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Abstract

In this paper we study a nonlocal dispersal susceptible-infected-susceptible (SIS) epidemic model with
Neumann boundary condition, where the spatial movement of individuals is described by a nonlocal (convo-
lution) diffusion operator, the transmission rate and recovery rate are spatially heterogeneous, and the total
population number is constant. We first define the basic reproduction number R and discuss the existence,
uniqueness and stability of steady states of the nonlocal dispersal SIS epidemic model in terms of Rgy. Then
we consider the impacts of the large diffusion rates of the susceptible and infectious populations on the
persistence and extinction of the disease. The obtained results indicate that the nonlocal movement of the
susceptible or infectious individuals will enhance the persistence of the infectious disease. In particular, our
analytical results suggest that the spatial heterogeneity tends to boost the spread of the infectious disease.
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1. Introduction

This paper is concerned with the following nonlocal dispersal SIS epidemic model with

B =ds [oJ(x =[S0 = Sx.0ldy — B 4 y(0)1, xeQ, t>0,

Mo=dy fo(x = UG 0 =T, 0ldy+ B3 —y)1, xe@ >0, (L)

S(x,0)=So(x), I(x,0)=1I(x), x €,

where Q C R” (n denotes the dimension) is a bounded domain; S(x, ¢t) and I (x,t) denote the
density of susceptible and infectious individuals at location x and time ¢, respectively; dg and
dy are positive diffusion coefficients for the susceptible and infectious individuals; 8(x) and
¥ (x) are positive continuous functions on  that represent the transmission rate of susceptible
individuals and the recovery of infectious individuals at x, respectively. The integral operator
fR,, J(x —y)u(y,t) —u(x,t))dy describes diffusion processes. As in [18], if u(x, ¢) is thought
of as the density at a point x at time ¢, and J (x — y) is thought of as the probability distribution of
jumping from location y to location x, then fRn J(x —y)u(y, t)dy is the rate at which individuals
are arriving at position x from all other places and — fR” J(x — y)u(x, t)dy is the rate at which
they are leaving location x to travel to all other sites. Since integrals are taken over the domain €2,
we assume that diffusion takes places only in 2. Individuals may not enter or leave the domain
Q. This is analogous to the homogeneous Neumann boundary condition in the literature, we also
call it Neumann boundary condition, meaning that all the involved integrals are taken over the
domain €2 (see the definition in Andreu-Vaillo et al. [4]).

It is known from Allen, Bolker and Lou [2] that the term SS_+II is a Lipschitz continuous
function of S and [ in the open first quadrant, we can extend its definition to the entire first
quadrant by defining it to be zero when either S = 0 or / = 0. Throughout the paper, we assume
that the total number of initial infectious individuals is positive; that is,

/I(x, 0)dx > 0 with Sp(x) >0 and Ip(x) > 0 for x € 2
Q

and the dispersal kernel function J satisfies

@ JC)eC(),J0)>0, Jx)=J(—x) >0, Jgn J(x)dx =1 and [ J(x — y)dy # 1 for
any x € Q.

Note that (1.1) is the nonlocal counterpart of the following SIS epidemic reaction-diffusion
model

85 —dsas — B 4y ()1, xeQ,1>0,

S+1
U=ai AT+ D — )1, xeQir>0, (1.2)
3,8 =28,1=0, x€3Q,1>0,

in which v is the outward unit normal vector on 2. System (1.2) was first proposed by Allen,
Bolker and Lou [2], who mainly discussed the impact of spatial heterogeneity of environment
and movement of individuals on the persistence and extinction of a disease. Their results were
extended by Peng and Liu [35], in which they proved that the endemic equilibrium is globally
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asymptotically stable if it exists and this result confirms a conjecture proposed in [2]. Peng [34]
provided further understanding regarding the roles of large or small migration rates of the sus-
ceptible and infectious populations on the spatial persistence and extinction of the infectious
diseases, see also Peng and Yi [37]. Moreover, Peng and Zhao [36] considered (1.2) when the
transmission rate and recovery rate are assumed to be spatially heterogeneous and temporally
periodic. Recently, Cui and Lou [16] and Cui, Lam and Lou [15] studied the dynamics of (1.2)
with advection and found that advection can help to speed up the elimination of infectious dis-
eases. For other results about SIS epidemic models with spatial heterogeneity, we refer to Allen,
Bolker and Lou [1,3], Huang, Han and Liu [23], Li, Peng and Wang [28] and Wu and Zou [51].

The nonlocal dispersal as a long range process can better describe some natural phenomena
in many situations (Andreu-Vaillo et al. [4], Fife [18]). In fact nonlocal dispersal equations have
attracted great attention and have been used to model different dispersal phenomena in popula-
tion ecology (Hutson et al. [24], Kao, Lou and Shen [25]), material science (Bates [7], Wang
[50]), neurology (Sun, Yang and Li [43]), etc. For the study of nonlocal problems, we refer to
Chasseigne, Chaves and Rossi [10], Cortdzar, Coville and Elgueta [11], Sun, Li and Yang [42]
and Zhang, Li and Sun [54] about the asymptotic behavior, Bates et al. [8], Coville, Ddvila and
Martinez [14], Li, Sun and Wang [29], Li, Zhang and Zhang [30], Pan, Li and Lin [32], Shen
and Zhang [40] and Sun, Li and Wang [45] about the traveling waves and entire solutions when
Q =R, and Bates and Zhao [9], Coville, Déavila and Martinez [13], Sun, Li and Wang [45] and
Yang, Li and Sun [53] about the stationary solutions. In particular, the spectrum properties of
nonlocal dispersal operators and their essential difference comparing with the random operators
are studied in Coville [12], Coville, Davila and Martinez [14], Garcia-Melidn and Rossi [19],
Shen and Zhang [40] and Sun, Yang and Li [43].

Nonlocal epidemic models have also been extensively studied since the pioneer work of
Kendall [26,27], in which he generalized the Kermack-McKendrick model to a space-dependent
integro-differential equation and used the integral term BS(x, t) ffooo K(x —y)I(y,t)dy to de-
scribe how infectious individuals at location y disperse to infect susceptible individuals at lo-
cation x. Kendall [27], Mollison [31] and Aronson [5] studied the existence of traveling wave
solutions in the Kendall model. For further results on nonlocal epidemic models we refer to the
monograph of Rass and Radcliffe [38] and a survey by Ruan [39].

Recently, in [52], we studied the following nonlocal dispersal SIS epidemic model with
Dirichlet boundary condition

E;—f =ds[[qJ(x — S, 0)dy — S(x,1)] + A(x) — LSt +yx)I inQxRT,

a1 SI

E:dl [fQJ(x—y)I(x,t)dy—I(x,t)]+ﬂs()il —y@)I in Q2 x RT,
S(x,0) = So(x), I(x,0) = Io(x) in Q.
Stx,)=1I1(x,t)=0 inRM\Q x RY.

The basic reproduction number Ry was introduced and threshold-type results on the global dy-
namic in terms of Ry were established. In this model, the individuals can move in the whole R”
but vanish outside 2. In the biological interpretation, there is a hostile environment outside €2 and
any individual that jumps outside dies instantaneously, which is similar to the so-called homoge-
nous Dirichlet boundary conditions for the random diffusion equations. Zhao and Ruan [55]
proposed a nonlocal model of within-host viral dynamics on a bounded domain in which virus
movement is described by a nonlocal (convolution) diffusion operator, investigated the principal
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eigenvalue of a perturbation of the nonlocal diffusion operator, and showed that if the principal
eigenvalue is less or equal to zero, then the infection-free steady state is asymptotically stable
while there is an infection steady state which is stable provided that the principal eigenvalue is
greater than zero. The present paper is devoted to the dynamic behavior of system (1.1) with
Neumann boundary conditions.

It is well-known that the basic reproduction number Ry is an important threshold to deter-
mine the dynamic behavior of epidemic models. For system (1.1), it is natural to ask what the
basic reproduction number is and how it decides the dynamic behavior of (1.1). As one of the
important quantities in epidemiology, the basic reproduction number R( of an infectious dis-
ease is defined as the expected number of secondary cases produced, in a completely susceptible
population, by a typical infective individual (see, e.g., Heffernan, Smith and Wahl [22] and the
reference therein). For autonomous epidemic models, Diekmann et al. [17] introduced Ry by us-
ing the next generation operators. Van der Driessche and Watmough [47] established the theory
of Ry for compartment ODE models. Thieme [46] further developed a general theory of spec-
tral bounds and reproduction numbers for the infinite-dimensional population structure and time
heterogeneity. For a nonlocal and time-delayed reaction-diffusion model of dengue fever, Wang
and Zhao [48] gave the definition of Ry via a next generation operator and proved the threshold
dynamics in terms of Ry. Wang and Zhao [49] presented the theory of R for reaction-diffusion
epidemic models with compartment structure and in particular, characterized Ry by means of the
principal eigenvalue of an elliptic eigenvalue problem. As we know that the nonlocal eigenvalue
problems may not have principal eigenvalues generally. Naturally, we want to know how to char-
acterize the basic reproduction number of nonlocal dispersal problems. Motivated by the works
in [46,48,49], we intend to introduce the basic reproduction number R for model (1.1) and give
its characterization. We further prove that Ry — 1 has the same sign as

o= sup — 4 Jo Jo T = 0(@() — 9(x)2dydx + [(B(x) — y (x))p? (x)dx
o(d) =

oel2(Q) Jo #?(x)dx ’
#0

which is of interest by itself. In general, w,(d;) may not be the principal eigenvalue of the
nonlocal operator

Mul(r) = dy / T = y)@(y) — u(e)dy + (BG) — y ()ux),
Q

which may lead to some essential differences between the nonlocal dispersal problems and the
reaction-diffusion problems, see Coville [12], Hutson et al. [24], Shen and Zhang [40], Sun, Li
and Yang [43], and Sun, Li and Wang [44]. To overcome this difficulty, we attempt to use the
basic theory developed in [46] to give the definition of the basic reproduction number of system
(1.1).

