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Abstract

We study the Cauchy problem for the integrable nonlocal nonlinear Schrodinger (NNLS) equation

iq1(x, 1) + qex (x, 1) + 24 (x, G (—x,1) =0

with a step-like initial data: g(x, 0) = go(x), where gg(x) = o(1) as x - —oo and gg(x) = A + o(1) as
x — 0o, with an arbitrary positive constant A > 0. The main aim is to study the long-time behavior of
the solution of this problem. We show that the asymptotics has qualitatively different form in the quarter-
planes of the half-plane —oco < x < o0, t > 0: (i) for x < 0, the solution approaches a slowly decaying,
modulated wave of the Zakharov-Manakov type; (ii) for x > 0, the solution approaches the “modulated
constant”. The main tool is the representation of the solution of the Cauchy problem in terms of the solution
of an associated matrix Riemann-Hilbert (RH) problem and the consequent asymptotic analysis of this RH
problem.
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1. Introduction

We consider the following initial value problem for the focusing nonlocal nonlinear
Schrodinger (NNLS) equation with a step-like initial data:

iq:(x. 1) + gux (x, 1) + 27 (x, )G (—x, 1) =0, xeR, >0, (1.1a)
q(x,0) =qo(x), x eR, (1.1b)

where
qgo(x) > 0 asx - —oo and ¢gp(x) > Aasx — o0 (1.1¢)

sufficiently fast, with some A > 0. Throughout the paper, g denotes the complex conjugate of gq.

The nonlocal nonlinear Schrodinger equation in the form (1.la) was introduced by M.
Ablowitz and Z. Musslimani in [5]. Although this equation is just a reduction of a member
of the AKNS hierarchy [3], namely, of the coupled Schrédinger equations

iq + qxx +2¢%r =0, (1.2a)
—irg 4 1o +2r’q =0, (1.2b)

corresponding to r(x,t) = g(—x,t), the NNLS equation has recently attracted much attention
because of its distinctive physical and mathematical properties. Indeed, this equation is invariant
under the joint transformations x — —x, t — —f, and complex conjugation, i.e. it is parity-
time (PT) symmetric and, therefore, is related to a cutting edge research area of modern physics
[8,28]. Particularly, due to the gauge-equivalence of the NNLS to the unconventional system of
coupled Landau-Lifshitz (CLL) equations, this equation can find applications in the physics of
nanomagnetic artificial materials [24].

Because of these features of the NNLS equation and the potential applications, other symme-
try reductions of the AKNS and other hierarchies, which lead to other types of nonlocality, began
to attract considerable attention. Typical examples are the reverse space-time nonlocal NLS equa-
tion and the reverse time nonlocal NLS equation, the complex/real space-time Sine-Gordon
equation, the complex/real reverse space-time mKdV equation [1,6,7], the nonlocal derivative
NLS equation [38], and the multidimensional nonlocal Davey-Stewartson equation [7,22].

In [6] the authors presented the Inverse Scattering Transform (IST) method to the study of the
Cauchy problem for equation (1.1a), based on a variant of the Riemann-Hilbert approach, in the
case of decaying initial data and obtained the one- and two-soliton solutions. In [2] and [36], a
general decaying N-soliton solution of (1.1a) were found using the Hirota’s direct method and the
Riemann-Hilbert approach respectively (see also [37], where the N-soliton solution of the general
coupled Schrédinger equations (1.2) is presented by the Riemann-Hilbert approach). The one-,
two- and three-soliton solutions are obtained via the Hirota’s direct method in [25] whereas in
[15], the decaying one-soliton solution is obtained in terms of a double Wronskian. The soliton
solutions of the focusing NNLS equation (1.1a) have some specific features: particularly, they
can blow up at a finite time [2,6], and (1.1a) can simultaneously support both bright and dark
soliton solutions [34].



696 Ya. Rybalko, D. Shepelsky / J. Differential Equations 270 (2021) 694-724

The initial value problem for (1.1a) with the following nonzero boundary conditions:

q(x, 1) = qi(1) = goe' @) x — Fo0, (1.3)
where go > 0, @ € R, 0 <04 < 2m, is considered in [4], where the IST method is developed and
the soliton solutions are constructed for certain values of the parameters 6+ (see also [2], where
the general N-soliton solutions are presented).

In the present paper we assume that the solution g (x, ¢) of problem (1.1a)—(1.1b) satisfies the
following boundary conditions for all > 0:

q(x,1)=o0(l), X — —09, (1.4a)
glx,t)=A+o(D), x — 400 (1.4b)

(in what follows we will make the sense of o(1) more precise). This choice of initial data and
boundary values is inspired by the shock problems for the classical (local) NLS equation

iqr(x, 1) 4 qux (X, 1) +2]q (x, 1) Pq (x, 1) =0, (1.5)

which is another (local) reduction of system (1.2), with r(x, ) = g(x, t). Such problems have
been considered since 1980s [9,10,13,27,30]. Particularly, in [13] the authors study the Cauchy
problem for the NLS equation with the following initial condition:

0 x <0
=1 = 1.6
do(x) { PO (1.6)
assuming that the solution satisfies the boundary conditions
qg(x,t) =0(1), X —> —00, (1.7a)
q(x,1)=q"(x,1) +o(l), x — +00, (1.7b)

where g? (x, 1) = Ae 2 BX+20! with » = A2 —2B? is a plane wave solution of the NLS equation
(1.5). Notice that for the classical NLS, the both limiting functions in (1.7), i.e., g_(x,t) =0 and
q+(x,t) =¢qP(x,t) are solutions of (1.5) whereas in the case of the NNLS equation, g_(x,7) =0
is a solution, but g4 (x, f) = A is not. With this respect, the non-zero boundary conditions (1.4),
being the simplest shock-type boundary conditions for the NNLS equation (1.1a), differ from
those used for the local NLS equation.

The present paper aims at (i) the development of the Riemann-Hilbert approach to the initial
value problem (1.1) with the boundary conditions (1.4) and (ii) the long-time asymptotic analy-
sis of solutions to this problem using the nonlinear steepest-decent method [19]. The nonlinear
steepest-decent method was inspired by earlier works by Manakov [32] and Its [26] (see [16] for
a comprehensive historical review) and has been put into a rigorous shape by Deift and Zhou
in [19], with further extensions in [17,18]. The nonlinear steepest-decent method is known to
be extremely efficient for the asymptotic analysis of a wide variety of initial and initial bound-
ary value problems for integrable systems, particularly, it has been successfully applied to many
initial value problems with step-like initial data, see, e.g., [11-14,20,29,35].
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The paper is organized as follows. In Section 2 we present the formalism of the IST method
in the form of a multiplicative RH problem suitable for the asymptotic (as t — o0) analysis.
Here we emphasize specific features of the implementation of the Riemann-Hilbert problem
formalism in our case, one of them being a singularity, of particular (different for different cases
of initial data) type, at the jump contour of the RH problem. The long-time asymptotic analysis of
the main RH problem (and, consequently, of the solution of the Cauchy problem for the NNLS
equation) is then presented in Section 3, where the main result of the paper (Theorem 1) is
formulated. Two main peculiar aspects of our asymptotic results are (i) the dependence of the
power-type decay parts of the asymptotics on the direction x/t = const (recall that in the case
of the local NLS equation (as well as for other integrable equations like the (local) Korteweg-de
Vries equation, the modified Korteweg-de Vries equation, etc.), the corresponding power decay
is t~1/2 independently of the direction); (ii) the absence of a sector in the (x,¢) plane, with
straight boundaries x/t = ¢ and x/t = c3, where the main term of the asymptotics is described
in terms of modulated elliptic functions (which, again, is typical for local integrable nonlinear
equations, with step-like initial data, including the local NLS equation [12,13]).

