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Abstract

For the minimal graph defined on a convex ring in the space form with nonnegative curvature, we obtain
the regularity and the strict convexity about its level sets by the continuity method.
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1. Introduction

The Geometry especially the convexity of level sets of the solutions to elliptic partial differen-
tial equations has been interesting to us for a long time. For instance, Alfhors [1] concluded that
level curves of Green function on simply connected convex domain in the plane are the convex
Jordan curves. Shiffman [31] studied the minimal annulus in R3 whose boundary consists of two
closed convex curves in parallel planes Pj, P», he derived that the intersection of the surface
with any parallel plane P, between P; and P», is a convex Jordan curve. In 1957, Gabriel [11]
proved that the level sets of the Green function on a 3-dimensional bounded convex domain are
strictly convex and Lewis [21] extended Gabriel’s result to p-harmonic functions in higher di-
mensions. Makar-Limanov [24] and Brascamp—Lieb [4] got the results on the Poisson equation
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and first eigenvalue equation with Dirichlet boundary value problem on bounded convex domain.
Caffarelli—Spruck [7] generalized Lewis’s results [21] to a class of semilinear elliptic partial dif-
ferential equations. Motivated by the result of Caffarelli-Friedman [5], Korevaar [19] gave a new
proof on the results of Gabriel and Lewis [11,21] using the deformation process and the constant
rank theorem of the second fundamental form of convex level sets of p-harmonic function. More-
over, he also concluded in his paper [19] that level sets of minimal graph defined on convex rings
are strictly convex. Kawohl [18] gave a survey of this subject. For more recent related extensions,
please see the papers by Bianchin—Longinetti—Salani [3], Xu [38] and Bian—-Guan-Ma—Xu [2].

On the curvature estimates of the level sets, Ortel-Schneider [29], Longinetti [22,23] proved
that the curvature of level curves attains its minimum on the boundary (see also Talenti [33]
for related results) for 2-dimensional harmonic function with convex level curves. Furthermore,
Longinetti studied the precise relation between the curvature of the convex level lines and the
height of minimal graph in [23]. The curvature estimate of the level sets of the solution to par-
tial differential equations then had no new progress until recently, Ma—Ou—Zhang [25] got the
Gaussian curvature estimates of the convex level sets of harmonic functions which depend on the
Gaussian curvature of the boundary and the norm of the gradient on the boundary in R". Fur-
thermore, in [26] the concavity of the Gaussian curvature of the convex level sets of p-harmonic
functions with respect to the height was derived to describe the variation of the curvature along
the height of the function. In [16], the lower bound of the principal curvature of the convex
level sets of the solution to a kind of fully nonlinear elliptic equations was derived. For Poisson
equations and a class of semilinear elliptic partial differential equations, Caffarelli-Spruck [7]
concluded that the level sets of their solutions are all convex with respect to the gradient direc-
tion, the curvature estimate of the level sets has been got by Wang—Zhang [37], and in the same
paper they also described the geometrical properties of the level sets of the minimal graph. In the
sequel, following the technique in [26], Wang [34] got the precise relation between the curvature
of the convex level sets and the height of minimal graph of general dimensions which general-
ized the previous results of Longinetti [23]. In [35] and [36], similar results about the geometrical
properties of the solution to some partial differential equations were derived.

For the Riemannian manifold case, Papadimitrakis [30] concluded the convexity of the level
curves of harmonic functions on convex rings in the hyperbolic plane via one complex variable
tools. Ma—Zhang [27] generalized Papadimitrakis’s results to space form of general dimensions.
Partial results in [27] can be stated as follows.

Theorem 1.1. ([27]) Let (M", g) be a space form with constant sectional curvature 1 or —1, and
Qo and 21 be bounded smooth strictly convex domains in M", n > 2 and 21 C Q. Let w satisfy

Aw=0 in Q=Q0\Q,
w=0 on 0%,
w=1 on 0%].

Then Vw # 0 is valid everywhere in Q2 and all the level sets of w are strictly convex with respect
to Vo.

Based on the above strict convexity of the level sets of harmonic functions defined on the
convex ring in space forms, following the technique in [19], we come in this paper to consider
another important geometrical object, the minimal graph defined on the convex ring in space
form with nonnegative curvature. We mainly get the following theorem.
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Theorem 1.2. Let (M", g) be a space form with constant sectional curvature € > 0, and Q2o and
Q1 be bounded smooth strictly convex domains in M",_n > 2 and Q1 C Qq. Assume that the
following minimal graph equation defined on Q = Qo \ 2

. Vu _ . — C
d1v(—m)_0 in  Q=%Q\ 2,
u=0 on 9%y, (1.1
u=1 on 0%

has a smooth solution u. Then Vu # 0 is valid everywhere in Q2 and all the level sets of u are
strictly convex with respect to Vu.

Following this theorem, we immediately get a geometrical property of the minimal graph
defined on the convex ring.

Corollary 1.3. Let (M", g) be a space form with constant sectional curvature € > 0, and Q2 and
Q1 be bounded smooth strictly convex domains in M", n > 2 and 21 C Q. Suppose that u is
the solution to (1.1). Then |Vu| increases strictly along the gradient direction.

Remark 1.4. Remark that the case of € = 0 has been already concluded in [19]. And it is a pity
that we can not derive similar information or counterexample to the case € < 0. For the similar
and important problem, the convexity of the level sets of the first eigenvalue on the domain in
space forms, we know that the case of € = 0 is due to Brascamp-Lieb [4] and the positive cur-
vature case of € = 1 belongs to Lee—Wang [20] while in [39] a counterexample was constructed
to show that the level sets of the first eigenfunction of a domain with negative curvature are not
convex.

The rest of the paper is organized as follows: in section 2, we list the notations and the pre-
liminaries being used during the process of the proof. In section 3, we give the existence of the
solution of minimal graph defined on convex rings in space form with smaller height than that
in (1.1) and deduce the C>“ continuity of the solution with respect to the boundary value. In
section 4, we prove a constant rank theorem of the second fundamental form of the level sets
of minimal graph. In section 5, we prove the regularity and strict convexity of the level sets of
minimal graph.

2. Notations and preliminaries

In this section, we introduce some notations and preliminaries for the main results.
Firstly, we give the derivative commutation formula in Riemannian geometry.

Lemma 2.1. Let u be a smooth function defined on Riemannian manifold M" with constant
sectional curvature and denote by R;ji the curvature tensor of M", then

Wijk = Wikj + uiRyijk
and
Wijkl = Uklij — Uej Rekti — uig Regrj + ugi Reiji + uke Reiji.

Remark that Einstein summation convention here is adopted. O
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In the sequel, we list out a linear algebra formula [8,9,17] used frequently in our proof.

