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Abstract

Let Q = R?2 \ B(0, 1) be the exterior of the closed unit disc in the plane. In this paper we prove existence
and enclosure results of multi-valued variational inequalities in 2 of the form: Find u € K and n € F(u)
such that

(—Au,v—u)>{an,v—u), Vvek,

where K is a closed convex subset of the Hilbert space X = D(l)’z(Q) which is the completion of CZ°(£2)
with respect to the ||V - || g-norm. The lower order multi-valued operator F is generated by an upper
semicontinuous multi-valued function f : R — 2R \ {#}, and the (single-valued) coefficienta : Q — R is
supposed to decay like |x|~2~ with & > 0. Unlike in the situation of higher-dimensional exterior domain,
that is RN \ B(0, 1) with N > 3, the borderline case N = 2 considered here requires new tools for its
treatment and results in a qualitatively different behaviour of its solutions. We establish a sub-supersolution
principle for the above multi-valued variational inequality and prove the existence of extremal solutions.
Moreover, we are going to show that classes of generalized variational-hemivariational inequalities turn out
to be merely special cases of the above multi-valued variational inequality.
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1. Introduction

Let Q =R\ B(0, 1) = {x € R?: |x| > 1} be the exterior of the closed unit disc B = B(0, 1) in
the plane, and let X = D(l)’z(Q) be the Beppo-Levi space, which is the completion of D = CZ°(£2)
with respect to the norm

lul3 = / [Vul|?dx.
Q

Our main goal is to prove existence and enclosure results of the following multi-valued varia-
tional inequality (M VI for short) in the unbounded domain Q: Find u € K C X and n € F(u)
such that

(—Au,v—u)>{an,v—u), YveKk, (1.1)

where K is a closed convex subset of the Hilbert space X, and (-, -) stands for the duality pairing
between X and its dual space X*. The lower order multi-valued operator F, which will be speci-
fied later, is generated by an upper semicontinuous multi-valued function f: R — 2R\ (4}, and
the (single-valued) coefficient a : @ — R, appearing in (1.1) is supposed to decay like |x|~2~¢
with o > 0. A precise description of the inequality (1.1) and its solutions will be discussed in the
sequel.

Our present work is motivated by the recent paper [5] where extremal solutions of logistic-type
equations in exterior plane domains were studied. However, due to the general multi-valued lower
order terms, unlike in [5] the problem investigated here does not have a variational structure,
and therefore variational approaches are not directly applicable. To the best of our knowledge,
variational inequalities with multi-valued terms have not been studied in a systematic way on
(unbounded) exterior domains.

Our primary goal here is not on the most general settings and conditions on the exterior do-
main 2 or on the principal and lower order terms in the variational inequality, but instead on
a nonlinear functional analytic framework for inequalities and nonsmooth problems with multi-
valued mappings on exterior domains. We should also mention that exterior domain problems
in dimension N = 2 considered here represent a borderline case in comparison with exterior
problems in higher dimension N > 3, that requires a different treatment and which results in a
qualitatively different behaviour of its solution. The main reason for this is that the underlying
solution space X = Dé’z(Q) for N =2 is qualitatively different from the corresponding space in

dimension N > 3, which is readily seen by the following characterization of X = Dé’Z(Q) for
N =2and N > 3. As onr the borderline case N =2, in [11, Theorems 1.2.7, 1.2.16] it is shown
that X coincides with Dé’z(Q) which is given by

(1.2)

N 1,2 . 2
D(1),2(Q)={MEL () :u e L>(QN Bg), VR>1,}7

and nu € H}(Q) forany n € C2°(R?)

where Bg = B(0, R) is the open ball of radius R centered at the origin, and

L"2(Q)={ueL] (Q):VueclLl* ()]},
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and HOl (£2) denotes the usual Sobolev space of square integrable functions on €2 with zero traces
on d<2. Note that nu € H& (2) for any n € CSO(Rz) implies u||x|=1 = 0 in the sense of traces. In
case N > 3, due to the Sobolev embedding, we have X = Dé’Z(Q) s LY () with 2* = %
and therefore, X = Dé’z(Q) can be characterized as

Dy () ={ue L'} (Q):ueLl¥(Q). (1.3)

In view of (1.3), u € Dé’z(Q) is 2*-integrable for N > 3, while due to (1.2), u need not be
p-integrable for any 1 < p < oo in case N = 2. To give an idea of the qualitatively different
behaviour of solutions of (1.1) for N =2 and N > 3, respectively, let us consider the following
simple example, which is a special case of (1.1).

—Au(x) = inQ=RY\B@O, 1), u(x)=0 for|x|=1. (1.4)

x|

Note, u € Dy () is a (weak) solution of (1.4) if

2
/Vchpdx:/Wgodx, Ve D@
X
Q Q

By elementary calculation the unique solution of (1.4) is

u(x)=%(l—#> N =2, u(x)=|71|(1—%) if N =3,

which shows that

lim u(x)= % (N =2), | llim u(x)=0(N =3),

|x|—00

and in the case N = 2, the solution u is not even integrable on 2 for any 1 < p < co. Moreover,
taking advantage of results from [4] one can show that for any N > 3, problem (1.4) has a unique
solution in D(l)’z(Q) that decays like \xlﬁ as |x| — oo, and is 2*-integrable on .