Then we are concerned with the global stability of the disease-free equilibrium and the en-
demic equilibrium of system (1.1). It is shown that the disease-free equilibrium is unique and
globally stable when Rg < 1, which implies that the disease will die out. We establish the
existence of an endemic equilibrium by using the sub-super solutions method and obtain the
uniqueness of the endemic equilibrium following the method in Berestycki et al. [6] when
Ry > 1. Generally, it is difficult to prove the stability of the endemic equilibrium of system
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(1.1). However, when ds = d, the global stability of the endemic equilibrium can be shown by
constructing some auxiliary problems. This result implies that the disease will be persistent when
R > 1. Finally, we discuss the effect of the diffusion rates ds and d; on the disease transmis-
sion. Necessarily, we find that the nonlocal movement of the susceptible or infectious individuals
tends to enhance the persistence of the disease. We would like to mention that there are some dif-
ficulties to be overcome when we prove these results due to the lack of the regularity of solutions
of (1.1) or the stationary solutions corresponding to system (1.1).

The paper is organized as follows. In Section 2, we characterize the basic reproduction number
of system (1.1). Section 3 is devoted to the existence, uniqueness and global stability of the
disease-free equilibrium and the endemic equilibrium. In Section 4, we discuss the effect of the
diffusion rates of the susceptible and infectious individuals on the disease transmission. Finally,
we give a brief discussion to complete the paper.

2. The basic reproduction number

In this section, we will give the definition of the basic reproduction number for system (1.1)
and provide its analytical properties. Let X = C(£2) be the Banach space of real continuous
functions on 2. Throughout this section, X is considered as an ordered Banach space with a

positive cone X4 = {u € X| u > 0}. It is well-known that X is generating, normal and has
nonempty interior. Additionally, an operator 7 : X — X is called positive if T X4 € X .

2.1. Preliminaries
Definition 2.1. A closed linear operator <7 in X is said to be resolvent-positive if the resolvent
set of @7, p(47), contains a ray (w, o) and the resolvent (Af — 27)~! is a positive bounded
linear operator for all A > w.
Definition 2.2. The spectral bound of </ is defined by

S(/) =sup{Reir| A € 0 ()},
where o (/) denotes the spectrum of <7 . The spectral radius of <f is defined as

r(/) =sup{|Al; A € 0(H)}.
Theorem 2.3 (Thieme [46]). Let <f be the generator of a Co—semigroup S on the ordered Ba-
nach space X with a normal and generating cone X . Then, <7 is a resolvent-positive operator if

and only if S is a positive semigroup, i.e., S(t) X+ C Xy forallt > 0. If of is resolvent-positive,
then

b
W — ) x= blim /e“S(t)xdt, A>S(), xeX.
—> 00
0

Theorem 2.4 (Thieme [46]). Let & be a resolvent-positive operator on X, S(B) <0 and o =
E + A a positive perturbation of 8 with € a bounded linear operator. If < is resolvent-positive,
S() has the same sign as r(—€ 2" — 1.
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In order to apply the basic theory in Thieme [46] to discuss the basic reproduction number of
system (1.1), we first consider the eigenvalue problem

Mlul(x) :=d; / J(x = y)u(y) —ux))dy + B)u(x) —y (x)u(x) = —ru(x) in 2, (2.1)
Q

which will be also used to obtain the main result in this section. Define

. 4 Jo Jo 7 = (@) — p(0))?dydx + [o(y (x) — B(x))p? (x)dx
Ap(dp)= inf 3 .
weL;gz) Jo 9> (x)dx
12

It is well-known that A, (d;) may be the unique principal eigenvalue of (2.1), see [12,24,40,43].

Lemma 2.5. Set m(x) = —d; fQ J(x —y)dy + B(x) — y(x). Suppose there is some xo € Int (2)
satisfying that m(xo) = maxg m(x), and the partial derivatives of m(x) up to order n — 1 at xq
are zero. Then A, (d) is the unique principal eigenvalue of (2.1) and its corresponding eigen-
function ¢ is positive and continuous on Q.

Lemma 2.6. 1 ,(d/) is the principal eigenvalue of (2.1) if and only if

hpldr) < min { f T = y)dy +y () — Bx)
Q

The proof of Lemma 2.6 is the same as Proposition 3.2 in Coville et al. [14].
Remark 2.7. Note that A ,(dy) is continuous on J, 8(x) and y (x), see the proof in Coville [12].
Below, we always assume S(x) — y (x) is non-constant without other description.

Theorem 2.8. Assume that 1, (dy) is the principal eigenvalue of (2.1). Then the following alter-
natives hold:

(1) Ap(dy) is a strictly monotone increasing function of dy;

(i) Ap(dp) — min{y (x) — f(x)} as d; — 0;
Q

(iii) Ap,(d) — \lﬁl fQ(y(x) — B(x))dx as dj — +00;

(V) If [o B(xX)dx = [o v (x)dx, then A, (d;) <O for all df > 0;

V) If B(xx) > v (x4) for some x, € Q2 and fQ B(x)dx < fQ v (x)dx, then the equation X, (dy) =
0 has a unique positive root denoted by dj. Furthermore, if d; < dj, then A,(d;) <0 and
ifd; > dj, then 1 ,(dr) > 0.

Proof. Let ¢(x) be the corresponding eigenfunction to A, (dy) and normalize it as ||| 2(q) = 1.
Then
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d
hptd = / / T — ) (@(y) — () dydx + f (v (x) — B2 (x)dx.
Q Q Q

Obviously, ¢(x) is not a constant. Otherwise, A,(dj) = y (x) — B(x) according to (2.1), which
is a contradiction. Assume d; > dj,. Then, following the variational characterization of A ,(d;),
we have

d
Ao > 2 f f T = 1) (0(y) — () dydx + / (y () = BN ()dx = 2p(dr,).
Q Q Q

This proves (i).
Now let 6(x) =y (x) — B(x) and Opin, = minf (x). Consider the eigenvalue problem
Q

di / J (= 1) () — 1)y — Ointt(x) = —hu(x) in 2. 22)

Q
Thus, the principal eigenvalue of (2.2) is )»; = Omin, see [20]. Hence, we have A ,(d;) > Omin.
Now, if we can prove that limsup X, (dy) < Omin, then the result is obtained. On the contrary,

d]—)O
assume there exists some ¢ > 0 such that

limsup A, (dy) > Omin + €.
d1—>0

By the definition of lim sup, there exists some c?; > 0 such that if dj < d 1, then
&€
)Lp(dl) > Omin + E
Additionally, the continuity of 6(x) gives that there are some x( € 2 and r > 0 such that

Omin > 0(x) — % for x € B, (xo) C Q.

Hence, A, (dy) = 0(x) + fT ford; < c?; and x € B, (xo). Let ¢(x) be the eigenfunction to A, (dy).
Then, it follows from (2.1) that

A,(dy) —6
f J(x — y)(p(x) — o(y)dy = w

Q

o(x) > ﬁcp(x) in By (xo).

Let 11 be the principal eigenvalue of the linear problem

Jrn J(x = y)((y) —u(x))dy = —ru(x) in B,(xo),
u(x)=0 in RM\ B, (xo).

It is well-known that 0 < A1 < 1, see [19]. Let ¥ (x) be the corresponding eigenfunction to |
normalized by ||¢||L°°(B,(x0)) =1. Set
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Bx) — @(x)

= W’ P(x)=v(x) <L

Consider the following linear problem

(2.3)

Jen T = Y)W (y) —u(x))dy = — gy u(x) in Br(xo),
ux)=0 in RN\Br(xo).

By the direct computation, we have

J(x —y)®(y)dy — P(x) + %E(x)
1
B, (x0)

< / I = (@) = By + 75-8(1) <0
Q

and

&
/ J(x = y)@(y)dy — P(x) + EQ(X)

By (x0)

_ / TG = Oy~ ) + 1Y@ 20
1
By (x0)

provided d; < min{dA I, ﬁ}. Then, by the super-sub solution method (see [21]), (2.3) admits a

positive solution between ®(x) and ®(x), which implies that A = ﬁ. This contradicts to the
independence of d; about A;. Thus, dlimo Ap(dr) = Omin and (ii) holds.
1=

Now taking ¢? = ﬁ, the definition of A, (d;) yields that

G [0 Jo I (=M@ — 9(0))2dydx + [o(y (x) — B(x)@*(x)dx
Jo9*(x)dx

1
= —/(V(x) — B(x))dx < max(y (x) — B(x)).
|€2] 2 Q

)\p(dl) =

Since A, (dy) is strictly increasing on dj, the limit of A,(d;) exists as dj — +o00. Assume
lim A,(dj) = Aeo. Then, Ao < maxg(y(x) — B(x)). Letting ¥4, (x) be the corresponding

dj—>—+o0
eigenfunction to A ,(dy) and normalizing it by |[v/4, || L (@) = 1, then we have

di / J(x =) Wa; (v) = Ya; (0))dy + (B(x) — y (X)) g, (x) = =2 p(dD)Yg, (x) in Q2. (2.4)

Q
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Note that there exists some dp > 0 such that

- —A,(d
/J(x_y)dy+y<x> BL) —2p(dn) _
dj
Q
for any dj > dy. Then, for each d; > dp, (2.4) implies that
J(x = y)¥q, (y)dy -
Y, (x) = Ja ! €C(Q). (2.5)

— —Ap(d
Jo I (6 = yydy + YO0

Choose a sequence {d; ,},, satisfying dj , — +00 as n — +o00. Thus, the eigenfunction se-
quence {4, ,} weakly converges to some ¥ (x) in LZ(Q). Hence, we have

/ J(x = )Va,, (y)dy — / J(x —y)¥(y)dy uniformly on Qasn — +oo.

