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Abstract

In this paper we study the existence of ground state solution for an indefinite variational problem of the
type

—Au+(VE) —Wo)u= f(x,u) in RN,

P
ue HI(@®RN), (P)

where N >2, V,W:RY > Rand f :RY x R — R are continuous functions verifying some technical
conditions and f possesses a critical growth. Here, we will consider the case where the problem is asymp-
totically periodic, that is, V is ZN -periodic, W goes to 0 at infinity and f is asymptotically periodic.
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1. Introduction

In this paper we study the existence of ground state solution for an indefinite variational
problem of the type
—Au+(V(x) = W&)u= f(x,u), in RV, P)
ue H'(RV),

where N > 2, V, W : RY — R are continuous functions verifying some technical conditions and
f has a critical growth. Here, we will consider the case where the problem is asymptotically
periodic, that is, V is Z" -periodic, W goes to 0 at infinity and f is asymptotically periodic.

In [13], Kryszewski and Szulkin have studied the existence of ground state solution for an
indefinite variational problem of the type

—Au+V@u=f(x,u), in RV,
1 N (P1)
ue H RY),
where V : R¥ — R is a Z" -periodic continuous function such that
0¢o(—A+V), the spectrum of — A+ V. VD)

Related to the function f : RV x R — R, they assumed that f is continuous, Z" -periodic in x
with

Ife, ) <e(el9 41617, VreR and x eRY (h1)

and
t
O<aF(x,t) <tf(x,t) VteR, F(x,t):/f(x,s)ds (ha)
0

forsomec>0,0>2and2 <qg < p <2* WhereZ*z%isz3and2*:~|—ooifN=2.
The above hypotheses guarantee that the energy functional associated with (P;) given by

J(u) = % /(|Vu|2+ V() |uldx) — / F(x,u)dx, uc H'@RY),
RN RN

is well defined and belongs to C'(H!'(RM),R). By (V}), there is an equivalent inner product
(, )in H'(RV) such that

1 1
J@) = ~llut* = < lu ||2—/F(x,u)dx,
2 2
]RN
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where |lu| = +/(u,u) and H'(RY) = E* @ E~ corresponds to the spectral decomposition of
—A + V with respect to the positive and negative part of the spectrum with u = u™* +u~, where
ut € EY and u~ € E~. In order to show the existence of solution for (P;), Kryszewski and
Szulkin introduced a new and interesting generalized link theorem. In [16], Li and Szulkin have
improved this generalized link theorem to prove the existence of solution for a class of indefinite
problem with f being asymptotically linear at infinity.

The link theorems above mentioned have been used in a lot of papers, we would like to cite
Chabrowski and Szulkin [5], do O and Ruf [8], Furtado and Marchi [9], Tang [30,31] and their
references.

Pankov and Pfliiger [21] also have considered the existence of solution for problem ( P;) with
the same conditions considered in [13], however the approach is based on an approximation
technique of periodic function together with the linking theorem due to Rabinowitz [22]. After,
Pankov [20] has studied the existence of solution for problems of the type

—Au+V@u==+f(x,u), in RN,
{ u (xX)u f(x,u), in (Py)

ue H'@RN),
by supposing (V1), (1)—-(h2) and employing the same approach explored in [21]. In [20] and

[21], the existence of ground state solution has been established by supposing that f is C! and
there is 6 € (0, 1) such that

0<t7'f(x, 1) <Of/(x,1), Vr#0 and xeR". (h3)

However, in [20], Pankov has found a ground state solution by minimizing the energy func-
tional J on the set

0= {u e H' R\ E~: J'(wu=0and J (uyv=0,¥ v e E—} .
The reader is invited to see that if J is definite strongly, that is, when E~ = {0}, the set O is

exactly the Nehari manifold associated with J. Hereafter, we say that ug € H (RN ) is called a
ground state solution if

J'(up) =0, upeO and J(ug) = inf J(w).
weO

In [25], Szulkin and Weth have established the existence of ground state solution for problem
(P1) by completing the study made in [20], in the sense that, they also minimize the energy func-
tion on O, however they have used more weaker conditions on f, for example f is continuous,
ZN -periodic in x and satisfies

|fG, )l <CA+[t|P7"), VteR and xeRY (f1)
for some C > 0 and p € (2,2%).

f(x,t) =o0(t) uniformlyin x as |t| = 0 (f2)

F(x,1)/|t|> = +oo uniformly in x as |t| = 400 (f3)
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and

t— f(x,t)/]t] is strictly increasing on R\ {0}. (fa)

The same approach has been used by Zhang, Xu and Zhang [36,37] to study a class of indefi-
nite and asymptotically periodic problem.

After a review bibliography, we have observed that there are few papers involving indefinite
problem whose the nonlinearity has a critical growth. For example, the critical case for N > 4
was considered in [5], [29] and [37] when f is given by

fO 1) =g, 1) +k@)le* 72,

with g : RY x R — R being a function with subcritical growth and k : R¥ — R be a continuous
function satisfying some conditions. For the case N =2, we know only the paper [8] which
considered the periodic case with f having an exponential critical growth, namely there is g > O
such that

Lf @)l

1 2
[t|—>—4o0 ealt]

t
=0, Va > «ap, lim RACI

t]—+oo exlt|?

=400, Yo <.

Motivated by ideas found in Szulkin and Weth [25,26] together with the fact that there are
few papers involving critical growth for N =2 and N > 3 and indefinite problem, we intend in
the present paper to study the existence of ground state solution for (7), with the nonlinearity
f having critical growth and the problem being asymptotically periodic. Since we will work
with the dimensions N =2 and N > 3, we will state our conditions in two blocks, however the
conditions on V and W are the same for any these dimensions.

The conditions on V and W.
On the functions V and W, we have assumed the following conditions:
(V1) V:RY — R is continuous and Z" -periodic.

(Va) A :=sup(c(=V + V)N (=00,0]) <0 <A :=inf(c(=V + V) N[0, +00)).
(W) W:RMN - Riscontinuous and lim W (x)=0.

|x]—+o00

(W2) 0<W(x)<O=sup W(x) <A, VxeRV.

xeRN

With relation to the function f, we have assumed the following conditions:
The dimension N > 3:
For this case, we suppose that f is the form
F@ D =h@H "+ kol 2

with 1 <g <2* —1 and
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(C1) h(x) = ho(x) 4+ he(x) and k(x) = ko(x) + ky(x), where hg, hy, ko, ks : RY — R are
continuous function, hg, kg are ZN -periodic, lim hy(x) = lim k.(x) =0 and
[x| =400 |x| =400
ho, hy, ko, k. are nonnegative.
(C) There is xg € RY such that

k(xo) = max k(x) and k(x) —k(xg) =o(lx —xo|>) as x — xo.
xeRN

(C3) Ifinf, cpn A(x) =0, we assume that V (xp) < 0.
The dimension N =2:

(f1) There exist functions fy, f*: R? x R — R such that

fx, )= folx, 1)+ f*(x, 1),

where fy and f* are continuous functions, fp is Z>-periodic with respect to x and f* is
nonnegative.

