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Abstract

In this paper, motivated by [16], we use the Littlewood—Paley theory to establish some estimates on
the nonlinear collision term, which enable us to investigate the Cauchy problem of the Fokker—Planck—
Boltzmann equation. When the initial data is a small perturbation of the Maxwellian equilibrium state, under
the Grad’s angular cutoff assumption, the unique global solution for the hard potential case is obtained in
the Besov—Chemin—Lerner type spaces C ([0, 00); Z%(B;yr)) with 1 <r <2ands >3/2 ors =3/2 and
r = 1. Besides, we also obtain the uniform stability of the dependence on the initial data.
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1. Introduction and main results

The Fokker—Planck—Boltzmann equation describes the motion of particles in a thermal bath
where the bilinear interaction is one of the main characters [6,7,31]. Mathematically, we consider
the Cauchy problem for the Fokker—Planck—Boltzmann equation

O f+&-Vof =0(f. f)+eVe - (§f) +KkAef, (1.1)

with initial data

J0.8,x) = fo&, x), 1.2)

where the unknown function f = f (¢, &, x) represents the density of gas molecules which are
located at x = (x1, x2,x3) € Ri and have instantaneous velocity & = (&1, &, &3) € Rg at time
t > 0. Besides, €, « are nonnegative constants. The collision operator Q(-, -) is a bilinear operator
which acts only on the velocity variables & and is local in (¢, x). Under the Grad’s angular cutoff
assumption [8,20,42], Q(-, -) is defined as

0(f.g) = / / & — E17 Bo©) [fEDSE) — f(EDg(®)] dEvdw. (13)

R3 S2

Here &, &, and &', &, are the velocities of a pair of particles before and after collision. These
collisions are supposed to be elastic so that

F=t— (&) 0o, &=L+(¢(-E&) 0o, e, 1.4)

which come from the conservation of momentum and kinetic energy

E+E =8 +&, EP+HIEP=1E7P+E”

In (1.3), 6 is given by cos6 = w - (§ — &,)/|(§ — &,)| and the collision kernel |§ — &,|” Bo() is
determined by the interaction law between particles.
All through this paper, we assume that

e=k>0,0<y <1, 0<By®)<C|cosb|, (1.5)

which include the hard potentials with angular cutoff as an example.
Let M(§) be the standard Maxwellian equilibrium state satisfying Q(M, M) =0, i.e., M(§) =

(271)_% exp (— @) We aim at studying the solution to (1.1) (1.2) around M. For this purpose,

as in [20,40], we define the perturbation u = u(z, &, x) by f =M + vMu(t, &, x) and then we
reformulate the Cauchy problem (1.1) (1.2) as

[ ou+&-Viu+Lu=T(u,u)+ eLppu,
(1.6)

w(0,&,x) = uo(&, x) = M2 (fy — M).

Please cite this article in press as: Z. Liu, H. Tang, Global well-posedness for the Fokker—Planck—Boltzmann equation
in Besov—Chemin-Lerner type spaces, J. Differential Equations (2016), http://dx.doi.org/10.1016/j.jde.2016.02.031




YJDEQ:8282

Z. Liu, H. Tang / J. Differential Equations eee (eeee) see—eee 3

Here the linearized collision operator L(-), the nonlinear collision term I'(-, -) and the linearized
Fokker—Planck operator Lrp(-) are defined by

Lu=—M"} [Q (M,M%u)+Q(M%u,M)], 1.7)
T(u,v) =M*%Q(M%M,M%u), (1.8)
Lepu = Acu+ 36— |5 P)u, (1.9)

respectively. It was pointed out, cf. [8,19,20,25,40], that the operator L is non-negative and the
null space N of L is

N =span{ME, gME(1 =i <3), (162 - 3) M2}
LetP:L? (Rg) — N be the orthogonal projection, then one has

Pu=a(t, )M? + b1, x) - EM? + ¢(t, x) (|§|2 — 3)M%, Vu(t, € x) e L? (Rg) . (1.10)

with the coefficients functions (a, b, ¢) = (a, b;,c),i =1,2,3 as

a:/M%uds =/M%Pudé,
R3 R3
b; =/€iM%udg=/§iM%Puds, i=1,2,3, (1.11)
R3 R?
1 ) 1 1 2 !
C_E/(m —3)M2ud$—6/(|5| —3)M2Pud5-
R3 R?

Consequently, we have the following macro—micro decomposition with respect to the given
global Maxwellian M(§), cf. [22]:

M(ts s’x) :Pu(tv év-x) + {I - P}u(t’ Ev x)a
where I is the identity operator. Pu and {I — P}u are called the macroscopic and the micro-
scopic component of u, respectively. We refer to [22,29] for more details of the macro—-micro
decomposition. Besides, the operator L. can be decomposed as [8,41],
L=v()—-K,
where v (&) is the collision frequency given by

V(S)=//IE—S*I”BO(Q)M(E*)dS*dwN(1+|E|)”- (1.12)

R3 §%
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The integral operator K can also be decomposed as
K=K, — K, (1.13)

where

K16 = [ 16— 6l BuoME e [MEEDSE) + MEG) 6D | dedo, (114)

R3xS?

and

[K1f1¢) = / & — £ Bo@)M2 (£)M2 (€) f (§,)dE,dw. (1.15)

R3x§?

When € =« =0, (1.1) becomes the Boltzmann equation. The issue of well-posedness of the
Boltzmann equation has been studied by many mathematicians and physicists. For brevity, we
only recall the following results closely related to this manuscript.

The first global existence of the mild solution was given by Ukai [39,40] by using the spec-
trum method and the contraction mapping principle. The spectrum method was later improved by
Ukai and Yang [41]. Recently, the nonlinear energy methods developed by Liu, Yu and Yang [30,
29] and independently by Guo [22,24], can be used to deal with this issue. By using the energy
method, the well-posedness of classical solutions was established in Sobolev spaces which con-
tain all the derivatives with respect to all variables 7, £ and x of the function. Duan [14] extended
these results by showing that if the strong solution with the uniqueness property is considered,
then the time differentiation can be disregarded.

For the Boltzmann equation without cutoff assumption, the global existence of small ampli-
tude solutions for general hard and soft potentials was established by Gressman—Strain [21] and
independently by Alexandre et al. [2]. In [21], the function space for the energy in the hard
potential case can be taken as

C (0,00 L2®RE HY®D)) . N 2.

Very recently, Alexandre et al. [3] proved the local existence in the function spaces which are
significantly larger than those used in the previous works. For example, in cutoff case, the spaces
can be

3
L® (0, To: L2(R3: HS(Ri))) s>

We note that the regularity index 3/2 in the above space is the critical value for the embedding
H* (Ri) — L“(Ri). When s = 3/2, Duan et al. [16] proved a global well-posedness result in
the spaces Z;OZg(BS/f)

There have also been a lot of studies on the Fokker—Planck—Boltzmann equation and a series
of achievements have been made. For instance, DiPerna and Lions in [12] proved the global exis-
tence of the renormalized solutions to the Cauchy problem (1.1)—(1.2). Hamdache [26] obtained

the global existence near the vacuum state by direct construction. In [28], Li and Matsumura
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showed that in the perturbation framework, a strong solution to equation (1.1) exists globally in
time and tends asymptotically to another time-dependent self-similar Maxwellian in the large-
time limit for the hard sphere case. When —1 < y < 1, the long time behavior to the Cauchy
problem (1.1)—(1.2) was studied in [44] by using the compensating functions.

In this paper, motivated by [16], we consider the Cauchy problem (1.1)—(1.2) in Besov—
Chemin-Lerner type spaces. Now we explain some notations and give some preliminaries on
the Besov—Chemin-Lerner type spaces.