Q Q
Note that
— —Ap(d -
/J(x —y)dy + r() '3(;) p(@1.n) — / J(x —y)dy uniformly on Q2 asn — 4o0.
1,n
Q Q

Following (2.5), there is

Ya,;, (x) = ¥ (x) uniformly on Qasn — +oo.

Since

y(x) —B(x) — Ap(drn)
dl,n

/ J(x =) Wap, (¥) = Ya;,,(X))dy = Va,, (x) in €2,

Q
we have
/ J(x = y)Way, (¥) — Ya,,,(x))dy — 0 uniformly on Qasn — 400.
Q

According to Proposition 3.3 in [4], we know ¥ (x) is a constant. Integrating both sides of (2.4)
over €2, we have

/(ﬂ(X) — vy ¥a,, (x)dx = =i, (djn) f Vay, (x)dx.
Q Q

Thus, there is

1

p A Ap(@Ln) = o

/(V(x) — B(x))dx.
Q
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Additionally, by the definition of A, (d;), (iv) is obvious. Meanwhile, (v) is the direct conclusion
of (i)-(iii). The proof is complete. O

Define an operator as follows

Alul(x) :==d; / J(x = y)u(y) —u(x)dy —y (x)u(x). (2.6)
Q

We have the following result.

Proposition 2.9. If the operator A is defined by (2.6), then A is a resolvent-positive operator on
X and S(A) <O.

Proof. By the definition of the operator A, we know that A is a bounded linear operator on X.
It is known that the operator A can generate a positive Co-semigroup, see [25]. Then, following
from Theorem 2.3, we have that A is a resolvent-positive operator on X.

Let
o, = sup ~4 o Jo /G =M@ — () dydx — [, y ()¢* (x)dx
" 9eL?(Q) Jo 9*(x)dx :
9#0

Obviously, o, < 0. Let h(x) = —d; fQ J(x — y)dy — y(x). We may choose some function se-
quence {h,(x)};2, with ||, — h| 1=(@) — 0 as n — 400 such that the eigenvalue problem

Anlel(x) :==d; / J(x = y)e(y)dy + hpy(x)@(x) = Ap(x) in Q
Q

admits a principal eigenpair denoted by (o, ¢ (x)), where o — o), as n — +00. Note that
a[’} = §(A,) for each given n (see Bates and Zhao [9]). Since o, < 0, there exists some § > 0
such that ol’} < —4 provided n > ng for some ng > 0. Thus, we have S(A,) < —é for n > ny.
Due to h,, — h as n — 400, we can obtain that S(A,) — S(A) as n — +00, see Lemma 3.1 in

[41]. This implies that S(A) < 0. The proof is complete. O
2.2. The basic reproduction number

Consider the nonlocal dispersal problem

duy(x,t) _

5 dI/J(x—y)(ul(y,t)—ul(x,t))dy—)/(X)ul(x,t), 2.7)

Q

where x € Q and ¢ > 0. If uy (x, ¢) is thought of as a density of the infected individuals at a point
x at time ¢, J(x — y) is thought of as the probability distribution of jumping from location y to
location x, then fQ J(y — x)u(y, t)dy is the rate at which the infected individuals are arriving
at position x from all other places, and — fQ J(y — x)u(x,t)dy is the rate at which they are
leaving location x to travel to all other sites. By the theory of semigroups of linear operators,
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we know that the operator A can generate a uniformly continuous semigroup, denoted by 7'(¢).
Suppose that ¢ (x) is the distribution of initial infection at location x. Then the distribution of
those infective members is at time t (as time evolution) is (7 (t)¢) (x). Set F[p](x) := B(x)p(x)
for ¢ € X. Hence, the distribution of new infection at time ¢ is .#[T (t)¢](x) and the total new
infections are

(0.¢]
[ Fireiw.
0
Define
o o
LisIe = [ AT 8wt =) [ T,
0 0
Then, inspired by the ideas of next generation operators (see [17,47-49]), we may define the
spectral radius of L,
Ro=r(L),
as the basic reproduction number of system (1.1). We have the following result.

Theorem 2.10. Ry — 1 has the same sign as Ay .= S(A + F).

Proof. Since A is the generator of the semigroup 7'(#) on X and A is resolvent-positive, it then
follows from Theorem 2.3 that

W —A)lp= / e MT (t)pdt forany A > S(A), ¢ € X. (2.8)
Choosing A =0 in (2.8), we obtain
o
—A"lg = / T (t)¢dt for all ¢ € X. (2.9)

Then, the definition of the operator L implies that L = —F A~!. Let M := A + .%. We know
that M can generate a uniformly continuous positive semigroup, then M is resolvent-positive.
Meanwhile, S(A) < 0. Thus, following from Theorem 2.4, we have S(M) has the same sign as
r(—FA~") — 1= Ry — 1. The proof is complete. [

Note that if A,(dy) is the principal eigenvalue of (2.1), then —A,(d;) = S(A + #). In this
case, —Ap(dy) has the same sign as Ry — 1 according to Theorem 2.10. However, we still have

the following result no matter A ,(d;) is the principal eigenvalue of (2.1) or not.

Corollary 2.11. 1 ,(d;) has the same sign as 1 — Ry.
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In fact, this is easily seen from the proof in Proposition 2.9 that —1,(d;) = S(A 4+ .%). Thus,
Corollary 2.11 is obvious from Theorem 2.10.
Additionally, following Theorems 2.8 and 2.10, we have the following corollaries.

Corollary 2.12. If B(xo) > y (xo) for some xo € Q and [o B(x)dx < [o vy (x)dx. Then there
exists some dy > 0 such that Ry > 1 forall 0 < d; < d, and Ry < 1 for dy > d,.

Proof. Since B(xg) > y (xo) for some xg € €2, the continuity of 8(x) and y (x) gives that 8(x) >

y (x) for any x € B,(xg), which B,(xo) is a ball with center xo and radius r > 0. Let Q, =
B, (xg) N €2 and denote

)G x €y,
o, x € Q\Qy

for some nonzero constant C. Then, by using the definition of A,(d;) and the continuity of
Ap(dr) on d; and taking ¢ to be the test function, we have

1
Ap(0) < % f(V(X) — B(x))dx <0.
Qs

Moreover, it follows from the definition of A, (d;) that

Apldp) < mg—‘;"‘{y(x) — B}

Then, there exists some d > 0 such that
ptdr) <max {dy / (= ydy + 7 (@) — Bx)

for any d;j > d. According to Lemma 2.6, A, (d;) is the principal eigenvalue of (2.1) for d; > d.
Thus, using Theorem 2.8, we have

1
dll_i)n_:oo)\p(dl) =l /(V(x) — B(x))dx.
Q

Since A, (dy) is nondecreasing on dy, there is some dy > 0 such that

<0 if 0 <d; <d,,

Ap(d
P {>0 if dj > dy.
Using Corollary 2.11, we complete the proof. O

Corollary 2.13. Ifo B(x)dx > fQ y (x)dx, then Ry > 1 for any dj > 0. Further, if B(x) < y(x)
for x € Q, then Ry < 1 forall dj > 0.

Please cite this article in press as: F.-Y. Yang et al., Dynamics of a nonlocal dispersal SIS epidemic model with
Neumann boundary conditions, J. Differential Equations (2019), https://doi.org/10.1016/j.jde.2019.03.001




YJDEQ:9750

E-Y. Yang et al. / J. Differential Equations eee (eeee) see—eee 13

This is easy seen from the definition of A ,(d;) and Corollary 2.11.

Lemma 2.14. Assume (i p, ¢ (x)) with ¢ (x) > 0 is a principal eigenpair of the weighted eigen-
value problem

—d; / Jx =)@ () —o(x))dy +y ()¢ (x) = uf(x)p(x), x € Q. (2.10)

Q

Then, 1p is a unique positive principal eigenvalue and can be characterized by

inf 4 [ [0 (=M@ — () 2dydx + [y (x)@*(x)dx
Hp= 1 200d .
pel2(Q) Jo BX)@*(x)dx
»#0
Proof. Let (u;, ¢;(x)) (i =1,2) with ¢; (x) > O satisfying
—d; / TG = )@ () — iy + y ()i () = )i ().