Proposition 2.2. Let u be a smooth function and (D2u) be its Hessian matrix. Assume that

()
Unj Unn J,

Denote by o1 (A) the k-th elementary symmetric function of the eigenvalue of the matrix A. Then
we have

2 .
o1+1(D7u) = O‘l+l(uij) + Mnnal(uij) - Zuniuingl—l(upq“)
i

+ ) it juttijora(upglif) = Y it juttixur;or—3(upglijk) + T,
i#] i), j#k kA
2.1)

where we denote by (u p4|i) the symmetric matrix obtained from (u p,) by deleting the i-row and
i-column and by (up4lij) the symmetric matrix obtained from (u pq) when deleting the i, j-rows
and i, j-columns, and similarly we define (upqlijk), and also every term in the polynomial T
includes at least 3 factors like u,s with r # s. So if the matrix (u,q) is diagonal at a fixed point,
we then have at this point that

T =0, DT =0, and D*T =0.
Remark that all the Latin indices will vary from 1 ton — 1. O

For the calculation principle of o} (A), we do not mention much more here and one can refer
to [38] for details.

For a smooth function u defined on a Riemannian manifold M", its graph can be considered as
a hypersurface in M" x R with canonical product Riemannian metric. In [32], the mean curvature
of this hypersurface has been already deduced.

Proposition 2.3. ([32]) Let u : M" — R be a smooth function defined on a Riemannian mani-
fold M™. Consider the graph of u, denoted by ¥,, = F(M"), where F : M"" — M" x R is defined
to be F(p) = (p, u(p)) and M" x R is equipped with the canonical product Riemannian metric.
Then the mean curvature of ¥, is

Vu

\/l+|Vu|2)’

here, div is the divergence operator on M". O

H = —div(

The following corollary is obvious.

Corollary 2.4. Let u be a smooth function defined on M", then the graph of u, ¥, is minimal in
n . oy Vu _ n
M" x R if and only zfdlv(g\/m) =0 holds on M". O
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We remark that in [10] the equation of minimal graph defined on manifolds is also deduced.

Let us define a notation as follows in the whole paper: we denoted by X¢(u) the level set
{x € Q|u(x) = c} for a smooth function u and a regular value c of u.

The following lemma is essential to express the geometric quantity of the level sets in terms
of the function itself. We omit the proof and one can refer to Proposition 2.1 in [27].

Lemma 2.5. Let u be a smooth function defined on M" with nonzero gradient everywhere. As-
sume that the level sets of u are convex with respect to the normal direction. Let {ey, o =
1,2,---, n} be a local orthogonal frame on M". Then the k-th curvature of the level set % (u)
is

dop41(D*u)

\v4 —(k-‘r2)7
Ditag ugug|Vul 2.2)

a[Zw)]= (D" >

o, f=1

where 1l <k<n-—1.
Furthermore, if we take e, = ‘g—l"” as the unit normal direction, then the second fundamental
form of the level set of u is
Ujj

hij=——.
i = g (2.3)

3. The solution with relatively smaller height

In this section, based on the condition that the equation (1.1) is solvable, we settle the existence
of the solution to minimal graph equation with height less than the one in the equation (1.1). And
then we deduce some properties of the solution. Firstly, we deduce a prior estimate of the minimal
graph defined on the convex ring. More precisely, we have

Proposition 3.1. Let u: Q — R be a minimal graph defined on Q2 in an n-dimensional space
form M with nonnegative curvature. Then we have

sup |Vu|(x) < sup |Vu|(x). (3.1
xeQ x€0Q2

Proof. Let ¢ = %|Vu|2. We choose the frame {e,} on the manifold such that the Riemannian

curvature tensor takes the form Rygg, = €(8ugey — duydpe), where € > 0 and 844 is the Kro-
necker symbol. It follows that

D 1A+ [Vu*)8ap — gt glbup

a,p
= D [ +IVul)sup — taupltyttyap+uyatiyp) (3.2)
a.By
=3 w1+ |VuP)up — ugupliyap+(1+Vul) > uls = > 0,2,
o, B.y o,pB Y

by Lemma 2.1 we have
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D 1A + [ Vu*)8up — tatiglbap

a.p
= Z uy[(l + |VM|2)5¢15 - Mauﬁ](uaﬂy + uéRéayﬂ) - Z¢y2
o, B,y 14
> — 3wy [+ |Vu*)oup — tatiglyuias — Y $y° (3.3)

a,B.y 14

=—20u) uydy, +2> ¢, =) ¢,°
14 14 14
= "¢y —28u) uyp, .
Y 14

Thus by the weak maximum principle we reach the conclusion. O

Now, we can derive a result of the minimal graph on the convex ring in space forms with
nonnegative curvature which is fundamental to the whole paper.

Theorem 3.2. Let (M", g) be a space form with constant sectional curvature € > 0, and Qo and

Q1 be bounded smooth strictly convex domains in M", n > 2 and Q 1 € Qo. Assume the equation
(1.1) is solvable, then the following minimal graph equation defined on Q for 0 <17 < 1

. vuf — . — —~

d1v(—\/m) 0 in Q=Q\Q,

ut =0 on 9%, (34

ut=rt on 9%
has a unique smooth solution u®. Moreover, there exists a positive constant C1 > 0 such that

[ — ur”clu(g’z) <Cilt —7|
for some o € (0, 1) and any t € (0, 1]. Especially, setting t — 0, we get that
||ur||c2,a(g‘2) <Cit.

Proof. We denote by u! the solution of (1.1). According to the comparison principle of quasi-
linear partial differential equation, we derive that 0 < u® < u' and u" =u' =0 on 082 for

T € (0, 1), thus we have |Vu®| < |[Vu'| on 3. On the other hand, u' — 1 + 7 is the unique
solution of

. Vu _ : _ O
d1v(7\/m)_0 in  Q=Q\Q,
u=t1t—1 on 0%, (3.5)
U=rt on 0J9Q

andthusu' —14+7 <u” <tinQandu' — 147 =u’ =7 on 3, so by comparison principle
we deduce that |Vu™| < |V(u! — 1 +1)| = |Vu'| on 3.
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According to Proposition 3.1 and the discussions above, we then deduce that the solution to
the minimal graph equation (3.4) for r € (0, 1) has a priori gradient estimate as follows

sup [Vu'|(x) < sup [Vu"|(x) < sup |Vu'|(x). (3.6)
xeQ x€0Q x€0Q ’

Now, by the classical theory of quasilinear elliptic partial differential equations [12] we then
get the existence conclusion.

Uniqueness and smoothness of the solution are obvious.

We pause for a while to recall some remarks of w?, the harmonic function defined on the same
convex rings and with the same boundary value, i.e.

Ao®=0 in Q=Qo\Q
w'=0 on 99, (3.7)
o' =1 on 0%;.