(f2) @ M — 0 as r — 0 uniformly with respect to x € R.

(f3) For each fixed x € R?, the functions ¢ — @ and t — M are increasing on (0, +00)
and decreasing on (—o0, 0).

(fa) There exist €, u > 2 such that

0<OFy(x,t) <tfo(x,t) and O<uF(x,t)<tf(x,t)

for all (x,1) € R2 x R*, where
t t
Fo(x,t) :=/f0(x,s)ds and F(x,1) ::/f(x,s)ds.
0 0

(f5) There exist ' > 0 and 7 € (1,2) such that |fy(x,?)| < Te*™” and [ f*(x, )| <
TH (x)e* 11 ™ for all (x, ) € R? x R, where H € L2(R?) N L>®(R?).

(fe) Fo(x,t) = Dx)|t|?, V (x,t) € R? x R, for some positive continuous function D with
inf g2 D(x) >0and g > 2.

An example of a function f verifying (f1)—(fe) is

1 .
F@ 1) =23 — sen((xy + x2)27)) 17220 4 [P 2HT Vi e R
xi+x5+ 1

with x = (x1,x2),A > 0,00 € (0,47),q, p € (2,+00) and T € (1, 2).
The above conditions imply that f has a critical growthif N =2 or N > 3.
Our main theorem is the following:
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Theorem 1.1. Assume that (V1)—(V2), (W1)—=(W2), (C1)—(C3) and (f1)—(fs) hold. Then, prob-
lem (P) has a ground state solution for N > 4. If N = 2,3, there is A* > 0 such that if
inf, cp2 D(x), inf, cgn h(x) > X¥, then problem (P) has a ground state solution.

The Theorem 1.1 completes the study made in some of the papers above mentioned, in the
sense that we are considering others conditions on V and f. For example, for the case N > 3,
it completes the study made in [25], because the critical case was not considered for N > 3
or N = 2, and the case asymptotically periodic was not also analyzed. The Theorem 1.1 also
completes [8], because in that paper was proved the existence of a solution only for the periodic
case, while that we are finding ground state solution for the periodic and asymptotically periodic
case by using a different method. Finally, the above theorem completes the main result of [29]
and [36], because the authors considered only the case W = 0, and also the paper [5], because
the dimension N = 3 was not considered as well as the asymptotically periodic case. Moreover,
in [5] and [29] the authors considered only the case

V(xg) <0 and k(x)—k(xo)=o0(x —x0|2) as  x — xg.

In Theorem 1.1 this condition was not assumed if inf, cgn A (x) > 0.

Before concluding this introduction, we would like point out that the reader can find others
interesting results involving indefinite variational problem in Jeanjean [12], Schechter [27,28],
Lin and Tang [17], Willem and Zou [34], Yang [35] and their references.

Notation. In this paper, we use the following notations:

e The usual norms in H'(R") and L?(R") will be denoted by || || z1(gny and | |, respec-
tively.

e C denotes (possible different) any positive constant.

e Bp(z) denotes the open ball with center z and radius R in RN

e We say that u, — u in Lf:}c(]R{N) when

up, —u in LP(Bg(0)), VR =>D0.
e If g is a mensurable function, the integral [y g(x)dx will be denoted by [ g(x)dx.

The plan of the paper is as follows: In Section 2 we will show some technical lemmas and
prove the Theorem 1.1 for N > 3, while in Section 3 we will focus our attention to the dimension
N =2.

2. The case N >3
In this section, our intention is to prove the Theorem 1.1 for the case N > 3. Some technical

lemmas in this section are also true for dimension N = 2 and they will be used in Section 3.
In this section, our focus is the indefinite problem

—Au+ (V(x) = Woe)u=h)|ul? 'u+k@)|u* 2u, in RV

2.1
ue H'@RM), @1
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whose energy functional ®y : H!(RY) — R given by
Oy (u) = lB(u u) — 1/W(x)|u|2dx — ;/h(x)|u|q+ldx - i/k(x)|u|2*dx (2.2)
2 ’ 2 qg+1 2% '

is well defined, ®w € C'(H'(RY),R) and its critical points are precisely weak solutions
of (2.1). Here, B is the bilinear form

B(u,v) = /(Vqu + V(x)uv)dx. 2.3)

Note that the bilinear form B is not positive definite, therefore it does not induce a norm. As in
[25], there is an inner product {( , ) in H L(RN) such that

1 1 1
Dy (u) = 5||u+||2 — Euu—n2 -5 / W (x)|ul? dx — / F(x,u)dx, (2.4)

where |lu| = +/(u,u) and H'(RY) = E* @ E~ corresponds to the spectral decomposition of
—A + V with respect to the positive and negative part of the spectrum with u = u™ + u~, where
ut € EY andu™ € E~. Itis well known that B is positive definite on E™, B is negative definite
on E~ and the norm || || is an equivalent norm to the usual norm in H'(RV), that is, there are
a, b > 0 such that

bllull < llull g gy < allull, Vue H'®Y). 2.5)

Hereafter, we denote by @ : H!(RY) — R the functional defined by

d(u) = lB(u u) — L/ho(x)w“dx - i/ko(x)w*dx
27 g+1 2% ’
or equivalently,

1 1 1 1 *
du) = 5||u+||2 - Enu—n2 — 1 ho(x)|ul9 dx — 2—*/ko<x>|u|2 dx. (2.6)

Note that the critical points of ® are weak solutions of the periodic problem

—Au+ V(x)u=ho()|ul? u+ ko) |u/* ~2u, in RY,
ue HY(RM).

2.7
In the sequel, M, E(u) and E (u) denote the following sets
M:={ue H'®R")\ E™; & (u)u=0and &}, (u)v=0,YveE}

and

E(u):=E ®Ru and Eu):=E~ &[0, +oo)u.

Please cite this article in press as: C.O. Alves, G.F. Germano, Ground state solution for a class of indefinite
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Therefore
Ew =E ®Rut and Ew)=E~ @ [0, +oo)ut.
Moreover, we denote by yw and y the real numbers

= inf ® and = inf ®. 2.8
yw =1l dw y =il (2.8)

2.1. Technical lemmas

In this section we are going to show some lemmas which will be used in the proof of main
Theorem 1.1.

Lemma 2.1. If u € M and w = su + v where s > 1, v € E~ and w # 0, then
Oy (u+w) < Py (u).
Proof. In the sequel, we fix
G(x,t):= lW(x)t2 + ;h(x)mq“ + ik(x)|t|2*
2 q+1 2%
and
gCe, 1) =Wt + h()|t? ™ + k(x0)|e]* 2.
Then by a simple computation,

Swu+w)—dwu) =

2
—%||v||2 +/ (g(x, u) [(% +s> u—+(s+ 1)vi| Gx,u) —G(x,u+ w)) dx.

