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Abstract

The aim of the paper is to establish optimal stability estimates for the determination of sound-hard polyhe-
dral scatterers in RV , N > 2, by a minimal number of far-field measurements. This work is a significant and
highly nontrivial extension of the stability estimates for the determination of sound-soft polyhedral scatter-
ers by far-field measurements, proved by one of the authors, to the much more challenging sound-hard case.

The admissible polyhedral scatterers satisfy minimal a priori assumptions of Lipschitz type and may
include at the same time solid obstacles and screen-type components. In this case we obtain a stability
estimate with N far-field measurements. Important features of such an estimate are that we have an explicit
dependence on the parameter & representing the minimal size of the cells forming the boundaries of the
admissible polyhedral scatterers, and that the modulus of continuity, provided the error is small enough with
respect to i1, does not depend on 4. If we restrict to N = 2, 3 and to polyhedral obstacles, that is to polyhedra,
then we obtain stability estimates with fewer measurements, namely first with N — 1 measurements and then
with a single measurement. In this case the dependence on % is not explicit anymore and the modulus of
continuity depends on £ as well.
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1. Introduction

Aset © C RN, N > 2, is called a scatterer if it is a compact set such that R\ ¥ is connected.
A scatterer is said to be an obstacle if it is the closure of an open set and it is said to be a screen
if its interior is empty.

If an incident time-harmonic acoustic wave encounters a scatterer then it is perturbed through
the creation of a scattered or reflected wave. The total wave is given by the superposition of
the incident and the scattered wave and it is characterized by the total field u, solution to the
following exterior boundary value problem

Au+kPu=0 in RM\ T

u=u'+u’ inRV\ %

B.C. onodXx
u’ ,

lim rN=D/2 <ai —iku‘) =0 r=|x|.

r—>00 r

Here k > 0 in the reduced wave equation, or Helmholtz equation, is the wavenumber and u' is the
incident field, that is the field of the incident wave. The incident field is usually an entire solution
of the Helmholtz equation, here we shall always assume that the incident wave is a time-harmonic
plane wave with direction of propagation v € S¥ !, that is u’ (x) = e, x € RV . Instead u*
is the scattered field, that is the field of the scattered wave. The last limit is the Sommerfeld
radiation condition and corresponds to the fact that the scattered wave is radiating. Moreover it
implies that the scattered field has the following asymptotic behavior

) eiklxl . !
0= i = ©+ 0 ()

where £ = x/||x|| € S¥ ! and u, is the so-called far-field pattern of u*. We shall also write
Uoo(X; X, k, v) to specify its dependence on the observation direction x € SN-1 the scatterer X,
the wavenumber k > 0 and the direction of propagation of the incident field v € SN 1.

Finally, the boundary condition on the boundary of ¥ depends on the physical properties of
the scatterer X. If X is sound-soft, then u satisfies a homogeneous Dirichlet condition whereas if
% is sound-hard we have a homogeneous Neumann condition. We remark that other conditions
such as the impedance boundary condition or transmission conditions for penetrable scatterers
may be of interest for the applications.

The inverse scattering problem consists of recovering the scatterer X by its corresponding
far-field measurements for one or more incident waves. Such an inverse problem is of fundamen-
tal importance to many areas of science and technology including radar and sonar applications,
geophysical exploration, medical imaging and nondestructive testing. For a general introduction
on this inverse problem see for instance [4,12].

Physically, a far-field measurement is obtained by sending an incident plane wave and mea-
suring the scattered wave field faraway at every possible observation directions, namely by
measuring the far-field pattern u, of u®.

If we measure the far-field pattern for just one incident plane wave, then we say that we
use a single far-field measurement. We can obtain multiple far-field measurements by sending
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different incident plane waves, changing either the wavenumber or the incident direction of prop-
agation, and measuring the corresponding far-field patterns. In this paper we shall assume that
the wavenumber £ is fixed and, in order to perform more measurements, we shall modify the
incident direction of propagation.

It is readily seen that the inverse problem is nonlinear and that it is formally determined with
a single far-field measurement. Establishing the unique determination result in this formally-
determined case is a longstanding problem in the inverse scattering theory.

The first uniqueness result is due to Schiffer who proved the determination of a sound-soft
obstacle by infinitely many far-field measurements, see [ 14]. This result was improved to the case
of finitely many measurements for obstacles in [5] and for screens in [18]. Stability estimates for
the sound-soft case was proved in [10,11].

For what concerns the sound-hard case, following the method developed in [9] for the trans-
mission conditions, uniqueness for the determination of sound-hard obstacles by infinitely many
far-field measurements was shown in [13]. The same result was also obtained in the case of the
impedance boundary condition.

If one reduces to a particular class of scatterers, namely the one of polyhedral scatterers, then
the number of measurements needed may be considerably reduced. The first contribution in this
direction may be found in [3] where polyhedral obstacles in dimension 2, with a suitable further
non-trapping condition, were considered.

In [1] the uniqueness for a general sound-soft polyhedral scatterer with a single measurement
was proved in any dimension N > 2. In [15] the uniqueness for a general sound-hard polyhedral
scatterer with N measurements was established, again in any dimension N > 2. It was further
shown in [16] that the number of measurements may not be reduced if sound-hard screens are
allowed. However, if one considers only polyhedral obstacles, that is polyhedra, then a single
measurement is enough in any dimension N > 2. This result was proved first for N =2, [6], and
then extended to any N > 3, [7].

Concerning stability results for the determination of polyhedral scatterers by a minimal num-
ber of far-field measurements, the only result available in the literature may be found in [20],
where stability estimates for the determination of sound-soft polyhedral scatterers in R with a
single measurement were established. The admissible polyhedral scatterers are there assumed to
satisfy essentially minimal regularity assumptions of Lipschitz type and the stability estimate is
optimal, although of a logarithmic type. A particularly interesting feature of such an estimate
is that there is an explicit dependence on the parameter /, h representing the minimal size of
the cells forming the boundaries of the admissible polyhedral scatterers, and that the modulus
of continuity, provided the error is small enough with respect to /2, does not depend on this size
parameter /.

In this work we extend the stability results of [20] to the more challenging case of sound-hard
polyhedral scatterers. In order to deal with sound-hard scatterers, especially when we consider
determination of polyhedra with fewer measurements, there are many highly technical modifica-
tions. Moreover, there are significant extensions with respect to the sound-soft case as considered
in [20] that we shall briefly discuss in what follows.

We begin by establishing the stability for the determination of sound-hard polyhedral scatter-
ers of general type, that may include, for instance, obstacles and screens at the same time. We
consider the general case of R, with N > 2. In this case the number of far-field measurements
that are required for uniqueness, thus for stability as well, can not be reduced to a number less
than N. The stability result for the determination of sound-hard polyhedral scatterers in R" by
N far-field measurements is contained in Theorem 3.1.
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The strategy that we utilize to establish the stability estimate of Theorem 3.1 follows a similar
spirit to the one used in [20] for sound-soft scatterers. Apart from some modifications needed
to deal with the Neumann boundary condition instead of the Dirichlet one, the main significant
difference is that, in the sound-hard case, the required a priori bounds on the solution of the
direct scattering problem, which need to be independent on the scatterer, are much harder to
prove. This key preliminary point requires to establish suitable decay estimates of the scattered
fields as ||x|| — +oo that are uniform with respect to the scatterer X; see Proposition 2.12. This
is obtained with the help of the stability result in [17] for the solution of the direct problem with
respect to the variation of the scatterer X.

Even if the strategy is similar, still there are significant novelties and extensions here with
respect to the results contained in [20]. One of these is the fact that we generalize the technique
from R3 to RY, with N > 2.

More importantly, we consider a much more general and versatile class of admissible poly-
hedral scatterers with respect to the one used in [20]. Such a class is characterized by essentially
minimal regularity assumptions of Lipschitz type. In the preliminary Section 2, in particular in
Subsection 2.1, we introduce and extensively discuss several classes of admissible scatterers.
These classes are extremely general and may turn out to be useful on many occasions, even not
linked to scattering or inverse problems, so we believe that this subsection is of independent
interest.

The use of such a new improved class of polyhedral scatterers requires solving some technical
difficulties that are illustrated in Steps I and II of the geometric construction of Section 4.

A remarkable consequence of these developments is that we can also generalize the result of
[20] to this new class of polyhedral scatterers and to any dimension N > 2; see Theorem 3.2.

Moreover, we notice the following important features of the stability estimates of Theo-
rems 3.1 and 3.2. First of all, these stability estimates are optimal, the dependence on the size
parameter A is explicit, and the modulus of continuity, when the error is small enough with re-
spect to i, does not depend on A.

Finally, besides far-field measurements, we can also employ near-field measurements and
even the more general near-field measurements with limited aperture; see Section 2, in particular
Subsection 2.2. This is actually true for all of our stability results, which are indeed stated with
respect to near-field measurements with a limited aperture, rather than with respect to far-field
measurements. However the results of Subsection 2.2 easily allow to obtain the corresponding
estimates with respect to far-field or near-field measurements; see Remark 3.5.

Having established a general stability result for the determination of sound-hard polyhedral
scatterers by N far-field measurements, we proceed to prove stability results for the determina-
tion of polyhedral obstacles, that is polyhedra, by fewer than N measurements. In this case, for
technical reasons, we limit ourselves to N = 2, 3. We are able to prove a stability result with a
single measurement, see Theorem 3.4. The stability estimate is still of optimal type, however we
lose the explicit dependence on /& and the modulus of continuity depends, in a rather involved
way, on h as well.

In order to approach the challenging technical difficulties of the proof of Theorem 3.4 in a
slightly simplified case, we first prove a stability results for polyhedra with N — 1 measurements,
again for N =2, 3, see Theorem 3.3.

We observe that the inverse sound-hard obstacle problem with a single measurement is sub-
stantially different from the sound-soft case and requires a completely new and rather difficult
analysis. In fact, the key difficulty, as for the uniqueness issue, is to avoid, in the reflection pro-
cess used in the geometric construction of Section 4, the reflection in a hyperplane whose normal
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is orthogonal to the incident direction of propagation and with respect to which the obstacle is
symmetric. In the N — 1 measurements case, for any obstacle actually at most one hyperplane
must be avoided. Still this is not an easy task, and an ad hoc modification of the general geomet-
ric construction of Section 4 is required, see Subsection 5.2. In the one measurement case in R3,
the problem becomes even more involved. In fact there might be several planes to be avoided
and further difficulties arise since we need to take into account all of them simultaneously. This
is performed in Subsection 5.3.

The plan of the paper is as follows. In Section 2 we discuss a few preliminaries. In particular
we define and study suitable classes of admissible scatterers and we present a few basic properties
of the solutions to the corresponding scattering problems. In Section 3 the main stability results
are stated. In Section 4 we present the main geometric construction. Finally, in Section 5 we
conclude the proofs of our stability results.

2. Classes of admissible scatterers and preliminaries

The integer N > 2 shall always denote the space dimension. We notice that we always omit
the dependence of constants on the space dimension N.

For any x € RY, N > 2, we denote x = (x’, xy) € RV x R and x = (x”, xy_1,xy) €
RN=2 x R x R. For any s > 0 and any x € R, By (x) denotes the ball contained in R" with
radius s and center x, whereas B/ (x) denotes the ball contained in RV~! with radius s and cen-
ter x'. Moreover, B; = B;(0) and B, = B.(0). For any ball B centered at zero we denote B+ =
BN {yeR": yy =0}. Analogously, for any hyperplane IT in RY, we use the following nota-
tion. If, with respect to a suitable Cartesian coordinate system, we have IT = {y e RN : yy =0}
then for any x € IT and any r > O we denote Bri (x) = B (x)N{yny 2 0}. Furthermore, we denote
with 77y the reflection in IT, namely in this case for any y = (y1,..., YN—1, YN) € R we have
Tn(y) = O1,.--, YN—1, —yn)- Finally, for any E C R¥ we denote By(E) = Uer Bg(x).

Given a point x € RY, a vector v € SV~ and constants r > 0 and 9, 0 < 9 < /2, we call
C(x, v, r,6) the open cone with vertex in x, bisecting vector given by v, radius r and amplitude
given by 6, that is

C(x,v,r,@):{ye]RN: O<|y—x| <rand cos(9)<ﬁ~v§1}.
y—Xx

We remark that by a cone we always mean a bounded not empty open cone of the kind defined
above.

By H®, 0 <s < N, we denote the s-dimensional Hausdorff measure in RN . We recall that
HN coincides with the Lebesgue measure.

2.1. Classes of admissible scatterers and obstacles

We recall that by a scatterer in RN we mean a compact set ¥ contained in RY such that
RN\ X is connected. We say that a scatterer X is an obstacle if £ = Q where Q is an open set.
If the interior of ¥ is empty then we usually call it a screen. If ¥ is a scatterer in RY we shall
denote G = R\ X, which is then a connected open set containing the exterior of a ball.

A more quantitative assumption on the connectedness of G = R¥\ X is the following. Let
8 : (0, +00) — (0, +00) be a nondecreasing left-continuous function. Let ¥ be a compact set
contained in RY. We say that X satisfies the uniform exterior connectedness with function § if
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for any ¢ > 0, for any two points x1, x3 € R¥ so that B;(x1) and B;(x») are contained in RN \X,
and for any s, 0 < s < §(¢), then we can find a smooth (for instance C 1) curve y connecting x|
to x, so that B (y) is contained in RN \ X as well.