It is obvious that @’ = tw! and it follows that
o™l c2a(@) = Tllo'c2ag < Cat (3.8)
for some « € (0, 1) and C; > 0. )
Additionally, by [27] we know that |Ve!| # 0 holds on €2, we then can take a positive constant
Co > 0 such that for x € 2,

Vo' |(x) > Cot . 3.9)

Now, we come to prove the C>* continuity of the solution u” with respect to the boundary
value. Without loss of generality we assume that ¢ > 7. Let &7 = u’ — u®, then h would satisfy a
linear divergence type equation. In fact, 7 has boundary value 0, # — T on the boundary 929, 021,
respectively. Furthermore, if we rewrite the minimal graph equation to the form div(A(Vu)) =0,
we have by following the discussion in [28] or the theory in [12] that

0 =div(A(Vu')) — div(A(Vu®) = 3 Dy (A% (V') — A%(Vu™))
-3 D, (A“(sVu’ +a —s)wf)kl)) (3.10)
=Y Dy (map(x)Dgh)

where,

: 0A”
Mg (x) =/ s (sVu'+ (1 —s)Vu)ds.
0

Anyway, h(x) satisfies the following uniformly elliptic differential equation for the uniform
gradient bound we have deduced,
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Dy (map(x)Dgh) =0 in  Q=Q\Q,
h=0 on 9%,
h=t—1 on 0d9;.

In order to give the C>% estimate of /, according to Theorem 8.33 of [12] or Theorem 8.33'
in [28], we need to extend the boundary value of % to a smooth function defined on the whole
domain Q. Fortunately, the harmonic function o'~ is just suitable for this target. Thus we have
by the maximum principle and (3.8),

1hll 2@y = € (Hhlls@) + 1o llcaa)) < C1te = 1. (3.11)
This completes the whole proof of the theorem. O
4. A constant rank theorem

The constant rank theorem joint with deformation process is usually applied to prove the
convexity of the solution or the convexity of the level sets of the solution. Based on this essential
tool, lots of important results concerning to convexity appeared [6,13—15,27] recently. In this
section, we will show a constant rank theorem as follows.

Theorem 4.1. Let 2 be a smooth bounded connected domain on the space form M" with con-
stant curvature € > 0. Let u € C*(Q) NC 2(Q) be the solution to the prescribed mean curvature
equation

div(— ) = H (),

V1+|Vul?

where H(x) > 0 satisfies the structure condition
3H, Hp +4€H*8yp < 2H Hyp. 4.1

Assume |Vu| # 0 in Q and the level sets of u are all convex with respect to the normal Vu, then
the second fundamental form of the level sets of u must have the same rank at all points in 2.

Proof. We firstly represent the equation into the following

3 [(1 + I VuP)oap —uauﬁ]uaﬂ — HoO)(+ |[Vu?)? 2 f(x, V) in Q.
a’ﬂ

The theorem is obviously of local feature, so we may assume that the level set X¢(u) is
connected for each ¢ in a neighborhood of some cg = u(xp). We will compute in a neighborhood
of some point xp € 2 such that the minimal rank / of the second fundamental form of »u0) (1)
is attained at xo. Without loss of generality, we can assume that 0 <[ < n — 2, otherwise we then
have got the constant rank n — 1.

Let U be a small open neighborhood of xo such that for each x € U, there are / “good”
eigenvalues of the second fundamental form of the level sets which are bounded from below by
a positive constant, and the other n — 1 — [ eigenvalues of the second fundamental form of the
level sets are very small and we name them “bad” eigenvalues. In the following, we will denote
by G, B the index set of “good” eigenvalues and “bad” eigenvalues respectively.
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For any x € U fixed, we can choose a frame ey, e2,---,€,—1, e, such that |Vu|(x) =
u,(x) > 0 and the matrix (4;;) (i, j =1,2,---,n — 1) is diagonal at x.

By (2.3), the second fundamental form of X¢ then is also diagonal at x. Without loss of gen-
erality we could assume A1) < hoy <--- < h,_1,—1 and there exists a positive constant C > 0
depending only on ||u||-+ and the domain U such that h,_;,—; > C for all x € U. For conve-
nience,weletG={n—Il,n—I1+1,---,n—1}and B={1, 2, ---, n — [ — 1} be the “good”
and “bad” sets of indices, respectively. We also denote

B ={h11, h, -+, hy—j—1p—1—1} and G={hy_jy—4,, -+, hp_1p-1}.

Note that for a fixed § > 0, we can choose the neighborhood U small enough such that 4 j; < §
forall je Bandx e U.

Denote by A;, i = 1,2,---,n — 1 the principal curvature of level sets of u and A =
(A, -+, An—1), it is obvious that A; = h;; under the assumption above. We set u; = u;;,
n= (1, -+, Up—1) during the whole proof, then p; = —u,A; fori =1,2,--- ,n — 1 at x.

Generally, the following notations are usually necessary to conclude the constant rank theo-
rems.
For two functions defined on €2, /& and k, for y € 2, we denote by h(y) < k(y) if and only if

(h = k)(y) = (C3¢ + CalVOD(y).

Also, we call that h(y) ~ k(y) if and only if h(y) < k(y) and k(y) < h(y). Generally, we say
that & ~ k is valid if and only if £(y) ~ k(y) for any y € 2 holds.

During the whole proof, the Greek indices such as «, B etc. will vary from 1 to n while the
Latin indices such as i, j, k etc. will vary from 1 ton — 1.

For each c, set

d0142(D%u)
—_—U

=V 1+3 ) = _]l+1
¢ =VulPor ) =(=D"Y s

op

alg. 4.2)
From now on, all the calculations will be done at x with the above frame. In order to simplify
the process of the proof, we introduce the notation [27] b;; ¢ as follows,
Unttije = —Unbij & + Unitlj& + Unjitiz + Ung ). (4.3)
Easy to get for j € B,
AjAUO.

Now we come to compute the first order derivative of ¢.

d0142(Du)
Ye = (—1)l+1 Z ;uauﬁ

8uaﬁ
o,pB £
9%0142(D*u) d0142(D?u)
= (=) Z +7uauﬁuysg+(—l)l+lz+7(ua§uﬂ+uauﬂ§)
w88 Ougpduys oy Ougp

=01+ Oy;
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For the term Op, by (2.1),

820'1+2(D2u) I+1.2 820l+2(D2u)
0, = (—1)*! — T Tuguguyse = (—D!Mu Tou o, Uy
aﬁg Dutapdiys BUyst n 75 nnduys v
9074+1(U pg) j
= (M2 M wiie = (—D™Mup Yoy (i Yuiie @4
§ : u; -

i

~ (DTN Yo (uliuiie = —uy Yo (liuiie ~ —u, P01 (G) Y ujje

ieB ieB jeB

For the term O3,

d0142(D*u) d0142(D*u)
0y = (=" Z gu uagu,g+uauﬁ5)=2(—l)[+lunzguiﬂuﬁg
Ol /3 n,

a0, D<u do D%u
—2(—1)*y, %ung + 2=y Y %u,@
Upn ; Uni (45)
= 2= w011 (W) ung + 2=y Y01 (i) winuie

i

[+1 ZUI A uinuig ~ 2’/‘I—H(Tl (G) ZMJnMJSa
ieB JjEB

Therefore, by (4.3), (4.4) and (4.5), we have

Vg~ — u£l+201 (G) Z Ujje + 2M£l+10‘l (G) Z Ujnl j&
jeB JjEB

=—u£l+lal (G) unZujjg —ZZujnujg (4.6)
jeB jeB

~ulP201(G) ) bjje.

jeB
So we deduce that

D bjje~0.V1<E<n. @)
JjEB

Now we set out to compute the second order derivative of ¢.