The sub-supersolution method to be established in this paper for the MVI (1.1) will enable us
to treat general variational-hemivariational inequalities in (unbounded) exterior plane domains

of the form: Find u# € K such that

(—Au,v—u)+fa(—j)”(u,u;v—u)dx20, VveKk, (1.5)
Q
where j : R x R — R, (r,s5) — j(r,s), is supposed to be locally Lipschitz continuous with

respect to s, and where j°(r, s; 0) denotes Clarke’s generalized directional derivatives at s in the
direction o for fixed r, defined by

o, . Jr,y+eo)—jr,y)
jo(r,s;0) = limsup .
y—s, €l0 €

(1.6)
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We are going to show that under some regularity assumptions on the function s — j°(s, s; @) to
be specified later, the variational-hemivariational inequality (1.5) turns out to be only a special
case of the MVI (1.1). In particular, for a locally Lipschitz function s — j(s), that is, j is inde-
pendent of r, (1.5) reduces to the following variational-hemivariational inequality: Find u € K
such that

(—Au,v—u)+/a(—j)o(u;v—u)dxZO, YveKk, 1.7
Q

which is easily seen to be equivalent to the MVI (1.1) with f(s) = 9j(s), where 9j : R —
2R \ {@} denotes Clarke’s generalized gradient that is known to be upper semicontinuous, see [6,
Chap. 2].

The paper is organized as follows: in Section 2 we introduce basic notations and function
spaces. Our main existence and enclosure result is proved in Section 3 along with a character-
ization of the solution set. In Section 4, as an application of our main result, we deal with a
multi-valued obstacle problem. Finally, in Section 5, we clarify the connection between gen-
eral variational-hemivariational inequalities of the form (1.5) and the multi-valued variational
inequality (1.1).

2. Assumptions, notations and preliminaries

Let X = Dé’z(Q) with € = R? \ B(0, 1), and denote by X* the dual space of X and
(-,-) = (-, -)x* x the dual pairing between X* and X. Note that although X is a Hilbert space
with the inner product fQ VuVuvdx (u,v € X), as will be seen later, it is more convenient for our
treatment to identify another Hilbert space Y containing X with its dual Y*, instead of identify-
ing X with X*. Throughout this paper we assume the following hypothesis on the nonnegative
coefficient a:

(Ha) Let a: Q2 — R be a nonnegative measurable function with positive measure support such
that for some cg, o > 0:

O0<alx) < fora.e. x € Q.

(<]
|x |2+oz

Concerning f, we denote by L?(Q) the set of all real valued measurable functions defined on £
and use the notation

K(Z)={ACZ:A+#®, A isclosed and convex},

where Z is a normed vector space. We impose the following hypothesis on the multi-valued
function f.

(HF) Let f : R — K(R) be an upper semicontinuous function, that is, for each u € R and each
open U C R such that f(u) C U, there exists § > 0 such that if [v —u| < § then f(v) C U.

Remark 2.1. We remark that for single-valued function f : R — R, upper semicontinuous as
defined in (HF) is identical with continuous. Further, from the definition of upper semicontinuous
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multi-valued functions of the form f : R — K(R) we readily observe that also — f : R — IC(R)
is a upper semicontinuous multi-valued function.

Note that since f (u) is a closed and bounded interval in R, (HF) is equivalent to the Hausdorff
upper semicontinuity (h-u.s.c.) of f (cf. [7, Theorem 2.68, Chap. 1]). There are two properties
of f that are consequences of assumption (HF), which are important for our later discussions.

Corollary 2.2. Let f satisfy (HF) then f has the following property:
(F1) f is measurable and thus graph-measurable (in the sense of multi-valued functions).

Proof. The measurability property (F1) readily follows from (HF). O

Consequently, f is superpositionally measurable, that is, if u € LO(2) then f(u) = f(u (")) :
Q — KC(R) is measurable. Let F(u) be the set of all measurable selections of f(u), that is,

Flu) = {;7 e L) 1 n(x) € f(u(x)) for ae. x € Q} . @.1)

Due to the measurability of x — f(u(x)) on 2, we have F(u) # () whenever u € L%(Q). The
second useful property of f that follows from condition (HF) is given by the following corollary.

Corollary 2.3. Let f satisfy (HF) then f has the following property:

(F2) f is bounded on R, that is, if S C R is bounded then f(S) = U, f(s) is also a bounded
subset of R.

Proof. In fact, since f(s) € K(R), it follows from (HF) and [9, Proposition 4.2] that f(s) =
[a(s), B(s)], Vs € R, where o, B: R — R, a < B on R, and « is lower semicontinuous, f is
upper semicontinuous on R, in the usual semicontinuity sense of single-valued real functions.
Let S be a bounded subset of R. Since I = § is compact and « is lower semicontinuous on /,
ag = infa(l) = mina(/) is a real number. Similarly, from the upper semicontinuity of 8 on I,
Bo =supB(I) =maxB(Il) € R. For all s € I, we have f(s) = [a(s), B(s)] C [@o, Bo]. Hence,
fS cfd) Clag, fol. O

From (HF) it follows in view of (F1) and (F2) that @ # F (u) C L®°(2) whenever u € L°°(2).
For a precise formulation of solutions of (1.1), we need some auxiliary definitions.

Definition 2.4.

(a) A function g € L9(Q) is said to define a bounded linear functional on X if gv € L(S) for
all v € X and the functional v — fQ gudx belongs to X*, that is, there exists a constant
¢g € (0, 00) such that | [ gvdx| <c,llvllx, Yv € X.

(b) We denote by X(’; the set of all functions g that defines a bounded linear functional on X,
Xi={geL%(Q):gve L1 (Q),Yve X and I c, > 0: | [, gvdx| < cgllvlx, Yv e X}.
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If g € X§j, then g is the bounded linear functional generated by g given by

é’(l’):(é,v)x*,x:/gvdx, Yv e X.
Q

In order to simplify notations we agree on the following identification.

Identification. In what follows, in order to simplify the notations, we are going to use for g again
g. that is, the function g € X stands likewise also for the associated linear functional generated
by g.

We are now ready for a precise formulation of (1.1). (Note for u,v € X : (—Au,v) =
Jo VuVvdx.)

