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Abstract

We consider the incompressible inhomogeneous Navier—Stokes equations with constant viscosity coeffi-
cient and density which is bounded and bounded away from zero. We show that the energy balance relation
for this system holds for weak solutions if the velocity, density, and pressure belong to a range of Besov
spaces of smoothness 1/3. A density-dependent version of the classical Kdirman—Howarth—Monin relation
is derived.
© 2016 Elsevier Inc. All rights reserved.
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1. Introduction

Consider the density-dependent incompressible Navier—Stokes equations:

0r(pu) +div(pu @ u) — pAu=—Vp + pf, (D
orp + div(pu) =0, (2
V.u=0. (3)
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Here u(x,t) represents the d-dimensional velocity, f(x,?) is an external force (with values
in RY), p(x, 1) is the pressure, p(x,t) is the density, and w is the viscosity coefficient (which
we take to be constant). We consider (1)—(3) for x € T< and ¢ > 0. It is known, see [11,10,13],
that if uq is divergence-free and square-integrable, p < pp < p for some positive constants p

and p, and if f € L2([0, T]; L*>(T%)), then there exists a Leray—Hopf type global weak solution
to the system (p, u) suchthatp <p <p,u € L%([0, T1; H'(T%)), and (p, u) satisfies the energy
inequality

t
E() — EO) < —p / 1Vl g, ds
0

'
1
+//,ou~fdxds, WhereE(s):E / p|u|2dx. 4)

0 Td T4 x{s}

Fluids with variable distribution of density arise in many physical contexts. In particular, they
appear prominently in Rayleigh—Taylor mixing when a heavier layer fluid on top of lighter one
gets mixed under the force of gravity, creating a non-homogeneous turbulent layer. Although
an analogue of the classical Kolmogorov theory of turbulence for non-homogeneous fluids has
not yet been developed, it appears to be evident that under proper self-similarity assumptions on
the velocity increments du = u(r + £) — u(r) and density §p a limited level of regularity would
be expected of u and p in the limit of vanishing viscosity. Such regularity should allow for a
residual amount of energy to be dissipated in the limit by analogy with the Kolmogorov’s Oth
law of turbulence, see [9]. Mathematical study of the question of what this critical regularity
might be has been a subject of many recent publications centered around the so-called Onsager
conjecture, which states that for the pure Euler equation Holder exponent 1/3 gives a threshold
regularity between energy conservation and existence of dissipative solutions that do not con-
serve energy (see [6,4,2,12,1,5]). In this paper we address the same question in the context of the
full density-dependent forced system (1)—(3) with or without viscosity.

Let us recall that a weak solution to (1)—(3) is a triple (p, u, p) € LtofJ X L?’x x D' (D' is the

X
space of distributions) such that for any triple of smooth test functions (1, ¥, y), one has

/ pu - Yrdx

t
t
—//(pu~8slp+(pu®u):Vlﬂ+pdiv1//)dxds
0

Td x {5} 0 Td
t t 5)
:M//M-Awdxds—i—//pf-wdxds,
0 Td 0 Td
¢ t
/ pndx| = / / (A + (pu - V) dx ds, ©)
Td x {s} 0 0 T4

/u~Vy=0. (7)

Td
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In (5), we write A : B for Z?,j:l a;jb;j, where A = (a;;), B = (b;;). If p and u are smooth, then

using ¥ = u we readily obtain the energy balance relation:

t '
E(t)—E(O):—M/||Vu||i2(w)ds+//pu~fdxds. ®)
0 0

Td

In the context of weak solutions even in the class u € L2H!, such a manipulation is not feasible
due to lack of sufficient regularity to integrate by parts. This leaves room for additional mecha-
nisms of energy dissipation due to the work of the nonlinear term. In the case « = 0, due to time
reversibility the energy may also increase above the legitimate change resulting from the work of
force. Our main result provides a sharp sufficient regularity condition on (p, u, p) to guarantee
energy balance (8) to hold. We use Besov spaces to state our criteria as motivated by numer-
ous previous studies on Onsager conjecture, [4,2,7]. The definitions are standard and recalled in
Section 2.2.