2
ey = (=11 Z (3 o1+2(D u)uauﬂuy&g)

3uaﬂ3uy5 n
d0142(D%u)
+ (= 1)l+1 Z( —gu ; (uaguﬁ + mﬂt,sg))
Q,

n
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Denote by " = (1 + |Vu|2)8§,7 — uguy. Direct calculations show that

> @ ey =T+ 1T+ I1IT+1V +V,

&n
where
ak £n 320142(D?u)
I = (_1) Z a 7uauﬁuy5§urgn;
o,B,y,8,7,0,&1 Ougpduy 50y
9%0142(Du)
feaen Z asnﬁ”an“ﬁuw&s;
a.B.y.8.60 UgpOlys
9%0142(Du)
[=(—DH! Z aén#”auﬂuwg,};
a.B.y.8.&.n UapOUys
907112(D?u)
v =20-p"" 3" aé”guiuasnuﬁ;
o, B,&,n o
d0142(Du)
V=21 Z asngu—quuﬁn.
o,B.6.1 af

In the following, we come to deal with the above five terms one by one.
For I, we compute step by step and will arrive at (4.20).

Z 45N 83(71+2(D2u)

I = (_ 1)l+1
Bua,g 3uy53uf9

UgUBUysEUTHY
a,B,y,8,7,0,§,n

920141 (1 pg)
= (=) 22 133 Z g O+ " pq) Wije Ukl

e Oujjouy
= 2D a o (i) (wisgusse — )
3 i#j

=yl Zaff Z"H (Alij) (unsujjs - u,-z,;)

§ i#]

W, YT+ >+ Y+ Y oz—l(klij)(uiisujjs—
£

i,jeG,i#j ieG,jeB  jeG,ieB i, jeB,i#j
=h+bL+L+14.
It is easy to conclude that

I ~0.

For the term I, + I3, it follows that

(4.8)

(4.9)

2
”ijs)

(4.10)

A.11)
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L+ L= "6 N o (uif) (uiisujjs - “%js)

& ieG,jeB

2ul=1 X:aSS Z o-1(Gli) ((unuiig) (unujje) — (unuijs)z)

& ieG,jeB
ul- 12 £¢ Z o1-1 (G |1)(—uﬁbl~i,g+2umui5
(4.12)
ieG,jeB

+ unguii) (—uﬁbjj,g + 2unj”j5)

2
—2ul 'Y " Y o (Gli) (—uﬁbij,g + it jg + unjuis)

ieG,jeB
=l + .

By (4.7), we have

L = 4u£l_1 ZQSS Z o1 (Gli) <—Mﬁbii,$ + 2upiuig + Mn’;‘”ii) UnjU je

ieG,jeB
=4u£l_l Z 0-1(Gli) ( ll n+ 214,“ + unn“tl) u2]
ieG,jeB
(4.13)
:—4u£l+] Z oj_ 1(G|l)b”,,u +8u1 ! Z o— 1(G|l)um nj
ieG,jeB ieG,jeB
—4luflunno"1 (G)Zuﬁj,
JjEB
and for the second term 727, we get
Ip=—2uP>"d¥ Y o1 (Gli)b,
3 ieG,jeB
+ 8uf1+] Z 01-1 (G i) upjunjbijn —i—4ul+1 (1 —i—u%) Z 01-1 (G i) upjuiibij;
ieG,jeB ieG,jeB
— 8ul-! Z o1 (G li)u?,u? nj —2u = (l—l-uﬁ) Z o1 (Gli)uu? i
ieG,jeB ieG,jeB
=-2uPY"a% > 011 (Gli)by,
& ieG,jeB
+8M£l+1 Z o7—1 (Gli)uniunjbij,n—4uil+2 (l—i-uﬁ)crl (G) Z unjbij’,'
ieG,jeB ieG,jeB
8l S ot (Gliyudul; — 2ul! (1+uﬁ)a,(G)ol 6> ul;. (4.14)
ieG,jeB JjEB

Therefore, by (4.12), (4.13) and (4.14) we get
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h+L==2,72%"a% Y o 1 (Gli)b},—4u™ Y o011 (Gli)upbiin

ieG,jeB ieG,jeB
+8uf1+1 Z 01_1(G|i)u,,,~unjb,‘j,n—4u£l+2<1+u,%>01(G) Z unjbii,j
ieG,jeB ieG,jeB
—2ulH! (1 + uﬁ) 01(G) o1 (G) Y up; — Mulbunno; (G) Y ul;. (4.15)
jeB jeB

For the term Iy,

Iy~ “2_1‘7171 (G) ZaEs Z (—uﬁbii,g + 2uniuig> (—uﬁbjj’g + 2unjujg)

& i,jEB,i#]
2
_uilflo'l_l (G)Zggs Z (_”%bué +un1bt]$ +unjulé) (4]6)
& i,jE€Bi#]

= Iy + Iy.

According to (4.7) we derive

=0 6 ) a3 (—udbiie + 2uniie ) (—udb e+ 2unu e )

& i,jeB,i#]
= Mﬁ,flffl—l (G) Zafé Z [Mibii,sbjj,é — 4u%u,,jujgb,-,-,g +4u,,,-u,,jui§ujg]
& i,jeB,i#]
4.17)
01 ](G)Zbun - l+3 (1+Li )Ul ](G)Zzb”]
ieB j=lieB
+ 4l o1 (G) Y ud b+ 4l o1 (G) Y uul
jeB i,jeB,i#j
and
2
lo=—u"" Y a1 (@) Y (—ulbije +unije +ujuic)
i,jeB,i#]
2
=— ML_IUI—I (G) Z (—Mﬁbij,n + 2“ni”nj>
i, jEB,ij
uht (14 u2) o1 1<G>Z > i (4.18)
k=1i,jeB,i#]j
=—uPo1_1 (G) Z b} + 4, 011 (G) Z Unittnjbij.n
i,jEB,i#] iI,JEB,i#]

n—1

— 4l (G) Ykl - ’+3(1+u )oll(G)Z S b

i,jeB,i#] k=11i,jeB,i#]j
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Then we can conclude from (4.16), (4.17) and (4.18) that