1.1. Notations

We use <, 2 and ~ to denote estimates that hold up to some universal constant which may
change from line to line but whose meaning is clear from the context. (-, )y, (-, )¢ and (-, )y ¢
stand the inner product in L2, L% and Li £ respectively. .7 (Ri) is the space of rapidly decreasing

X

functions on Ri and . ’(Ri) is its dual space. .%¥ (Rg) and .’ (Rg) can be defined in the same
way. We define the mixed time-velocity-space L7 ngLfc73 for 0 < T <o00,1 < p; <00,i =

1, 2, 3 with the norm

T P3

||f||L§‘L§’2L_{.’3: / / /If(t,é,x)|1’3dx d§ | dt
0 & \®

When p; = 0o, pp = 00 or p3 = oo, we will obey the normal convention to define the above

norm. Besides, we also define the space L}' L{? L{* with the norm is given by

1

Pl

— p
2 23 !
P3

T
g s = / /v@) /|f(t,§,x)|1’3dx e | ar|
3

0 Rg 3
where v (&) is the velocity weight given by (1.12).

1.2. Littlewood—Paley decomposition and Besov—Chemin—Lerner type spaces

Now we recall some basic facts on the Littlewood—Paley decomposition. For the details, we
refer to [5,32,38]. Let x, ¢ be two smooth radial functions satisfying 0 < x,¢ < 1, suppx C
yeR¥:|y| <3} supppC{yeR¥:3 <[y <§}and

XM+ ey =1, V¥yeR’,
jeN

Y ey =1, ¥yeR\{0},
JEZ

suppp2 /) ((\suppe 27 ) =@ if |j— )| =2,
supp() [ |suppp(2 /) =@ if j>1.
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Let F f be the Fourier transform of f in x and F l'f be the inverse transform. Then for any
u €. (R3), we define the operators {A;; j € Z} and {S;; j € Z} as

Aju=F" [¢(2‘j-) (qu)] . Sju=F" [X(z—f.) (]—"xu)] .

For the nonhomogeneous case, we define {A; j > —1} and {S;; j > 0} as

j—1
Ayu=F [xFaul. Aju=FlpQ /) Faul (j=0). Sju= " Au.

i=—
Then we have that

o0
u= Z Aju converges in ' (R?) orin H*(R?).
j=1

In the next section, we will use the Bony decomposition. Let u, v € ./ (R3) and define

wv ="y Ajuljv =T+ Tou+Ru,v), (1.16)
i

where

Ev:ZSj_luAjv, R(u,v)zz Z Ajuljv.

J i li—jl=l

Direct computation implies that for any 1 < p < oo,

AiAju=0, if |i—j|>2, Yu,ve S (R, (1.17)
Aj(Si—iuAiv) =0, if |i—j|=5 Yu, ve s (R, (1.18)
| Aiulir < Cllullze, IISjulle < Cllulir, VueLP(R?). (1.19)

‘We note that for R(u, v), there holds

D) AjlduAwl= Y] D AjlAuAw] ik j=—1. (120)

i li—k|<1 max{i,k}>j—2 |i—k|<1

Let ,@(Ri) denote the class of all polynomials on Ri and let .’/ @(Ri) denote the tempered
distributions on Ri modulo polynomials.

Definition 1.1 (Besov spaces). Let s € R, 1 < p,r < +00. The homogeneous Besov space B;',,,
is defined by

By, = |f eI P@): 115, <o)
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where /115, = 127°A; Flirepy = [27°18, 01|,
B?, . is defined by

2 The nonhomogeneous Besov space

By, ={res ®):1fls, <o),

where || flls;, =127°A; flrug) = 2718, £ e | ey

Lemma 1.1 (Bernstein’s lemma, [9]). Let k € N, f € L? with p € [1,4+00] and supp Fy f C
{ 2072 < |E| <2 } Then there exists a constant Cy such that

C 2 I fllLe <IDE fllLe < 27 L.
Lemma 1.1 gives rise to the equivalence of norms
11 g ~ 1D f gy - (1.21)
Motivated by [10], we define the following spaces.

Definition 1.2 (Besov—Chemin—Lerner type spaces). Let 1 <o, 0i(i =1,2), p, r <00 and
s € R. Define the nonhomogeneous spaces LQ(B ) as

LB, = {f € 7R xR 1 1 fllgesy,) < oo} :
where

~ N 21Y A 4
1/ zeqs,) = 277185 Flgess

rGz=-1’

with the usual convention for g, p, r = co. We also define

~ — Js
17122 qmy,) = 2708 £ e o

r(jz-1

For 0 < T < oo, we define the nonhomogeneous spaces LQILQ2 (B ) as
L1 B, ) ={f e 210.TIx 7' ® < BD : 1 £l 1) < oo},

where

FOLTFOY ps \ = 2jS A 01,0, p s
Mgz, = [2080 e,

with the usual convention for ¢; (i = 1,2), p, r = co. Similarly, we define

QIQZT—ZJSA oo p
ez ) = 2080 gz e,
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Similarly, one can also define the homogeneous spaces Zg (B‘;,’r), I° ) (B‘;,,,), Z? Zgz (B‘;)’r), and
01702 (7
LT1 LSZU(B,S”).

1.3. Main results and related remarks

With the definition of the Besov—Chemin-Lerner type spaces in hand, now we are in the
position to state the main results of this paper.

Theorem 1.1. Let € >0, 1 <r <2ands >3/20ors=3/2andr =1 and ug € Zg(B;r). If
””0”Z§(B§ ) is sufficiently small, then (1.6) has a unique global solution

u(t, &, x) € C([0,00); LF (B3 ),

which depends continuously on the initial data. Moreover; if we denote

Er(u) = ”u”Z%Ozg(Bir)v (1.22)
Dr(0) = [ Vx(@, b, Ol -1y + U= Phullza e gy ). (1.23)

then for any T > 0, we have
sup_[u(Olz2(p,, = Er @) +Dr) S luolz2 sy (124)

O<t<T
Moreover, if fo(€,x) =M+ VMug (&, x) > 0, then ft, & x)y =M+ VMu(t, €, x) > 0.

Theorem 1.2. Let € >0, 1 <r <2ands >3/20ors=3/2andr = 1. Ifuo,voezz(BS ) and
||uo||Lz(Bs ) + ||U()||L2(Bs ) is sufficiently small, then for any T > 0 and € > 0, the assoczated

solutlons u, vto (1. 6) satzsfy

sup [lu(t) = vl 720s < Er —v) + Drlu—v) S luo — voll 2y - (125
0<t<T £ §72r

We give a few remarks on our main results as follows.

Remark 1.1. Let us recall some recent work on the Boltzmann equation related to Besov spaces
and explain why Besov—Chemin—Lerner type spaces are relevant to the Cauchy problem (1.6).
Then we can see what improvement they can achieve.

e We first notice that most of the previous results for the Boltzmann equation and the Fokker—
Planck-Boltzmann equation are established in the (weighted) Sobolev spaces. Arsénio and
Masmoudi [4] developed a new approach to velocity averaging lemmas in some Besov
spaces. Sohinger and Strain [33] proved the optimal time decay rates in the whole space
when the initial data belongs to some Besov space B, with respect to x variable. In [18],
Fournier obtained the Besov regularity for reasonable weak solution to the spatially ho-
mogeneous Boltzmann equation with some measurable initial data. Very recently, for the
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hard potential case and under the cutoff assumption, Duan et al. [16] proved a global well-
posedness result for the Boltzmann equation in the spaces L%’L?(B;’/ 12), which extends the
result of Alexandre et al. [3], where in [3] the spaces in cutoff case can be fractional order

Sobolev spaces

, 3
L® (o, To; L*(RY; HY (Rﬁ))) s> 3 (1.26)

The above results are part of our motivations to study the Fokker—Planck—Boltzmann in
some Besov type spaces. Moreover, as pointed out in [41], it is a challenging problem to
seek for large spaces in which the Cauchy problem of Boltzmann equation is well posed
near Maxwellian and this also motives us to consider Besov type spaces.

e Besides, we notice that the regularity index s = 3/2 in (1.26) is the critical value for the
embedding H*(R}) < L*®(R?) to be true. Then it is natural to ask: when s = 3/2, is (1.6)
still well-posed, or in what kind of space with regularity index s = 3/2, (1.6) is well-posed?
This becomes another motivation to consider (1.6) in Besov type spaces. We see that the
space Zé(B;ﬂr) with 1 <r <2 is very suitable to fill in the gaps between Sobolev spaces
and the usual Besov spaces and thus give an answer to the above question, that is, when

s =3/2 and r = 1, according to Theorem 1.1, (1.6) is still well posed in Zg(B;/lz). So far,

combining the results in [3,16], our global existence space C ([0, 00); Zg(B;yr)), 1<r<2is

very suitable because it not only contains the Sobolev space L*° (0, To; Lé (H} )) in [3] but

also covers the critical case s = 3/2 in [16]. To be more specific, when r = 2 in Theorem 1.1,
C ([0, 00); LE(Bj ,)) becomes C ([0, 00); LA(R}; H*(R3))) due to

L3(B5,) = Li(By ) = L*(R; H'(RY)).

