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Abstract

We derive and study a class of delayed reaction—diffusion equations with spatial heterogeneity, which
models the population of a single species with different habitats for mature and immature individuals. We
introduce new solid cones, obtain spectral bounds of several spatial heterogeneous operators, and establish
limiting non-negativeness property for the whole space and the eventual comparison principle for bounded
domains. As a result, we develop new domain decomposition methods so that one can compare solutions
with those to associated equations from a suitable bounded spatial domain to the whole space. Then by
employing domain decomposition methods and dynamical system approaches, we obtain threshold results
under the supremum norm. These results are greatly different from the existing ones of other evolution
equations in unbounded domains or the whole space. The main results are applied to two examples with
the Ricker birth function and with the Mackey—Glass birth function. It reveals that the size of the immature
habitat can affect the reproduction and spread of the population.
© 2018 Elsevier Inc. All rights reserved.

MSC: 34K30; 37L15; 92D25

Keywords: Delayed reaction—diffusion equation; Domain decomposition method; Mature-immature habitat;
Spatial heterogeneity; Threshold dynamics

* Research was supported partially by the National Natural Science Foundation of P.R. China (Grant No. 11571371)
and by NSERC of Canada.
* .
Corresponding author.
E-mail addresses: yitaishan @mail.sysu.edu.cn (T. Yi), ychen@wlu.ca (Y. Chen).

https://doi.org/10.1016/j.jde.2018.09.030
0022-0396/© 2018 Elsevier Inc. All rights reserved.

Please cite this article in press as: T. Yi, Y. Chen, Domain decomposition methods for a class of spatially
heterogeneous delayed reaction—diffusion equations, J. Differential Equations (2018),
https://doi.org/10.1016/j.jde.2018.09.030



http://www.sciencedirect.com
https://doi.org/10.1016/j.jde.2018.09.030
http://www.elsevier.com/locate/jde
mailto:yitaishan@mail.sysu.edu.cn
mailto:ychen@wlu.ca
https://doi.org/10.1016/j.jde.2018.09.030

YJDEQ:9561

2 T. Yi, Y. Chen/ J. Differential Equations eee (eeee) see—see

1. Introduction

Based on the interaction of intrinsic dynamics (birth and death) and the spatial diffusion in
a structured population (Metz and Diekmann [27]), various spatially nonlocal and temporally
delayed reaction—diffusion equation models have been derived. To be more precise, when con-
sidering the population growth of a species with age structure and diffusion in a spatial domain A,
one faces a reaction—diffusion equation of the form,

E;—I:(t,x) =D, Au(t, x) —dyuu(t,x)+ E/F(a,x, Vbt —t,y))dy, (t,x) € (0,00) x A.
A

(1.1)

Here u(¢, x) is the density (or number) of the mature population of a species at time ¢ and loca-
tion x; D,, and d,, are the diffusion rate and death rate of the mature population, respectively;
7 is the maturation time for the species; the other two indirect parameters ¢ and « are defined
by ¢ = exp(— fOT dr(a)da) and o = fof Dj(a)da, where Dj(a) and dj(a) are the age dependent
diffusion rate and death rate of the immature population of the species (with a € [0, t]), respec-
tively; b(u) is a birth function. Obviously, & measures the mobility of the immature individuals,
& measures the probability that a newborn can survive the immature period, and the kernel func-
tion I'(«, x, y) accounts for the probability that an individual born at location y will be at location
x after T time units when it becomes mature. The kernel I' is related to the semi-group S(¢) gen-
erated by solutions of the equation %—l[’(t, x) = Awv(t, x) with the given boundary condition in the
sense that S(t)[¢](x) = fA L@, x,y)p(y)dy. See [18,33,42,47] or the survey [11] for details
on the derivation of such a model. In particular, for a species whose immature individuals do
not move (D; = 0), the kernel I'(0, x, y) is given by the Dirac delta function centered at x and
hence (1.1) is reduced to the following spatially local equation,

88—1:(t,x) =D, Au(t,x) —dyuu(t,x)+ebu( —t,x)), (t,x) € (0,00) x A. (1.2)

When the spatial domain A is unbounded, the existence and other qualitative properties of
traveling wave solutions and the theory of asymptotic spreading of (1.1) or (1.2) are some main
concerns, which have been investigated by many authors for some particular forms of the kernel
function I'(«, x, y) (to name a few, see [1,5-7,9,10,19,20,22,26,29,33,35-38,41,45,49] and the
references therein).

When the spatial domain A is bounded, various boundary conditions were posed for (1.1)
or (1.2) in Liang et al. [ 18] and Xu and Zhao [42], among which are the homogeneous Neumann
boundary condition (or zero flux condition) and the homogeneous Dirichlet boundary condition
with the former accounting for an isolated domain and the latter explaining a scenario where
the boundary is hostile for the species. The global dynamics of the semiflow generated by such
models subject to either the Dirichlet boundary condition or the Neumann boundary condition
has been intensively and successfully studied (see, for example, [2,8,12,15,32,34,40,43,46,48]).

In the real world, the habitat (or survival region) 2 of a population’s juvenile is sometimes
different from that of the mature individuals. For example, tadpoles of an amphibian live in
water while mature individuals can live in both land and water. Moreover, animals are typically
in favor of a more comfortable environment to produce and train their offsprings, and hence
adult individuals need to go to a wider region in order to get more food and living resources. The
difference between habitats of mature and immature individuals, and the boundary characteristics
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of the corresponding regions can lead to different mathematical models and yield some different
mathematical problems.

The purpose of this paper is to tackle one of the above-mentioned such problems under scenar-
ios where boundaries of habitats are hostile for the species. Here the immature habitat is assumed
to be bounded while the bigger mature habitat can be either bounded or unbounded. Under some
standard hypotheses, the model is derived in the Appendix. In Section 2, we give some notations
and provide some basic results on the boundedness, compactness, monotonicity, and smooth-
ness of solution maps. In particular, we point out that the boundedness of the immature habitat
directly makes the solution semiflow k-set contract. This, combined with some results in [14],
confirms the compactness of solution trajectories and ensures the existence of a compact global
attractor with the supremum norm. In Section 3, we present four lemmas to describe a new solid
cone, spectral bounds, the limiting non-negative property of a class of functions, as well as the
comparabilities of (limiting) solutions for (2.3) and a given function in a suitable domain. These
are the keys to developing the domain decomposition methods in Section 4, which enable us
to compare solutions with those of the associated equations from a suitable bounded domain to
the whole space. With this and standard dynamical system theoretical arguments, we can derive
threshold dynamics under the supremum norm, which are very different from the existing results
of other evolution equations in unbounded domains or the whole space for which the theory of
traveling waves and asymptotic spreading of (1.1) are the main concerns in [1,6,7,5,9,10,19,20,
22,26,29,33,35-38,41,45,49] and the references therein. In Section 5, we illustrate the theoretical
results with two particular birth functions, the Ricker function and the Mackey—Glass function.
It turns out that the habitats of mature and immature can affect the dynamics of the model. In
particular, the boundedness of the immature habitat directly enables us to obtain the dynamics of
the model in the sense of the supremum norm. In a future work, we shall consider the case where
the immature habitat is unbounded.

2. Preliminary results

We first introduce some notations. Let N, R, and R be the sets of all nonnegative integers,
real numbers, and nonnegative real numbers, respectively. For a given positive integer N, RY is
the N-dimensional Euclidean space. Let Q and A be open domains in R" with smooth bound-
aries such that 2 € A. Let vy o (respectively, vy o) be the unit outward normal direction at
x € 082 (respectively, x € dA) of 92 (respectively, dA). Let A denote the Laplacian operator in
RV,

Let X = BC(RY,R) (respectively, Y = BUC (RY,R)) be the set of all bounded and con-
tinuous functions (respectively, all bounded and uniformly continuous functions) from RY to R
equipped with the usual supremum norm || - || x (respectively, || - ||y). Then both X and Y are Ba-
nach spaces. Let X = {¢ € X : ¢(x) > O for all x € RV}, X, ={peX:¢p(x)>0forall x €
RN}, Y, =X,NY,and Y} = X9 NY.Let C = C([—7, 0], X) be the Banach space of continuous
functions from [—7, 0] into X equipped with the supremum norm || - ||c, C+ = C([—7, 0], X4),
and C3 = C([—7,0], X3).

Let X(A) ={¢ € X :¢p(x) =0forallx ¢ A}, X (A) =X, X(A), X3(A) ={¢ €
X+(A) :p(x) > 0forallx € A}, Xo(A;R2) ={¢p € X4 (A) : ¢lg =0}, and X1 (A; Q) =
X+ (A)\ Xo(A; 2). We also introduce the following subset of X (A),

Zi(A) = {¢ eX3.(A)NCA)NCHA): 83—¢A(x) <Oforallx e aA} .
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Denote C(A) = C([-7,0],X(A)), Ci(A) = C4CA), C5(A) = {p € Ci(N)
@@,x) > Oforall (0,x) € [-7,0] x A}, Co(A;RQ) = {9 € CL(A) : ¢l[—r,0)xe = Oand
©(0,)]a =0}, and C(A; Q) = C(A)\ Co(A; Q). It follows that Xy, C4, X4 (A),and C4(A)
are closed cones in X, C, X (A), and C(A), respectively.

For convenience, we identify an element ¢ € C with a function from [—t, 0] x R¥ into R. For
any a € R, when no confusion arises, a also denotes the constant function taking the constant
value a in the function spaces introduced above. For any ¢ € X, when no confusion arises, ¢
also denote the function taking the value ¢ (x) for all (6, x) € [—7, 0] x RV,

Forany £, nex, wewrite £ >, nif & —nexy; E>,nif &>, nand & #n; &€ >, nif
& —n € %3, where * stands for any of X, C, X (A), and C(A). For simplicity of notations, when
there is no confusion about the spaces involved, we just write >, >, >>, and || - || for >, >,
>4, and || - ||«, respectively.