Definition 2.5. A function u € K is a solution of (1.1) if there exist n € F (u), that is, n € LO(),

nx) € f(u(x)), forae. x € Q, 2.2)
such that an € X, and
/Vu(Vv —Vu)dx > far](v —u)dx, Vve K. 2.3)
Q Q

Inequality (1.1) can also be stated as an inclusion in the dual space X* as follows. Let Ix be
the indicator functional of K, Ix : X — [0, o0],

0 if uek
IK(u)_{oo it ugKk,
which is a proper, convex, and lower semicontinuous functional on X with effective domain
D(Ix) = K. Let dIk be the subdifferential of /x (in the sense of Convex Analysis), and define
the multi-valued functions f, and F, by

fa(x,s)=a(x)f(s), forae.x e QandforallseR,
Fy(u) =aF(u), (2.4)

then (1.1) can be reformulated as the following inclusion: Find # € K such that
—Au— F,(u)+ dlx(u)>0. 2.5)

Finally, let us introduce the concepts of sub- and supersolution of (2.2)-(2.3). To this end let us
first introduce the following notation: For functions w, z and sets W and Z of functions defined
on 2 we use the notations: w Az =min{w, z}, wVvz=max{w, z}, WAZ={wAz:weW, z€
ZyyWyvZ={wvz:iweW, zeZl,andwAZ={w}AZ, wV Z ={w}V Z. In particular,
we denote w™ =w Vv 0, and w™ = (—w) Vv 0. For functions u < i, we denote by
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[u,u] ={u: ulx) <u(x) <u(x) forae.x e Q}
the ordered interval formed by u and u.

Definition 2.6. A function u € X is called a subsolution of (1.1), or more precisely of (2.2)-(2.3),
if

uVvKCK,
and if there exists S Fu),ie.,
n(x) € f(u(x)) forae. x €, (2.6)
such that an € X and
/Vg(Vv—Vg)dxz/.aQ(v—g)dx, YVveunKk. 2.7)
Q Q

Similarly, u € X is called a supersolution of (2.2)-(2.3) if

unKcCKk,
and if there exists 17 € F (), i.e.,
n(x) € f(u(x)) forae. x €L, (2.8)
such that an € X§ and
/Vﬁ(Vu—Vﬁ)dxzfaﬁ(v—ﬁ)dx, YVveuvKk. (2.9)
Q Q

Finally let us introduce the weighted Lebesgue space ¥ = L?(2; w), which will be used
in the proof of our main result (see Section 3). Let wy(r) = ﬁ(r € (1,00)), we shall use

the weight w(x) = wo(|x]) = IX\% (x € Q), and the corresponding weighted Lebesgue space
Y = LZ(Q; w), which is a Hilbert space with the usual norm

el = Nll? 2 gy = / | () Pw (x)dx
Q

and inner product

(u,v)yz(u,v)Lz(Q;w):/u(x)v(x)w(x)dx, u,vey.
Q
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Since wo € L'((1, 00); rInr), according to [1, Lemma 2.2], the embedding iy, : X — Y, u
iy (1) = u, is compact. Moreover, we identify ¥ with its dual Y*, which yields the embeddings:
X — Y =Y*" — X* The adjoint i, : ¥ — X* is also compact and for all u € Y, v € X, the
following relations are valid:

(i (), v)xr x = (U, i(V))y = (u, v)y =/uvwdx.
Q

We have the following simple connection between Y, and X defined in Definition 2.4, which
will be useful in our proofs later. (Note: we identify g € X with the corresponding linear func-
tional.)

Lemma 2.7. Ifu € Y then uw € X and uw =i, (u).

Proof. Let v € X, since i, (v) = v € Y, we have uv € L1(Q; w), i.e., (uw)v € L'(2). Further-
more, fQ(uw)vdx| = {u, v)y| < lullyllvlly < Cllullyllv|lx. Since this is true for all v € X, we
see that uw € Xj. Moreover, (uw, v)x+ x = fQ(uw)v dx = (u,v)y = (i (u), v)x x, Vv € X,
which means that uw =i (u). O

3. Main result: existence and enclosure of solutions

In this section we are going to prove our main existence and enclosure result, and qualitatively
characterize the solution set. We have the following general existence and enclosure/comparison
theorem for (1.1) when bounded and ordered sub- and supersolutions exist.

Theorem 3.1. Let a and [ satisfy (Ha) and (HF), respectively. Suppose there are subsolutions
u; € XNLX(RQ), i =1,...,k and supersolutionsu; € XNL®(Q), j=1,...,m, of (2.2)-(2.3)
such that

u:=max{y; : 1 <i <k} <wu:=minfu;:1<j <m}. 3.1
Then, there exists a solution u of (2.2)-(2.3) such that
u<u<uae. onS. 3.2)

Proof. The proof of this theorem is divided into 5 steps.