Now, the proof follows by adapting the ideas explored in [25, Proposition 2.3]. O

Lemma 2.2.Let K C ET \ {0} be a compact subset, then there exists R > 0 such that
Dy (w) <0,Vwe E)\ Br(0) and u € K.

Proof. Setting the functional

V() = ~ Bl u) 1/| 2 d
«(U _2 u,u o u X
we have

Oy (u) <V, (u), YueH'RY).

Now, we apply the same idea from [25, Lemma 2.2] to the functional W, to get the desired
result. O
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Lemma 2.3. For all u € H' (RN), the functional ®y| E@) is weakly upper semicontinuous.

Proof. First of all, note that E(«) is weakly closed, because it is convex strongly closed. Now,
we claim that the functional

5:E(u)—>]R

w o l/W(x)|w|2dx+L/h(x)|w|‘1+‘dx+i/k(x)|w|2"dx
2 qg+1 2%

is weakly lower semicontinuous. Indeed, if w, — w on E(u), passing to a subsequence, we can
assume that w, (x) = w(x) a.e. in RY. Then by Fatou’s Lemma,

~ 1 1 .
dw)= | Wx)w?dx + —— | h(x)|w|? dx + — | k(x)|w)* dx <
q+1 2%

<liminf fW(x)wzdx—l—;/h(x)lw |q+ldx+i/k(x)|w 1> dx
— n q+1 n 2* n ’

n——+00

leading to
®(w) < liminf ®(wy,).
n——+00
Furthermore, the functional
U:E ) - R
1
= —B(w,
w > (w, w)
is weakly upper semicontinuous. In fact, since
~ 1 B
W) =S (lw 17 = w1,

if wy, =sput + v, = w=sut + v with v,,ve E, then s, — s in R and v, — v in H'(RM).
Thus,

~ 1 . 1 . ~
U(w) = 5(s2||u+||2 — [|v]|?) > limsup 5(s3||u+||2 — [Jva]1?) = lim sup W(w,).

n——+00 n—-+00

As Pw|pw) = U 5, the result is proved. O

Lemma 2.4. For each u € H'(RVN)\ E~, M N E(u) is a singleton set and the element of this
set is the unique global maximum of cDWlE"(u)'

Proof. The proof follows very closely the proof of [25, Lemma 2.6]. O

Lemma 2.5. There exists p > 0 such that inf Oy > 0.
B,(0O)NE+
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Proof. In what follows, let us fix / := sup, cgn A (x) and k := sup, g~ k(x). Foru € ET,

1 1 1 1 .
Dy (u) = 5||u||2 — 5/W(x)|u|2dx T h()|ul dx — 2—*fk(x)|u|2 dx

1 e h 3 .
> ~ull* — = | lulPdx — —— | w|"Tdx — — | |u|* dx
2 2 g+1 2%
1 ® hey keo *
> —ull? — =ull* — —— [l — == |u||?
2 2A g+1 2%
1 ¢) h k .
= (1= =) P = St = 22 g
2 A g+1 2%

Thereby, the lemma follows by taking p > O satisfying

N q+1 2%

l(l ;) 2o et g _kex o o0

Lemma 2.6. The real number yy given in (2.8) is positive. In addition, if u € M then ||u™|| >

max{[|u" |, v2yw}.
Proof. By Lemma 2.5, there is p > 0 such that

[:== inf @y >0.
B,(ONE+

For all u € M, we know that u™ # 0, then by Lemma 2.4,

CDW(“)Z¢W< - u*)zl,
]

from where it follows that

)/W:infvfcbwzl>0.

In addition, for all u € M,

1 1 _
yw = Pwu) < EB(M,M) = §(||u+||2 — [l 11,

implying that [lut]| = max{||u~]||, V2yw}. O

Next we will show a boundedness from above for yw which will be crucial in our approach.
However, before doing this we need to prove two technical lemmas. The first one is true for

N > 2 and it has the following statement

Please cite this article in press as: C.O. Alves, G.F. Germano, Ground state solution for a class of indefinite
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Lemma 2.7. Consider N > 2 and let u € E* \ {0}, p€(2,2%) and r, so > 0. Then there exists
& > 0 such that

Elsulp < |su+vlp, (2.9)
forall s > sqgand v e E~ with ||su +v|| <r.
Proof. If the lemma does not hold, there are s, > 59 and v,, € E~ satisfying
[Ispu +vu|| <7 and [s,ul, > nlsyu + vylp, Yo e N

Setting a;, := |s,u|p, We obtain

u v 1
— 4 <
lulp —an],  n
Thus, passing to a subsequence if necessary,
Uy u .
wy =— > —— ae.in RV, (2.10)
Op |u] P

On the other hand,

2 2 2
v Spu v r
ol _ st + vall® _

VneN
21412 — 2 - 2 ’
sn|u|p SO'”'% SO'”'%

2
llwnll” =

showing that (wj) is a bounded sequence in H L@RN)Y. As w, € E, there is w € E~ such that
for some subsequence (not renamed) w,—w in E~. Then by (2.10),

u _
— =—wek,
ul

which is absurd, since u € ET\ {0}. O

Lemma 2.8. Let u € E™ \ {0} be fixed. Then there are r, so > 0 satisfying

sup Py (w) = sup Dw(su + v). (2.11)
weE ) llsu+vll <r
s>sp,ve ET

Proof. From Lemma 2.2,

sup Py = sup Dw
Ew) E@)NB,(0)

for some r > 0. Hence, there are (s,) C [0, +00) and (v,) C E~ with ||s,u 4+ v,|| <r and

Oy (spu+vy) —> sup  Dwy. (2.12)
Eu)NB,(0)
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Next, we will prove that there exists sg > 0 such that

sup Py = sup Oy (su + v).
Eu)NB,(0) llsu+vll <r
s>sp,veE™

Arguing by contradiction, suppose that for all so > 0

sup Dy > sup Ow(su +v). (2.13)
Ew)NB,(0) llsu+ vl <r
s>sp,veE™

Such supposition permit us to conclude that s,, — 0. On the other hand, recalling that

1 2 2
Dw (spu+vy,) < Esnllull ,

we are leading to

. 1
0<yw =inf®w < sup Dy = Py (sutt + vy) + 04 (1) = 55 llull* + 0n (1),
E(u)

which is a contradiction. This completes the proof. O
Now, we are ready to show the estimate from above involving the number yw given in (2.8)

Proposition 2.9. Assume the conditions of Theorem 1.1. If N > 4, then

1 N/2
yw < ——— SN2, (2.14)

Nlkolod

If N =3, there is \* > 0 such that the estimate (2.14) holds for ian h(x) > A*.
xeR