For any given r > 0, let X,(A) ={¢p € X(A): —r < ¢ <r}, X (A) = X, (A) N X4+ (A),
Cr(A)={peC(A):—r < <r}, CF(A) =Cr(A) N C(A), Br(A) ={x e RN : [|x]| <
rorxé¢Al,and X, ={peX:—r<¢<r}

Foraninterval I CR,let I +[—7,0]={t+0:te€land b € [—7,0]}. Foru: (I +[—1,0]) x
RN — Randt € I, we write u; (-, -) for the function defined by u:(0,x) =u(t+6,x) for (0, x) €
[-7,0] x RV,

Let SA () be the semigroup generated by the linear system

Bu(t,x) = Au(t,x), (t,x) € (0,00) x A,
u(t,x) =0, (t,x) e Ry x RN\ A), 2.1)
u,x) = ¢(x), x eRV,

where ¢ € X(A). Denote the Green function of the Dirichlet problem for the heat equation on
AbyT% iRy x A x A — Ry. By extending the domain of I'}, to R x RN x RV, we define
'y Ry xRY xRN - R, by

It x,y) for (1, x,y) e Ry x A x A,

Ca(t,x,y)= _ _
Al %) {0 for (1, x,y) € Ry x (RN x RN \ A x A).

Then Sx()[¢p]l(x) = fRN Ca(t,x,y)p(y)dy with ¢ € X(A) solves (2.1). In particular, for
(x,#) e RN x X, Sp (t)[¢](x) satisfies

Srnv (0)[@1(x) =@ (x)
1 i
S (91 = —p [ p () exp (-5 )dy  forallr € (0,00).

N
t) 2

Note that Sgv (#)]y (f € R4) is an analytic and strongly continuous semigroup on Y generated
by the Y-realization Ay of A (see, for example, Daners and Medina [3]).

In this paper, we will study asymptotic behaviors of solutions of (A.8), and thus consider the
mild solutions of (A.8), which solve the following integral equation with the given initial values,

u(t,) = e~ Sy (D) (0, )]
te fo e U8\ (D (t — s)[KAb(u(s — 7, )]s, teRy, (22)
up = ¢ € C1(A),
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where K : X(A) — X (A) is defined by

Kal$l(x) = f Fa(e x, V)¢ (y)dy = / ol x.Y)p(y)dy  forall x RV

A RN

According to the definitions of K5 and Sx (¢), we can easily see that the operators K and Sy (¢)
can be extended to operators from L (R, R) into L> (R, R) by using the same corresponding
formulae. Note that X (A) € X € L®(RY,R).

For convenience, let d = D,,,, u = d,,, and f(u) = 81’(“) for all u € R;.. Then we consider the
following rescaled form of (2.2) with the initial value ¢ e Ci(A),

{ ut,) = Ta@Ole©0, N+ 1 fy Tat = HIKALf (s — 7, NNds,  teRy,

2.
up = g € C4+(AN). 23

Let kp = ||KAll = sup{% pe Xt (A)\ {O}}. Clearly, e7*2% < k5 < 1, where Agq is
the first eigenvalue of the operator —A in Q2 with the homogeneous Dirichlet boundary condition.

For given ¢ € C(A), by the method of steps and the definitions of K and T (¢), it is easy
to see that (2.3) has a unique solution which exists on R.. Let u?(A;t, x) represent the unique
solution of (2.3), that is, the mild solution of (A.8) in the sense of Martin and Smith [24,25]. Then
it is clear that (u?(A; -, -)); € C4(A) forall t € Ry and ¢ € C4(A). Thus solution maps of (2.3)
induce a continuous semiflow on C;(A). In view of Lemma 2.3-(i) and (iii), we know that a
mild solution of (A.8) is also a classical solution of (A.8) for all # > r when f is continuously
differentiable (see, for example, [24,25,39]). Moreover, it is obvious that a classical solution
of (A.8) is also a mild solution of (A.8). Therefore, as far as asymptotic behaviors of solutions of
(A.8) are concerned, it is sufficient to only consider solutions of (2.3).

Denote by &, the solution semiflow of (2.3), that is, 5 : Ry x C1(A) — C(A) is de-
fined by @A (1, ¢) = W?(A; -, ), forall (z,9) € Ry x C(A). We also write O, (¢, ¢; f) for
d (¢, @) to emphasize the dependence on the nonlinearity f when it is needed.

For any 0 < s < t < 00, define the mapping P (¢, -)]* : C+(A) 3 ¢ > Dp(t, )|’ [¢] €
L®([—s,0] x RV, R), where ®A(t, )| [¢]@,x) = ®p(t + 0,¢)(0,x) for all (0,x) €
[—s5,0] x RV,

Now we collect some basic properties of K and Sy (¢) from [3,30,32].

Lemma 2.1. The following statements are true.

(1) Sa@lynx(a) is an analytic and strongly continuous semigroup on Y N X (A).

(i) SA[X+(A)] S X (A) forallt € Ry.

(iii) SAMI[X+(A)\ {0 S Z1(A) and SA(D[X]1S Y N X(A) fort > 0.

(iv) For all t >0 and ¢ € X with ¢la € C(A;Ry) \ {0}, Sa@®[d] € XT(A),
Ba0IP) (x) < 0 for all x € IA, and Sx(1)[$] < |4]].

) Ifa r > 0, then {SA (t)[¢]lB, (a) : ¢ € X} is pre-compact in L™ (B, (A), R).

(vi) There exists a constant Cy such that ||As, [Sa (H)[@]]]| < %|I¢||f0r all (¢, ¢) € (0,00) x
X (A). Here Ags, is the generator of the strongly continuous semigroup Sp(-) and
D(As,) € X (A) is the domain of As, .
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(vil) For any t; > tp > 0, M > 0, and a bounded and smooth domain Q*, there exists A =
A(ty, 12, M, Q%) > 0 such that ||SA(I)[¢)]|§||C2(§) < A for ai(t, P) €[t1, 2] x XL(A).
Here ||g||c2 g represents the C*-norm of the function g on Q*. Thus, for any given ¢ €
X1 (A), {Sa®[@llge : t € [t1, 121} is compact in C1(2*).

Lemma 2.2. K[X] S X(Q), Ka[X4] S X4 (Q), Ka[Xo(A; )] = {0}, and Ka[X+(A; )] €
X3(Q).

By some simple computations and Lemma 2.1, we can easily obtain the following results.

Lemma 2.3. Let Ty (1)[¢p] = e—dmt g, (Dmt) @] forall (t, p) € Ry x X. Then the following state-
ments are true.

(1) Ta@®)lynx(a) is an analytic and strongly continuous semigroup on 'Y N X (A).

(i) TAMO[X+(A)] S X4 (A) forallt e R,

(ii)) TAMOIX+ M) \{O} S Z1(A) and TAM[X] S Y N X (A) fort > 0.

(iv) If t > 0 and ¢ € X with ¢p|n € C(A;R3) \ {0}, then Ta(t)[$] € X3 (A), W(m <
0 for all x € dA, and Ty (t)[p] < ||p||e .

) Ifo,r >0, then {Ta(t)[$]lB, (A) : ¢ € X/} is pre-compact in L (Bs(A), R).

(vi) There exists a constant Cy such that ||Ar, [Ta ()]l < Q||¢>||f0r all (t,¢) € (0,00) x
X(A). Here A7, is the generator of the strongly continuous semigroup Ta(-) and
D(Ar,) € X(A) is the domain of At,.

(vil) For any t; > tp > 0, M > 0, and a bounded and smooth domain Q*, there exists A =
A(t1,t, M, Q*) > 0 such that ||TA(t)[¢]|§I|C2(§) <A forall (t, ) €[t1, 2] X XL(A).
Here ||g||C2(§) represents the C2-norm of the function g on Q*. Thus {Ty OlPllge:t €
[t1, 2] and ¢ € X;, (A)} is compact in C1(Q¥).

In the sequel, we always assume that 2 is bounded. We also make the following assumptions
on the nonlinearity f.

(H1) f:R4 — Ry is continuously differentiable in Ry with f(0) = 0; moreover, there exists
a sequence {r,,} in (0, oo) such that lim,,_, o, r, = o0 and f ([0, r,]) < [O, ,%‘\] forn e N.

The following result establishes the positivity, boundedness, and compactness of the solution
semiflow of (2.3). We should point out that the boundedness of the immature habitat 2 directly
makes the solution semiflow of (2.3) k-set contract with the supremum norm. This, combined
with Theorem 2.4.1 in [14], gives the compactness of solution trajectories and the existence of a
compact global attractor.

Proposition 2.1. The following results are true.

(1) PaA(R4: x C4(A)) € C(A), PAR4 x Co(A; Q) = {0}, ARy x C4(A;Q)) €
Cr(A;Q), DPaA((T,00) x C4(A;Q)) € CI(A), and Dp((z,00) x Cy(A) C
C([—7,0], Y3).

(i) ARy x CH(A)) S CH(A) foralln eN.
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(iii) Let 0 <s <t and k = e ™= Then the mapping ® 5 (t,-)|* : C4(A) — L®([—s,0] x
RN, R) is a k-set contraction mapping in the sense of a_solPa(t, D°] < ka_r olA] for
any bounded subset A in C4(A). In particular, ® 5 (t, -) is a k-set contraction mapping with
respect to the non-compactness measure d— o in C+(A), where t > 1 and k = e H=T),
Here a4 p[A] is the Kuratowksi non-compactness measure of the subset A in L*([a, b] x
RN, R) equipped with the L°°-norm.

Proof. (i) and (ii) follow from (2.3), Lemma 2.2, and Lemma 2.3 as well as (H1).

