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1. Introduction

In this paper we consider the following Kuramoto-Sivashinsky (KS) control system

Y+ Yaxox + YV Yxx + YYx =0, xe€(0,1), t >0,
y(t,0) =hq(b), y(,1)=0, t>0, (1)
Yx(t,0) =ha(0), yx(t,1)=0, t>0,

where the state is given by y = y(t, x) and the time-dependent functions hi, hy are boundary con-
trols. This equation, where the real positive number y is called the “anti-diffusion” parameter, was
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derived independently by Kuramoto and Tsuzuki in [19,20,18] as a model for phase turbulence in
reaction-diffusion systems and by Sivashinsky in [26] as a model for plane flame propagation. This
nonlinear partial differential equation describes incipient instabilities in a variety of physical and
chemical systems (see, for instance, [6] and [16]). From a mathematical point of view, well-posedness
and dynamical properties of KS equations have attracted a lot of attention since the pioneer arti-
cles [22,23,11].

We are interested in controllability properties of system (1). For parabolic control problems, in
general it is not possible to steer the system to an arbitrary prescribed state. Thus, we do not expect
the exact controllability to be true for the KS control system.

In this work, we address the problem of steering the solutions of system (1) to a given trajectory
of the KS equation. More precisely, given T > 0 and an appropriate space X, we say that system (1)
is exactly controllable to the trajectories if for any initial condition yo € X and for any trajectory u
satisfying

Ut + Uxxxx + YUxx +UlUx =0, x€(0,1), t >0,
u(t,0)=0, u(t,1) =0, t>0, (2)
ux(t,00=0, ux(,1)=0, t>0,

there exist boundary controls hq, hy such that the solution of (1) with y(0, -) = yo satisfies y(T,-) =
u(T,-). We say that the local exact controllability to the trajectories holds if we can find controls as
above whenever ||yo — u(0, -)||x is small enough. In this paper we will prove this last property for
system KS.

Let y, u be solutions of (1) and (2) respectively. The function q := y — u satisfies

Gt + Qxxxx + VY qxx + Uqx + Uxq +qxq =0,
q(t,0) = hq(0), q(t,1)=0, (3)
gx(t, 0) = hy(t), qx(t,1)=0.

Given a state qg, we wonder if there exist some controls hy, hy such that the solution q = q(t, x)
of (3) with initial condition q(0, x) = qo(x) satisfies q(T, x) = 0. If this controls exist for any state qg
lying in an appropriate space, we say that (3) is null controllable in time T. We can easily see that the
controllability to the trajectories of (1) is equivalent to the null controllability of (3). Therefore from
now on, we focus on the proof of the latter property.

In order to study the control system (3), we first prove that the following linear KS equation is
null controllable

Ve + Vaxox + ¥V Yax +UYx +Uxy =0,
y(t,0 =hi (), y(1)=0, (4)
Yx(t, 0) = ha(t), yx(t,1)=0.

To do that, we obtain a global Carleman estimate for the adjoint system of (4). From this estimate,
we deduce an observability inequality which is equivalent to the null controllability of the direct
system (4). Then, we show that the local null controllability holds for the nonlinear control system (3).
It will be done by using an inverse function argument.

The main result of this paper is the following.

Theorem 1.1. Let T > 0. Let u € L*°(0, T; H(Z)(O, 1)) be a solution of system (2). There exists r > 0 such
that for any yo € H=2(0, 1) with ||yo — u(0, )|l y-2(9.1) < T, there exist hy, hy € L*(0,T) and y € C([0, T],
H™%(0,1)) N L*(0, T; L*(0, 1)) satisfying (1), y(0,-) = yo and y(T, ) = u(T, ).

Remark 1.2. The reference trajectory u is required to be more regular than the solution y. This is due
to the fact that u will also appear into the adjoint equation of (4) which will be studied in a more
regular framework.



2026 E. Cerpa, A. Mercado / ]. Differential Equations 250 (2011) 2024-2044

Remark 1.3. The linear control system (4) with u = 0 has been studied in [4] by using a spectral
approach. This system is null controllable with two controls. Moreover, if one can acts on the system
with just one control input, the system is still controllable if and only if the “anti-diffusion” param-
eter y does not belong to a countably infinite discrete set of critical values. If y belongs to this set,
there exists a finite-dimensional space of initial conditions that cannot be driven to zero with only
one control. A similar situation was found by Rosier in [24] for a Korteweg-de Vries (KdV) equation.
Later, in [8,3,5] the authors proved that the KdV equation is exactly controllable in despite of the
lack of this property for the linearized system. In the KS context, an interesting open problem would
be to study these critical cases. We could wonder if the null controllability holds for the nonlinear
system (1) with only one control.

Remark 1.4. Other control topics for the KS equation have been studied in the literature. For in-
stance [2,7,21] deal with the stabilization problem and [17] is concerned with the robust control
problem.

Remark 1.5. The null controllability and the controllability to the trajectories for other nonlinear par-
tial differential equations has been studied by other authors. It has been done by using either internal
controls (see [9,14,15,10,13]) or boundary controls (see [12,25]).