Q

Following these equations, it is easy to obtain that
(n1 — p2) / B(x)p1(x)d2(x)dx =0.
Q

The positivity of ¢1(x) and ¢2(x) gives that w1 = po. Further, according to (2.10), there is

o~ FlaladG=N@O) — ¢ ) dydx + [oy ()

2.11
b Jq B)P2(x)dx @1

Obviously, w, > 0.
In the following we prove that

Wy = = inf 4 [ o T = (@) — 9(x)2dydx + [o ¥ (x)¢?(x)dx
p—Fp-— .

peL(Q) Jo B(X)@?(x)dx
#0

In view of (2.11), we have p, > u}, Assume that ), > u/p. Then, there exists some p, such
that u;, < s < Wp. Set

d
Hp) = / / TG = () — 9 dydx + / Y (0)9* (X)dx
Q Q

Q

and define
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B 1 [ B()¢* (x)dx — H(p)
o(u)= (,,:Luzl()g) T odx
»#0

Then, it follows from (2.11) that o () = 0. Since 14 > y/p, there is some v € L2(R2) and v # 0
satisfying

4 Jo Jo JG =) —v(0))2dydx + [y (x)v?(x)dx o
Jo BV (x)dx

*

This implies that o (i) > 0. On the other hand, by the definition of o (1), it is easy to see that
o (u) is nondecreasing on w. Due to ps < fp, we have o (i) < o(up). That is o (us) <0,
which is a contradiction. This completes the proof. O

Corollary 2.15. If (u*, ¢*(x)) with ¢*(x) > 0 satisfies the following linear problem

Jry J(x = ) (@* () — ¢*(x)dy = —pu*y (x)¢p*(x)  in R,
¢ (x)=0 on RN\ Q,

then p* is unique and positive.

Theorem 2.16. If the nonlocal weighted eigenvalue problem

—d; / T = )@ — Ny + ¥ (0 () = u ()P (), x € R
Q

admits a unique positive principal eigenvalue (1, with positive eigenfunction and there exists
some positive function ¥q, (x) € L(Q) satisfying

L[4, 1(x) = Royrg, (x),

then Ry =r(—FA~1) = Ml_p and the following two conclusions hold:

1) Ry— méx{%} asd; — 0;
fQ B(x)dx

(i1) Ry — oy Godx

as d;y — +oo.

Proof. Note that
B(x) / T(t)Yaydt = Rora, (x).
0

In view of (2.9), we have —A~ !y, = fooo T (t)Yq,dt. Accordingly,

—B) A [, 1(x) = Rovra, (x). (2.12)
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Let ¢ = —A~'4,,. Obviously, ¢ is positive. It follows from (2.12) that —A¢ = RLOﬂ(x)go. That

is, (RLO, @) satisfies

1
—d; / T = D) = 00y + 7 (2)px) = 7B
Q

Following Lemma 2.14, it is clear that (RLO, @) is the principal eigenpair of (2.10). Hence, Ry =
r(—FA = t Meanwhile, R( can be characterized by
Jo B9 (x)dx
Ro= sup - 5 > .
vel2@ F o Jo J(x — ) (@(y) — @(x)2dydx + [oy (X)@?(x)dx
9#0

(2.13)

To prove (i) and (ii). Let Ry = Ro(dy) and n(x) = % For any v € L%(Q) and v # 0, we
have

Jo BV (x)dx
4 [ [0 (=G —v@)dydx + [y (x)v2(x)dx
< maxg 7(x) [o ¥ (x)v?(x)dx
T Jo Jo J(x =) —vx)2dydx + [y (x)v*(x)dx

< max7(x).
Q

Hence, Ro(d;) < maxg n(x) := nx. To our goal, we only need to prove that lbm il(l)f Ro(dy) = ns.
11—

On the contrary, assume that there exists some ¢ > 0 such that
liminf Ro(d)) < ny — €.
Zr,n vin o(dr) <«
By the definition of liminf, there is some dp > 0 such that
£
Ro(dr) < ns — 3
for any dj < dy. Additionally, the continuity of n(x) gives that there exists some x, € Q so that
£
ne <nx) + 1 for any x € B, (xy),

in which B, (x,) is a ball with center x, and radius p. Hence,

Ro(dy) < n(x) — 2 for all x € B, (xy).
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It is noticed that for any x € B, (x4)

B(x)
Ro(dr)

z(—QQT—yqu@u>
n(x) — i

_ ey
A -5
sy(x)

di / J(x =)Wy (x) — g, (¥))dy = < - )/(X)> Va, (x)
Q

Ya, (x)

Wd, ().
On the other hand, it follows from Garcia-Melidn and Rossi [19] that the problem

Jrnv J(x = y)((y) — v(x)dy = —umaxg{y (x)}v(x)  in Bp(xs),

v(x)=0 on RN\ B, (x,)
admits a principal eigenpair (it, ¢*(x)) and 0 < 1 < m Now let
@™ (x) —
Y(x) = —————, W(x) =Ky (x) forconstant K > 1.
lnpr(x*) @*(x)

For the simple calculation, W(x) and W(x) are a pair of sub-super solutions of the following
linear problem

Jan T (e =) @(y) —u()dy = —Fu(x)  in By(x),

u(x)=0 on RM\ B, (x,) @19

when d; < min{dp, 4f }. Then, there is a positive solution of (2.14). Following Corollary 2.15,

it is obtained that u’ » =T d is a principal eigenvalue of (2.14) which depends on the parameter
dy and this is a Contradlctlon
Next, we prove (ii). By the variational characterization of Ry(dy), it is easily seen that

Since Ro(d;) is non-increasing on dj, the limit of Ro(dy) exists as df — +o00. Notice that
(Ro(dr), ¥4, (x)) satisfies

—dj / J(x =)W, () = Y, (0))dy + y (), (x) = (x). (2.15)

Q

1
Ro(dp)

Choose some sequence {d; ,}° satisfying dj , — +00 as n — 400 and normalize V¥4, , (x) as
1¥d, , |l (c) = 1. Since there is some ng > 0 such that
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B)
V)~ Roar
YT R

d],n

A(x) ::/J(x—y)dy+ 0

Q

for all n > ng, we have

JoJ & = )¥a;, (0dy
A(x)

I/fd1,n ()C) =

for all n > ng. Thus, ¥y, , (x) — ¥* strongly in L%(2) as n — +oo0. This implies that y* satis-
fies

/ Jx =)@ — ¥ (x)dy =0.
Q

Hence, ¥* is a positive constant. Integrating both sides of (2.15) with dy , and ¥y, ,(x) on
yields that

/ Y (), (¥)dx = ﬁ / BV, (dx.
Q Q
Letting n — +00, one has
. _ JoB()dx
n_llrfm Ro(drn) = W

This completes the proof. O

Remark 2.17. Comparing to the corresponding elliptic problem, the operator

Llp]l(x) = B(x) / T (t)pdt
0

is not a compact operator. Thus, r(L) may not be a principal eigenvalue of L and the basic
reproduction number Ry cannot be characterized as (2.13) in general. However, (2.13) can still
be used to determine the dynamic behavior of system (1.1) as a threshold value.

3. The dynamic behavior of system (1.1)

By the standard semigroup theory of linear bounded operator (Pazy [33]), we know from
Kao, Lou and Shen [25] that (1.1) admits a unique nonnegative solution (S (x, ), I.(x,t)) for
all x e Qand r € (0, T;,4y) With T;,,4, the maximal existence time for solutions of (1.1), which is
continuous with respect to x and ¢. That is, we have the following result.
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Proposition 3.1. Assume that (So(-), Io(-)) € X x X. Then there exists a Tyax > 0 such
that system (1.1) has a unique solution (S«(x,t), I«(x,1)). Moreover, either Tmax = +00 or
lim 0||(S*(.7t)7l*(5t))||XXX=+OO'

t— Tinax —

Note that by the maximum principle, it is easy to get that both S.(x,7) and I.(x,1) are
bounded on 2 x (0, Tmax). Thus, Proposition 3.1 implies that 7},,,, = +o00. In fact, it follows
from the second equation of (1.1) that I, (x, t) satisfies

0L (x,1)

5 SdI/J(x—y)(I*(y,t)—1*(x,t))dy+(ﬂ(x)—V(x))l*(x,t). 3.D

Q

Consider the following initial value problem:

) — gy [T (x = y)(u(y, 1) — ux, D)y + (B(x) —y ()ux, 1), x€Q, 10,
u(x70)=10(x)5 XGQ.
(3.2)

By the maximum principle, the linear initial value problem (3.2) admits a unique solution u(x, ¢)
for all # > 0. According to the comparison principle, we have I,.(x,t) <u(x,t) for x € Q and
t > 0. On the other hand, following the first equation of (1.1), one can get that S, (x, t) satisfies

9S8 (x,1)

=0 <y f T =) (Sa(0s 1) = S, D)y + ¥ () L x, 1),

Q

The analogous discussion can give that Si(x, ) exists for all # > 0.

Additionally, by the strong maximum principle and the same discussion as above, we can
obtain that S,(x,#) > 0 and Z,(x,t) > 0 for x € Q and ¢ > 0 for the assumption of So(x) and
Ip(x) in the Introduction.

Let

N = /(So(x) + Io(x))dx.
Q
If we add up the first equation and the second equation of (1.1) and integrate it on €2, then

0
Ef(S*(x,t) + L.(x,t))dx =0 forallt > 0.
Q

This implies that the total population size is constant, that is

/(S*(x, t)+ I.(x,t))dx =N forallt > 0.
Q
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Definition 3.2. We say that a steady state (S(x), I(x)) of system (1.1) is globally stable if the
solutions (Sk(x, 1), I.(x, 1)) of (1.1) satisfy

tiigloo(S*(x, 1), L(x,1)) = (S(x), [(x)) in X x X

for any initial data (So(-), Io(-)) € {X4 X X1\ {(‘Nﬁ| o) ]

In next subsection, we will consider the stationary problem of system (1.1):

{ds Jo 7 =S = Sapdy =B —y (01, xeq,

33
di [o = 0U ) = 1@)dy=-E 4yl xeq. G

3.1. The disease-free equilibrium

In this subsection, we discuss the existence and stability for the solution (S(x), I (x)) of (3.3)
with S(x) > 0 and 7 (x) = 0, which is called as the disease-free equilibrium of (1.1).