Proof. Since yy <y, it is enough to prove that
; SN/2
V< N—2 :

Nlkolod

If N > 4 and inf g~ 2 (x) = 0, the estimate is made in [5, Proposition 4.2]. Next we will do the
proof for N > 4 and inf, _g~ (x) > 0. To this end, we follow the same notation used in [5]. Let

where ey = (N(N —2)) 5, ¢ >0, and ¥ € C°(RY) is such that
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1
Y(x)=1 for |x|< 3 and Y (x)=0 for |x|>1.
From [33], we know that the estimates below hold

N _ N=2 * N
Vo3 =S + 0V, |Voli=0( 7 ), |3 =57+ 0(N),
2l = 0T 71— 0T — 02
PlnTl=0E"T), lpll=0@E7), lph=0@E7)

and

oulf = be|loge| + O(€?), if N=4
P27 pe2 4 0(eN-2), it NS

YJDEQ:9244
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(2.15)

(2.16)

Adapting the same idea explored in [5, Proposition 4.2], for each u € E~ we obtain

O(spe +u) < D(sge) + 0V ™2, V¥s>0,

where O (e™~2) does not depend on u. Now, arguing as in [1], we get

1 p—
sup D(sge) < ——x5 SV + 0" ) ¢ / lpe*dx — 2 / e |9t dx,

5>0 A2
$2 Nlkolos B1(0) B1(0)

implying that

1
sup CD(scpe—}-u)SﬁSN/z—i-cl / |(p5|2dx—cz / |goe|q+ldx+0(eN*2).

$20, uek” Nlkolos B1(0) B1(0)

Moreover, in [1], we also find that

. 1 2 1
lim == @ f lpe|“dx —c2 f 9|9t dx | = —o0,
B1(0) B1(0)

from where it follows that there exists € > 0 small enough verifying
o [ lobdx—c [ lpdrtdx+ 0 <o
B1(0) B1(0)

and so,

1
sup  D(s@e +u) < WSN/Z
§>0, ueE~ N|k0|ooT

for some € > 0 small enough.
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Now, we will consider the case N = 3. For each u € E™ \ {0}, the Lemma 2.8 guarantees the
existence of r, so > 0 satisfying

sup P(w) = sup O(su +v).
weE (u) [lsu+vll <r
s>sp,ve ET

Therefore, applying Lemma 2.7,

sup ® = sup O(su +v)
E) llsu + vl <r
s>sp,veET

2010112
sup (s [ull /Isu + vlq‘de)
llsu +vl| <r 2 61+1

s>s0,veEET

2 2
up ( [lull /| |q+1dx)
llsu+ vl <r ‘14‘1

s>sp,ve ET

IA

IA

< max(As — ABs9th,
S>

where

lul|?

A= inf h(x), A=

xeRN

and B:L/M‘”ldx.
q+1

As

max(As —ABs?T™H) 50 as A — +oo,
s>

there is A* > 0 such that

1
sup ®(w) < WSN/Z VA > A%,
weE(w) Nlkolod

showing the desired result. O
Lemma 2.10. Let (1) C H'(RN) be a sequence verifying

Py (u,) <d, + &y (Mn)u <d|lunll and — (D/W(un)un <d||unll
for some d > 0. Then, (u,) is bounded in HY(RM).

Proof. In the sequel, let 6 := x[_1,1] : R — R be the characteristic function on interval [—1, 1],

glx,1):=0@) f(x,1) and j(x,1):=(1—-0@)f(x,0),
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where f(x, ) = h(x)|t]9" 't + k(x)|t]* ~2¢. Fixing

q+1 2%
ri=—— and s=_—,
q 2% —1

it follows that
r—Dg=6-DR"-1=1.
Note that

lgC, O = 0@ T f, DT <00 (Rlsolt]? + [Kloolt* ~H !
<002 'C(|t|0D 410 DE =Dy < gy

for some C > 0 sufficiently large. So
g, )" < Clt), ¥ (x, 1) e RNTL (2.17)
Analogously,
e, D~ < Cle|, Y (x, 1) e RVTL (2.18)
Since tf(x,1) >0, (x,1) € RN+ the inequalities (2.17) and (2.18) give
lg(x, )" < Ctg(x,t) and |j(x,0)|* <Ctj(x,1), V(x,t) e RNH1 (2.19)

The last two inequalities lead to

1
d+dl|luyll = dw (u,) — ®W(un)un =

(=) s (1=3) foec

1 1 *
q+1 - 2 _
)/h(x)|u| dx + (2 —+1>fk(x)|u| dx =
(_ - )/(g(x up)ity + j(x, up)uy)dx >

(/ g )" dx+/|1<x ) dx)

from where it follows

lg G up)ly + 17 ey un)lg < C(L+ [lunll) (2.20)

for some C > 0. On the other hand,
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||u,;||2=—c1>’W(un)u;—/W(x)u”u;dx—/f(x,un)u,;dx
<dlju | —/W(x)u,,u;dx 18 )l i lgvt + 1 et s iy |
< [ WOt dx + Clli 111+ gy 417G,
< = [ W+ Cll 1 (14 DV 41+ )1
< [ W + Clla 1 (14 a1+ fan ).
Thus,
||u,:||2s—/W(anu;dchunn(1+||un||”r+||un||”f).
The same argument works to prove that

i 11 st(x>unu:dx+C||un|| (1 D17 4 a1

Recalling that |[u,||> = [|u;}[|* + ||u;, ||, the estimates (2.21) and (2.22) combined give

= [ W = a2+ ) (1 a1+ 7).

On the other hand, we know that

/ W )y (uf —u;))dx = f W) +u)) ) —u;)dx
:/W(x)(u;f)zdx—/W(x)(u;)zdx
< [www;ax <o / @2 = 2l 1P
that is,
/W(x)un(u:{ —uy)dx < %Iunllz,
where A was fixed in (W). Now, (2.23) combines with (2.24) to give
(1 - %) il = Cllaeal (14 Haall'” + 1)

This concludes the verification of Lemma 2.10. O

2.21)

(2.22)

(2.23)

(2.24)
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As a byproduct of the last lemma, we have the corollaries below

Corollary 2.11. If (u,) is a (PS) sequence for @, then (uy) is bounded. In addition, if u, — u
in HY(RY), then u is a solution of 2.1).

Corollary 2.12. Oy is coercive on M, that is, @y (u) — +00 as ||u|| = 400 and u € M.

The Lemma 2.4 permits to consider a function
m:E1T\ {0} > M where m(u) e E(u) NM, VueEt\{0}. (2.25)
The above function will be crucial in our approach. Next, we establish its continuity.

Lemma 2.13. The function m is continuous.