Let us notice that such an assumption is closed under convergence in the Hausdorff distance
and that §(¢) <t forany t > 0.

We wish to define suitable classes of admissible scatterers. We begin with some definitions.

Let K be a compact subset of RY. We say that K is a mildly Lipschitz hypersurface, with or
without boundary, with positive constants r and L if the following holds.

For any x € K there exists a bi-Lipschitz function &, : B, (x) — R¥ such that

a) for any z1, 22 € By (x) we have
L7Yz1 — 22l < 19x(z1) — Px(22)|l < Lllz1 — 223
b) ®,(x)=0and ®(KNB,(x))CM={yeRN: yy=0)}.

We say that x € K belongs to the interior of K if there exists §, 0 < § <r, such that Bs(0) N IT C
@, (K N By(x)). Otherwise we say that x belongs to the boundary of K. We remark that the
boundary of K might be empty. Further we assume that

c) for any x belonging to the boundary of K, we have that
D, (K N Br(x)) = Dy (Br(x)) N nt
where [T ={y e RY : yy =0, yy_; > 0}.

Let us notice that, by compactness, such an assumption is enough to guarantee that %" ~1(K)
is bounded, hence |K | = 0. In particular, %" ~!(K) is bounded by a constant depending on the
diameter of K, r and L only. Furthermore, the boundary of K has %" ~2 measure bounded by a
constant again depending on the diameter of K, r and L only.

Moreover, K has a finite number of connected components, again bounded a constant de-
pending on the diameter of K, r and L only, and the distance between two different connected
components of K is bounded from below by a positive constant depending on r and L only.

Let us fix a bounded open set @ C RV, N > 2. We shall call B(r, L, Q) the set of K C Q such
that K is a mildly Lipschitz hypersurface with constants » and L. We notice that such a set is
compact with respect to the Hausdorff distance, see for instance Lemma 3.6 in [17]. We finally
remark that such a class is strictly related to a similar one introduced in [8].

Let K be a compact subset of RV . We say that K is a Lipschitz hypersurface, with or without
boundary, with positive constants r and L if the following holds.

For any x € K, there exists a function ¢ : RY-! 5 R, such that ¢(0) = 0 and which is Lip-
schitz with Lipschitz constant bounded by L, such that, up to a rigid change of coordinates, we
have x =0 and

B(x)NK C{yeB-(x): yn =9} 2.1

We say that x € K belongs to the interior of K if there exists §, 0 < § <r, such that Bs(x) N K =
{y € Bs(x) : yny = @(y')}. Otherwise we say that x belongs to the boundary of K. We remark
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that the boundary of K might be empty. For any x belonging to the boundary of K, we assume
that there exists another function ¢ : RN-2 5 R, such that ©1(0) = 0 and which is Lipschitz
with Lipschitz constant bounded by L, such that, up to the previous rigid change of coordinates,
we have x =0 and

B,(x)NK ={yeB(x): yn=01"), yn=1 <@1(y")}. (22)

We call (2.1) and (2.2) the L-Lipschitz representation of K in B, (x), where (2.2) is reserved for
points belonging to the boundary of K.

We notice that a Lipschitz hypersurface with constants » and L is also a mildly Lipschitz
hypersurface with positive constants 7 and L depending on r and L only. Furthermore, we call
C =C(r, L, Q) the class of Lipschitz hypersurfaces with constants » and L contained in .
We notice that C is compact with respect to the Hausdorff distance, too, and that C(r, L, Q) C
B, L, Q).

We need the following notation. For any direction v €
v = {v, —v}. We also define the following distance

S¥=1 we denote by ¥ the couple

d (b1, 02) = min{||v; — va||, [lv; +vall} forany vy, vy € SV

Let K be a compact subset of RY. We say that K is a strongly Lipschitz hypersurface, with
or without boundary, with positive constants r and L if the following holds.

First we assume that K is a Lipschitz hypersurface with constants » and L. Then we assume
the following further property. For any x € K, letej(x), ..., ey (x) be the unit vectors represent-
ing the orthonormal base of the coordinate system for which the L-Lipschitz representation of
K in B,(x), (2.1) and (2.2), holds. Then ey (x) is a Lipschitz function of x € K, with Lipschitz
constant bounded by L, and ey_1(x) is a Lipschitz function of x, as x varies in the boundary
of K, with Lipschitz constant bounded by L.

The usefulness of introducing the idea of strongly Lipschitz hypersurfaces is shown in the
following proposition.

Proposition 2.1. Let ¥ be a scatterer such that K = 9% is a strongly Lipschitz hypersurface
with positive constants r and L.

Then there exists a nondecreasing left-continuous function § : (0, +00) — (0, +00), depend-
ing on r and L only, such that ¥ satisfies the uniform exterior connectedness with function 8.

Proof. Under these assumptions, the conclusions of Proposition 4.2 in [17] hold, that is, we can
@nd constants 0 <a <1 <b and hg > 0, depending on r and L only, and a Lipschitz function
d:RN -0, +00) such that

adist(x, £) <d(x) < bdist(x, £) forany x € RV

and, for any &, 0 < h < hy, RN\Z;, is connected, where X, = {x € RV . J(x) < h}. Let us
notice that the assumption used in [17, Proposition 4.2] that K should be oriented is not really
necessary.

Therefore, fixed 7 > 0, let x|, xo € RY be any two points so that B,(x) and B;(x;) are
contained in RV\ . Then d(x;) > at forany i = 1, 2. Provided & = at/2 < ho, then x; € RN\ %),
for any i = 1, 2. Then we can find a smooth (for instance Cl) curve y connecting x1 to x so that
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y is contained in RV\ X;,. This means that any point x of y is such that dist(x, £) > d(x) /b >
at/(2b). That is, we can choose
t/(2b) te€(0,2h
5@ =1"° /(2b) (0,2ho/a] 23)
ho/b t € [2ho/a, 4+00)

and the proof is concluded. O

Our next aim is to provide sufficient conditions for a Lipschitz hypersurface to be a strongly
Lipschitz hypersurface. We begin with the following lemma.

Lemma 2.2. Let us fix positive constants r and L. Let K C K be compact subsets of RN such that
for any x € K there exists a function ¢ : RN™! — R, such that ¢(0) = 0 and which is Lipschitz
with Lipschitz constant bounded by L, such that, up to a rigid change of coordinates, we have
x=0and

B.(x)NK={yeB(x): yv=0()} (24

Then there exist positive constants i and L, depending on r and L only, such that for any
x € K there exists a function ¢ : RN=1 5 R, such that $(0) = 0 and which is Lipschitz with
Lipschitz constant bounded by L, such that, up to a rigid change of coordinates, we have x =0
and

B:(x)NK ={yeB:(x): yv =031} (2.5)

and the following further property holds. For any x € K, let e1(x), ..., en(x) be the unit vectors
representing the orthonormal base of the coordinate system for which the i-Lipschitz represen-
tation oflz in B;(x), (2.5), holds. Then en(x) is a Lipschitz function of x € K, with Lipschitz
constant bounded by L.

Proof. Let us fix x € K. Locally, we can give an orientation to K near x, therefore without loss
of generality we can assume that, locally near x, K is the boundary of a Lipschitz open set. More
precisely, we can assume there exists an open set 2 such that K N B,(x) C 3K and, for any
yE K whose distance from x is less than r/2, we have KN By 4(y) =02 N B, y4(y) and

QN Byja(y) ={z € Bra(y): zv < (@)},

where ¢ and the orientation depend on y.

Let now y; and y> be two points belonging to B,16(x). Let e}v and ejz\, be the corresponding
vectors for which the previous Lipschitz representation holds. Then for any y € B, /g(x) we can
find two open cones C; and C;, with vertex in y, amplitude given by an angle «g, 0 < ag < /2
depending on L only, radius ro=r /16, and bisecting vector given by e}v and 612\/ respectively
such that C; does not intersect 2 whereas the opposite cone is contained in 2 for any i =1, 2.
First we notice that the angle between e 11\/ and 612\/ is bounded by m — 2¢¢. Then we take any unit
vector v on the shorter arc of the great circle on the unit sphere passing through e}v and ejzv.

Then there exists an absolute constant &g, 0 < &g < 7/2, such that, provided ag < &g, we
have that the open cone C with vertex in y, amplitude given by the angle o) = /2, radius



H. Liu et al. / J. Differential Equations 262 (2017) 1631-1670 1639

r1 = (ao/3)ro, and bisecting vector v does not intersect 2 whereas the opposite cone is con-
tained in €2. We call this property an interior and exterior cone condition for 2 at y € 9€2, with
amplitude o, radius 7| and bisecting vector v. The proof follows from an elementary, although
lengthy, geometric construction and we omit its details.

If one performs such a construction iteratively N times, one obtains

_ (o)) d _ Oé(j)v
OlN—Z—N an rN_73N2N(N71)/2rO'

Then we subdivide the whole R" into (closed) cubes with sides of length 7| such that their
diameter is less than or equal to r/64. We then consider only cubes whose intersection with K
is not empty. Let us fix one of these and let us call it Q. For any vertex x;,i =1, ...,2" of the
cube Q we consider a point X; € K N Q such that dist(x;, K N Q) = ||x; — X;||. Then we consider
ej\, as the vector corresponding to the Lipschitz representation at the point x;. To illustrate our
construction, let us assume for simplicity that O = [0, 711V. We take the points x; = (0,0, ...,0)
and xp = (71,0, ..., 0) and we construct a Lipschitz function ey on the segment connecting x|
and x; such that ey (x;) = eﬁ\,, i = 1,2, and that, for any x in such a segment, ey (x) belongs
to the shorter arc of the great circle on the unit sphere passing through e}v and elzv. Clearly
the Lipschitz constant of such a function ey may be bounded by a constant depending on 7|
only. Then we perform the same construction on the segment connecting (0, 71,0...,0) and
(1,71,0...,0) and, then, on the segments connecting (¢, 0,0, ...,0) to (¢,7,0...,0), for any 7,
0 <t <r|. We iterate such a construction until we find a Lipschitz function ey : O — Ssh-1
with Lipschitz constant bounded by a constant depending on 7| only, with the following property.
For any y € Q N K we have that 2 satisfies an interior and exterior cone condition at any z €
KN B, /16(y), with amplitude ay, radius 7y and bisecting vector ey (y), therefore we have a
Lipschitz representation of K at y with constants 7 and L depending on .y and ry only, thus on
r and L only. Performing the same construction on any cube, the proof can be concluded. O

Let us notice that if K is oriented, then we can choose ey (x) itself as a Lipschitz function of
x € K. We also observe that if K is without boundary, then it is oriented, by the Jordan—-Brouwer
separation theorem, and we can choose K = K. Clearly these remarks apply to any connected
component of K. If we limit ourselves to Lipschitz hypersurfaces without boundary then we have
the following corollary.

Corollary 2.3. Let us fix positive constants r and L. Let K be a Lipschitz hypersurface with
constants r and L without boundary. Then there exist positive constants r and L, depending on
r and L only, such that K is a strongly Lipschitz hypersurface with constants v and L.

We conclude this discussion on sufficient conditions for a Lipschitz hypersurface to be a
strongly Lipschitz hypersurface by proving the following proposition.

Proposition 2.4. Let us fix positive constants r and L. Let K be a Lipschitz hypersurface with
constants v and L. For any x € K, let e1(x),...,en(x) be the unit vectors representing the
orthonormal base of the coordinate system for which the L-Lipschitz representation of K in
B (x), (2.1) and (2.2), holds.

Let us assume that ey (x) is a Lipschitz function of x € K, with Lipschitz constant bounded
by L.
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Then there exist positive constants i and L, depending on r and L only, such that K is a
strongly Lipschitz hypersurface with constants v and L.

Proof. Take two couples of orthogonal vectors e]]v, e}vfl and e,z\,, 612\/71 for which the L-Lipschitz
representation holds for the same point x on the boundary of K in a given ball of radius r. We no-
tice that e12v = T(e]lv), where T is arotation. Then, provided the angle between e zlv and e]2V is small
enough, we have that the same Lipschitz representation holds for e12\,, 612\,_1 and e%\,, T(e]lv_l).

We then apply the arguments of Lemma 2.2 in R¥~! and the proof may be concluded. O

Let us observe that a sufficient condition for the assumptions of Proposition 2.4 to hold has
been given in Lemma 2.2.

We say that an open set D C R is Lipschitz with constant r and L if the following assumption
holds. For any x € d D, there exists a function ¢ : RN-1 5 R, such that ¢(0) = 0 and which is
Lipschitz with Lipschitz constant bounded by L, such that, up to a rigid change of coordinates,
we have x =0 and

B,(x)ND={ye B (x):yny <)}

and, consequently,

B (x)NdD ={y € B-(x): yy =0 (y)}.