Lemma 3.3. System (3.3) admits a disease-free equilibrium (S‘ , 0), which is unique and given by
S=N onQ.
1

Proof. Let (§ , 0) be any disease-free equilibrium. Then, following (3.3), we obtain that

/ J(x = y)(S(y) — S(x))dy =0 in Q.
Q

It is well-known from [4, Proposition 3.3] that S (x) is a constant. And since fQ S (x)dx = N, we
have S(x) = % on Q. The proof is complete. [

Then, we have the following globally stability result.

Theorem 3.4. If Ry < 1, then all positive solutions of (1.1) converge to the disease-free equilib-
rium (%,O) ast— +ooin X x X.

Proof. Since Ry < 1, we have —A,(d;) = A« < 0 (A, is defined in Theorem 2.10) according
to Corollary 2.11. That is A, (d;) > 0. Recall that m(x) = —d; fQ J(x —y)dy+ B(x) — y(x).
Moreover, since m (x) is continuous on €2, there exists some xg € 2 such that m (x) = max m(x).

xeQ
Define a function sequence as follows:

m(xo),  x € By ().
ma(x) = {mp1(x),  x € (Bry(3)\Byy (1)),
mx),  x€Q\By(3),
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where By, (1) = {x € Q| |x — xo| < 1}, m, 1 (x) satisfies m,,; < m(xo), and my, 1 (x) is continu-
ous in €2. Indeed, m,, 1 (x) exists if only we take n is large enough, denoted by n > ng > 0. Thus,
Lemma 2.5 implies that the eigenvalue problem

dr / J(x = y)p(y)dy + mp(x)p(x) = —Ap(x)
Q
admits a principal eigenpair, denoted by ()L’I’,(d 1), ®n). According to Remark 2.7, there exists
some n1 > ng such that for any n > n;

1
Aydp) = E)\p(dl) + llmp —m|[e.

Normalizing ¢, (x) as ||¢, || L) = 1 and letting u(x, t) = Me_%kl’(d’)’qbn (x), the direct calcu-
lation yields that

ou(x,t)
ot

B(x)uSs
u + S

s / J(x = )@y, 1) — (x, 0)dy —
Q

+yx)u

1 1 1
> —Ekp(ane—f*P(d%n (x) — Me~ 220D | g, f J(x = )a(V)dy + my (x) ¢y (x)
Q

F(mp (x) — m(x)) Me™ 2D g ()

> [k’,’, (dr) - %Ap(dn + (my (x) — m(x))} Me™ 21, (x) = 0,

provided n > n1. Take M large enough such that u#(x, 0) > Ip(x). Then, the comparison principle
[54, Lemma 2.2] yields that I.(x,?) <u(x,t) for x € Q and ¢ > 0. Consequently, we get that
I.(x,t) — 0 uniformly on Qast — +oo.

It remains to prove that S, (x, ) — % uniformly on Q as r — 4o00. By the above discussion
and the continuity of B(x) and y (x), there exists some Cp > 0 such that

Sul
Hyl* Ok < Coe™ 2@, (3.4)
Sst Ll Lo (o)
Define
ds J(x — —u(x))2dydx
a=a(l,Q) = inf 2 JaJal( D) Zu)ydydx g )
UEL(R), fo u=0,uz0 Jou*(x)dx

Following Proposition 3.4 and Lemma 3.5 in [4], we get

O<a§dsmi1_1/J(x—y)dy.
xEQQ
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Meanwhile, by the same method of the proof of Lemma 3.5 in [4], there holds

p(dr) < min | / J(x = y)dy + () — Bx)
Q

Set

N 1
Se(x, 1) =S81(x, 1)+ @ / S«(x, t)dx.
Q

21

Due to I.(x,t) — O uniformly on Q as t — +00, we know fQ Sx(x,t)dx — N as t — +o0.

Thus, one can get

1 / N
— | Si(x,t)dx - — ast — +o0.
) : Ie]

Note that fQ 3'1 (x,t)dx =0 and 3‘1 (x, 1) satisfies

a81(x,1)

T dS/J(x — WS (1) = 81(x,0)dy + f(x, 1), x€Q, t>0,

Q

where

o, BOSL 1 BAGLEE
fn=y@h === |sz|f<y(x)l* S+ 1 >dx'
Q

According to (3.4), there exists some positive constant c, > 0 such that

1
|f(x, )] < cye 2"

Now, let W (¢) = fQ S f (x, t)dx. Hence, the direct calculation yields that

AW (1) . 981 (x, 1)
=2 | §(x. )22y
dt / 1(x. 1) ot o

Q

= 2/ Si(x,1) ds/ Jx =Sy, 0 = Si(x, 0)dy + f(x, 1) | dx

Q Q

= —dS//J(x — WS, 1) — 81 (x, 1)) dydx +2/ Si(x, 1) f(x, )dx
Q Q

Q

< 2aW() + 4c, Ne~ 2rp@nt

(3.6)
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This implies that

t
W(I)SW(O)efhxt+6672at/e(2a7%)»p(d1))sds
0

W) +ctyem if Ap(dy) = 4a,
T erem2 4 cpem o@D if L (d)) # da
for some positive constants c, ¢ and c¢;. On the other hand, it follows from (3.6) that

t

31(x,t)=§1(x,0)e_“(x”+e_“(")’/e“(x” ds/J(x—y)Sl(y,S)dwaf(x,S) ds,
0 Q

where a(x) = dg fQ J(x — y)dy. By Holder inequality, we have

/J(x—y)Sl(y,s)dyScavv%(r)
Q

for some positive constant c¢3. Then, combining (3.7)-(3.9), it can be obtained that

|§1 (x,t)]— 0 as t — +o0.

Consequently, we have

N _
Sy (x,t) - — uniformly on 2 as t — +o00.

|€2]
This completes the proof. O

Remark 3.5. Theorem 3.4 implies that when Ry < 1, the disease will die out.

3.2. The endemic equilibrium

(3.7)

(3.8)

(3.9)

In this subsection, we consider the existence and uniqueness of the positive solutions of (3.3)
which is the so-called endemic equilibrium of (1.1). Also, the long-time behavior of positive

solutions of (1.1) will be discussed.

Lemma 3.6. The pair of(S"(x), f(x)) is a solution of (3.3) if and only if(S'(x), I~(x)) is a solution

of
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k=dsS+dI, xeq,
d; / Jx =) (y) — I(x)dy + FST_ y()I =0, x €L,
Q S+1

N = /(S(x) + I(x))dx,
Q

where k is some positive constant.

Proof. Suppose (S(x), I (x)) is a solution of (3.3). Then, adding the two equations of (3.3) yields
that

/ J(x = MIAsSG») +drI(y) — (dsS(x) +drI(x)ldy =0, x € Q.
Q

Thus, there is some constant k according to Proposition 3.3 in [4] such that

dsS(x)+d;1(x) =k, x €.

Meanwhile, the 9ther cases are obvious.
In turn, if dgS(x) +djI(x) =k, we have

ds f I = »EO) = Sendy +d; / I =) = Fx)dy =0, x e Q.
Q Q

Then,

ds / I — »)GG) - 5y

Q

. - ST .
=—d1/J(x—y)(l(y)—l(x))dy= Py -y,
S+1

Q

which implies that (S‘ , I ) satisfies (3.3). This ends the proof. O

Let S(x) := % and I (x) := @, where k is defined as in Lemma 3.6. Then, we have the
following result.

Lemma 3.7. The pair (S’(x), f(x)) is a solution of (3.3) if and only if (S'(x), f(x)) is a solution
of
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1=dsS(x)+1(x), x € Q,

dsp(x)I?
0=d1/1(x—y)(l(y)—I(X))dy+(ﬁ(x)—y(X))1— ———, X €,
del +d;(1—1
J sl +di( ) (3.10)
_ d;N
T Jo(drS(x) + 1(x))dx’

Theorem 3.8. Suppose Ry > 1. Then (3.3) has a nonnegative solution (S(x), I(x)) which satis-
fies S( ), I(- ) € C(Q) and I (x) ¢ 0 on Q. Moreover, (S(x), I (x)) is a unique solution of (3.3),
0 < S(x) < and 0<I(x)<X* for some positive constant k dependent on ds, dj.