(iii) Fix 0 < s <t < 00 and k = e *(=9) Note that || T (t)[¢]]| < e " ||p]|| for all (¢, ) €
Ry x C(A). Then the mapping F; : C(A) 3 ¢ = Fylel € L*([—s,0] x RV R) is a k-set
contraction mapping in C(A), where F; ;[¢](6, x) = Ta (t +60)[¢(0, )] for all (8, x) € [—s, 0] x
RV,

Let us define G; : BC([—7,t — 7] x RN, R) — BC([—1,0] x R R) by G;[¢]®,x) =

t+9 Ta(t +0 — o)[Kalf(@p(c — 7,-)]l(x)dg for all ¢ € BC([—7,t — 7] X R, R) and
(Q,x) € [—1,0] x RY. We claim that G; is a compact map for 0 < ¢t < oco. In fact, for any
t,a* >0, ¢ € BC([—t,t — 1] x RN, [—a*, a*]), and (8, x) € [—s,0] x RN with ||x|| >
1 + 3max{||y|| : y € R}, it follows from Lemma 2.2, Lemma 2.3, and Lemma 2.1-(vi) in [44]
that

t+6

1G:[@](0, x)| = / Ta(t+0 — o) uKALf (@(s — 7, )]l(x)dg
0
1+6

<max f([—a*, a*]) / /ue_“(tw_g)FA(t +60 —¢,x,y)dyds

t+60
1 —[lx=yl%

<max f([—a*, a™]) / /ueﬂ‘(ﬂre*g) —edti-5 dydg
Ar(t+6—c5)) 5

o0
* % xR
< max f([—o*, a* )| /e_“gg‘%e Il =1

12¢ dg
(@4m)%
* * [ 2 ! 2
- max f([—« ,/\(]x Dl e*/“g*% —HT\ZL ldg+/e*"§g*N f\|7|2|§ ldg
(4m)2 0

max f([—e*, " |2

/
[

2 o0
_ 1 *HXH _k 1 —IIXH )¢S
e Mg 2e /e sg e d¢
1

N (4m) 7
k * % %

- max f([—a, « ]}3M|Q|(6N) / -1, \\ng
(4m) T )

N
)2

£

. max f—a*, a*DIRO6N)
- (4m) "7
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Then for any € > 0, there is ¢t > 0O such that |£(0, x)| < € for all (0,x,&) € [—¢,0] x RN \

B, x G[BC([—7,t — 7] x RN, [—a*, &*])]. Again, it is easy to see that, for any ¢, a*,o > 0,

GlC(-1,t — 1] x RN, [—a*, o*D1l[=r.01xB, is pre-compact in L>([—¢,0] x By, R) due to

the Arzela—Ascoli Theorem and Lemma 2.1-(v), Lemma 2.3-(v), where B, = {x € RV : ||x|| <

o}. It follows that there exist £!, &2, ..., & € G/[BC([—t,t — 1] x RN, [—a*, a*])] such
1

that G/[C([—7,1 — 7] x RY, [—a*, &*D]|[-1,01xB, C U Be(§M)1—1.01x5, and thus G[C([—1,

i=1

t — 1] x RN, [—a*, a*])] C LljBe(éi), where B.(¢') = {¢ € BC([—t,0] x RN R) : || —
i=1

S"IILOC([_LO]XRN’R) <€), As aresult, G [BC([—t,t — 7] x RN, [—a*, a*])] is precompact in

L®([—1,0] x RN R) and the claim is proved.

Let A be a bounded subset in C(A). Then there is ¥ € Ry such that A € BC([—1, 0] x
RY, [—y, ¥]). By the definition of ®, (¢, -)|*, we have ® 4 (¢, A)|* € Fs,[A]l + Gs[BC([—T, s —
vl x RN, [=y, )] Thus, a— ol ®a (1, AT < a_y o[ Fy LAT + 0y 0[G[BC(—7,5 — 7] x
RN [y, ¥ D1l = a—s.0[Fs..[A] < ka_; o[.A] for any bounded subset A in C(A). O

The following result gives comparison principles for the solution semiflow of (2.3).

Proposition 2.2. Let Ay and A, be smooth domains with Q C Ay C A C RY and let
g, heCRL,Ry) with f —g,g —he CR4,Ry) and h being nondecreasing on R... Then
Qp (1,905 f) = Pay(t,9:8) = Pay (8,95 ) for all (1, ¢,v) € Ry x C1(A1) x C(A2) with
o=

Proof. Suppose that (¢, V) € CL (A1) X C+(Az) and ¢ > . It follows from Lemma 2.2,
Lemma 2.3, and (2.3) that, for any 7 € [0, 7],

t
Qp, (1,905 )(0,) =Ta, (O]9, )]+ / Ta, (t = KA [f(9(s — 7, )]ldg
0

t
> T, (O)[e(0, )] + f Tp,(t — 9K a,lglp(s — 7, )]ldg
0
=®p, (1, 05 8)
t
> Ta, ()]0, )] + / Tp,(t — K py[h(p(s —7,-)]ldg
0

t

> Ta,(O[¥ (0, )]+ / Tp,)(t = K p A (Y (s —7,-)]ldg
0
= (DAz(t’ W» h)(o’ )

This, together with the semigroup properties of ®,, implies @, (7, ¢; f) = P, (7, ¢; 8) >
D, (¢, Y; h) forall t € Ry. The proof is complete. O
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In the following, we give several definitions.

Definition 2.1. An element ¢ € C4(A) is called an equilibrium of @, if O, (¢, ¢) = ¢ for all
t € Ry. A subset A of C(A) is said to be positively invariant under @ 5 if ® (7, ) € A for all
peAandr eRy.

We write O(A; @) = {OPa(t,p) : t € Ry} for the positive semi-orbit through the point
¢ € C+(A). The w-limit set of O(A;¢) is defined by w(A;¢) = ﬂ,eﬂh O(A; DAL, ),
where O (A; @ (¢, ¢)) represents the closure of O (A; @ (¢, ¢)). In what follows, we also write
O(f, A;9) and w(f, A; @) for O(A; @) and w(A; @), respectively, to emphasize the depen-
dence on the nonlinearity f if there is a need. By Proposition 2.1-(ii) and -(iii), we know that
O(A; @) is compact and hence w(A; ¢) is nonempty, compact, connected, and invariant. Ac-
cording to the invariant property of w(A; ¢), for ¥ € w(A; @), there is a global classical solution
u:R xRN — R of (2.3) with ug = ¥ and u; € w(A; @) forall r € R.

Definition 2.2. Let ¢* be an equilibrium and A be a positively invariant set of the semiflow ® 4.
We say that ¢* is globally attractive in A if w(A; @) = {¢*} forall p € A.

By using bootstrap arguments with L? estimates, Schauder estimates, and Sobolev embedding
theorems, we can obtain the following results on solutions of (2.3).

Proposition 2.3. Let M € {r, : n € N} and Q* be a bounded and smooth domain in A. Then the
following results are true.

L
1) u?@,)eZL(A)N CIIU’C2 (A) N C*(A) for all (t, ¢) € [37,00) x C4(A; Q).
(ii) There exists A = A(M, Q*) > 0 such that ||u®(t, ')“C'J/Z(@) < Aforall (t, ) € [37,00) X
C;I (A). Here ||g||C1<1/z(§) is the sum of ||g||cl(§) and the Holder seminorm (with expo-

nent 1/2) of all first order partial derivatives of g. o
(iii) Let ¥ € C(A). Then {¢(0, )|gw: ¢ € w(A; ¥)} is compact in CcL(o.

3. Four lemmas

In this section, we provide four lemmas to describe respectively a new solid cone, spectral
bounds, as well as the comparabilities of (limiting) solutions for (2.3) and a given function in a
suitable bounded domain/the whole space. These are the keys to developing domain decomposi-
tion methods, which are essential to establish the main results in the next section.

Firstly, we introduce a new ordered cone. Let A be a bounded and open domain in RY
with smooth boundary such that A; € A. Let V(A)) = {¢ € CI(A_l, R) : ¢loa,noa = 0},
ViAD) ={p e V(A1) :¢(A1) SRy} and V(A1) ={p € Vi(A1) 1 ¢(A1\ (A1 NIA)) ©
(0, o0) and Bid)z\l (x) <Oforall x € 9A; N JA}. Recall that vy o, represents the unit outward
normal direction at x € 0A 1. Clearly, vy A, = vy A for all x € 9A; N OA. Here, equipping V
with the C!-norm|| - ||c'<T],R)v we can easily check that (V(A1), V4 (A1)) is an ordered Banach

space, where [|$| 177 r) = Sup{lg (x)] : x eA_l}—i—sup{lg—f:(xN cxe€Ajandie{l,2,...,N}}.
The following results will be used several times later on to compare (limiting) solutions
for (2.3) and a given function in a suitable bounded domain.

Please cite this article in press as: T. Yi, Y. Chen, Domain decomposition methods for a class of spatially
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Lemma 3.1. Let ¢ € V7 (A1) and let A be a compact subset in Vi (A1). Then we have the
following properties.

O Ta@I@lla, € VI(A) forall (t, ¢) € (0, 00) x (X4 (A) \ {0}).
(i) Int(Vi(A1) = VI(AY).
(ii)) ap — A C V(A1) C Vi(Ay) for some a > 0.
(iv) ACa¢+ V(A1) Cag+ Vi(Ay) for some a >0 whence A C V7 (Ay).

Proof. (i) follows from Lemma 2.3 and the definition of V7 (A1).

(i) Fix ¢* € V7 (A1). By the smoothness of A, we know that for any x € 9A; N9A, there
exists 8y > O such that y — Bvy A, € Aj forall B € [0, 8}) and y € Bsx NdA;. By taking 8, < 8},
we may assume that grad(¢)(y — Bvx,a,) - Vx,a; <O for all B €[0,8,), y € Bs (x) N9A1,
and ¢ € V(A1) with ||¢p — ¢*||C1(A—l) < 8y. In view of the compactness of dA; N JA, there

l .
exist an / € N and x°, x!, ..., x! € 9A; N 9A such that dA; NIA C U Bs, (x"). By letting
i—0 X

d=min{é,; :i=0,1,...,/} and O; = {y — ﬂUxi’Al :pel0,8)and y € B,gx,. xHNIALL, we
have grad(¢)(y) - vyi 5, <Oforall y € O;, and ¢ € V(A)) with ||¢—¢>*||C1(A—]) <dandi =0,

1
1, ..., L Letting O = |J O;, we easily see that Aj \ O is compact and ¢*(A; \ O) C (0, 00).
i=0
Therefore, inf¢* (A1 \ ©O) > 0. Let §* = min{8, inf¢*(A1 \ O)}. Suppose that ¢ € V(A1) with
[l — ¢*|IC1([TI) < 8*. Then ¢p(A1 \ ©) C (0, 00) and grad(¢)(y) - Vi p, <0 forall yeO;
and i =0, 1, ..., [. The latter, together with the definition of V (A1), implies ¢(y) > 0 for
all ye O; \ (0A1 NdA) and i = 1,2,...,[. According to the definition of V, (A1), we get
¢ € V4 (A1), which implies ¢* € Int(V,L(A1)). Consequently, by the arbitrariness of ¢*, we
have VY (A1) C Int (V4 (A1)).

