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Abstract

We study a temporally third order (Moore—Gibson—-Thompson) equation with a memory term. Previously
it was known that, in non-critical regime, the global solutions exist and the energy functionals decay to zero.
More precisely, it is known that the energy has exponential decay if the memory kernel decays exponentially.
The current work is a generalization of the previous one (Part I) in that it allows the memory kernel to be
more general and shows that the energy decays the same way as the memory kernel does, exponentially or
not.
© 2015 Elsevier Inc. All rights reserved.
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1. Introduction

We study the energy decay of Moore—Gibson—Thompson (MGT) equation with a viscoelastic
term

t
Tugy + quy + > Au+ bAu, — / gt —s)Au(s)ds =0, (D
0
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with initial data
u(0) =uo, u; (0) =uy, uy (0) =uy, )

where 7, ¢, b are parameters inherited from modeling process, see [1] and references therein.
The constant o can be scaled out; we keep it, however, for notational consistency with [1].
A is a positive self-adjoint operator defined in a real Hilbert space H. The convolution term
fot g(t — s5)Au(s)ds reflects the memory effect of viscoelastic materials; the “memory kernel”
g(@) : [0, 00) — [0, 00) directly relates to whether or how the energy decays. Without this mem-
ory term, it is known the MGT equation has exponential energy decay in the non-critical regime,
where y = o — ‘QTT >0, see [1].

In an earlier work [2], we studied (1) with a nontrivial g(¢), but focusing on the case where
g(t) has exponential decay. We were able to get exponential decay of the energy for three types
of memories in the non-critical regime. Here we study the case where the memory kernel has a
more general decay rate. For the sake of clarity, in this work we restrict our attention to one of
the three types of memories introduced in [2].

Notations:

g(#): memory kernel.

G(t)= fot g(s)ds: strength of memory.

H': real Hilbert space.

[| - ||: norms on H.

goh2 [yg(t—9)lh(t)—h(s)||*ds, g(-) € C(RY), h(-) € H.

1.1. Main results

Our work shows that the energy decay rate of system (1), where memory effects get involved,
is determined solely by the memory kernel: if g(¢) decays exponentially, then the energy decays
exponentially too; if g(¢) decays slower, then the energy decays slower as well.

Assumption 1.1. Let G(t) = fot g(s)ds. We assume

1. g(t) € CI(R+), g(®)>0,g0) < bf—z}' and G(+00) < c2.
2. There exists a convex function H(-) € CY(R.), which is strictly increasing with H(0) =0,
such that

g'(t)+ H(g(t)) <0,Vt > 0.
3. Let y(t) be a solution of the following ODE

y' () + H(y(1)) =0, y(0) = g(0),

and there exists o € (0, 1) such that ylf"‘o(-_) e L1(Ry).

4. There exists § > 0 such that H(-) € C2(0,8) and x?H"(x) — xH'(x) + H(x) > 0, Vx €
[0, &8].

5. A satisfies ||u|| < rol||AY?u|| for allu € H.

6. y=oa— CZTT > 0.
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Remark 1.2. Comparing to the result in [2], here we do not require the convexity of g, however
£(0) has to be suitably small.

Theorem 1.3 (Existence of weak solution). Consider system (1). If
(o, ur, u2) € D(AY?) x D(AY?) x H,

then, under the Assumption 1.1, this system has a unique weak solution u satisfying
ueC'(Ry; D(AD) NCA(Ry; H).

Theorem 1.4 (General decay of energy). Under the Assumption 1.1, the energy of the weak
solution decays to zero. Moreover, there exists positive constants C, B, k such that

E@0) = Cy(Bt + 7).
1.2. Background

Moore—Gibson-Thompson (MGT) arises from modeling high amplitude sound waves. There
have been quite a few works in this research field due to the wide range of applications such as
the medical and industrial use of high intensity ultrasound in lithotripsy, thermotherapy, ultra-
sound cleaning, etc. The classical nonlinear acoustics models include Kuznetsov’s equation, the
Westervelt equation and the Kokhlov—Zabolotskaya—Kuznetsov equation. A thorough study of
the linearized models is a good starting point for better understanding the well-posedness and
asymptotic behaviors of the nonlinear models. Actually, the work [1] has shown, even in the
linear case, rich dynamics appear. In [3], Marchand et al. (2012) gave a detail analysis of this
equation; using the abstract semigroup approach and a refined spectrum analysis they settle the
well-posedness of (3) and identified an accumulation point of eigenvalues which essentially con-
nects to the exponential decay of energy. Kaltenbacher et al. [4] also studied the fully nonlinear
version of MGT equation and gave the well-posedness and the exponential decay.

In [1], Kaltenbacher, Lasiecka and Marchand studied well-posedness and uniform decays of
energy for the linearized MGT system,

T + autyy + 2 Au + bAu, = 0. 3)
A critical parameter y = o — "ZTT was disclosed. It has been shown in [1] that when y > 0, namely
in the non-critical case, the problem is well-posed and its solution is exponentially stable; while
y =0, the energy is conserved.
It is well known that the wave equation conserves mechanical energy. More specifically, con-
sider the wave equation

U — Au=0.