Ii=—ulPo_1(G) Y b},

i,jeB
(4.19)
ult3 (1 +u )61 1(6)2 Z b,Jk +4ul o1 (G) Z Uniltnjbijn -
k=11i,jeB i,jeB
Now, together with (4.10), (4.11), (4.15) and (4.19) we have
I~—2ul+3z 3 o (Glib e —4uyt Y 011 (G liup b
ieG,jeB ieG,jeB
+8ul S 0101 (G i) nittnjbijn —4u;+2<1+uﬁ> 01(G) S unsbii
ieG,jeB ieG,jeB
I+1 2 2 ! 2
2l (1 + un) 01 (G) o1 (G) Z w2 — 4 01 (G) Zun w0
JjeB jeB
—u, 011 (G) Y b, —u” (H‘” )C’l 1(G)Z > bl
i,jeB k=1i,jeB
+4ulTo_1 (G) Z Unilnjbijn .
i.jeB
For the term 11, we will arrive at (4.44).
=4 Y 3 PorpDw)
Nttp ity agUpllyss
& a,B.y.8
9%0142(D*u)
— 4=y §&
(=D Za Z Dt it5 Ung Uy sk 4.21)
9%0142(D? M)
4(—=1)* 1y & =1L +1D.
+4=D Z“ IZZ Bupmou, isres =+ 11
For the first term /1; we have by (4.3),
3%0142(D%u)
=4 l+1 &&
=D Z" Z By e
=4(=1)""u, Y ¥ Zm (i) g e
£ i
~ H'lZaSS > 01 (Gunzuiie (4.22)

ieB
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= —4uf101 (G) XjaéE Zung(—uﬁbii,g + 2upiue)

& ieB
= —8fulo) (G) Y u2; — Bul! (1 + u,%) 01(G)o1 (G) Y ul;.
JEB jeB

In the following, we come to settle the second term [ I5.

9%0112(D*u)
1L =4(-DHy af§ T
2 ( ) n; auinauys iEUysE

n—1
a . o
= 4(—1)l+lun Zaég Z EP —upio(Upg i) + Zunj“ijo—lfl (Upg lij) |uiguyse
£ i=1 7770 j#i
=1h+ 1. (4.23)

It follows that

n—1
0 .
11 =4(—1)! 1y, ZQSE Z B (—Mm'Ul(Mpq i ))uiguyag
3 i=1 7

n—1
=4(=1)""uy > " a* > " (—01upg i) uigtinic (4.24)
3 i=1

— 4= 1w, Zaés Zdl—l(upq lij uninigujje = 1 + 1112;
& i#]

For 11,11, we derive that

n—1
I =4(=1)"""u, Yy " a% Y~ (=01(pg i) igunie

£ i=1
~ 4o (G) Y a* Y uiguniz (4.25)
& ieB

1+1 1+1
~ 4u”+ 01 (G) Zu;nun;n = 4un+ 01 (G) Zuinunni .
ieB ieB

We now pause for a while to derive a observation for the proceed of the whole proof.
Differentiate both sides of the equation a*? uqp = f withrespectto e; (i € B),

Za“ﬂ,iuaﬁ + Za“ﬁuaﬁi = f,
o, f a,p

Easy to get that fori € B,
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Za“ﬁ,iuaﬁ =2untni Au —2u, Z UpalUioq = —2u,21um~01(G). (4.26)

o,f o
Therefore, by (4.3) the term u,,,; now becomes
Unni = fi + 2u,%um~al (G) — u;l (1 + uﬁ) Z (-M%b./‘j’[ + uniujj). (4.27)
jeG
Plug this expression into (4.25), we have

1hiy =401 (G) Y unj fi + 4ul o1 (G) o1 (G) (1 + 3u§) u;
JjE€B JjeB

+ 4426, (G) (1 + uﬁ) > unsbii .
ieG,jeB

(4.28)

For the term 11512,

Iy =—=4(=D"""u, Y a8 o1 1(upg lij Juniigujje
3 i#]

=4(=Dhu, Y a® [ >0+ Y+ Y+ > o wlijuniuizuje
£ i,jeG,i#j G, jeB  jeG,icB i, jeB,i#]
= 1D21 + 1122 + 123 + 1 24. (4.29)
Obvious to find that

11121 ~ 0. (4.30)

By (4.3) and (4.7), we get

i =4(=1)' Y a3 or 1 Gulifuninie (—ulbyje +2unjuje + unsujj)

3 ieG,jeB
~ =4y Y o (i uiu (—uﬁbu,s + 2unju.is) 4.31)
3 ieG,jeB

-1 N2 1,2
= — 8u, Z 01-1(G |Duyuy ;s
ieG,jeB

similarly,



5550 P. Wang, D. Zhang / J. Differential Equations 262 (2017) 5534-5564

Thiz=4(=1'Y"a* Y o1 (ulij)uniuic (—uﬁbn,s + 2unju je + “nE”jj)

& jeG,ieB
I+1 N2 -1 N2 2
~ dult Z 11O 1i Yy biin — 8, Z O1—1 (M 10 2ty 4.32)
ieG,jeB ieG,jeB
! 2
+4lu, up,00 (G) Z Upj”,
jeB

and

Ihia=4(=1"Y"a* Y~ o1 (ulij)uniuic (—uﬁbjj,s + 2unju je + unsujj)

§ i, JEB,i#]
=— 4u£l_1 Z o—1(Mij )u%n (—uﬁbjj,n + Zui/)
 iCB s
LIEBIET (4.33)
~4uMo 1(G) D upbjia—8ul o (G Y upun;
i,jEB.i#] i,jEB,i#]
~— 4o 1(G) Zuﬁjbjj,,, —8ul"lo_1(G) Z Uty -
JjeB i,jeB,i#j
Therefore, according to (4.30), (4.31), (4.32) and (4.33) we have
Iy ~ 4ult! Z 01-1(G |i Yy ;biin — 4l 01 1(G) Z upibjjn
ieG,jeB jeB
_ . 2 —
— 16ufl ! Z o-1(G i )u,zliu,,j — 8u£l Yo1_1(G) Z uﬁiuﬁj (4.34)
i€G,jeB i,jEBi#]
+ 4lu£lunnal (G) Z unjz .
JEB
By (4.28) and (4.34), we get that
1Ly ~4ultlo) (G) Zunjfj +4ultlo; (G) o1 (G) (1 + 3u,21) Z uﬁj
JEB jeB
420y G) (1+3) D wnjbiiy + 4™ Y 11 (Glud i
ieG,jeB ieG,jeB
) (4.35)
— 4oy ()Y upibjin — 16Uy D 01 1(G i Jupun;
JjEB ieG,jeB

I 2 -1 2.2
+ 4lu, upy0; (G)Zu,,j —8u,, 0,-1(G) Z UpiUlpj -
jeB i,jEBi#, ]
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In the sequel, we come to settle the term 1155