Step 1. Auxiliary MVI

We shall define in this step some functions to truncate and regularize the original MVI and
define next an auxiliary MVL

Note that since u; and % are bounded functions on £2, according to property (F2), the sets
F(u;) and F(u;) are bounded subsets of L°°(€2) (with respect to the usual L°°(£2)-norm). For
eachi e {l,...,k} (resp. j € {1,...,m}), n, (resp. 77;) is a function in L>°(R2) satisfying (2.6)
and (2.7) with n, instead of 7 (resp. (2.8) and (2.9) with 7; instead of 7). We construct families
{Q:1<i<k}and {Q/:1 < j<m) of subsets of Q inductively as follows. Let Q| = {x € Q:
u(x) = u, (x)}, and
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i—1
Q={xeQ\|J um)=u;x)} fori=2,... k.
=1

Similarly, let Q' ={x e Q:u(x) =u(x)}, and

j—1
Q' =1xeQ\|(JQ u@ =/ (x) forj=2,....m.
=1

It is clear that Q;(1 <i < k) (resp. /(1 < j < m)) are disjoint measurable subsets of & and
e=U_ Q= U= ©2/. Let us define

k m
n=2_nxe; and =) ;X
i=1 j=1

where x4 (A C ) is the characteristic function of A. From their definitions, we see that 1,7 €
L>(§2). Moreover, since n(x) = n, (x) and u(x) =u; (x) fora.e. x € Q; (1 <i <k), we have

Q(x) € f(u(x)) forae. x € Q. (3.3)

Similarly, 7(x) € f(u(x)) fora.e. x € Q. Next, let us define a truncated function for f(u). Let
fo: 2 x R — 2R be given by

nx)} it u<ulx)
Jfox,u)=1 fu) if ulx)<u<u(x) (3.4
mx)} if wu>ux).

We see directly from this definition that fo(x, s) € K(R) fora.e. x € @, all s € R. Also, (3.3) and
property (F1) imply that for a.e. x € €2, the function fy(x, -) is also upper semicontinuous from R
to IC(R). Moreover, we see from the graph-measurability of f that fj is also graph-measurable.
In particular, fy is superpositionally measurable. Therefore, for any u € LO%(), the set Fy(u) of
all measurable selections of fo(-, u(-)),

Fo(u)={ne LY(Q): n(x) € fo(x,u(x)) forae. x € Q},

1s nonempty. Furthermore, since u,u,n,n € , wWe see from propert that for an
i pty. Furth ince u,u, 1,7 € L*() from property (F2) that for any

u € LO(R), the set Fy(u) is a subset of L>°(§2). Moreover, the range Fo(L°(£2)) of the mapping
Fy is a bounded subset of L%°(L2), that is

c1 :=sup{lInllz=() : 1 € Fow),u € L°(Q)) < 0. (3.5)
Next, we need the following single-valued regularizing function b: Q2 x R — R,
[u —u(x)]wx) if u>u(x)

b(x,u)= 0 if ux)<u<uk) 3.6)
[4u —u(x)]w(x) if u<u(x), forx e 2uelk,
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and denote by B the associated Nemytskii operator, that is, B(u)(x) = b(x, u(x)). It is clear that
b is a Carathéodory function and since u, u € L°°(2), there exists b; > 0 such that

[b(x, u)] <bi(Jul + Dw(x), (x € Q,u e R). 3.7

Moreover, for some constants by, b3 > 0,

/b(x, u(x))u(x)dx > b2||u||%/ — b3, Vuey. 3.8)
Q

Next, let us define certain truncation functions needed for the regularization of the involved

multivalued mappings. For i € {1,..., k}, let T;(x, u) be a Carathéodory function such that for
xeQ uel,
I @ =] i u <)

Tz(x,u)—{ol it u> ux), (3.9

and
0<Ti(x,u) < |Qi(x) —nx)|, forae. x € 2, allu € R. (3.10)
A simple choice of such function is
u—u;(x)
Ti(x,u) = [n.(x) — n(x)|o <7’) (3.11)
! u(x) —u;(x)

forx e Q,ueR,whereoc e C(R,R),0<0(s) <1,VseR,0(s)=1if s <0,and o(s) =0 if
s > 1, such as for example

1, s<0
o(s)=11—5, 0<s<l1 (3.12)
0, s> 1.

It is clear that 7; given by (3.11)-(3.12) _is a Carathéodory function satisfying (3.9) and (3.10).
Similarly, for j =1,...,m, we define 77 : @ x R - R by

T (e u) = [7;(x) — 7(x)] [1 .y (ﬂ)} (3.13)

uj(x)—u(x)
T/ is a Carathéodory function with

j w0 if u=uji(x)
T](x,u)_{of it uiﬁéx)’ (3.14)

and similarly to (3.10),

0<T/(x,u) <[7;(x) —7(x)|, forae. x € Q,allu eR. (3.15)
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Consequently,
Ti(,u), T/ (- u) € L¥(Q), Vue L)), (3.16)

and the mappings u > T;(-, u) and u > T/ (-, u) are bounded mappings from LO() to L®().
Moreover, there exists ¢ > 0 such that

0= Tix,u), TV (x,u) < e, (3.17)
forae.xeQalluelR,iefl,...,k},jel{l,...,m}.
Let us consider the following auxiliary variational inequality related to (2.3): Find u € K,
n € L%() such that n € Fy(u), i.e.,
nx) € folx,u(x)) ae x e (3.18)
and

Jo Vu(Vv — Vu)dx — [oa(x)n(x)(v —u)dx + [ b(x,u)(v —u)dx
- Zf:l Joa)Ti(x, u)(v —u)dx + ZT:] Joa() T (x,u)(v —u)dx >0, (3.19)
YveK.

Note that for any u € X, any n € Fo(u), the functions 7, %B(u), 2 Ti(-,u), and %Tf(-, u) all
belong to L>®(2)(C Y). Thus by Lemma 2.7, an, B(u), aT; (-, u), aT/ (-, u) belong to X§. Since
for any n € Fy(u) we have an € X, which generates the linear functional v fQ anvdx that is
again denoted by an € X*, we see that a Fy(u) C X* for any u € X. Therefore, the multi-valued
mapping Foq: X — 2X"\ {4} given by

Fo.q.(u) = aFy(u) (3.20)

is well defined. Using the multi-valued operator Fp , the auxiliary MVI (3.18), (3.19) is equiva-
lent to the following: Find u € K and n € Fy(u) such that

(—Au—an+Bwu)—Twm),v—u)>0, Vvek, (3.21)

where
k m
Tw) =) aTi(.u) =Y aT’(,u).
i=1 j=1

The auxiliary MVI (3.19) can be rewritten as the following inclusion: Find u € X such that
—Au—Foqu)+Bu)—Tw)+dlgw)>0. (3.22)
Step 2. Fy , : X — K(X™) is pseudomonotone

We show in this step that the multi-valued mapping Fp, is a pseudomonotone mapping
from X to KC(X™). We shall use here and also in the next steps the definitions and properties
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of pseudomonotone and generalized pseudomonotone mappings in the original works [2], [3],
and standard references such as [10] or [12].