Multiply by u,, we have

d 1 1
mmutu% IVul|>) =0= E(1) = 5<||uf||2+ ||[Vu|[*) = E(0).
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Here we use E(¢) to represent the mechanical energy, the summation of kinetic and potential
energy. So the mechanical energy does not change when a wave evolves. On the other hand, we
normally see mechanical energy dissipates in a physical system due to certain damping mech-
anism.! A different viewpoint is, in order to force the energy decay, we have to inject damping
mechanisms into the system. In this aspect, there are different ways to implement the idea. One
way is to add viscous damping, also called frictional damping, into the wave equation. Namely,
taking into account the friction, we end up with equation in form of

un—Au—I—u,:O.

The energy estimate gives

d 1
mmum% [IVul|?) = —||u; > <0 = E(t) < E(0).

Obviously, the mechanical energy does not increase for sure; in fact it decays, at least when the
kinetic ||u;||? is not zero. Indeed, it can be shown, by standard Lyapunov function method, that
the energy decays exponentially [5]. Adding the structure damping Au; to the wave equation is
another way to obtain exponential decay of the energy. These topics are of great importance in
real applications and form an active research area [6].

What interests us here is a different damping mechanism caused by viscoelasticity, which
forces the appearance of memory term in a system. Viscoelasticity is the property of materi-
als that exhibit both viscous and elastic characteristics when undergoing deformation. It usually
appears in fluids with complex microstructure, such as polymers, suspensions, and granular ma-
terials. One encounters viscoelastic materials in biological science, materials sciences as well as
in many industrial processes, €.g., in the chemical, food, and oil industries. The phenomena and
mathematical models for such materials are more varied and complex than those of pure elastic
materials or those of pure Newtonian fluids, see [7].

In [2], we investigate the case where memory effects are incorporated into the model. It is well
known that memory generates stabilizing mechanism for second order wave equations. There is
an abundant literature on the topic, see [8—19], to name a few. The prototype model is viscoelastic
wave equation,

t
Uy — Au + / gt —s)Au(s)ds =0, 4)
0

where A is Laplacian defined on bounded domain with smooth boundary.

The convolution term fot g(t — 5).Au(s)ds represents memory: the integral itself suggests the
nonlocality in time; the system at present moment “remember” certain information in the past
history. This is a simplified one dimensional wave equation with memory. Like all the physically
meaningful partial differential equations, it is derived based on the balance laws of momentum
and/or conservation of mass, together with a constitutive equation relating stress to strain (elastic-
ity) or stress to rate of strain (fluids). For more information on the derivation of this 1-D system,

' Damping is the dissipation of energy, which transform the mechanical energy into another form, e.g. heat or light.
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we refer to Renardy [20]. On a detailed description on damping mechanisms, see [6] and the
references therein.

In the study of wave equation, an interesting phenomena is that, when two different kind of
damping terms appear simultaneously, despite the fact that both terms help the system dissipate
the energy, they do not necessarily accelerate the decay process. For instance, while the fric-
tional damping alone causes exponential decay; only polynomial decay can be reached when an
additional memory term presents itself with a polynomial kernel [21].

Natural questions can be raised based on the study of wave-memory system: What kind of
term creates damping effect in a system? How to select multipliers that can “detect” the damp-
ing? Does the damping term always help? Is it possible that adding a damping term “hurt” the
initial energy, in any sense? While the answers to these questions in case of wave with frictional
damping are relatively simple, they are not for the memory damping we introduce below. Fol-
lowing the wave-memory system, this work is part of the effort in understanding this damping
mechanism. To our best knowledge, this is one of the first few works that study the memory
damping in the context of a third order in time system.

In the rest of this section, we recall the results for MGT equation. In Section 2 we prove the
main results stated before.

1.3. Results for MGT
Consider the MGT equation (3),
Tug + oty + 2 Au + b Au;, =0,
with initial conditions
u(0) = ug, u;(0) = uy, usy (0) = us.

Here A is a self-adjoint positive operator on a Hilbert space H with a dense domain D(A) C H.
The initial data

(o, u1, uz) € H=D(A?) x D(A'?) x H.
We state the following results from [1]:

Theorem 1.5. (See Kaltenbacher et al. (2011), [1].) Let Tt > 0, b > 0, o € R, then the system (3)
generates a strongly continuous semigroups on H.

. 2
Moreover, introduce the parameter y = o — 5F, we have

Theorem 1.6. (See Kaltenbacher et al. (2011), [1].) Lett >0, b >0, a >0, ¢ > 0. Let

5 1/2 c? 2 c? 2 c? 2
Ei(t)=b||A (”t+;u)|| +T||utt+zut|| +ZV||ut||’

Ex(0) = allug|)? + 1AV 2,

and
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E@t) = E1(t) + Ex(0).

1. If y > 0, then the semigroup generated in Theorem 1.5 is exponentially stable on H. And
there exist w > 0, C > 0 such that

E(t) <Ce “E(0),t>0.
2. If y =0, the energy Ei (t) remains constant.