Proof. Since Ry > 1, we obtain that A,(d;) < 0 according to Corollary 2.11. Without loss of
generality, letting m(x) = —dj fQ J(x —y)dy + B(x) — y(x), we can find a function sequence
{m,}°2, such that ||m, —m| =) — 0 as n — 400 and the eigenvalue problem

d f (= ey + M (X)gn () = —Agn(x) in 2
Q

admits a principal eigenpair ()L’I;(d 1), ¥n(x)). Furthermore, taking n large enough, provided n >
no, we have

1
Aydp) < E)xp(dl) — lmp —m| L.
Now, constructing I (x) = 8¢, (x) for some § > 0 and a direct computation yields that

dsp(x)I*

ds / I =y)LG) ~ L@z + (BE) —y (L= -2

Q
dsp(x)82p2 (x)
dSa(pn(x) + dl(l - 5¢n(x))

= =X (d1)n (x) + 8¢n (X) (m(x) — mn(x)) —

dsp(x)8%p2(x)
dségn(x) +di(1 —8¢n(x))

1
> _E)&p(dl)(s‘pn(x) -

207

provided § small enough. Denote 7(x) = 1. Then, it is easy to verify that

d /J(X— YT (y) — I(x))dx + (B(x) — y ()] — M (x) <0,
Y o ’ dsT+d -1 0

which implies that 7 is a super solution. We can take 8 > 0 sufficiently small such that I < on
Q. By the standard iteration method [12,21,54], there exists some I (-) € L2(2) satisfying (3.10)
and 0 < I(x) <1.
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Now, we prove I (x) is continuous on £2. Denote

Sx,I)=px)—yx)— M and O(x,l)=d(x,I)].
dsI +di(1—-1)

By a direct computation, there is 97 P (x, s) < O for all s > 0. For any x1, x, € Q, we find that

d; / (Gt — ) — T2 — NIy — dyl(xy) / (J(x1 = ) = T (2 — )y
Q Q

+[O(x1, I(x1)) — O(x2, I (x1))] (3.11)

=— —dI/J(Xz—y)dy+31@(x2,fl(x1)+(1—T)I(Xz)) (I'(x1) — 1(x2)),
Q

in which 0 < 7 < 1. Assume I (x1) > I (x2) without loss of generality. Since 9;P(x, s) < O for
all s > 0, one can get

010(x,s) =P(x,s)+ 01 P(x,s5)s < D(x,s)

for all s > 0. Thus,

0702, Tl (x1) + (1 — )1 (x2)) = P(x2, T/ (x1) + (1 = 1)1 (x2)) < P(x2, I (x2)).  (3.12)

Note that I (x,) satisfies

dj f J(xo = I (y)dy + | —ds f J(x2 — y)dy + ®(x2, 1 (x2)) | I (x2) =0.
Q Q

Since I > 0, there exists some § > 0 such that

—dj / J(xo — y)dy + P(x3, I (x2)) < 4. (3.13)
Q

Hence, it follows from (3.12) and (3.13) that

—dj / J(x2 —y)dy + 01O, tl(x1)+ (1 — 1)1 (x2) < 4. (3.14)
Q

Therefore, applying (3.11) and (3.14) yields that 7 (x) is continuous on .

We claim that 7 (x) # 1 for all x € Q. On the contrary, assume that there is xq € Int(2) such
that 7 (xg) = 1. Thus, (3.10) yields that y (x¢) = d; fQ J(xog — y)({ (y) — I(x0))dy <0, which
is a contradiction. On the other hand, if xo € 9€2, we can find a point sequence {x,} C 2 such
that x, — xo and I (x,) =1, I(x,) = I(x9) as n — +00. The same arguments can lead to a
contradiction.
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Next we prove the uniqueness (_)f positive solutions of (3.3). Assume 7 (x) is another solution
of (3.3)and I (x) < I1(x) <1 on 2 without loss of generality. The other case can be obtained by
the same method. Define

o =inf{r > 0| I (x) > t1;(x), x € Q).

By the boundedness of 7 (x) and I;(x), T* is well defined. We claim that t* > 1. On the contrary,
assume t* < 1. The direct calculation yields that

d J ] *J d * dsﬁ(x)r*zll2
1/ x =" h) -t hx)dy + (Bx) —yQ))T I — Aol 1 di (= o°1p)
Q (3.15)
=1*B(x) < dshy — dst™ly > I > 0.
dsh+di(1-1) dst*h+di(1—-1t*I)

By the definition of t*, there is some xo € 2 such that I (xg) = 7*1;(xg). Thus, we have

d f (o= T L ()dy —dy / J (o — Wy 11 (x0) + (BGro) — y (o)) 1 (x0)
Q Q

dst**I?(x0)
dst*11(x0) +dr (1 — t*11(x0))

—d / (o — @ L) — 1()dy <0,
Q

— B(x0) (3.16)

Let w(y) = t*I1(y) — I(y) for y € . Combining (3.15) and (3.16), we have dj fQ J(xo —
y)w(y)dy = 0. Thus, this implies that w(y) = 0 almost everywhere in 2. Thatis 7 (x) = t*I1(x)
almost everywhere in 2. Hence,

dsI(x)
dsl(x)+d;(1—1(x))

0=d, / T = U6 — 1)y + Bx) (1 -

Q

)I(x) —y @)1 (x)

. dsB(x) I} (x)
=t*d; | Jx =) () — L)y + (B(x) — y () 1 (x) — Zho +a - Lo

Q
N dsIi(x) dst*11(x)
- I
o ﬁ(x)(dsll(X)er/(l — @) dst L) +di(1— o], (x))) 10
— *B(x) < dsli(x) 3 dst* I (x) > L) > 0.
dshi(x) +di(1 —Li(x)) dst*li(x)+di(1—7*1(x))

which is a contradiction. Thus, t* > 1 and this implies that 7 (x) = I;(x). The uniqueness of
positive solutions of (3.3) is obtained.
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Note that S(-) = % € C(Q). Meanwhile, (3.3) admits a unique solution pair (S’ , I ) and

§() € C(Q), I() € C(Q). Additionally, there are 0 < I(x) < 4,0 < S(x) < - for some posi-
tive constant k dependent on dg and d;. The proof is complete. O

Finally we discuss the stability of stationary solution in the sense of Definition 3.2. First, we
introduce a nonlocal dispersal problem as

(3.17)
u(x,0) =up(x), xe,

Ia"(" D =d fo ] (c = M@y, 1) —ule,0)dy + (r(x) —cuwu, x€Q, 1>0,
where d > 0 is a positive constant and u((x) is a bounded continuous function.

Lemma 3.9. Assume r(-), c(-) € C(Q) and c(x) > 0 on Q. Then the positive stationary solution
uy of (3.17) is unique if and only if A ,(d) < 0, in which

o = inf $JaJo I = V@) — g dydx — Jor)gt0dx
P et @).070 Jo @2 (0)dx

Moreover, u, is globally asymptotically stable.
We can see the proof of Lemma 3.9 in [43,44]. Here, we omit it.
Theorem 3.10. Suppose ds = d; = d. The following alternatives hold:

(1) If Ry < 1, then all the positive solutions of (1.1) converge to the disease-free equilibrium
(%,O)ast—>+ooinX x X.

(i) If Ro > 1, then all the positive solutions of (1.1) converge to (S'(x), i(x)) ast— 400 in
X x X.

Proof. Note that (i) is contained in Theorem 3.4. Thus, we only need to prove (ii). Let v(x, ) =
S« (x,1) + Ii(x, t). Then, it follows from (1.1) that

WD —d [, J(x — Yy, 1) —vlx,0))dy, xe€Q,1>0,
fQ v(x, t)dx =N, t>0, (3.18)
v(x,0) >0, x €Q.

Obviously, % is the constant stationary solution of (3.18). Define

2 [0 ol =W Q) — () dydx
Ao = inf - _
VELX(Q), [g ¥ (0)dx=0,y70 Jo ¥ (x)dx

By the same discussion as Theorem 3.6 in [4], we get

N ~
v( 1) = o Ceh!
ol

IA

Lo(2)
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for some positive constant C. Thus, v(x,t) — % uniformly on Q as r — +oo due to the fact
that v(-, 1) € C(Q). Note that I, (x, ¢) satisfies

% =d [ J(x — ) U(y, 1) — L(x,0))dy + (B(x) — y (x)) ], — @If, xeQ,t>0,
Jo Is(x,0)dx > 0.
(3.19)

Since v(x,t) — % uniformly on Q as r — +oo, for any small ¢ > 0, we can find a large T > 0
such that

N < ( t)<N+ forallx e Qandr > T
— —¢<v(x,t) <—+¢ forallx andt > 1.
12 12

Inspired by the idea in Peng and Yi [35], we consider the following two auxiliary problems:

L =d [oJ(x =T 0) = T(x,0)dy + (Bx) =y ()T — ﬂfﬂjz, x€Q1>0,

d
I, T)=1I1,(x,T) >0, xeQ

B

(3.20)

and

U=dfoJx = UG, 0O —Lx,)dy +(Bx) —y)L— 4212 x e >0,

I(x,T)=1:(x,T) >0, x e Q.
(3.21)

The comparison principle implies that I (x, t) and I(x, t) are respectively the upper and lower
solutions of (3.19). Thus, we get

I(x,1) <IL.(x,1) <I(x,t) forallx e Qandt>T.

Since Ry > 1, we have A,(dy) < 0. According to Lemma 3.9, there are two positive functions
1.(-) and I.(-) € C(S2) such that

I(x,t) — 1.(x) and I(x,t) — I.(x) uniformly on  as t — +o0,

and I, (x), I < (x) are respectively the unique steady states of (3.20) and (3.21). That s, T.(x) and
1, (x) satisfy

d/ Jx = U (y) = T (x)dy + (B(x) — y ()1 — ,/V%C) 7? =0, x eQ
Q el

and
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B(x) 2
d | Jx—=y)UL,(y)—L,(x)dy +(Bx) -y, — I;=0, xeQ, (3.22)
Q et

respectively. By the same arguments as in [44], we know there exists some constant M inde-
pendent of & such that I, (x) < M and I.(x) < M for all x € Q. Additionally, 7.(x) and I, (x)
are monotone with respect to ¢. In fact, assume ¢ < €2, [ e (x) and [ e (x) are respectively the
solutions of (3.22) as € = ¢1 and ¢ = ¢;. The direct computation yields that

/ TG = D)y () — Loy )y + (B — y eI, — 22012
Q e 2
— N,B(x) Lgl Nﬁ(x) Lgl <0.
o ~ ¢l o ~ &2

By the uniqueness of positive solution of (3.22), we get [, £ (x) < Lel (x) for x € Q. Meanwhile,

the same arguments lead us to obtain that I (x) is strictly increasing on &. Now, there exists a
sequence {¢,} with &, — 0 as n — 400 such that

I, (x)— I1(x) as n — oo uniformly on £

and

T, (x) = I(x) asn — 4oo uniformly on Q

for some positive continuous functions /1(x) and I>(x). Note that I;(x) and I>(x) satisfy the
following equation

d/ J(x = y)u(y) —u(x))dy + (B(x) =y (x)u(x) — %uz(x) =0 in . (3.23)

& [2]

Then, following Lemma 3.9, we know [ (x) = I>(x) due to the uniqueness of positive solutlons

of (3.23). Thus, we get that I,.(x,t) — I1(x) uniformly on Qast — 400 and S,(x, t) — @

I1(x) as t = +o00. By the uniqueness of positive solutions of (3.3), we have S x)= —I1(x)

and I (x) = I,(x). This completes the proof. O

Theorem 3.11. Assume B(x) = ry(x) on Q for some positive constant r € (0, +00). If r <1,
then the disease-free equilibrium is globally asymptotically stable.