Theorem 1.1. Let (p, u, p) be a weak solution to the density-dependent incompressible Navier—
Stokes equations on T, d > 1. Assume (p, u, p) satisfies

ueL*([0,T]; H(TY), 0<p <p<p<oo, and f € L*([0, T] x T%), )

1 1 1
p € L0, T); Bl oo). u € L°(10.T1: B ). p € LE(10.T1: B} ).
27

1 3
—4+>=1,be[3,00] (10)
a b

Then (p, u, p) satisfies the energy balance relation (8) on the time interval [0, T].

The assumption on the pressure in (10) is in natural correspondence to the condition on ve-
locity. In fact, it follows from the latter in the case of constant density (see Remark 2.4). Such a
conclusion, however, cannot be made in the density dependent case when the density has limited
regularity as ours. In general the pressure is only known to exist as a distribution. As the proof
goes we will see that the first line of assumptions (9) pertains to the control of the viscous and
force terms in the local energy budget relation, while (10) is used to control anomalous flux due
to the transport term. So, as a byproduct of the proof we obtain energy conservation condition
for the Euler equation.

Theorem 1.2. Suppose (p, u, p) is a weak solution to the density-dependent incompressible Eu-
ler equations on T with zero force, the same set of assumptions (10), and 0 < P=p=<p<oo.
Then the energy is conserved in time.

In the case when b = 3, we obtain the earlier obtained results in the homogeneous case,
see [2]. However, in this case one must assume a rather strong regularity on the density:
pE B;O/?oo = C'/3, the usual Holder class. It is shown in [6] that Besov space u € B31/ 030 is sharp
to control the energy flux in homogeneous fluid. It is therefore not expected to be impfoved in the
above results. We also derive an extension to the density-dependent case of the classical Karman—
Howarth—Monin relation for the energy flux due to nonlinearity in the statistically homogeneous

turbulence. It suggests that any of the conditions in the range of (10) arise naturally.



3722 TM. Leslie, R. Shvydkoy / J. Differential Equations 261 (2016) 3719-3733

Finally, during the review period of this article, an alternative version of our condition ap-
peared in [8] that also applies to the compressible Euler system. Pertaining to the incompressible
case the result claims energy conservation under the conditions

ue B ((0,.T)x T, p,pue BE (0, T) x T%), p e LP"((0,T) x TY,
where15p,q§oo,0§a,,8§1,and%+é:1,%+#=l,2a+ﬂ> 1. Notice that when
p = q = 3 this gives a better base integrability, and with @« = 8 = 1/3 + ¢ (the result is likely to
be improved to 1/3 with vanishing cg-assumption on the LP pieces) it gives a weaker assumption
on u and p in space. It also requires no regularity on the pressure. However all of the above is
assumed in time as well, and also on the product pu. Therefore there is no direct inclusion in
either side between the results of the present paper and [8].

2. Preliminaries and preparations for the main theorem
In [2] it was shown that if u € L3([0, T'; B31/¢30 (R%)) N Cyw ([0, TT; L2(RY)) is a weak solu-
tion to the (homogeneous) incompressible Euler équations, then u conserves energy. The authors
define an energy flux I1p(#) describing the energy dissipated from scales associated to wave
numbers A, =27 for —1 < g < Q. To prove their result, they bound Iy () using the convolu-
tion of a sequence involving the Littlewood—Paley projections of the solution u with a localization
kernel; they conclude by noting that their bound tends to zero in the limit. We follow a similar
program in this section. After motivating our use of Besov spaces by generalizing the Kdrman—
Howarth—Monin relation to the present context, we recall the definition of a Besov space and set
some notation. Next, we derive an energy budget relation associated to the density-dependent
Navier—Stokes equations. Finally, we define localization kernels and present some estimates that
will streamline the proof of our theorem.

2.1. Kdrmdn—Howarth—Monin relation

Let us motivate the use of Besov spaces and the choice of regularity classes by ideas from
the turbulence theory. Our immediate goal is to extend the classical Karman—Howarth—Monin
relation to the density-dependent case, see [9]. Let us suppose that our fluid reached a state of
fully developed turbulence in which statistical laws with respect to an ensemble average (-) are
independent of a location in space where are measured.' In order to measure how much regularity
is needed to control the energy flux we derive a formula for the physical space energy flux due
to the nonlinear transport term defined by

1
() = Zaz(u(r + 0 -ur)(pr+£6)+p@))T.