This article is organized as follows. First, in Section 2 we establish the well-posedness framework
used in this paper. Next, Section 3 is devoted to the linear control system. We prove a global Carleman
estimate in Section 3.1 and we use it in Section 3.2 in order to obtain the observability inequality.
Thus, we obtain the null controllability of the linearized KS equation. Finally, Section 4 is concerned
with the nonlinear system. We get the local null controllability and consequently the local exact
controllability to the trajectories by means of an inverse function theorem.

2. The Cauchy problem

In this section we prove the well-posedness results we need along this paper for both linear and
nonlinear equations. We can restrict ourselves to the case u = 0. The general case can be proved by
using a classical fixed point argument thanks to the regularity asked to the reference trajectory.

In order to consider boundary conditions in L2(0, T), we will define the solution of (4) by trans-
position. Therefore, we have to study the corresponding adjoint equation (see (5) below).

2.1. Adjoint equation

It is not difficult to see that the self-adjoint operator

A:weD(A) CL?(0,1) — —w" —yw” € [%(0,1),
D(A) := H*(0,1) N H2(0, 1),

has a compact resolvent. Hence the spectrum of A is a discrete set o (A) = {0} }ken C R consisting only
of eigenvalues, which satisfy limy_, o, 0y = —oo. Furthermore, the eigenfunctions define an orthonor-
mal basis of L%(0, 1). Thanks to classical semigroup theory, we have that if g € L1 (0, T; L%(0, 1)), then
the solution of

—Wi+ Wxxxx + Y Wxx = 8,
w(t,0)=0, w(,1)=0,
wy(t,0) =0, wy(t, 1) =0,
w(T,x)=0

(5)

satisfies w € C([0, TJ; L2(O, 1)). Moreover, if g € clqo, T; L2(0, 1)), then w € C([0,T]; D(A)) N
C1([0, T]; L?(0, 1)). As we need more precise information about the regularity of the solutions, we
obtain the following results, by using energy estimates as in [17].
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Proposition 2.1. Let G be either L>(0, T; L?(0, 1)) or L(0, T; H3(0, 1)). If g € G, then the solution of (5)
satisfies w € L2(0, T; H*(0, 1)) N C([0, T]; H3(0, 1)). Moreover there exists a constant C > 0 such that

”W”LZ(OA,T;H"(OJ))ﬁC([O,T];H(Z)(O.l)) <Cliglle
forevery g € G.
Proof. We consider g regular enough. Let us replace t by T —t. System (5) becomes
Wi+ Wyxx + Y Wix =& (6)

with homogeneous boundary conditions and null initial data w(0, x) = 0. Let us multiply the equation
by wxxxx and integrate on (0, 1). We obtain

1 1 1 1
1d
Ea/|Wxx|2dX+/|Wxxxx|2dX:_V/WxxWxxxde+/gWxxxde
0 0 0 0
1 1 1
1 2 y? 2
< 5 [Wxxxx | dx + Y [Wxx|© + [ &Wxxxx dX
0 0 0
and then
d 1 1 1 1
a/|wxx|2dx+/|Wxxxx|2dX<C/|Wxx|2+C/gWxxxde. (7)
0 0 0 0

Let us first obtain the norm corresponding to the space G =L'(0, T; H(Z)(O, 1)). From (7) we have

1

1 1

d

E/|Wxx|2dx<C/|Wxx|2+C/gxxWxxdx7 (8)
0 0 0

and Gronwall’s lemma implies the existence of C > 0 such that

T 1
”W”foo([O,T];Hg(O,l)) < C//|gxxwxx|dth
00

and then
Wl qo.11:120.1)) S 18110, 13:H2 0,1

Taking into account this estimate, we integrate (7) on (0, T) and we obtain C > 0 such that
IWll20.1):140.1)) < ClI8NIL1 0,1y HZ(0,1))-

Thus, by a density argument we can prove that g € L1(0, T; H% (0, 1)) implies that the solution w lies
in L?(0, T; H*(0, 1)) N C([0, T]; H3(0, 1)).
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In order to get the norm of the space G = L%(0, T; L2(0, 1)), let us note that the second term in
the right-hand side of inequality (7) can be bounded from above by

1 1
C 1
§/|g|2dx+5/|wxxxx|2dx
0 0

and in this way the term %fol |Wxxxx|2dx can be absorbed into the left-hand side. As before, by
applying the Gronwall lemma, we obtain the existence of a constant C > 0 such that

||W||L2(o,T;H4(o,1))mC([0,T];Hg(o,n) < Clgleor:21)-
Using a density argument we end the proof of Proposition 2.1. O
Corollary 2.2. If either g € L%(0, T; L?(0, 1)) or g € L1(0, T; H3(0, 1)), then w € L>°(0, T; W1°(0, 1)).
Proof. Obvious from the fact that Hé(O, 1) embeds continuously into W1-°°(0,1). O

In order to be able to define the solution of (4) with boundary conditions hy, h; € L2(0, T), we
need the following result.