Let us consider the multi-valued function fi(x,s) = Z;((fc)) fo(x,s) forx € Q, s € R. It follows
from the corresponding properties of fy that fi(x,s) € (R) for a.e. x € 2, all s € R, and for
a.e. x € Q, the function f](x, -) is upper semicontinuous from R to IC(R). Moreover, since fjy is
graph-measurable, so is f1. Foru € LO(Q), let F (u) denote the set of all measurable selections

Of fl ('7 l/[),

Fi(u) = {¢ € L%Q) : £(x) € fi(x, u(x)) for ae. x € 2}
={gne LO9(Q) : n(x) € folx,u(x)) for a.e. x € Q}
={yn:ne€ F}
= 2 Fy(u).
Moreover, according to (3.5) and condition (Ha), for any u € ¥ and 5 € Fo(u),

a(x)

w(x)

n(x)| <cocy fora.e. x € Q. (3.23)

Since the constant function coc; belongs to ¥, we see that <7 also belongs to Y. Hence, for any
u €Y, Fi(u) is a (nonempty) bounded subset of Y. Since fy(x, -) and thus fi(x, -) are intervals,
we see immediately that Fi(u) is convex. Let us prove that F7(u) is closed in Y. In fact, let {7, }
be a sequence in Fo(u) such that &7, — p in ¥ for some p € Y. By passing to a subsequence if
necessary, we have

a(x)

—np(x) = p(x) forae. x € Q. (3.24)
w(x)

Let Qo = {x € Q:a(x) =0} and let sg be any element of Fy(u), i.e. so(x) € fo(x, u(x)) for a.e.
x € 2, and thus, for a.e. x € 2¢. Define the following function:

[ so(x), x €
P=] 2 px), xe\ Q.

a(x) a(x)

For a.e. x € Qo, it follows from (3.24) that p(x) =0 = wi) no(x). Thus, p(x) = wi) no(x) for
a.e. x € Q. Let us verify that ng € Fo(u). In fact, for x € Qq, no(x) = so(x) € fo(x, u(x)) by the
choice of sg. For a.e. x € Q\ Qo, since a(x) # 0, (3.24) implies that 1, (x) — ’5(;‘)) px) =no(x)
as n — 00. Since n,(x) € fo(x, u(x)) for all n, and fy(x, u(x)) is a closed interval, we obtain
that no(x) € fo(x, u(x)). This shows that n9 € Fp(u) and, consequently, that p € Fi(u). Thus,
Fi(u) is a closed subset of Y. We have shown that Fj(u) € K(Y) for every u € Y and thus
F| :u+> Fi(u) defines a mapping from Y to KC(Y).

Also, since Fj(u) is convex, we have that Fi(u) is weakly closed, which, together with its
boundedness, proves that Fy(u) is weakly compact in Y. From the continuity of ¥ from Y to
X*, both spaces equipped with weak topologies, we see from Lemma 2.7 that for any u € X,
Fo,a(w) = aFo(u) =i F1(u) is a weakly compact subset of X*. Together with the convexity of
Fp 4(u), which is a direct consequence of the convexity of fo(x, -), we see that Fy ,(u) € K(X™)
for all u € X. In particular, Fy , has effective domain D(Fp,) = X. Moreover, (3.5) shows that
Fy,4 is a bounded mapping.
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The properties of f] established above also show that all assumptions of [7, Theorem 7.26,
Chap. 2] are satisfied by the function f; on Q with the weighted measure du = wdx and
Y = L%(Q; w). According to this theorem, the mapping F; is Hausdorff upper semicontinuous
(h-upper semicontinuous, cf. [7, Definition 2.60, Chap. 1]) on Y.

Next, let {u,} C X and {u}} C X* be sequences such that

U, — ugin X, (3.25)
up —ugyin X*, (3.26)
and
uy € Foq(un) =aFo(u,), VneN. (3.27)
First, let us prove that
upy € Foq(uo). (3.28)

In fact, for each n € N, there is n, € Fo(u,) such that u} = an,. From (3.25) we have u, =
iw(ty) — iy (uo) =ug in Y. Because of the h-uppersemicontinuity of F; on Y noted above, this
implies that

Tim R} (Fi (), Fi (o)) =0, (3.29)

where h7, is the Hausdorff semi-distance between subsets of ¥ defined by
hy (A, B) := sup(disty (u, B)) = sup <inf |l — v||y> forA,BCY.
u€A ucA \veB

Since 7, € Fo(u,), we have %nn € Fi(uy,), and it follows from (3.29) that

lim disty (17771, F (uo)> =0.
w

n—o0

Consequently, there exists a sequence {¢,} in F1(ug) such that

=0. (3.30)

. a
lim H —MNn — {n
w Y

n—oo

On the other hand, since F1(ug) is closed, bounded, and convex in Y, it is bounded and weakly
closed, and thus weakly compact in Y. Thus, by passing to a subsequence if necessary, we can
assume that ¢, — ¢o in Y for some ¢y = %770 € F1(ug), with ng € Fo(ug). This limit and (3.30)
imply that

a a .
—nn = &0 <= —770) inY. (3.31)
w w

Since i} is continuous from Y to X*, both equipped with weak topologies, Lemma 2.7 gives

a a
Uy =an, =i, (E’?n) — iy <E”0) =ano € X*
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in X*. Together with (3.26), this yields ug = ano. Since no € Fo(uo), we have uj € aFo(uo) =
Fo.4(uo), proving (3.28).
Next, let us check that