Therefore in the hard potential case and under the cutoff assumption, our results extend the
recent results on the Boltzmann equation in [3,16] and Fokker—Planck-Boltzmann [28,43].
In [28,43], the existence spaces are (weighted) Sobolev spaces with integer index.

Remark 1.2. Now we outline the proof of Theorem 1.1 and state the main difficulties we are con-
fronted with. Following the approach in the recent work [16], we first construct the approximate
solutions {u;} via the standard iteration method to obtain the local existence. Then we establish
the global a priori estimate, which enables us to prove the global existence. The global a priori
estimate mainly depends on the estimate for the macroscopic dissipations. We will overcome the
following difficulties:

e The first difficulty appears in the a priori estimate of (1.6) in the framework of Besov—
Chemin-Lerner type spaces. It seems difficult to obtain the suitable differential inequality
for £7(u) and D7 (1) in Besov—Chemin—Lerner type spaces. Actually, when we split (1.6)
in dyadic block and take the energy estimates in Lz’x for each A ju, we will have to take the
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time integral, take the square root on both sides of the resulting estimate and then take the /"
norm for j > —1 with j-weight 2/¢. Then we will have to estimate

dt

T

s /‘(Ajr(u,u),Aju)s’x
0

lr

In our Lemma 2.4, we consider the following general case

[SIE

dt

T
2Js / ‘(A]’F(u, v), Ajh)g,x
0

lr

< (VEr@yHr @) + VEr @A () A7 (), (127)
where
Hr (P =1f1z272 83 - (1.28)

This result extends the following important estimate in [22-24],

‘(afr(u,w,h)éx‘s Zf[(uafun%nagg ollz + 10 iz 10 ull ) Inl 2 ]dx,
' B/SlgR:’i

where B = (B1. B2, B3) is multi-indices (ie., f = 8f'a[>0[").

To prove the global existence, we need to estimate the macroscopic dissipations in which
Dr(u) will be involved. The second difficulty is that (1.27) can not be directly used
to control the macroscopic dissipations because in the whole space we can not obtain
Hr W) < CDr(u) for some 0 < C < co. Therefore we use the macro—micro decomposi-

tion to establish some more delicate estimates in Lemma 2.5 which enable us to obtain

2

T
2" /‘(Ajr(”’”)’AJ{I_P}”)s,x‘d’ SVEr@Dr).  (1.29)
0
Ir(jz 1)

The third difficulty comes from the global a priori estimate. As mentioned before, to over-
come the difficulty that (1.27) can not control the macroscopic dissipations, we follow the
steps as in [13,17], and use the high-order velocity moment functions ® = (®,,;(-))3x3 and
A = (Aj(-))1<j<3 to estimate the macroscopic dissipations in Subsect. 4.1. We give some
suitable inequalities in Lemma 2.6 to estimate

+

lr

(s—1)
2" ”A(An[h)”LZTL)Z(

A CTENDT Y

r’
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where h = I'(u, u) + eLpp{I — P}u — L{I — P}u. Therefore in Lemma 4.1 we obtain the
following estimate

19:@. b, 2 g1, < Nuollz2ss.,) + (1 + OEr @)

+2+e{I-Plu ”Z%Zg (B3 ) + &7 (u)Dr (u).
Using (1.29) and the above estimate, in Lemma 4.2 we obtain the global a priori estimate
E1(uw) +3Dr () = Clluollzz gy, + € {VEr @ +Er @ | Prw).

Remark 1.3. The issue of the stability of the dependence on initial data for nonlinear PDEs has
been the subject of many papers. For the Burgers equation, Kato [27] considered the continuity
of the solution map u( — u in Sobolev spaces. For the results on the non-uniform stability and
Holder stability of the dependence on initial data in Besov spaces, we refer to [35-37] for the
Camassa—Holm type equation and [34] for the incompressible Euler equation.

Remark 1.4. Notice that the singularities in the collision kernel is a necessary condition for a
smoothing effect and this fact was initially observed by Desvillettes for the Kac equation [11].
In this paper, under the Grad’s angular cutoff assumption [8,20,42], no smoothing effect is to
be expected. When the issue of well-posedness is tackled without the cutoff assumption, some
weight will be involved (see [2] and the references therein). Therefore in the non-cutoff case, the
deduction in Besov—Chemin-Lerner type spaces becomes much more complicated, which is our
work in the future. Moreover, we will also study the well-posedness in larger spaces Lg (B;y ) or

Zg (B‘zy’r), r > 2, we notice that in this case L?(H“) — Lg (B;J) < Zg (Bé,r)'

The remainder of this paper is organized as follows. In Section 2, we give some preliminaries
and basic estimates which will be used frequently later. In Section 3, we demonstrate the local
well-posedness. In Section 4, we prove Theorem 1.1. In Section 5, we show Theorem 1.2.

2. Preliminaries

To begin with, we state the following Lemma which shows the relation between the

Besov—Chemin-Lerner type spaces Z? Zgz (X) and the classical time-velocity Besov spaces

L3 L (X), where X = By, | or BS,.

Lemma 2.1. If 1 <, 0i(i =1,2), p, r <ooands € R, then for X = B[S;,r or B[SH, we have

LYLP (X)) — LY LX), LYLE,(X) = LY LE,(X), if r <minfor, 02},
LY LP(X) — LY L (X), LY LE,(X) = LI'LL(X), if r = max{o1, 02}.

Proof. When r < min{p1, 02}, we have il >1(=1,2). For X = B;’,, according to Defi-

nitions 1.1 and 1.2, we use the Minkowski’s inequality to exchange the order of integral and
summation twice to find
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Q1 L
T 7 “
Jul [ uasul |7 ag | ar
Ull ;01702 ps = ’ iullrr
Ly L% (B3 ,) IV ey
3
0 RS
r 1
01 r .1
r 2\ "
= f / Zz’-/’qujuu’L,, dg dt
X
0 R3 jEZ
&
1
N\ % é'7
T i
<[ [|Z| [z 1amas | | a
X
JEZ 3
0 RE
Lol
T o\
< OLJS|IA . Q1 — ~pq ~ .
<> / 20 A jul i gt lullzerze g )
JjEZ 0

which implies the embedding 5! Z§2 (B;',’r) — LY ng (Bf,,,). The proofs for the other cases are
very similar and hence we omit the proof here. O

From the above Lemma, we see that if 1 <r <2 and X = B;’r or B;’r, the
2

Z‘;ozg(X)—topology (resp. ZZT Zév(X)—topology) is stronger than the L‘;"LS (X)-topology (resp.
L} L ,(X)-topology) and

”u”L‘;cLé(X) = ||M||Z‘;°Z§(X)’ ”””L%Léu(X) = ”u”Z%Zév(x)-
If s > 0,1 <r <2, then we can infer from Lemma 1.1 and the above inequalities that

”u”L?"Lg(BEJ) = ”u”Z;Ozg(Bir), ”u”L%oLév(B’;r) = ”””Z;CZ;U(BL)- 2.1

We will need the following Fatou property, and the proof is omitted since it is very similar to
the one in [5].

Lemma 2.2. Let 1 < 0;(i =1,2), p,r <00 and s € R. For any given T > 0, if {up}nen is

gomided in Z?‘ Zgz(B;,r) and u, converges to u in 2'[0, T] x Y/(Rg) x . (R3), then u €
L3'LE (B, ) and

~01 ~, < limi ~pq ~
||u||LA;1 P2, = 11,11_1)1Or<1)f||u,,||L§1 128y,
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Now we consider the behavior of the operators L, I' and Lgp in the Besov—Chemin-Lerner
type spaces. From the coercivity property of the linearized collision operator L, we see that there
exists a Ag > O such that for j > —1,

(AjLu, Aju), = roll{T—P}Au|? (2.2)

2 g2
£, Lz L2

For the operator K = K> — K| and Lpp defined in (1.13)—(1.15) and (1.9), since K and Lgp do
not act on the variable x, we have

AjK = KAJ', AjLFPZLFij.
Furthermore, because K is a self-adjoint compact operator on L2, it satisfies (see [8,16])

(ATKFAj8) , < CIAFll212 1A 8212 (2.3)

For Lpp, it is a linear self-adjoint operator with respect to the duality induced by the Lg—scalar
product, and there is a App > 0 such that (see [1,15])

—(u, Lpu)e = Appl|{T - Po}unig,

where

Pu=Pou ®Pu,
Pou = a(t, X)M1/27
Piu={b(t, ) & +c(t, 1) = 3)} M2,

and P defined in (1.10). Therefore we can further deduce that

—(Aju, AjLppu)e x > hpp|{I—Po} A ,-unigm. (24)

For the nonlinear collision operator I (u, v) in (1.8), it can be written as

T'(u, v) =T gain(u, v) — Lipss(ut, v),

where
T gain (tt, v) = / / & — &7 Bo(O)VM (&) u(EL)v(E ) dEdw, (2.5)
R3 Sz
T oss (11, v) = / / & — £4]” Bo(O)VM(£)u(E)v(§)dEwdw. (2.6)
R3 Sz

Since I' (4, v) does not act on the variable x, for j > —1, we have
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Ajr(”v V) ZAjrgain(“a v) — AjFIOsS(M’ V)

=//I§ — &7 BoO)VM(ED A j[u(E))v(E))dEdw

R3 §2
—/f@—aV&@JM@mm@M@mmmL
R3 §2
Next we give the key estimates in this paper.