2. Inverse scattering transform and the Riemann-Hilbert problem
2.1. Eigenfunctions

Recall that the focusing NNLS equation (1.1a) is a compatibility condition of the following
two linear equations (Lax pair) [3,4]
D, +ikosd=U(x,1)P 2.1
&, + 2ik%03D =V (x,t, k)® :

1

where 03 = ( _01 ), ®(x, 1, k) is a2 x 2 matrix-valued function, k € C is an auxiliary (spectral)

0
parameter, and the matrix coefficients U (x, t) and V (x, ¢, k) are given in terms of g (x, 1):
0 q(x,1) Vii V2
Ux,t)= - , V= , 2.2
x.1) (—q(—x,t) 0 ) <V21 V22> 22)
where Vij = =V = iq(x,1)q(—x,1), Via = 2kq(x, 1) +igx(x, 1), and V21 = =2kg(—x,1) +

i(g(=x,1))x.
Introduce the notations

0 A 0 0 0 2kA 0 0
U+=<0 O),U_=<_A O),v+=<0 0),v_=<_2kA o)‘ 2.3)

Then, assuming that there exists g (x, t) satisfying (1.1) and (1.4), it follows that
U(x,t) > Uy and V(x,t,k) > Vi(k) asx — *oo. 2.4)
It is easy to see that the systems

O, +iko3®=U,®
®; 4 2ik%03® = V. (k)
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and

O, +ikos®d=U_®
®; +2ik*o3d = V_(k)®

are compatible (cf. (2.1)). Particularly, they are satisfied by &4 (x, t, k) defined as follows:

Di(x, 1, k) = N (k)e~ (ke t2iki03, 2.5)

A 1
where N (k) = ((1) Zik> and N_(k) = ( A ?) Notice that @ are chosen in such a way
2ik

that det 4 = 1, which is convenient for the analysis that follows, particularly, when consider-
ing the uniqueness issue in the Riemann-Hilbert problem. On the other hand, the singularities
of N1 (k) at k =0 will significantly affect this analysis. Namely, the solution of the basic RH
problem has a singularity as k — 0, i.e. at a point on the contour of the RH problem (see (2.48)
and (2.49) below).

Now define the 2 x 2-valued functions W;(x,7,k), j =1,2, —00 <x < 00,0 <t < 00 as the
solutions of the Volterra integral equations:

x
Wy (x,1, k) =N_(k) + / G_(x,y,1,k)(U(y,1) —U_) Wi (y,1,k)e**=2% gy (2.6a)
—0oQ
X
\Ilz(x,t,k)=N+(k)+/G+(x,y,t,k) Uy, 1) — Uy) Wa(y, 1, k)e* =% gy - (2.6b)

o0

where G (x,y,t, k) = P4 (x, t,k)[(bi(y,t,k)]_l. The functions W;(x,7,k), j =1,2 are the
main ingredients of the basic RH problem (see (2.29) below). The main properties of the matrices
W;(x,t, k) (following from the integral equations (2.6)) are summarized in Proposition 1, where
we denote by qrg.’)(x, t, k) the i-th column of W (x, 7, k), C* = {k € C | £ Imk > 0}, and C* =
{k e C|£Imk > 0}.

Proposition 1. The matrices V1 (x, t, k) and Wy (x, t, k) have the following properties:

(i) The columns \Ilgl)(x, t, k) and \Iléz) (x,t,k) are well-defined and analytic in k € C* and
continuous in ﬁ\ {0}; moreover,

1

W et k) = (o>+0<k‘1>and V) = (O

1)—i—O(k_]) ask — oo, keCT.

(i1) The columns \IJ?) (x,t,k) and \Ifél)(x, t, k) are well-defined and analytic in k € C~ and
continuous in C~; moreover,

W (x, 1, k) = ((1))+0(k_1)and W (x, 1, k) = ((1))+0(k—1) ask— oo, keC~.
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(iii) The functions @ j(x,t,k), j = 1,2 defined by
D;(x,1,k) =W (x,1, kye~ (ke +2ik*nos keR\ {0}, ji=12, @7
are the (Jost) solutions of the Lax pair equations (2.1) satisfying the boundary conditions

Di(x,1,k)—> P_(x,1,k), X — —00, (2.8a)
DOy(x,t, k) — Dy(x,t,k), X — 0. (2.8b)

(iv) detW;(x,t,k)=1,xeR, t>0, keR, j=12.
(v) The following symmetry relation holds:

AV (—x, 1, kA~ =W, (x, 1, k), ke R\ {0}, (2.9)
where A = ((1) (1))
(vi) Ask — 0,
1 _Llvix, 0 @ 20 (vi(x,1)
v (x, 8 k) = % (vz(x,t)> + 0(1), W7 (x, 1, k) = n <v2(x, t)) + O k),
(2.10a)
M _ 2 (vp(=x,1) @ 1 (v(=x,1)
Wy k== <v_1(_x’t)> + 0(k), Wy 1) = = (v_l(_x’t)> +0(),
(2.10b)

where vj(x,t), j=1,2 solve the following system of Volterra integral equations:

? @2.11)

{vl(x,t) =" a(. Hv2(y. ) dy,
v, =—i§— [ q(=y.Dvi(y,0)dy.

Proof. Properties (i)-(iii) follow directly from the representation of W; in terms of the Neumann
series associated with equations (2.6). The Neumann series converge provided fi) oo lg(x, )ldx <
oo and fooo lg(x,t)—Aldx < ooforallt > 0 (cf. (1.4)). Item (iv) follows from the fact that U and
V in (2.1) are traceless. Item (v) follows from the corresponding symmetry AU (—x, HA~l =
U(x,t).

Now let us discuss Item (vi). From (2.6) and the structure of singularity of N4 at k =0 it
follows that, as k — O,

1 1 O1(x, ¢
Wk = (1 t;) +om,  WPa k= (g;g,t;) +0M), (2.123)
1 1
W (x, 1, k) = (g;gy 2) + 0k, VP k) = (z;g’ g) +0(1)

(2.12b)
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with some v;, v;, w; and w; (j =1, 2). Then, the symmetry relation (2.9) implies that

wi (x, 1) —U3(—x, 1) Wy (x, 1) Ba(—x, 1)
= il d - == . 2.13
(wz(x,r)> (—vl(—x,r)) an (wz(x,r)> (f)l(—x,t)> @13)
Further, substituting (2.12) into (2.6) we conclude that v;(x, ), j =1, 2 satisfy (2.11) whereas

vj(x,1), j = 1,2 solve the following system of equations

{rmx, n=["_q0, Dby, 1dy, .14

b, 0)=1— [ _q(=y,Dvi(y,1)dy.
Comparing (2.14) with (2.11), it follows that
U1(x, 1)\ _ 2 (vilx, 1)
~ =— 2.15
(vz(x,t)> A (vz(x,t) @19
and thus (2.10) can be characterized in terms of two functions only, vy (x, ) and v2(x,7). O

2.2. Scattering data

Since @ (x, ¢, k) and Py (x,t, k) are both well-defined for k € R \ {0} and satisfy the both
equations in the Lax pair (2.1), it follows that

D(x,t,k)=Dy(x,t,k)S(k), ke R\ {0}, (2.16)
or, in terms of W,
Wy (x, 1, k) = W (x, £, kye~ TRet2i2003 gy ik t2ik2003 — p R\ {0}, (2.17)
where S (k) is called the scattering matrix.
The symmetry relation (2.9) implies that the same relation holds for the Jost solutions
O (x,t,k) and Oy (x, 1, k):
AD | (=x,t,—k)A™' = Da(x, 1, k), keR\ {0}. (2.18)