Proof. Suppose u, — u in E™ \ {0}. Since

tn —>L, m( n ):m(un) and m<L>=m(u),
unll  Ilull etn| [fuel]

without loss of generality, we may assume that ||u,|| = ||u|| = 1.
There are t,,,t € [0, +00) and v,,, v € E~ such that

m(uy) =tyu, +v, and mu) =tu +v.

Note that K := {u, },en U {u} is a compact set. Thereby, by Lemma 2.2, there exists R > 0 such
that @y (w) <0in E(z) \ Bg(0) for all z € K. Hence,

+||2 <

1 1
0<dw(m(uy)) = sup Py = sup Dy < sup —||w < ERZ’

E(uy) E(u)NBR(0) weE (uy)NBR(0)

showing that (®w (m(u,))) is a bounded sequence, and so, by Corollary 2.12, (m(u,)) is a
bounded sequence. The boundedness of (m(uy)) implies that (¢,) and (v,) are also bounded.
Then, for some subsequence (not renamed),

t,—>1t in R, v, —vg in E- and m(u,) —tou+vg in E. (2.26)

Recalling that ®w (m(u,)) > ®w (tu, + v), we obtain
liminf ®w (m(uy)) > Ow(m(u)).
n——+00o

Thus, the Fatou’s Lemma combined with the weakly lower semicontinuous of the norm gives
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Py (m(u)) <liminf Oy (m(uy)) < limsup Oy (m(u,))
n—>+00 n——+00

: 1 2 2 1 2 1 2
limsup Etnllunll —Ellvnll —5 W(x)m(u,)dx

n—-+00

1 1 "
- q+1 - 2
. h(x)|mu,)|1" dx T /k(x)lm(un)| dxi|

1, 1 » 1 2
S—IO—EHUOH —3 W (x)|tou + vo|*dx

! h(x)|t gy 1 k() |1 q
_m X)|tou + vo| x—; x)|tou + vo|~ dx
= Oy (fou + vo) < Pw(m(n)),

implying that

lim_[jvall =1lvoll and Pw (fou +vo) = Pw (m(u)). (2.27)

n——+00

From (2.26) and (2.27), v, — vo in E~. Now, the Lemma 2.1 together with (2.27) guarantees
that fou 4+ vo = m(u). Consequently,

m(uy) = tquy + vy — tou +vo =m(u),
finishing the proof. O

Hereafter, we consider the functional ¥ : E* \ {0} = R defined by ‘il(u) = Oy (m(u)). We
know that W is continuous by previous lemma. In the sequel, we denote by W : ST — R the
restriction of W to ST = B;(0) N E™.

The next three results establish some important properties involving the functionals W and 7
and their proofs follow as in [25].

Lemma 2.14. U € C'(E™ \ {0}, R), and

+
V(y)z= Nem )71 wmO)z, Vy,z€ ET, y #0. (2.28)

1l

Corollary 2.15. The following assertions hold:
(a) WeCl(ST), and
V' (y)z = lm() || Py (m(y)z, forz e TyS™.

(b) (wy) is a (PS); sequence for V if and only if (m(wy,)) is a (PS). sequence for ®y.
(c) If yw =infrq ®w is attained by u € M, then ®', (u) = 0.

Proposition 2.16. There exists a (PS),,, sequence for Oy .
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Our next lemma will be used to prove the existence of ground state solution for the periodic
case.

Lemma 2.17. Let (u,,) be a (PS). sequence for functional ® given in (2.6) with ¢ # 0. Then,
there are r, € > 0 and (y,) in ZV satisfying

lim sup / lun|* dx > €. (2.29)
neN
By (yn)

2-N
In addition, if ¢ € (—o00, SN/ 2|koloZ /N) \ {0}, the sequence v, = u,(- — y,) is also a (PS),
sequence for ®, and for some subsequence, v, — v in H'(RN) with v # 0.

Proof. By Corollary 2.11, the sequence (u,,) is bounded in H'(RY). Arguing by contradiction,
we suppose that

limsup sup / |un|2*dx=0,
n——+00 yeRN
Br(y)

for some R > 0. Applying [23, Lemma 2.1], it follows that u,, — 0 in LY (RV), and so, by
interpolation on the Lebesgue spaces, u, — 0 in L?(RY) for all p € (2,2*]. As

&' () ay) = — Il |12 - f o) il Vst dx — / S
we deduce that u;, — 0 in H'(RV). By a similar argument «;* — 0 in H'(R"). Hence

u, —> 0in H'(RM).

Thereby, by continuity of ®, ¢ = lim®(u,) = ®(0) = 0, which is absurd. Thus, there are
(zn) C RY and n > 0 satisfying

/ luf|¥dx>n>0, VneN.
Br(za)

Recalling that for each n € N there is y, € Z" such that

Br(zn) C Bgy /5 (n)s
we have
|u;r|2*dx >n>0, VneN,
Bp, )

finishing the proof of (2.29).
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2N
Now, assume ¢ € (—o0, SN/2|I<0|OO2 /N)\ {0} and set v, := u, (- — y,). By a simple compu-
tation, we see that (v,) is also a (P S). sequence for & with

lim sup / W dx > e. (2.30)
n——4o0o
B:(0)

By Corollary 2.12, (v,) is bounded, and so, for some subsequence (still denoted by (v,)), v, — v
in H'(RV) for some v € H'(RN). Suppose by contradiction v = 0 and assume that

|Vou|> = u and lon)? dx — vin MT(RN). (2.31)

By Concentration-Compactness Principle II due to Lions [15], there exist a countable set 7,
(x))jeg CRY and (1)) jer, (vj)jeg C [0, +00) such that
2
V=Y "wily, o= piby with ;> Sv¥. (2.32)
jeJd jeJ

Now, our goal is to show that v; =0 for all j € J. First of all, note that

. 1, 1
c= lim | &) = S (W)vn | > - %ko(x,-)vj. (2.33)
je

On the other hand, setting ¥ (x) := ¥ ((x — x;)/€),V x € RN Ve >0, where ¢ € CCOO(RN)
is such that ¥» = 1 in B1(0), ¥ =0 in RN \ B2(0) and |[V¢| <2, with 0 <y <1, we have that
Vevn, € HY(RY) and (Yvy) is bounded in H'(RV). So

' (0) (Yrevm) — 0
or equivalently
/ V0,V (Wrevn) dx + f V(OWer? dx — / o ()W v+ dx — / ko) unl? Yedx — 0.