Lemma 2.3. Let u(t,&,x),v(t, &, x), h(t, &, x) be three proper functions such that all norms in
the following inequalities are well defined. Then for T > 0, s > 0 and r > 1, we have

2

/‘(Ajr(u,v),Ajh)S’x‘dt

r(gjz=-1
2
uwﬁﬁwyhw@@ﬂvwhﬂnwwwmgwlummLJ
+Mh%é@ﬁhwwyw|mmﬁLw+whnﬁynwwﬁm]

Proof. By applying the Cauchy—Schwarz inequality to both the terms I' g4, and I'jy55 defined by
(2.5) and (2.6) with respect to ¢, &, x, &, w, making the change of variables (&, £,) — (§',&.)

in T gain and noticing that 0 < By(6) < C|cos 6| < C, /dw =47, dEdE, = dE'dE!, |E —&,| =

SZ
|€" — &.|, we have

dt

T
/ ‘(Ajrgam(u, v), Ajh)g,x
0

[SE
I

T
S //|§—E*|V|Aj[u*v]|2d$*dxd$dt
0 RY
T 35
//IE—E*IVM*|A,»h|2d§*dxdgdr , 2.7)
0 RY

and

dt

/ ‘(Ajrloss(u» v), A./h)g,x
0
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1 r
T 2°2
2
S //|§—§*|y‘Aj[u*v]‘ dé.dxdédt
0 RY
Lr
T 22
2
X //Ié—s*lyM*]A,-M dé.dxdgdt | . (2.8)
0 RY

For ® = T g4in(u, v) or I'jpg5(u, v), we apply the discrete Cauchy—Schwarz inequality to obtain

r
2

T
3 o /’(A,-cp, Ajh), | dr
0

j=-1

T 2
<| S| [ [re-erauof dsdrasa
j=-1 0 RY
o L
T AN
X Z /st //|g—g*|VM*|Ajh|2ds*dxdgdt . (2.9)
jz=1 0 RO
Therefore, we obtain
1
T 2
25i /‘(Ajl"(u,v),Ajh)g’x‘dt
0
lr
1 1
T 2 T 2
<|2¥ /((Ajrgam(u,v),Ajh)m‘dt + 2% /‘(Ajrloss(lfl,v),Ajh)é’x dt
0 0
l}' lr
< A? x B, (2.10)
where
AL
T 2\’
A= Z 2Jsr //|§—$*|V|Aj[u*v]|2d§*dxd§dt ,

j=—1 0 RY
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L
T AN
B= Z 27 // & — Ex]V ML |Ajh|2d§*dxd§dt
j>=—1 0 R

Since / & — &« Midéy ~ v (§), we get
R3

B<Ihlpzzz g, @.11)

For the term A in (2.10), we use the Bony decomposition (1.16) to rewrite A j[usv] as A j[usv] =
Aj [Ta,v+ Tous + R(uyx, v)], where

7;*U=ZSQ,1M*Aqv, ﬂu*=ZSq,1quu*, R(u*,v)zz Z AguiAgu.
q q

9 1q’'—q|=1

Using the Minkowski’s inequality and (1.17)—(1.20) gives rise to

T 2

a= | [ [1e = 1t} ds.dea

0 R6
lr

1
2

T
21 | [ [ I, gl deasar

la—il=4 \ b g6

N

T
NS f/|s_§*|v |Sy-1vAgu.| 72 dsudgadr

la—il<4 \ o po

IV

T
+]27 ) /[IS—E*IV ||Aq/u*Aqv||i§d§*d§dt

q>j—3 0 RS

lr

S (hi+hi+ ). 2.12)
i=1,2

In (2.12), for j =1,2,3, I;; (i = 1,2) come from the j-th /" norm in the right hand side by
exchanging the order of integral and then estimating the L2TL§ norm. To be more specific, I ;
(i =1, 2) are as follows,
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_ 1

s 2 2
S 2 | [ e 180012 e
j=—1 lg—il<4 \ne

sG=arr (as ’
X 2 (2 1Al e ) | Ielpre

| j=—1lg—jl<4

2qsl|A€1U”L%L§'VL§

Z 2U=93 ¢y (q) ||v||ZZTZ§.v(B~2‘_,)”u”L%’LgLEEO’ Ci(g) =

s

i V7272
lg—jl<4 Ir(j=—1) ” ”LTLSJ)(B;J)

~|—

jsr y 2 2
le | Z|4 / Gl a7 ;o 18 g VI 0 2 A
Jj=z— q—JI= 6

1
r

)
s(j—=q)r (~gs
Y 2 (2 ||Aqv||L;oL§L§) i e

| j=—11g—jl<4
(J=q)s 2qS”AqU”L?L§L§
> 2T Il 23 1302 per Co@) = — oy ———
lg—Jjl<4 Ir(j==1) LPL;(B5,)

And I ; (i = 1,2) come from the second /" norm in the right hand side of (2.12). The esti-
mates for I ; (i =1, 2) are similar to the ones for 7 1, I1 2 and we have

L

Ly

oo 2018l 131
d ~ 2U795Cy(g) lullgeozzps V212 1oy C3(q) = ;
7 Le(By, ThE v lull50072 ps
lg—jl<4 I (j==1) ke
Geors 2qS”Aqu”L%L§ L2
E 2y qC4(q) ||M||ZZZZ (B3 )”U”LOOLZLoc’ C4(‘])= :
50 Py T Fetx lull5272 (ps
lg—Jjl<4 Ir(jz-1) tric @)

Finally, the terms I3; (i = 1,2) in (2.12) are as follows,

_ Jjsr y 2 2
Ly=| Y 2/ Y f E sl o 20 1AVl A
j=—1 9>j=3 \ps

1

. r
< S(/—q)r< qs )
<[> > 2 20 8g0l 52 12) | Ml pgerzree

| jz—1g>j-3
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IA

(J—=q)s o~ )
> WG Illz2 g2 oy ) Ml o2 e
a=/=3 r(iz=1

Ba=| X2 3 | 167180002, 1015 deude

j==1 9>j=3 \peé

1

. r
< E : § : S(J—q)r< qs )
= 2 2 ”Aqu”LzTLévLﬁ ||U||L%0L§L§c
| j=—1g>j-3
§ : (—q)s o~
< )
= . 2 Ca(q) ”u”L%Lév(BQJ”U”L‘}OL§L§°'
9>J=3 I (jz—1)

Fori=1,2,3,4, we have ||C;(¢q)l;r(4) = 1. Then we obtain

Y 2UmasCi(g) = 1141<42% % Ci (@) llir < M1 <a2” | Ci (@)l < 0.
lg—jl<4 Ir(j=—1

Fori =1, 4, since s > 0, we have

Z 20054 (q) <1277 IC (@ Nl < oo.
q>j-3 Ir(j=-1

Thus we have
<lollvs s o <lollrar
IS ”v”L?Lg_v(Bi,r)||u”L‘%°L§Li°’ Ly S ”v”L%OLg(BE,r)”u||L2rL§,VL§°’
< ~ < ~ o~
has ”u”L?OL?(BE,r)”U||L27L§.UL§°’ ho S ”u”L%Lév(Bir)”U”L%OLngc,
L1 S ||v”Z%Z§_u(Bir)”u”L?oLgLfo’ Ly S ”unz%zév(l?é_,)”v“L?"LéLi’C‘