Il =4(-)"u, Xn:a“ ZZ aua

E=1 igjoy.s 0

n
=4l > S+ Y+ Y+ Y o (i) uigui
=1

i,jeG,i#j i€G,jeB jeG,ieB i,JEB,i#]

njujioi—1 (upg 1if ) uicttyse

=11n1+ 11+ 113 + 1 124. (4.36)
Step by step, we will give the final expression of [ I5,. Firstly,
111 ~0. 4.37)
Secondly, by (4.3) and Lemma 2.1,

n
1[222’\/414512361Ss Z upjo—1 (G li)ujsuije
£=1  ieG,jeB

=duy, Y 01—1(Gli)ManniMijn+4M£,(1+M,%) D 011 (G i) unjuiiuii

ieG,jeB ieG,jeB
=4u£l Z 01-1(G |i)unjuniuijn
ieG,jeB (4 38)
— 4u£l (1 + u,%) Z o (G) Unj I:_u'%bii’j + unjui,-]
ieG,jeB
= 4142 Z 011 (G li) upjupitijn + 4u£1+2 (1 + uﬁ) o1 (G) Z unjbii
ieG,jeB ieG,jeB
+ 4yl (1 +uﬁ) 01(G)o1 (G) Y ul; .
JjEB
A similar process shows that
3 ~ 4, Z 011 (G |i) upjuniuijn (4.39)
ieG,jeB
and
s ~ dulor_1 (G) Z UnjUnillijn - (4.40)

i,jeB.i#j

Combining (4.37)—(4.40), we have



5552 P. Wang, D. Zhang / J. Differential Equations 262 (2017) 5534-5564

11~ 8ul, Z Ul—l(Gli)unjuniuijn+4uf1(fl—l(G) Z UpjUnillijn

ieG,jeB i,jeB,i#]j
+au? (142) o (G) Y2 wibiag + 4 (1413 01 (G) 1 (G) Y.
ieG,jeB jeB
(4.41)
Once again by (4.3), we revise the form of I I, into the following
Iy ~=8ut' Y~ o1 1 (Gli)unjunibijn —4ub o1 1 (G) Y unjitnibijn
i€G,jeB i,JEB.i#]
+16u, "t > o (GliupupA8ul o (G) Y uyug,
i€G,jeB i,jEB,i#]
+ 4ul+? (1 + uﬁ) 01(G) > unjbiij + 4! (1 + uﬁ) 01(G)o1 (G) Y ul; .
ieG,jeB JjEB
(4.42)
Combining (4.23), (4.35) and (4.42), we then have
15~ 401 (G) Y unj f +8uli 01 (G) 01 (G) (1 + 2u,§) 3
JEB jeB
+8ui 20y (G) (1+3) D wnjbiiy + 4™ 3 11 (Glud i
i€G,jeB ieG,jeB
(4.43)
+ Mty 01 (G) Y uni® = 8ut Y " 011 (G i) njttnibijn
jeB ieG,jeB
—4ulo1_1 (G) Z UnjUnibijn -
i,jeB
Therefore, by (4.21), (4.22) and (4.43),
IT~=8fubo;(G) Y up; +4ul 01 (G) Y unj fj + 8uy 01 (G) o1 (G) Y _up,;
JEB JjEB jeB
+8u!*20, (G) (1 n u,%) 3 tnbiig + 4TS oGl i
ieG,jeB ieG,jeB
(4.44)
+ A0 (G) Y uni” = 8uy™ " 011 (G i) jenibijn
JjEB ieG,jeB
—4ult o1 1 (G) ) unjttnibijn -
i,jeB

So, by (4.20) and (4.44), it follows that



P. Wang, D. Zhang / J. Differential Equations 262 (2017) 5534-5564 5553

T+11~=2uP3"a% " 011 (Gli)b] . —ulPor 1 (G) Y b},
£ i€G,jeB i,jeB

n—1
—u (14 u2) o (@)Y Y by = 8 ubor (G) Y u

k=1i,jeB jeB (4.45)
— 2yl (1 _ 3u§) 01(G)o1(G) Y ul; + 4oy (G) Y ujuf;

JjEB JjEB

+4u£l+2 (1 + uﬁ) 07 (G) Z unjbl-,-,j .
ieG,jeB

Now, it’s time for us to compute the third term 771.
By Lemma 2.1, we then have

32 D?
111 = (_1)l+1 Z aér) 780‘1+2§ M) UgUBUysEY
iy HapCilys
I+1,2 af 90141 (1pg)
=DMy 3 Py s
o,B,y,6 Uys
~ =01 (G)Y Y aPuiinp (4.46)
o,B i€eB
=—u,01(G)Y Y " a®P | uapii +2) uziRewip =2t Reipi
o, i€B 3 §

INLH+11L+1115.
For the last two terms /11> and 1113, it is obvious to deduce that
I ~0, I1I5~2(n—1—1)efu*?0;(G). (4.47)

Remark that € is just the sectional curvature of the space form.
In the following, we come to compute the more complicated term 111;.

115 =—uiP0(6)Y Y augpii

a,f i€eB

=~ 1,01 (G) Z Z [(aaﬁ”“ﬁ)u - (aaﬁ)u Ugp =2 (aaﬁ)i api ] (4.48)
a.p icB

=—u£l+201(G)ijj+11111 +111 .
JjEB

For 1111, we have
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111 = uf1+201 (G) Z Z (adﬂ)jj Uap

o,B jeB
=ulP0;1 (G) Z Z 22“&“51 af = 2Uajup | Uap
o,B jeB j
l+2 2 +2 (4.49)
o] (G)ZZM Au—2u, “o; (G)ZZuajuﬂjuaﬂ
jeB « o,B jeB
2,301 (G) D i Au—2ul P01 (G) Y D " ugjjttne
jeB o jeB
=11hn+111h,
where,
Iy =20 (G) Y > udiAu—2u?01(G) > > utajupjuap
jeB « a,f jeB
(4.50)
=2u,"%01 (G) ) up; (Au—upy) = 21,07 (G) 01 (G) Y _uy;
JjEB JjEB
and by Lemma 2.1 and (4.3),
n—1
11112 = 2,01 (G) ) unjj (Mt = unn) = 2,201 (G) Y uniijj
jeB i=1 jeB

n—1
201 (G)01(G) Y (jin + €un) — 20301 (G) 3N wgiuji - 451

jeB i=1 jeB

—4ul P01 (G) o1 (G) Z ”Zj —20=1=Dew,"01(G)01(G) .
JjeB

Therefore, combining (4.49), (4.50) and (4.51) we get

111 = —6u' 301 (G) 01 (G) Z up; —2(n—1—1)eu,Po1(G)o1 (G).

