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Abstract

In this paper, we consider a nonlinear evolution equation modelling the propagation of surface waves in
the shallow water regime of large amplitude, which is characterised by some cubical nonlinearities. First,
we establish the local well-posedness in Besov space Bg / 12 . Then, we give a blow-up criterion. Finally, with
a given analytic initial data, we establish the analyticity of the solutions in both variables, globally in space
and locally in time.
© 2019 Elsevier Inc. All rights reserved.
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1. Introduction

This paper is concerned with an evolution equation which models the propagation of surface
waves in the shallow water regime of large amplitude [32]
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= % Quylyx + Ullyxy) — 896 (398uuxuxx + 45u® Uyyy + 154u° ) (1.1)

Here u(t, x) is the horizontal velocity, ¢ is known as the amplitude parameter and § < 1 is
the shallowness parameter. The equation (1.1) is characterised by the retainment of £282-term,
capturing the strong nonlinear effects induced by large amplitude waves, which once be neglected
reduces to the following Camassa-Holm (CH) type equation

452 782 £8? 5 12

ur+ux + Eguux - Euxxx - Euxxt = ? Quxtyy +ultyxy) . (1.2)
The prominent CH equation, for which the ratio of the nonlinear terms of (1.2) being 3:2: 1,
was first derived formally by Fuchssteiner and Fokas [21] as a bi-Hamiltonian equation and
later derived in the context of water waves as a model for unidirectional propagation of shallow
water waves of moderate amplitude by Camassa and Holm [5] (see also the alternative derivation
in [8,14,26]). The CH equation has been studied extensively in the last twenty years because of
its many remarkable properties: infinitely many conservation laws and complete integrability [5,
18], existence of peaked solitons and multi-peakons [1,5], well-posedness and breaking waves [3,
4,9,11-13,15,16,20,25], just to mention a few.

In the spirit of [26], Ronald Quirchmayr derived equation (1.1), exhibiting additional terms
with higher nonlinearities with the aim to describe large-amplitude waves in [32], along with
a study on the local well-posedness of the corresponding Cauchy problem for initial data ug €
H?3(R). Employing a semigroup approach due to Kato [27], the local well-posedness for equation
(1.1) was established for a class of initial data comprising less regular data ug € H*(R), s > %
in [34]. Furthermore, a blow-up criterion for solutions was presented in [32] and the traveling
wave solutions were studied in [23,28].

In this paper, we are devoted to investigate the local well-posedness of the Cauchy problem for
(1.1) in Besov space B, / . By virtue of the Littlewood-Paley decomposition, nonhomogeneous
Besov spaces and 1terat1ve method, the methods proposed in [15—17] have been applied with
success when studying the well-posedness of various shallow water wave equations in Besov
space (see for example [19,22,29-31,33]). While when dealing with the Cauchy problem for
(1.1) in Besov space Bg/ 12 , we encounter one main difficulty. That is the appearance of some
higher-order nonlinearities makes the estimate of the uniform bound of the approximate solution
difficult, which is well known to play a key role in the establishment of the local well-posedness
of shallow water wave equations in Besov space Bg/ 12. Roughly speaking, when recasting the
equation (1.1) in a form of nonlocal conservation law
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we find that the “coefﬁment” of uy is 5 443 7 — lﬁgz u?. Then the usual method to estimate the

term exp{f || 0x (2 7+ 7 £y — lﬁg u2)||31/2dt } is invalid as the simultaneous appearance of one
2,1

power term u and quadratic term u?. By a felicitous choice of the interval of the existent time



L. Fan, W. Yan / J. Differential Equations 267 (2019) 1705-1730 1707

T of the solution and applying the mean-value theorem for the integral to exp{, rt ||u||2B3 pdt'},
2,1

we obtain the constant bound e% of exp{C [ fl [lu ||23 ,dt'}, implying the usually fractional bound
2,1

of exp{ f 10, ( 2 7+ 38u — l?fg u?)| le/lzdt’}, and thus overcome this difficulty. This technique
: 2 .3

has been adopted to estimate the other high-order nonlinearities as u~, u”, u)zc and uu)zc The other
problematical issue is that the appearance of higher-order nonlinearities makes the proof of sev-
eral required nonlinear estimates somewhat delicate.

Another goal of this paper is to give a more precise blow-up criterion compared with the
one presented in [32], where it should be pointed that the equation (1.1) does not possess the
H'-norm conserved quantity. Finally, provided that the initial profile u( is an analytic function
on the real line R, we obtain the analyticity of the corresponding solutions in both variables, with
x € R and ¢ in an interval around zero. Analyticity is inherent to traveling water waves (see [10]).

We supplement (1.1) with the initial data

u(x,0)=uo(x), xekR. (1.4)

To introduce the main results, we define

3/2 3/2

LTy =C(0.T): By n (0. T1: B D).

The main results of this paper are as follows:

Theorem 1.1. Lef ug € B There exists a time T > 0 such that the problem (1.1) and (1.4) has
a unique solution in E2 1 (T). Moreover, the solution depends continuously on the initial data,

i.e., the mapping ® : ug = u is continuous from a neighborhood of ug € B, / into E3/2(T)

Remark 1.1. 1. We obtain the local well-posedness of equations (1.1) and (1.4) in the case B, /
However, this is not true in the case B, / in view of the proof of Proposition 4 in [16]. Notmg

that B, / — H¥? < B, / , One can see that s = 3/2 is the critical index. 2. Using the maximal
time of existence T* 1nstead of T, we can improve the formulation of Theorem 1.1 with the
time-interval of existence being [0, T*), T* € [0, c0) U {co}.