Corollary 2.3. If either G = L?(0, T; L?(0, 1)) or G = L'(0, T; H3(0, 1)), then there exists C > 0 such that for
any g € G, the solution w of (5) satisfies

|| WXX('? 0) ||L2(0,T) + || WXXX('s 0) ||L2(0,T) < C”g”G

Proof. This inequality is a direct consequence of Proposition 2.1 and the continuous embedding of
H4((0, 1)) into C3([0,1]). O

Remark 2.4. If g € L2(0, T; L%(0, 1)), then the solution satisfies w € L2(0, T; H*(0,1)) and therefore
Wy € L2(0, T; H1(0, 1)). Moreover, by using the equation, we get w € H'(0, T; L2(0, 1)) and there-

fore wyx € H1(0, T; H=3(0, 1)). By interpolation, we obtain wyx(t,0) € Hs—¢ (0, T) for any positive
3_

number €. In the same way we find wy(t,0) € H8€(0, T). This regularity would allow us to consider

the direct Cauchy problem with boundary data hq € H-§+€ (0,T) and hy € H-ite (0, T). However, we
will stay within L2-regularity because of the control framework we will consider later.

2.2. Direct linear equation

Let us define what we mean by a solution of the linear KS equation.

Definition 2.5. Let yg € H%(0,1), f € L'(0, T; W~1-1(0,1)) and hq, h, € L*(0, T). A solution of the
equation

Ye+ Vaxxx + ¥V Yax = f

y(t,0) =hq (), y(, 1) =0,
Yx(t, 0) = ha(b), yx(t, 1) =0,
¥(0,%) = yo(x),

(9)

is a function y € L2(0, T; L2(0, 1)) such that for any g € L2(0, T; L%(0, 1)),
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T 1 T T
//y(t,x)g(t, X)dth:(YO,W(07X))H—2(0’1),Hé(0,1) _/hl(t)Wxxx(t» O)dt+/h2(t)wxx(t70)dt
00 0 0

+{f, W)Ll(o,T;W—H(0,1)),LOO(O,T;WLOC(OJ))» (10)

where w = w(t, x) is the solution of (5).

Next theorem establishes that the solutions of (9) belong to the space
B:=C([0,T]; H%(0,1)) N L*(0, T; L*(0, 1)).

Theorem 2.6. Let yg € H™2(0,1), f € L'(0, T; W=11(0, 1)), and hq, hy € L%(0, T). Then there exists a
unique solution y € 5 of Eq. (9).

Proof. From Proposition 2.1 and Corollary 2.3, the right-hand side of (10) defines, for each hi, h; €
12(0,T), f eL'(0, T; W=11(0,1)) and yo € H2(0, 1), a linear bounded functional

L):geL?(0,T;L%(0,1)) — L(g) € R,
and therefore, from the Riesz representation theorem, we obtain the existence and uniqueness of a

solution y € L?(0, T; L?(0, 1)). By using the same results with g € L(0, T; H2(0, 1)), we prove that the
same Lg defines a linear bounded functional on L1(0, T; H%(O, 1)). Thus, we see that in fact ye B. O

2.3. Nonlinear equation

Theorem 2.7. There exists a positive real number r such that for any yo € H=2(0, 1), hy, hy € L2(0, T) and
fell0, T; W=11(0, 1)) satisfying

l¥ollg-2¢0,1y + M1l 20,7y + 2l 20,1y + 1 flli 0,1 w-1100.1)) < T (11)

the nonlinear equation

Ye+ Vaxxx +VYxx +YYx = f,
y(,0) =hq(0), y(, 1) =0,
Yx(t,0) = hy(t), Yx(t, 1) =0,
¥(0,%) = yo(x),

(12)

has a unique solution y € B.

Proof. Let us consider yg € H™2(0,1), hy,hy € L?(0,T) and f € L1(0, T; W—11(0, 1)) satisfying (11)
for r > 0 to be chosen later.
We define the following map

M:eel?(0,T; 120, 1)) —> y € L2(0, T; L2(0, 1)) (13)
where y is the solution of

Yo+ Vaxxx + ¥V Yax = [ — Uy,
y(,0) =hq(0), y(, 1) =0,
Yx(t, 0) = ha(t), yx(t, 1) =0,
¥(0,%) = yo(x).

(14)
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Let us notice that a function y is a fixed point of this map I7 if and only if y is a solution of our
nonlinear KS equation (12).

From Theorem 2.6 and by using [[€¢x|l 1 1,w-1.1) < we get

191712
2 ”E”LZ(O,T;LZ(O,]))'

|17 e) HLz(O’T;Lz(O’])) < C(Ilyollg-20.1) + Ih1ll 20,1y
+lh2ll2 . + 1F o rw-110.0) + 11320 1.12(0.1))-
For each R > 0, let us denote the ball of radius R and centered at the origin by
B(0,R) :={¢ e L*(0,T: L*(0, 1)); 1€l .20.7:120.1)) < R}-

We see that if r > 0 and R > 0 are chosen such that C(r + R%) < R, we obtain that IT|g( r) C
B(O, R). Let us verify that we can choose R such that I7 is a contraction. Let ¢, £ € L2(0, T; L2(0, 1)).
The function y := (IT(£) — I1(£)) is the solution of

Ye+ Yaxxx TV Yxx = ZZX — ey,
y(t,O)ZO, y(tal):()y
yx(t,0) =0, yx(t, 1) =0,
y(0,x) =0.