Next, it suffices to prove Int(Vi(A1)) \ V(A1) = @. Otherwise, there exists ¢ €
Int(Vi(A1)) such that ¢ (%) = 0 for some £ € Ay \ (3A] N JA) or %(i) > 0 for some
X € dA| N AA. Then there is ¢* € Int(V(A1)) such that ¢*(X) < 0 or g—‘f()?) > 0. As a re-
sult, * (A1) \ Ry # @, that is, ¢* ¢ V1 (A1), a contradiction.

(iii) By (ii) and 0 € ¢ — VY (A1), we have aj A € ¢ — V7 (A1) for some a; > 0. In other words,
ag — A C V2 (Ay) witha = i > 0.

o
(iv) By (iii), we obtain that A C | J( % + V7 (A1)), which combined with the compactness of
=1
A, implies A Ca¢ + V(A1) witha = % > 0 for some positive integer [p. O

Denote by A, the infimum of the real parts of spectrum of the operator —A in A with the
homogeneous Dirichlet boundary condition. Note that A is just the first eigenvalue of the op-
erator —A in A with the homogeneous Dirichlet boundary condition when A is bounded. Let
Ap=dA —pld+ puf' (0)Kp and Ay . =dA — puld + pcKp. Obviously, Ay = An, r0). We
call A, the characteristic operator of the linearized system at the zero solution of (A.8). Let us
denote by s(Ax) and s(Ax ) the spectral bounds of the linear operators A, and Ay ., respec-
tively, whence A is a bounded domain in RY. When A is an unbounded domain in R", we shall
define pseudo-spectral bounds of the linear operators A, and Ap ., still denoting by s(AA) and
§(Ap ), respectively.
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The following spectral bound theorem shows the existence of the principal eigenvalue and the
corresponding eigenvector of the characteristic operator associated with the linearized system at
the zero solution of (A.8), which is used to determine the threshold value.

Lemma 3.2. For ¢ > 0, let Ap . and s(A ) be defined as above. Then the following statements
hold.

() If A is bounded in RN, then s (A5 ) is a real and simple eigenvalue of A p . and there exists
a unique &5 - € Z(A) such that A c[En,c] =S(AA.c)EA.cr OEn.c (x) <0 forall x € dA,

vy A
lEacll =1, and —dhg — p + pce 2% < s(Ap o) < —dhp — 4 pce ™2 < —p + pic.
(i) Let 0 <c; <c; and 2 < A; € Ay € RN be bounded and smooth domains. Then
S(AAy 1) <S(Ap,,c,) whence (A1, c1) # (A2, 2).
(iii) If A is an unbounded smooth domain in RN, then there exist s* € R and a sequence of
bounded smooth domains {A;} in RY such that QU (AN B)) € A; C A4 for l €N,
U A=A, and s* =1limj 00 5(Ap,.c) 2= 5(Are) € [—dhg — 10 + pce™2% —p + puc]
éiNindependent of the choice of {A;}. Moreover, if s(Ap.) > —[, then there exists

£ € Z4(A) such that [1E*]| = 1, Anc[&"] = s*&%, and &% = limyogbnyc 2 Enc in
CZZOC(RN, R). Here B; = {x € RN :||x|| <1}. Here and after, we call s(Ap) (:= s(Ap, £(0)
and s(A ) the pseudo-spectral bounds of the linear operators Ap and A ., respectively,
whence A is an unbounded domain in RY .

(iv) s(Aa.c) is left continuous at ¢ € (0, 00). Moreover, s(A ) is continuous at ¢ € (0, 00)
when either s(Aa.c) > —p or A is bounded.

(V) If s(AA.c) < —u, then there is ¢* > ¢ such that 0 > s(Ap ¢*) > — L.

(vi) If s(Ap) > O, then there exist a bounded and smooth domain A*, £* € Z1(A*), and c* €
0, f(0)) such that ||E*|| =1, Q S A* C A, s(Ap*cx) =0, and Ap+ +[§*]=0.

(vii) If s(Ap) > O, then there exist c* € (0, f'(0)) and & € Z;(A) such that s(Ap ) =0,
EIl=1, and Ap +[§]1=0.

Proof. Clearly, (i) follows from the maximum principle, the Krein—Rutman theorem in [16], and
the spectral mapping theorem for semigroups in [4].

(ii) By (i), we have Ap, ¢;[En;,c;]1 =S(AA,; )8, ,¢; fori =1, 2. It follows from Green’s for-
mulae, Fubini’s Theorem, and the fact that 'q(o, x,y) = 'q(x, y,x) for all x,y € RY and
Fg(a,x,y)=0forall x,ye RY with (x,y) ¢ Q2 x Q that

(S (AAl,Cl) - S(AAz,Cz)) / EA[,C[ (x)%-Az,Cz ()C)dX

Aq
= /{SAz,L'z (x)AAl,L'l [éAl,cl](x) - éAl,cl (-x)AAQ,Cz [éAz,Cz](x)}dx
A
= / {EAz,Cz(x)[dAéAl,(,’] (x) - H’SA],C} (x) + MCl KA| [SA],C] ](X)]
Aq
61,0 DA AER (X) = 1 cr (1) + HE2K s 6,001
= / {gAz,Cz(x)[dAgAl,cl ()C) + /’LCIKAl [gAl,L‘l](-x)]

Ay
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—E81.e) O[dAEA, ¢, (x) + MCzKAz[SAz,cz](X)]}dX

=d /{§A2,02 (X)AEA] ,C1 (X) - SA] ,C1 (x)ASAz,cz (,X)}dX

A

+/'L(Cl - CZ)/\gAz,Cz(x)KAl[EA],C]](x)dX

—d / Enyer (0) SAlA“ (0)dx + ucr — c2) / Paa(es %, )Ens e (€A, o, (¥)dxdy
A

<min{d / Enses (0) EA'A" (r)dx, pcr — c2) / L@ X, Y)EAs 0 (VA ¢, (¥)dxdy
Vx, Ay
A QxQ

Since ¢ <cyand Q C A; € Ap CRY, and (A1, c1) # (A2, c2), we know that

. 08A; .
min d/éAz,cz(X) aiA]:‘ (x)dx, (e —c2) / Ca(e, X, Y)En,.c, (X)EA, ¢, (Y)dxdy ¢ < 0.
aA; A QxQ
Consequently,

(S(AAl,Cl) - S(AAQ,CQ)) / %_Al,cl (x)sAz,Cz ()C)dX <0

Aq

and hence s(Aa;.¢;) <S(Apy,cp)-
(iii) Take two sequences of bounded smooth domains {A;} and {A}} in RY with QU (A N
Bz)gAlgAHlandQU(AﬂB;)CA C A% for ] e N and |J A =
leN

U Aj = A.By (i) and (ii), we have —dAq — W+ pee e < S(Ap;e) <5(Apy.0) S —u+puc
leN

and —dig — p + pce 0¥ < s(AA;f,C) < S(AATH’C) < —u + puc for all [ € N. In view of
BiNAC A;“ and the boundedness of A;, we can obtain that, for any / € N, there is k; € N
such that A; C AZI. This, together with (ii), gives s(Aa,,c) < S(AA*k,,c) for all / € N. It follows
that lim;_, 00 5(Ap,,c) < limlﬁoos(AA]*’c). Similarly, lim;_, s(AA;ﬁ’C) < limy o0 S(Ap,e).
Therefore, lim;_ o0 S(AA,¢;) = limj— 00 S(AA ) £ s(AA.c), also denoted by s*. Clearly, s* =
S(Ap ) € [—drg — 4+ pee 2% —p + ucl.

By the standard elliptic estimates, without loss of generality, we may assume that £* =
limy oo En ¢ 2 En.c in C (RN, R) with Ap [En o] = 5" .

Suppose that s(Aa ) > —p. Without loss of generality, we may assume that s(Ax, ) > —u
for all [ € N. Now it suffices to prove [|§a || = 1. Otherwise, ||§A || < 1. Then &4, ((x) <

W forall/ € N and x € . Note that &a,,c satisfies the following equation,

1+l

dAv(x) = (n+5(Ap,))v(x)(=0), x€A\Q,
v(x) < Wk 1), xe®RV\AHUQ.
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This, together with the maximum principle, implies &4, (x) < W for all x € A;, which
yields a contradiction with [|£4, || = 1. Finally, we also see that 5 . € Z (A) due to 5 0 >0
and the standard elliptic estimates.

(iv) Firstly, we prove that s(Ax ) is left continuous at ¢ € (0, 00). It suffices to prove that
$(Ap,e) =1lim_ 50 5(Ap ) Whence {¢;} is a strictly increasing sequence with lim;_, o ¢; = c.
Take a sequence of bounded smooth domains {A;} in RY such that QU (A N B;) € A; C A4y
for/ € N and | J A; = A. This, combined with (i), (iii), and the boundedness of A;, implies

leN
that s(Ax ) :EIimk_mos(AAk,C,) and s(Ap,,¢) = limy oo 5(AA,,¢) for all k, [ € N. Then,
by contradiction, we assume that s(A ) > limj_ o0 S(AA,¢). Note that limy_o05(Ap,¢) >
limy 00 8(Ap,.c;) = S(An,,c) for all k € N. It follows that s(Ap ) > limy— oo S(AA,¢) =
limy_, 50 $(Ap,,¢), a contradiction to the definition of s(Aa ). So s(Aa ) is left continuous
at c.

To finish the proof of (iv), it suffices to prove that s(A ;) = lim;_, o0 (A ) Whence {c;}
is a strictly decreasing sequence with ¢ = lim;_, , ¢;, where ¢ € {c € (0, 00) : A is bounded or
s(Ap,c) > —u}. Obviously, s(Ap o) = lim;_, o S(A4 ) follows from (i) when A is bounded or
(iii) when s(Ap ¢) > —pu.