Theorem 1.2. Let ug € B, / and u be the corresponding solution to the problem (1.1) and (1.4).
Assume that T* is the maxlmal time of existence of the solution to the problem (1.1) and (1.4). If
T* < +o00, then

T*

f llux |2 dT = +00. (1.5)

Referring to the definition of the space Ey, in (5.1), we present the following analytic result.

Theorem 1.3. If the initial data uy is real analytic on the line R and belongs to a space Ey for
some 0 < sg < 1, then there exist an ¢ > 0 and a unique solution u to the problem (1.1) and (1.4)
that is analytic on R x [0, ¢).
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Remark 1.2. A rereading of the proof of Theorem 1.1 and Theorem 1.3 yields that there exists a
real analytic extension of u to (—¢, ¢€).

In the sequel, we will, for notational convenience, deal with the following initial value problem
with different coefficients, which implies the Theorem 1.1-Theorem 1.3 as the concrete values
of the coefficients have no impact on the results.

ur+ (14 u —u?)uy = P(D) f (u, uy), (L6)
u(0, x) = ug(x), '
with the operator P(D) = —0,(1 — 8)%)_1, and
f(u,ux)=u+u2+u3+u§+uu§. (1.7)

The rest of this paper is organized as follows. In Section 2, we give some preliminaries. In

Section 3, we prove the local well-posedness for the Cauchy problem (1.1) and (1.4) in Besov

space Bg/ 12. Section 4 is devoted to establishing a blow-up criterion. Finally, we study the ana-

lyticity of the Cauchy problem (1.1) and (1.4) based on a contraction type argument in a suitably
chosen scale of the Banach spaces in Section 5.

2. Preliminaries

For convenience of the reader, we recall some conclusions on the properties of Littlewood-
Paley decomposition, the nonhomogeneous Besov spaces and the theory of the transport equa-
tion. One may check [2,15-17] for more details.

Lemma 2.1. (Littlewood-Paley decomposition). There exist two smooth radial functions (x, ¢)
valued in [0, 1], such that x is supported in the ball B = {£ e R", || < %} and ¢ is supported in

the ring C = {£ e R", % <|E| < %}. Moreover,

VEER", xE)+) ¢ =1

q=0
and
Supp (24 NSupp $2°1 ) =0, if lg —q'| =2,
Supp x () NSupp p(271) =0, if |q|>1.
Then for u € 8'(R"), the nonhomogeneous dyadic operators are defined as follows:
Aqu=0, ifqg=<-2,

A qu=xDu=F"'xFu,
Au=¢Q27 D)= F ' $p(2718) Fu, ifq=>0.

Thus u = ZqZO Aqu in S'(RM).
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Remark 2.1. The low frequency cut-off S, is defined by

qg—1
Squ = Z Apu=xQ2 1Dy =% X(Z 1) Fu, VqeN.
p=—1

It is easily checked that
ApAqE(L |P“Q|22,
Dg(Sp—1ubpv) =0, |p—ql=5, Yu,veS'R"
as well as
Aquller < llullze, Squllr < Cllullr, V1<p=+o00
with the aid of Young’s inequality, where C is a positive constant independent of g.

Definition 2.1. (Besov spaces). Let s € R, 1 < p < +o00. The nonhomogeneous Besov space
B, .(R") is defined by

B, ,R") ={feS'[R"): 1By, =127 Ag fllrry = 1P NAG fllLr)g=—1llir < 00}
In particular, ByY, = (\;cg B, »
Lemma 2.2. Lets € R, 1 < p,r,pj,rj <00, j=1,2, then:

(1) Topological properties: Bf,’ , is a Banach space which is continuously embedded in S'.
(2) Density: CX° is dense in Bs’r S 1<p,r<oo.
1 _ 1

(3) Embedding: B, ., sz n U i pr < prandry <r.
(4) Algebraic properties: ¥s > 0, By, . N L* is a Banach algebra. B), , is a Banach algebra <

BS —> ¥ &5 > % or(s> % and r = 1). In particular, B21/12 is continuously embedded

in Bl/2 N L* and Bl/ N L*° is a Banach algebra.
6) I-D Moser—type esnmates
(i) Fors >0,

I fglisy, = CUflsy, gl +1glBy, I1flLe).
(i) Vs < % < sy (s$p> % ifr=1)and s1 + 52 > 0, we have

1 /85, < CIFllgy, gl g,

(6) Complex interpolation:

A1l gl = 116 B, gl 32 , VfeB),NBZ,, Voe[01].
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(7) Real interpolation: YO € (0, 1), 51 > 52, s =051 + (1 — 0)s», there exists a constant C such
that

Cc()
||u||"v1 [1lee 32 Vue B,
sy

<
el | <
In particular, for any 0 < 6 < 1, we have that

leell g1/2 = IIMIIB__Q < C(9)|IMII9 % luell 575 - 2.1

2.1 2,00 2,00

(8) Fatou lemma: if (uy)yeN is bounded in B;,r andu, — uin S, thenu € Bj” and
lullgy, < timinf 5,

(9) Let m € R and f be an s™-multiplier (i.e., f :R" — R is smooth and satisfies that Vo €
N", 3 a constant Cg, s.t. |3 f(£)| < Co(1 + |ED™ 1 for all £ € R™). Then the operator

f (D) is continuous from B‘Y ) BS_’".