Remark 1.7. The MGT equation (3) can be rewritten as

2
c
T2 + bAz + Vit = VTut»

2 . .. . .

where z(t) = u; + %u. Since T > 0, b > 0, it is easy to see that, in the new variable z, (3) be-

comes wave equation when y = 0, hence no decay can be expected. This is exactly how MGT is
. 2

connected to wave equation through the parameter y = o — 5*. On the other hand, when y > 0,

(3) becomes a damped wave equation which intends to force exponential decay.

Remark 1.8. Theorems 1.5 and 1.6 were first proved in [1]. A different proof of Theorem 1.6,
which can serve a warm up for the current work, was given in [2].

Remark 1.9. In this work, we work in the non-critical regime (y > 0). Both the “frictional
damping” and “memory damping” are present in the system. It turns out that, while the frictional
damping alone causes exponential decay, we are only able to get a slower decay if a weaker
memory damping is added to the system.

From now on, we study MGT with memory terms and prove the main results stated before.
2. Proofs

Remark 2.1 (On the existence, Theorem 1.3). We omit the proof and focus on the decay part.
The concept of weak solutions and the corresponding functional setting are from [1]. The proof
can be completed by the standard Galerkin method. The key is a global energy bound, which is
a by product of the decay part proof below.

Proof of the general decay, Theorem 1.4. The proof is lengthy and quite involved. So we split
the proof into three subsections. In the first subsection, we derive the energy inequality. All the
later calculations are based on this estimate. However, we are not able to get decay rate out of this
continuous version of energy estimate, for it is not in a form applicable to Gronwall inequality. To
get what we want, we need two parts: 1. the discretized version of energy estimate developed in
[22], which essentially is a generalized version of Gronwall inequality; 2. the iteration technique
developed in [23], which can optimize the estimate in finite steps. In the second subsection,
we discretize the estimate, based on which we are able to get an “initial” decay estimate. The
decay rate here is not optimal. We improve the result in the third subsection through an iteration
process. The iteration can be finished in finite steps and we are able to get the optimal decay
rate. O
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2.1. Energy inequality

In this subsection we carry out the energy estimate in several steps. The goal is to get a dif-
ferential inequality in form of %E (t) = —R(t), where E(t) is the natural energy functional and
R(¢) is a positive function called damper: it forces E(t) to decrease and creates energy damping.
Generally, the expression of natural energy E (¢) looks sloppy, hence standard energy functional
F(¢) is defined and proved to be equivalent to E(¢). Namely there are positive constants Cy, C
such that C1E(t) < F(t) < C2E(t). As a dressed up version of E(t), F(t) usually makes the

calculations much neater.
Recall the equation

t
TUssr + Uy +C2Au +bAMt — / g([ — S)AM(S)dS =0.
0

Step I. Multiplying (5) by u;;, we have

d
B = —20a|[ue|1* + 262 A 2up |12 — 28 (1) (Au, uy)

t

+2/g/(l—S)(A(u(t) —u(s)), us (1))ds,

0

with
E(t) = [llu|* + bIAY2u, | 1?4 2¢* (Au, uy)]

t
—ng(t—s)(.Au(s),u,(t))ds.
0

Step I1. Multiplying (5) by u;, we have

d
B = —2b|J A2, | P 4 2t Juge | 1P + g 0 AV u — g ()| AV 2u)

with
Ex(t) = [*[|AY2ul* + allug |1 + 2T (uyr, uy)]
t

+goA1/2u—/g(s)ds||A1/2u||2.
0

Recall g o A'2u = [§ g(t — )|l AV 2u(t) — AY2u(s)|*ds.

®)
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Step I11. Define natural energy functional. Since y = o — czT’ > 0 is assumed, we can pick a k
such that

C2 o

—<k<—.
b T
Let E(t) = E1(t) + kE>(t) be the natural energy, we have

E(t) = b||AY2u,|)? + 22 (Au, uy) + k|| A ?u)?
2 o 2
+ Tluy + k|| +kr(; —K)||usll

+kgo A2y —kG@1)||AYul)?

t

+ 2/ gt — (A @) — u(s)), A%u,(t))ds
0

—2G () (Au(t), u; (1)), (6)

and
dE(t)+R(t) 0 ith
— =0, wi
dt
R(t) = 2(a — kT)Juge||> + 2(bk — )| A 20, | ?
+2g(Au, uy) + kgl| AV ?u|?

t

— 2/ gt — ) (Awu@) — u(s)), u;(t)ds — kg’ o A u. (7

0
Remark 2.2. The calculations appear to be lengthy. But two hints should make it less tedious:
1. since we are working on real Hilbert space, many calculations here are like algebras of com-

pleting square; 2. both E(¢) and R(¢) contain two parts, one part contains terms from the normal
MGT equation, the other stands for memory terms.

Remark 2.3. Although the calculations here are for arbitrary k € (%, %), we will need k to
satisfy an additional condition stated later, see Lemma 2.10.

Step IV. Define standard energy functional. Now denote the standard energy
F(@) =l >+ [1A2u, |2+ 1A 2ul? + g 0 A2,
we claim that

Lemma 2.4. E(t) ~ F(¢).
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Remark 2.5. Here F(¢) contains a memory term in form of g o A'/?u, contrary to the energy
functional defined in [2], which contains memory term —g’ o AY2y instead. This is the conse-
quence of us trying to eliminate the convexity restriction on g(#).