In turn, this implies that the scattering matrix S(k) can be written as follows (cf. [6,33])

_(a® BB
S(k) = (b(k) ar (k) >, ke R\ {0}, (2.19)

with some b(k), a;(k), and az(k); moreover, aj (k) and as (k) are well defined in C_+\ {0} and
C~ respectively, where they satisfy the symmetry relations

al(=k)y=ai(k),  ax(—k)=ax (k). (2.20)

The scattering matrix S(k) is uniquely determined by the initial data go(x). Indeed, in-
troducing the notations ¥1(x,k) = (¥1)11(x,0,k), ¥2(x,k) = (W1)12(x,0,k), ¥3(x,k) =
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(W1)21(x,0, k) and ¥a(x, k) = (V1)22(x, 0, k), equations (2.6a) reduce to the systems of Volterra
integral equations for ¥ and v3:

Vi, k) =1+ 2 qomMy3(y. k) dy,
Y3 k) = S+ [5 e H) (A—g0(=3)) v, K dy @21)
+ 3% [ e 00 (1= *C) (v, k) dy

and for ¥, and V4:

Yo (x, k) = [1 e 2RO go ()Y (v, k) dy,
Yalx, k)= 1+ [* (A - qo(—y)) Yo (y, k) dy (2.22)
+ 5 [ o0 @0 (e72HE=) — 1) Yy (v, k) dy.

Then the entries a1, a; and b of the scattering matrix can be determined as follows:

and

ai(k) = lim <1ﬁ1(x,k) - %wa(x,k)>, b(k) =xli)rgoe_2ikxlﬁ3(x,k), (2.23)
az(k) = lim ¥ (x, k). (2.24)

Alternatively, they can be written it terms of the determinant relations:

a1 (k) = det (\Il(ll) 0,0, k), w2 (0,0, k)) . keCTF\ ({0}, (2.252)
ax(k) = det (w17(0,0,6), WP (0,0,6)) . keT~, (2.25b)
b(k) = det (\pg”(o, 0.k), wP(0,0, k)) , keR. (2.25¢)

The properties of the spectral functions, which follow from Proposition 1, are summarized in

Proposition 2. The spectral functions a;(k), j=1,2, and b(k) have the following properties

1.

woAwN

ay (k) is analytic in k € C™ and continuous in @\ {0}; ax(k) is analytic in k € C~ and
continuous in C—. _

ajlk)=1+0(}), j=12ask— 00, ke C-V*" and b(k) = O (}) ask — oo, k € R.
ay(—k) = ay(k), k € C+\ {0}; aa(—k) = ax(k), k e C—.

ay(k)az (k) + b(k)b(—k) =1, k € R\ {0} (follows from det S(k) = 1).

a1(k) = 220 4 0Ly ask — 0,k € CF and bk) = A2 1 0(1) ask — 0, k e R,

Remark 1. Concerning Item 5 of Proposition 2, we notice that substituting (2.10) into (2.25)
yields, as k — 0,
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1 1
a10) = (200,00 = [11 0,0 + 0 (%> , (2.262)
4
ar(k) = —5 (10200, 0)1? — [v1(0,0)*) + O (k), (2.26b)
.
b(k) = —k—;qu(o, 0% — [v1(0,0)]*) + O(1), (2.26¢)

from which Item 5 follows. Notice that in (2.25) one can use any (x,t) instead of (0,0) as
arguments in the right-hand sides, which implies that v, (0, 0)]2 — |v1(0,0)|? in the r.h.s. of
(2.26) can be replaced by va(x, t)va(—x,t) — vi(x,t)vi(—x, 1), the latter being a conserved
quantity (independent of x and 7).

Remark 2. In the case of the pure-step initial data, i.e., when

0, x<0,
qo(x) = qoa(x) {A, x>0, (2.27)
the scattering matrix S(k) is as follows:
1+ A2 _ A
S(k) = [92(0,0,k)]" ®1(0,0,k) = N (F)N-(k) = < e “) : (2.28)
= 1
2ik

Particularly, in this case aj(k) has a single, simple zero (at k =i %) in the upper half-plane
whereas a; (k) has no zeros in the lower half-plane.

2.3. The basic Riemann-Hilbert problem

The Riemann-Hilbert formalism of the IST method is based on constructing (using the Jost
solutions) a piece-wise meromorphic, 2 x 2-valued function in the k-complex plane, whose “lack
of analyticity”, i.e., the jump across a contour and, if appropriate, some conditions at the singu-
larity points, can be fully characterized in terms of the spectral data (spectral functions and a
discrete set of data related to the poles) uniquely determined by the initial data.

Define the 2 x 2-valued function M (x, t, k), piece-wise meromorphic relative to R, as follows:

(1)
(—‘plaff,g*k), P (x, 1, k)) , keC™,

1 LAMCAR)) -
(\Ifé)(x,t,k),% , keC~.

M(x,t, k)= (2.29)

Then the scattering relation (2.17) implies that the boundary values Miy(x,t,k) =

lim  M(x,t, k'), k € R satisfy the multiplicative jump condition
K=k, k' eCE

My (x,t,k)=M_(x,t,k)J(x,t,k), k e R\ {0}, (2.30)

where
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. )
_ [ 1Hrnk) ke 2tk
J(x,t.k) = (rl(k)eZikx+4ikzt 1 (2.3D)
with the reflection coefficients defined by
b(k) b(—k)
ri(k) ;= ——, k) i=——Hm—. (2.32)
ay (k) aa (k)
Moreover, M satisfies the normalization condition
M(x,t,k)—> 1, k — oo, (2.33)
where [ is the 2 x 2 identity matrix.
Observe that the symmetry conditions 3 in Proposition 2 imply that
r(=kra(=k) =ri(k) ra(k), ke R\{0}. (2.34)
By the determinant property 4, we also have
1
1+r&rnk) =———, ke R\ {0}. (2.35)
: a1 (k)az (k) '

Now notice that in view of (2.26), the behavior of M as k — 0 is qualitatively different in
the cases a>(0) # 0 and a»(0) = 0. The former case contains the case of “pure-step initial data”,
see Remark 2, where a (k) has (in C*) a single, simple zero located on the imaginary axis, and
a (k) has no zeros in C ~. Since small (in the L' norm) perturbations of the pure-step initial data
preserve these properties, we will concentrate, in the present paper, on the following two cases:

Case I: The spectral function a (k) has one (pure imaginary) simple zero in C+, say k =ik,
ki > 0, and ay (k) has no zeros in C—. L
Case II: The spectral function a; (k) has one simple zero in CH,say k =ik, k; > 0, and ap (k)
has one simple zero in C~ at k = 0. Thus we assume that a(0) # 0 and, additionally, we
suppose that a| := ]}irr%) kai (k) # 0.
e

Remark 3. Case I corresponds to the inequality |v2(0, 0)|> — |v1(0, 0)|> # O whereas in Case II
the equality |v2(0, 0)|?> — |v1(0,0)|> = 0 holds, see (2.11) and (2.26). With this respect, Case I
corresponds to “generic” initial conditions whereas Case II corresponds to “non-generic” ones.

Remark 4. From the symmetry relations (2.20) it follows that a;; is purely imaginary. Moreover,
if aj (k) has one simple zero, then Imaj; < 0 in Case II.

It is interesting that in contrast with the case of the local NLS, the value of k; can’t be pre-
scribed independently of b(k).

Proposition 3. Given b(k) for k € R \ {0}, the zero k =ik of a1 (k) is determined as follows:
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(i) In Case I,

(1= b()b(=2))
A ! / ”‘ de b, (2.36)

k== -
1= Xp | =3 —=VP. :

—00

>i1) In Case I,

J (Reb(0)2 + E3 — Reb(0)
(2.37)

2EE> ’

1=A

where

B =exp ! svp. / 1“(1_”(5)1’(_”)@ and E2=€XP{%IH(1—|1)(0)I2)}

(2.38)
(notice that 1 — |b(0)|> = a11a2(0) # 0 by assumption).