By using the definition of v and u together with the last limit, we derive

/Vv(Vlﬁe)vdx+/V(x)1//€v2dx—/ho(x)lp€|v|‘7+1dx+/¢Ed,u—/kowedvzo.
Now, taking the limit € — 0, we find
n(xj) =ko(xj)v;.
By (2.32), tj < u(x;). Then,

2/(2*
svY ) = < ) = ko)),
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If v; #0, the last inequality gives

SN/Z
Vj > — 73
lkoloc

Thereby, by (2.33) and (2.34), if there exists j € J such that v; # 0, we would have

(2.34)

SN/2
€Z—73
Nlkoloo

which is absurd. Hence v; =0 for all j € 7, so v =0, and by (2.31), |vn|2* — 0in MT@RM).
Consequently v, — 0 in L%;C (R™) which contradicts (2.30), showing that v 0. O

2.2. Proof of Theorem 1.1: the case N >3

The proof will be divided into two cases, more precisely, the Periodic Case and the Asymp-
totically Periodic Case.

1- The periodic case:
Proof. From Proposition 2.16, there exists a (PS), sequence (u,) for ®, where y was given

in (2.8). By Lemma 2.17, passing to a subsequence if necessary, u, — u # 0 and u € H'(RV) is
a solution of problem (2.7), and so, ®(«) > y. On the other hand

y = lim |:q>(un) - %qy(un)(un)il

n——+00

:Ligirgﬁ[(%——q_li_1>/h(x)|un|‘1+1dx+(%——21*>/k(x)|un|2*dx:|
1 1 1 1 *
- q+1 - - 2

> [(2 —q+1>/h(x)|u| dx + <2 2*)/k(x)|u| dx}

=d) — %CD’(u)u = d(u).

From this, u € H'(R") is a ground state solution for the problem (2.7). O
2- Asymptotically periodic case:
Proof. From definition of ®y and &, we have the inequality
Yw =Y.
Next, our analysis will be divide into two cases, more precisely, yw = y and yw < y.

Assume ﬁr’s\tly yw=y.Letuec HHRN)bea ground state solution of (2.7) for the periodic
case and v € E (u) such that
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Dy (v) = sup Py .
E)

Then,

yw=Ow) <P() <Pu) =y =yw,

implying that ®w (v) = yw with v € M. By Corollary 2.15, part (c), we deduce that v is a ground
state solution of (2.1).

Now, assume yw < y and let (u,) be a (PS),,, sequence for ®y given by Proposition 2.16.
By Lemma 2.10, (u,) is a bounded sequence, then for some subsequence (still denoted by (u,))
u, — u in H'(RY). We claim that u # 0. Indeed, if u = 0 it is easy to see that

[ W(x)uﬁdx — 0 and sup — 0.

lyl=<1

/ W) u,yrdx

In addiction, by (Cy), we also have

— 0.

/h*(x)|u,,|‘1“dx—>0 and  sup
lyi<1

/h*(x)|un|‘1*‘u¢dx

Arguing as in Lemma 2.17, we derive that u, — 0 in L? (RV), and so,

— 0.

/k*(x)|un|2*dx—> 0 and sup
i<t

f K* (Ol 2unprdx

Hence
Py (un) — yw and || @y (uy)|| = 0,
that is, (u,) is a (PS),,, sequence for ®y. By Proposition 2.9,
gN/2
Yw<—755-
Nlkolo
Then, Proposition 2.17 guarantees the existence of (y,) C Z" such that v, 1= u, (- —y,) = v #0

in HY(@R"Y) and @' (v) =0. Consequently

yw = lim ®w(u,)= lim ®(u,)
n—-+00 n—-+00

n—+00

1
= lim ®(v,) ZnEr—ir-loo I:(D(Un) - Eq)/(vn)vni|

> () - %CD/(v)v =0 =y
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which is absurd, proving that u # 0. Now, we repeat the same argument explored in the periodic
case to conclude that u is a ground state solution of (2.1). O

3. The case N =2

In this section we are going to show the existence of ground state solution for the following
indefinite problem

—Au+ (V(x)—Wx)u= f(x,u), inR?,

ue HI(RY), (3.35)

by assuming (V7), (V2), (Wy), (W3) and (f1)—(fs)- Since we will work with exponential critical
growth, in the next subsection we recall some facts involving this type of growth.

3.1. Results involving exponential critical growth

The exponential critical growth on f is motivated by the following estimates proved by
Trudinger [32] and Moser [19].

Lemma 3.1 (Trudinger—Moser inequality for bounded domains). Let Q@ C R? be a bounded do-
main. Given any u € HO1 (2), we have

ot\ul2
e“"dx < oo, forevery a>0.
Q

Moreover, there exists a positive constant C = C(|<2|) such that

sup /eo‘l”‘zdx <C, forall o <4m.

[ull<1
Q

The next result is a version of the Trudinger—Moser inequality for whole R?, and its proof can
be found in Cao [4] (see also Ruf [24]).

Lemma 3.2 (Trudinger—Moser inequality for unbounded domains). For all u € H'(R?), we have

alul® _
e 1)dx <oo, forevery a>0.

Moreover, if |Vu|% <1, |lul, <M < o0 and a < 4m, then there exists a positive constant C =
C(M, a) such that

/ (e""“l2 — 1) dx <C.
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The Trudinger—-Moser inequalities will be strongly utilized throughout this section in order to
deduce important estimates. The reader can find more recent results involving this inequality in
[6], [10], [11], [18] and references therein.

In the sequel, we state some technical lemmas found in [3] and [7], which will be essential to
carry out the proof of our results.

Lemma 3.3. Let @ > 0 and t > 1. Then, for every each B > t, there exists a constant C =
C(B,t) > 0 such that

<e4”‘slz - 1)t <C (e‘%”ls‘z — 1), Vs e R.

Lemma 3.4. Let (u,) be a sequence such that u,(x) — u(x) a.e. in R? and (f(x, up)uy) is
bounded in L' (R?). Then, f(x,u,) — f(x,u) in L'(Bg(0)) for all R > 0, and so,

/f(x,un)qbdx—)/f(x,u)qﬁdx, V¢ € C(R?).
3.2. Technical lemmas

In this subsection we have used the same notations of Section 2, however we will recall some
of them for the convenience of the reader. In what follows, we denote by ®w : H!' (R?) — R the
energy functional given by

Dy (u) := %B(u, u) — %/ W(x)|u|2dx — / F(x,u)dx,
where B : H'(R?) x H'(R?) — R is the bilinear form
B(u,v):= f(ww + V@uv)dx, Yu,ve H (R?).
It is well known that @y € C!(H!(R?), R) with
CD/W(u)v =B(u,v) — / W(x)uvdx — / f(x,w)vdx, Vu,ve Hl(Rz).