Proof. If r < 1, then we can get A, (dy) > 0 by the definition of A, (d;). In this case, the result
is obtained in Theorem 3.4. Thus, we only need discuss the case r = 1, that is B(x) = y(x). In
this case, A ,(d;) =0, see [20]. Consequently, system (1.1) is equivalent to
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2 .
B = dg [ 7 (x = Y)(S(y, 1) — S(x, ))dy + Fegfels in @ x (0, +00),

2 .

D = dy fo 7 (= )U(3y,1) = I (x, 0)dy — SO in @ x (0, +00), (3.24)
fQ(S(x,t)+I(x,t))dx=N in (0, 400),
S(x,0) = So(x) >0, I(x,0)=Ip(x) >0 in Q.

Firstly, we claim that

[1S5(, D) llLee() < Co and [ 1«(-, 1)l L) < Co (3.25)

for some positive constant Cp independent on ¢ > 0. Indeed, applying the second equation of
(3.24) yields that

ol (x,t)

=D <a / J(x = )Ly, 1) — L(x. 0)dy.

Q

Hence, we consider the following problem

WD = dy fo J(x — )y, 1) —ux,0))dy, xeQ,
u(x,0) =maxg lo(x), x € Q.

Thus, by the comparison principle, there is I, (x,?) < u(x,t) < maxg Io(x) for all x €  and
t > 0. On the other hand, for the first equation of (3.24), one can get that

% — _dg / J(x = y)dyS(x.1) +ds / J (= )Sa(v, Ddy +
Q Q
=:—a(x)S«(x,t) + W(Ss, L),

B2 (x, 1)
Se(x,t) + Lu(x, 1)

where a(x) =ds [o J(x — y)dy and

B2 (x, 1)
S, 1) + L(x, 1)

W(S,. 1) = ds / I =) Ss (v, Dy +
Q

Consequently, we have
1
Si(x, 1) = So(x)e 4N +e_”(x)’/W(S*, L)(x, s)e" ™ ds.
0

Since a(x) > a (« is defined as (3.5)) and

W (S, L) (x, 5) <ds|d 1) / S.(y. )dy + B L (x. 1)
Q

=dsN|JllL=@) + mg_ézlx{ﬁ(X)lo(X)},
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for any x € Q and ¢ > 0, we have

dsN||J ||L>(e) + maxg{B(x)Io(x)}

Se(x, 1) <max Sp(x) +
Q o

Now, due to the fact (3.25), by the same method in [35], we can obtain that

I.(x, 1) — 0 uniformly on  as t — +oo0.

So, [q S«(x,1)dx — N as t — +oo. Let

1
Si(x, 1) =8S1(x, 1) + @ / Sy (x,t)dx.
Q

The direct computation yields that Sy (x, ¢) satisfies

98]

ar =ds/ J(x = y)(Si(y, 1) = Si(x, 0)dy + f(x, 1) (3.26)
Q

forx € Q,7>0and [, Si(x,1)dx =0, in which

B(x)I2(x,1) 1 BC)I2(x,1)

flxn= See. )+ Lx,t)  1Ql) Su(r.0)+ L(x. 1)
Q

Obviously, we have . ligl f(x,t) =0. Note that
—+00

B(x)S1(x, ) I2(x, 1)
Se(x, 1) + Li(x, 1)

/Sl(x,t)f(x,t)dx: dx :=g(1).
Q

Q

Hence, there is

BxX)S1(x, T2 (x,1)
'“MS/ e )+ LG D)

dx5C/|Sl(x,t)|1*(x,t)dx56/1*(x,t)dx
Q

for some positive constant C. Thus, we have liﬂ_n g() = 0. Let o be defined as (3.5) and
—+00

h(x) =ds [o J(x — y)dy. Then, there is 0 < & < minf(x). Define U(t) = [, S?(x,t)dx. By
Q
direct calculation, we get

dU(t 381 (x,
@) =2/ O Sl N
di ot

Q
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=2/51(x,z) ds/ux—yxsl(y,r)—sl<x,r>>dy+f<x,r> dx
Q Q

— _dg / / J(x = y)(S1( 1) — S1(x, 0)2dydx +2g(0)
Q Q

< =2aU(t) +2g(t).

Thus, we have
t
Ut) < U(0)e 2" 4202 / €25 g (5)ds.
0

That is

t 2
IS1C. Dl 2y < | U0)e " + 2672 / S g(s)ds
0

This implies that . li? [1S1C¢, D)l 2(q) = 0. On the other hand, following (3.26), there is
—+00

t

S1(x, 1) = e, (x, 0) 4 / 8 | g f T = )S1( )y + f(x.s) | ds.
0 Q
Note that

t

. —het | h(os o S
im0 [ fGxsvds =, tim S =0

0

and

t t
e h f ehts / J(x = Y)IS1(y. 9)|dyds < Ce™ " [ NS (9 L2y ds
0 Q 0

for some positive constant C. Thus, we get hIJP |S1(x,1)| = 0 for all x € Q. This implies
t—>+00
that . liﬂrn Se(x,1) = % uniformly on Q as 1 — +00. On the other hand, noticed that system
——+o00
(3.24) is quasi-monotone increasing, then the same arguments in [35] can get that (%, 0) is

asymptotically stable. This ends the proof. O

Remark 3.12. Note that when ds = dj, the epidemic disease will persist as Ry > 1 and die out
as Ry < 1. When dgs # dj, Theorem 3.4 gives that the epidemic disease will be extinct as Ry < 1.
The case Ry > 1 (ds # d) is very complicated, we will study it in a further work.
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Remark 3.13. It is known from Theorem 3.4 that the epidemic disease always dies out as Rg < 1.
But for the case Rg = 1, it is open. However, if the rate of the disease transmission is propor-
tional to the rate of the disease recovery (i.e. B(x) = ry (x) for some positive constant ), then
Theorem 3.11 implies that the epidemic disease will be completely extinctas Ry <1 (i.e.r < 1).
For the case Ry > 1 (i.e. r > 1), we conjecture that the epidemic disease will be persistence and
leave it as an open problem.

4. The effect of the large diffusion rates

In this section, we discuss the effect of the large diffusion rate on the transmission of the
disease. Throughout this section, we always assume that fQ B(x)dx > fQ y (x)dx. Following
Corollary 2.13, we know Ry > 1 for all d; > 0 in this condition. Then, the positive solution
(S, I) of (3.3) exists.

Theorem 4.1. If we let ds, d;] — +00, then

3D — (lm L <1_ M))
’ 12 [, Bx)dx’ 19 T Bodx))

Proof. Arguing as above, we know if (S, 1:) is the solution of (3.3), then S, 1€ C(S). Since
Jo(S(x) 4+ I(x))dx = N, the continuity of S, I gives that

ISl <M and [1(:)l|zo@) <M,

where M is a positive constant independent of ds and d .

Choosing sequences {ds ,}° | and {d; ,};2 , withdg , — +oo and d; , — 400 asn — +o00.
Meanwhile, the corresponding solution of (3.3) is (S‘,,, in). Thus, there are subsequences still
denoted by S’n and fn, and S’*, I; such that

Sp(x) = Sy(x) and I,(x) = L.(x) weakly in L2(Q).
Note that

BOL(GS ()

= = <Cx
In() + Sn(‘)

Loo(2)

YO ()

for some positive constant C dependent only on 8, y and Q. Let

gn(x) = w —y () I (x).
I (x) + Sp(x)
Then, S, (x) and I, (x) satisfy
-1
8 (x) = / J(x = y)dy / J(x = 0S5 ()dy — g{;‘;i) @.1)

Q Q
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and
-1
- ~ gn(x)
Lix)=| [ J(x—y)dy J(x = (y)dy + 4. | (4.2)
n
Q Q

respectively. It is well-known that

f I = )Sa()dy — f 0= 03y, / I = )in()dy — / I =L ()dy
Q Q Q Q

for all x € Q as n — +00. Thus, following from (4.1) and (4.2), we have
Sp(x) = Sy(x) and I,(x) — I.(x) in C(Q) asn — +oo.

On the other hand, S, (x) and 7, (x) satisfy

f Jx = ) () = Sa(x))dy = g;oc)
S.n
Q
and
/ [ gn(x)
Jx =) Uy (y) — Ii(x)dy =— h

Q

Thus, S'* (x) and i*(x) satisfy

/ TG = Gy = Su(e)dy = 0 and / 0= (L) = L)dy =0
Q Q

for x € 2, respectively. This implies that S‘* (x) and I, (x) are all constants, still denoted by S'*
and I, for the convenience. y 3
Below, we need to show that S and I, are all positive.