Proof. We want to prove that one is bounded by a multiple of the other.

E(t) = b||AY?u,|)? + 2% (Au, uy) + k|| AV u))?
o
+ Tlug + kue| +hr(- — )l

+ kg o Ay — kG (1)||AY?ul)?
t
+ Z/g(t — ) (AYu) = AYV?u(s), AV?u,(1))ds
0
—2G(t)(Au(t), us (1))
2 —G(r)

2
C
= TIIA”% + kAU )2+ (b — ;)HAV%HZ

o
+ T|usy +kuf||2+kr<; N amis

G(t
+ —li )||A‘/2u,||2 +kgo A2y

t
+2[g(t — ) (AY2u@) — AV?u(s), AVu,(t))ds.
0

Remark 2.6. The summation of last three terms is non-negative, since

t
2|/g(t—s)(.Al/zu(t)—Al/zu(s),Al/zut(t))dﬂ
0

t
szfga — VKA u(r) —A1/2u<s>|%HA‘%(r)Hds

0
t

1
< f g(t — $)[k||AY2u(r) — AYV2u(s)|)> + ;||A1/2ut<r>||2]ds
0
t

G(t
=kgo A u+ %HAI/%,H% with G(r) = f g(s)ds.

0
Remark 2.7 (Energy match). While we can guarantee the non-negativeness of the summation,
that is not sufficient for proving the equivalence of E(¢) and F (¢). For that purpose, we expect a
positive copy of g o A2y to come out. This can be done by energy match. The idea is to borrow
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a portion of || A%y, ||* from term (b — %)||.Al/2u,||2 and add it to term %lIAl/zutH? Then
through completing square, we obtain a substantial portion of g o A!/2u.

Split the term (b — 5)]1AY2u,] % to get

2 —-G@) 1 c?
E@t)= TIIA”% + KAV + 50— ;)HA”zutHZ

2 o 2
+ﬂWn+MMI+kd;—kMWH

1 2 G
-+ %JHA‘/MR + kg 0 A2

t
%/gU—SXAU%MQ—wﬂﬂu@vaﬂmaﬁd&
0

Pick a oy, so that 0 < op < k and G(ti) < [ b — k ) + G(')] This can be done since G (¢) is

finite and we can choose oq sufficiently small. Then by Holder inequality we have

Zh/gu——QQA”%MG——AV%AQ,A”%hUDdﬂ

G(@)

12,
k= )llA 1%

<(k—o00)g o A2y +
So

2 —G@) 1 c?
E(r) > TIIA”% + kAY2u))? + (b ;)HA”zuznz

2 o 2
+ﬂWn+hM|+kﬂ;—kmmH

1 2
F150 - S+ T P 4 kg 0 AV
G(t
— (k—o0)g o A Pu — & ())||A1/2 (P
2-G@ !
> cki()llftl/zm + kAU + S (b — CpHA“zutll2

o
+ Tug +ku,||2+kr<; — )l
+ 00g 0 AV ?u.

Since ¢ — G(¢) is strictly positive, we have E(¢) > C F(r) by Lemma 2.8 below.
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Lemma 2.8. Let Cy > 0. Then

IIf +gll> + Collgl* ~ I £1I* + l1glI*.
Proof. Note

1 Co
I1f +gl* + Collgll* = G 1£12 4209+ A+ Dllgl?

2

1 Co
1 — 2 2
H =g IIF+ el
: 1 Co
= Ci(If11 +11gl?), €1 = min{(1 = —-), =),
+3 2

The other direction || f + g||1Z + Collg||> < C2(|| f11* + ||g]|?) is trivial. O

On the other hand, it is easy to see

2—G®) 2
E(t) = TIIA”% +kAu|? + b — ;)HA%AF

(07
+ Tuyy +kut||2+kr<; M

G(t
+ —IE )||A‘/2u,||2 +kgo AV

t
+ Z/g(t — ) (AYu@) — AYV?u(s), AV?u,(1))ds
0

< CI|AY2u, + kAV?u)? + C|| AV 20, 2
+ Cllus + kug||> + Cllug |2
+ CI|AY2u, ) + Cg o AV?u

< Cllug|l* + Cllus|1* + CI|A2u, | ?
+ CI|AY2u|)?> + Cg o AV?u

<CF@)

because of the boundedness of g(¢), G(¢). The equivalence of E(¢) and F () is established. O

Remark 2.9. Obviously F(¢) is much simpler than E(¢). Indeed, we have cleaned up the cross
terms and the coefficients. Moreover, since ||w|| < Ao||.AY/?w]|| for all w € H, F(t) also absorbs
terms ||u, || and ||u||?.
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Step V. Analyze the damper. Recall

L ey =—R0)
dt o
with

R(t) = 2(a — kT)||ure|1> + 2(bk — A)||AY2u, || + 2 (Au, uy)

t
+ kg|| A 2u))? - 2/ gt — ) (Aw@) — u(s)), us;(t)ds — kg’ o AVu.
0

We claim R(¢) > 0 and hence E(¢) is non-increasing.