(15)

From Theorem 2.6, we get
||H(E) - H(z) ”LZ(O,T;LZ(O,l)) < C”EZX - EZX”L] 0,T;W-1.1(0,1))
and using that

__ 1., -
_ 2 2
166x = Lexllp.1:w-110.1) = 5 122 =€ 1 0,701 019

1 - _
< 3 1€+ Lll20,7:120,10 1€ — €ll 20,7120, 1))
we obtain
[ 1@ — IO 120 1.1200.1)) < CRIE = Elli20,7:12(0.1))

and therefore the map I7 is a contraction if CR < 1. By applying the Banach fixed point theorem, we
can conclude that /T has a unique fixed point which is the solution of Eq. (12). O

3. Linear control system

In this section, we study the boundary control of the linear system

Ye+ YVoox + Y Yxx Fuyx+uyy =f,
y(t,0) =hq(t), y(, 1) =0,
yx(t,0)=ha(t),  yx(t,1)=0,
Y(0,%) = yo(x),

(16)

where u = u(t, x) is a given function.
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Let us take a well-posedness framework (U1, U3, X, Y, Z) for this system. By this we mean that
given hq1 € U1, hp € Uy, f €Y and yp € X, then there exists a unique y € Z solution of Eq. (16). This
system is said to be null controllable if for any state yo € X and for any f €Y, one can find controls
hy € U1, hy € U, such that the solution y of (16) satisfies y(T) = 0. It is a well-known fact that by
duality, this null-controllability property is equivalent to the existence of a constant C > 0 such that

[wlys + |w(,x)]

g SCI8lZ + [ Wane &, O |y + [ Win(, 0] ) (17)

for every wr € X* and g € Z*, where *

linear system given by

stands for dual space and w is the solution of the adjoint

— Wi+ Wxxxx + Y Wxx —UWx = g,
w(t,0)=0, w(,1)=0,
wy(t,0) =0, wy(t,1) =0,
w(T,x) =wr(x).

(18)

Inequality (17) is called an observability inequality for Eq. (18).

In this section we prove a Carleman estimate for Eq. (18). Then we use it in order to prove the
observability inequality (17) within an appropriate framework (U1, Uz, X, Y, Z). Thus, we get the null
controllability of Eq. (16).

3.1. Carleman estimate

In this part of the work we shall use an abbreviated notation for the derivatives and integrals. We
write, for k integer, wyy instead of 2% and J/ instead of J; /i, avoiding the symbols dxdt in the

oxk
last case.
In order to deduce a Carleman estimate for the differential operator

Pw = —w¢ + Wgx + Y Wax — UWy,

we take a function B € C*([0,1]) and define ox,t) = % called the weight function. For each
A > 0 let us consider the space

W;, == {e*’w; wis solution of (18) with g € L*(0, T; L*(0, 1)) }
and define for each v e W;,
Pyv=e"*"P(e*v). (19)
Thus, we can write Py,v = P1v + Pav + Rv, where
P1v =602 @7vox + A0V + Vay + 120% 02 Vi,
Pyv =—vi+ 4x3tp3vx + 4hpxViax + 5)L3gof<p2xv,

Rv = Apaxv + 2A2g03x(va —AQrV + 3A2(p§xv + Zkz(px(png + Ay @axVv + Azy(p,fv
+ 6A@oxVox + 4A@3xVx — UVx + 2LV OxVx — AU@xV + Y Vox. (20)

In the following lemma, we develop the L?-product between P{v and P,v.
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Lemma 3.1. With the notation stated above, we have the decomposition

// P1vPav =1(v) +1(vy) + 1(vx) + 1(v3x) + I

where
I(v) =—927 / / V2@ + 224 / / VI3 oxt + 517 / VI (¢ 92x) 55
—301° f/|v| D203y +§A3f VI (05 920) 4y
1(v,) = 1235 / / VA2 — 622 / f Va2 o + 833 / / VAl (202x) 00
I(vax) = =612 f |vaxl? 02 xx.
I(v3g) = =24 f |Vaxl*@ux.
and

T
x_1ox3/ sz(1,t)|2<p,§(1,t)dt—10A3/|v2X(0,t)|2¢f(0,r)dt
0

T
2 2
+2x/|V3x<1,t)| gox(1,r)dr—2x/|v3x(o,t>| ¢x(0. ) d.
0 0

Proof. See Appendix A. O

The next step is to estimate from below the L?-norm of Pyv. In order to do that, we ask the
function S to satisfy

dkﬁ
O<n<d—k(x), Vx €[0,1], fork=0,1 (21)
X
and
dzﬂ(x) < 0, Vxe[0,1] (22)
.0 x—N<y ) )
dx? g
for some positive constant 7.
Under this hypothesis, it is straightforward to see that the function ¢(x,t) = ) satisfies
ya"ga(x D] <. t) < Cla V(x,t) €[0,1] x (0,T), fork=1,2 (23)
and also
|0k (x, D] < Co*(x, 1), ¥(x, ) €[0,1]1 x (0,T), fork=1,...,4, (24)

for some positive constant C.
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Remark 3.2. It is not difficult to show that such a weight function g actually exists. Take for instance
B(X) =—(x—2)*+8.