(U, ) x*, x = (U3, U0) X* X (3.32)
In fact, we have
(Upy, un) x*x — (Ugy, wo) x+,x = (U, y — uo) x* x + (U — Uy, o) x* x-
From (3.26), it follows
(uy —ug, uo)x+x — 0. (3.33)
On the other hand, from condition (Ha), (3.5), and Lemma 2.7,

|<“:§7 up — uo)x* x| = {any, up — uo)x* x
= iy, (551, n — o) x* x|
= [{(557m) fw (un — u0))y|
< 5mmllyllun —uolly

< coctl|lun —uolly.

Since ||u, — uplly — 0 in Y, as a consequence of (3.25), we see that (u, u, — uo)x+ x — 0,
which together with (3.33), implies (3.32). The conclusions in (3.28) and (3.32) from the assump-
tions (3.25)—(3.27) show that Fy , is generalized pseudomonotone. Since Fy ,(u) € K(X*),Vu €
X, and Fy 4 is bounded, we see that Fp , is also pseudomonotone.

Step3. —A: X > X*, B: X —> X*and T : X — X* are pseudomonotone

We show in this step the pseudomonotonicity and some other needed properties of the other
single-valued mappings in (3.21).

First, the mapping —A defined by (—Au,v)x* x = fQ VuVvdx (u,v € X), is a linear
bounded and monotone mapping from X to X* with domain D(—A) = X. Hence, —A is pseu-
domonotone.

Next, let us consider the mapping u +— B(u). It follows from the estimate (3.7) that %B(u) €
Y whenever u € Y. Moreover standard convergence arguments in Lebesgue spaces show that if
u, — u in Y then %B(un) — %B(u) in Y, in other words, the Nemytskii operator u +— %B(u)
is bounded and continuous from Y into itself. Let u € X. Since u = i, () € Y, it follows from
Lemma 2.7 that B(u) € X, which according to the identification with the corresponding element
of X*,is given by B(u) = i;’;(%B(u)). Moreover, if u,, — u in X then u,, =i, () = i, (W) =u
in Y. Hence, as noted above, %B(un) — %B(u) in Y, which implies that

X*3 B(uy) =i (iB(un)> — it (lB(u)> = B(u) in X*.
w w

This limit shows that the mapping u +— B(u) is completely continuous and thus (single-valued)
pseudomonotone on X.
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By analogous proofs, we see that the mappings u > ¢ T;(-,u), i =1,...,k, and u >
% T/ (-, u), j=1,...,m,are also continuous from Y into itself. Hence, from the compactness of
the embedding i,, we see that the mappings

% a . j - a . .
ur>ali(-,u)=i,o(—T)oiy, ural’/( u)=i,o(—T')oiy
w w

are completely continuous and are thus (single-valued) pseudomonotone mappings from X to
X*, which implies that u — T (1) is a pseudomonotone mapping from X to X*.
The results above, together with that in Step 2, imply that the mapping

ur— —Au—Fy,(u)+ Bu)—T(u)

is pseudomonotone from X to C(X™).

Step 4. Coercivity of —A — Fo o+ B —T : X - K(X*)
Next, we prove in this step that the multi-valued operator —A — Fy, + B — T : X — K(X™)
of (3.21) satisfies the following coercivity condition for some ug € K

lim { inf (—Au—an+Bu)—T(u),u— u())} = 00, (3.34)

lull x—o0 | neFo(u)

which, together with the pseudomonotone property established in Step 3, implies the existence
of solutions of (3.21), and equivalently, of (3.19).
Letting u( be any (fixed) element of K, we have

/ VuVuodx| < luollx lulx (335)
Q

In the next estimates, ¢ stands for a generic positive constant that does not depend on u and
n € Fo(u), and may change from line to line. For any n € Fy(u), we have from (3.5) and property
(F2) that %n € Y. Hence, from Lemma 2.7,

(i3 (5m) u— MO)X*,X‘

(5. tw e = uo))y | (3.36)
< | %n|, Uully + lluolly)
< c(lullx + D).

[{(an, u —uo)| =

Similarly, from (Ha) and (3.17), we see for i € {1, ..., k} that

aTi(-,u), u —uo)| =

(izt) (%Tl( ”)) U= uO)X*,X‘
= (57w, fu e — o))y |
<|&7;¢.w|, Aully + lluolly)
<c(lullx + 1.
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Hence,
k
> HaTiCou).u —uo)| < c(llullx + 1) (3.37)
i=1

and analogously,

> T ). u = up)| < c(llullx + 1). (338)
j=1

Lastly, for any u € X (C Y), it follows from (3.7) that

|[q b, wuodx| < by [o(lul 4+ Duglwdx
< c(lluollyllully + 1)
< c(llullx +1).
Together with (3.8), this yields
/b(x, u)(u —up)dx > b2||M||%/ —c(llullx +1). (3.39)

Q

Combining the estimates from (3.35) to (3.39) shows that for any u € X, n € Fy(u) we get

(= Au—an+B@) = T@w),u—uo)= ully = c(lulx + 1),

which immediately implies the coercivity condition (3.34).