R(t) = 2(c — k)| |y ||* + 2(bk — ¢*)|| A2 ||
+ %HAI/ZW +kAl/2u||2 — %HAI/ZL{,HZ _kg'oAl/2u

t

— 2/ gt —)(AW@) —u(s)), u; (t)ds.

0
For the last term, we can pick a number § € (0, k) such that

t

—Z/g/(t — ) (A(t) —u(s)), us (t)ds

0

t
= 2/\/—g’(t —5)Vk — 8/ —g'(t —$)\/1/k — 8(Au(t) — u(s)), u; (t)ds.
0

t
1
<—(k—8)g 0 A u — mnA‘/zutnz/g’(t—s)ds
0

LAY 2u, |2

=—(k—8)g o AV + w

8

So

50
k
g(0)

+2(bk — ¢ — m)IIAlﬂu,Hz

R(t) = 2(a — ko) |Juge | * + =LA 2uy + KAV 20| ?

1 1
= 8g"0 AV 2ut (— = DA w7

7621
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Now, given the Assumption 1.1, by the Lemma 2.10 below, we can pick o > 0 such that
2(bk — ¢? — %) becomes strictly positive.

Lemma 2.10. [f 0 < g(0) < b:l—zy, then there are 0 > 0 and k € (%, 7) such that g(0) < (k —
o) (bk — c?), or equivalently, 2(bk — ¢* — £2) > 0,

Proof. Since g(0) < hf—zy =207 - ¢2), all we need is to show
k—o)bk—c?) — 2L — P ask— %6 -0,
T T T

which is trivially true. O

Thus there exists a positive constant C, such that

R(t) = Cs([fune]|* + 1A 2us | — g" 0 A 2u).

Obviously,

—g o Ay < CLR(t). (8)

o

This inequality will be used later, where we construct convex function and apply Jenson’s in-
equality. See Lemmas 2.16 and 2.17.
Moreover, integrate (7) on [z, T], we have E(T) + ftT R(s)ds = E(t). Hence

T
E(T)+ Ca/ el + [JAY2u, | * — g 0 AV?uds < E(1).
t
In particular
T
f Hotge 112+ 11AY2u, | — g’ 0 AV?uds < CE(1). 9)
t
What we expect now is

T
/ [1AY2u|>ds < CE(1).
t
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To achieve the goal, multiply (1) by u, we have

db
EE”AI/zu“z+C2||Al/2u||2

d T
= aflu,||* + %[Enutnz — Ty u) — g, )]

t
+ G| A ul)> - / g(t — $)(AY2(t) — u(s)), AY2u())ds,
0

which gives

T
(@ = G(t) — <G 1)) / LAY 2| Pds
t
T
< af el 5l P =, ) — g )11
t

T
1 b
+ E/gofll/zuds — §||A1/2u||2|tT.
1

By Assumption 1.1-1, G(¢) < G(+00) < ¢2, we can choose € so small that

(2= G@t) —eG(t)) > C. > 0.

Furthermore,
T T
/||u,||2ds 5/\%/ LAY, |Pds < CE(0),
t t
e 217 < IAY2u, 11 + A 2u (T < CE(0),
tges ] < gl I* + ul* < CE (1),
(s, u)|| < CE(2),
T
/g o A ?uds < CE(1),
t
hence

T
/ I|AY2u||?ds < CE(). (10)
t
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Now combine (9) and (10), we have
T
/HmAF+HA”%AF+HA”%H”—yoAV%MsSCan
t

Remark 2.11. Consider the special case where H(s) = cs, hence g’ < —cg, then we can get
exponential decay without going further. Indeed, since —g’ > cg, from the last inequality we have

ftT E(s)ds < CftT letge|)? + 1AV 2u, | 12 41| AYV2u) > — g’ o AY2uds < CE(t). By a generalized

Gronwall lemma, ftT E(s)ds < CE(t) immediately gives the exponential decay. See Lemma 2.7
in [2].

Remark 2.12. In this work, we assume memory kernel g(¢) has general decay rate, and we need
techniques that is more sophisticate. To do the decay estimate, we adopt the idea in Lasiecka, etc.
[22] and represent the decay by the solution of an ODE. For that reason we have to discretize the
energy inequality and apply a series of lemmas. The technique has been applied in [23].

Step VL.
The previous step implies

T
fnmAF+uA“%AF+HA“%MQSCan
t

So

T T
/E(s)ds §C1E(t)+C2/goAl/2uds

1 1
T T

=C1E(T)+C1/R(s)ds+C2/goAl/2uds.

t t
Since E(t) is non-increasing function of 7, we arrive at

T T
(T—t—C1)E(T)§C1/R(s)ds+C2/goAl/2uds. (11)

t t

Remark 2.13. We emphasize the fact that the starting “moment” ¢ is taken sufficiently large so
that the energy estimate can be carried out. Other than that, ¢ and T are arbitrary. The constants
C1, C; are independent of t and T'. As we shall see soon, the decay rate shall be discovered based
on the relations between each pair of the following integrals

T

T T
/go.A]/zudS e/(—g)/oAl/zuds <—>/R(s)ds.
1 '

t



L. Lasiecka, X. Wang / J. Differential Equations 259 (2015) 7610-7635 7625

2.2. Initial decay estimate
We introduce the Lemma 3.3 from [22], which is the cornerstone of the later calculations.
Lemma 2.14. (See Lasiecka & Tataru 1993, [22].) Let p be a positive, increasing function such

that p(0) = 0. Since p is increasing, we can define an increasing function q, q(x) =x — (I +
p)~Y(x). Consider a sequence s, of positive numbers which satisfies

Sm1 + PGmr1) < Sm.

