the whole of G(1). By
Vitali’s covering theorem, we have a disjoint set of cylinders

00
i=1

{Qupr6a0) @] ZeGW), Zi = h) (6.17)

such that almost everywhere
o
G C U onpl_’,e(zopl{)Z (Zi) C Qo,
i=1

and either (6.14), (6.15), or (6.16) holds in each of the cylinders. This is possible, since one of
the two alternatives always holds. Then we sum over i and obtain

o0 o0
/ hpdz<z / h”dzécZ()»pq / h’;dz—i-bi)
i=1

G(h) =020, 000502 G2 Q4 aiagt 2 ENG (1)
_ _ 5 2/2,
<ceal™ / hldz+c / gl’dz+c< / |Ve(x,0) *dx> , (6.18)
Gn) G(n) G

where b; is either the lateral boundary term, initial boundary term, or zero depending on the cor-
responding estimate. When summing over the initial boundary terms, we used the fact 2/2, > 1.
Step (4): The higher integrability result is now a consequence of (6.18) and Fubini’s theorem. To
see this, we integrate over G (Ag) and use (6.18) together with Fubini’s theorem. Thus,

h 00
/hp+8dz= / (/exs—ldx+(/\0)8>hpdz=s/x8—1 / hP dzdx + (ho)¢ / h? dz

G(ro) G(ko) Ao 0 G G (o)
o0
<C/<8)»El+pé / hidz + er! / gldz
A0 G(nr) G
2/2,
e—1 24 e
+eh ( / [Vo(x,0) dX> )d)»+()»o) f h? dz. (6.19)

G(nn) G(ro)

We estimate the right hand side in three parts. Similarly as in the degenerate case, we first apply
Fubini’s theorem and end up with

oo
g/,\g—lﬂ’—é / h?dzdx + (Lo)° / h? dz
Ao

G(nr) G(o)
h/n
=ce / /x8—1+P—‘?h‘?dxdz+(/\o)5 / hP dz

G(nro) Ao G (o)
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< — f hETPRa=P=2 Az + c(ho)® / h?dz, (6.20)
G (o) G(nho)

where we also dropped a negative term on the right hand side and used the fact that Ag > £ in

G(2o) \ G(20).
Let us now estimate the lateral boundary term in (6.19). We utilize Fubini’s theorem and
obtain

g/ﬁ—l / gPdzda = / ((g/m" = (ho)*)g"dz < ¢ / gttdz.  (6:21)
A0

G(nh) G(nro) G(nro)

To estimate the initial boundary term in (6.19), we divide the term into two parts and apply
Fubini’s theorem as well as Holder’s inequality. It follows that

° 2/24
efxs—l( / |V¢(x,0)}2*dx> dx

Ao G(nr)

22t Ve (x,0)/n
g( f |V<p(x,0)2*dx) / f 257 Vo(x, 0) [ da dx
G (o) G(ng)  Ho
) 2+¢e)/(2s«+e)
<CR28/(2*+8)( / Vg (x,0) *+£dx> ) (6.22)
G(nho)

Now we are ready to collect the estimates. We combine (6.20), (6.21), and (6.22) with (6.19).
Then we choose & > 0 small enough to absorb the term containing #”7¢ into the left hand side
and get

/hp+8dz<c(ko)£ f hPdz +c / gPtedz

G(2o0) G(nho) G(n2ro)

+cR28/(2*+8)< / Vo (x,0)

G (o)

2++e
T dx

(2+8)/(24+€)
) (6.23)

Notice that if the term we would like to absorb is infinite, then we can replace i by hy =
min{#, k}, k > Ao similarly as in the degenerate case.

Since h < Ao in (Qo N £27) \ G(Ao), estimate (6.23) extends to the whole of Qp g2 N £27.
Indeed,

/ hPtedz < (ho)* / h?dz + / hPTedz

Qp g2N82r (QoN21)\G (Ao) G(ho)
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< e(ro)f / hPdz +c / gl dz
QoNg2r QoNg2r

+cR28/(2*+8)< / |Vo(x,0)
ByN§2

2ute dx

)(2+8)/(2*+8)

Next we divide the estimate by | Qo[ and apply the definition of /(z). Since Q g2 lies far away
from the boundary of Qo = Q4 (4g)2, there exists ¢ > 0, independent of R, such that

| o)
. / Vupre dz < S30 /|vu|1’dz+L / g’ dz

[Qol [Qol [Qol
Qr g2N2r QoNs2r QoNs2r
(2+e)/(24+e)
c 2.+e
+ | — / Vo(x,0) dx) .
( | Bol | |
ByN§2

Next we take the cut-off level into account. Remember that either
AM=1 or )»():Xé).

The first case is clear. Moreover, if Ao = A, then Young’s inequality and the definition of A
leads to

| . . BB, .
1 IVl edz<(— [ e dz) vt [ e
O 1] / o0 ) UTe) 00l

Op g2NLr QoNs2r QoNs2r
(2+8)/(24+¢)
c 2,
+<— / [Vo(x,0)] +€dx> :
| Bol
ByN§2

This finishes the proof. 0O
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