Collecting the above estimates, (2.12) becomes

<ol o oy
AS ”v”LZTLév(B%_r)”u”L?oLgLﬁo + ”v”L%QLg(BéJ)”u”LerngfQ

+ |lu ”Z;OZ? (B3,) lv]| LZTLé,uL? =+ Jlu| ZZTZéV(B;J.) lv]| L%OLngo . (2.13)
Inserting (2.11) and (2.13) into (2.10) gives the desired result. O
Lemma 2.4. Let u(t, &, x),v(t, &, x), h(t, &, x) be three proper functions such that the following

ineq~uality is well defined. Fm" any0<tj <thhp<oo, 1 <r<2,5s>3/2(s=3/2o0nlyifr=1),
letT=tp—1, X = Bir or Bir and ®(t,&,x) =T (u, v), Tguin(u, v) or To(u, v), we have
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1

2
/‘(Ap, Ajh), |
l}"
||h||

B ) [u Wiz ||LmL2(X)+|| ||m2(35 lu “Lsz (X)]

+”h“Lsz : )[nuumms “v“Lsz <x>+”““Lsz - ||v||LwL2(X)}

Proof. When s >3/2 (s =3/2 only if r = 1), we have X < L$°. Hence Lemmas (2.1) and 2.3
lead to Lemma 2.4. O

Lemma 2.5. Ler u(t, &, x), v(t, &, x), h(t, &, x) be three proper functions such that the following
inequality is well defined. For T >0, 1 <r <2,s>3/2(s=3/2onlyifr=1)and X = 32 . or
B2,r’ we have

1

2

/‘(AjF(Pu,Pv),Ajh)é’x‘dt

[r

N “Lsz (B [VEr@VDrw + VDrwerw]., (2.14)
1
T 2
2| [ |(asru-po.am), Jar| | Sibi e [VEr@VE®).
0
lr
(2.15)
1
T 2
2si /‘(Ajl“({I—P}u,Pv),Ajh)é_’x‘dt ||h||L2L2 5 [VErmvDr)].
0
lr
(2.16)
%
/‘(Ajl“({I—P}u,{I—P}v),Ajh)s’x‘dt
ll‘
Sl ||L2Lz ) [VEr@VDrw) +VDryerw], 2.17)

where Er(u) and Dt (u) are given in (1.22) and (1.23).
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Proof. If we modify the proof of Lemmas 2.3 and 2.4 by exchanging the L7°-norm and LZT-norm
in the estimate of /; 1, /22 and I3 » with using the equivalent relation

18 Pullz g2~ 1A Pull 2z, IS,A Ul 12~ 18,8 Pull 2. (218)

then we obtain

/‘(AjF(Pu,Pv),Ajh)E’x‘dt
ll‘

”h“Lsz s, [ananLz(B: ||Pu||L2L2(X)+||Pv||LooL2(BS ”Pu“Lsz(xJ

+llhlleLz 55 [nPuanLz(m ||Pv||L2L2(X)+||Pu||LooL2(Bs lvalleLzm]

”h”Lsz ) [annLMLz(BY llPulleLz<x>+”Pv”Lsz(X)”P ||m2(3r )]

Taking X = Bir and using (1.21) gives rise to

IIPuII S @, b", ”)II vV Dr(u).

u u M
L) S ~ IV, b, )12

LZ(BA LZ(Br l)—

Similarly, we have

||Pv||L2 raiy, ) 5 VD1

From the above three estimates, we see that (2.14) holds true. Similarly, taking X = 82 ,» using

(2.18) and exchanging the L%°-norm and L2T-n0rm in the estimate of /1, /22 and /3 in the
procedure of the proof in Lemma 2.3 give rise to

/ (AT ®u, (1= PYo), A1), |dr

[V
”h”Lsz < )[u{l P}vuLsz 5, ||Pu||LwL2(X)+||{I P}vuLsz(Bf I ||LwL2(X)}
1
+||h“Lsz ) [nPun;mLz(F ||{I—P}v||L2L2 (X)+||Pu||LwL2(BA he P}ansz(X)}

1
”hllmz ) [u{l P}ansz g Pl } I "Lsz ) [VPrOWE W),

which is (2.15). Then we take X = B‘zy‘r, use (2.18) and exchange the L3°-norm and LZT-norm in
the estimate of /1, /2,1 and I3 1 to obtain
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2

/ )(Ajr({l — Plu, Pv), Ajh)f»x‘dt
lr

IPvll I{I — P}MII + IIPUII I{I — P}ull

<
||h|| £y (X)i|

L2L2 (BA )[l LOOLZ(BA LZLZ(X) LooLZ(BA

+Ilh“Lsz ) [II{I P}uuLsz(F 1Py ||LmL2(X)+||{I P}uumz ) IPY ”me]

< <
”h“Lsz . )[anuLmLz(F - P}uanLz @ )} 1812, (o) [VEOWDr@].

T™Ev

which is (2.16). Finally, due to Lemma 2.4 with X = Bé,r’ it follows that
1
2
/ ’(AJT({I —Plu, {1 - Pj). A;h), x‘dt

ZF

”h“Lsz (i) [YETOWDr @) +VDrVEr W)

which is (2.17). Hereto the proof is completed. O
As an immediate corollary of Lemma 2.5, we have

Corollary 2.1. Let 0 < T <00, 1 <r <2,5s >3/2 (s =3/2 only ifr = 1). We have

T 2
f‘(Ajr(u,u),Aj{I—P}u)S’x‘dt SVErw)Dr(u), (2.19)
IrGg=-1
where Er(u) and Dt (u) are given in (1.22) and (1.23).

Proof. We split I' (u, u) as

T (u,u) = T (Pu, Pu) + T (Pu, {1 — Plu) + T {1 — Plu, Pu) + T ({1 — Phu, {1 — PJu).
(2.20)

The desired result follows by using Lemma 2.5 withv=u. O
Lemma 2.6. Let ¢ = ¢ (&) € Y(Rg), T>01<r<2ands>3/2(s=3/2onlyifr=1). We
have the following estimates, '

2781 <ErDr@), s>3/2, 0<s;<s—1, (221)

r@(jz==1

(€. AT w), ‘

2
L312

272

(¢, AL{T— P}u) < |{1- P}u||ZzTZ§U(B;2r) 52 >0, (2.22)

Ir(j==-b
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2752 (;, A;Lpp{I — P}u)é‘ 25 . <|{I— P}u”ZzTZ?.u(B;i) 52 > 0. (2.23)
T (j=-1) ’
Proof. To prove (2.21), we first consider the general case 2/s1 ({, AT (u, v))g‘ ol Ina
T5=x ]
very similar way that we obtain (2.10), we have
T 2
2
e arao)],.,.<| [ [1e-er |auof dearazar
T x 0 R9
As what we have obtained in Lemmas 2.3 and 2.4, from the above inequality, we have
9781 ‘(Ajr(u, v), {)5 2
TH=x ]
, %
s| S| [ [re-er o dsandear
j=—1 0 RY
5 ”U”ZZngyu(B;,lr) ||M||Z%CZ§(X) + ||vllz%ozg2:(3;}r) ”””Z%Zév(x)
+ lullze g2 W01z 22 0 + 2z g 032200 (2.24)

where X denotes Bj , or B; .- Similar to Corollary 2.1, using (2.20) and Lemma 2.5 yields

which is (2.21).
To prove (2.22), we notice that

2% (¢, AT (), 27¢ < Er Dy (),

5 ‘

1212 (;“,Ajl‘(u,u))s‘

2712
T™=x LTL

I x 7"

L{I—Plu=M"? [Q (M M2 (I — P}u) 10 (M% 1—Pu, M)]
—T (M%, - P}u) iy ({1 - P}u,M%) .
Therefore the desired result comes from a similar estimate as for (2.17).
For (2.23), since the velocity-coordinate projector P is bounded uniformly in ¢ and x, we can
use (1.9) with integrating by part and then use ¢ € .%/ (R;) to absorb the velocity polynomials
and velocity derivatives. In this way, we can obtain (2.23), and the details are omitted. O

3. Local well-posedness

In this section, we will prove the local existence of (1.6). We construct an iterating sequence
{uk}i>1 with u (¢, &, x) = 0 by solving the following equations iteratively:
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Ortpe+1 +& - Vyupy1 +v(E)ups1 — eLlipputji
= Kuy + rgain(”ka ug) — Lioss (Ui, ug+1), (3.1
ur+10, &, x) =up(§, x),

where v(§) and K are given in (1.12)—(1.15). The proof includes the following steps.
3.1. Uniform bound of the approximate solutions