Then s, < S(m) where S(t) is a solution of the differential equation

d
ES(I) +q(S(1)) =0, 5(0) =s0.
Moreover, if p(x) > 0 for x > 0 then lim; . S(t) = 0.

Remark 2.15. This lemma suggests that we are expecting a discretized energy inequality in form
of E(T,+1) + H(E(T,H_l)) < E(T,), with an increasing non-negative function H.

We put the calculations in several steps.
Step 1: Discretize energy estimate

In (11), pick t =T, =nTp and T = T,41 = (n + 1)Tp, where Ty is a given positive real
number and » is any positive integer. Here Tj is chosen to be sufficiently large so that all the
estimates before can be justified. We have

Tht1 Tht1
(To — C1)E(Tpy1) < C) / R(s)ds + C» / go AY?uds.
T, T,

Here we pick Tj large enough so that 7o — C; > 0 and we have

Tn+1 Tn+l
E(Tp41) <Ci / R(s)ds+C2/goA1/2uds. (12)
Tu Ty

Note n is arbitrary positive integer and C1, C2 depend on Tj, but do not depend on n.
Step 2: Construct convex function related to H

For the g € (0, 1) given in Assumption 1.1, define function

_ 1 _ 1L 1
Higy(5) 2 005’ ™% Hyy (s) = ctgs' %0 H (s ). (13)

Lemma 2.16. Denote | IAI/_zu (1) — AYV2u(s)|| by f(t,s). Under the Assumptions 1.1, there exists
an interval [0, §), 0 < § < § on which we have
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1. Hjy4y(0) =0 and Hy ,(s) is increasing and convex.
2. Moreover, if cy, £ supc(ap, t) = sup fot g7t — 5) f2(t, s)ds < oo, then there exist con-
t>0 t>0

stants U so that
1 oot
Hy o [0(g o A2u)](t) < C—R(t)’ Jorte[Ty, Ty+1], n=1,2..., (14)
o

with ¥ € (0, 1) independent of n.

Proof. The proof was given in [23]. We present it here for readers’ convenience. Since H €
_L i
Cl0, 00), it is easy to see that function Hj o, (s) = oeosl 0 H(s%),0 < ag < 1is well-defined
on [0, 0o) with Hj 4,(0) =0.
1. Letk = - > 1. We have Hj o) = +s' ¥ H(s*) and

oy —

1 -k
( )s—kH(Sk) +Sl—kH/(sk)sk—l

Hl/,ot() (S) = k

= %s_kH(sk) +[H' (s = s*H(s")] > 0,Vs > 0.
The last inequality results from the properties of H (s)
H(x) <xH'(x),x > 0. (15)
Indeed, this follows from geometric interpretation of convexity of H(x) and the fact that
H (0) = 0 which then gives H'(x)x — H(x) > 0, Vx > 0. Thus we show that Hj ¢,(x) is in-

creasing on the positive half line.
For the second derivative on (0, c0), we have

HY ()= (k — Ds " T H(s")

+ (1 —k)sFH ($Os* !+ ks*TH (55

1
= ﬁ[ksz”(x) —(k—1DxH'(x) + (k — 1) H(x)]
k—1 2 1y / x? ”
=~ (FCH) = xH'() + H) + 7 B (), (16)
with x = s*.

In view of Assumption 1.1, we conclude the proof for part 1, namely, there exist an interval
1 1

(0,8),0 < 8 <& on which Hj o, (s) = aosl_% H (s is increasing and convex.

_1 L
2. Now we prove that Hj ¢, (s) = ozosl “0 H(s*) satisfies
1 0[01?
Hy o [0(g0oA2u)(1)] < C—R(t) (17)
g

(or equivalently (go A 5 u)(t) < %Hiollo (% R(1))), under the assumption
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t

0 < cqy =supc(ep, 1) = sup/ g1 7N —5) f2(1, 8)ds < oo.

t>0 t>0

Recalling that (goA%u)(t) = f(; g(t —s)fz(t, s)ds and c(a, ) < 00, also noting Hj 4, (s) =

L L
aosl @0 H(s%) is convex for s small, pick ¢ sufficiently small, by Jensen’s Inequality (see
Proposition 2.24) we have

t

Hia [l?/g(t —s)fz(t,s)ds]
0
t

= Hia| [ 20 =g =06) 20 5)d5]

0

= Hiq )/0C(t oto)go“)(l‘—s)g1 o — s)f (t, s)ds]

c(l

/ Hiao[90(t, 0008 (¢ — )]0t — 5) £t 5)ds

~ c(t, oz())

- f ao[Pe(t. a0)g® (¢t — )] "W H([pe(t, an)g™ (¢ —)]7)

xgl—“O(t—s)f (t,5)ds

=&/H< P c(t, a0) gt — )]) f2(t.5)ds
o

c(t, ap)
1 1
Now we can make ¥ so small such that ¥ % c(¢, ag) * < 1, thus we have

H([97 c(t,a0) g(t — 5)]) < 97 c(t, a0) H(g(t — 5)),

because H(0) =0 and H (x) is convex. So we have

t

t
H1,a0[l9/g(t—s)f2(t,s)ds] Saoﬁ/H[g(t—s)]fz(t,s)ds
0
t

< ag? / [—¢'(t — )] £, s)ds < aCO—ﬁR(t).