Proposition 3.3. Let A € C*([0, 1) satisfying (21) and (22). There exist § > 0 and Ao > 0 such that for every
A > Mg and v € W;, we have

T 1
//Plvpzvdxdt;a||v||§,,k+1x (25)
00

where ¢ and I, are defined above, and we have denoted

||V||é,x=)‘7//|V|2‘P7+)~5//|Vx|2‘/’5+)\3//|V2x|2§03+)¥/ V3. (26)

Proof. Following the notation in Lemma 3.1 we have that

3

// P1vPav = 1(vix) + Ix. (27)

k=0

We will bound from below each integral at the right-hand side of (27). Taking into account (23)
and (24) it follows that there exist positive constants §, C such that

1(v)=9A7/f|vlz|¢wax|

+ [ / V12 (21403 0xe + 525 (0 020) 5, — 3003 (0303, ) , + (5/223 (¥2024) 1)
> 2817 // vi2e” — c// VP (A° +2°9° +1%9° +27¢°)
>zsx7/ VP27 —CAS/ vi2g?

>517 /f|v|2¢7 (28)

for A large enough.
In the same way we have

I(vy) = 1235 / / Vo202 g + / / Vel (=612 0uy + 833 (¢2022),.)
>zax5/ Vil —C/ val?@® (22 +27)
> 83 / Vo2, (29)

[(vay) > 823 / [vaxl2@® (30)
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and
1(v3y) > 82 / lvaxl?e (31)

for A large enough.
From inequalities (27) to (31) we get (25). O

Proposition 3.4. Under the same hypothesis than Proposition 3.3, there exist C > 0, Ag > 0 such that

IP1v]I2, <ClPyv|?, Cly  (32)

2 2
(©.1x©1) T ”PZVHLZ((O,T)X(OJ)) + ||v||w ((0.T)x(0,1))
forevery . > Ao and v € W,.

Proof. With the notation stated in (20) and Proposition 3.3 it is not difficult to check that

”RV”iZ((O,T)X(O,l)) QC(A4//¢4|V|2+A2 /[(P2|Vx|2+)»2 //¢2|VXX|2>

-1 2
<avig,. (33)

Then we have

IP1vIZ, +2// P1vPyv + ||Pav|%, = |[Pyv — RV|1%,
2 2
<2[|PyvI%, + 2RV
<20PyviiE, + A7 IvIZ,
8
2 2
<2 PVl + 3 iy, (34)
for A large enough. From (34) and Proposition 3.3 we get (32). O

We are now able to get a Carleman estimate for the solutions of Eq. (18).

Theorem 3.5. Let u € L>(0, T; H2(0, 1)) and ¢(t, x) = tf;i)t) with B € C4([0, 1)) satisfying (21) and (22).
There exist C > 0 and Ao > 0 such that

k7[/|w|ze—2kww7+k5/f|WX|2e—2)»(p(p5+)\13/\/|W2x|26—2)\(p(p3+)\‘/‘ |W3X|Ze—2k(p¢

T
< C(// |g|e=2*¢ +A3/|W2X(O, t)|2e*2w<°vf>ga§(0,t)dt
0

T
+1 / |W3(0,0)"e =2 @D, (0, 1) dt) (35)
0

for every » > Ag and g € L((0, T); L2(0, 1)), where w is the solution of Eq. (18).
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Proof. This is a direct consequence of Proposition 3.4, after realizing that w = e*?v with v e W,
Indeed, developing the derivatives of (e*?v) and having in mind property (23) it is not difficult to
prove that

[[ 7000 eov 3567 @0n), P+ 220% 0,  + agl0),, ) < CIvEE,
(36)

On the other hand, Pyv = e Pw =e *¥g, and then from Proposition 3.4 we get

Wiz < [[ cipovi - ctu=c [[eoigp ~ cns (37)

Finally, since ‘;—f >0, we have ¢x(1,t) >0 for any t € (0, T) and therefore

T T
2 _ 2 _
1< [ wa0.0 e 20030, 0+ [ [wa0.0 % PCOp0.0d (38)

0 0
From (36), (37) and (38) we get inequality (35). O
Remark 3.6. We asked the function B to be increasing. The only place we use this hypothesis is
in (38), which allows us to obtain the Carleman inequality with boundary terms at x = 0. With the
choice of a decreasing function 8, we would obtain an inequality with boundary terms at x = 1. As
we shall see below, the boundary terms in the Carleman inequality are related with the location of

the control in Eq. (16).