-1

(10) The paraproduct is contmuousfrom B /‘" X (Bl/p N L) to BI:I]/‘", ie.,

“ip <C iy 1/ .
1780 55100 = CIF Ny v e

(11) A logarithmic interpolation inequality

LW gree

Nfllp <ClFI pyp In(e + ———)
Bp,l Bp.oo ||f||Bl/p
p.co

Lemma 23.Let 1 < p,r <00 and s > —mln(1 1 - l) Assume that fo € Bp,, F e

L0, T; By,) and v belongs to L'(0,T; B3SY) if s > 1 + L or 10 L0, T B)/F nL™)

otherwise. If f € L*°(0,T; B‘I‘,,r) NC(0,T]; S’(R)) solves the followzng 1-D linear transport
equation:

(D

fi+vfi=F,
fli=o = fo.

then there exists a constant C depending only on s, p, r such that the following statements hold:

1) Ifr:lors;él—l-%, then

Ifliss, <l follss, + [IIF(T)IIBf dr+C/V’(r)llf(r)llB;Yrdr,

or
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t

1/ lss, <eV Ol follsy, + / e VOIF(1)llpy, dT) (2.2)

por —
0

holds, where V (t) = [, Iox (Ol e d if s <14 % and V(1) = [, lvx (D)1l g1 else.
@) Ifs <141, ffe L™, fr € L¥((0,1) x R) and Fy € L'(0, T; L), then

If OBy, + 1 x @Iz

t
< O follmy, + 1 forlle + f e VOUF @8y, + I1F(D)lx1dT)
0

with V(6) = [5 oDl grype, oo dT.
Q) If f =, then for all s > 0, the estimate (2.2) holds with V (t) = fot lvg (T) ]| LoodT.
@A) Ifr <oo, then f € C([0,T]; B[S,’,). Ifr =00, then f € C([0, T]; B;,/,r)for all s’ <s.

Lemma 2.4. (Existence and uniqueness) Let p,r,s, fo and F be as in the statement of
Lemma 2.3. Assume that v € L (0, t; B3 )forsomep >land M > Q0and v, € LY(0, T; BS 1)

1fs>1+—0rs—1+—andr—1andvx€L 0, T; BI/P ﬂL°°)1f<1+— Thenthetrans—

port equation (T) has a unique solution f € L*°([0, T]; B ANy, CAO0, TT; Bs 1) and the
inequalities in Lemma 2.3 hold true. Moreover, if r < 00, then we have f € C([0, T] BS

Lemma 2.5. ([16]) Denote N = N U oo. Let (v(”))neﬁ be a sequence of functions belonging to
C(0,T]; B217/12). Assume that v is the solution to

dv®™ +a™ay ™ =

(2.3)
0™, = vg

with voeBZI,feL ©,T; B )andzhazforsomeaeLl(o, T),

sup 8,a™ (1)l , 12 S aln).
neN

If in addition a®™ tends to a®® in L'(0, T B ) then v™ tends to v° in C(0, T’ Bl/z)
3. Proof of Theorem 1.1
In this section we aim to prove Theorem 1.1 with the aid of the following six steps.
First step: Approximate solution. We use a standard iterative process to build a solution. Starting

from u© := 0, by induction we define a sequence of smooth functions (x),cn by solving the
following linear transport equation:
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{u§n+1) + (1 +um _ (u(n)) ) (n+1) P(D)f(u(") u(")) 3.1

w00, ) = uf™ (x) = Sy 1u0.

Since S,y1uo belongs to B, by using Lemma 2.4, with the aid of induction, we show that for
all n € N, the above equation has a global solution which belongs to C(R™*, Bé";).

Second step: Uniform bounds. Applying (2.2) of Lemma 2.3 to (3.1), we obtain

C f3 13 ™) =dx (™)) 12dt’
1 B
IOl a2 <ee 2 Jluol g2

t .
C J7 182 @)= (@) j10dt’
—l—/e 21 [ P(D)f @™, ul)| ppdr. (32)
2,1

0

As P(D) is a S~ !-multiplier and by the fact that B;;l is a Banach algebra and B; B; rl,
we have that

IPD)f @™, u) gaa < I @) g2,
< S (1 e+ 1+ ) (3.3)
=2 By By B '
and
18, @™ — 8 (@™ 12 < € Nu™] 3 + Nu™%5, ) - (3.4)
By By By
Inserting (3.3) and (3.4) into (3.2) yields for all n € N:

(n+1)
u t 3/2
DO g3

6f0<nu<">(t )l 3/2+Hu<")(t )\@3/2) cf <nu<"><t )l 3/z+nu<"><t >\|23/2>
<e 207 uoll %/2+—f P21

x (nu(") gz + 125 + e ||;3/2> dr. (3.5)
s 2,1 2,1

Let us choose a T > 0 such that

1
T < ; (3.6)

3C <1 + 4luoll g32 + 16||“0||23/2>
21 By

and suppose by induction that for all ¢ € [0, T']
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2luoll 312

(n) 7
u t 3.
” ( )” 3/2 11— 4C||I/l(}|| 3/2t ( )

Indeed, one obtains from (3.5) and (3.7) that

t

exp{C / (n(u("))(r’)ngézﬂz + ||<u(">)(r’)||§;_/lz) dr')

T
t 2Cluoll 312 4C||Mo||23/2
<expf 2,1 + 2,1
a 1 —4Cluoll 32t (1 —4Cllugll 43/21")>
olgy; ol
T ’ y

dt’)

Ld(1—4Cugll pt)  ACHu0l2 (= T)
2,1 2,1

=exp{—= + }
2 a- 4C||M0||B3/2f’) a- 4C||M0||B;/12§1)2
1 —4C|luo @ T 4C||uo||23/zT
<ex _1 21 _"_ 2,1
- p{2 (l —4C||u0||B3/2t) q! —4C||u0||B3/2T)2
2,1