(v) Suppose that s(Ap ) < —p. Without loss of generality, we may assume that A is un-

bounded since (v) follows from (iv) when A is bounded. By contradiction, we assume that

1
s(A > 0 for all § > 0. Take §* = — . According to (iii) and
(Anc+s) Imax{Ta(@ x, ) : %,y € Q) g to (i)

S(AA c15¢) > 0, there exist s, € (0, 5(A.c1s+)), a bounded smooth domain A* in RV, and &* €
Z(A*) such that Q € A* C A, [|E¥|| = 1, Apx cys+[E¥] = 54&™. By (iii) and s(Ap ) < —p,
there exist w* < —u and ¢* € Z; (A*) such that ||£§*]| =1 and Ap= [¢p*] = w*¢*. Similarly as
in the proof of (ii),

(50 — %) / E*(0)¢* (x)dx
A*
_ / (6" () Ane cas [E¥1() — £* (1) Ane o [67100))dx
A*

= /{¢*(X)[dA§*(X) — uE*(x) + plc + 8" Ka+[E1(x0)]
A*

—E* () [dAP(x) — ue (x) + pcKa+[¢](x)]}dx

=d/{¢*(X)A€*(X) —§"(0)Ag(x)}dx
A*
+ /{d)*(X)[M(C + 8 Ka<[§100)] = () [uc K a+[91(x)]}dx
A*

= /{¢*(X)[M(C + 8 Kax[E1(x) — E* () [ Kax[9](x)11}dx
A*
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=M5*/¢*(X) X Kp«[£](x)dx
A*

= us* / o, y. 0)¢* (0F () dxdy
QxQ

<k / 6" (0)E(y)dxdy.

QxQ

It follows that s, — 0™ < %, a contradiction to the choices of s, and w*.

(vi) Take A* = A when A is bounded. If A is unbounded, then by s(A A f/(0)) > 0 and (i),
there exists a bounded and smooth domain A* such that Q@ € A* C A and s(Ap= f/0)) > 0.
Statement (i) implies lime— o4 s(Aa* ) < —u. This, together with s(Ax+ /o)) > 0 and (iv),
implies that there exist £* € Z; (A*) and ¢* € (0, f'(0)) such that ||£*|| =1, s(Ap*,+) =0, and
Aprr[64]=0.

(vii) Note that s(A A, /) =s(Aa) > 0 and lime— 04 5(AA ) < 0 due to (i) and (iii). Then
$(AA.¢) < 0 for some ¢ € (0, f/(0)). If A is bounded, then by (iv), s(A ) is continuous at
¢ € [c1, f/(0)]. Consequently, there is ¢* € (ci, f/(0)) such that s(AA ) = 0. Next, suppose
that A is unbounded. Without loss of generality, we assume that s(A ¢,) € (—u, 0] according
to (v). Again, by (iv), s(A A ) is continuous at ¢ € [c1, f'(0)] and hence there is ¢* € (c1, f/(0))
such that s (A +) = 0. The existence of & follows from (i) and (iii). O

The following lemma gives the limiting non-negativeness property of a class of functions.
This, combined with the boundedness of the immature habitat, is used to show that the limit-
ing/eventual comparability of solutions for (2.3) and other related equations in a suitable bounded
domain including €2 implies the comparability of the limiting comparability of solutions for (2.3)
and a given function in the whole space.

Lemma3.3. Let 8 > Oand v e C(Ry xRN [—B, B)NCL2((0, 00) x A\ Q, [—8, BD. If v(t, x)
satisfies the following equation,

Bt,x) = dAv(t,x) — po(t, x), (t,x) € (0,00) x A\ Q,

_ 3.1
v(t,x) > 0, (t,x) e Ry x (RN \ A)UQ),

then lim,—, oo (inf{v(t, x) : x € RV}) > 0.

Proof. We choose ¢* € C(RV, [—8, B]) such that * < v(0, -) and ¢*|(RN\A)UQ =0.Letu(t, x)
satisfy

W (r,x) = dAu(t,x) — pu(t,x),  (t,x) € (0,00 x A\ Q,
u(t,x) = 0, (t,x) eRy x (RN \ A)UQ),
u(0,) = ¢*.

Then —Be ™ < u(t,x) < Be ™ for all (t,x) € R, x RV due to the Phragmén—Lindelof
type maximum principle. It follows that lim,_, o (inf{u (¢, x) : x € RV}) > 0. Moreover, by the
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Phragmén—Lindeldf type maximum principle again, we easily see that v(¢, x) > u(t, x) for all
(t,x) € Ry x RN, These imply that lim,_, o (inf{v(f,x) : x e RN}) > 0. O

The following lemma shows that the limiting comparability of solutions for (2.3) and a given
function in a suitable bounded domain implies the eventual comparability of solutions for (2.3)
and a given function in such a given bounded domain.

Lemma 3.4. Let A be a bounded and smooth domain and let € C4(A), ¢* € w(A; V), and
& € V(A 1). Then the following statements are true.

@) If(p*l[—r,()]xA_l > &|x;, then, forany § € (0, 1), there exists t = 11 (8, V¥, ©*, &, A1) > 0such
that

O A1) o = €|

Here we write (,0|[7T’0]X1T1 > é§|,T1 when ¢(0, x) > £(x) for all (8, x) € [—1,0] x Aj.
() If0 < 90*|[—r,0]xAT < S|A71’ then, for any 8 > 1, there exists t| = t1(8, ¥, 9™, €, A1) > 0
such that

O A (11 )] o < 0|

(i) If @li—r.oixa; = §la; for all ¢ € w(A; ), then, for any § € (0, 1), there exists t} =
18, ¢, & A1) > 0 such that

DN _popir 2065 forall (t.9) €[11,00) x (A1 ).

v) If 0 < (pl[—r,O]xA_l < E|A—1 for all ¢ € w(A;Y), then, for any § > 1, there exists t| =
118, ¥, &, A1) > 0 such that

A g opas <06l forall (1,9) €11, 00) X w (A1 ).

Proof. Clearly, there is an n* € N such that r,,» > ||y ||. By Proposition 2.3-(ii) with M = r»,
there exists A = A(M, A1) > 0 such that [[u?(t, )l|c112z;) < A for all (7, ¢) € [37,00) x
C,"; (A). In particular, |uY (z, ')”CLI/Z(AT) < A for all ¢+ > 37. This and Arzela—Ascoli Theo-
rem imply that Oy, := {u‘/’(A; t, .)|A—1 1t > 3t} is precompact in CL(A)). As a result, we know
that {¢(0, )Iz;: (0, ¢) € [-7,0] x @(A; ¥)} and thus {¢*(0, )|z : 0 € [-7, 0]} are compact
in C'(AY). By the definition of w(A; ), there is a nondecreasing sequence {s,’: } such that
DA(sy, ) — @™ in C(A) as s — 00.

We only prove (i) and (iv) since (ii) and (iii) can be dealt with similarity, respectively.

(i) Without loss of generality, we can assume ‘5|AT > 0 and ¢* € Z;(A) due to Proposi-
tion 2.3-(i). In particular, {¢* (@, ~)|A—| :0 € [—1,0]} is compact in V3 (A1), which together with
Lemma 3.1-(iv), implies that (p*|[—r,0]><A_1 > §*%¢*(0, ) |z; for some 8* > 0.

Fix § € (0, 1). It follows from ¢*| __ . &7 > §l77 that ™[, o7, a7 = (1 —8)8" 9™ (0, )57+
8 1a7 which implies {¢*(6, MNay:0 €l—1,01} S 8|5, + VE(AD.

To finish the proof of (i), we only need to prove that there exists k* € N such that
uV (A1, My €881+ V(A forall t € [s{« — 7, 5;%]. Suppose this is not true. Then there
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exists a sequence {sx} with s; € [s; — 7, 5] and limg_, oo sy = 00 such that uV (A; si, A, ¢
8€|A—l + V7 (Ay) for all k € N. But, in view of the compactness of Oy in C'(Ay), there ex-
ist 0* € [—7,0] and a subsequence {s,l} of {sx} such that u‘”(A;s,:, Ia, = ¢*0%, A, €
8§|r1+ VY (A1) in C'(A)) as s,l — 00, and consequently, u¥ (A; s,l, Jla, € 8.§|A7+ VY(ALD)
for all large k, a contradiction to the choices of {s,l} and {si}.

(iv) It follows from Proposition 2.3-(i) and the fact that 0 < <,0|[7T’0]X1T1 < §|/T1 for all ¢ €
w(A; ) that w(A; ) € Z(A). Hence $|A—1 € V(A1) and {p(0, -)|A—1 0 e[—1,0]land ¢ €
o(A;¥)} S VR(AD.

Suppose & > 1. It suffices to prove (uV(A;t, MNay it = 1} C 8 Ia7 — V7 (Ay) for some
1 > 3t. Otherwise, there exists an increasing sequence {sx} such that limy_, o sy = co and
uV (A sg, Na, ¢ 8$|A—l — V2 (Ay) for all k € N. But, in view of the compactness of Oy in
C'(A}) and the definition of w(A; ¥), we can obtain (9%, ¢*) € [—7, 0] x w(A; ¥) and a sub-
sequence {s}} of {sx} such that u¥ (A;s},)a, = ¢*(0%, )la, € 85— VS(Ay) in Cl'(A))
as s,l — 00, and consequently, u‘”(A; s,i, Jla, € 5$|A—l — V2(Ay) for all large k, a contradic-
tion. O

4. A threshold dynamics

In this section, we develop domain decomposition methods to compare solutions with those to
associated equations in a suitable bounded domain related to the whole space. Then by employing
domain decomposition methods and standard dynamical system theoretical arguments, we derive
a threshold dynamics.

To continue the investigation on dynamics of (2.3), we assume another basic condition on the
nonlinearity f.

H2) f(u) < f'(0)u forall u € (0, ).

We first apply Lemma 3.1 and Lemma 3.2 to obtain the existence of positive invariant sets
and the persistence of nontrivial solutions to (2.3). This, together with the Schauder fixed point
theorem, produces the existence of a positive equilibrium of (2.3).

For ¢, e > 0, define A, : Ry — Ry by h¢(u) = cmin{u, €} for all u € R;.. Then A, is
nondecreasing.

Lemma 4.1. Assume that (H1) and (H2) hold. Suppose s(A ) > O with c*, A*, and £* € Z (A*)
being those in Lemma 3.2-(vi). Then, for any M € {r, : n € N}, there exists €y, > 0 such that {¢ €
X €5, <@ < M} is a positively invariant set of ® 5. Moreover, w(A; ) C €3, 4+ C(A)
forany ¢ € C(A; Q) with o < M.

Proof. Recall from Lemma 3.2-(vi) that ¢* € (0, f'(0)), £* € Z, (A*), and A* is a bounded and
smooth domain with Q2 € A* C A, s(Ap++) =0, ||§*|| =1, and Apx +[§*] =0.