0

The final inequality is from (8). This completes the proof of (17). O
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Lemma 2.17. Given the results of lemmas above, our energy functional E (t) satisfies
E(Tyi1) + Hy ol E(Ty41)} < E(T;) (18)

holds for all n > 0, where I-AILO,O is defined by

oot

Hiao @) = _TOH‘ “0[00 T

x] + Crx,Vx e R.

Moreover, we can show that Hy 4,(s) is a convex, continuous increasing and zero at the origin
function. Here C1, Ca, ¥ depends only on ay, Ty, but not on n.

Proof. From (12), we have

Tat1 Tht1
mﬁﬁosclfkgoA%xmh+Cz/imnm
T, T,
Ty Thr1
/HWO(—R(’))d["'CZ / R(t)dt
T,
Tht1 Th+1
5% o follo[% / R(t)dt]+C2 / R(t)dt
T, T,
Tht1
éG[ / R(t)dt]
T
Here we define G by
Gy = LT} [“Oﬂ ]+C2x
°LC,T

It is easy to see that G is increasing and concave near 0 with G(0) = 0. Denote G~! by I-All,ao,
which is increasing, convex and through origin. Furthermore,

Tn+]
E(Tn+1)§G[fR(t)dt].
T,
T)H»l
:mmwmmu[/mmﬁ
T,
= AiaylE(Tys1)] < E(Ty) — E(Tyg1).
= E(Ty1) + Hioo[E(Thy )1 < E(Ty). O
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Step 3: Initial estimate

Define ﬂao =I-{+ I-Allyao)_l. By Lemma 2.14 and Lemma 2.17 we immediately have

Lemma 2.18. Given Lemma 2.17 and condition (14) we have the following decay rates for the
energy function

E(@)<s(),Vt>T
with
st + H, (s)=0,5(0) = E(0). (19)
Moreover, we have

Lemma 2.19. All three convex functions (%), ﬁ1,a0 (x) and Hj 4,(x), have the same end

behavior at origin.

s Hy,
Proof. Note the following

Hy=1—(+H o) '=U+Ha)oU+Hia)™ = U+ Hia)™

= I:Il,olo [e] (I + ﬁ]’ao)_l.

Since I-All,a0 € C'0, 00), we have 1’:11,0[0 (x) = O(x) at the origin. We use A =~ B to represent that
A and B have the same end behaviors. Then

(I + Hiag) ¥ 1 = Hyy o (I + Hy)) ™' ~ Hy gy 0 I =5 Hyy ~ Hy gy x — 0.

For a detailed discussion, see [24, Corollary 1, p. 1779].
By similar arguments, from the relation between Hj «,(x) and Hj ¢, (x)

~_ Ci _ ot
A7) (0 = “LrH;) [

5 1,0 CaTox] + Cox,

and the fact that they are both convex at zero, we can see I-Ah,o[0 (x) & Hj 4,(x) for x > 0 in the
neighborhood of 0. This complete Lemma 2.19. O

Corollary 2.20. There is 5o > 0, B > 0 such that when 0 < x < o,

H, (x) = BHi g (x).
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2.3. Improve the decay rate

From Lemmas 2.18 and 2.19 we know how the natural energy decays: it is bounded by a
decay function s(¢), which is the solution of an ODE. The ODE portraits the decay property of
its solution through the convex function H 1,0 (x), which has the same end behavior as Hj 4, (x)
near origin. So the decay rate is characterized by Hj ¢, (x). While this information is quite useful,
it is not optimal. We expect the decay rate to be characterized by H (x), which has a better decay
than Hj ,(x) unless oo = 0.

Our next step is to improve the decay rates through an iteration process. For that reason, we
need a comparison lemma.

Lemma 2.21 (Comparison lemma). Given y(t) satisfying
Y'®) + H(y(@®)=0,y(0) =y >0, (20)
and s(t) satisfying
s'() + H, (s(t)) =0,5(0) =s0> 0,00 € (0, 1]. (21)
Both function y(t) and s(t) are positive, decreasing. Then we have
s(1) < y* (Bt +«), (22)

for some constant B, k, meaning the decay rate of s(t) is identical to y*°(t) up to an affine
transformation in the coordinates system, which does not change the long time behavior.

Proof. Let H(y) = y°° Ij(’; 5> Y > 0. It is easy to see H is positive and decreasing function on
[0, 00) with dH(y) = —%) Thus
dy
yvw+H(Yy)=0=>———=dt
’ H(y)
=dH(y)=dt

= H(y) — H(yo) =t,
= y(1) =H ' H(yo) +1).