1 —4Cluoll g3t |
< exp{16C 4 T
p{16C [luoll” 532 9 —4Clluoll ‘/”)
2,1
1—-4C
||uo||B§/12T

1
—_— = )72, 3.8
(1—4C||uo||B3/zt) (3.8)
2.1

wl—

<e:

where the mean-value theorem for the integral has been employed with T < £ <¢. When 7 =0,
we have

wl—

e

-
(1 —4Clluoll g3r21)2
2,1

Cfo(\l(u(”))(t )l %/2+Il(u("))(l/)|\23/2) 7
e <

By

(3.9)

Then combining (3.7) and (3.8), we have

cf <||<u<">>(r>u 3/2+H(u("))(l)|\2;/2) 7 w - 3
—/ 2/ (fu® g2+ llu Pl s 2)dT
s 2,1 2,1

e lluoll 372

- (1 —4Cluoll 3/21)1/2

/[(1 ACT ol o)

2
2C||ugl| 4372 4C|luoll* 5/
C [ OIIBZ/1 B

+ + '
(1 =4Clluoll 32y~ (1 - 4C'||140||B§/12T)2 (1- 4C'||140||B;/12T)3
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1
e3|lu 3/2
I O”Bz,/l

= (L= 4Clluoll z20)'
2,1

’ c 2C o]l 12 4C ol
X dt
o/ (1—4C||u0||B§»/12T)1/2 (1 —4Clluoll 3/2T)3/2 (1 —4Cuoll %/N)S/z
1
3
_ e IIMollBi/lz
(I —4Clluoll g320)'>
2,1
! 4C||“O||23/2t
= 73 + (1 —4Cluoll gpp) ™| + o
(1 =4Cluoll y3262)" 21 o (1= 4Cluoll 53283)
€3||M0|| 32 |
- (1—4C||u0|| %/21‘)”2 (1 —4Cluoll g321)1/?
2,1
€3||M0|| a2 CcT 4C luoll? 3/2
, (3.10)

(1—4CIIu0|| %/2)”2 (1_4C””0”B§/12t)1/2 (I —4Clluoll 3/2t)5/2

where the mean-value theorem for the integral has been employed with 0 < &>, &3 < ¢. Inserting
(3.9) and (3.10) into (3.5), we get that

. 3ol v 4C ol T
™20, 3/2_— 1+CT + :
1 —4C]uoll %/zt (1 —4C||140||B§>/12t)2
e%||u0||B;/lz 4C||”0||2;/12T
<—F— | 14+CT + .
L —4Clluoll g2 (1 =4Clluoll 53272
e lluoll 5372

<2 (14 CT 4+ 16CT
= 1—4Clluo| 3/zt< luoll? B

4 1
3% lluoll g3r2 2lluoll 532

=< < . (3.11)
1 —4C||u0||B3/zt 1 —4C||u0||B3/2t
2.1 2.1

Thus, (u"™),cy is uniformly bounded in C ([0, T1; B;’/f). Using equation (3.1), one can eas-
ily prove that (3;u"),cx is uniformly bounded in C([0, T; le’/lz). Consequently, (u™),en C
C([0.T%: B nC'((0, TL: B,D).
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Third step: Convergence. We first show that ™), en is a Cauchy sequence in C([0, T']; B2]/ 020),

then by using (2.1) we prove that (™), ey is a Cauchy sequence in C ([0, T]; B21/12). For (m,n) €

N2, we have
[3t + (1 Lyl _ (u(n+m))2) Bx] (uHm (4D
=_ [(u(n+m) _ u(n)) _ ((u(n+n1))2 _ (u(n))2>] e
+ P(D)[(u(n-i-m) _ u<”>) n ((u(n+m))2 _ (u(m)z) 4 ((u(n+m))3 _ (u(n))3>

+ ((u)(cwm))z _ (u)(rn))2> + (u<n+m)(u)(cn+m))2 _ M(n)(u)(cn))2)

=851(x, 1) + Sa(x, t). (3.12)
We define
wam = @ = u YOl i (3.13)
and
Wy (1) = sup wy,, (t) (3.14)
meN
as well as
w(t) = limsup wy, (¢). (3.15)
n—oo

We will show w(t) =0, for t € [0, T]. By (3.6), (3.7) and (3.9), we have that
lu™ )l g2 < 4lluoll 312 (3.16)

and
Cls (H(u(”))(t’)IIBa/z+H(u(”>)(t’)|\23/2>df'
e 2L 2/ <2, (3.17)

Then, by using (2), (3), (4) and (10) of Lemma 2.2 as well as BS/ 12 — 323/ 2N Lip and the above

o0
inequality we obtain

(n+1)

1
) _ oyt )”le,/ozo < Clu™ u(n)”le,/ozc”Lw i ”321_/0200”0
<C Lm0 2 D Y.
<C|| gyl g2 i

< Clu™™ —u ) gl o,
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I (@) = @) D) o

<l = gz D @O u ) e
< Cllg@tm — ™ AGaRY it g, )
=Cl 5172 ool ||321/12|| ||321(12

,00

= Clu™™ —u™ i (nu("*” [P P L ||u<”>||33512) ,
1P (D) (u<”+'"> - u“’)) g = 1™ = u®ll o < ™™ —u ™ 1,
1PD) (@) = ™)) e < @) = @)1
= Cl™™ =l g1 ol 1 oo
= Cllu™™ —u® 1 (uu("*m)nB;_/lz + ”“(")”Bi_/f> ,