3.2. Null controllability

Recall that the reference trajectory u belongs to the space L*°(0, T; H% (0, 1)), in particular uy lies
in L*°((0, T) x (0, 1)). We prove the following energy estimate for Eq. (18).

Lemma 3.7.If g € L2((0, T); L2(0, 1)) and w is the solution of Eq. (18) then

1 1 1
d
—E/‘w(x, 0] dx < (”ux(-,t)HLoo(OJ)+y2+l)/‘w(x, t)|2dt+/]g(x, o)*de  (39)
0 0 0

foreveryt e [0, T].
Proof. Multiplying Eq. (18) by w and integrating in (0, 1) we obtain

1

1 1 1

d 1

E/|W(X’ t)|2dx—|—/|wxx(x,t)|2dx+y/wxx(x,t)w(x, t)dx-i—E/ux(x, t)}w(x,t)|2dx
0 0 0 0

1
2
1

= / w(x, H)g(x, t) dx (40)

0



2036 E. Cerpa, A. Mercado / ]. Differential Equations 250 (2011) 2024-2044
1
for each t € [0, T]. By using [ wxw < 2—f|wx,(|2 2 [1w|?, we get that

1 1
—%/|w(x,t)|2dx+/|wxx(x,t)|2dx
0 0
1 1
<+ ||ux||L°°(0,1))/|W(Xa t)\de+2/W(x, Dg(x, t)dx, (41)
0

for every t € [0, T]. From this last inequality, (39) directly follows. O

In order to get a Carleman inequality with the norm of w(0, x) at the left-hand side, we introduce
a new weight function v (x, t) = B(x)¥o(t) where g € C4([0, 1]) satisfies hypothesis (21)-(22) and o
is defined by

4 .
4 o<t <T/2
Wo(f)= T 1 .

Proposition 3.8. There exist 1., C > 0 such that the solution w of (18) satisfies

1
A7 //|w|2e_2W1//7+/|w(x, 0)|*dx
0
T

_ 2 _
C< / / gl?e 2V 433 / |wax(0,0)| e @Dy (0, 1) de

0
T

+2 / |w3(0, 6)[e "2V @0y (0, 1) dt) (42)
0

for every g such that ([ |g|?e=?*V < oco.

Proof. Let n € C°°(0, T) be such that n(t) =1 for all t € [0,T/2] and n(t) =0 for all t € [3T /4, T].
Multiplying inequality (39) by n we obtain

1 1

d
dt (0| wx, 0] dx < (||uxt, Wiy +72+1) n(t)/|w(x 0| dx

1 1
+n(t)/|g(x, t)|2dx—m(t)/}w(x, t)|2dx.
0

For each t € [0, T] we apply Gronwall inequality in [t, T]. Taking into account that n(T) =0 and
that [|ux(t, )llreo,1) < lux(t, )iy (0.1), We get
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1 T
/ 1w dx< e Mliormon D / h(s)ds (43)
0 t

where h(t) = n(t) [y |g(x, )2 dx — 1¢(t) [y [w(x, £)[2 dx.
Then we deduce that

2 T(luxll oo o, 7: 11 (0.1 Y+ 2 2
”W”me,g;ﬂ(o,n) <e (C”W”Lz(%y¥;l_z(oyl)) + IIglle(O%;Lz(oyl))) (44)

Recall that ¢ (x,t) < @(x,t) if t € [0,T/2] and ¥ (x,t) = @(x,t) for t € [T/2,T]. Also, we have
e~ XD (x, 1) |r=0 = e~ XD3(x, £)|;=0 = 0. From all this and (35) we get that

T 1 T
_ _ 2
//|w|2e 2Ww7dxdt<C//|g|ze 2k‘”dxdt+k3f|wzx(0,t)| e 2V O0y30, 1) dt
T/2 0 0
T
+a / |W3x(0, ) 2e 2Dy (0, 1y dt (45)
0

for A large enough.
On the other hand, using (44) and that e=2*¥®0 s strictly positive in [0, 3T /4] we obtain

]

/21 1

— 2
[ wize 2+ [l o dr < Uik 1000,
0 0

o

2 2
< C(”W||L2(T/2,3T/4;L2(0,1)) + ”g”L2(0,3T/4;L2(0,1)>)

3T/4 1 3T/4
<c(/f|w|2e‘2*w7+ / f|g|2e‘“"’). (46)
T/2 0 0

Combining (45) and (46) we deduce (42). O

We will need an additional property of the weight function. We will ask the function B(x) to
satisfy

max B(x) <2 min B(x), 47
xe[O,lJﬂ( ) xe[O,l]ﬂ( ) ( )

as well as the stated conditions (21), (22). Thus, for A given by Proposition 3.8, we define

BX) (48)

A A
ki1 :== min B(x), ky := — max
1 T xe[O,l]ﬁ( ) 2 T xe[0,1]

which satisfy the relationship k; < 2kq, which will be used later in Section 4.