Similarly,
St + Ho(5) =0
= 5t < —BHi,a(5)
1 1
= (s%0); < —BH(s*)

R

_H(‘g%) -
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d 1
— ) >
:>dtH(s )>p
1

= H(s%) —H(sy") > Bt

1 1
= 5% (1) <H ' (H(sy®) + Bt) = y(Bt +x)
= s(t) <y (Bt + k),

L

with k¥ = ’H(s(‘;o) —H(o). O

Apply Lemma 20 with ap = 1, we have
Corollary 2.22. In view of the assumptions on g(t) and y(t), we have g(t) < y(t).

The previous lemmas show that the energy is bounded by a function s(¢), which in turn is
bounded by function y*0(¢) as t — oo. It might contain a delay, but it makes no difference since
we are considering the asymptotic behavior.

To conclude the proof of Theorem 1.4, we adopt an iteration process.

Lemma 2.23 (lteration for optimality). In finite steps, we are able to get the following decay
rates for the energy function: There exists positive constants C, B, k such that

E@t) < Cy(ft + 7).
Proof. By Assumption 1.1 and Corollary 2.22, we have

t

(o, 1) = / gm0 —5) f2(t, 5)ds

0

t t
<2E(0) / g7 — s)ds = 2E(0) / g 7 (s)ds
0 0

o0
< 2E(0)/y1_°‘0(t)dt < 00.
0
This is the critical estimate to initialize the second part of Lemma 2.16. Then by Lem-
mas 2.17-2.21, we get
E@t) <s(t) = C1y* (Bt +k1). (23)

So we have the first decay estimate. To go to the second iteration and apply Lemma 2.16 with
Hj 244, We need



7632 L. Lasiecka, X. Wang / J. Differential Equations 259 (2015) 7610-7635

t

cQap,t) = / ¢! 720 — 5) £2(t, 5)ds < c0.
0

This is true since, by (23)

cQap, t)= | g 72 —s) f2(t, s)ds

S—_.

t
< 2/ ¢! 720 — $)E(s)ds
0

t
<2Co / 870t = 5)y* (Bus + k1)ds < oo,
0
The last inequality is from Proposition 2.26 in the Appendix. So we can apply Lemmas 2.16-2.23
again to get E (1) < C2y*®0(Bot + k7).

We can continue this iteration with oy = kg, until k fist reaches a number m such that «,,, <
1 < a;41. This means

E(t) < Cuy" ™ (Bt + km),

hence

t 1

sup/ E(s)ds <C,, sup/ Y0 (Bis + i )ds < 00,
t>0 0 t>0 0

which is guaranteed by Proposition 2.26. It follows that

c(l,t):sup/f (t,s)ds < sup/ZE(s)ds < 00,

t>0 t>0

in the next iteration when we apply Lemma 2.16, we simply pick H; 1(s) = H(s) to start the
final iteration. And we end up with E(¢) < C y(ﬂt +x). O
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Appendix A

Proposition 2.24 (Jensen’s inequality). Let Q be a measurable subset of the real line. Let f(x)
be a non-negative function on Q with k = fQ f(x)ds finite. If g(x) is a real-valued measurable
function on 2 and function ¢ is convex on the range of g. Then we have

1 1
ol / s@ x| = / o(g(0)) f (X)dx.
Q Q

Remark 2.25. Search Jensen’s inequality online for the proof.

Proposition 2.26 («-Sequence). Let ag € (0, 1) and y(t) € C[0, 0c0) be a positive function de-
creasing to zero. Moreover

e ¢]

/y“%(r)dt =L <o0.

0
Let m be a positive integer such that may < 1 and (m + 1)ag > 1. Let B, k be positive numbers
with B > 1. A finite sequence of functions, in form of definite integrals on [0, t], are generated in

the following way:

t

I(t) = / yl=keo ¢ — gyy*=Daogs 4 i)ds, k=1,2,...,m, (24)
0
t
Im+1(t)=/ym“°(ﬂs+/<)ds. (25)
0

Then each Ii(t), k=1, ...,m + 1, is bounded, uniformly in t, namely,

sup I (1) < oo.
t>0

Proof. We first assume y(0) < 1.
Fork=1,...,m, we have

t
I = / yl7keo i — g)y*=Dao(gs 4 k)ds
0
t/2 t
- / ylkeo o)y k=Dao g 1 ie)ds + f yI Rt — s)y® e (Bs + k)ds
0 t/2
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t/2 t
< / R (s)y D Bs 4 k)ds + / yireo @ —5)y* D0 B - 5) +K)ds
0 )2
t/2 t
=/yl_“°(S)ds+/y1_°‘°(t—s)ds
0 t)2
t/2
= nyl_“o(s)ds <2L < oo.
0

Above we use the fact that y(¢) is a decreasing function, hence y(8s + «) < y(s).
For 1,41, we have

t t

Lns1 = / V"0 (Bs + i)ds < / YITO(Bs +1)ds < L < oo,
0 0

since (m + 1)ag > 1 =>moag>1—apand y() < y(0) <1.

For y with y(0) > 1, we can always find a time 7y so that y(¢) < 1 on [f9, 00), since y decreases
to zero. Whether or not the integrals are finite only depends upon the asymptotic behavior of y
at infinity. So y being larger than 1 on a finite interval [0, 9] does not bear influence on our
result. O
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