4.52)
jeB
For the term 111;,, we have by (4.3) that
111, = 2u£l+20’1 (G) Z Z (aaﬁ)j Ugpj
o,B jeB
= 4u£l+301 (G) Z Z UpjUgaj — 4u£,+3c71 (G) Z Z UgjUgnj (4.53)

o jeB o jeB
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n—1
=4u P01 (G) YD unjuiij

i=1 jeB
1+4 143 2
=—4ulo1 (G) DY upjbiij— 4y 01 (G) o1 (G) ) up,; .
ieG,jeB jeB

Therefore, by (4.48), (4.52) and (4.53) we have

111, =— uf1+201 (G) Z fjj — 4u£l+401 (G) Z unjbii,j
JjEB ieG,jeB
(4.54)
—10u,01(G) 01 (G) Y Jup; —2(n—1 — Ve, 01 (G) o1 (G) .
JjEB

So, by (4.46), (4.47) and (4.54), it follows that

111 ~— u£l+201 G) Z fij— 4uil+40'1 (G) Z unjbii j

jeB ieG,jeB

0ul 301 (G) 0 (G)Z yi—2m—1-1euP o (G)oi (G) (4.55)
JjEB

+2(m—1—Defult?o(G) .

For the term 1V, we show by Lemma 2.1 and (4.26) that

d0142(D?
IV = 2(_1)1+1 Z an Muasnuﬂ

. BE Outap
doy 2(D u) doy Z(D u)
2( 1)l+] Z &n _gu ﬂ§ﬁ+2( 1)l+1 Zaéﬂz 7—5’/{ Uigy
£ &1 i=l "

n—1
=2(=1)/*y, Zas”alﬂ (Upg)uney + 2(=Dluy, Zaér’ Zal (U pg |1 uniien

, &.n i=1
2u£,+lol(G) Za‘fn Z Upjll jen

En jeB

H—IO‘Z(G) Z Upj Zaénugn,

jeB

=2u,"01(G) Y unj fi + 4P o1(G)o1(G) Y ;. (4.56)
JEB jeB

For the term V, we have
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d D?
V:2(—1)l+1 Z aéﬁwua%_uﬂn

@b dutap
doy 2(D u) doy 2(D u)
=2(_1)1+1 Zasn £ UngUny +2(— 1)l+12 & Z — Uigl jn
OUpp et ouj
a0, (D u)
I+1 +2
+4(=1) Z E”Z Gy
=Vi+WV+V;3. 4.57)
It is obvious to see that
Vi~0, (4.58)
and
30742 (D)
I+1 +2
V3 =4(—1) Z E"Z Gy
~ A=D1 a0 (upg 1 juttngu e (4.59)
& JEB
~ 4u£lu,m01(G) Z u%n
JjEB
For the term V,, we have
90742(D%u)
_ I+1 o012 U)
Va=2(-1) Z 1 Z gy
i,j=1
1
9oy 2(D u) —  90112(D%u)
=2(- 1>’“Z “Z e P20 Y et BT e i
£ ij=1lisj "ij
=Vo+ V. (4.60)

For the term V51, by (2.1),

d0142(D*u)
Var =2(- 1>’“Z SSZ i
ii

=2(— )H']Zczssz unnm pq|l Zun/crl 1 upq|l]) uizs 4.61)
J#

~—2u£lu,maz(G)Zu ult= IZ ‘EEZZGI ](A.|lj)un]ulg.

JjEB i=1 j#i
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As the calculations before, we divide the term including i # j into four parts and then derive

o1 ~ = 2u! oy (G) Z ugj —2u!~! Zass Z 011 (G |i)u,2ljui2$

jeB 3 i€G,jeB
—2u!! Z 011 (G |.])Mn/ 2 2o 1 (G) Z uﬁju%i
i€B,jeG i,jeB.i#j
1 ) i (4.62)
~ —2u, Upn0; (G) Z”nj —4u,” Z o1 (Gli )“n; i
JjEB ieG,jeB
~ult! (1 + u,%) (G0 ()Y i~ 2l o 1 (G) Y
jeB i,jeB.i#]
For the term V»», it follows that
do142(D*u)
Vi =2 Y T Y i
£ i#] His
=2(=1)""" D" a5y upinjori (upg lij ) uiguje (4.63)
3 i#j
~ 4yl =1 Z o1 (Gli)u,u? ni T 2ul " o1 (G) Z uﬁiuﬁj .
i€G,jeB i,jeB.i#]
By (4.60), (4.62) and (4.63),
Vo~ =201 (G) Y uy =2 (1462) o1 (@)1 )Y udy -y
JEB jeB
Therefore, by (4.57), (4.58), (4.59) and (4.59) we derive that
V ~ 2ultynor (G) w2 — 2ulit! (1 + uﬁ) 01(G) o1 (G) Y u?;
JE€B jeB
(4.65)
= 2uf1f01 (G) Zuij .
JjEB

Now, combine (4.8), (4.45), (4.55), (4.56) and (4.65) we derive finally that

Za“ﬂ%,ﬁ ~ —2ufl+32a§‘§ Z 01-1 (G |1)b,j £ ul+301 1(G) Z bl] "
a.p

ieG,jeB i,JeB
l+3 (1 +u )Ul I(G)Z Z bll k +4u£l+201 (G) Z Mnjbi,',j
k=11i,jeB ieG,jeB

201 (G) o1 (G) Y Jup; —2(n—1— 1) euy o1 (G) oy (G) (4.66)
JjEB
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—u,201(G) Y fij — 6 fubor (G) Y up; +6ultlop (G) D ujufi

jEeB JjE€B JjE€B
+2(m—1—Defult?o(G) .

Since a*¢ > 1 forany £ =1,2,---,n, b;j; =b;; j fori € G, j € B and € > 0, we then have

Zdaﬂ(paﬁ < - 2uf1+3 Z 011 (G |i)bi2i,j +4u£l+201 (G) Z unjb,-i,j

a,f ieG,jeB ieG,jeB
=201 (G) 01 (G) Y uy;
ieB (4.67)
— U201 (G) ) fij — 6fup01(G) Y up; +6ui 01 (G) Y ujnfi
jeB jeB jeB

+2(m—1—Defult?o(G) .
After a observation, we can simplify the above expression into the following form
2
> agup <=2t Y (a1 (Gldbin — VoGt )
o, B ieG,jeB

— i ()Y [6fu5j — 6y fttn + u2(f — ZEf)] .

jeB

(4.68)

Now, we come to compute the term involving f. Note that f(x, Vu) = H(x)(1 + |Vu|2)%,
then we get for j € B,

fx, Vuy=H(l +u2)?

) » (4.69)
[f(x, Vu)]j =H;(1+u;)? +3Hu,(1+u;)2uyj,
and
2,3 2,1 2 2\—1 2
[fx, Vu)]jj = Hjj(1 4+ u3)2 +6Hjuy (1 + ;) 2unj +3Hu, (1 4 u;) " 2uy,;
(4.70)
+3H(1+u,%)%uflj+3H(1+uﬁ)%ununjj.
By Lemma 2.1, (4.3) and the fact that € > 0, we have for j € B,
V)], = Hij(1+1u2)3 + 6Hjun (1 + u?) 2unj + 3Hu2(1 + 1)~ 2u
[f@x. Vi, = Hijj (1 + )2 + 6Hjun (14 1) 2unj + 3Hu, (1+ 105) ™ 21y
+FOHA +ud)2ul; +3Hu2 (1 + 1) e — 3Hu2 (1 +u2)2bjjn
4.71)

2,3 241 2 N )
= Hjj(+u)2 4+ 6Hjun(1+u)2upj +3Hu;, (14 u;) " 2uy,;

1 1
+9H( +up)2uy; —3Hupy (1 +u;)2bjj 0

Therefore, by (4.7) we derive
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3 [6fu,3j — 6ty funj +ul(fj — 2ef)] = (Auﬁj +Buy+C) . 4

jeB jeB
where
_ 2 2,1 2\—4
A=3HQ+u,))(14+u,)"2>6H(1+u;) 2,
B=—6u,H;(1+u?)?, (4.73)
2 2,3
C=u;,(Hj; —2eH)(14+u;)2.