Clearly, dD is a Lipschitz hypersurface, without boundary, with the same constants r and L.
Moreover, we notice that D and R\ D satisfy a uniform cone condition, with a cone depending
on r and L only. We recall that, given C a fixed cone in R", we say that an open set D C RV
satisfies the cone condition with cone C if for every x € D there exists a cone C(x) with vertex
in x and congruent to C such that C(x) C D.

We call D =D(r, L, 2) the class of sets 3D where D C 2 is an open set which is Lipschitz
with constants r and L. We have that D(r, L, Q) C C(r, L, Q) C B(7, L, ), for some constants
7, L depending on r and L only. Moreover, also D(r, L, 2) is compact with respect to the Haus-
dorff distance.

We further call D = ﬁ(r, L, Q) the class of compact sets ¥ C Q such that 8% € D(r, L, Q).
Also this class is compact with respect to the Hausdorff distance.

In the following classes, introduced in [17], we combine different (mildly) Lipschitz hyper-
surfaces to obtain more general and complex structures.

Definition 2.5. Let us fix positive constants r, L, and a bounded open set 2. Let us also fix
w: (0, +00) — (0, +00) a nondecreasing left-continuous function.

We say that a compact set K C  belongs to the class B=B(rL,Q, o), respectively C=
1 (r, L, 2, w), if it satisfies the following conditions.

1) K= Uf‘il K where K' € B(r, L, Q), respectively C(r, L, Q), forany i =1,..., M.
2) For any i € {1,..., M}, and any x € K*, if its distance from the boundary of K'ist >0,
then the distance of x from the union of K/, with j # i, is greater than or equal to w(?).

_ We say that a compact set ¥ C Q belongs to the class l;’} =Bi(r,L,Q, ), respectively
Ci=C(r,L,Q2,w),if 0% € B(r, L, 2, w), respectively 0% € C(r, L, 2, ).
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We observe that, for some constants r and L depending on r and L only, we have
Cr,L,Q,w)CBF, L, a))andCI(rL Q. 0)CBF, L,Q, ).

Let us notice that in the previous definition the number M may depend on K. However, there
exists an integer Mo, depending on r, L, the diameter of €2, and w only, such that M < M, for
any K € B, respectively C. As before, we obtain that HN~ 1(K ) is bounded, hence |[K| =0. In
particular HN-1(K) is bounded by a constant depending on r, L, the diameter of 2, and M only.
Furthermore, if we set as the boundary of K the union of the boundaries of K ii=1,.... M,
then the boundary of K has 7" ~2 measure bounded by a constant again depending on r, L, the
diameter of 2, and M only. Finally, the number of connected components of RV\ K is bounded
by a constant M depending on r, L, the diameter of €2, and w only.

Without loss of generality, we shall always assume that w(¢) <t for any ¢ > 0, and that
lim;—, 400 @ (t) is equal to a finite real number which we call w (4-00).

We also remark that, by Condition 2), we have that K N K/ is contained in the intersection
of the boundaries of K/ and K/, for any i # j. By [17, Lemma 3.8], we have that the classes B
and C are closed, and actually compact, under convergence in the Hausdorff distance. In the next
lemma we show that this is true for the classes Bl and Cl as well.

Lemma 2.6. The classes 1B and C; introduced in Definition 2.5 are compact under convergence
in the Hausdorff distance.

Moreover, let X belong to Bi, ortoCi, and x € 3%. We call G = RN\X. Forany r1 > 0, the
number of connected components U of By, (x) NG such that x € dU is bounded by a constant M,
depending on ry, r, L, and w only. Finally, the number of connected components of B, (x) NG
intersecting By, 2(x) is bounded by a constant M3 depending onry, r, L, and w only.

Proof. We begin by proving the second part of the lemma. It is clearly enough to consider the
case in which X € l§1 .Let U be a connected component of B, (x) NG such that x € dU. We wish
to prove that there exists s > 0, depending on ry, r, L, and w only, and y such that By, (y) C U.

Without loss of generality we can assume that r; < 7| for some r; depending on r and L only.
Let yo € U be such that ||yo — x|l <r;/8 andlet y; € 9X N AU be such that || x — y;|| <r;/4 and
such that y; belongs to the interior of K for some i € {1,...,M}, where 0¥ = K = U,Ai1 K!
as in Condition 1). If the distance of y; from the boundary of K’ is greater than r /8, then the
conclusion is immediate. Otherwise, let y, be a point in the boundary of K’ whose distance from
y1 is less that 1 /8. By the local description of K’ near y,, we can find a point y; € K/ N aU
such that ||x — y3|| < r1/2 and such that its distance from the boundary of K is at least r;/C for
some constant C > 8 depending on L only. Then again we can conclude.

This property immediately implies that the number of connected components U of B, (x) NG
such that x € dU is bounded by a constant M, depending on ry, r, L, and w only. Moreover, it
will be crucial to prove the compactness in the Hausdorff distance. We conclude the proof of the
second part with the following argument. For any y € B, ,2(x) N G we call U(y) the connected
component of B, (x) NG containing y. There exists x(y) € 0U (y) N X, such that ||y —x(y)|| <
r1/2 and ||x(y) — x|| < r1/2. Therefore V(y), the connected component of By, ,2(x(y)) N G
containing y is such that V(y) C U(y) and x(y) € 9V ().

We assume that there exist points y, € By, 2(x) NG, forn=1,..., ng, such that U, = U (y,)
are pairwise disjoint. Therefore, also V,, = V (y,) are pairwise disjoint, forn =1, ..., ng. By the
previously proved property, we have that ng is bounded by a constant M3 depending on 1, r, L,
and w only.
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About compactness in the Hausdorff distance, it is enough to prove that the class By is closed.
We recall that if 3, converges to ¥ in the Hausdorff distance as n — 0o, and we assume that
¥n,n € N, and ¥ are compact sets which are uniformly bounded, then

Y={xe RY : there exists X, € X, such that limx,, = x}.
n

We assume that %, € B; converges as n — 0o to . We already know that, up to subsequences
that we do not relabel, 9%, — % € B.

It is a general fact that 39X C ¥ C X. Hence we just need to show that ¥ = d%. By con-
tradiction, we assume that there exists x € £\dX. Clearly x belongs to the interior of %, that
is, for some d > 0 we have B;(x) C X. We can find x,, € 0%,, n € N, such that lim, x, = x.
We pick ri = d/4 and we assume that, for n large enough, ||x — x,|| < d/4. For any n large
enough, there exists y, such that By, (y,) N X, =¥ and By, (y4) C Bga(xs) C Bys2(x). Up to
a subsequence, that we do not relabel, lim, y, = y € By/2(x). But y should belong to X, hence
there exists y, € X, n € N, such that lim,, ¥, = y, therefore for any n large enough we have that
¥, — ynll < s1 and this is a contradiction.

The argument for the class Ciis completely analogous, and the proof is concluded. O

Finally, we consider the following definition. We recall that T : D — D’, D and D’ being
open subsets of RY, is said to be a bi-W !> mapping with constant L if T is bijective and
both || JT'|| e (p) and ||J(T_1)||Loo(D/) are bounded by L. Here T~ is the inverse of T and JT
denotes the Jacobian matrix of 7.

Definition 2.7. Let us fix a bounded open set €2 and positive constants r, L, 0 < r; < r and
C > 0. Let us also fix : (0, +00) = (0, +00), a nondecreasing left-continuous function.

We call B = B(r L,Q,r,C,w) and C= C(r L,Q,r1,C,w) the classes of sets satisfying
the following assumptions:

i) Any ¥ € B, respectively C.isa compact set contained in € RY such that ¥ belongs to
Bi(r,L,Q, ), respectively Ci(r,L,Q, w). We call G = RM\X.

ii) For any x € 0% and any U connected component of G N B, (x), with x € 90U, we can find
an open set U’ such that

UcU cgG, (2.6)
and a bi-W !> mapping T : (-1, HD¥~! x (0, 1) — U’, with constant C, such that the fol-
lowing properties hold. By the regularity of Q = (-1, DV~ % (0,1), T can be actually
extended up to the boundary and we have that T : Q — R is a Lipschitz map with Lip-
schitz constant bounded by C. Furthermore, if we set I' = [—1, 1]V! x {0}, we require
that

TO)=x and 0UNB,(x)CT(T)CIG, 2.7)

and that, forany 0 <s <ry andany y € U N B, _s(x), we have

dist(T ™' (), 90\I") = w(s). (2.8)
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Remark 2.8. We notice that clearly 7(dQ) = dU’ and U N B,, (x) C 8G.

It is pointed out that, up to suitably changing the constants r; and C involved, Condition ii)
is satisfied provided it holds only for points x belonging to the boundaries of K;, i =1,..., M,
where 9 = UM, K; by Condition i).

Again, we have é(r, L,Q,r, C’, w) C l”;'(?, I:, Q,r, C, w), for some constants 7 and L de-
pending on r and L only. We also remark that, for some constants and functions depending on
r, L, and the diameter of €2 only, we have f)(r, L,Q)C é(f, i, Q,r, C‘, ).

It is emphasized that Condition ii) is an extremely weak regularity condition and that it is
satisfied by rather complex structures, see for instance the discussion on sets in R? satisfying this
assumption in Section 4 of [19], where several examples are shown.

The following compactness result holds true.

Lemma 2.9. The classes B and C introduced in Definition 2.7 are compact under convergence
in the Hausdorff distance.

Proof. The argument is the same for both classes B and C, so we limit ourselves to the first one.
It is enough to prove that the class is closed. By Lemma 2.6, we just need to prove that also
Condition ii) is preserved in the limit. Let X, € B n € N, be such that £, — ¥ € By in the
Hausdorff distance as n — oo.

Let x € ¥ and let U be a connected component of G N B, (x) with x € dU. Let y and
s > 0 be such that By(y) C U and ||y — x|| < r1/2. We also consider a continuous curve y :
[0, 1] = RY such that y(0)=y,y(1)=x,and y(¢t) € U for any t € [0, 1). Let 0,1, n €N, be
the connected component of G,, containing y, at least for n large enough.

Let {t;n}men C [0, 1) be an increasing sequence such that ||y (¢,) — x|| < 1/m. Then there
exists an increasing sequence {n,, },,<n of integers such that for any n > n,, we have y ([0, 1,,]) C
Un. Since there exists X, € ¥, converging to x as n — 00, we can conclude that there exists
Xp,, € BUnm N 9%, such that lim,, x,, = x. Itis also not difficult to show that, for any m large
enough, we can find Uy,,, a connected component of By, (xp,,) N Gy,,, such that x,,, € dU,,,
yeU,, Iy —xn, |l <ri/2,and Uy, C Uy,

Wecal T, : Q — U,; with U,,, C U,/zm C Gy,, as in Condition ii). Clearly, up to a subse-
quence that we do not relabel, 7}, converges uniformly on Q to 7 : @ — R, T being a Lipschitz
function with constant C. Obviously 7'(0) = x and a straightforward computation shows that 7| 0
is actually bi-W 1% with constant C , between Q and U’. We have that U’ is connected and we
need to show that U' N X =@, thatis U’ C G.

We assume, by contradiction, that there exists w € Q such that 7 (w) € X. By the bi-w 1.0
property, we have that B(T;,(w)) C T,,(Q), for some s > 0 independent of m. There exists
Yn € X, n € N, such that lim, y, = T (w). On the other hand, lim,, T,,,(w) = T (w) as well,
hence for m large enough we have ||y,, — T, (w)|| < s and this is a contradiction to the fact that
T,0(Q) Ny, = 0.

Next, we prove the first inclusion of (2.6). Let x; € U be fixed. There exists a continuous
curve yp in U connecting x; with y. We have that, for some d > 0, B;(y1) C U, therefore, for
any m large enough, X,,, N By/2(y1) =@ and By/2(y1) C By (xp,,). Therefore, By/2(y1) C Uy,
and in particular By /2 (x1) C Uy, C U,/lm. By a reasoning completely analogous to the one used
to prove that U’ C G, we conclude that x; € U’.
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For what concerns (2.7) and (2.8), these can be proved with straightforward modifications of
the above arguments and the proof is complete. O

Now we are ready to define the following classes of admissible scatterers.

Definition 2.10. Let us fix positive constants r, L and R, 0 < r; < r and C > 0. Let us also
fix w: (0,400) = (0,400) and § : (0, +00) — (0, +00) two nondecreasing left-continuous
functions.

We call Bsw, m,(r L,R,ry, C,w, 38) the class of compact sets ¥ such that ¥ belongs to
B (r,L,Bg,r1,C, ) and satisfies the uniform exterior connectedness with function 4.

We also define Bsm, = sm,(r, L,R,w, ) the class of compact sets X belonging to
Bi(r, L, Bg, ®) and satisfying the uniform exterior connectedness with function §.

Completely analogous deﬁmtlons may be given for Cm, and Cm,

We further call Dobs, = Dbst(r L, R) the class of compact sets X belonging to D(r L, Bg)
and such that G = R3\ ¥ is connected.

Obviously, we have l%sca,(r, L,R,rp, C~', w,d8) C Bscm(r, L,R,w,8) and the same relation
holds between (fsca, and (fsmt. Moreover, the same relations as before hold between the classes
l’;’m, and l”;’sm, and the corresponding classes ésca, and C~m,. We notice that any scatterer
Y e ZA)gbs, is indeed an obstacle, that is, ¥ is the closure of its interior which is a bounded
open set with Lipschitz boundary, with constants r and L. By Corollary 2.3 and Proposition 2.1,
for some constants and functions depending on r, L, and R only, we have f)obst(r, L,R) C

scal(r R, 1, C w, d).