Therefore critical points of @y are solutions of (3.35). Moreover, we can rewrite the functional
O of the form

1 1 1
oy () = llut? — S flu” P — 5 / W () |ul* dx — / F(x,u)dx.
2 2 2
In what follows, we also consider the C!-functional ® : H!(R2) - R

O(u) = %B(u, u) — / Fo(x,u)dx

or equivalently
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1 1
@ = 5 1P~ 5l ||2—fFo<x,u>dx,

whose the critical points are weak solutions of periodic problem

{ —Au+ V() = Foeow), i B2, (3.36)

ue H' (R?)
As in Section 2, we will consider the sets

M:={ueH R\ E™; &} u)u=0and &} u)yv=0,YveE)}
E(u):=E~ ®Ru and Eu):=E~ @ [0, +00)u

Hence
Ew)=E~ ®Rut and E(u)=E~ ®[0, +oo)u™.
Moreover, we fix the real numbers

= inf and = inf ®.
Yw ¥ w 14 v

Lemma 3.5. If u € M and w = su + v where s > 1 and v € E~ such that w # 0, then
Pw(u+w) < Pw(u)
Proof. The proof follows as in Lemma 2.1. O

Lemma 3.6. Let K C E™ \ {0} be a compact subset, then there exists R > 0 such that
Dy (w) <0, Vwe E(u)\ Br(0) and u € K.

Proof. We repeat the argument used in the proof of [25, Lemma 2.2]. O
Lemma 3.7. For all u € H'(R?), the functional ®y| Eu) is weakly upper semicontinuous.
Proof. See proof of Lemma 2.3. O

Lemma 3.8. Forallu € H'(R*) \ E-, M N E(u) is a singleton set and the element of this set
is the unique global maximum of Oy | £y

Proof. See proof of Lemma2.4. O

In the proof of the next lemma the fact that f has an exponential critical growth brings some
difficulty and we will do its proof.

Lemma 3.9. There exists p > 0 such that  inf Oy > 0.
B,(ONE+
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Proof. Given p > 2 and € > 0, there is C¢ > 0 such that
[P, 0] < €l + Celt|P (@™ = 1), ¥(x, 1) eR? xR.

Then, for all u € ET, the Lemmas 3.2 and 3.3 lead to

¢mm=%wW—%fWuwﬁu—memm

1 ©)
§||u||2—E/|u|2dx—e/|u|2dx—CEf|u|p(e4”L‘2—1)dx
1
1 2 © 2 € 2 p (/ 8mu? )7
= —||lul|* — =||lu||* — =||u||” — Cec|u e — dx
2|| I 2A|I| Il A|| Il eluly, | [ ( )

1
l _9 _i 2 P / 8nu2_ 2
2[2 (1 K) K}IIMII Cllull < (e l)dX) -

: 3
By Lemma 3.2, if p < 375

sup /((;8’”‘2 — )dx < sup /(63””2 — dx = C < oo.
lull=p o<1

So,

oy = |2 (1= 2) = £ P = el
12U %) % :

Hence, decreasing p if necessary and fixing € small enough, we get

1 ®
@W(u)z|:§<1—X>—%],02—C,0”=ﬂ>0. O

Lemma 3.10. The real number yy is positive. In addition, if u € M then ||lu™|| > max{||u"||,

~2yw}.
Proof. See proof of Lemma2.6. O

The next lemma shows that (PS) sequences of @y are bounded, as we are working with the
exponential critical growth the arguments explored in Section 2 do not work in this case and a

new proof must be done.

Lemma 3.11. If (u,) is a sequence such that

Dy (un) <d, £y un)ur <dlluyll and — Oy (u)u, <d

n —

for some d > 0, then (u,) is bounded in H'(R?) and (f (un)uy) is bounded in L' (R?).
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Proof. First of all, note that
1 1 1,
37 g [, up)updx < Oy (uy) — §®W(un)un <2d.

Hence, (f f(x, u,,)u,,dx) is bounded. Recalling that f(x,f)r >0 for allr € R and x € R2, it
follows that ( f (x, u,)uy) is bounded in L'(R?). On the other hand, we know that

Ilu,fllzSdllu,fll+ff(x,un)u,fdx+/W(X)unu,fdx

and so,
w1 <dlju) | + (/f(x,un)vndx> ot 1 1 2y +/W(x)unu,jdx (3.37)
oy

where v, := HMIHH1<R2>'

Claim 3.12. (f f(x, un)vndx) is a bounded sequence.
Indeed, by a direct computation, there exists K > 0 such that
|f(x,0)] <Te'* implies | f(x,7)|> < Kf(x,t)r, uniformlyin x. (3.38)

Moreover, by [8, Lemma 2.11],
1
rs < (er2 -1 —|—s(log+s)1/2 + ZSZX[O,EIM](S) vr,s > 0. (3.39)

Now, the Lemma 3.2 combined with the above inequalities for » = |v,| and s = %| f(up)| leads
to

‘/ £ tn)undx| < F/ %|f<un)||vn|dx < r/(e”5 ~ Ddxt

| 1/2
+/|f(xaun)| <10g+ (Flf(x,unﬂ)) dx+

1 5 1
E/If(x,un)l X[0,1/4] Flf(x,un)l dx <

IT + / |f (X, )] (log+ (e‘“”‘ﬁ))l/2 dx + % f Lf ()| Pdx <

If(x,u,l)|§l"el/4

FT+/|f(X,Mn)||Mn|“/de+% / Kf(x,uy)u,dx.

| f (x,un)|<Tel/4

As (f(x, up)uy) is bounded in L' (R?), the last inequality yields (f f(x, u,,)v,,dx) is bounded.
Consequently, there exists Ag > 0 satisfying
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’/ f&x,up)vpdx| < Ag, VneN.

Thereby, by (3.37),

e, 1P < dllut 1]+ Aollu | g1 g2y + / W (xX)unu, dx. (3.40)

Analogously, there is By > 0 such that

||u;||2 <d|lu, || + Bolluy [l g1 2y — / W (x)unu, dx. (3.41)

The inequalities (3.40) and (3.41) combine to give

[lunl > < Cllutn]| + Cllun]] +/W(X)(unu,T —untty )dx =2C|[un ||+

+/ W () ((u;))* — (uy)?)dx < 2C||uy|| +/ W (x) () ?dx < 2C||uy|| + %w:uz

for some C > 0. Hence,

(1——>|| I < [lunll
— ) lunl? <2C||u ,
n — n

from where it follows that (u,,) is bounded. O
As a byproduct of the last lemma we have the corollary below
Corollary 3.13.  is coercive on M, that is, ®w (u) — 400 as ||u|| - +o0, u € M.

As in Section 2, the Lemma 3.8 permits to define a function

m:ET\ {0} > M where m(u) € E(u) N\ M Yu € ET\ {0}.

Now, we invite the reader to observe that the same approach used in Section 2 works to
guarantee that the proposition below holds

Proposition 3.14. There exists a (PS),,, sequence for ®y.

Our next proposition is crucial when f has an exponential critical growth.