Proof. (i) Case I. Define functions a; (k) and a, (k) by

) = ar ) —— () = ax) = koik
ab=a®OGnery  @P=e

Then the determinant relation (see Item 4 in Proposition 2) can be viewed as the following scalar
RH problem w.r.t. a; j(k (k), j =1,2: given b(k), k € R, find a; (k) and a;(k) analytic and having

no zeros in C+ and C— respectively, satisfying the jump condition

2

ay(k)ax(k) = 21 (1 —b(k)b(=k)), keR (2.39)

and the normalization conditions @ (k) — 1 as k — oo. The unique solution of this RH problem
is given by

atky=e®, k) =e W,
where
a7 S (1= b@)b(—0)
x (k) = %/ ‘& dg.

Then a (k) and a; (k) can be written as

(k - ikl)(k + i)eX(k)

ar) = ———3

(2.40a)
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and

ar(k) = Tkle —x®) (2.40Db)

which, being evaluated at k = 0, gives

kyeXx (+i0) e~ X(=i0)
ay (k) = T(l +o(k)) and ap(0) = . (2.41)
1
On the other hand (see (2.26)),
Aa,(0)
ay (k) = 12 (1 + o(k)), k— 0. (2.42)

Comparing (2.41) and (2.42) and taking into account that (by the Sokhotski-Plemelj formulas)

. o FIn (1= b@b(—0)
X (+i0) + x (—i0) = —v.p. : de,

we arrive at (2.36).
(ii) Case II. Observe that due to the symmetry relation (2.9) and Item (vi) in Proposition 1,
the behavior of W (x,1,k), j =1,2 as k — 0 can be characterized as follows:

W, 1, k) = (Zig 2) + (i;g 2) + 0, (2.43a)
W (x, 1, k) = (zlg 2) e <Z;g2) + 0>, (2.43b)
v (x,1,k) = 2i <?E i g) k(%gjg) + 0k, (2.43¢)
WP (x, 1, k) = —% (Z:fg:i 2) + <§E:§ 3) + 0k, (2.43d)

with some vj, s;, and h; (j =1, 2). Then, using the definitions (2.25) of the spectral functions
and taking into account that |v2(0, 0)|?> — |v; (0, 0)|?> = 0 in Case II, we have as k — O:

1 _ _
ay (k) = E(UIEI — V151 — V2852 + V252) +0(1), (2.44a)
x,t=0
20 - ~ _
az(k) = kX(vlhl + 171/’11 — v2h2 - vz/’lz) + O(kz), (2.44b)
x,t=0
- - 20 _ _
b(k) = vih1 —vohy + X(vm — 1282) + O(k). (2.44c¢)
x,t=0

Equations (2.44) imply that
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A2
ar = iAReb(0) = i 0). (2.45)

where a;; = klil%(kal (k)).

On the other hand, introducing

k— ik
and 4y (k) = a (k) — "1

a1 (k) =ay(k ,
ay(k) =ax( )k—ikl T

the determinant relation can be viewed as the scalar RH problem with the jump condition
a1 (ar (k) = 1= b(k)b(—k),

whose solution gives

o0 -
k—iky 1 In(1 = b(5)b(=¢))
k) = _ d , 2.46
ai(k) = ——*exp 27”./ = ¢ (2.46a)
—00
and
k 1 [ In(l = b@©)b(—0))
n(l —b(8)b(=¢
k) = - dc g . 2.46b
az (k) k—ikleXp i / f—k ¢ ( )
—o0
From (2.46), using the Sokhotski-Plemelj formulas, we obtain
a1 =—ikiE\E; and a(0) = —E; ' E,, (2.47)

k1

where E1 and E» are given by (2.38), which, being compared with (2.45), uniquely determines
k1 > 0 as the solution of a quadratic equation. O

Taking into account the singularities of W;(x, ¢, k), j = 1,2 and a; (k) at k = 0 (see Proposi-
tion 1), the behavior of M (x, t, k) at k = 0 can be described as follows: in Case I,

4 _
———vi(x,t) —vy(—x,1)
My(x,t, k)= <A2af(0) 1 _2 )(1+0(k)) <]8 (1)) k — +i0,
WUZ(X,I) —v1(—x,1) %
(2.48a)
2~ = ,t v (x,1)
M—(xvt7k):_l E( ) ) UZ%)(COg) +O(k)v k— _lO,
A\ —vi(—x,1) o)
(2.48b)

and Case 11,
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M. (x,1,k) D —T(—x, 1) d+oun(l ° k — +i0, (2.49a)
X, t, k)= , — , (2.49a
+ Uzzgf{t) —_v1(—x,t) 0 % 1
2i [ —va(—x,1) U&D 10
M_(x,t,k)=—=— @O N (] + 0(k)) , k— —i0
A (—vl(—x,t) —”32()(‘65) 0 %
(2.49b)

(recall that aq is determined by a; (k) = % + O0(1)ask—0).
Additionally, if aj(ik;) = 0 with k1 > O (recall that in this case we assume that this zero is
simple), then M (x, ¢, k) satisfies the residue condition

Res M (x, 1, k) = — Db o= 2x=4ikt py ) (¢ 4 k), | =1, (2.50)

k=iky ay(iky)

where \I’(ll)(O, 0,ik1) = \Ilgz) (0,0,iky). Notice that the symmetry relation (2.9) implies that

(0,0, ik1) = y; 950, 0, iky) and thus |y1] = 1 (cf. [6]).

Notice that if aj(k) has a zero k = ¢ that is not pure imaginary, then, due to the symmetry

conditions, it also has a zero at k = {, = —El, and the associated residue conditions have the
form:
ResMW (x, 1, k) = — D 205488 @ (4 7)) (2.51a)
k= ai ()
and
1 . ,
ResM D (x, 1, k) = —— 20X 481 1D (1 1), (2.51b)
k=¢2 niai(&2)

where 1 is determined by \Ilgl)(O, 0,¢1) = 171\1132) 0,0, ¢1).

Now we are at a position to formulate the Riemann-Hilbert problem, whose solution gives
the solution of the initial value problem (1.1), (1.4). Let b(k), k € R and y; with |y1| =1 be the
spectral data associated with the initial data go(x) in (1.1). Then the Riemann-Hilbert problem is
as follows:

Basic Riemann-Hilbert Problem: Given b(k) and yj, find the 2 x 2-valued function M (x, ¢, k),
piece-wise meromorphic in & relative to R and satisfying the following conditions:
(i) Jump conditions. The non-tangential limits M1 (x, t, k) = M (x, t, k £ i0) exist a.e. for
k € R such that M(x,t,-) — I € L>(R \ [—¢,¢]) for any ¢ > 0 and My (x, ¢, k) satisfy
the condition

My(x,t,k)=M_(x,t,k)J(x,t,k) fora.e. k € R\ {0}, (2.52)
where the jump matrix J(x,t, k) is given by (2.31), with r; and r, given in terms of b

by (2.32) with (2.40) (Case I) or (2.46) (Case II).
(ii) Normalization at k = oo:

M(x,t,k)=1+0Ok™")  uniformly as k — oo.
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(iii) Residue condition (2.50) with k; given in terms of b using (2.36) (Case I) or (2.37)
(Case II).

(iv) Singularity conditions at k = 0: M (x, ¢, k) satisfies (2.48) (Case I) or (2.49) (Case 1I),
where v;(x, 1), j =1, 2 are some (not prescribed) functions.