Note that it coincides with the classical flux in the case when p is constant, and it is symmetric

with respect to r + £, . Let us use the notation u; = u; (r), u; = u;(r +4£), 8; = Bir,-’ 0 = 337[
From the transport term in the momentum equation (1) we obtain
—4m(€) = (3 (p'uup)u;) + (p'u;dj (ujui)) + (3 (pu jup)ui) + (pu;d; uuy)). an

' The common term homogeneous turbulence may be misleading in our settings as our density still remains variable.
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Note that Bj(,o’u/ju;) = 8}(p’u’ju§), and (8}(p’u’ju§)u,') = 8;. (,o’u/ju;ui). Similarly,
(ou;d; (u’ju;)) = 8}(pu,-u’ju;). As to the two terms in the middle we first perform integra-
tion by parts. This can be justified by first averaging over the fluid domain T¢. Since the
ensembles are independent of r, this does not change the quantities. Then switching the
order of averaging, integrating by parts, switching again, and un-averaging produces the re-
sult. So, (p'u}d;(uju;)) = —(0;(p'u;)uju;) = —8} (p'ujuju;), and similarly, (3;(ouju;)u}) =
—(puju;d;(u})) = —8}(puju,~u§). We thus obtain

4 (L) = —8}(p’u/ju;ui) + 8; (o' ujuju;) + 8} (pujuiu;) — 8}(puiu/ju;). (12)

Let us denote §u(£) = u(r + £) — u(r), and similar for p. The expression on the right can be
shown to equal

—Vi - ((8(pu) - Su)du). (13)

This can be proved directly by breaking the above into individual terms and noting that

(p/u’iu;uﬁ = (pujuju;) are independent of ¢, and 8;(puiuiu’i) = 0 by the divergence-free
condition, and 8}(,0/ uiuiu;) =0 by the same reason after changing r — r — £. Applying the

algebraic identity §(fg) = %[(f + g + (g + g")8f] to (13), we obtain

1 1
() = —gvz ~(8pdu((u(r +£) +u(r)) - du)) — gVe A(p(r + 0 + p(r)dul*su).  (14)

This is a direct generalization of the classical Kirman—Howarth—Monin relation. We note that
is it seen from this relation that in order for the flux to vanish there are a few possibilities in terms
of distribution of smoothness and integrability between p and u. Given that p € L* is a natural
assumption, the last term vanishes if u is 1/3 regular in L3-sense. Then for the first term to vanish
one must also have u being 1/3 regular in L?-sense and p being 1/3 regular in L?-sense, where
% + % = 1. This leads to the use of Besov spaces and suggests that the set of assumptions (10) is
sharp.

2.2. Besov spaces via Littlewood—Paley decomposition

We follow the setup of [3] and [2] in defining the Littlewood—Paley projections of the func-
tions p, u, p. Fix x € C3°(B(0, 1)) such that x (§) =1 for |£] < % Define ¢ (&) = X(%) —x(&).
Define length scales A, = 29, and define ¢_1(§) = x(§), ¢4(§) = qﬁ(A;lS) for ¢ € N U {0}.
Then Z;’C’:_l @q = 1; in particular Z;’O:_l @q(k) =1 for all k € Z?. We do not distinguish
notationally between ¢, and its restriction to the integer lattice, but occasionally it will be
necessary to interpret ¢, in the latter sense. Note that ¢,, ¢ have disjoint supports unless
ref{qg—1,q,q9+1). Let F and F~! denote the Fourier transform and inverse transform for

T2 F()K) = fra f(0)e™ 278 dx, F1 (@) (x) = Yyega gk)e>™h.
Define the following functions:

hg=F'(pg). ho=F ' (x0p% N
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0
ug=F @gFuy=hgxu, usg= Y ug=F '(xOgl, )Fu)=hoxu,
g=—1
0+2 00
u~Q= Z uq, M>Q= Z uq.
qg=0-2 g=0+1