Lemma 3.1. Let 1 <r <2and s >3/2 (s =3/2 only if r = 1). For any uo(&,x) € Zg(Bg,,)

satisfying ||u()||z§(35 '_)C2 <L 1 for some C > 1, thereisa T,, = ”uO”ng(B; )C2 > 0 such that for

any k > 1, {ux} C Z‘;o Z?(B; 2N ZZT Zg (B3 ) is uniformly bounded and satisfies
llo ’ MO ’ )
€1, ) + M, (06) < 2ol p2ay (3:2)
Proof. We first apply A; (j = —1) to (3.1) to obtain

O Ajug1 +& - Vil jup1+v(E)Ajupy1 — eLppAjugyy

= KAjuk + Ajrgain(’/‘k» ui) — AjFIOSS(ukv Ug+1)-

Multiplying both sides of the above equation by A juy 1, integrating the resulting equation over
Rg X Ri and using (2.4) give rise to

N =
Q‘|Q

Aiu 2 +||Aiu 2
N8 ket + 18w,

< ’(KAjuk + AT gain(up, ur) — AjTiogs(ug, up+1), A,juk+1)é,x

For T > 0, integrating the above inequality on [0, #] with 0 < ¢ < T and using (2.3) yield

t
2 2 2
181 1, = 18 ki1 Ol +2 / 18 juisilFy ode
0

t t
52[”Aj”k”LgL)%”Aj”k-H”Lngdt/+2/‘(Ajrgﬂi”(”k’ Mk),Ajuk+l)§’x dt’
0 0
t
+2/ ‘(Ajrlaxs(ukvuk+l)sAjuk+1)é’x‘dt/' (3.3)
0

Taking the square root on both sides of (3.3), multiplying both sides of the resulting inequality
by 2/% and then taking [" norm, we have
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ks g2y, + V2222 as )

<luer1 O g2 gy, +VTC (Nuellppracas, ) + Mk lzzzass, )

1
2

T
+C |25 /‘(Airgain(ukv”k)’Ai”k“)&x)dt
0
lr
1
2

T
+C |27 f‘(Ajrloss(uk,uk-i-l),Aj“k-i—l)g’x‘dt : 34
0

Recalling (1.22) and (1.28), it follows from (3.4) and Lemma 2.4 that

Er (1) + Hr (upt1)
<NuOiz2g ) + VT CErui) + VT CE uicy1) + Cv/ Er ui)y Hr i)y Hr iy 1)

+ CVEr w)Hr (urs1) + Cv/Er (urr1)v/Hr u)v/Hr (ui41)

C
< 10O z3qay )+ VT CET )+ VTCE ) + L ()M )
+C («/7 +Vér (uk)> Hr (uir1) + CVHr i) {Hr (iet1) + Er (uir 1)} (3.5)
If (3.2)istrue whenk =/ for T =T,, = llueo |2 C?, we now prove that it also holds true for

Zg(Bg’,_)
k =1+ 1. Due to the smallness of u¢, we have

1> Q2 1T,y C~C\[Er, ) = C\/Ha, ) > 1= ol 725, C1 = C1 fluollzz sy , > 0,

and

1-Q=/T,C+ C\/ETMO () + C\/HTMO () < 1.

For 0 <T,, = C2||u0||21:§(35 ) <« 1, from (3.5) one can infer

£ {gTuo (1) + Mz, (u1+1)}

< (R+C\fEn, ) Er,y ) + QA7 (urs)

< 14Oz 5y, + @Er,, @) + BEr,, W), (3.6)

Hr,,, (wr)
_ 2 - J— “#
where o = C ||”0||L§(B§.,.) L land B = g

- < 1/2. Due to the smallness of ug, we have
LZ(BS )
ENT2r
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14+ a+28
(‘:TM0 (1) + HT,,O (wr41) < T ”M()”Zg(Bir) < 2””0”'[?(35,» 3.7

whichis (3.2). O

3.2. Convergence of the approximate solutions

Now we prove that {u;} C L%fo (Z§ (Bé,r)) N LZTM0 (Z;%,v(B;,r)) is a Cauchy sequence. To
show this, let W41, k+1 = Uk4m+1 — Uk+1, Which satisfies

O Witm+1.k+1+ & - Vi Wipmi 1 k1 + v(E) Wikm+1,k+1 — €LEPWipm+1,k+1
=K Witm k + T gainWitm ik, ukam) — TiossWigm k., Uk1) 3.8)
+ Lgain i, Wieam k) — TiossUktms Witmt1,k+1)s
Wit1,m+1(0,§,x) =0,

By taking the energy estimates in Lg’
Lemma 2.4 and (3.2), we find that

to (3.8) for each A;Wiimi1,k+1 and using (2.4),

X

ETy Wikma kD) + Hr,y Wikm+1,5+1)

= VTuoC (Eny Wit i) + Eny Wictms1401) )

+C Jluollzzps ) (\/5% W i) + \/HTMO (Wk+m,k)) \/HTMO (Wktm+1,k+1)
+C fluollzzay , (/€n Watmsisn) + A, Wemsraa0) M, Wk i)

<é [ET Wiam ) +Hr,, (Wk—i-m,k)] +34 I:ST Witm+1,6+1) +Hr, (Wk+m+1,k+1)] , (39

ugp ug ug

where we have used the smallness of u( and 7, to deduce
8=T,,C+2C /||u0||Z§(B§r) < 1.
Equivalently, we have

ETy Wickma kD) + He,y Wikmt1,5+1)

1)
< — [ST,,O (Wiym,p) +Hr,

=1_s o (Wk+m,k)] . (3.10)

From the above estimate, for any m > 1, we have

5 \k-
&y Wiam+1,641) + 1,y Wigm1,k4+1) < <m> I:gTMO(W2+m,2) + HTMO(W2+m,2)]

k—1
k— o0
<C <m> ”MOHZ?(B;J) — 0.
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For 1 <r <2 and any m > 1, applying the Minkowski’s inequality yields

k—00
lksms1 — w1l o 285 ) + lursmer =il (12 @) 0. @G.1D
T“O ENT2r T”O Ev\P2r

In other words, {ux} is a Cauchy sequence in L3° (Zg (BS r)) NL% (ZZ L (BS r)). Thus we
MO ] llO ) ’
can take kK — oo to obtain a local solution « to (1.6) in the sense of distribution.

3.3. Regularity and uniqueness of the solution

For the uniqueness of the solution, we can repeat the deduction as for (3.10) to obtain the
estimate for two solutions u, v with initial data ug, vg, respectively. Actually, we have

€,y (= V) +Hr, (1= v) S o = ol z2ps - (3.12)

which implies the uniqueness and the continuity of the solution map. From Lemma 2.2, we see
thatu € L%fOLé(Bir) N LZTMOL;V(BQV) and

&r,, W) +Hr, (u) < 2”MOI|Z§(35,)’ (3.13)

Now we consider the regularity of u with respect to time ¢ > 0.

Lemma3.2.let1 <r <2ands>3/2(s =3/2onlyifr =1). Assume that ||u0||z§(35 )y K 1/C?

2

with C > 1. If u(t, &, x) is the unique solution to (1.6) with 0 <t < T, = CZHMOHP(BS y then
E\F2r

we have the following properties:
(1) The function

1

t 2
t> |[27° Au())? dt’
| Aju( )”Lé,va
0

lr

is continuous for 0 <t < Ty,
(ii) The function T +— Er (u) is continuous for 0 < T < T,,;
(iii) The function T w— Dr (u) is continuous for 0 < T < T,,;
(iv) The function t ||u(t)||z§(B§ ) is continuous for 0 <t < T,,.
s

Proof. To prove (i), for any 0 < #| < 1, < T, we need to show

2
h—1
—_—>

15)
278 /||Aju(t’)||i§ Ldr 0. (3.14)
1 '

lr
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Because Hr(u) = ”””Z%Z&Z_ B3, <0 for any 0 < T < T}, we see that for any given > 0,

there exists a suitable N > 0 such that M > N implies

~|—

5]
> o2l /||Aju(t’)||i§ Ladt’ <n/2.
h

j>M

Hence for fixed M > N, we have

|
(ST
~ |

/nAuawﬁl} <| > 2 /nAuanuzﬂ +1/2.
I —1<j<M

For the given 7, there is a § > 0 such that when 0 < #; < #, < T, and |t; — 12| < §, there holds

2

S 2 /nAuawyLz < Y ok /nAuamgl;ﬂ <n/2.