Remark 3.9. The function 8(x) = —(x — 2)% + 8, introduced in Remark 3.2, satisfies (47).
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Proposition 3.10. There exists C > 0 such that the solutions w of (18), satisfy
1
_ky _ 2 2
max]|| we” T-0(T —t) /2 Wi T /|Wxx(0, x)|"dx

te[0,T
0

T T
2k 2k 2k
< ci// 8¢ 7+ [wate. 0P PHT =0 de+ [ |wae oo PHT -0 ar
0 0
(49)

2k
for every g such that [ lg|2e™ T < oo

Proof. Since Hg(O, 1) embeds continuously into W1-°°(0, 1), we will be done if we are able to get
—k:
inequality (42), with the term || w(t, x)eT_}f (T—t)‘% ||L00(0,T;Hg(o,1)) at the left-hand side. Let us denote

—k
Et) = eTTZr(T — t)*%, and define w(t, x) = w(t, x)€(t). Notice that w satisfies (18) with wr =0 and
right-hand side equals to (§g — &w). Thanks to Proposition 2.1 we can write

||V~V||Loo(0,'[;1-1§(0,1)) < C(”ég”LZ(O,T;LZ(O,l)) + ||§tW||L2(0,T;L2(0,])))-

We can easily check the existence of some positive constants C; and C, such that

//@gkq/ gPe T
// Ewl? < C f/|w|2e—%(r—t>—7.

Therefore, by using (42), we get (49). O

and

Inequality (49) directly implies an observability inequality like (17) in some weighted spaces. In
order to precise that, we introduce the following notations.

Definition 3.11. Given T > 0 and a function p: (0, T) — RT, we denote

T
L (p) = [f; f|f(t)|2p(t)dt < oo}
0

and

T 1
L (p) :=[f; //|f(x,t)|2p(t)dxdt<oo]
00

endowed with their natural norms.
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Inequality (49) gives us the observability (17) in the spaces

2k

U1:L$(e%(r—t)), UZ:Lf(e%(T—tP), X=H20,1), Z=I2(eT™)

and

Ko
Y={y; (T—0*?eToyel'(0,T; W1 0,1)}. (50)
As explained before, we get the null controllability for the linear system in the framework given by
these spaces. Moreover, we get further decreasing properties of the controlled solution, which will be

useful in dealing with the nonlinear equation. More precisely, we have the following result.

Proposition 3.12. For each f € Y and yo € H™2(0, 1) there exist controls
2k 2k
hel2(e™ (T —0),  hyel?(e™ (T —0)%) (51)

2k
such that the solution of system (16) satisfies y € L?X(eT%t ). Furthermore, this solution fulfills

2Ky

k
yeEr:={yel?(eT); (T —teTiyeB). (52)
In particular, y(T) =0.

Proof. Given the inequality (49) and the controllability-observability duality, we get the existence of
k
controls hy € Uy and h; € U;. Thus, the only fact we have to prove is (T — t)ZeT_lfy € B. Let us define
k ~ k ~ k ~ k
Ji=(T —t)2eTy, hy = (T — t)%eTthy, iy := (T — t)%eTthy and [ := (T — t)%eT f. We can easily
check that

- - - - -~ LN I
Ve+ Voox + VY Fuyx+uy = f —2(T —t)eTty +kyyeT—. (53)

~ ~ 2k
Furthermore, from the regularity of controls we have hy, hy € L2(0, T). By using that y € Ltzx(eT*—lt) we
get

k
(T —t)eToy e 12(0, T; 12(0, 1)),

and therefore the right-hand side of (53) is in L'(0, T; W~1-1(0, 1)). From Theorem 2.6, we conclude
that y € B, which ends the proof of this proposition. O

4. Nonlinear control system

In this section we prove the null controllability of the nonlinear system. As usual in this kind of
problems, we use the null controllability of the linear equation and a local inversion theorem.
In order to obtain Theorem 1.1, we use the following result.

Theorem 4.1. (See [1].) Let E and G be two Banach spaces and let A:E — G satisfy A € C1(E; G). Assume
that ¢ € E, A(é) = g, and A’(é): E — G is surjective. Then, there exists r > 0 such that, for every g € G
satisfying ||g — &llc < 1, there exists some e € E solution of the equation A(e) = g.
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Let us define the spaces E, G and a map A whose surjectivity will be equivalent to the null
controllability for the KS equation. We denote

Ly =yt + Yawor + ¥ Yxx + UYx + Uxy.
Keeping in mind (50) and (52) we define the spaces
E:={yeEq:LyeY} and G:=H2(0,1) xY.
The map A is given by
AE— G,
y+— (¥(0,-), Ly + yyx).

To see that A is well defined, we have to verify that yyx € Y for each y € E. We have the following
equivalences

k:
yyxeY = eT(T -1 2yy,el'(0,T; W 1(0,1))

k
— eTH(T -1ty el (0,T;1(0, 1))

T 1
k
— //|y|2eﬁ(r—r)3/2dxdr<oo.
00

2k
Therefore, as k) < 2k; (see (47)-(48)) and y € L,zct(eﬂ_*lf)), we see that y € E implies yy, €Y.
Notice that (y,z) € E x E— %(yz)x €Y is a bilinear continuous map and then A is a C' map.
As the functions y € E satisfy y(T) =0, the local surjectivity of A around the origin is equivalent
to the local null controllability of the KS equation. Thus, by Theorem 4.1, the proof of Theorem 1.1
will be ended if we prove that the map A’(0) is surjective.