Write A := N U {0, —1}. The Besov space B;Yr('JTd) (s € R, p,r € [1,00]) is the space of
tempered distributions u whose corresponding norm, defined by

Il oy = | G Mgl cnaylgea, -
is finite. Clearly B;,F(Td) C B;,J,(Td) for s’ <s, p' < p, r’ > r. Furthermore, B ., C L* for
all a € [1, 00), s > 0. We define B;’ o (T9) to be the space of tempered distributions u such that
k; lugllzrcra = 0, together with the norm inherited from B;,, C><)(’]I‘”l). Note that this space

contains B;’,(Td) for all r € [1, 0c0). We will write Bf,’ , for Bf,! ,(']I‘d) unless the abbreviation
could cause confusion.

2.3. Derivation of the energy budget relation

Define E 1 (pu)ZSQ
efine E<o(s) := 2 f']l‘dx{x} p<0

Defining U = % and putting ¥ = U< in (5), we see that

dx, the energy associated to length scales A, for ¢ < Q.

t
2E5Q(S)|E) =//((,ou)§Q 05U+ (pu®u)<g : VU + p<odivU) dxds
0

t 1
—u//VuSQ:Vdeds~|—//(,0f)§Q~U.
0 0

On the other hand, we can rewrite the definition of E<g using the weak form of the density
transport equation. We apply (6) in passing from the first to the second line below:

15)

1 |
EEQ(S)K):E / p<U*dx =3 / p(UH<gdx
0
Td x {s} Td x {s}

t

0

t
1
5//(p&s(U2)5Q+(pu~V)(U2)§Q) dx ds
0

t
1
— 5// (PgQas(Uz) + ((pu)<p - V)(U2)> dxds
0
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t
= / / ((p”)SQ <0sU + ((pu)<p ®U) : VU) dxds.
0

Subtracting the result from (15), we obtain the energy budget relation at scales g < Q:

t

1
ESQ(t)—ESQ(O)zjl_IQ(s)ds—SQ(t)-{-f/(Pf)sQ~deds. (16)
0 0

Here I g (s) is the flux through scales of order Q due to the nonlinearity and the pressure, defined
by

l'IQ=/FQ(p,u):Vde—i—/pSQdidex, 7
Fo(p.u) = (pu®u)=g — U ® (pu) <. (18)

and ¢ and fot J(pf)<o - Udxds represent the energy dissipation due to heat loss and the ex-
ternal force, respectively, at scales g < Q. Now ¢ is given by

t
SQ(t)zu//VuSQ:Vdeds.
0

Also denote
t
e(t)=u/ IVull3 ds.
0

We aim to show that for appropriate (o, u, p) and all ¢ € [0, T], we have (as Q — oo) that

E<o(t) — E(), [y g(s)ds — 0, eg(t) — &(t), and [y [(pf)<o - Udxds — [y [ pu -
f dxds. These convergences will immediately imply that (8) holds for (p, u, p).

2.4. The localization kernel and estimates on the Littlewood—Paley projections

Leta,b e [l,00], s € (0, 1], and let f be a real-valued function. Define the following:

\) )"X_l’ q = O’ \) s \) - A s
K;= { W g0 dadD=Xels Do = Zl Koy gda.q(f)-
q=—

We can define these expressions analogously for the vector-valued f. Note that in view of
summability of the kernel we have

limsup D, ,(f) ~limsupd;, ,(f) (19)
g—>00

Q—00

where the similarity constants depend only on s.
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t

Proposition 2.1. For f € B} g€EB a,bell,o0], s,t € (0,1), we have the following

a,oo’ b,00’
estimates:
5t g 1 1 1
1(f8)=0 — f<08=0llc Sy’ "D} o (D} o(8), E=;+E, (20)
1(f8)<0 — f<08<0lla Shy’ Dy o (Hliglles 21
IV f<olla Sf\lg_sDZ,Q(f), (22)
I f-olla < 4g’ D o (f)- (23)