For given M € {r, : n € N}, f([0, M]) C [0, MA] from (H1). Then, by (H1), there is 6}"‘4 >0
such that f(u) > hc*,EL (u) for all u € (0, M].

Suppose that ¢ € Cy(A) with €;,&* < ¢ < M. Proposition 2.1-(ii) implies that
PA(r,¢) = M for all + € Ry. By Proposition 2.2 and the definition of /¢« o, we have
Dp(p, 1) = Ppx(eyE™ 1, hc*,gl»‘}) =€y, & forall t € Ry, which yields the first conclusion.
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Next, suppose that ¢ € C4(A; Q) with ¢ < M. Let u*(t,x) = u?(A;t,x) for all (¢,x) €
[—7,00) x RY. Without loss of generality, we assume that there is Ay o+ > 0 such that

u*(t,) € Z4(A) N CY(A) and [|u*(t, oucl%m) < Ag a+ for all t € [~7,00) according to

Proposition 2.3-(i). Then {u*(¢,-)|z= : ¢t € [—7,0]} is compact in CL(A®). Tt follows from
Lemma 3.1-(iv) and supp(§*) € A* that there exists €y € (0, €},] such that u*(z, x) > €o&* (x)
for all € [-7,0] and x € RY. By Proposition 2.2 and the definition of hes ex,, we have
Dp(p,t) = Dpax(eg€™, 1 hc*,e;{) = ¢p&™ and hence u*(t, x) > €p&™*(x) for all t € [—1, 00) and
x € RN, Therefore, by the definition of w(A;¢), we have w(A; @) C €é&* + C4(A). Let
€* =suple > €y : ¥ > e&* forall Y € w(A; @)}. Obviously, w(A; ¢) C €*6* + C(A). This
gives ¥ (0, ) > €*&* for any ¥ € w(A; @) due to supp(§*) C A and Proposition 2.3-(i). It suf-
fices to show €* > €},. Otherwise, suppose €* < €,. Take ¢* € w(A; ). By (2.3), the choice of
€*, and Lemma 2.1, we know that, for all (¢, x,) € [0, 00) x RN,

u? (A;1,x) — €E%(x)
= TaA()[9* (0, )](x) — Tas (1) [€*E¥] (x)

t

t
+u/ TA(t — $)[KALf @ (Ass — 7, )]1(x)ds — M/ Tax(t — s)[Ka=[c*e€* € ]](x)ds
0 0

t

> TaA()e*(0,) — e*E*](x) + M/ TA(t — $)[KALf @ (Ass —1,)] — Kalc* e E*]1(x)ds
0

> Ta (O™ (0, ) — €67]1(x).

Note that {Tx (1)[¢ (0, -) —€*£*]|z=: ¢ € [7,27] and ¢ € w(A; @)} is a compact subsetin V (A™)
by Lemma 2.3 -(iii) and (vii). Due to Lemma 3.1-(iv) and supp(£§*) € A*, there exists §* €
(0, €}, — €™) such that TA (£)[¢(0, -) — €*&*] = §*&* for all t € [z, 27] and ¢ € w(A; @), which
gives ®p (27, p*) > (8 4 €*)&* for all p* € w(A; ¢). By the invariance of w(A; ¢), we have
w(A;@; A) C (8* + €*)E* + C(A), a contradiction to the choice of €*. This completes the
proof. 0O

Now, we are ready to prove the main result of this paper, a threshold dynamics.
Theorem 4.1. Assume that (HI) and (H2) hold. Then we have the following results.

(1) If s(Ap) <0, then the trivial equilibrium 0 of (2.3) attracts all solutions of (2.3) with initial
values ¢ € C(A).

(i) If s(Ap) > 0, then (2.3) has a positive equilibrium uj\' in Zy(A).

(i) If s(Ap) > O, then (2.3) is persistent in the sense that there exists § € Z () with the
property that ||&|| = 1 and, for any M € {r, : n € N}, there exists ey > 0 such that {¢ €
Ci(A) ey <@ < M} is a positively invariant set of @5 and w(A; @) C eyé + CL(A)
forany ¢ € CL(A; Q) with ¢ < M. Therefore, u =0 becomes unstable.

(iv) Let s(Ap) > 0 and let u’, = ||uj§||. Suppose that the nonlinear function f further satisfies
the following assumption,
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(H3) For any closed interval [a, b] # {1} with0 < a < b < o0, either G((0, u’ ] x [a, b]) C
(a,00) or G((0,u’ ] x [a, b]) C (0, b), where G : (0, ui] x (0, 00) — (0, 00) is de-

_ fku)
fined by G(k,u) = 70

Then uj\_ attracts all solutions of (2.3) with initial values ¢ € C1(A; Q2).

Proof. (i) Suppose that s(A ) < 0. We distinguish two cases to prove statement (i).

Case I1: u+s(Ap) > 0.

In this case, by Lemma 3.2-(iii), there exists ¢* € Z (A) such that Ap[¢p*] =5(Ap)¢* <O0.
In particular, $*|5 € V().

Suppose that ¢ € C(A). By Proposition 2.3-(iii), we can obtain that {y/(0,-)|g : ¥ €
w(A; @)} is compact in V(). This, together with Lemma 3.1-(iii), implies that, a* £
infla > 0: ¥ (0,x) <a¢p*(x) forall x € Q and ¥ € w(A; @)} € [0, 00). Then the invariance of
w(A; @) gives w(A; ‘/’)|[—r,0]x§2 < ¢*|§2. According to Lemma 3.4-(iv), for any ¢ > 0, there
exists 7, > 0 such that u?(A;t,x) < (a* + €)¢*(x) for all t > . and x € Q. Let v(z,x) =
(a* +€)p*(x) —u?(A;t + 1, x) for all (¢, x) € Ry x RN, Then by (H2), v(z, x) satisfies (3.1)
and thus lim;_, o, (inf{v(z, x) : x € R¥}) > 0 by Lemma 3.3. This, together with the definition of
o (A; @) and the arbitrariness of €, implies w(A; @) < a*¢p*.

In the following, we show a* = 0, which implies w (A; ¢) = {0}. By way of contradiction, we
assume a* > 0.

First, we claim that {u¥ (A; 1, Igst € l—1, T} # {a*@*| g} for all ¥ € w(A; ). If this is not
true, then there exists ¥ € w(A; ¢) such that {u¥ (A; 1, gt e[—7, 7]} ={a*¢*|g}. Define

vi[—7,00) x RN 3 (1,x) > u¥ (A; 1, x) — a*¢* (x).

Then v(, x) =0 for any (¢, x) € [0, T] x © and by the definition of v, we know that v satisfies

B(t,x) = dAv(t,x) — po(t,x) + Kalf(@*¢) — f/(0)a*](x), (t,x) € (0, 7] x 2,
v(t,x) = 0, (t,x) €0, 7] x 9L,
v(0,x) = 0, x € Q.

Consequently, Ka[f(a*®) — f/(0)a*¢](x) = 0 for all (¢, x) € (0, 7] x Q. However, by (H2),
KaLf (@*)1(x) > f/(0)a*¢(x) forall (z, x) € (0, ] x €2, a contradiction. This proves the claim.

It follows from (2.3), (H2), the above claim, Lemma 2.2, and Lemma 2.3 that, for all ¢ €
o(A; @),

u¥(A;21,)
2t
=TAQCT[Y (O, )]+ M/ TaAQT — )[KALf @Y (Ass —1,)]1ds
0
2t
<TaQRD)[a"p] + 1 f TaAQt — )[KALF ©Ou’ (A;s —1,)]1ds

0
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2t
< TpAQRo)[a"p] + M/ TaQ2T — $)[KALf'(0)a*p11ds
0

=a*¢.

This, together with the invariance of w(A; ¢), implies ¥ (0, -) < a*¢* for all ¥ € w(A; ¢).
Again, by (2.3), (H2), Lemma 2.2, and Lemma 2.3, we have for all 1 € Ry and ¥ € w(A; ¢),
that

a*¢* —u’ (A;1,-)

> TA(D[a*¢* — ¥ (0, )]+ | Talt — $)[a*KaLf (0)¢*] — KALf ¥ (A; s — 7, ))]lds

o

t
> Ta(Ola*¢™ — (0, )]+ M/ Ta(t — )[a*KALf (0)¢*] = KaLf' Ou? (A;s — 7, )]]ds
0

t

=Ta(Ola"¢" =¥ (0, )]+ uf'(0) / Ta(t — $)[Kpla*¢* —u? (A;s — 7, )]lds
0

> Ta(Dla*¢™ — ¢ (0, )].

Note that, by Lemma 2.3-(iii) and (vii), we can easily verify that {Tx (v)[a"¢™ — ¥ (0, )]l|g :
Y € w(A; @)} is a compact subset in VP (€2). Then Lemma 3.1-(iv) tells us that there exists
8% € (0,a”) such that T (t)[a*¢* (x) — ¥ (0, )]|g = 6*¢*|g and hence uV (A T, g < (@ —
8")¢*|g for all ¥ € w(A; ¢). This, combined with the invariance of w (A; @), yields ¥ (0, -)|g <
(a* — 8%)¢*|g for all ¥ € w(A; p), a contradiction to the choice of a*. Therefore, a* = 0.

Case 2: n+s(Ap) <O0.

In this case, recall that Ay /) =dA — uld + pcf’'(0)Ka forall ¢ > 0. Then s(A, f10)) <
—u. Lemma 3.2-(v) implies that there is ¢* > 1 such that —u < s(Ap o+ p(0)) < 0. Apply-
ing similar arguments as those in the proof of Case I, we have w(c* f, A; ¢) = {0} for all
@ € C4(A). Then by Proposition 2.2, ® 4 (¢, ¢; c* f) > O (t, ¢) for all ¢ € C4(A), which im-
plies 0 < w(A; ¢) <w(c* f, A; ) = {0} for all p € C(A).

To summarize, statement (i) holds.

(ii) For given M € {r, : n € N}, let £* and €}, be defined as in Lemma 4.1. Denote A =
{p € CL(A) 1 €},* <9 < M}. By Lemma 4.1, ®(r, A) € A for all r € Ry. Let g7 (B) =
co(PA (T, B)) forany BCS Aand T > 0. Then @A (T, (g7) 1 (A) € (g7)F(A) € (g7)F 1 (A)
for any positive integer k and T > 0.