1PD) (@) = @) g < @) = @)

2,00

< Cllul™™ = w2 [ud T +ul ) 12 o
2,1 2,00

< CH”SCner) _ M)(Cn)”B;;/2 ”u(ner) + u(n) ”33/2 .-
8 Nee)

< Cl|utm _ p (tm) u® ,

=C| ”Bz',/]z l ”B;/,Z + |l ”Bj/,z
1PD) (@) = @) ) | 11
<@ ) — @) -1

2,00
< Cllu™™ —u ™ i ) M@ 4 a4 @) o
2,00 2,1
(n+m) _  (n) (n+m) 2 (n) (n+m) (n) 2

<Clu u®ll gy (nu P O P TR PR ||B%z),
1PD) (1 @) —u® @)?) 12
S ||u(n+m)(ufrn+m))2 _ u(n)(u)(cn))2”B2_1/2

<1 (=) @ s (@) = @002 e

S C ||M(n+m) _ u(ﬂ) ”BZ_}/Z ” (u)(cn+m))2 ”le/2

2L
+Clla® (™ =) g e =

2
< Clu™™ —u® ) gl
. 2,1
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+ Clu ™ —u 1 (nu('” g2 el g+ e ||§%2)
<l —u®|l 2 (nu("*"’)u;%z N P R P ||u<”>||;;/12) :
We define
M = (13luoll 32+ 1)%, (3.18)
then we have from above inequalities and (3.16) that

151G 1)+ 2w, D)l 12
< Clu®™™ —u ™
2,1
1 1
R P P e P PO Y

(n+1) (n) (n+m) 2 (n) (n+m) (n) 12

M
< C=|lutm —y @) . (3.19)
2 By
Note that
n+m
+1+ +1
g™ =g g1 = 1 Surrmito = S0l gz =1 D7 Aguoll i
, ! ot !
. n—+m
=sup22¥ | Ac( Y Aguo)lp2
k=1 g=n+1
- s 27K23K | Ari A A1 A
= p k—1Dku0 + D1 Dol 72
n+1<k<n+m-+1

< sup 27523k Aol 2 < €27 uoll

n<k<n+m

(3.20)

B
Applying (2.2) of Lemma 2.3 and using (3.17)-(3.20), we have for ¢ € [0, T],
1 — 0 DY @) 12
2,00

2

C fo 1T+ @) =@+ @)2)| 3 dt’
e By NLip ” (u(n+1+m) _ u(n+1)) ” "
0 0 BZ,oo

<

t
Cf‘[t H(u(n+m)(t/)_(u(n+m)(t/))2)||83/2 L dt’
+/e 208y (x, 1) 4 S2(x, D 12 dT
2,00

0
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t
<CM2™" + CM/ 1@+ —u™)|| 1 d. (3.21)
2,1
0

Combining (3.20), (3.21), (3.13) and (11) of Lemma 2.2, we know that for V(n, m) € N2

Watm = 1@ — D)
,00

t
<CM 2—”+/ [+ —u("))||Bz|/lzdt
0

- @@+ — w3
-n (n+m) _  (n) 2,00
<CM |2 +/ Il (u u )||le/§o In|e+ G —M(”))||B1/2 dt
L 0 2,00
t
<CM|27"+ / Wy (7)In (e + )dr . (3.22)
Wn,m (1)
L 0
By (3.14) and (3.22), we have
p M
Wyl <CM | 27"+ / wy(7)In (e + )dr . (3.23)
wy, (T)
0
Letting n — +o00 in (3.23) yields
t M
w(t) < CM/ w(t)In(e + —)dr. (3.24)
w(T)
0
Because for x € (0, 1] and @ > 0, we have
In(e + 2) <In(e 4 a)(1 — Inx), (3.25)
X
inequality (3.24) can be rewritten as
t
w(t) < CM/ w(t)In(e + M)(1 —Inw(r))dt (3.26)
0

provided that w(¢) <1 on [0, T]. Using a Gronwall type argument (see e.g. Lemma 5.2.1 in [7])
yields w(z) =0 for ¢t € [0, T].

Now we claim that (u(”))neN is a Cauchy sequence in C([0, T]; le/lz). Using (2.1) of
Lemma 2.2, we have that ’
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L A (O

< CON@™ —u YO0 1@ —u @) 5

2,00 2,00

1-6
<CON@" T —y T, (T @ s + [TV @] 0
By % By By
< COEM)' @ —u ")),
2,00
=CcO(CM)' Pl @. (3.27)
For Vi € [0, T], m € N, we get from (3.27) that

limsup [|(u ™™ — u "Dy @) 12 =0.
2,1

n—o0

Thus, (u™),cx is a Cauchy sequence in C([0, T]; 321/12), whence (u™),en converges to some

limit u € C([0, T]; le,/lz)'

Fourth step: Existence and continuity of solution in ES/ 12 (T). Now we have to check that u be-
longs to E;{lz(T) and satisfies (1.6). Since (u"™),en is uniformly bounded in L*°([0, T']; B;{lz).
From (8) of Lemma 2.2, we have that u € L*° ([0, T']; B;/lz) From (1.6), we can easily prove that
u, € L*([0, TY; le/ 12). It is easily checked that u is indeed a solution to (1.6) by passing to the

limit in (3.1). Using similar proof to [15], we can obtain that u € E3'}(T).

Fifth step: Uniqueness. Uniqueness is a corollary of the following result.
Proposition 3.1. Let v, u be solutions to the problem (1.6) with initial data vy, ug, respectively.