Assume that the RH problem (i)—(iv) has a solution M(x, ¢, k). Then the solution of the

initial value problem (1.1), (1.4) is given in terms of the (12) and (21) entries of M (x, ¢, k)

as follows:
q(x,t) =2i lim kMy(x,t, k), (2.53)
k— o0
and
q(—x,1)=-2i klim kM (x,t, k). (2.54)
—00

The solution of the RH problem is unique, if exists. Indeed,~if M and M are two solutions,
then conditions (2.48) or (2.49) provide the boundedness of M M —1at k = 0. Then the standard
arguments based of the Liouville theorem lead to MM~ = 1.

Remark 5. From (2.53) and (2.54) it follows that in order to present the solution of (1.1), (1.4)
for all x € R, it is sufficient to have the solution of the RH problem for, say, x > 0 only.

Remark 6. In the general case with more zeros of a; (k) in C* and/or zeros of ay (k) in C~, rele-
vant residue conditions, of type (2.50) and/or (2.51), have to be specified, in terms of a prescribed

set of zeros and corresponding norming constants.

Proposition 4. The solution M of the Riemann—Hilbert problem (i)-(iv) satisfies the following
symmetry condition (cf. (2.18)):

- 1
At —a (3@ O ) pcct o
ay (k)

0
M(x,t, k)= (2.55)
AM(—x,t,—k)A™! (“2(k) ?) ke C™\{0}.
@ ®

Proof. Follows from the symmetry of the jump matrix (2.31) in (2.52)

AJ(—x,t,—k)A_l=<a2(§k) ?(k)>J(x,t,k)<al(()k) (lzk)), keR\ {0}

(which, in turns, follows from (2.34) and (2.35)), and the fact that the structural conditions (2.48)
and (2.49) and the residue condition (2.50) are consistent with (2.55). O

2.4. One-soliton solution

Proposition 5. Let a| (k), ax(k), and b(k) be the spectral functions (i) associated with some qy(x)
and (ii) satisfying the following conditions:
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e b(k)y=0forallk e R; o
o ajy(k) has a single, simple zero k = iky with some ky > 0 in C*;
e ay(k) has a single, simple zero k =0 in C~.

Also, let y1 be given such that y| = e'? with ¢1 € R. Then:

1. ky is uniquely determined as ky = %;

2. The Riemann—Hilbert problem (i)—(iv) has a unique solution for all (x,t) with x € R and
t > 0 except the set U, c7{(0, t,)} with t, = % + i—gn;

3. The associated exact solution q(x, t) of problem (1.1), (1.4) is given by

A
1 — e—Ax—iA%t+i¢y

q(x,t) = (2.56)

Proof. Since »(0) = 0, we are in Case II, and thus Item 1 follows from Proposition 3, (ii).
Moreover, (2.46) gives

- A

k= N k:
ay (k) 3 az (k) k—i%

(2.57)

and thus the constants involved in (2.49) are as follows:

A '(0)—2i
an = @)=+

Now notice that since b(k) = 0, it follows that M (-, -, k) is a meromorphic (in C) function
with the only pole at k = ikj. Then, comparing (2.49a) and (2.49b), it follows that v{(x,?) =
—vp(—x, t) and thus the singularity conditions (2.49) reduce to a conventional residue condition:

A
Res MP (x,t,k) = =MD (x,t,0). (2.58)
k=0 21

Further, taking into account the original residue condition (2.50) and the normalization condition
(ii), we arrive at the following representation for M:

k+vy (x,t) vi(x,1)
[ k
M(x,t, k)= Chiexn kb | (2.59)
[ k
where vy (x, t) is determined using (2.50):
A 1
vi(x, 1) = (2.60)

2i 1 — e—Ax—iA2t+i¢)

Particularly, this determines the singularity set as the set of zeros of the denominator in (2.60).
Finally, using (2.53) or (2.54), the soliton formula (2.56) follows. O
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3. The long-time asymptotics

The shock-type long-time asymptotics for the local NLS equation with the step-like boundary
conditions (1.6), (1.7) was presented in [13], where it was shown that there were always three
sectors in the (x, ) half-plane (¢ > 0) characterized by qualitatively different asymptotic behav-
ior: the decaying sector (where the order of decay of ¢ is O(t~!/?)), the sector of modulated
elliptic wave, and the sector of modulated plane wave. Particularly, if B = 0, then the modulated
elliptic wave occupies the sector 0 < 7 < 8v2A.

It is natural to compare this behavior with the asymptotics for the nonlocal NLS equation with
the same type of the initial data (1.1b), (1.1c). This motivates us to study, in this Section, the long-
time asymptotics of the solution of the initial value problem (1.1), (1.4). Our analysis is based
on the adaptation of the nonlinear steepest-decent method [19] to the (oscillatory) RH problem
(1)—(@v). The implementation of the method in our case has some specific features: particularly,
we have to deal with a singularity on the contour, and the jump 1 + r(k)r2(k) in the scalar RH
problem for §(£, k) (see (3.3) below) is not, in general, real-valued.

We will show that a basic difference of the asymptotics for the nonlocal NLS equation being
compared with that for the local NLS is that, while there are still the sector of decay and the
sector of “modulated constant”, there is no an intermediate sector between these two (although
a transition zone between these sectors may exist, being characterized by a specific asymptotics
along curves converging to the ray x =0, ¢ > 0).

3.1. Jump factorizations

First, notice that in view of (2.53) and (2.54), studying the RH problem for x > 0 is sufficient
for studying g (x, t) for all (x, ¢) outside the sector |x/t| < ¢ for any ¢ > 0.
Introduce the variable & := 7. and the phase function
0(k, ) = 4kE + 2k>. 3.1

The jump matrix (2.31) allows, similarly to [33], two triangular factorizations:

1 0 14+ ri(k)ryk) 0 1| —n® =2
J(x, 1, k)= ( rk) it 1) ( 0 1 0 1+’1(k)’21(k)
1+r1 (k)ra(k) 1+ry (k)ra (k)
(3.2a)

—2it0 1 0
J(x,t,k)=<(1) rZ(k)f )(rl(k)e2i’9 1). (3.2b)

Since the phase function 0 (k, &) is the same as in the case of the local NLS, its signature table
(see Fig. 1) suggests us to follow the conventional steps [19,16] involving (i) getting rid of the
diagonal factor in (3.2a) and (ii) the deformation of the original RH problem (relative to the
real axis) to a new one, relative to a cross, where the jump matrix converges, as t — oo, to the
identity matrix uniformly away from any vicinity of the stationary phase point k = —&. But when
following this scheme, we have to pay a special attention to the singularity point k = 0.

First, introduce § (&, k) as the solution of the scalar RH problem: find §(§, k) analytic in C \
(—o00, —&] and satisfying the conditions

and
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Imo <0 Imé >0

—£
Im6 >0 Im6 <0

Fig. 1. Signature table.