We claim that there exists a compact convex subset A7 in A such that ®, (T, A7) € Ar
forany T e [ £ {é—f :i=1,2,...}. Indeed, by Proposition 2.1-(iii), “—g,o[gT('A)l[—g,O]xRN] <

e_%a_t,o[A]. This, combined with the fact that ® 4 (7, ¢) (0, x) = u®(t + 6, x) forall (¢,0, x)
[0, 00) x [—7, 0] x RY, yields that, for any positive integers k and [ with [ <k < 3/,
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_Tu i
a(%—I)T,(l—I)T[(gT)k('A)|[(%—I)T,(1—I)T]><RN] <e Za_ oAl forl<1+ 377

k _Tu 3
a(%fl)T+r,(lfl)T+r[(gT) (‘A)|[(%71)T+r,(171)T+r]xRN] <e TaqolAl forl>1+435
4.1

Using (4.1) and some simple computations, we can easily obtain that oz_,,o[(gr)y A] <

e’TTHoe .0l A]. Denote by A; 7 = (g7)>"'(A) for any positive integer . Then o olAi41,7] <
o0
e Tzﬂoz rolAiTl <e - a_rolA]l. Let Ay = () A;7. Then Ar is a compact convex sub-
=1
set in C(A) such that ®5 (T, Ar) C Ar. B}f the Schauder fixed point theorem, there is
Y1 € Ar such that & (T, ¥r) = ¥r. According to Proposition 2.1-(iii) and the fact that
{Yr : T el}=DAQr,{Yyr : T €1}) C ®p(27,.A), we know that a_o[{yr : T € I}] =
A olPAQr, {Yr : T e ID] < e Ha_ol{yyr : T € I}]. It follows that {7 : T € I} is pre-
compact in X (A) and hence there exist € A and a sequence {7} in I such that limy_, oo T =0
and limg_, o Y7, = ¥. For any ¢ € (0, 00), there exist s; € [0, T;) and a nonnegative in-
teger Ni such that t = NiTy + sg. Obviously, limg_ sy = 0. It follows that (¢, ) =
limg—s 00 @A (¢, Y1) = limg—s 00 Pa (s, Y1) = ¥, which implies that u} £ v is a positive equi-
librium of (2.3) located in Z (A).

(iii) It suffices to obtain the persistence of (2.3) since the instability of u = 0 follows from the
persistence of (2.3).

Note that s(A f/0)) > 0 due to s(Ap) > 0. Then Lemma 3.2 implies that there exists
c* € (0, f'(0)) such that s(Ax o+) = 0. Hence there exists § € Z4(A) such that [|§]| =1 and
Apc[61=0.

For given M € {r, : n € N}, f([0, M]) < [0, ﬂA] from (H1). Then, by (H2), there is €37 > 0
such that f(u) > he ¢, (u) for all u € (0, M]. Suppose that ¢ € C(A) with ey < < M.
Proposition 2.1-(ii) implies that ® 4 (¢, ¢) < M for all € R. By Proposition 2.2 and the choice
of hex ey, we have Pp (@, 1) > Pa(emé, t; hex ¢y, () = eyé for all + € Ry, which yields the
first conclusion.

Next, suppose that ¢ € Cy(A; Q) with ¢ < M. Let u(t,x) = u?(A; t,x) for all (t x) €

[—7, 00) x RY. Without loss of generality, we assume that u(z, -) € w(A; ) NZL(A)N C,oc2 (A)
for all t € [—t, 00) according to Proposition 2.3-(i). From the proof of Lemma 4.1, there exist
a bounded and smooth domain A* and £§* € Z, (A*) such that Q C A* C A, ||§*|| =1, and
o(A;9) C eyé*™ + C4(A). By expanding A* properly, we may assume that 922 N d(A*) =
92 N dA. It follows from Lemma 3.4-(iii) and the compactness of supp(£*) that there is
t1 > 0 such that u(t,-) > %Ms* for all t+ > 11. Note that £*|5,&|q, and u(z, )|g € V()
for all t € [—7, ;] due to the choice of A*. According to Proposition 2.3-(ii), we know that
{u(t, )|z=:t € [-7,11]} is compact in C!(Q). Therefore, by Lemma 3.1-(iv), there is €] > 0
such that £*|q > €1&|g and u(r, -)|g > €1|g for all € [—1,11]. Let g = minfe, <54} Then
we have u(z, x) > ep&(x) for all t € [—7, 00) and x € Q.

Let v(t,x) = u(t,x) — €gé(x) for all t € [—7,00) and x € RY. Then v satisfies (3.1) and
hence w(A; ¢) C €0€ + C(A) by Lemma 3.3 and the definition of w (A; ¢).

Let €* = sup{e > €p : ¥ > €& forall ¥ € w(A; ¢)}. Obviously, w(A; @) Ce*& + CL(A). It
suffices to show €* > €7. We achieve this by with contradiction as follows.

Suppose €* < €y. Clearly, for any ¥ € w(A;¢), there exists 6y € [0,27) such that
u‘/’(Gl/,, -) > €*& due to choices of & and €*. By (2.3), the choice of €*, and Lemma 2.1, we
know that, for any ¥ € w(A; ¢),
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uV(A;21,-) = €6 + OBy, V) (2T — by, ) — €€
= "6+ Tpa Q21 — 0y)[u” (A; 0y, ) — €*€]

2‘[—9]1,
+u / TaAQT — 0y — )IKALf @V (Ass + 6y — 7, )] — €*Kalc*E]lds
0
> *E+ TaAQr —0y)[uV (A; 0y, ) — €]

> €.

This, combined with the invariance of w(A; ¢), implies ¥ (0, -) > €*& for all ¥ € w(A; ). It
follows from (2.3), the choice of €*, and Lemma 2.1 that for any ¢ € w(A; ¢),

u (A, )=+ uV (AT, ) — '€
=€"E+TA(m)[Y(0, ) — €"&]

+M/TA(T —OIKALf@? (A;s —1,)] — € Kplc*E]]ds
0
> "+ TA(D[Y (0, ) —€¥E].

Note that, by Lemma 2.3-(iii) and (vii), {TA (D)[¥ (0, ) — €*E¥]|g : ¥ € w(A; @)} is a compact
subset in V?(£2). By Lemma 3.1-(iv), there exists 6* € (0, €5, — €*) such that T (t)[¥ (0, -) —
€*E]|g = §%€|g for all ¥ € w(A; ). This, together with the invariance of w(A; @), implies
W[fr,o]xﬁ > (8% + €")&|g for all ¥ € w(A; ). It follows from Lemma 3.4-(iii) that there is
f > 0 such that u(t, -) > Y52 for all 1 > 1p. Let (7, x) = u(r + 12 + 7, x) — S 2 £(x) for
all t € [-7,00) and x € RV. Then ¥ satisfies (3.1) and consequently, by Lemma 3.3 and the
definition of w(A; @), we easily see w(A; @) C %é 4 C4+(A), a contradiction to the choice
of €*. This proves €* > ¢y.
¥ € w(A; @)} is a compact subset in V7 (€2). Therefore, Lemma 3.1 implies 0 < a** < b™* < o0,
where a™* = sup{a > 0: (0, x) > au (x) for all (¥, x) € w(A; @) x Q} and b** =inf{b >0
¥ (0, x) < bu (x) for all (¥, x) € w(A; @) x Q}. By the choices of a** and b**, and Lemma 3.3,
we have 0 < a*™uy < < b*u, for all ¥ € w(A; ¢). To prove statement (iv), it suffices to
prove that a** = b** = 1. Otherwise, a™* # 1 or b** # 1. By assumption (H3) with [a, b] =
[a**, b**], we know that either (I) f(ku) > a** f(u) for all (k,u) € [a**, b**] x (0,u’ ] or (II)
f(ku) < b** f(u) for all (k,u) € [a**, b*] x (0, u?].

In the following, we only give the detail to get a contradiction for (I) since (II) can be dealt
with similarity.

It follows from (2.3), Lemma 2.2, and Lemma 2.3 that, for any ¥ € w(A; ¢),

u(A;t, )= auy + uV (AT, ) — auy
— ™y + TA (OO, )] + / Ta(r — )KALF (¥ (Ass — 7, DTids — a™uy
0
=a™uy +TA(@)[Y(,) —a™uy]
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+M/ Ta(r = )KALf @Y (Ass —7,) — a*™ f(up)]](x)ds
0
>a™uy + To(O)[Y(0, ) —a™uy]

>auy.

This, together with the invariance of w(A; ¢), implies ¥ (0, -) > a™*u4 for all ¥ € w(A; ¢).
Then by Lemma 2.3-(iii, vii) and Lemma 3.1, there exists §* > 0 such that T (z)[y (0, -) —
a™uyllg > 8" uqlg for all ¥ € w(A; ¢). As aresult, we easily see that uV(A; T, INg = (@™ +
8" uy|g for all ¥ € w(A; ). It follows from the invariance of w (A; @) that ¥ (0, -)|g > (@™ +
8" uy|g forall (8, ¥) € [—7,0] x w(A; @), a contradiction to the choice of a**.

This completes the proof. O

The condition (H3) in Theorem 4.1 requires information about u* = ||uj(||. However, we
only know the existence of the positive state steady uX but do not know, in general, the details
about uX (hence ui). This makes Theorem 4.1 less feasible. Motivated by [46,47], we find that
the following condition depending only on the property of the nonlinear function f can serve as
an alternative, which can be much easier to verify that (H3):

(H4) There exists u™ > 0 such that f(u*) = u™. Moreover, for any closed interval [a, b] # {1}
with 0 < a < b < o0, either G((0, f*] x [a, b]) C (a, 00) or G((0, f*] x [a, b]) C (0, b),
where f* = supco .+ f (k) and G : (0, f*] x (0, 00) — (0, 00) is defined by G (k, u) =

S (k)
fk) -

Theorem 4.2. Assume that (HI1) and (H2) hold with [0, r—;‘\] being replaced by [0, r,]. Then we
have the following results.

() If s(Ap) < —dipn — o+ uf' (0)e™ A% <0, then the trivial equilibrium 0 of (2.3) attracts
all solutions of (2.3) with initial values ¢ € C4(A).