Case I: Assume f* =0, S‘* > 0. Let fn (x)= # Thus, fn (x) satisfies
n (1l Loo ()

BE)S, () I (x)

~ . I,(x)=0 in Q. 4.3
S L | W0=01n @3

dr f T = )y (y) — L))y +
Q

The same arguments as above yield that I,(x) > 1 as n — oo for all x € Q. Integrating both
sides of (4.3) over €2 and letting n — +00, we have fQ B(x)dx = fQ y (x)dx, which is a contra-
diction.

Case II: Assume i* > 0, S'* = 0. Integrating (4.3) on Q and letting n — 400, we have a
contradiction with — [, y (x)dx = 0.
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Case III: Assume I; =0, S'* = 0. This is impossible because of fQ(S’,, x)+ fn (x))dx =N.
Thus, we get S* > 0 and I; > 0. Meanwhile, we know

- - - N
= = dx:fy(x)l*dx and Sy + [, = —
Sy + I

12l
Hence, the direct computation gives that

TeY

5 N [qy(x)dx - N (l_fgy(x)dx>
TRl fo B0dx’ N2

This completes the proof. O

Theorem 4.2. If ds — 400, then

(S(x),f(X))—>( i N &) )

fg(dl +9*(x))dx’ fQ(dI + 6, (x))dx

where 0. (x) is the unique positive solution of the following problem

B(x)u?
dr+u

di / J(x = y)u(y) —u(x))dy + (B(x) =y (x))u — =0 in Q. (4.4)

Q

Proof. Inspired by the method in [34], let 6 (x) = dgsI (x). Then, according to (3.10), we have

B(x)0*
0 +di(1—dg'0)

di / J(x =y)(O(y) —0(x))dy + (B(x) =y (x))0 — =0inQ. (45

Q

Note that the positive solution 6(x) of (4.5) is monotone increasing on dg. Indeed, for any
ds, < ds,, letting 61(x) and 6, (x) be solutions of (4.5) corresponding to ds = ds, and ds = ds,
respectively, then there is

LI
61 +d; (1 —dg'6n)

dp / J(x = y)O1(y) —01(x))dy + (B(x) — v (x))01 —
Q
B(x)6} B(x)6?

= - — 1 > 0.
Ot di(1—dg'6) 6+ di(1— d5'6n)

This gives that 0 (x) is a subsolution of (4.5) with ds = ds,. Thus, according to the super-sub

solutions method ([21]2 and the uniqueness of so_lution of (4.5), we have 0;(x) < 6,(x) for all

x € Q. Since 6(-) € C(£2), there exists some xg € 2 such that 6 (xp) = max 6 (x). Then, it follows
Q

from (4.5) that
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B (x0)62 (x0)
0(x0) +di(1 —dg'0(x0)) ~

(B(x0) — ¥ (x0))6 (x0) —

That is

dr(B(xo0) — v (x0))
v (x0)

_ di1B(x0) =y (x0)|

B ¥ (x0)

0(xo) =

(1 —dg'0(x0))

Thus, we have

6(x) < d; max (M) )
Q

y (%)

Since 6(x) is monotone increasing and uniformly bounded on d, there exists some sequences
{dsn}p2 satisfying ds , — +00 as n — +o00 such that 0, (x) = ds [ (x) — 04(x) in C(S2)
for some nonnegative function 6,(x) as n — 400, where 6,(x) is the solution of (4.5) with

ds = ds . Thus, 0,(x) is the unique positive solution of (4.4). We claim that 6,.(x) # 0. On the
contrary, assume that 6, (x) = 0. Let

O (x)

Op(x) = ——2
" 1161l Lo ()

Then, én (x) satisfies

B(x)0,6n

— =0 inQ.
On +d1(1 _ds’nen)

d; / T = )G — 0Dy + (BE) — y () —
Q

Note that there is some (x) > 0 such that én (x) —> é(x) as n — +oo and 9 satisfies

dr / J(x =)0 —0(x)dy + (B(x) — y(x)F(x) =0 in Q.
Q

It follows from Lemma 2.5 that A, (d;) = 0. This is a contradiction according to the discussion
in Section 3.

On the other hand, we know 6, (x) = ds , I, (x). Thus, there holds I, (x) = % —0asn—
+o00. Due to ds ,S,(x) =1 — I,(x), we have ds ,S,(x) = 1 as n — 4o00. Hence, applying
(3.10) yields that

diNS,(x) d[NdS,nSn(x)

Sn () = ESn(z) = T @S, (X) + L,())dx o (drds nSu(x) + ds n Iy (x)dx

and
N1I,(x) _ Nds.n(x) I (x)
Jo(drSn(x) + L,(x)dx [ (drds nSp(x) 4+ dsnln(x))
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Consequently, we obtain that

d;N
Jodr + 6x(x))dx

Sn(x) — asn — +o0o

and

NO*(x)
Jo(dr +6%(x))dx

in(x) — asn — —+oo.

This ends the proof. O
Theorem 4.3. If dj — +00, then
(S@), 1(x)) = (§*(x). I*) in C(R),

where S*(x) is a positive function and I* is a positive constant. Moreover, (S*(x), I*) satisfies

{ds Jod @ = y)(S* () = S ()dy + y (o) 1* — BRSO —o, xeq, “o

Jo($*(x)+I*)dx =N.

Proof. Choose some sequence {d1,n}ff;1 satisfying dj , — 400 as n — +o00 and let (S‘n (x),
in (x)) be the solutions corresponding to system (3.3). By the same discussion as in Theorem 4.1,
we have that there is some constant I* such that I, (x) — I* as n — +00. On the other hand,
since S, (x) is bounded, we can find some subsequence still denoted by {S’,,};’lo: 1> weakly con-
verges to some nonnegative function $*(x) in L?(S2). Now, denote

alx) = ds/ J(x = y)dy, hy(x) =ds / T = )3y,
Q Q

Gn(x) = (@(x) — y(x) + BN (x) — hp(x), Hy(x) =y I2(x) + hn (x) 1, (x).
Thus, we have

hn(x)—>d5/1(x—y)S*(y)dy asn — 400
Q

and
Gn(x) = (a(x) —y(x) +B)I* —ds/ J(x —y)S*(y)dy asn — +oo.
Q

Meanwhile,

H,(x) — yI*? +dsI* / J(x — y)S*(y)dy asn — 4oo0.
Q
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Seen from the first equation of (3.3), S, (x) satisfies

a(x)S2(x) 4+ G (x)S,(x) — Hy(x) =0.

Consequently, we have

—Gy(x) + /G2 (x) + 4a(x) H, (x)

Sn(x) = 2a(x)

This implies that

S,(x) = S*(x) inC(Q) as n — +oo.

Additionally, the same arguments as in Theorem 4.1 yield that S*(x) > 0 and 7* > 0. Obviously,
(8*(x), I'*) satisfies (4.6). The proof is complete. 0O

5. Discussion

In the current paper, we firstly give the basic reproduction number Ry of system (1.1), which is
an important threshold value to discuss the dynamic behavior of (1.1). We prove that the disease
persists when Rp > 1, but when Ry < 1, the disease dies out. Moreover, we also consider the
effect of the large diffusion rates for the susceptible individuals or the infected individuals on
the disease transmission and find that the nonlocal movement of the susceptible individuals or
infected individuals will enhance the persistence of the disease.

In Section 2, we have proved the main result Theorem 2.10, and established the relations
between Rg and A ,(dy) even if A,(d;) is not always a principal eigenvalue of the operator M
defined by (2.1). Note that if 8(x) = $ and y (x) = y are all positive constants, then the linear
problem

—dh/J@—OOWOO—M@DdY+VM@)=M&KﬂiHQ
Q

admits a principal eigenpair (), ¢(x)), where u, = % Thus, it follows from Lemma 2.16 that

Ry = u]_p = g in this case. By the same discussion as Subsections 3.1 and 3.2, we have that the

disease persists if 8 > y and the disease dies out if 8 < y. But when the spatial heterogeneity
is concerned, we know from Corollaries 2.12 and 2.13 that the disease may persist even though
there are some sites such that 8(x) < y(x). That is, the spatial heterogeneity can enhance the
spread of the disease. In fact, from [2], x is a low-risk site if the local disease transmission
rate B(x) is lower than the local disease recovery rate y (x), and the high-risk site is defined in
reverse. Meanwhile, €2 is a low-risk domain if fQ B(x)dx < fQ y (x)dx and a high-risk domain
if fQ Bx)dx > fQ y (x)dx. In the view of the biological point, Corollary 2.12 implies that the
disease may spread even if the habitat of the species is low-risk as long as there is some high-risk
site and the movement of the infected individuals is slow. But the quick movement of the infected
individuals may suppress the spread of the disease. Following from Corollary 2.13, we know that
the disease will always persist if the species live in a high-risk domain and be extinct if the habitat
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of the species is filled with the low-risk sites. We hope these results will be useful for the disease
control.

Additionally, due to the effect of the nonlocal dispersal for system (1.1), we only discuss the
effect of the large diffusion rates of the susceptible individuals or the infected individuals on
the disease transmission. Other cases are left for future work. Also, we know that the diffusive
ability of the species is different, here the diffusive ability represents the diffusive rates and the
dispersal distance. Thus, it is more realistic to discuss that the susceptible individuals and the
infected individuals have different dispersal strategy, that is the dispersal kernel functions are
distinct from each other. This problem is of interest and it may have more complex dynamic
results.
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