Step 5. Existence and enclosure

It follows from the conclusions in Steps 1-4 and [8, Corollary 2.6 ] that the auxiliary MVI
(3.21), or equivalently (3.18)-(3.19), has solutions. Let # € K be any solution of (3.18)-(3.19).
In this step, we prove that

u<u<u ae.on £, (3.40)

and next that u is indeed a solution of the original MVI (1.1). To verify the first inequality, we
let s be any number in {1, ..., k} and prove that

U, <u a.e.on L. (3.41)

By definition of subsolutions we have u, Vu € K. Letting v =u, Vu=u+ (u, —u)" in (3.19)
yields
Jo VuVi(u, —u)tldx — [qan(u, —uw) " dx + [ b(x, u)(u, —u)* dx

‘ N " ) N (3.42)
—> i anTi(x, u)(ug, —u)"dx + Zj:l anT-/(x,u)(gs —u)Tdx>0.
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From (2.7) with u, and n, instead of u and n, and v = u; — (u; — uw)t = u, ANucu, NK, we
obtain

— / Vu, V[(u, —u)Tldx + / an (u; —u)"dx > 0. (3.43)
Q Q
Adding inequalities (3.42) and (3.43) yields
Jo(Vu = Vu)Vi(u, —w*ldx — [qa(n —n ), —w)*dx

+ [ b, u) (g —u)tdx — Y, [ aTi(e, u)(ug —u)tdx (3.44)
+2 01 Ja aT’ (x,u)(u;, —u)"dx > 0.

Stampacchia’s theorem gives
/(Vu —Vu )VI[(u; — W) dx =— / IV (u, — u)|2dx <0. (3.45)
Q {xeQug(x)>u(x)}

At x € Q such that u (x) > u(x), since u (x) < u(x) < u(x), we have from (3.14) that
T/ (x,u(x)) =0 and thus

faTj(x, u)(u, —u)Tdx = f aT’ (x,u)(u, —u)dx =0, (3.46)
Q {xeQuu (x)>u(x)}
for all j € {1,...,m}. Furthermore, for x € € such that u (x) > u(x), we have u(x) < u(x)

which, together with (3.18) and (3.4), implies that n(x) € {Q(x)}, ie.,

n(x) =n(x). (3.47)

Also, for such x, (3.9) gives

T (x, u(x)) = [n (x) = n(x)]. (3.48)

As a direct consequence of (3.10),

/aTi(x,u)(gs —w)Tdx=>0,Vie(l,... k).
Q

Thanks to (3.47) and (3.48), we get

= Joatn =), —w)*dx - S foaTi(x, u)(u, —u)*t dx
< —Joatn—n ), —w)*dx — [qaTs(x, u)(u, —uw)*dx
= Jixequ, omutey 1@, ) = 100)) = () = 0, (0} — ) dx
0.

(3.49)

IA
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Combining (3.44) with (3.45), (3.46), and (3.49), we obtain

Offb(x,u)(gs—u)"'dx: / b(x,u)(u, — u)dx.
Q {xeQuu (x)>u(x)}

From (3.6), if u (x) > u(x) then u(x) > u(x) and b(x, u(x)) = [u(x) — u(x)Jw(x). Hence,

0<— / () — u()li, (6) — () w(x) dx.

{xeQug(x)>u(x)}

Since u(x) — u(x) > 0 and u,(x) — u(x) > 0 on the set {x € Q : u (x) > u(x)}, this inequality
implies that this set must have measure 0, which means that u(x) > u (x) for a.e. x € @, and
hence it follows (3.41). Since (3.41) holds for all s € {1, ..., k}, we get the first inequality of
(3.40). The second inequality of (3.40) is verified analogously.

From (3.40) and (3.6)-(3.9)-(3.14), we have

b(,u)=T;(,u)=T7(,u) =0 ae.on Q,
foralli e {l,...,k}, je{l,...,m}. Also, from (3.40) and (3.4), together with (3.18), we see
that n(x) € fo(x,u(x)) = f(u(x)) for a.e. x € Q. In view of these observations, (3.18)-(3.19)
reduce to (2.2)-(2.3). Our proof of Theorem 3.1 is complete. O
Letu;, 1 <i <kanduj, 1< <m,be sub- and supersolutions that satisfy the conditions in

Theorem 3.1. We have proved that the set S of solutions of (1.1) (i.e. of (2.2)-(2.3)) between u
and u,

S ={u € K : u satisfies (2.2)-(2.3)and u <u <wu a.e. on Q},

is nonempty. As consequences of Theorem 3.1, some further qualitative properties of S are given
in the following result.

Corollary 3.2. The solution set S possesses the following properties:

(a) S is a compact subset of X.

() If
KANKCKand KV K CK, (3.50)
then
(1) any u € S is a subsolution and a supersolution of (1.1).

(ii) S is directed downward and upward, that is, for all ui,u; € S, there exist u € S and
u € S such that

u <minfuy, ur} and u > max{uy, us}, respectively.
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(iii) S has smallest and greatest elements, that is, there are u,, u* € S such thatu, <u <u*
foralluesS.

Proof. Ad (a). Since u,u € L>(R), it follows from (3.2) that the set {||u|r~(q) : u € S} is
bounded. Let {u,} be a sequence in S. For each n € N, let n,, be the corresponding function in
F (u,) that satisfies (2.2) and (2.3) (for each u = u, and n = n,). Let fy be defined by (3.4).
Since S C [u, u], we see from (3.4) that f can be replaced by fj in (2.2) and (2.3). In particular,
N € Fo(uy), Vn € N. From (3.4), {n,} is a bounded sequence in L°°(£2). Using (2.3) with u,,
M, and v = vg, a fixed element of K, we see that {fQ |Vu,,|2dx} is a bounded sequence, i.e.,
{u,} is a bounded sequence in X. Therefore, there exists a subsequence {u,,} of {u,} such that

Up, — up in X, (3.51)

for some ug € K (as K is weakly closed in X). Thus, u,, = iy (uy) — iy (o) =up in Y. In
particular, ug € [u, u].
Arguing as in Step 2 in the proof of Theorem 3.1 (cf. (3.31)), we see that

a a .
— Ny — —noInY, (3.52)
w w

for some 1o € Fo(up). For any v € K, we have from Lemma 2.7 and (3.52) that

anrlm(v_“nI)dx = <i;(%77n[)sv_”nl>X*,X
= <%77n17iw(v_un[)>Y
— {3505 iw (v — uo))y

(iy (5;m0), v — uo)y

anno(v—uo)dx.