Remark 2.2. Let us note that (21) is still meaningful when s = 1. However, in this case, the
kernel is not localized in the region ¢ > 0, which meets finitely many terms in the convolution D.
Nonetheless, uniform bounds on the convolution would be applicable under stronger summability
assumption on Littlewood—Paley components of f. For example, when ¢ =2 and f € H! we
clearly have

D} o(f) <1 flla-
Proof. Since
ho* f = f<o, /.EQ(}’)d)’Zl,
we can write
(f&)<0 — f<08<0=ro([f.8) — [~08>0,
where
ro(f.8) = / ﬁQ(y)(f(- =)= (Nt —y) —g)dy. (24)

Therefore, to prove (20) it suffices to estimate ro (f, g), f~ 0, &> ¢ appropriately.
We can write

Ifsolla <2g" Y xp 2illfalla=25" Y K ydis ,(f) <hg’ Dy o(f).
q9>Q q9>0Q

This proves (23). The same reasoning yields [lg-=olly < )\g D,’LQ(g), and by Holder,

I f>08=0llc <45 " Dy o(fID} o(8).

Next, we have

1
IfgC =) = fqOlla= /(qu)(- —0y)-ydo| <YV fglla S1yIAgll fola- (25)
0

a
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We use (25) for g < Q in the following estimate:

LFC=2) = FOla Shg” D2 = = £3Olla+2g" D Aplfa¢ =) = f4Olla

q=0Q 9>0Q
1 1
Sap Y At T g flla +AgT Y A2l fyla
q=Q q>0
1— _
=g 91 D Ko_gdi g () 25" D Ky gds o (f)
9=0 9>0Q

< (olyl+DAry" Dy o ().

Clearly [|g(- —y) — g llp < (Aolyl+ l)kg DZ,Q(g), by the same argument. Now we can easily
estimate ro (f, g):

Iro(f, g)llciflﬁg(y)lllf(-—y)—f(-)llallg(~—y)—g(~)||bdy

< ( / Ho()I(holyl + 1>2dy) o' Dy 0 (D} o(8)

SAg DY o (D] o ().
This proves (20). The proof of (21) follows the same lines, except we apply [1g>0lloo < lI8llco>
and [|g(- —¥) — 8()lloc <2llgllco- The latter results in the term (Ag|y| + 1) with power 1 inside

the h p-integral, which is also bounded uniformly in Q.
Finally, we write

IV f<olla Sre™* Y 2 IV fglla Shg ™ D w5 25 gl fyla

q=0 q=0
D Kpydig(N)<hg Do) O
0—q>0

Proposition 2.3. Let f € B} ., 8§ € By ., a,be[l,00], s €(0,1), ; 1 —+ . Then

b,00’

IV(f®)<olle Shg (D o(Dligls + Db o @l flla)- (26)

Proof. First, notice that if p or r is greater than Q + 2 and |p — r| > 2, then the Fourier support
of fpgr lies outside the ball of radius Ap41 centered at 0. In particular, (f,g-)<o vanishes.
Therefore

(f®)<0 =(f<pr28=01)<0+ Y.  (fp&)=0.

max{p,r}>Q0+2
lp—r|<2
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so we have

IV(f@)<olle IV (f<08<)lle + IV (f~08<0+ f<0g~0)lc+ D IV(fpg)=olle. 27)

p.r>0
|p—r|=<2

We estimate each of the terms on the right side of this inequality. First, we have
IV(f<08<o)lle = IV f<ollaligls +1IVg<ollpll flla
Sy (D5 o (Hglls + D (@)1 £ la)- (28)
Next,

IV (fr0g<0)lle SV feollallgls + 1V2<olloll £lla
g (D5 o(DIgly + D5 (@)1 f1la)

where we note that |V f<olla ~ )»{Qﬂ sz,Q( f) and use (22) in order to obtain the second in-
equality. We can estimate || V(f<pg~0) |l similarly, concluding that

IV(f~08=<0 + f<08~0)lle Shy (D} o (Niglls + Dy o (@1 fla)- (29)

By differential Bernstein’s and Holder inequalities we have

IV(fpgri<olle S kol fpllallgrlo-

Using this we obtain

IV(fpgr<olle Srp ™ Y Ao Al follaligls < ag DS o (Hliglls.
0—q q .0

p.r>Q p>Q
lp—r|<2

Combining this estimate with (27), (28), and (29) immediately yields the desired statement. O