—1<j<M _1<j<M

(SR
~

Combining these inequalities, for any given € > 0, there exists a § > 0 such thatif 0 < #; <, <
T,, and |t; — 12| < &, we have

18, ar) | <nzenz<n.
lV

Thus we obtain (3.14).
To prove property (ii), we first show that the function ¢ — || A ju||, 2, is continuous for 0 <

t < Ty,. Infact, in a similar way that we obtain (3.3), from the equation in (1.6), we have

183, = 14ju 01 H+2/”AMM2U

<2C/||A ull? det+2f‘ (AT (), Aju), | ‘dr,

which implies that

18515 = 18I

4] 2
5C/||Aju||ig det+2f‘(Ajr(u,u),Aju)sqx‘dt. (3.15)
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Using (i) and Lemma 2.4 gives rise to the desired continuity. Now we prove (ii). We need to
check that for any 0 < 71 < T» < Ty,

Tr—T,
&7, (u) — E7, ()| —— 0. (3.16)

By the definition of £r(u) in (1.22), the Minkowski’s inequality and the continuity of ¢
||Aju||L§L2, we have

|5T2(14) - 5T1 (M)l =<

2“( sup [|A; u(t)IILsz — sup [|A; u(t)lleLz>
0<t<T, 0<t<Th Ir

< 2”( sup ||Aj“(f)||L§L§ - IIAju(T1)|IL§L§>

Ti<t<T»

Ir

Obviously, (3.16) can be derived from the above inequality.
For (iii), since D7 (1) is nondecreasing for 0 < T < T, we have

N _oisya - _isya.
|Dr, (u) — D, )| = ||2 “AJ”||L2TZL§,UL§I ‘2 ”AJ”“L%LQVL%I
1
2
T,—T
< A ju())?, ——0
/ L, 3 by(1)
lV

Finally, we prove (iv). In view of (3.15) and Lemma 2.4, for T = t) — t1, we have

l—

n
el 25 ) = 0D 20a5 S 2 / 18I, pdr] | (14 VER @YD)
il

lr

N

n
f||Aju(t)||i§UL%dt (1 +\/5Tu0 (u)\/DTuO ).
3l Ir

Therefore we obtain (iv) by combining (i) and (3.13). O

Using (3.11) and (iv) in Lemma 3.2, we see that the solution u to the problem (1.6) be-
longs to C([0, T); LZ(Bj ). Finally, if fo(x,€) =M+ VMug(x, &) > 0, then the positivity of
[, &, x)y=M+ mu(t, &, x) is standard (see [25] for example).

In conclusion, we get the following Theorem.

Theorem 3.1. Let 1 <r <2 and s >3/2 (s =3/2 only if r = 1) and ug € Z?(B; D If

||MO||L2(Bv ) K 1/C for some C > 1, then there exists a T, = C?lug||% > 0 such that

L85,
for any € > 0, (1.6) has a unique solution
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.72
ue C(0, Tyl LE(B3,))
satisfying

Er () +Hr () <2uolizzpy ) for 0<T < Tyy. (3.17)

Moreover, if fo(x,€) =M+ Mug(x, &) >0, then f(t, €, x) =M+ /Mu(t, £, x) > 0.
4. Global well-posedness

In this section, we give the proof of Theorem 1.1. To begin with, we estimate the macroscopic
dissipation rate.

4.1. Estimate on macroscopic dissipation

Lemmad.l.Let 1 <r <2ands>3/2(s=3/2onlyifr =1). Forany 0 <T < oo and € > 0,
the macroscopic part (a, b, c) determined by u satisfies

19:(@. b, 2 g1, Kol sy, + (1 + OEr(w)

+ Q@+ =Pl (g ) +Er@Dr ). (4.1)

Proof. Following the steps as in [43], we use the moment functions ® = (0,,;(-))3x3 and A =
(A;(-))1<j<3 defined as

O = (@t — DM ) - Mg =36 (6P - 9EMZ0) - @2)
to obtain the fluid-type system for the coefficient functions (a, b, c) as
0ra+Vy-b=0,
b+ Vi(a+2c)+V, - O({I-Plu) +eb=0,
a,c—l—%Vx-bngVx - A({I—Plu) +2ec=0. 4.3)

O [Omj ({T = Phu) 4+ 28,njc] + 0y, bj + 0y b + 4€8mjc = Opyj (v + ),
I Aj({I—Plu) + 0x,c=Aj(r +h),

with
r=—&-Vy{I-Plu, h=TI(u,u)+eLpp{lI—Plu—L{I—P}u. 4.4)

Now we apply A, (n > —1) to (4.3) to obtain
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O Ana—+Vy-Ayb=0,
0 Apb 4+ ViAy(a+2c)+ Vi - O{I =P}A,u) + €A,b =0,

O Anc+ 3ViAy b+ 3V - A{I—P}Au) +26Ayc =0,

O [Omj ({T—=PYAu) + 28 Apc]| + Oy, Anbj + Oy, Apby + 4€8,j Apc = Opj (A + Ayh),
O A (L= PYAu) + Oy Apc = Aj(Ayr + Ayb).

For each n > —1, we define the temporal interactive functional E,ilm (u(t)) as the linear combina-
tion of the following terms

EM () = ;@) + T, w(®) + kTP (®), Vi >0, )

where

3
TP () =Y (0, Ana. Apbm)
m=1
3
Zhw@®) = Y (95, Anbj + 0x; Anbm, Opj (T —=P}A)) (4.6)

m, j=1

3
Tr(@) =) (Andsye, Aj((T=PYAW)
j=I1

and k1, ko will be chosen suitably later. Modifying the proof for Theorem 2.2 in [43], for any
n > 0, we have:

d 1 2 2 2 2
27 e @)+ 21 AnViblls = Cnll AnVx(a, )7z + Cnevll Anbll7,

3
+c,,||vx{I—P}Anu||§g 2 +C Y 1O (Aub)I
nY m,j:l
4.7
i c l 2 2 2 2
T @®) + 1AVl < 3011 An Vbl + 120€* | Ancll
3
+c,,||vx{1—P}Anu||ig 12 +Cp ) 1A (AN, (4.8)
, p
and
LIab (1)) + 1A Vaal2 < 180 Vi (B, )2
dt n 2 nvx L)Z(N nvx ) L)Z[
+EADIT, + CIVAI=PYA U], [, (49)
X Evx
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Now we choose 0 < n K k3 K k1 < 1 such that the first terms on the right-hand side of (4.7),

(4.8) and (4.9) can be absorbed by the second terms on the left-hand side of (4.7), (4.8) and (4.9).
Then we arrive at

d .
& @®) + 218 Vi@, by €) [

3 3
SENAnb: Ol + 14,V (1= Phull oD IA AT+ D 10 (A7,
X ]:] X X

m, j=1

For any T > 0, one can integrate the above inequality with respect to ¢ over [0, 7] and take the
square roots of both sides of the resulting inequality to obtain that

1/2

T
[ 18,5 b. 0l ar
0

Selan(b. Ol 2 13+ IEH @] + /1M (O]

3 3
1A Vel =Phull 2 2 p2+ Y IA AN 22+ D 1Om (A2 2. (4.10)
j=1 m,j=1

Multiplying both sides of (4.10) by 2"~D and then taking I” norm for n > —1 yield

on(s—1) |5‘;lnt(u(T))|H + on(s—1) |5’11nt(u(0))|
Ir rr

ZH(S_I)”A(An[h)”L%L)ZC 2”(5‘—1)”@(An[h)”l‘%L%

Vi@, b, )l gy-1) S €fru) +

+
Ir

+|{I— P}M“Z%Zév(Bir) + -
From (4.5) and Cauchy—Schwarz inequality, we arrive at

€ O] S 1A Vi (@, b, O + [AnDIE + 1O = PYA)[T2 + | AT = PYAL)| 5.
Using Cauchy—Schwarz inequality again in (4.2) and (4.6), for 0 <t < T, we have

€O S 180 Vi@, b, Oz + 1 Anb DI + =PI ADI -

Consequently, we have

on(s=1) /|glim(u(T))| < Eru), on(s=1) /|grilnt(u(()))| < ”"‘0”25(85 )
Ir Ir T
Using Lemma 2.6, we obtain
—1 ~1
on(s )“A(An[h)”LZTL,% - + ||276 )||®(An[h)”L2TL§ -

SEWDr@ + 1+ II-Plullpg g -

Combining the above estimates, we finish the proof of Lemma4.1. O
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4.2. Global a priori estimate
With (4.1) in hand, we can establish the global a priori estimate for (1.6) as follows.