84(8, k) =36-(&, A +ri()r(k)), ke (—o00,—§),

(3.3)
8. k) —1, k — oo.
Its solution is given by the Cauchy-type integral:
17
5(, k) = exp § —— / n(l 4+ r1(§)r2(5)) dt (3.4)
2mi -k
—0o0

(notice that since we deal with & > 0, the behavior of 7 (k) at k = 0 does not affect §(§, k)). Then
define M with the help of §:

M(x,t, k)= M(x,t, k)8 (&, k). (3.5)

452

Notice that in the case of the pure-step initial data (2.27), 1 4+ rj(k)ra(k) = TNy (see Re-

mark 2), and thus 1 + r (k)r2(k) is real-valued. However, in the general case, 1 4+ 71 (k)r2 (k) can
take complex values, which may cause § (&, k) to be singular at k = —& (cf. [33]).
Indeed, § (&, k) can be written as

8(E. k) = (£ + k)M xR (3.6)

where

—£
1
XE R =5 / In(k — £)d; In(1 + 1()r2(0)) 3.7)

and
1 1 ]
v(=§) = —2—111(1 +r1(=8)r2(=§)) = ——In|1 +r i (=&)r2(=§)| — LA(—%), (3.8)
T 2 2
with
—&

A(=§) 1=/darg(1+rl(§)rz(§))-

—00
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In what follows we will assume that

A(k) € (—m, ) for all k € (—o0,0) 3.9
and thus |Imv (k)| < % In this case, In(1 + r1(k)r2(k)) is single-valued, and the singularity of
8(&,k) (as well as of M(x,t,k)) atk = —£ is square integrable. More importantly, assumption
(3.9) will allow us to establish correct estimates, see (3.22) in Theorem 1, i.e. the estimates with
main terms dominating the error ones.

Assumption (3.9) obviously holds in the case of the pure-step initial data (2.27): in this case,
A(k) =0 for k € (—oo, 0). With this respect, this assumption holds, particularly, if the initial data
are small L!-perturbations of go4 (x); we have already remarked on this aspect when formulating
the conditions for Case I and Case II above.

Function M (x, t, k) defined by (3.5) satisfies the RH problem specified by the jump, normal-
ization, and residue conditions:

My(x,t,k)=M_(x,t,k)J(x,1,k), keR\ {0}, (3.10a)
M(x,t,k) — I, k— oo, (3.10b)
Res MV (x, 1, k) = —— L0 =2kux=4ikit 7 (4, —1, 3.10
Res (x,1,k) PRI (x,t,ik1), Iyl (3.10c)
where
1 0\ /1 TZ(WE(S’? o210
n®s2eh oo 4 )\ Y : k € (—o0, —8),
Jt = \TF@En®
1 ra(k)8%(, k)e 210 1 0 k € (—£. 00)\ (0}
0 1 ri(k)s~2(E, k)eH? 1)’ ’ ’
(3.10d)
supplemented by the singularity conditions at k = 0:
D (£, 0)3(—x, 1)
Mo (x, 1, k) = Azjj}(z(sz’o) N (I + 0(k)) (’5 (j) k — +i0,
Azaz(O)(S(s,O) _8(55 O)U] (_xa t) k
(3.10e)
e ) Vi)
- 2 2 58,0
M_(x,t,k) = Xl (fff‘l) y U‘ﬁfj) + 0k, k — —i0,
a0 € 0T
(3.10)
in Case I, and
- uxD_ g 0)va(—x, t
Wy = (@pEy PEORERI Gy (B 9) ) ks o,
a“zg(éy()) —8(8,0)v1(—x,1) 0 k

(3.10g)
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Fig. 2. Contour ['=; U ...U 7.

~ 2i _u(=x,0) 3(5’0)7{1(%1)
=2 (70 DD Yavoum(y 2). e
—Seo 06 0%5G k

(3.10h)
in Case II.

3.2. RH problem deformations

Notice that similarly to the case of the NLS equation, assuming that f E 0o 190(x)|dx < 00 and
fooo lgo(x) — Aldx < oo, the reflection coefficients r;(k), j = 1,2, are defined, in general, for

k € R only (see Propositions 1 and 2). On the other hand, in the large-¢ analysis of M (x,t,k), it
is advantageous to have r; (k) continued, as meromorphic functions, into C; then this will allow
us to proceed with appropriate RH problem deformations. Otherwise r (k) and Wﬁ(k) have
to be approximated by some rational functions with well-controlled errors (see, e.g., [16,31]).
For clarity’s sake, in what follows we will assume that the initial data go(x) are a compact

perturbation of the pure step initial data go4(x) (2.27), which guarantees that all ¥}"(x, 0, k),

I,m = 1,2 (see Proposition 1) and thus r; (k) are meromorphic in C. Then we define M (x,t,k)
as follows (see Fig. 2):

M(x,1.k), k € Qo
1| ke, k)€—2n9> .

M(x,1,k) 0 T+r1()ra (k) ke,

M(x,t,k)< 0>, k e,

—nwmz@kwmel
1 rs2E, k)e—M)

M(x,t,k) = (3.11)

M(x,t,k) . ke,

0

5 0 .
M(X,l‘,k)<r<k)5 2(6.0) 2it6 l), k € Q4.
T k) €

Here the angles between the rays 7; = p;(£) and the real axis are such that the point ik is located
in the sector on. Then M (x, t, k) satisfies the RH problem with the jump across = P1U...Uypy:

Mi(x,t,k)y=M_(x,t,k)J(x,t,k), kel (3.12a)
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with

| nREED e—zna) R
; ke,

T+r1 (k)2 (k)
0

0 key
()8~ 2(5 ket 1) 2.

J(x,t, k)= (3.12b)
1 —nksE, k)e—z”e) .
, keys,
0
0 .
@52k 2(5 o ) KETH
l+r1(k)r2(k)
the normalization
M(x,t,k)— 1, k — o0, (3.12¢)
and the residue condition
Res MO, t, k) =ci(x, OMP (x,t,iky), (3.12d)
=ik

v —2kx—diklt
= ke ik © o .
As for the singularity conditions at k = 0, it is remarkable that they reduce, in the both cases,

to the same residue condition having a conventional form

where ¢ (x,1) = with |y = 1.

Res M (x,t,k) = co(€)MP(x,1,0) (3.12¢)

with co(€) = % (cf. (2.58)).

The RH problem (3.12) involving two residue conditions (3.12d) and (3.12¢) can be reduced
to a regular RH problem (without residue conditions) by using the Blaschke-Potapov factors (see,
e.g., [21]):

Proposition 6. The solution q(x,t) of the IV problem (1.1), (1.4) can be represented as follows:

q(x, 1) = =2k Pa(x, 1) +2i lim kMR (x,1,k), x>0, (3.13a)
k—00
q(x,1) = =2k Py (—x, 1) — 2i lim kMR (—x,1,k), x<O0. (3.13b)
k—o00

Here (i) MR (x, t, k) solves the regular Riemann-Hilbert problem:

MR — MR jR r
: Rt k) =MR(x,1,k)JR(x,1,k), kel, (3.14a)

MR, t, k) —> 1, k — oo,

with
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. 1 0\, 1 0 .
JR(x,t,k):<0 k_,-k1>J(x,t,k)(O k ) kel (3.14b)

k—iky

and (ii) P12 and P> are determined in terms of MR:

g1(x, Dhi(x, 1)

Ppp(x, 1) = ,
g1(x, ha(x, 1) — ga(x, )hi(x,1)
,Dho(x,t

Poy(x, 1) = — 82z, D2, 1) : (3.15)

g1(x, ha(x,t) — g2(x, t)h1(x, 1)

where g(x,1) = (ggg) and h(x,t) = (Z;Ei;;) are given by

g, ) = iki MRD (x,1,iky) — c1(x, OMBP (x, 1, iky), (3.16a)
hix,t) =ikiMRP (x,1,0) + co&)MED (x,1,0). (3.16b)

Proof. The solution ]lfl (x,t,k) of the Riemann-Hilbert problem (3.12) can be represented in
terms of the solution MR (x, 1, k) of the regular RH problem (3.14) as follows [21]:

M(x,t,k) = B(x,t, k)MR (x,t,k) <(1) k_(?,q ) ,keC, (3.17)

k

where the Blaschke-Potapov factor B has the form B(x,¢,k) =1 + kik—l.lklP(x, t). Here P(x,t)
is a projection uniquely determined by the conditions

ker P(x,t) =linc {g(x,#)} and ImP(x,t)=linc {h(x,?)}, (3.18)

where g(x, t) and h(x,t) are given by (3.16): this implies that the (12) and (21) elements of P
are given by (3.15) whereas