By our earlier discussion, in particular by Lemmas 2.6 and 2.9, it is easy to note that all these
classes Bscar, Bsw,, Cocats CM,, and Dobé, are compact with respect to the Hausdorff distance.

_ Finally, the sets belonging to the class B, thus in particular scatterers belonging to the class
Bicar, satisty the following property.

Proposition 2.11. Let us fix positive constants r, L and R, 0 < r < r, and C > 0. Let us also fix
w : (0, 400) = (0, +00) a nondecreasing left-continuous functions.

Let B= B(r L,Bg,r,C, , ). Then there exist constants p > 2 and C, >0, depending on B
only, such that, for any ¥ € B, we have

lvllrBranvs) < Cillvllgi(gg,\x) foranyve H' (Bryi\). (2.9)
Moreover; the immersion of H' (Bg41\X) into L*>(Br+1\X) is compact, for any ¥ € B.

Proof. We fix ¥ € B and we call G = R3\ E. Let us take v belonging to H'(Bg1\X). Without
loss of generality, by an easy extension argument around d Bg 1, we can assume that v actually
belongs to H'(R3\X), it has bounded support, and its H' norm is controlled by a constant C,
depending on R only, times the corresponding H' norm in Bz 1\ .

We start with a local construction. We fix x € 3% and U a connected component of B, (x) NG
such that x € 9U. We consider U’ and T : Q — U’ as in Condition ii) of Definition 2.7.

Clearly we have that U’ satisfies

lvllzs1 @y < Crllvll gy forany ve H'(U) (2.10)
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for some constants s1 > 2 and C; > 0. Since U N B3, /4(x) C U’, we conclude that

1ol wnsy, jsen < Cilvllgi  forany ve H'(@U). @11

We now consider a covering argument as follows. For any x € 9%, let W,,, n =1,..., no,
be the connected components of B, ,2(x) N G such that W,, N B, /4(x) # ¥. By Lemma 2.6,
no < M3, where M3 is a constant depending on r1, r, L, and w only. Let y, € W, N B, /4(x),
n=1,...,n9. Asin the proof of Lemma 2.6, there exists x,, € dW,, N9 X, such that ||y, — x| <
r1/4 and |lx, — x|| < r1/4. We call U, the connected component of B, (x,) N G containing y,
and we observe that x, € 90U, and W,, C U,,. Actually, W,, C U, N B3, /a(xp).

We conclude that for any x € 3 X, there exist ng points xi, . .., X, with ng < M3, with the fol-
lowing property. For any n =1, ..., ng, there exists U,, a connected component of B, (x,) N G,
such that x,, € 0U,,, and moreover

no

By ja(x) N G C (U N B3y a ().

n=1
We fix § =r1/16 and define the compact set A; = Bs(dX) N G. We notice that
Arc | Brja).
XEID

By the compactness of A, we can find a finite number of points z; € 9¥,i =1,...,my, such
that

mi
Al C U By ja(zi).
i=1

With a rather simple construction, it is possible to choose m| depending on r; and R only, for
instance by taking points such that B, /16(z;) N By, /16(z;) is empty for i # j.

We further find a finite number of points z; € 9 Bgy1,i =m + 1,...,m1 + mg, such that
mi+my
A = B1/16(0Br+1) C U B1/4(zi),
i=mi+1

with m, depending on R only.
Finally, we call r3 = min{1, r;} and

Az ={x € Bp41\X : dist(x, 3(Br+1\X)) > r3/16}.
We can find points z; € A3, i =m| +my + 1,...,m| +my + m3, such that

mi+mp+m3

Asc | BumGo.
i=mi+mo+1

Again the number m3 may be bounded by a constant depending on r and R only.
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By applying (2.11), at most M3 times for any z;,i =1, ..., m, we have

Ivllzsiane) < CrMam)Cll g1 g, \5)- (2.12)

By a completely analogous argument, we can find s, > 2 and C» such that

vl 252 (ArnBrsr) = C2m2||v||Hl(BR+l\z)- (2.13)

Applying a classical Sobolev inequality to D = By,32(z;), fori =my +mpy +1,...,m; +
my + m3, we can finally find s3 > 2 and C3 such that

vl L5 a3 = Csmsllvll g, \5)- (2.14)

Picking p = min{sy, 52, s3} we obtain that

IvllzrBrsns) < Cilvl g1 (B, 5)- (2.15)

It is an easy remark that p and C; have the dependence required.
The fact that the immersion of H 1(BRJr 1\X) into L2(BR+ 1\X) is compact is an immediate
consequence of the property described in (2.9). O

We conclude this subsection by introducing suitable classes of polyhedral scatterers. We de-
fine a cell as the closure of an open subset of an (N — 1)-dimensional hyperplane. We say
that a scatterer X is polyhedral if the boundary of X is given by a finite union of cells C;,
j=1,..., M.

Fixed positive constants & and L, we say that a scatterer X is polyhedral with constants h and
L if the boundary of X is given by a finite union of cells C;, j =1, ..., My, where each C; is
the closure of a Lipschitz domain with constants /4 and L contained in an (N — 1)-dimensional
hyperplane and the cells are pairwise internally disjoint, that is, two different cells may intersect
only at boundary points.

Let BM, M,(r L,R,rp, C,w, 3) be the class of scatterers defined in Definition 2.10.
Fixed the size parameter i > 0, let Bmt m,(r L,R,r,C,w,8) be the set of scatterers
Y e Bm, such that E is polyhedral with constants 4 and L.

Analogously, let Dobgt = Obg(r L,R) be the class of obstacles defined in Deﬁnmon 2.10.
Fixed the size parameter 4 > 0, let Dh obst = obst(r L, R) be the set of obstacles ¥ € Dobyt such

that X is polyhedral with constants z and L. Notice that in this case any X € D! obs: 1S formed by
a finite number of polyhedra.

2.2. Preliminaries

In this subsection we fix positive constants r, L and R, 0 < r; < r and C > 0, and two
nondecreasing left-continuous functions w : (0, +00) — (0, 400) and 6 : (0, +00) — (0, +00).
The class of admissible scatterers that we consider will be called A. Here we pick A =
l;'mt(r, L,R,r, C’, w, 8), as in Definition 2.10, and we take ¥ and X’ belonging to A.
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We set
d = max sup dist(x,d%’), sup dist(x,9X) (2.16)
XedT\T/ x€ITN\T
and
c?:dH(BE,BE/) and d=dy(=,%). 2.17)

We recall that dy denotes the Hausdorff distance. We notice that the following relationships
among d, d and d holds. First, d, d and d are all bounded by 2R. We also obviously have
d=<d. Up to swapping the role of ¥ and X', let x € X’ be such that dist(x, X) = d. Clearly,
dist(x,0X) = d as well. If x € 9%/ , then we immediately conclude that d <d. If x does not
belong to 8%, then, by using the uniform exterior connectedness property of X, for any s < §(d)
we can find a point x| € X’ such that dist(x;, X) = dist(x;, %) > s. Therefore

sdy<d<d (2.18)
or, in other words,
d<sYd)y<s () (2.19)

where 57! : (0, +00) — (0, +00) is a nondecreasing right-continuous function defined as fol-
lows

8~1(r) = min{sup{s : 8(s) <r},2R} forany > 0. (2.20)
On the othgr hand, let x € 82: be such that dist(x, 9X) = d. If x does not belong to X, then
dist(x, X) =d hence d =d < d. If x € ¥, then Ba(x) C X. Hence, by the properties of the

boundary of X', there exists a positive constant Cy, depending on the class A only, and a point
x1 such that Bc.é(x]) C Bg(x)\Z’. We can conclude that

Cid<Cid<d<8"a) <57 '. (2.21)

Let us notice that we also have the following property that will be of use later on. If Cy =
(C1 + 1)/Cy, then

TAY C B (0%) N B ;%) (2.22)

In fact, if x € £'\ X, then dist(x, %) < d, therefore x € B;(9%). That is dist(x, d%') < d +d.
Finally, there exists a constant C3, depending on the class A only, such that forany 7,0 <t < 1,
we have

|B:(0%)| < Cst. (2.23)

We consider the following direct scattering problem. Fixed ¥ € A, for a fixed wavenumber
k > 0 and a fixed direction of propagation v € S¥ !, let the incident field u' be the corresponding
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time harmonic plane wave, that is u’(x) = e**?, x € R¥. The incident wave is perturbed by the
presence of the scatterer X through a scattered wave, characterized by its corresponding scattered
field u®. The total field u is the solution to the following exterior boundary value problem

Au+kPu=0 inRVM\ 2

u=u +u* inRV\¥

B.C. ondx (2.24)
a N

lim rN—D/2 <8L — ikuS) =0 r=|x|,

r—00 r

where the last limit is the Sommerfeld radiation condition and corresponds to the fact that the
scattered wave is radiating. The boundary condition on the boundary of ¥ depends on the charac-
ter of the scatterer X. For instance, if X is sound-soft, then u satisfies the following homogeneous
Dirichlet condition

u=0 onodXx, (2.25)
whereas if X is sound-hard we have
Vu-v=0 ondXx, (2.26)

that is a homogeneous Neumann condition. Other conditions such as the impedance boundary
condition or transmission conditions for penetrable scatterers may occur in the applications.

We recall that the Sommerfeld radiation condition holds uniformly with respect to all direc-
tions £ = x/||x|| € S¥~! and it implies that the scattered field has the asymptotic behavior of an
outgoing spherical wave, namely

. ciklx] R 1
b (x) = T {uoo(x) +0 (M) } , (2.27)

where £ = x/||x|| € S¥ ! and uy, is the so-called far-field pattern of u®. In particular, the scat-
tered field satisfies the following decay property for some positive constants £ and R

lu* (x)| < Ellx||~N=D/2 for any x € RN so that ||x|| > R;. (2.28)

We refer to [22] for further details, such as existence and uniqueness of the solution, on the
direct scattering problem (2.24). For an introduction to the corresponding inverse problems see
for instance [4,12].

Let us fix constants 0 < k < k and let us denote, for any N > 2,

[k, k] if N =2,

“1 % ifN=3. (2.29)

N

Proposition 2.12. Let us fix constants 0 < k < k and let Iy be defined as in (2.29). Let A be as
defined at the beginning of the subsection.
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Fixed > € A, ke Iy, and v eSN~! et ui(x) =k x e RN, and us kv be the solution to
(2.24), with boundary condition (2.25) or (2.26), and usE kv be its corresponding scattered field.
Then there exists a constant E, depending on A and Iy only, such that

lus xo(x)| < E foranyx e RV\X. (2.30)

Furthermore, there exists a constant E1, depending on the constant E in (2.30), Iy, R and N
only, such that for any ¥ € A, any k € Iy, and any v € SN ~! we have

) < Ellx ™YY7 for any x e RN so that |Ix|| > R + 2, (2.31)
and
VU N < Erllx ™™D for any x e RN so that ||x|| = R + 2. (2.32)

Proof. First of all, we show that there exists a constant £, depending on .4 and Iy only, such
that

lus kol 2Bgis\z) < E forany X € A, any k € Iy, and any v € sV-L (2.33)

This is an immediate consequence of Proposition 3.2 and Theorem 3.9 in [17] for the sound-hard
case and of Lemma 3.5 in [18] for the sound-soft case. Already from this first bound we can
easily infer that (2.31) and (2.32) hold true.

The main idea of the proof needed to improve the uniform L? bound in (2.33) to the uniform
L one contained in (2.30) is the following.

Let x € 9% and let us exploit Condition ii) of Definition 2.7. By a change of variables,
a reflection argument and standard regularity estimates, we infer that we can bound |u| almost
everywhere in B, (x) by a constant C 1, Where r» and C 1 depend on r, rq, C and the L2 norm of
u which is bounded by (2.33).

This procedure allows to estimate |u#| in a neighborhood of 9. Away from dX the estimate
is completely standard. O

Let us fix ¥ and ¥’ belonging to A, A as defined at the beginning of the subsection. We
also fix k > 0 and a direction of propagation v € S¥~!. Let u be the solution to (2.24) with
boundary condition (2.25) or (2.26). We denote by u* the corresponding scattered field and by
U its far-field pattern. Moreover, u’, (u*)” and ugo denote the same functions when X is replaced
by X’. Finally, we fix positive R; and ¢ such that R+ 1+ 5 < R;.

By Proposition 2.12, we have that

lu(x)| + |/ (x)] < E forany x € R3, (2.34)
where E depends on k and A only and it may be assumed to be greater than or equal to 1, and u
and u’ are extended to 0 on X and X', respectively.
Let us fix a point xg € RY such that R+ 14/ < ||xo|| < R;. Forafixede,0 < ¢ < E, let

ll — 1| oo (B (xg)) < &- (2.35)

We call ¢ the near-field error with limited aperture.
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Then, let &1 > 0 be such that
/ _
= w7l ooy 5\ B0 = €1 (2.36)

We call ¢; the near-field error.
Finally, if

oo — Ll:)O”Lz(SN—l) < é€o, (2.37)

&o will be referred to as the far-field error.
We investigate the relations among these errors. First of all, let us recall that a three-spheres
inequality holds for the Helmholtz equation, provided the larger ball has a radius bounded by a
constant pp, po depending on k only, see for instance [2] or for a version suited to our case [20,

Lemma 3.5] which we state here for the convenience of the reader.