Remark 2 4. One can also show (by a proof nearly identical to the above) thatif f, g € B} ,,N LY
with 1 + 3 =L and a, b € [1,00], then [V (fg)<ollc 5)»1 *(D o(Hliglly + Dy Q(g)llfllb)

Remark 2.5. Recall the following result for the classical Navier—Stokes equations (i.e. (1)
and (3), with p =1, f =0): If (u, p) is a weak solution, with u € C* for some « € (0, 1), then
p= A~ divdiv(u ® u)) € C¥. We can generalize this result using Proposition 2.3: Assume
ue B’ with a € [2,00] and s € (0, 1); then p € B Indeed, we have

a,00° aj2,00°

2 lpollaz ~ 25" "Nl diviu @ w)gllaja < (DS o).

This observation motivates our integrability assumption on p in Theorem 1.1.
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3. Estimates on the flux

First, we give a decomposition of Fg(p, u) which is more conducive to estimates. In order to
do so we define, in analogy with (24), the quantity

ro(p,u,u) Z/%Q()’)[P(x =) = PpM]ulx —y) —u()] @ [ulx —y) —ulx)]dy.

Lemma 3.1. Fg(p, u) can be written as

Fo(p,u)=rg(p,u,u)
1
- E[(pu)gg — p<ou<0l ® [(pu)<gp — p<pu<gl + p>gus>0 Quso (30)

+2Sym([(pu)<g — p<ou<gl ®u=g)+pl(u @u)<g —u<g Qu<gl.
Proof. We can write

ro(p,u,u) = (pu®u)<g —2Sym[(pu)<g Q@ u] + p<ou @ u — pro(u, u)
= (pu ®@u)<g —28ym[((pu)<p — p<ou<p) @ u]
+p<gURuU—u<g@u—uQu<g) — prou,u)
= (pu ®u)<g —2Sym[((pu)<p — p<ou<g)  u]
— P<QU<Q ®U<Q + p<l=g Ol — pro(u, u)
= (pu®@u)<g —2Syml((pu)<p — p<git<0) Ul = p<gui<p OU<g
—plu®@u)<g —u<p ®u<gl—p>ou>0 usg,

where Sym denotes the symmetric part. Therefore

(pu®@u)<g =ro(p,u,u) +2Sym([(pu)<g — p<ou<pl @ u)
+olu®u)<g —u<g®u<gl+ p<git<g U< + p>gli>0 BUsg.
Since we also have

(pu)<g ® (pu)<g _
P=0 P=0

[(pu)<p — p<pu<0l ® [(pu)<p — p<pu<p]

+2Sym([(pu) <o — p<gu<pl®u<p) + p<ou<0 ®u<g,
subtracting the right sides of the last two equations gives the desired representation. O

Theorem 3.2. Assume that 0 < p < p <p < 00 and that (p, u, p) satisfies

1/3 1/3 1/3 13
peBil. ueB) peBy . ~+ =1 bel3.c0l. 31)

Then the flux Tl defined by (17) tends to zero as Q — 0.
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Proof. Clearly
||"Q(,0,M,M)||b/2,S/|EQ()’)|”M('—}’)_”(')”%d}”

and we can follow the proof of Proposition 2.1 to conclude [|rg (0, u, u)|lp/2 S 2/ (Dm (n))>2.
Using (21), we can estimate

”—[(pu)<Q p=oit=0] ® [(pu)<g — p<Qu<Q]H <p70. P Dyl )

(D ())

Using || p>glleo <0 and (23), we get

—2/3,11/3
losous0 @u=0llp2 SA r (D/ (w))*.

Combining (21) and (23) yields

Il(p) <0 — p=gu=pl ® u=glln2 < ("> DS WB) (g Do ) < 3.7 (D5 ).