Under the structure condition (4.1), we easily get that for j € B,

Auy; 4 Buyj+C = 0. (4.74)
Thus,
ap
> _a“pup < 0. (4.75)
a.p

And this finishes the proof of the constant rank theorem. O
5. Strict convexity of level sets
In this section, we follow the idea of [19] to prove Theorem 1.2 by the continuity method and

then to prove Corollary 1.3.
Remark that the equation we concentrate on is the following

div(\/#ifwz)zo in Q=9Q\Q,
ut =0 on 9%, CRY
ut =1 on 0%

for 0 < v < 1. Remark that the existence of the solution for 0 < t < 1 is already clear to us by
Theorem 3.2.

Firstly, when the height of the minimal graph, 7, is small enough, the level sets must be regular
and strictly convex. In fact, if t is small, by Theorem 3.2 we know that the norm of the gradient
will be sufficiently small which would force the minimal graph to be looked as something like
the graph of a harmonic function since the similarity of the equations they satisfy. Precisely, we
have

Lemma 5.1. Let (M", g) be a space form with constant sectional curvature € > 0, and Qo and
Q1 be bounded smooth strictly convex domains in M", n > 2 and Qq C Q. Then there exists
8o > 0 such that for any 0 < t < 8, the solution to the minimal graph equation (5.1) satisfies
that Vu® # 0 and all level sets of u® are strictly convex with respect to Vu?®.

Proof. Let w® be the harmonic function defined in (3.7). Denote by p = u" — " and it is easy
to see that p satisfies the following Poisson type equation
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Ap = Zugnug 0= IVuT|PAu™ in Q=Q0\Q,
&

p=0 on 9%, 5.2)
p=0 on 089;.
Denoted by f = ugnuguf, — |Vu® |>Au, according to Theorem 3.2 we know that
.
| flee@ < CT. (5.3)

The Schauder theory then gives that

4" = " ll2a(ey = € (I1ollie@) + | fleoa)

54

=€ (I1fllpm@) + 1 Flcu@ ) = Cs7>

Especially, we get for any x € €2,
|Vu' — Vo' |(x) < CsT2. (5.5)
It follows by (3.9) that for any x € €2,

IVu®|(x) > [V |(x) — Cst* = Cot — CsT7, (5.6)

thus there exists some 8p > 0 such that for any t € (0, dp] and for any x € €2,
IVu'|(x) >0, (5.7)

which guarantees the regularity of the level sets in this situation.

Next, we come to consider the strict convexity of the level sets.

Notations as before, according to [27] we know that the level sets of ! are strictly convex,
then

hmin(@') > Ce (5.8)
for some positive constant Cg, where Amin(¥) is denoted to be the minimal eigenvalue of the
second fundamental forms of the level sets of 1y with respect to the gradient direction. Remark

that Amin (¥) is an expression via the derivatives up to 2-order of .
Since the relation of the level sets between w” and w' is that for s € [0, 7],

@) =27 (),
we deduce that forany 0 <7 <1
Amin(@") = Cé. (5.9)

By (5.4), u™ and o is C>% close enough if 7 is small enough, so by adjusting suitably &
above, we can get that for T € (0, dg],
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)\min(ur) > C7>0.
This gives the strict convexity of the level sets of minimal graph with a small height. O

Proof of Theorem 1.2. We now begin to conclude the theorem by deformation process.
Set

T ={t €(0, 1]|Vs € (0, t], u® has nonzero gradient and strictly convex level sets }.

By Lemma 5.1, we know that (0, §o] C T.

For the openness, we assume firstly that 7y € T, that is to say, for all x € 2 we have
[Vu™|(x) > 0 and the level sets of u™ have positive second fundamental form with respect
to its gradient. Namely, there is a Cg > 0 such that

[Vu™] > Cs, Amin(u™) = Cs. (5.10)

Then Theorem 3.2 and almost the same procedure as Lemma 5.1 produce that there exists some
8 > 0 such that for all T € [tg — 8, 7o + 8], #* has nonsingular gradient and strictly convex level
sets, this concludes the openness.

For the closedness, we assume without loss of generality that

G eT, 10€(0, 1], 60 <Ti <Too, and lim 7; = Teo.
11— 00
Obviously, u™° is the unique solution to (5.1) at the time 7. In the sequel, we will prove that
T € T, that is to say, u™ has nonzero gradient and strictly convex level sets.
For each t; € T, according to the assumption we have |Vu"| > 0 and the level sets of uT' are
strictly convex with respect to Vu™ . Discussion as before, taking the frame such that e, = i

|Vufz [
we can derive by (2.3) that ulrl’ <O0forl=1,2, --,n— 1. Thus we deduce from the equation
of minimal graph that
l’l T T T
a’%‘;l Ugplo Ug . —1 . 5.11)
T v = A )Z”ll > 0.

=1

Therefore, the norm of the gradient of u™ will increase along the gradient direction, in fact,
mew =2 Z uggugug > 0. (5.12)

o,B=1

Thus the minimum of |Vu| has to be attained on the exterior boundary 9.
On the other hand, it is obvious from comparison principle that for any i,

u®% <y and u% =u% =0 on 4R,

therefore according to Hopf strong maximum principle, a positive constant C1¢ depending upon
u% can be taken to assure that for all x € 9Q,
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|Vu"|(x) > [Vu®|(x) > Cio > 0. (5.13)
Thus,
Vx €, |Vu'|(x)>Cip>0. (5.14)
Once again taking advantage of Theorem 3.2 and the fact that t; — 7, we then have
[Vu™| > 0. (5.15)

Finally, for the strict convexity of the level sets of each u% and Theorem 3.2, the limit u™®
could only have convex level sets. Then the constant rank Theorem 4.1 and the strict convexity
of T0(u™) = 9 ensure that the level sets of ™ must be all strictly convex. This is to say that
Too € T then T is relatively closed in (0, 1].

In summary, we have by the connection of (0, 1] that 7 = (0, 1], and this finally concludes
the whole proof of Theorem 1.2. O

Proof of Corollary 1.3. Based on Theorem 1.2, we know that the level sets of u are regular
and strictly convex. Then the corollary is immediately derived by the same discussion as (5.11)
and (5.12). O
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