Lemma 2.13. There exist positive constants pg, C and c1, 0 < c1 < 1, depending on k only, such
that for every 0 < p1 < p < p2 < po and any function u such that

Au+ku=0 inB,,,
we have, for any s, p < s < pa,
lullzeqs,) < (L= (o/s) ™ Plull g Il s, ). (2.38)
for some B such that

c1 (log(p2/s)) [ (log(p2/p1)) < B <1 —c1 (log(s/p1)) [ (log(p2/p1)) - (2.39)

By an iterated application of this three-spheres inequality, we have that there exist positive
constants C and «, 0 < « < 1, depending on E, p, Ry and k only, such that

g <eg <Ce“. (2.40)

Moreover, there exist positive constants &y < 1/e and Cy, depending on E, R, p, R| and k
only, such that if 0 < g9 < &g then

o . _ _ _ 1/2
it =l B = T1E0) = exp (=Ci (= logeo) ) (241)
that is

e <e1 = i) =exp (—Ci(~loge)'/?). (242)
This estimate follows immediately by the results in [ 10] for N = 3 and with an easy modification
for any other N > 2, see for instance Theorem 4.1 in [21].

If we wish to reduce to obstacles only, we use the class of admissible obstacles Ayps. In
particular, we set Agpss = Dopst (1, L, R).
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It is important to notice that § in this case may be chosen to be as in (2.3), therefore §~! may
be chosen to be C»d for any d, for some constant C depending on r, L and R only, that is,
(2.21) becomes

C1d < Ci1d <d < Crd < Cad. (2.43)
Finally, if we wish to use classes of admissible polyhedral scatterers or obstacles, fixed the

size parameter i > 0, we use A" = Mt(r L,R,ri,C,w,38) for general scatterers and A"
(r, L, R) for obstacles.

obst —

obst

3. The main stability results

In this section we present our stability results for the determination of sound-hard polyhedral
scatterers. We distinguish them with respect to the number of scattering measurements used.

In this section we fix positive constants r, L and R, 0 < r; <r and C > 0. Let us also fix
w: (0, 400) = (0,400) and § : (0, +00) — (0, +00) two nondecreasing left-continuous func-
tions. We recall that w () < t, that lim,_, ;o @(¢) is equal to a finite real number which we call
w(+00), and that §(¢) <t for any t > 0. We fix the wavenumber k > 0. Finally, we fix positive
Ry and psuchthat R+14+p <R 1. We refer to these constants and functions, including N, as
the a priori data and we let A = B‘gca,(r L,R,r1, C w, ) be the class of scatterers defined in
Definition 2.10. As before, for any fixed # > 0 we call A" = Scm(r L,R,ri,C,w,8) the set of
scatterers ¥ € A such that ¥ is polyhedral with constants & and L.

We call : (0, 1/e) — (0, +00) the following function

n(s) = exp(—(log(— logs))l/z) foranys, 0 <s < 1/e. 3.1

3.1. Polyhedral scatterers with N measurements

We fix N linearly independent unit vectors vy, ..., vy. We notice that, given N linearly in-
dependent unit vectors vy, ..., vy, there exists a positive constant ag, depending on the vectors
Vi, ..., UN, such that

min { max_|v; - vl} > agp. (3.2)
veSN-1 | jell,...N}

In fact, max je(1,..., vy |v; - v| is a continuous function of v € SN=1 which never vanishes.
We also fix a point xg € RY such that R + 1 4+ 5 < ||xo] < R.

Theorem 3.1. Let N > 2. Fix h > 0. Let %, Y’ belong to A" and let d be defined as in (2.16). For
any j=1,...,N, letu' (x) = e*xvi x e RN, and let u;j be the solution to (2.24) with boundary
condition (2.26) and u’/ be the solution to the same problem with . replaced by X'.

If

maxfluj — illLoo (B (xo)) < € (3.3)
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for some ¢ < 1/(2e), then for some positive constant C depending on the a priori data and on ag
only, and not on h, we have

min{d, h} < 2eR(n(e))C. (3.4)
Therefore,
d <2eR(n(e), 3.5)

provided & < &(h) where

. _ . h o \1/C
e(h)zmm{l/(2e),n ((ﬁ) )} (3.6)

With little modification, we obtain exactly the same stability result if ¥ and ¥’ are sound-soft
scatterers instead of sound-hard ones, even if we reduce the number of measurements from N
to 1. That is, as a byproduct of this work, we can significantly extend Theorem 4.1 in [20] to a
much more general class of scatterers, namely A" and to any dimension N > 2. We state such
result in the following theorem.

Theorem 3.2. Let N > 2. Figc h > O.. Let T, X/ belong to A" and let d be defined as in (2.16).
Let us fix v e SN~ and let u' (x) = e***Y, x € RN. Let u be the solution to (2.24) with boundary
condition (2.25) and u’ be the solution to the same problem with . replaced by ¥'.

If
llu — M’llLOO(B;,(xo)) <e 3.7

for some ¢ < 1/(2e), then for some positive constant C depending on the a priori data only, and
not on h, we have

min{d, h} <2eR(n(e))€. (3.8)
3.2. Polyhedral obstacles with fewer measurements

It is well-known that in general N — 1 scattering measurements may not be enough to uniquely
determine a polyhedral sound-hard screen. However, if we limit ourselves to polyhedral obsta-
cles, that is to polyhedra, then a single measurement is enough, see [6,7].

Here we restrict ourselves to obstacles and we aim to obtain corresponding stability estimates
with a minimal number of scattering measurements.

For technical reasons we limit ourselves to N =2 or N = 3 only. Let us then fix N € {2, 3}
and positive constants r, L and R. We fix the wavenumber k > 0. Finally, we fix positive R and
o and a point xg € RY such that R + 1 + 5 < ||xo|| < R;.

We let Aypss = ﬁgbst(r, L, R) be the class of scatterers defined in Definition 2.10. For any
fixed h > 0, we call ’Astt = @é‘bst(r, L, R) the set of obstacles T € A,ps such that T is polyhe-
dral with constants & and L.

We recall that, for some constants and functions depending on r, L and R only, we have
ZA)(,bst(r, L,R) C B‘m;(f , Z, R,r1, C,w, 8). Therefore, in this case we may set the constants r,
L, R, k, Ry and p, including N, as the a priori data.
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We begin by investigating an intermediate case, namely the one with N — 1 scattering mea-
surements.

Theorem 3.3. Let N = 2,3. Fix h > 0. Let X, ¥’ belong to ‘Agbsz and let d be defined as in
(2.16).

If N =2, let us fix v e S! and let u' (x) = e**?, x € R2. Let u be the solution to (2.24) with
boundary condition (2.26) and u’ be the solution to the same problem with . replaced by ¥'. We
let ¢ > 0 be such that

llu — M/lle(Bﬁ(xo)) <e. (3.9

If N =3, let us fix vi, va € S?, with |v1 - va| = bo < 1. For any j = 1,2, let u’ (x) = e,
x € R3, and let uj be the solution to (2.24) with boundary condition (2.26) and u’j be the solution
to the same problem with % replaced by ¥.'. We let € > 0 be such that

]IEfliXZ lluj — 'l Loo(B;xp)) < €- (3.10)

There exists a constant £1(h), 0 < £1(h) < 1/(2e), depending on the a priori data, on by if
N =3, and on h only, such that if ¢ < £1(h), then for some positive constants A1, depending on
the a priori data only, and C, depending on the a priori data, on by if N =3, and on h only, we
have

d < Ai(ne)©. (3.11)

The main difference with respect to the sound-hard case with N measurements or the sound-
soft case is that here we do not have an explicit dependence of & (k) from h, which in Theo-
rems 3.1 and 3.2 is given by (3.6), and that the constant C depends, again in a rather implicit
way, on / too.

We finally consider the case of a single scattering measurement. We restrict here to N = 3,
since N = 2 is clearly covered by the previous theorem.

Theorem 3.4. Let N =3. Fix h > 0. Let £, ¥/ belong to Aﬁm and let d be defined as in (2.16).
Let us fix v e S? and let u' (x) = e**V, x € R3. Let u be the solution to (2.24) with boundary
condition (2.26) and u’ be the solution to the same problem with . replaced by ¥'.

There exists a constant £y(h), 0 < &(h) < &€1(h) < 1/(2e), depending on the a priori data

and on h only, such that if

llu — | oo (B (o)) < & (3.12)

for some ¢ < £,(h), then for some positive constants Ay > Ay, depending on the a priori data
only, and C1 < C, depending on the a priori data and on h only, we have

d < Ax(n(e) . (3.13)

Remark 3.5. We finally notice that, by the arguments developed in the previous section, we can
easily infer corresponding estimates of Theorems 3.1 and 3.2, and of Theorems 3.3 and 3.4, if we
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replace d with d=d n(Z, X)) or d=d 1 (0%, 0%’) or the near-field error with limited aperture
& with a near-field error ¢ or a far-field error eg on the corresponding solutions. In the first case,
it is just enough to use (2.21), with ! defined as in (2.20) and C; > 0 depending on the a priori
data only, for the first two theorems, and to use (2.43), with C; > 0 and C» depending on the
a priori data only, for the second two theorems. For the second case, by (2.42), we have exactly
the same results if we replace ¢ with the near-field error ¢1. If we use the far-field error ¢ instead,
then we need to replace ¢ with n;(eg), 71 as in (2.42), noting that in this case we can choose p
and R; as depending on the other a priori data.

4. The general geometric construction

In this section we assume that the assumptions of Theorem 3.1 are satisfied. The a priori data
will be the one defined at the beginning of Section 3.

Moreover, for the whole section we shall fix j € {1, ..., N} and we shall consider the solutions
with respect to the incident direction of propagation v = v}, therefore the subscript j will be
always dropped.

We call H the connected component of G N G’, where G’ = R¥\ X/, such that R¥\ By is
contained in H. We shall also use the following definition.

Definition 4.1. A sequence of balls By, (z;), i =0, ..., n, forms a regular chain, with respect to
an open set G, with constants 0 < a; < ap < a3z < 1 < ay if the following properties are satisfied:

i) forany i =0,1,...,n, By, (z;) CG;
ii) forany i =1,...,n, we have p; < p;—1 and By, (z;) C Ba,p,_,(zi—1) and, for any i =
0,...,n—1, wehave By, (2i) C Bayp;,, (Zit1)-

We have the following lemmas with simple proofs that we leave to the reader.

Lemma 4.2. Let Uy and Uy be two open sets and let T : U — Ui be a bi-wh>® mapping with
constant C.

Let B, (Z;), i =0,...,n, be a regular chain with respect to U, with constants 0 < a; < a» <
az < 1 < ay. Then, if we call z; =T~ Y(Z;), pi =pi/C, i =0,...,n, and a) = ay, as = a4, we
have that B, (z;), i =0, ...,n, is a regular chain with respect to Uy with constants 0 < a; <

ay < az < 1 < aq provided
aj<Cli<ay<az<1 and a; <C?az<az<1.

Lemma 4.3. Let C be an open cone with amplitude 6, 0 < 6 < 1 /2, and radius r. For simplicity
we assume that its vertex is in the origin and that its bisecting vectoris en. We set 0 < ay < az <
a3 <1 <ag andwe call 0 < c¢1 =sin(0)/as < 1. Given ¢, 0 < ¢ < c1, we fix zo = (r/2)en and
p0, €2(r/2) < po < c1(r/2).

We can construct a regular chain By, (z;), i =0,...,n, with respect to C with constants
0<a <ay <az <1 < ay, in the following way. For any i = 0,...,n, we can choose
zn = D" (r/2)en and p, = b" py provided the constant b satisfies

1—ayer 1+ac

0<max{ }§b<1. “.1)

1—aica’ 1+aze



H. Liu et al. / J. Differential Equations 262 (2017) 1631-1670 1655

We now proceed to describe the geometric construction needed for the proof of Theorem 3.1,
and of the other stability results as well. We divide the construction into several steps, proving
alongside their corresponding estimates. Without loss of generality, up to swapping X with X/,
we can find x| € 3X'\ X such that d = dist(x, X) = dist(x{, X).

Step I: from x to x;. We construct a sequence of balls By, (z;), i =...,—n,—(n —1),...,
0,...,no forming a regular chain with respect to G, with constants 0 <a; <ay <a3 <1 <
as = 8 and po depending on the a priori data only, and such that the following conditions are
satisfied.

First, zo = xo and z,, = x1. Second, po is a positive constant, depending on the a priori data
only, such that 16p9 < min{p, pg, r1/ C}, where py is the positive constant depending on k only
that bounds the radius of balls where the three-spheres inequality of Lemma 2.13 holds. On the
other hand, p,, = sod, where s¢ is a positive constant depending on the a priori data only. Third,
foranyn =1,2,...,wepick z_, = xo+n(po/4)(xo/llx0ll) and p—,, = pg. Finally ng is bounded
by a constant, depending on the a priori data only, times log(2eR /d).