Finally,

= 1/3 — 1/3
Il @ u)<g —u<g ® u<ollloa < A3 (D5 ) < 1723(Dy/ 5 w)?.
Therefore,

—2/3, ~1/3

IFo(p, wlloy2 S kg™ (D5 @),

We also have VU = pleV(pu)SQ — ,on(pu)SQ ® Vp<g. Write % + % = % Then using
the two Propositions of the previous section, we estimate:

1/3

2/3
IVUlle S IV(pw)<glle + lloullslVo<olla S 4o (D, (P)Ilullb+D (u))~

Therefore

/ Fo(p.u): VUdx < (D5 )*(D,/5 (o) lulls + DY/ ). (32)

Next, we deal with the pressure term. Note that by (7), we have

/pSQdiVdez—/fog~(U—M§Q)dx-
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So

/pSQ divUdx S IVp<glls2ll(pu)<o — p<gu<glle
Td

2/3 pl/3
SAo Dy

()22 (0) DY) = DL (DY S DY o (p).

Thus

1/3

mm<D“w{I”w( o lully + D,/ @) + D, wwﬁgwﬁ

In view of (19) and our assumptions on p, u, p, the bracketed term in each estimate is uni-
formly bounded in Q, while D;’/ é (u) tends to zero as Q — oo. Therefore limg_, o [Tg =0, as

claimed. O

Note that we obtain Theorem 1.2 as a Corollary: By Theorem 3.2, as well as (19) and the
Dominated Convergence Theorem, we have

t

ESQ(z)—ESQ(O)zan(s)dsQii"o.
0

Now we prove Theorem 1.1:

Proof. As noted above, we have fot IMo(s)ds — 0. It remains to show &g (t) — &(t) and
fo [(pf)<o-Udxds — [y [ pu- fdxds. So, let us make the following observation:

/VMSQ:Vde:/VuSQ:V(U—MSQ)dx-I— [Vu<oll3.

Clearly,

t t
/||VuSQ(s)||§ds—>/||W(s)||§ds.
0 0

Next,
/VMEQ VU —u<g)dx =— / Au<g : ((pu)<g — pEQqu),o;lex.
Using (21) and the remark following Proposition 2.1 we estimate

< Au<glirg lullgllpllocp ™"

'/A“<Q (o)< — p<u=0)P=pdx



3732 TM. Leslie, R. Shvydkoy / J. Differential Equations 261 (2016) 3719-3733

Then

1/2

lAu<glirg' < | 332 5 1Vuyli3
9=0

Since the latter vanishes as Q — oo a.e. in time and is uniformly bounded by the dominant
H'-norm of u we obtain

1/2

t t
—1
/HAuSQHzAQ lull grds < |ull g2z /ng_anqngds — 0.
0 0 q=Q

Finally, the convergence fot [(pf)<p - Udxds — fé [ pu - fdxds is rather straightforward.
Indeed, write

pf -u—(fH<o-U=f —(of<pu+ (of)<o —U).

Note thatu, pf € L? ., hence (pf)<g — pf strongly in L? ., and hence [(pf — (pf)<p)u — 0.

t,x° t,x°
Similarly, u — U = ﬁ(PsQ“ —(pu)<p) = ﬁ(pSQuSQ —(pu)<g) +u-p.Again,u.g — 0
in Ltz’x, while for the difference p<gu<g — (ou)<g we canuse (21) with s = 1, a =2 to conclude

that it also tends to zero in Ltz‘ - This finishes the proof. O

Remark 3.3. Let us discuss a few extensions. First, one can see from the proof that the full
strength of the integrability in time assumption on u was not used. Rather, the hypothesis u €

Lb0,T; B;fo) can be replaced by the weaker assumption that

T
lim /A2/3||uq||2ds —0.
q—0
0
This is equivalent to a space—time averaged increment condition
. 1 b
vlgﬂ)lyl—bﬂ lu(x +y,t) —u(x,t)|”dxdt =0.

Td x[0,T]

Second, time integrability in (10) can be replaced with its own exponents

4 1
,peL?B;, , —+-=1 —+—=1.

;1 L1
€eL'B3 ., uecl?B}
p .00 ,00 a b a b

b,cq

DI o] —

Finally, it appears possible to extend the results to the system with density-dependent kinematic
viscosity u = u(p) with sufficiently smooth p. We leave calculations pertaining to this case to
future research.
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