Proposition 3.15. Fixed A € (0, 1/a), there is A* > 0 such that yy < % for infge D(x) > A%,
where a was given in (2.5).
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Proof. Let u € ET with u # 0 and set
hp(s) := As> — ABs9,
where

1
A= inf D(x), A=§||u||2 and B:§/|u|qu,

xeR?

with £ given in Lemma 2.7. Then, a straightforward computation leads to

2
2A | 2A
maxhp(s)=(A— — T —1 .
5>0 q qBA

Thereby, by (f¢) and Lemma 2.7,

c< sup Dw(su+v)= sup Ow(su + v)
s €0, +00) [lsu+vll <r
veE™ s>sp,veET
1, 2
< sup —s“|lul|”— [ F(x,su+v)dx
llsu+oll <r L2
s>sp,veET
M1
< sup —s2||u||2—)\/|su+v|‘1dx]
llsu+oll <r L2
s>sg.veET
M1
< s —s2||u||2—xss4/|u|qu]
llsu+oll <r L2

s>sp,veET

= sup  hp(s)
|lsu+v|| <r
s>sp,ve ET

2
2A 2A
<maxhp(s) = <A — —) ("2/ —)
5>0 q qBA

From the last inequality there is A* > O such that

finishing the proof. O
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Proposition 3.16. Fix inf, > D(x) > A* and r > 0. Then, there exist a sequence (y,) C R? and

n > 0 such that

Please cite this article in press as: C.O. Alves, G.F. Germano, Ground state solution for a class of indefinite
variational problems with critical growth, J. Differential Equations (2018), https://doi.org/10.1016/j.jde.2018.02.039




YJDEQ:9244

30 C.0. Alves, G.F. Germano / J. Differential Equations eee (eeee) eee—eee

/ |u,f|2dx >n>0, YneN.

By (yn)
Moreover; increasing r if necessary, the sequence (y,) can be chosen in 7.%.

Proof. Suppose by contradiction that the lemma does not hold for some r > 0. Then, by a lemma
due to Lions [14],

ul — 0 in LP(R?), ¥ p € (2, +00).

~ 1
Define w;, := A —2—
. +

. Since u,, € M for all n € N, from Lemma 3.10 we have liminf||u"|| > 0,
[un || n—+oo "

and so,

wy — 0 in LP(R?), ¥ p € (2, +00).

On the other hand, we also know that

~||M2_||H1(R2) ~ ||M+|| ~
[lwn |l g1 g2y = <Aa—1— = < 1.
THED st | st I
Asw, € E(un) and u, € M, we derive that
1~
S(u,) > d(wy,) = EA — | F(x,wy)dx. (3.42)

By [2, Proposition 2.3], we have f F(x, wy)dx — 0. Therefore, passing to the limit in (3.42) as
n — +00, we obtain

which contradicts the Proposition 3.15. Thus, there are (z,,) C R? and 7 > 0 such that
lu?dx >n>0, VneN.
By (zn)
Now, we repeat the same idea explored in Lemma 2.17 to conclude the proof. O
3.3. Proof of Theorem 1.1: the case N =2

As in Section 2, the proof will be divided into two cases, the Periodic Case and the Asymp-
totically Periodic Case.
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3.4. Periodic case
Proof. First of all, we recall there is a (PS),,, sequence (u,) for ® which must be bounded.

Thus, there is u € H'(R?) such that for some subsequence of (u,), still denoted by itself, we
have

up, —~u in H'(R?
and
Uy, (x) > u(x) ae.in R2.

Moreover, by Lemma 3.11 the sequence (f(x,u,)u,) is bounded in L'(R?%). Therefore, by
Lemma 3.4,

' (u)p =0, Ve COR?).

If we combine the Lemma 3.2 with the density of Cgo (R?) in H!(R?), we see that u is a critical
point of @, that is,

' w)y=0, YveH'(R?.
Moreover, by Fatou’s Lemma, we also have
Q) <vy.
If u # 0, we must have
Qu) =y,
showing that ®(u) = y, and so, u is a ground state solution.

If u = 0, we can apply Lemma 3.16 to get a sequence (y,) C Z> and real numbers r, n > 0
verifying

/ |u,'1"|2dx >n>0, VneN.
By (yn)

Setting vy, (x) = u, (x + y,), a direct computation gives that (v,) is also a (PS), for ®. Moreover,
for some subsequence, there is v € H 1(R?) such that

v, =~ v In Hl(]R2) and /|v+|2dxzn>0,

B, (0)

showing that v # 0. Therefore, arguing as above, v is a ground state solution for ®. O
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3.5. The asymptotically periodic case

Proof. First of all, we recall that ®w < @, and so, yw < y. As in Section 2, we will consider
the cases yw = y and yw < y. The first one follows as in Section 2, and we will omit its proof.

In what follows, we are considering yw < y and (u,) be a (PS),,, sequence for ®y which
was given in Lemma 3.14. The sequence (u,) is bounded by Lemma 3.11. Thus, there is u €
H! (Rz) and a subsequence of (u,), still denoted by itself, such that u,, — u in H 1 (Rz). Suppose
by contradiction u# = 0. Repeating the arguments explored in the case N > 3, we have

— 0.

/W(x)|u,,|2dx—>0 and sup
i<t

/ W) u,vrdx

From (f1), given € > 0 and 8 > 0 such that

2

< —,
SUp, e | [unl|

it must exist n > 0 satisfying
|f*(e,s)| <e(@ —1) for |r|>n and VxeRZ
Therefore, by Lemma 3.2, for each R > 0 we have

/ |f* G un)l[¥ldx < / elePi —1|[yldx <

[Ix|=RIN[|un|=n] [lx|=RIN[uy |=n]
1/2 1/2

<e /|eﬁ”'2'—1|2dx /|1//|2dx dx < eK||[¥ |l g1 g2y-
2 2
On the other hand, fixing R large enough,

()W ldx < C / H (o[ |dx

(x| RIN{un | <n] AE 12 12
< /|H(x)|2dx /Illflzdx
x[=R 2
< eCllYll g1 (w2y-

Thus,

sup /f*(x,un)lpdx <e(C+ KVl @e)-
lvli<1
X|>R
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Now, as f* has a subcritical growth and u, — 0 in L?(Bg(0)), we also have

sup / O, up)dx| — 0.
lvli=<1
x|<R

Therefore,

sup /f*(x,u,,)wdx — 0.
yist|d,

A similar argument works to prove that
0< f F*(x,uy)dx < f e, up)uydx — 0.

The above limits yield
®up) — yw and [|®'(uy)]| — 0.
Arguing as in the periodic case, without loss of generality, we can assume that
up—u in H'(R®,u#0 and ®'(u) =0.
Thus, ®(u) > y. On the other hand, by Fatou’s Lemma,
D(u) < }ligljrtgdﬂun) =YW,

which is absurd, because we are supposing yw < y. Thereby, u # 0 and since (f(x, u,)u,) is
bounded in L' (R?), we can conclude that u is a ground state solution of ®y. 0O
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