The sequence is constructed as follows. Let y; be a point of X such that |x; — y;| =d. We
recall that B;(x1) C G.

If d = r1/3, then we use the exterior connectedness property of ¥ and may easily construct
such a chain keeping the radius p, = po for any n < ng, that is simply constant and depending
on the a priori data only. In this case we easily infer that ng is bounded by a constant depending
on the a priori data only as well.

If instead d < r1 /3, we proceed in the following way. Let U be the connected component of
G N B, (y1) containing By (x1). In particular we have y; € 90U. By Condition ii) of Definition 2.7
applied to yj, we have the transformation T : Q — U’ and we consider the point ¥; = 77! (x1).
We call 3, the point in Q such that j» = (¥],3/4) and y, = T'(32). We have that Bd/é(il) C
O and that dist(¥1, dQ\I') > @(2r1/3). In particular, ||%}|| < 1 — »(2r1/3). We conclude that
dist(y2, X) is greater than or equal to a constant depending on the a priori data only. By the
exterior connectedness property of ¥ we construct such a chain first from xo to y,, keeping
the radius constant and depending on the a priori data only. We notice that this part requires
a number of balls that may be bounded by a constant depending on the a priori data only. In
order to proceed from y, to xj, we use Lemma 4.3 to construct a regular chain in Q, with
suitable constants, connecting y, to X;. Then our chain in G is obtained by using Lemma 4.2
and we easily infer that the number of elements of such a chain may be bounded by a constant,
depending on the a priori data only, times log(2eR /d), therefore the claim is proved.

Let us finally notice that here the geometric construction is different from that of [20]. It is
actually more general and more complicated and allows us to consider a wider class of admissible
scatterers.

Starting from zo = x9, we take j; € {1,...,no} such that, for any i =0,1,...,j — 1,
B, (zj) C H and By, (zj;) N ' # (. We apply the three-spheres inequality of Lemma 2.13
as follows. Forany i =0, 1,...,j — 1,

’ /
llu —u ||LOO(Ba|ﬂi+1(Zi+l)) <llu—u ”LOO(BaM @) =

1-Bi

’ 7 Bi
=Cllu—u ||Loo(3,,i @ llu —u ”LOC(BW,- @)’

where any §8;,i =0, ..., j — 1, satisfies
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O<a<Bi<b<l

with a and b depending on k only.
If i,i=0,1,2,..., are positive constants, we shall use the following notation for any j =
0,1,2,...

Recalling that [u — /|3y < E and that lu — u'[|Lo(8;(x)) < &, and by iterating the
previous estimate, we obtain

=B, o < €PNV E!Timtgline, 4.2)
1

Step II: towards the cell and back. We call h =min{d, h}. Following the notation of the previ-
ous step, we set z =z, and p = pj,. Then, By, ,(z) C H, Bg,,(z) C G, with a4 = 8, and there
exists w € X’ such that ||z — w|| < p and Bj;—y|(z) C H. Let U be the connected component
of G’ N B, (w) containing z. Clearly w € 9U. Let C’ be one of the cells of 3%’ such that w € C’
and C' N By, p(w) C 8U.

We call IT’ the plane containing C" and, up to a rigid change of coordinates, without loss of
generality, we assume IT' = {y € RV : yy = 0}. By the properties of C’, C’ satisfies a uniform
cone property, namely there exist @y € S¥=1'N 1T and constants ¢;, 0 <¢; < 1,and 0, 0 <0 <
7/2, depending on L and R only, such that C(w, wy, cith,)NII’' cC'n By, 2(w) COU.

By looking at the points on the bisecting line of C(w, w1, ¢ 1?1, 6), we may find w; on this line,
that is w; = w + slﬁwl, such that Bszﬁ(wl) C By p(w)N B7p/(462)(w), and BsQﬁ(wl) NI c
C'N B, s2(w) C 0U, for some positive 51 and s> depending on the a priori data only.

We claim that there exists s3, 0 < 53 < 52, depending on the a priori data only, such that, up to
changing the orientation of ey, we have BJr (wy) CU.

The proof of this claim is the followmg We apply Condition ii) of Definition 2.7 to w, and
we consider the corresponding transformation 7 : Q — U’. For some ¢ > 0, possibly taking s,
slightly smaller but still depending on the a priori data only, we have that (Bs2 ;(w) NTT) x
(0,e] C U N By, j2(w). The function T~ restricted to such a set is bi-Lipschitz onto A C Q. We
observe that A has a positive distance, depending on | and w only, from d Q\T.

It is not difficult to show that 7~' can be extended to a function 7' in such a way that

-1, (Bs2 pwi) N IT) x [0,e] = A is still bijective, with inverse 7, and thus bi-Lipschitz.
We conclude that also 7! : (szﬁ (w) NTT") = ANT is bijective, with inverse 7', and thus

bi-Lipschitz. Then let us fix a, 0 <a < szfz such that B (w) C U N By, ;2(w) C U’ If a can be

chosen to be s>/, the claim is proved, otherwise we assume that there exists y € U’ such that
y € B;;ﬁ(wl) and ||y — wi|| = a. Actually, y € 90U N By, ;2(w). Then we call w; = T (wy),
thus 7'(w;) = wy, and, by a similar reasoning, extending T~ up to the closure of B (wy), we
can find y € T" such that T(y) =y and ||y — ]| < Ca. Moreover, we also have that y ¢ ANT.
But B h/C(wl) NT Cc ANT, therefore Ca must be greater than szh/C that is, a > szh/C2 and
the clalm is proved.
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Then we notice that, through an even reflection, we can extend u’ on Bs3 7 (wr) by setting
u'(y) = u' (T (y)) for any y € B_]A(w1). In this way u’ solves the Helmholtz equation on the
s3h

whole Bs;ﬁ(wl)' We notice that BS;;l(wl) C G, therefore on HU BS3ﬁ(w1) both u and u’ are well
defined and solve the Helmholtz equation.

We construct a regular chain, with respect to H U B ;(w1) and with constants depending on
the a priori data only, satisfying the following properties. The first ball is centered in z and it has
radius less than or equal to p, whereas the last ball is BS5 j (w1) with 55 depending on the a priori
data only. Finally, the number of balls of such a chain is bounded by a constant depending on the
a priori data only times log(2eR/ h).

The argument is the following. By a reasoning similar to the one used before, we can
find @ € I such that T(W) = w and ||@; — || < Cs1h. Since B7,(w)NU C H, we have
T(B;,,&(W) N Q) C H. Since 51 > 53, we have T‘l(Bgil(wl)) C By, (). Without loss of

generality, we require that 2Cs i < 7p/(2C), that is, T~ (B:r;l(wl)) C By, /06 (@) N Q.

Then we perform the following construction. Take wg on fﬁe segment connecting z to w such
that lwg — w| = 7,0/(4@2), if this number is less than ||z — w||. Otherwise we pick wo = z. We
observe that T~ (wp) € B7p/(25)(1b) NnQ.

We construct a regular chain of balls, with a number of balls bounded by a constant depending
on the a priori data only, contained in B);—) (z) C H and connecting z to wo. We consider w, =
wy + S4ﬁeN so that BS5 j(w2) C B;fl (w1). Then with a construction similar to one described

before during Step I, which exploits the properties of the change of variables T, we can extend
our regular chain, which is still contained in H, from wyq till we connect to w;. The number
of steps required at this stage is of the order of a constant times log(2eR /fl). Then we move
along the segment connecting w, to wi and, with a finite number of steps depending only on the
a priori data, we are able to reach w; and thus conclude the construction.

We notice again that, as in the first Step I, the construction developed here is much more
general and much more involved than that used in [20]. Overcoming this technical difficulty is
the key ingredient to obtain our results for a more general class of admissible scatterers than the
one used in [20].

Again by a repeated use of the three-spheres inequality, and by recalling (4.2), we obtain that

— 0 < 1‘i'anl 1-Tp—1 Th-1
‘ 1)) —
lu—ullL (B, i (01) C E & 4.3)

where, for some constants Cy and a, b, with0 <a < b < 1, depending on the a priori data only,
we have

~ 2eR 2eR .
n <Ci|(log 7 + log v and a<pB;<bforanyi=0,...,n—1. 4.4)

We then apply a reflection argument. We call IT; = IT’ the hyperplane containing the cell C'.
Moreover, v; will be the unit normal to ITy and 77 = T, is the reflection in IT;. We define X as
the reflection of ¥ with respect to the plane 1}, G| = R3\21, and u as the even reflection of u
with respect to the same plane I1;, namely for any x € RY, we set u;(x) = u(Tm, (x)). Without
loss of generality, and since a4 = 8, we can assume that Bssﬁ(wl) C By,(z) C Bgy(z) C G,
therefore B, (z) C B3p(w1) C B4p(w1) C GNGy. Both u and u; satisfy the Helmholtz equation
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on By, (wy). Notice that Vu'- vy =0 on IT; N Bs;ﬁ(wl)’ therefore u’ = u’ o Ty, and
u—ur=u—u +u —u; =(u—u/)—(u—u/)oTnl.
We can conclude, using (4.3), that

(wpyy <2CFB EITrglor (g 5)

/
lu = urllzoos, oy = 2lu—ullies,

Then by using the arguments of Step IV of Section 5 in [20], we obtain that
[ — uq ”LOO(BP_J'I @) < C1+Bn (2E)17F118Fn (4.6)

where C > 1 and 2E > 1 are constants depending on the a priori data only, (4.4) is satisfied and
B, satisfies

Clm <Bi=<1l—c +C1M,
log(c200/h) log(cap;/h)

with ¢1, ¢2 depending on the a priori data only.
Finally, we call w; the first reflection point and I1; the first reflection hyperplane.

Step III: returning back towards xo and infinity. Let us begin by fixing a constant R, >
max{2R1, 4R}, depending on the a priori data and on aq only, such that

~(N-1)/2

E R2 < ka0/2
where Eq is as in (2.32).
Let us now consider the regular chain of balls B, (z;),i=...,—n,...,—1,0,1..., ji, we
have constructed in Step I. We have that By, (z,) is contained in G1. We proceed backwards
along the chain, until we find j>, j» < ji, such that, forany i = j>+1, ..., ji, we have By, (z;) N

G1 =0, whereas Bpj2 (zj,)NG1 # 0. Then, we apply Step Il to u, u1, ¥ and X;. We find a second
reflection point wy and a second reflection hyperplane IT,, with unit normal v,. By reflection in
such a hyperplane IT,, from ¥ we obtain ¥, and from u we obtain u5. In a completely analogous
way as in (4.6), we may estimate |u — u2||L°0(Bﬂj2 (@),

We repeat this procedure as many times as needed, until we reach z_,,, where n is an integer
bounded by a constant depending on the a priori data and on ag only, with R3 = |[z—,, || >
2R, + 2. Fixed a hyperplane IT, to be decided later, that is passing through a point belonging to
Bpr,+1,and a point Z € d Bg, NI, by a regular chain of balls with constant radius pg, we proceed
from z_,, along the boundary of d Bg, towards the point Z € 9 Bg, N I1.

Before reaching z, we have done M reflection procedures as in Step II, where M is a positive
integer bounded by n¢ plus a constant depending on the a priori data and on ag only.

We now distinguish between two cases. In the first, setting 9 = X’ and ug = u’, we assume
that there exists a reflection point w, € 0%,,—1, | <n < M, as above with ||w,| > R» + 1. Then
we have, since Vu,,_1(wy) - v, =0,

Vu(wy) - vy =V —uy—1)(wy) - vy.
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Otherwise, in the second case, we can assume that the last reflection point wy; is such that
lwyll < R + 1 and, without loss of generality, we may pick IT = I1y,. Then, since uy =
u o Tm,,, we have Vuy (Z) - vy = —Vu(Z) - vy, hence

2Vu@@) vy =Vu—upy)@) -vy.

In either cases, picking either z = w, or z = Z, we can prove the following lemma, see [20,
Section 5] for further details on the computations.

Lemma 4.4. We can find a point z, ||z|| > Rz + 1 and a unit vector v such that
h|Vu(z) - v| < Coez 4.7)
where for some B;i, i =0,...,n,
g2 < C1HBiE)!Tngln, (4.8)
with C > 1, 2E > 1 and
n < Clog(2eR/d)(log(2eR /d) + log(2eR /).
Furthermore, there are at most M < C) log(2eR/d) of these B such that

log(8/7)
= O
log(c2p0/h)

and they are never consecutive ones, and all the others satisfy 0 <a < <b < 1. Here Cy, C,
E, a, b, c1, ¢z, C and C1 depend on the a priori data only.

This lemma concludes the general geometric construction that is the basic step for proving
our stability results.

5. Proofs of the stability results

In this section, using the geometric construction of the previous Section 4 as a starting point,
we prove our stability results. For the N measurements case the conclusion is straightforward,
whereas if we consider less than N measurements, we need to develop new arguments.
5.1. The N measurements case

We conclude the proof of Theorem 3.1, and thus also of Theorem 3.2.