P 1 1 P ot ot
Pt = - PRE080D Ly o P Dsit D)

(3.19)
g1(x,1) g2(x, 1)

Finally, taking into account that

MR(x, 1 1
l(x ) 0(

k—2> k— oo (3.20)

I 1 0 ik
M(x,t,k):<0 1_%)+k_l_k]P(x,t)+ X

A~ TR
where MR (x,t,k) =1+ M ,Ex’t) + 0 <k]—2>, k — 00, and using (2.53) and (2.54), the represen-

tations (3.13) follow. O

Therefore, using Proposition 6, the large-f asymptotic analysis of g (x, f) reduces to that for
a regular RH problem (3.14). On the other hand, the latter problem has the same form as in the
case of the NNLS equation on the zero background, see [33]. Consequently, one can follows the
asymptotic approach, presented in [33], for obtaining the long-time asymptotics for MR (x,t,k)
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atk =iky, k =0 (needed in (3.16)), and for large k (needed in (3.13)), which will finally lead to
the long-time asymptotics of g (x, t).

Before formulating detailed asymptotics, let us notice that the rough approximation
MR(x,1,k) ~ I as t — oo with x/t > ¢ for any ¢ > 0 (to avoid the possible singularity of
8(&, k) as &€ — 0), being substituted into (3.16), gives the main term of the asymptotics of g (x, f)
with a rough error estimate:

Proposition 7. As t — oo,

q(x,t)= ASZ(E, 0)+o() forx >0 and q(x,t)=o0() forx <0 (3.21)

along any ray & = i‘—t = const > 0 or & = const <O.

TR ~ T ; g1\ ik ~ ( ik hi(x,0)\ o ( co6)
Indeed, M " (x, t, k) =~ I implies that (gz(x’t)) ~ (_CI&’I)) ~ (’0' ) and (h;(x,t)) ~ ( ?lq )

Accordingly, for x > 0 we have

ikico(§)

~ 20 = A8%(,0
—k12+co(5)c1(x,t) ico(§) ¢.,0

q(x, 1)~ =2k Pia(x, 1) =~ =2k

whereas for x < 0 we have

—a(=x 0 (=ik)
—k? 4+ Go(=&)ci(—x,1)

q(x,t)~ =2k Py (—x, 1)~ 2k

Our main results make (3.21) more precise.

Theorem 1. Consider the Cauchy problem (1.1), (1.4), where the initial data qo(x) is a compact
perturbation of the pure step initial data (2.27): qo(x) — qoa(x) = 0 for |x| > N with some
N > 0. Assume that the spectral functions associated with qo(x) via (2.21)—(2.24) are such that:

(a) aq(k) has a single, simple zero in Ctatk= ik, and ay (k) either has no zeros in C~ or has
a single, simple zero at k = 0.
(b) Imv(—§) € (—3.3) for all & >0, where Imv(—£) = —5- f_‘fo darg(1 + ri(0)r(2)),

ri) = 285 ry (k) = 20

Assuming that the solution q(x,t) of (1.1), (1.4) exists, its long-time asymptotics along any line
& = i = const # 0 is as follows:

(i) forx <O:
g, 1) =127 M@ o (£) exp [4it"§2 —iRev(s)lnt] + Ry(=E.1), (3.222)

(i) for x > 0, three types of asymptotics are possible, depending on the value of Imv(—§):
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@) ifimv(—§) € (=%, — %] then

GO, 1) = A8 (£, 0) + 127D (£) exp {—41';52 +iRe v(—s)lnt} LRI, D).
(3.22b)
(b) ifImv(—§) € (—%. ¢), then

GO, 1) = AS2(£,0) + 1~ 2HIMVE s (&) exp {4it§2 _ iReu(—g)lm}

4TIV g gy exp {—41';52 +iRev(—§) 1nt} LRy, 1), (3.22¢)
(©) ifImv(—&) € [£. 1), then

G, 1) = AS%(E,0) + 1~ 2O (£) exp {4ité‘2 _iRe v(—s)lnt} + Ry, D).

(3.22d)
Here
I Fa
S(g,O)Zexp[_,/ n( +”(“r2“))d;],
2mi e
| .
V(=) = =5~ In [l + 11 (=E)ra(—6)| - L A(=8),
T 27
—£
A(—) = f darg(1 + 11 ()r(0)),
V7 exp{—ZV(&) + I — 2x(—&, &) — 3iv(£) In2}
—_— ) - - ) 09
- R (D) a7
o (§) = M, ri(—§) = 0,r2(=§) #0,
0, FI(—E) #£0,ra(—£) =0,
0, FI(—E) = ra(—£) =0,
2 big 3mi .
&)/ exp{—Fv(—§) + 2 —2x (&, —&) + 3iv(—§) In2}
L r(—E)ra(—E) #£0,
2y (—E)Tv(—E)) n=8n(=5#
oy(E) = o; ) Fi(—£) =0, ra(—£) #0,
C r1(=&)e 4
e, FI(=§) £ 0, r2(—€) =0,

0, r1(=&)=r2(-§) =0,
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VT exp{—Zv(—&) + ZE +2x (&, —&) — 3iv(—£) In2}
ri(—§)T(—iv(—§))

. ri(=5)r(=§) #0,

37i

a3(§) = | e ri(=§) = 0.r2(~£) #0,
0. ri(=£) #0.12(=) =0,
0. ri(=§)=ra(~§) =0,
with

—&
1
XERH =5 / In(k — )d; In(1 + 11 (O)r2(0)),
Tl

where T'(-) is the Euler Gamma-function.
The error estimates R1(§,t) and Ry(§,t) are uniform in any compact subset of & € (0, c0)
and are as follows:

o (™), Imv(—£) >0,

Ri(6,1)=10 (" "Int), Imv(—£) =0, (3.23)
O (¢~ 1H2AMvEDN - Imu(—£) <0,
O (¢~ H2AMYEDN - Imy(—£) > 0,

Ry, 1)=10 (" 'nt), Imv(—£) =0, (3.24)
o (), Imv(—§) <0,

and

19} (t71+2\lmv(7$)|)7 Imv(—E) 750,
Ry, D)=Ri1(&, 1)+ Ry, 1) =
36, D) =R, 1)+ R(6,1) 0 (i), Im v(—&) =0,
Remark 7. Notice that §(£,0) — 1 as & — oo and thus the asymptotics (3.22b)-(3.22d) is con-
sistent with the boundary conditions (1.4b).

Remark 8. In the case of the pure-step initial data, i.e. g(x,0) =0 for x < 0 and g (x, 0) = A for
4k2

x > 0, both assumptions of the theorem hold true. Moreover, in this case 1 +r (k)ry (k) = AT

and thus Imv =0 in (3.22).

Remark 9. The problem of describing asymptotic transition between the regions x < 0 and x > 0
remains open. Some observations showing that this problem is far nontrivial are as follows:

1. From the point of view of the Riemann-Hilbert problem formalism, the transition region
corresponds to merging the stationary phase point k = —& and the singularity point k£ = 0; to
the best of our knowledge, such transition picture has not been considered in the literature.

2. The main asymptotic term for x > 0, A82(é‘§ , 0), develops, in general, increasing oscillations
as £ — +0; only in very particular cases (belonging to Case II only), where b(0) = 0, there
exists a finite limit of §(&, 0) & — +0, which can be zero as well as non-zero.
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3. Even in the simplest case of a soliton solution, where the asymptotics holds as |x| increases,
together with ¢, along any path in the half-planes x > 0 and x < 0, (in this case we have
v =0 and thus §(&, k) = 1), at the boundary line x = 0 the solution develops discrete (in #)
singularities.