Let w(t) := v — u. Obviously, w(0) := vy — uo. There exists a constant C such that if for some
T, <T

=C [y lox (w@=@@)?)ll 172 o7
sup |e 200 lwl g2 ) <1,
1€[0,T.] o0

then the following inequality holds true for t € [0, T,]:

IIw(l)Ilel/z <e , (3.28)

<1+c N0 (@@= @@ 12 oodr) (Ilw(O)II B2 )eXp[C’Z In(et+2)]
BzyooﬂL 2,00
e

where Z is defined as

2
Z= (13|IMO|IB§/12 + 13||vo||B;/12 + 1) .

In particular, if
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”w(o) ||B|/2 < el—exp[CTZln(e—i—Z)]’
2,00

(3.29)
then (3.28) is valid on [0, T].

Proof. Obviously, w solves the following Cauchy problem for the transport equation

w,+(1+u—(u)2)w

— (w4 wW+u) vy + P(D)[w + w + u) + w? + vu + u?)
+ Wy (Ux + tx) + Wx + uwy (Vy + Uy)

= 81(x, 1) + Sa(x, ).

(3.30)
Using (2.2) of Lemma 2.3 and (3.30), we have

C Jo 18 (u@=@@P) 172, 0T
lw®l gz < lw O 12 e 2

t
+f60f 10 (=Y 2 ol

15100 + $06.0)l 112, dT (3.31)
0

Following the proof of (3.19), we obtain

15106, + 80,0l 1z < CZlwll 1

(3.32)
Inserting (3.32) into (3.31) yields

C Jo I (u@— @), 12
lw®ll g2 < 1w g2 e

ﬂLOO

t
C L1 ty= ) 2
+CZ/ ||w||Bl/zdr
2,1
0

ﬁLOO

C fo 19 (u()—(u(x)) )H 1/2 dt
= lw©)ll 512 e

t
C J7 182 (u@)=@@)?)I B2 e
+CZ/e

lwll g3/2

||w||B|/2 In(e +
2,00

0

TR
w 1/2
32,/00

ﬂLoo

C fo 19 (u()—(u(x)) )H 1/2 dt
= llwOll 512 e

A R IR
+CZ/ ||w||B|/2
2,00
0
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VA
X In dr. 3.33
°F —C fo 19 (@) —(u(@’ ))2)H 172 r]Loodt/ ( )
¢ w172

Denote

=C s Woc (u O~ @@P) 12 o
W= g

Inequality (3.33) can be rewritten as

W) < W) 2 +CZ / W@ e+ Wi))df

=IWOI 42 + CZ/ W(r)In(e+ Z)(1 —InW(z))dr
2,00
provided that W(t) <1 on [0, ¢]. In light of the hypothesis and using a Gronwall type argument
yields

We(f) < (We(O) JeXPL=CtZ In(e+2)]

implying the desired result. (3.29) implies that (3.28) is valid with 7, =T7. O

Sixth step: Continuity with respect to the initial data in B, /

Proposition 3.2. For any ug € 82 | » there exist a T > 0 and a neighborhood V of ug in B, /
such that the map

P: {V c B} — C(10.T%: BD),

vy —> v solution to (1.6) with initial datum v
is continuous.

Proof. Motivated by [16], we prove Proposition 3.2 by using Lemma 2.5.

First step: Continuity in C([0, T]; 32 1 ) For ug € B, / and r > 0, we claim that there exist a

T > 0anda M > 0 such that for any u, € Bz/1 with ||u0 - “6”33/2 <, the solution u’ = ®(u)
’ 2,1

of (1.6) associated with u, belongs to C ([0, T']; 323,/12) and satisfies

!/
<
1 oo 0,7 8372y = M-
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Indeed, from

2ugll , 2
llu'll 3/2 <
1— 4C||u0|| 3/2[
we know that T < ——L~—— Thus we can choose
4Cllugl 372
2,1
1
T= . M =4uoll g3 + 4r.
2,1

C ((”MO”B;/]Z +r)+ r)

Then
1
T TARTE T
u 32 +r
0 BZ,]
and
2]|ug |l B2
/ I
ull 32 < <4||u 32 <M.
[ IIBZ,/1 < Wl = I OHBzﬁ <
1 _ 2,1

2(llugl y3/2+7)
2,1
Combining the above uniform bounds with Proposition 3.1, we infer that

D (ug) — PWoll, oo 7. pl/2 llug — uoll 412
0 Le(O0.T:B,75,) <eC(M+M2)T( BZOC)exp[ CTZIn(e+2)]

e e

provided that

||146 _"‘0”321/2 < el—exp[CTZln(e-i—Z)].
,00

In view of the uniform bounds in C([0, T]; B By 2) and an interpolation argument, we infer the

map & is continuous from 32/1 into C ([0, T]; Bl/z)

Second step: Continuity in C ([0, T]; B3/2) Let u(oo) 3/2 and (u("))neN tend to u(()oo) in B3/2

We denote by u™ the solution with the initial data u(") From the first step, we can find 7, M > 0
such that for all n € N, 4™ is defined on [0, 7] and

sup [l M.