(1) If s(Ap) > —dAg — u + /Lf/(O)e_)‘QO‘ > 0, then u = 0 becomes unstable and (2.3) has
a positive equilibrium uy € Z(A). Moreover, (2.3) is persistent in the sense that there
exists & € Z, (A) with the property that ||€|| = 1 and for any M € {r,, : n € N}, there exists
ey > 0 such that {p € C+(A) : eyé < @ < M} is a positively invariant set of ® and
w(A; @) Ceyé + Cr(A) forany ¢ € CL(A; 2) with ¢ < M.

(iti) Let —drq — u + uf'(0)e 2% > 0. Suppose that the nonlinear function f also satisfies
assumption (H4). Then u . attracts all solutions of (2.3) with initial values ¢ € C(A; Q2).

Proof. (i) and (ii) follow from (i) and (ii) in Theorem 4.1 due to Lemma 3.2-(ii).
According to the proof of Theorem 2.5 [46], we can easily verify (H3) under (H4). Therefore,
(iii) is a direct consequence of Theorem 4.1-(iii) and Lemma 3.2-(ii). O

5. Examples
In this section, we illustrate Theorem 4.2 by considering equation (2.3) with specific birth

functions, namely, the Ricker function and the Mackey—Glass function. We will leave the appli-
cations of Theorem 4.1 to readers.
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Example 5.1. Consider the equation with the Ricker birth function,

%—’; = D, Au — dyu

+¢ fA (e, x, y)pu(t — 1, y)e =TV dy, (t,x) € (0,00) x A, 5.1)
u(t,x) = 0, (t,x) € Ry x A, '
u(t,x) = ¢, x), (t,x) € [-1,0] x A,

where p > 0 and ¢ € C4(A). We recall that D, and d,, are the diffusion and death rates for the
mature individuals, respectively, while « = [ Dj(a)da and & = exp(— [, d;(a)da) with D;(a)
and dj (a) being the diffusion and death rates of the immature, respectively. Note that the Ricker
birth function, b(u) = pue™ for all u € R, has been widely used in models for fish and for
blowfly (see, for example, [13,5,21,19,28,31-33,46]).

The following lemma follows from Lemma 3.7 and Lemma 4.2 in [47].

Lemma 5.1. Let f(u) = Z—Zue_“ for all u € R. Then the following statements are true.

(1) The assumptions (HI) and (H2) with r, = p + n hold.
(i) If 2ed,, = ep > dy,, then assumption (H4) holds.

By applying Theorem 4.2 and Lemma 5.1, we then obtain the following results for (5.1).
Theorem 5.1. The following statements hold.

() If —DpApn —dm + spe’““ <0, then the trivial equilibrium 0 of (5.1) attracts all solutions

with initial values ¢ € C(A).

(i) If —Dprq — dy + epe 9% > 0, then u = 0 becomes unstable and (5.1) has a positive
equilibrium uy € Z(A). Furthermore, (5.1) is persistent in the sense that there exists
& € Z4(A) with the property that ||&|| = 1, and, for any M € {p + n : n € N}, there exists
ey > 0 such that {p € C+(A) : eyé < ¢ < M} is a positively invariant set of ® and
w(A; @) Ceyé 4+ Cr(A) forany ¢ € CL(A; Q) with ¢ < M.

(iii) Let —DyuAq — dy + spe_)‘ﬂ‘x > 0 and ep < 2ed,,. Then uy attracts all solutions of (5.1)
with initial values ¢ € C4+(A; ).

Example 5.2. Consider the equation with the Mackey—Glass birth function,

B = DpAu—dyu+s [, To(e, x, ) hae=Dady, (1) €(0,00) x A,
u(t,x) =0, (t,x) e Ry x 9A,
I/t(t,.x) = go(t,x), (l,x) (S [_T,O] X [_\,

(5.2)

where 1, p > 0, and ¢ € C4(A). In this example, the birth function b(u) = 57 for all u € Ry,

was originally used by Mackey and Glass [23] to model the blood cell production in an ordinary
differential equation model. Since then modified models have been studied by many researchers.
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One of the topics on these models is the stability of a positive equilibrium, accounting for a long
term stable blood concentration level. See, for example, [17] and the references therein.

The following lemma follows from Lemma 3.7 and Lemma 4.1 in [47].
Lemma 5.2. Let f(u) = Z—Z Hﬁ for all u € R. Then the following statements are true.

(i) The assumptions (HI1) and (H2) with r, =n + % hold.

d
np_1yn—1 ngn
(11) Ifgp > dm and n < max{2 ep)"(n=D"" +n'dy, Ep

Ep) (=" Ep=dn

}, then assumption (H4) holds.

By applying Theorem 4.2 and Lemma 5.2, we then obtain the following results for (5.2).
Theorem 5.2. The following statements hold.

() If =Dphp —dy +epe 2% <0, then the trivial equilibrium 0 of (5.2) attracts all solutions
with initial values ¢ € C+(A).

(i) If —Dprg — dp + spe™92% > 0, then u = 0 becomes unstable and (5.2) has a positive
equilibrium uy € Z,(A). Moreover, (5.2) is persistent in the sense that there exists £ €
Z(A) with the property that ||&|| = 1 and for any M € {n + % :n € N}, there exists
€y > 0 such that {p € CL(A) : eyé < ¢ < M} is a positively invariant set of ® and
w(A; @) Ceyé + Cr(A) forany ¢ € CL(A; ) with ¢ < M.

ep) (n—1)" 1 4nnan

: p)(;,)n(n)_l)il " sy - Then

u attracts all solutions of (5.2) with initial values ¢ € C+(A; 2).

(ili) Let —DyAq —dy+epe 2% > 0. Suppose that n < max{2

Theorem 5.1 and Theorem 5.2 reveal that the dynamics of equation (2.3) depends not only
on the death rates, the diffusion rates, and the birth functions, but also on the choice of the
mature-immature habitats. Specifically, (I) the (pseudo-)spectral bound s(A ) of the linear op-
erator A, depends on the habitats and is increasing with the increase of the sizes of both €2 and
A (see Lemma 3.2); (II) the boundedness of the immature habitat €2 directly enables us to obtain
the threshold dynamics about the global attractivity of the trivial equilibrium, the existence and
global attractivity of the positive equilibrium, and the persistence of other solutions in the sense
of the supremum norm regardless of whether the mature habitat A is bounded or not.

We point out that if the immature habitat €2 is unbounded, then the problem is more complex.
Generally, we can’t get the compactness of solution trajectories and the existence of a compact
global attractor in the sense of the supremum norm. However, some dynamics with respect to
the compact open topology and asymptotic propagation properties have been obtained when
Q=A=R" or Q= A =Ry in [5,47]. In the future, we shall consider the case where  is
unbounded and 2 C A.

Appendix A. Derivation of the model

The purpose of this appendix is to derive a population growth model for a single species with
age structure and diffusion. It is assumed that the immature individuals live in a bounded habitat
which is part of that of the mature ones. The maturation time is taken as a constant t (> 0). We
assume that the boundaries of the habitats are hostile to the species, that is, we impose a Dirichlet
boundary condition.
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Consider a single species whose mature individuals live in A while immature ones live in .
Let W(t,a,x) be the population density of the species at time ¢ € R, and location x € A
of age a € Ry. Denote by D(a) and d(a) the diffusion rate and the death rate, respectively,

at age a. Then W(t, a, x) satisfies the following evolution equation (see, for instance, Metz—
Diekmann [27]),

IW AW
T =D@AW —d@W.  1>0.(a.x) € (0. 7] x QU ((z.00) x A). (AD)

As mentioned earlier, we consider the homogeneous Dirichlet boundary condition on the pair
(A; €),

W(t,a,x)=0, teR, and (a,x) € ([0, 7] x (A \ Q) U ((r,00) x dA), (A2)
which accounts for the scenario that the region R \ Q is hostile to the immature individuals

while the region RV \ A is hostile to the mature ones. Then the density of the mature individuals
at time ¢ and location x, u(¢, x), is given by

u(t,x):/W(t,a,x)da. (A.3)

By the biological meaning of W (t, a, x), one should have
W(t, o00,x) =0, (t,x)e Ry x A (A4)
and
W(t,0,x)=bu(t,x)), (t,x) e Ry x @,

where b : R;. — R is the birth function.
Differentiating (A.3) with respect to ¢ and making use of (A.1) and (A.4), we get

ou(t, x)
ot

=W(t,t,x)+ Dy Au — dyu, t>0,xeA. (A.S5)

Here, for simplicity of presentation, we have assumed that the diffusion rate and the death rate for
the mature individuals are age-independent, that is, D(a) = D,, and d(a) = d,, for a € (t, 00).
We need to determine W (¢, 7, x) in terms of u(¢, x). To this end, for any s € R, let V¥(¢, x) =
W(t, t —s,x) for (t,x) €[s,s + ] x Q. Then by (A.1), (A.2), and (A.4), we have

%(t,x) = D(t —s)AVS(@t,x)—d@ —s)Vi(, x), (t,x)e(s,s+ 1] x Q,
VS, x) = 0, (t,x) els,s + 1] x (A\ ),
VS(s,x) = bu(s, x)), xeQ.

(A.6)

One easily checks that
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t—s
V(1. x) = e o s 5 / D($)ds | bus. )
0

r—s
1—5

— o I dss / ro / D(e)ds. x. y | bluts, y))dy
Q 0

satisfies (A.6). Therefore, for (¢, x) € Ry x A,

W(t, T, x) =eSa(@)[bu — 1, )](x) =¢ / Fa (e, x, y)b(u(t — 7, y))dy, (A7)
A

where o = for Dj(a)da and & = exp(— for dj(a)da). Here we have used Dj(a) and d;j(a) to
denote the diffusion and death rates of the immature individuals, respectively, that is, D; =
Dljo,71 and di = d|[0,7]-

In summary, by (A.2), (A.5), and (A.7) as well as the initial value condition, we have obtained
the following initial-boundary value problem of a delayed reaction—diffusion equation with spa-
tial heterogeneity,

W — D Au— dyu —|—£fA (e, x, y)b(u(t — 1, y))dy, (t,x) € (0,00) x A,

ar

u(t,x) =0, (t,x) e Ry x (RN \ A),

u(t,x) =, x), (t,x) €[=1,0] x RN,
(A.8)

where ¢ € C4(A).
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