Proof of Theorem 3.1. By Lemma 4.4, and using its notation, we have forany j=1,..., N

j=1,...,
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Therefore, using Proposition 2.12 and our choice of Ry, forany j=1,..., N, we have
Co
Klvj - vl = kao/2 < |Vuj (@) - v| < —Cea.
Therefore, choosing one of the available incident waves we can infer that

C
kao/2 < 7%2. (5.1)

Then, by straightforward although lengthy computations, see [20, Section 5] for further de-
tails, the proof may be easily concluded. O

5.2. The N — 1 measurements case

Here we assume that the hypotheses of Theorem 3.3 are satisfied. Since we would like to keep
our argument as general as possible, let us assume for the time being that N > 2 and that we have
fixed N — 1 linearly independent directions vy, ..., vy—1.

We need the following lemma.

Lemma 5.1. There exists a constant ag > 0, depending on the a priori data only, such that for
any direction v, and any polyhedral ¥ € Aypsi, we can find a cell C in 3%, with unit normal v,
such that |v - v| > ay.

Proof. Let us assume, by contradiction, that such a positive constant ay does not exist. Then we
can find a sequence of polyhedral obstacles ¥, € A, and of directions vy, n € N, such that,
for 7V ~! almost any point x of dX,, we have |v(x) - v,| < 1/n. Without loss of generality,
we can assume that, as n — 0o, X, converges, in the Hausdorff distance, to 3 € A, and that
v, — v € SV, We can conclude that for #V~! almost any point x of 3% we have |v(x) -v| =0,
which is impossible since X is an obstacle. 0O

We begin with the following interesting and not that difficult case. Let us consider the geo-
metric construction of the previous section, in particular Lemma 4.4. If the point z defined there
is a reflection point w,,, then a single measurement would be enough to obtain a stability result.
In fact the following result holds.

Proposition 5.2. Let N > 2. Fix h > 0. Let X, ¥/ belong to Azbn and let d be defined as in
(2.16). Let us fix v e SN! and let u' (x) = e**?, x e RN. Let u be the solution to (2.24) with
boundary condition (2.26) and u’ be the solution to the same problem with X replaced by %'.

Let us assume that
llu — | oo B, (o)) < &

for some ¢ < 1/(2e).
Let us further assume that the point z defined in Lemma 4.4 is a reflection point. Then for
some positive constant C depending on the a priori data only, and not on h, we have

min{d, h} < 2eR(n(e))C.
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Proof. The main idea of the proof is the following. Let z = w, € X£,_; be the reflection point
such that ||z|| > Ry + 1. We consider o the connected component of X, _; containing z and we
find, using Lemma 5.1, a point Z € do such that |v(Z) - v| > ag.

Clearly o is far away from X, therefore we are able to modify our regular chain by moving
around do till we get close to the point z € do and we can use such a point Z as a reflection point.
Therefore the proof follows as in the proof of Theorem 3.1, simply by replacing ag by ap. O

The difficult part arises when the assumptions of Proposition 5.2 are not met, namely when
in the geometric construction of the previous section we have M reflection points, all of them
contained in Bg,+1.

In the sequel, without loss of generality, we assume that in our geometric construction we
have M reflection points, all of them contained in Bg,+. Using the construction of the previous
section, we can reach with a regular chain any point Z € (Bag,+3\B2r,+2) N I1ys. Therefore, for
any j=1,..., N — 1, we have

Aj= max [Vu;(z)-v| < Coea (5.2)

Z€(Bary+3\Bar,+2)NIly

where v = vy is the unit normal to 13, and Cy and e; satisfy the same properties as those in
Lemma 4.4.

Let us illustrate what is the difficult point. In order to obtain our stability result we need
to match the upper bound in (5.2) with a corresponding lower bound. Let us begin with the
following remark. Letv =v;, j € {1, ..., N — 1}, be one of the incident directions of propagation
and, for the time being, let us drop the subscript j from our solutions. Let us call

A= max IVu(z) - v|.
Z&€(BaRr,y+3\Bary+2)NIly

Can A be equal to 0? Indeed this can happen, although only in certain circumstances. Namely,
we claim that A =0 if and only if v- v =0 and X is symmetric with respect to the hyperplane
[Tps. One direction is obvious, let us show the more interesting one, that is, A = 0 implies that
v-v =0and X is symmetric with respect to the hyperplane IT,.

In fact, if A =0, then |Vu - v| =0 on (B2g,+3\B2r,+2) N Iy and, by unique continuation,
we actually have that |Vu - v| = 0 on (RV\Bg) N I1j,. By the decay properties at infinity of
Vu?®, this may hold only if v - v = 0. Moreover, we can easily infer that u is even symmetric
with respect to ITy. Let us call & the complement of the unbounded connected component of
RM\(Z U T w(2)). We have that Yisa polyhedral obstacle which is symmetric with respect
to Iy and that u solves (2.24) with boundary condition (2.26) also with ¥ replaced by >, By
the uniqueness result for sound-hard polyhedral obstacles with a single measurement, [6,7], we
immediately infer that ¥ = ¥ thus ¥ itself is symmetric with respect to ITy;.

Therefore, in order to bound A away from 0, we need to guarantee either that X is not
symmetric with respect to a hyperplane whose normal is orthogonal to v or, if ¥ is actually
symmetric with respect to a hyperplane whose normal is orthogonal to v, that IT,, is different
from such a hyperplane. As we shall see, if we use N — 1 measurements, instead, in order to
bound max;—;,.. ny—1A; away from zero, we need to guarantee either that ¥ is not symmetric
with respect to a hyperplane whose normal is orthogonal to any v;, j=1,..., N — 1, or,if X is
actually symmetric with respect to such a hyperplane, that IT,, is different from it.
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Here lies the main difference between the N — 1 measurements and 1 measurement case. In
fact, in the N — 1 measurements case, for any obstacle X there is at most one hyperplane whose
normal is orthogonal to any v;, j =1,..., N — 1, with respect to which ¥ is symmetric. On
the contrary, with only one measurement, for any obstacle ¥ there might be many hyperplanes
whose normal is orthogonal to v with respect to which ¥ is symmetric. This is the main reason
why the N — 1 measurements case is relatively simpler and the corresponding result is somewhat
stronger.

We then first consider the N — 1 measurements case, leaving the 1 measurement case to the
next subsection. Another difficulty is that we not only need to bound max;—i, . ny—_1A; away
from zero but that we require a suitable quantitative estimate of max;—;,. y—1 A; from below.

Let us begin with the following definitions. Let us call [T = span{vy, ..., vy_;}. For any
¥ € Aopsi» we denote with P(X) its center of mass and I[1(X) = [T+ P(X). We define Asym the
set of X € Agypsr such that ¥ is symmetric with respect to 1:1(2).

We then define the metric space

X ={IT: Ilis a hyperplane in RN passing through Bg,41}
with the distance
d(Iy, ITy) =dy (ITy N Bag,+1, 12 N Bog, 1)  forany Iy, I € X.

Finally, we call X' = Aopst X X, with the standard metric of the product of two metric spaces,
and Y = {(Z,T1(X%)) : £ € Agm} C X.
We have the following preliminary properties.

Proposition 5.3. We have that ¥ — P(X) is a Lipschitz continuous function on Agps endowed
with the Hausdorf{f distance, with a Lipschitz constant depending on the a priori data only. Con-
sequently Agyy is a closed subset of Aopst and Y is closed in X.

Proof. This is a straightforward consequence of (2.22), (2.23) and (2.43). O

Lemma 5.4. Let ¥ € Ayy. For simplicity, let us assume that l:I(Z) = {yny = 0}. Then we call
Gt={yeG: yy 2 0} and we have that G® are Lipschitz domains with constants depending
on the a priori data only.

Proof. The difficult part of the proof is to consider the points z of dG* such that z € 3 NT1(T).

Let us consider a point z € ¥ N TI(X). By the Lipschitz properties of £, we have that there
exists a given cone C, with vertex in 0, such that, for any y € 9% N B,/2(z), y +C C G. Since X
is symmetric with respect to [1(X), we also have that y + TC)CG, T being the reflection in
1:[(2). Hence it is not difficult to show that there exists a cone Cy, with vertex in 0 and symmetric
with respect to I:I(Z), such that, for any y € 0¥ N B;(z), y + C; C G. We notice that 7 > 0 and
the amplitude of the cone C; depends on r and L only.

Therefore, for any point z € 3% N [1(X), locally in B;, (z), 0% is the graph of a Lipschitz
function, with Lipschitz constant bounded by L, with respect to a Cartesian coordinate system
such that ey € I1. Hence it is not difficult to show that, locally in By, (z) and with respect to a
different Cartesian coordinate system, dG™, and by symmetry G~ as well, is the graph of a
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Lipschitz function, with Lipschitz constant bounded by ig. Here 7; and Zi, i =1, 2, are positive
constants depending on r and L only.
The proof now can be easily concluded. O

In order to obtain the required lower bound on max ;. n—1 A;, we distinguish between two
cases. The good one is when either X is not close to Ajy, or, if it is, the hyperplane Iy is not
close to ﬁ(E). The bad one is when X is close to Ay, and the hyperplane IT, is close to ﬁ(E).

In the next proposition we deal with the good case, in the sequel of the proof we shall show
that, by a suitable modification of our geometric construction, the bad case actually never occurs.

Let us consider the map

X, M f(X,[I)= max max [Vu;z)-vl),
J=1eo N=1\ Ze(Bagy 43\ B2ry+2)NI1
where v = vy is the normal to IT and, for any j =1,..., N — 1, u; is the solution to the di-

rect scattering problem (2.24) with boundary condition (2.26) and incident field ul(x) = elkx v
x € RN, Then the following result holds.

Proposition 5.5. Let us fix a positive constant ¢. For any a > 0, let us consider the follow-
ing subset X, of X. We say that (X, 1) € X belongs to X, if there exists e Agsym such that
dp(Z, %) <aand d(11, T1I(X)) < éa.

Then there exists a positive constant ay, depending on the a priori data, on ¢, on a and on
{vi, ..., vn—1} only, such that

min{f(Z, ) : (T, 1) € X\X,} > do.

Remark 5.6. In the previous proposition, if N = 2 the result does not depend on the direction v.
If N = 3, the dependence on v; and v, is only through the constant by = |v; - v2] < 1. We also
notice that do does not depend on 4.

Proof. We observe that, by the stability result for the direct scattering problem with respect to
sound-hard scatterers ¥ proved in [17], such a map f is continuous on X’

If £(X2, IT) =0, then the unit normal to IT is orthogonal to v;, forany j=1,..., N — 1, and
¥ is symmetric with respect to I1, that is [T = l:I(E) and (X, I1) e ).

Then the proof immediately follows by the fact that X'\ A} is closed and obviously does not
contain any point of . O

Up to now, we are able to prove a stability result if either the assumptions of Proposition 5.2
are satisfied or, otherwise, if (X, 1)) € X'\ A&, for a suitable a > 0. In both cases we use the
same computation as in the N measurements case, with ag replaced by dg and dy, respectively.
We notice that in this second case dg depends on a.

Therefore our strategy is now the following. We choose a suitable value of @ and we construct
a modified regular chain for ¥ as in the general geometric construction such that for any possible
reflection hyperplane I1,,, n =1, ..., M (including the first one!) we have that (X, I1,,) € X\ &j,.
As we shall see, actually the first reflection hyperplane is the one that presents the greatest diffi-
culties.
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We notice that, so far, all our arguments work for any dimension N > 2. However the con-
struction of such a modified regular chain presents some technical challenges, in particular for
the proof of Lemma 5.8 below. Therefore in the sequel we limit ourselves to the space dimension
N = 3 and we notice that when the space dimension is N = 2 the result may be proved along the
same lines.

A crucial remark is that, unfortunately, we are not able to choose a independently of /. This
is the main reason why we lose the precise dependence of our stability result on the size parame-
ter &, that we instead have in the sound-soft case or in the sound-hard case with N measurements.

The following two technical lemmas shall be needed.

Lemma 5.7. Let N =3 and h > 0.

There exist positive constants &g, ¢1, ¢2 < 1 and L > L, depending on the a priori data only,
such that the following holds.

Let a = ¢oh al}d let ¥ € Aghst satisfy the following. We assume that there exists v e Asym
such that dyg (2, X) <a.

For simplicity, let us assume that I:I(E) = {yny =0}. Then, for any ¢, 0 < ¢ < ¢y, if we call
G} ={y e G: yy 2 %ca}, we have that G} are Lipschitz domains with constants ¥ = ¢ch

and L.

Proof. This is an extension of Lemma 5.4, which can be proved by exploiting [20, Proposi-
tion 6.1]. 0O

Lemma 5.8. Let N =3, h > 0 and ¢y and ¢1 be as in Lemma 5.7. Let &, ¥’ belong to ‘Aghxt and
let d be defined as in (2.16). Let x| € 0X'\Z be such that d = dist(xy, X) = dist(x;, X).

There exist positive constants ¢3 < 1, ¢4 < ¢1 and K| < 1, depending on the a priori data
only, such that the following holds.

Let a = Goh and ¢ = G4. Let us assume that there exists 3 € Asym such that dp (3, f]) <a.
Let us call G;t ={y e G: yy 2 *ca}, assuming that () = {yy =0}.