I 32, <
L0, T:BY?) =
neN 21
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Thanks to step one, proving that # tends to #* in C([0, T]; Bg/ 12 ) amounts to proving that

v™ = 8,u® tends to v = 3,u> in C([0, T]; 821/12). Notice that v™ solves the following
linear transport equations

V2o = deul”,

:aﬂ,m) + (14 u®™ — @m)?) g 0™ = Fio,
with
f(ﬂ) =™ 4 (u("))2 + (u(n))3 + 314(")(14)(("))2
_Gx (um) F W™y 4 @™y 4 (u§">)2+u<">(u§”>)2),

where (1 — 32)~! f = G * f. Following the method in [27], we decompose v = vg”) + v;”)

with

iarvin) + (1 +u® — @™)?) a0 = Fo0 — oo,

v li=o = deuf” — dug™,

and
s + (14 u™ — @™)?) g 0" = fl),
03 1=0 = By
Since le/ ]2 is a Banach algebra, Vi € N, by using the S~2-multiplier property of (1 — 8)%)_1 and

st/ 12 > BZI/ 12, we can check that ( f M) ,en is uniformly bounded in C ([0, T']; BZ]/ 12). Moreover,

we can obtain the following inequalities
IF — 7O p < C (14 U™ an + 16 32) + (a1 sn + 16 32)?
BZ,I BZ.I BZ.I BZ.I BZ,I

X <||u(”) — u(oo)HB]/z + ||MJ(C") — M;OO)||Bl/2> .
2,1 2,1
Applying Lemma 2.3, one can deduce that

(n)
t
vy ( )||321/,2

C fo 18 (w (@) —@(@)?)| 1/2d7
<e P agug” — deug | e

t
C [y (@) =) rpde’
—i—C/e R = FOO pipde
2,1

0

C Jo Iox (@ =@@P)llyrpde

<e 2.1 3ul — 8,.ul™ 12
= (| 9x 0 xUg ”Bz,l
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t
C [ 10x (@)= @@ N 1/2d7
+C / ¢ (||u<"> —u g + e — ui°°)||31/z)
2,1 2,1
0
x (1 + N g+ 18 o) + A g + 1w ||B3/2)2> dr. (3.34)
2,1 2,1 2,1 2,1

Applying similar arguments as in [16] on p. 441 to (3.34), we have
A u™ = 3,u® in 321/12
We have completed the proof of Proposition 3.2. O
Summing up the above six steps, we get Theorem 1.1.
4. Proof of Theorem 1.2

The proof of Theorem 1.2 needs the following Lemma.

Lemma 4.1. [32] Let u(x, 1) € B/} be a solution to the problem (1.1) and (1.4) and T* be the
maximal existence time of the corresponding solution, then it holds that

1
lull g < ||“0||H13XP{C/ luxllzdz} for t €[0,T) 4.1
0

for some constant C.
With Lemma 4.1 in hand, we are now in the position to prove Theorem 1.2.

Proof of Theorem 1.2. Applying A, to the first equation of (1.6) yields
(8 + A+ u =) gu
= [u— u?, Aglogu + Ay P(D) (u+u2+u3+u§+uu§). 4.2)
By virtue of (2.54) on p. 112 in [2], we have that
34 2
1229 [w — u”, Agloxull 2|l

<C (n(u = )l llull vz + lluxll ol = ”2”33/5) : 4.3)

By (5) of Lemma 2.2 and the fact that P(D) is an S~ !-multiplier, we get that
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2 2
(e —u)xllLoellull g3z + Nluxllpoelluw — u=ll 32
By By

=CA+ [lullze) IIMxIILocIIMIIB%z + Clluxllz= (IIMIIB%z + IIMIILOOIIMIIBgflz)
=CU+ llullze) ””x”Loo”u”B;/lza 4.4)
and
IP(D) (u IS S uui) 532
<C| <u+u2+u3+u§+uu§) ||le1/12
<C (1 + lullzoe + lull oo + llull oo + ||”||L°°||ux||L°°) IIMIIBS/IZ- 4.5
Going along the lines of the proof of Proposition A.1 in [15] leads to

”“”33{12 < IIMOIIB;/]z
t
+ C/ (1 + lluell oo + [l Foo + el + ||“||L°O||ux||L°°) lell g2r2dT (4.6)
0

in view of (4.4) and (4.5). Employing Gronwall’s inequality combined with (4.1) and H les Lo,
we obtain

ul| .32
Il

2
< ol g exp | € [ (14 lullzms + luliE + iz + ull sl o) d

2
< ol gz exp | € [ (14 llullr + el + Daalzos + Dl s ) d

T 2 ’ T 2 ’
< ol gz exp | € [ (1 ol 0 Welioo” g € 5 1l

O"\N O\N O\N

T 2 ’
+ ety || Loo + ||u0||H1eCfo el oo dt 1y ||Loo)dr]. 4.7)

Now we prove the claim (1.5) by contradiction. If there exists a M such that

T*
/ lux |7 odT < M, (4.8)
0
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then we have
T*
[ stz < m
0

in view of the embedding L>(0, T*) — L'(0, T*) for finite 7* and get from (4.7) that

u(T) g3 < lluoll 432 %
(") g5 < ol
T*
cM 2 CM cM
exp [ € [ (1 Buoll e+ ol e+ sl + ol s 1 ) d

0

cM 2 cM
= lluoll p3/2 exp |:C (1 +lluoll gaze™™ + lluollys2e > T*
X . 2,1

T*
+C <1 + ||u0||B§/lzeCM> / ||ux||Lood1:i| < 400, 4.9)
. 0

which contradicts the fact that 7* is the maximal time of the existence of the solution. This
completes the proof of Theorem 1.2. O

5. Proof of Theorem 1.3

In this section, we are devoted to establishing the existence and uniqueness of analytic solu-
tions to the system (1.6) on the line R.