Lemma4.2. Let | <r <2ands>3/2(s=3/2onlyifr =1). Forany T > 0 and € > 0, there
are C > 0 and A > 0, which do not depend on T and €, such that

Er(w) +2Drw) = Clluolp2 gy, + C{VET@ + Er@} Drawy. @1

Proof. We apply the energy estimates in Lz’ . to (1.6) with using (2.2) and (2.4) for each A ju to
obtain

1d
LTS CU PRSI INTIES SINTI (AT, A= Pha), .

Let T > 0. Integrating the above inequality on [0, T'] yields

T
187125 + 200 [ NA[=Phl2, odi
0

T
< ||Aju(0)||i§L% +2/ ‘(Ajl’(u,u), Aj{I—P}u)S’x‘dt.
0

Taking the square roots of both sides of the above inequality, multiplying both sides of the re-
sulting inequality by 2/* and taking /" norm with using (2.19), we have

lul 285, + V2y/holl {1 = Pul; 2,5,

T 2
§C||M(0)||Z§(B;r)+c 2Js /‘(A/r(u,u),Aj{I—P}M)E’x)dt
0
lV
§C||M(O)I|Z§(Bir) + CVEr(w)Dr(m), VT >0. (4.12)

By setting 0 < «3 < min{ ﬁﬁ . 5oz} and using (4.1)xic3+(4.12), we arrive at

(1= 31+ ENErw) +x3 (V2 (@, b, g3 gy, + 1T =Pl 212 sy )
= CluO) g2 gy, + 3E7@Dr () + CVErW)Dr )

= CluOlz2a ) + € (G0 +VEr @) Drw), VT >0,

which implies (4.11) due to the fact O

K3
_— <2
1 —x3(1+¢€)

Please cite this article in press as: Z. Liu, H. Tang, Global well-posedness for the Fokker—Planck—Boltzmann equation
in Besov—Chemin-Lerner type spaces, J. Differential Equations (2016), http://dx.doi.org/10.1016/j.jde.2016.02.031




YJDEQ:8282
Z. Liu, H. Tang / J. Differential Equations eee (eeee) see—eee 33
4.3. Proof of global well-posedness

Now we are in the position to demonstrate Theorem 1.1. By Theorem 3.1, let u# be the solution

to (1.6). We define TM*0 to be its lifespan,

Toy=sup (T > 0:ue (0, 1) T2(B5,))}

Proof for Theorem 1.1. Reset the constant C on the right of (4.11) to be C; > 0 (large enough).
Fix C1 and then choose u small enough such that

A
20, { [lu@l a5, + ||u<0>||L§(B§vJ)} <5

Define
Tup =50 |7 > 0: €70) + Dy @) = i) s )}

From Lemma 3.2 and (3.17) in Theorem 3.1, we have fuo > (. Using (4.11) and the standard
continuity argument yields

A
Er(u) + 5Dr) < Clu) gz 55, VT >0,
Moreover, forany 7 >0 and 0 <t < T, we have

su u(t)||y s = ||u(t 0T s < |[u(t)||5007 s :g u),
5P IOz, ) = O By ) = IOz Ty0m ) = Er@)

and therefore (1.24) holds true for any 7 > 0. This means that Tu*o = 00. In other words, u exists
globally. The proof is completed.

5. Uniform stability of the dependence on initial data

In this section, we prove Theorem 1.2. From Theorem 1.1, we let u, v be two solutions to
(1.6) with initial data ug, vo, respectively. Then the Cauchy problem for difference w =u — v is

oow—~+&-Vow+Lw=T(w,u)+T'(v,w)+ eLrpw, 5.0)
w(0, x, &) =uo — vo. '

Let
Pw = a”(t, )M? +b" (¢, x) - EM? + (1, x) (|g|2 - 3)M%.

Noticing that for any ¢ € N, there holds (F'(w,u)+ I'(v, w), (p)g = (. Therefore for each
n > —1, we can follow the same procedure as in Lemma 4.1 to obtain

Please cite this article in press as: Z. Liu, H. Tang, Global well-posedness for the Fokker—Planck—Boltzmann equation
in Besov—Chemin-Lerner type spaces, J. Differential Equations (2016), http://dx.doi.org/10.1016/j.jde.2016.02.031




YJDEQ:8282
34 Z. Liu, H. Tang / J. Differential Equations eee (eeee) eee—eee
0 Aa” +V, - AbY =0,
ALY + Vi Ap@” +2¢") + V, - O({I = PYA,w) + €A, b” =0,
w 1 w 5 w

0 Anc” + 3 Viedy b+ TV A= PAuw) +2e A" =0,
0 [Omj (11— PYA,W) + 28 Anc®] + By, Ab? + 0y Ay + d€8ynj Anc”

= ®mj(Anrw + Anlhw)a
3 A ;({L—PYAw) + 3y, Apc” = Aj(Agr” + AghY),

where
r¥=-¢ -V {I-Plw, h*=T(w,u)+T,w)+eLpp{I—-Plw—L{I-Plw,

and ®, A are given in (4.2). Similarly, we define S,i"’ (w(t)) as (4.5) (4.6) with u replaced by w
and a, b, c replaced by a¥, b¥, ¢*. For any T > 0, we have

wopw Wy - _ ~ ~
[Vi(a™,b", c )”LZT(B‘S;I)S—’”wO”Lg(Bir)—i_(]+6)5T(w)+”{l P}w”L%Léu(Bi,,-)

+ +

lr

2"CTVA AN 2.1

2" VO AN 13 12

I’

From Lemma 2.6, we have

+

lr

-1
L IS TPy

-1
2"V O A2 12

lr

SEr@Drw) + Drérw) +Er ()Dr )+ Dr@)Er®) + 2+ O =Pl (g

S Er@) + ErIDr(w) + [Dr @) + Dr)1Er ) + 2+ I Phwlpz 2 iy ).

Choose p such that

Clluolizz gy, + Cllvoll 2y ) < €, /luolzz gy, +C fMvollzzsy ) <o < 1.
Therefore for any 7' > 0, we can infer from (1.24) that

IVx@®, 6%, ¢™)liza g1y S Nwollzz gy ) + (1 +e)Erw)
+oEr ) +Drw) + 2+l -Pwlzzze g )-

(5.2)

On the other hand, for any 7" > 0, by performing a spectral localization of (5.1) and taking the
energy estimates in Lz’x for each A jw, we obtain
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lwlizezz sy, + V2V =Plwllz e o

T

< IOl z2gy ) +C 2" /‘(Ajr(w,u)—f-AjF(v,w),A./{I—P}w)g’x‘dt
0

lr
1/2

/
For n = (||u0||Z§(B%r) + ||v0||Z§(B§r)) , using Lemma 2.5 and (1.24) yields

lwlizszz s, + V20l = Plwlz 22 g )

= 1w Olz2s5,, + € (VEr@VDrw) +vDrv/Erw)) vDr (w)

+ (V& @)Dr©) +vPrw)Ver® ) vDrw)

C
< 1wy, +C (VEr@ +VEr @) Drw) + 1 [Dr@) +Dr@) €r () + CyPr(w)

S ||w(0)||z£2__(35.'_) +p (Er(w) +Dr(w)). (5.3)
V2J% 1

If 0 < k4 < min{ 30re) T+ ) and ”“0”Z§(B§,) + ||v0||Z§(B£r) is sufficiently small, i.e., p can be

I—kq(l+€) kg

taken such that p < min{—27=, 5

}, then from k4 x(5.2)+(5.3), we have

[1—&4(l+€) = (ks + Dl E7 (W) + k4 (IIVx(a“’, b*, ez gy + ML= Phwllz2 72 v<35_,>)

= CllwOlIz2 (s ) + (k4 + 1) pDr (w).
Thus we obtain
[1 —ka(l+€) = (ka + DplEr(w) + [ks — (k4 + 1) p] D (w) < Cllw(O)Ilzg(Bg_r),
which implies (1.25). Hereto we complete the proof.
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