If d < C3h, then, up to swapping the role of G} and G, there exists X1 € X'\E such that
%1 € G} and

dist(%1,9G) > K1d°. (5.3)
Proof. This is a straightforward consequence of [20, Proposition 6.2]. O
We are now in the position of concluding the proof of the N — 1 measurements case.

Proof of Theorem 3.3. Without loss of generality we can assume that # < min{r, 1}.

Let us assume, for the time being, that d < ¢3h < h. Let us set a = coh, ¢o as in Lemma 5.7,
and ¢ = ¢4 as in Lemma 5.8.

Then we distinguish between two cases. If there does not exist any T e Agym such that
dy(Z, f)) < a, then we conclude using the geometric construction of Section 4 and the ar-
guments used for the proof of the N measurements case. Here we use either Proposition 5.2,
replacing ag with dg, or Proposition 5.5, with ¢ = ¢4 as in Lemma 5.8 and replacing ag with do.
We have to notice that dg here depends on a thus on #.

Otherwise, let us assume that there does exist Te Agym such that dy (2, f)) < a. Then we use
the geometric construction and estimates of Section 4 with the following differences. We replace
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x1 with x| and G with G;f, X1 and G;l" as in Lemma 5.8. Using Lemma 5.7, we further replace

r and L with ¢k and I:, respectively. Finally, using (5.3), we replace d with K 1d3 < d. Then

we can repeat the previous argument using either Proposition 5.2 or Proposition 5.5. In fact any

possible reflection point belongs to Gf, therefore any reflection plane is far enough from f(x).
We conclude that, for any ¢, 0 < ¢ < 1/(2e), provided d < ¢3h, we have

Kid® <2eR(n(e)*
for some constant C depending on the a priori data, on by and on & as well. Therefore
d < Ai(n(e)° (5.4)

where A depends on the a priori data only and C depends on the a priori data, on by and on /.
Finally, we need to drop the assumption that d < ¢3h. We claim that there exists £;(h), 0 <
£1(h) < 1/(2e), depending on the a priori data and on & only, such that

81(h) <
inf {llu =l 5,00+ v €SV BB € Al such thatdp (5, 2) = Ciéh] (5.9)

obst

where C; is as in (2.43). If this is true, then obviously we obtain that if ¢ < &;(h) then
dy(2,¥) < Ciésh thatis d <dy (X, ¥')/Cy < é3h and the proof would be concluded.

Therefore we just need to prove the claim in (5.5). It is not difficult to show that the infimum
on the right hand side is actually a minimum. Again it is enough to use the stability result of the
direct scattering problem with respect to the variation of sound-hard scatterers proved in [17].
Finally, if such a minimum were zero we would contradict the uniqueness result for the determi-
nation of a sound-hard obstacle by a single scattering measurement proved in [6,7]. O

5.3. The single measurement case

We restrict here to N = 3, since N = 2 is clearly covered by the previous section. We consider
the assumptions and notation of Theorem 3.4 to hold.

The main technical difficulty we have to tackle if we have only one measurement, compared
to the two measurements case, is that we may have several planes whose normal is orthogonal
to v with respect to which £ might be symmetric. As we discussed in the previous subsection,
using two measurements with two directions of propagation vy and v, allows us to consider only
one possible symmetry plane for X.

We begin with the following definition. Here we call Ay, respectively Aé‘ym, the set of X
belonging to A,ps, respectively Aé‘b‘w, such that ¥ is symmetric with respect to at least one
plane whose normal is orthogonal to the incident direction of propagation v. Moreover, for any
Y e Azbn we call n(X) the number of planes whose normal is orthogonal to v with respect to
which ¥ is symmetric. Notice that n(X) is always a nonnegative integer that, obviously, could

also be zero. In other words, Aﬁ.’ym is the set of T € A", such that n(Z) > 0.

We shall use the following notation. For any X € Ai’ym wecall IT;(X),i=1,...,n(X), the
planes whose normal is orthogonal to v with respect to which ¥ is symmetric. Correspondingly,
we define v;(X),i =1, ..., n(X), their corresponding unit normals, noticing that they all belong

to the plane that is orthogonal to v.
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We have the following properties whose proof is elementary and will be omitted.

Proposition 5.9. There exists an integer M = M(h), depending on the a priori data and on h
only, such that n(X) < M forany ¥ € A" As a consequence, there exists a constant « = a(h),
0 < o < 7w/2, such that, for any ¥ € Al the angle between v; () and vi(X), withi # j, is
bounded from below by «.

We consider Ayps: endowed with the Hausdorff distance. Then the map Al
upper semicontinuous. Consequently, A" is a compact subset of A"

sym

sym’

obst 2 2 P> n(X) is

sym obst’

Let us define, foranyn =1, ..., M (h), .Afym , asthe setof ¥ Af)m such that n(X) =n.

The crucial difference with respect to the 2 measurements case is that we need to define
the set X, for a positive constant a, in a rather more involved way. Next we describe such a
construction, for any positive a and for a fixed constant ¢ to be decided later.

Given M = M (h) we begin in the following way. For any T e .Asym - we find r(X), 0 <
r(E) < a, such that for any X € .Awn with dg (X, E) < r(Z) the following holds. For any
i=1,...,n(X) there exists j € {1,...,n(%)} such that d(IT; (), [1;(%)) < éa/4.

Then, by compactness, we have that

h
AymMCUBr(z )/2(E )=Ay
j=l1

where, for any j =1,...,my, E e Al y and r(f)j) < r(ﬁj_l). Here by convention we set
r(f]o) =a.

. h h . . . . . .
Then we consider Asym’ y—1 \A}y» which is again a compact set. We consider a similar con-

sym,

struction as before. Namely, for any T e A?ym’M_l\Ah , we find r(f)), 0< r(f)) < r(flmM),
such that for any X € Al with dy (2, f]) < r(f]) the following holds. Forany i =1, ...,n(X%)

sym

there exists j € {1,..., n(E)} such that d(T1; (%), l'[j(fl)) < ca/4. Then, by compactness, we
have that

mpr—1
h h - h
Agymm—1\A C U Br(ij)/z(zj) = Ay
Jj=mpy+1
where, forany j=my +1,....,mpy_1, flj € ‘A?ym‘Mfl\A}/lw and r(flj) < r(flj_l).

We proceed in a completely analogous way until we have that

mi M
h h l/
Al.cl)B " aEn=JAr =4
j=1 I=1

Forany[=2,...,M,andany j=m;+1,...,m_1, f)j eAﬁ’yml_l\(UﬁlAg and r(flj) <
r(f:j_l).
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We call X7 the subset of (X,I1) € X such that ¥ € A We also call " the subset of X7

defined as follows

obst*

Y=z, MM ex’: xeA

sym

and IT =TI1;(X) for some i € {1,...,n(XZ)}}.

Then we define ch’ the subset of X" with the following properties. We say that (X, IT) ¢ X;’
either if ¥ ¢ A" orif ¥ € A” and d(I1, 1) > ca /2 for any plane IT such that IT= Hi(f)j) for
some j € {l,...,m} such that dy (X%, f]j) < r(f]j)/2 and for some i € {1, .. .,n(f]j)}.

It is an easy remark that, for any @ > 0, Y* C X and X"\ X! is closed. Let us consider the
map

X's (2, - (2, )= max IVu(z) v,
Z€(Bary+3\Bar,y42)NII

where v = vy is the normal to IT and u is the solution to the direct scattering problem (2.24)
with boundary condition (2.26) and incident field u' (x) = elkxv » e RV, Hence, arguing as in
the proof of Proposition 5.5, we can obtain the following result.

Proposition 5.10. Let us fix a positive constant ¢. For any a > 0, we define the subset X ah of X
as before.

Then there exists a positive constant dg, depending on the a priori data, on ¢, on a and on h
only, such that

min{f(x, m: (s, 1) e X"\Xf} > do.

We now consider the corresponding results to Lemmas 5.7 and 5.8. We need the following
notation, recalling that positive constants a and ¢ are fixed. For any ¥ € A we choose ()
as the first E/,]e{l .,mt}, such thatEeB(Z )/2(2 ). Forany i =1,. n(E(E)) we

define the infinite strips
Si = (B(2)) + {cavi(E()) : |e] <&

‘We notice that R3\(U"(Z(E)) S;) consists of 2n(2 (X)) different connected open sectors that we

shall call G2, j=1,...,2n(3(D)).
Then, with the notation introduced above, the following important results hold.

Lemma 5.11. Let N =3 and h > 0.

There exist positive constants ¢y, depending on the a priori data only, and ¢y, ¢; <1 and
L>1L, depending on the a priori data and on h only, such that the following holds.

Let a = éoh and let © € A". Then, for any ¢, 0 < ¢ < ¢1, we have that, for any j =
1,..., 2n(f](2)), G)\X is a Lipschitz domain with constants ¥ = é;h and L.

Proof. If E(E) e At then the result is contained in Lemma 5.7. Therefore, without loss of

sym,1°
generality we assume that $(X) € A Sym , forsome n > 2.
We begin by proving the following claim, which is the Correspondmg result to Lemma 5.4.

We fix an arbitrary Te Al with n > 2. Then we call G/, j =1,...,2n, the connected

Ssym,n
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components of R?’\(U;’:l I1;(%)). We claim that, for any j=1,...,2n, Gj\EAJ is a Lipschitz
domain with constants 7, and L depending on the a priori data and on & only.

We deal with the points z belonging to 9% and I1;(3) for some i = 1,...,n. Let P() be
the center of mass of & and let / be the line defined as follows

I={xeR¥:x=P()+rv, reR}.

It is obvious that [ = Hi(f)) N Hj(fl) for any i # j.

If we have a point z belonging to 93 and Hi(fl) for some i =1, ..., n, which is far enough
from [, we can treat it exactly as in the proof of Lemma 5.4. Therefore the most delicate case
is the one in which z € 9% N [. However, following the kind of reasonings used in the proof
of Lemma 5.4, it is not difficult to show that, locally in By, (z), dX is the graph of a Lipschitz
function, with Lipschitz constant bounded by L, with respect to a Cartesian coordinate system
such that e3 is parallel to v, with 7> and L, depending on the a priori data only.

Then the claim easily follows, with the dependence of 7, and L; on & essentially given by the
angle a(h).

The proof of the proposition can be concluded by using the claim, arguments similar to the
ones used to prove the claim, and [20, Proposition 6.1]. O

We notice that the difference with respect to Lemma 5.7 is that now ¢y, ¢ and L depend on &
as well.

Lemma 5.12. Let N =3, h > 0 and ¢y and ¢1 be as in Lemma 5.11. Let &, X/ belong to Agbsz
and let d be defined as in (2.16). Let x1 € 0X'\X be such that d = dist(x;, 9%) = dist(x1, X).
There exist positive constants ¢3 < 1, ¢4 < ¢y, depending on the a priori data and on h only,
and K| <1, depending on the a priori data only, such that the following holds.
Let a = &oh and & = G4. Let us assume that ¥ € A",

Ifd < C3h, then there exist X1 € 0X\Z and j € {1,..., 2n(2(X))} such that X € GZ;\E and
dist(¥1, 3(GI\ D)) > K1d°. (5.6)
Proof. The result is a rather straightforward consequence of [20, Proposition 6.2]. O

Again, it is important to remark that the difference with respect to Lemma 5.8 is that now ¢3
and ¢4 depend on A too.
We are now in the position of proving our stability result with one measurement.

Proof of Theorem 3.4. The proof follows the same arguments of the proof of Theorem 3.3,
replacing Proposition 5.5, Lemmas 5.7 and 5.8 with Proposition 5.10, Lemmas 5.11 and 5.12,
respectively. We point out the modification that we need to adopt in this case.

Without loss of generality we can assume that 42 < min{r, 1}. Let us assume, for the time
being, that d < ¢3h < h. Let us set a = ¢ph, ¢o as in Lemma 5.11, and ¢ = ¢4 as in Lemma 5.12.

We distinguish two cases. If & ¢ A" then we conclude using Proposition 5.2 and Proposi-
tion 5.10 with ¢ = ¢4 as in Lemma 5.12. , _

If instead & € A", we replace x| with ¥ and G with G}\ X, | and G}\E as in Lemma 5.12.
Notice that in this case, any possible reflection point belongs to G2\ X, therefore any reflection
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plane IT is far from any IT; (ﬁ(E)), i=1,..., n(ﬁ(E)), at least ca. On the other hand, recalling
the construction of A" and how we choose ﬁ(E), for any j e {l,...,m}, if dg (X, f)j) <
r(3;)/2, we have that dy (3, £(2)) < r(2(2)). We conclude that d(I1, 1) > 3¢a/4 for any
plane 1T such that [T = Hi(ﬁ)j) for some j € {1,...,m1} such that dy (X, i?j) < r(f?j)/z and
for some i € {1,...,n(3;)}. Thatis (Z, 1) € XM\ X"

The rest of the argument is the same. However, we notice that, since the domains Gé\E used
in Lemmas 5.11 and 5.12 are Lipschitz with constants both depending on /4, the dependence of
the stability result on 4 may be worse than the one in the 2 measurements case. O
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