The proof of Theorem 1.3 needs a suitable scale of Banach spaces as follows. For any s > 0,
we set

ki ak
s“0%ul| g2
Es = :uecw(m Hully = sup ———L : .1

<
keN K/ (k+ 1)!

where Ny is the set of nonnegative integers. It is easy to verify that E equipped with the norm
I-Il is a Banach space and that for any 0 < s’ < s, E; is continuously embedded in Ey with

Meellsr < Meells- (5.2)
By this definition, one can easily get that u in E; is a real analytic function on R and what is
crucial for our purposes is the fact that each E forms an algebra under pointwise multiplication

of functions.

Lemma 5.1. ([24]) Let 0 < s < 1. There is a constant C > 0, independent of s, such that for any
u and v in Eg; we have

lluvlls < Clleells vl - (5.3)
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Lemma 5.2. ([24]) There is a constant C > 0 such that for any 0 < s’ < s < 1, we have
Nocuelly < =S llully, and || (1 — 82~ ]|, < Nully, [ (1 = 82)~ deu]],, < Null,-

— 5=

Theorem 5.1. ([6]) Let {X}o<s<1 be a scale of decreasing Banach spaces, namely for any s’ < s
we have Xy C Xy and ||-lly < II-ll. Consider the Cauchy problem

du __
iE—qumx 5

u(0) =0.
Let T, R and C be positive constants and assume that F satisfies the following conditions:

(1) If for 0 <5’ <s < 1 the function t — u(t) is real analytic in |t| < T and continuous on
|t] < T with values in X and

sup flufly < R, (5.5)
tI<T

then t — F(t,u(t)) is a real analytic function on |t| < T with values in X .
(2) Forany0<s’' <s < 1 and any u,v € X; with |lully < R, |lvll; < R,

sup |F(t,u) — F(t, v)lly < Sllu — vl (5.6)
|t|<T §—s
(3) There exists M > 0 such that for any 0 < s < 1
M
sup | F (2, 0)|ls < T (5.7
[t|<T -

Then there exists a Ty € (0, T) and a unique function u(t), which for every 0 <s < 1 is real
analytic in |t| < (1 — s)To with values in X, and is a solution to the Cauchy problem (5.4).

To prove Theorem 1.3, we need to show that all three conditions of the abstract version of
the Cauchy-Kowalevski theorem (Theorem 5.1) hold for system (1.6) on the scale {X}o<s<1-
Towards this end, we restate the Cauchy problem (1.6) in a more convenient form. Let u1 = u,
uy = uy, then the problem (1.6) is transformed in a system for u; and u5.

dur = —uz — 23 D) + 10, (u3) — 9, G * (uy + u?
+u3 +ud +uiud) = Fi(ur, up),

eur = Oy (—uz — urun + wdu) + (uy +u? + w3 +u3 +uru) (5.8)
—G *x (uq +u% + u? + u% + ulu%) = F(ui,up),

ui(x,0) =uo(x), uz(x,0) = ug(x).

Proof of Theorem 1.3. Let u = (11, u3), F = (F1, F>) in (5.8) and X be a scale of decreasing
Banach spaces defined as Xy = E; x E. Since the map F'(u1, u2) does not depend on ¢ explicitly,
we just need to verify the first two conditions of Theorem 5.1.
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Obviously, t — F(t,u(t)) = (F1(u1,u2), Fo(u1, uy)) is real analytic if  +— u(¢) and ¢ —
u;(t) are both real analytic. Hence, the verification of the first condition of the abstract theorem
needs only to show that for s < s, Fi(uy,us) and F>(u1,u;) are in Ey for uy,up € Eg. By
Lemma 5.1 and Lemma 5.2, we can get the estimates of F| and F; as

! 2, ] 3 2, 3, .2 2
1 Gur, u)lly = || —uz = = 8x uy) + 30:(uy) = 0x G+ (g +uy +uy +up +uyu3)
s/
2 3
=TTy (Illulllls + Meually + |||u1|||S)
2 3 2 3
+C ("'Ml”'s A+ Meer s+ Moer My + M2l + |||u1|||S|||u2|||S>, (5.9)

and

2
IF2Gur, u)lly = |0 (=2 = iz + 1)

s/

+ m(ul +ut 1] +uz +uruz) — G (wy + uj + +u%+u1u%)m ;
N

<

2
(Illuzllly + Meet s Meezlls + Mol I||u2llls)

s—s'

o+ C (ol + W 2+ et 13+ ez 2+ e M e ) (5.10)

We proceed to verify the second condition of the abstract theorem. Employing the triangle in-
equality and Lemma 5.1 with Lemma 5.2, we have

N F1(uy, u2) — Fi(vg, va)llly

=

1 1
(v2 = u2) + S0 (v — u) + 20 (] = v})

s’

+|

0.6 ((wn = v+ @d = oD + @] = o) + @3 = vd) + @i - vlvg))HL/
C c
< Clluz — vallls + mlllul = villsllur +villy + m”lul — vl

2 2
x <|||u1 s+ Meerlislvalls + vy |||S) ey — villy + Ml — vl llur + vills

2 2
+ ey — vl (Illul W5 + Meerlig Mol + g |||s) + lluz = valls lluz 4 valls

2
+ llur = villsllue2lly + Nz — vallsllvalls lluz + v2lls

llue — vl - (5.11)

s —s'

Similarly, we can show that

I F2(ur, uz) — Fa(ur, v2)lly < llee — vllx, (5.12)

s—s'
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holds. The conditions (1)-(3) are now easily verified once our system (5.8) is transformed into a
new system with zero initial data as in (5.4). This completes the proof of Theorem 1.2. O
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