Sketch of proof of Theorem 1.

Here we consider the case r;(—&) # 0, j =1, 2 (for the cases when one of the r;(—£&) (or the
both) equals zero and thus v(—&) = 0, we refer to Section 1.5 of Chapter 2 in [23]). In view of
(3.13), for obtaining the asymptotics (3.22) it is sufficient to estimate the solution MR (x,t,k) of
the regular RH problem (3.14) at k =0, k = ik and k = oco. Noticing that this RH problem is
similar to that in the case of decaying initial data [33], in what follows we will refer to [33] for
the details of the relative steps in the asymptotic analysis.

First, introduce the rescaled variable z by

z
k=2 ¢ (3.25)
V8t
so that
G2t _ 5 —dirg?

Introduce the “local parametrix” rhg (x,1,k) as the solution of a RH problem with the jump

matrix that is a “simplified fR(x, t,k)” in the sense that in its construction, r;(k), j = 1,2 are
i iv(=§)

replaced by the constants r;(—£) and §(&, k) is replaced by (cf. (3.6)) § ~ (ﬁ) eX (=8

Such RH problem can be solved explicitly, in terms of the parabolic cylinder functions [26,33].
Indeed, rhg (x, 1, k) can be determined by

m& (e, 1 k) = A, Hm" (&, z(k)) AT E, 1), (3.26)

where

V8 oy

A(E, 1) = o8+ E~E)0s g7y~ , (3.27)
mb (&, z) is determined by
m'(€, ) =moE. DD €2,z j=0.....4 (3.28)

see Fig. 3, where y; corresponds to p; in accordance with (3.25). Here Dy(£,2) =

e*i%@Ziu(fé)@,
1 (=) 1 0
Dy1(§,2) = Do(§,2) 1+ (=6 (=6 |, Dy(§.2) = Do(§,2) ( R ) ;
0 1 rp(=§) 1

R 1 0
D3($,z):Do(§,z)<(1) 2 9), D4(s,z>=Do(§,z)< it 1)

1 (=6)ry' (=)
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T Y2
Qo

ﬂl 92

Fig. 3. Contour and domains for m® (£, z) in the z-plane.

with
k—iky

rfk) = ritk), k) = ra(k),

k—ik;

and mo(&, z) is the solution of the following RH problem in z-plane (relative to R, with a constant
Jjump matrix):

mo+(€,z) =mo—(&, 2) jo(&), 7 €R,
2 ) (3.29)
mo(&,2) =+ 0(1/2))e " T35 7 5 oo,
where
o (1+rR—erR(—¢) rzR(—é))
Jo(§) = ( ke ] . (3.30)

It is the RH problem for mq(£, z) that can be solved explicitly, in terms of the parabolic
cylinder functions, see, e.g., Appendix A in [33]. Since we are interested in what happens for
large t and, in view of (3.25), even finite values of k correspond to large values of z if ¢ is large,
it follows that all we actually need from m(£, z) (and, correspondingly, m' (£, z)) is its large-z
asymptotics only. The latter has the form

0 BRE)

PEz)=1+ "
wea=it (L 7o

>+0(z_2), 7 — 00,

where (cf. 8(§) and y (&) in [33])

Zne_%”(_g)e_%

R _
e rR(—&)I(—iv(-§))’

(3.31a)
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V2me 30~
rR(—&)Tv(—§))

yRE) = (3.31b)

Now, having defined the parametrix m{ (x, 7, k), we define MR(x,t,k) (cf. i(x,t, k) in [33])
as follows:

MR, 1, ) (x, 1, k), Tk +El <,

MRt k)=1 .. .
M™(x,t,k), otherwise,

where ¢ is small enough so that |£| > € and liky + &| > €. Then the sectionally analytic matrix
MPR has the following jumps across I =ru {lk + &| = ¢} (the circle |k + &| = ¢ is oriented
counterclockwise)

ml (x,t,k)fR(x,t,k)(r?z§+)_1(x,t,k), kel,k+&| <e,
TRtk = ()" "k, k+El=e, (332)
JR(x,1,k), otherwise.

The next step is the large- evaluation of MR (x, t, k) using its representation in terms of the
solution of the singular integral equation corresponding to the RH problem determined by the
jump conditions (3.32) and the standard normalization condition M® — I as k — co. We have

v 1 v
MR(x,t,k):1+E/M(x,t,s)u’?(x,t,s) (3.33)

I
where p solves the integral equation u — Cyyu = I, with w = JR — I. Here the Cauchy-type

operator Cy, is defined by Cy, f = C_(fw), where (C_h)(k), k € I'; are the right (according to
the orientation of I'1) non-tangential boundary values of

1 h .
(Ch)(k/):%/sisl){/ds, ke C\T;.

I

Reasoning as in [33] one can show that the main term in the large-f development of MR in
(3.33) is given by the integral along the circle |s 4+ &| = &, which in turn gives

MR(x,t,k)=1 ! / BR¢.n ds+ R, 1), |k+E| (3.34)
X, =1 - — —ds 1), > g, .
2 s+& (s —k)
|s+&|=e
where
BRe.) 0 iBR (£)eH1E+2A(E~6) (87) =3 —iv(=)
, 1) = . ,
iy R(g)eHIE -2 (E—E) (81~ h+IV(-E) 0

(3.35)
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and the (matrix) error estimate R has the structure R(&,t) = (llgllg;; Zzgg) with Ry and R,

having, in general, different orders of decay, see (3.23) and (3.24). Particularly, since MR = pmR
for all k with |k 4+ &| > &, we have

kngok(MR(x,t,k)—z) — BR@E, 1) + R, 1) (3.36)
as well as
MR(x,1,0) =1+ ERS’I) + R(E, 1), (3.37a)
MR(x,t,ik) =1+ B« )+R(s 1). (3.37b)
£+ik

Now we are at a position to evaluate Pjo(x,t) and Prj(x,?) in (3,13).AFirst, we evaluate
gj(x,t)and hj(x,1), j =1,2, defined in (3.16), using (3.37) and replacing MR by MZR.

iky
g1(x,t) =ik + R1(§,1), gz(x,t)—g_}_ ™ BR(E, 1)+ Ri(E, 1),
B iki =g . co§)
h1(x,t)—60($)+?312($,I)+R3(§,t), ho(x,t) =iky + : BR@E 1)+ R3(E, 1),

vyhere R3(&,t) = R (&, 1)+ R2(&, t) (we have used the standard notation for the entries of matrix
BR (&, 1)). It follows that (we drop the arguments of the functions)

. Kk} - ikico(§)

gihy =ikico(§) — ngfEJng, gihy = —ki + ITOEB21 +Rs,  (3.3%)
ikico(§) 4 Koo

gh = mle + Ry, ghy = _E—i-—lileﬁ + R;. (3.38b)

Substituting (3.38) into (3.15), straightforward calculations give

ico<g)+1§f‘;<s,r> N ico(§)?

_ nR
Pia(x, 1) = k £ G +ik1)le<€,t> + R3(&, 1), (3.39a)
Pyi(x,1) = — B G, )+R1(§ 1). (3.39b)
’ E+iky ’

Notice that formulas (3.39) involve k; explicitly. But using

~ ~ & ~ ~ & +ik
Bfg:B]z —, Bﬁ = By ,
& +iky &

where B is defined similarly to BR, see (3.31) and (3.35), with rR( &) replaced by r;(—§),
and substituting (3.36) and (3.39) into (3.13), it follows that the (exphc1t) dependence on k; in
the resulting formulas for the main asymptotic terms vanishes, and we arrive at the asymptotic
formulas (3.22).
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