Proposition 4.2. The map A’(0) : E — G is surjective.
Proof. It is easy to see that this map is given by
A(0):E— G,
y+— (¥(0,),Ly),

and therefore its surjectivity is equivalent to the null controllability of the linearized equation with a
right-hand side lying in Y. This control property was proved in Proposition 3.12. O

Appendix A. Proof of Lemma 3.1

Let us start by writing

4
// PivPyv= " Iij,

i,j=1
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where I; j denotes the L%-product between the i-th term in the expression of P1v and the j-th term
in the expression of P,v in (20).
Integrating by parts in x we have

1= —622 // vt(pfvxx =122 // vxvtfpx(pxx—i-G)\z // vxt(p)fvx

and integrating by parts the second term with respect to t we deduce that

Ii1= 1222 // VxVi@xPxx —GKZ/ |Vx|2§0x90xt-

The first term above will be simplified with I4 1, and the other one is part of I(vy).
Integrating by parts in x we are able to write

I12 =24)° // VxVxx(Pg = _60)\5/ |Vx|2§0;1(.0xx

which is part of the dominant term in I(vy), that is, it has the largest power of A in that expression.
In the same way we obtain

I13 =243 // VoxVax@n = —3613/ [vaxl? @2 ¢ax
T T

+1233 / vax(1, ) px(1, 0 dt — 122 / |v2x(0,6)| 040, £)* dt..
0 0

We will list the first term into I(vyy) and the two trace terms into Iy.
We integrate by parts in x and get

I1,4 =30)° // VoV @y Pox = —30)»5/ Vx> @302 + 15)»5/ VI (@5 P2x)

The first term belongs to the dominant part in I(vy) and the second one goes to I(v).
Writing vv, = %Bt\v|2 and integrating by parts in t we obtain

Iy =-2* // vvr(ﬂ,‘}:ZA“/ R
which is listed in I(v).

By using the identity vvy = %8X|v|2, we see that

I =457 // vvx(pz = —14A7/ |v|2(pf(pzx,

which is part of the dominant term in I(v).
Integrating by parts with respect to x we get

I3 =42° // VV3@p = —424° f/ VoxVx@y — 204° // VVoxPa Oxx
:30k5/ [vxl?@g@xx — 102° /fIVIZ(go;‘qozx)zx,

terms which will appear in the dominant term of I(vy) and in I(v).
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We get directly that
12.4=5)¥7/ |V|2(p§(pxx

is part of the dominant term in I(v). When adding I 4 with I, we will get the coefficient —9x7
appearing at I(v).
We integrate by parts twice in x and once in ¢t to get

1
I31 =—// VtV4x=_// V2xtV2x=_§// dlvaxl? = 0.

From two integrations by parts in x we deduce that

I3 =4)3 // VxV4x(/)3 =—4)3 // V2xV3x§03 —1223 // VXV3X(/)§(/)2X

T
2 3
= 18A3/ [Vaxl®@0f xx — 242 /!m(l,t)! lox(1,0)]
0

T
+2)»3/|V2x(0,t)|2|(px(0, o[’ —613/ [Vl (9 02x)
0

These terms will be written in I1(vyy), Iy and I(vy).
By using the identity v3yvax = $3x|v3x|> we see that

I33 :4}\// V3xV4x§0x:—2}h/‘/ |V3x|2(ﬂxx

T T
+21 / |vax(1. O gx(1. 0y dt — 22 / |v3(0, )]0 0. £y dt..
0 0

We will list the first term into I(vsy) and the two trace terms into Iy.

After several integrations by parts in x, we get

I3.4 =523 / [ VarV QR ux = —54°3 / / V3 Ve @2 Pxx — 51> / / VaxV (07 0u)

=52 [ [ Pt 10 [ vava(oion), + 52 [ [ vadoivn),
5
=52 [ [ v edon =102 [ [ 0P (020m)0+ 322 [ [ 102 (6200,

The resulting terms are included into I(vyyx), I(vyx) and I(v) respectively.
We have directly that

141 =—1222 // VyVi@x@xx  and 14,2:48)L5/. |vx|2<p;1(pxx.



E. Cerpa, A. Mercado / ]. Differential Equations 250 (2011) 2024-2044 2043

The term I4 ¢ vanishes when adding with the first term in 1 ; and I4> belongs to the dominant term
in I(vy).
From two integration by parts with respect to x we get

I3 =483 // VxV3x @2 Pxy = —482° //|va|2<pX2<pxx+24k3f |Vxl? (97 0xx) gy

terms listed into I(vay) and I(vy).
Finally, one integration by parts in x gives us

I4.4 =601 / f VYR pp = —300° / / VA (03 02)

which is part of I(v).
It is not difficult to see that adding up the obtained expressions for terms I; j, we get the identity
stated in Lemma 3.1.
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