Letting / — oo in (2.3) with u = u,, and 1 = 7,,, and noting the limits

lim/Vuanvdx=/Vu0Vvdx
Q Q

and

liminf/|Vu,,,|2dx=liminf||unl||§( > ||u0||§=/|Vu0|2dx,
Q Q

we obtain

Jo Vuo(Vv — Vug)dx > limsup [ [ Vity, (Vv — Vi, )dx ]
> liminf [ [o Vi, (Vv — Vuy,)dx]
> lim [, ang, (v — up,)dx
= [Jqano(v —ug)dx.

(3.53)

Hence, 1 is a solution of (1.1), i.e., ug € S. Using v = ug in (3.53) also yields lim sup fQ |Vuy,, 2
dx < [ |Vuo|*dx. Hence, lim [, |Vuy,, |*dx = [ |Vuol*dx, that is, [lun,||x — lluollx. which,
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together with (3.51), implies that u,, — uo in X. This completes the proof of the compactness
of Sin X.

Ad (b). The proof of (i) is straightforward from the definitions of solutions and sub-supersolu-
tions of (1.1) given in Definitions 2.5 and 2.6. To prove (ii), assume u1, u> € S. Since they are
also subsolutions of (1.1), Theorem 3.1 thus implies the existence of a solution # of (1.1) such
that max{u,us} <& <min{u; : 1 < j < m} =u, which shows that § is upward directed. But
ui, uy €S are also supersolutions of (1.1), Theorem 3.1 thus implies the existence of a solution u
of (1.1) such that max{u; : 1 <i <k} =u <u <min{uy, up}, which proves that S is downward
directed.

As for (iii) let us show the existence of a greatest element only, since the existence of the
smallest element is proved analogously. Since X is separable with the metric generated by || - || x,
so is S. Let {w,} be a dense sequence in S. Using the directedness of S, we can construct
inductively a sequence {u,} in S such that w, < u, < u,4+1,Vn € N. Let u*(x) = sup{u,(x) :
n € N} =1lim,_ o u, (x), x € Q. As a consequence of the compactness of S, u, — u™* in X and
u* € S. Since u* > w, a.e. in  for all n € N, from the density of {w,} in S, we see that u™ > u
ae.inQforallueS. O

Remark 3.3. Examples of closed convex sets of X that satisfy (3.50) are given by
K={ueX:u>¢ae.onQj,
which represents an obstacle problem, or
K={ueX:|Vu| <Ca.e.onQ},
with the constraint on the gradient, like in an elasto-plastic torsion problem. In order for K # ¢
in the obstacle problem, we need to impose conditions on ¢ such as for instance ¢ € L°(2) with
$(x) <0forae. x € Q,or¢ e H2(Q) with trace(¢p) <0on dQ =3 B(0, 1).

4. Multi-valued obstacle problem

As an application of the theory developed in Section 3, here we consider the obstacle problem:
Find 4 € K and n € F(u) such that

(—Au,v—u)>{an,v—u), YveKk, “4.1)
where
K={ueX:u>q¢ae. onQ},
and ¢ € LO(2) with ¢(x) <0 forae. x € 2,and a: Q2 — R, satisfies (Ha). The multi-valued
operator F' is the Nemytskii operator generated by the multi-valued function f : R — 2R\ (7}
that is supposed to fulfill the following hypotheses:

(H1) f:R — 2R\ {#} is upper semicontinuous and uniformly bounded, that is,

AC>0:|n|<C, Vne f(s), and Vs eR.



S. Carl, VK. Le / J. Differential Equations 267 (2019) 4863—4889 4883

As seen from the proof of Corollary 2.3, the multi-valued function f satisfying (H1) has the
representation

f(s)=lals),B(s)], VseR, 4.2)

where the single-valued function & : R — R is bounded and lower semicontinuous, and 8 : R —
R is bounded and upper semicontinuous.

(H2) Leto: R — R of (4.2) satisty

.als)
lim — =pu > Ay, 4.3)
s

s—0

where A1 > 0 is the first eigenvalue of the eigenvalue problem:

—Au=Xta(x)u inQ, u=0 ondQ. “4.4)

Note, (H1) implies hypothesis (HF), which along with (H2) will allow us to construct a pair of
sub-supersolutions such that our main existence and enclosure result is applicable. Regarding the
eigenvalue problem (4.4) let us recall [5, Corollary 3.3].

Corollary 4.1. Under hypothesis (Ha) the eigenvalue problem (4.4) has a sequence of eigenval-
ues 0 < Ay <Ay <...<Aj; — oo, with corresponding eigenfunctions y; € X N L*(Q) for all
jeN.

Next let us consider the linear problem

—Au=a(x) inQ, u=0 onadQ. 4.5)
From [5, Theorem 4.1] we deduce the following result.

Corollary 4.2. Assume hypothesis (Ha). Then (4.5) has a unique solution Y € X which enjoys
the following properties:

(i) Y(x) > O0forall x € Q.
(i) Te Céﬁc(ﬁ) and % < 0 for x € 02, with d/0n denoting the outward normal deriva-
tive.
(1) 0<Y(x)<cforallx e Q.

Finally, from [5, Theorem 2.5] and [5, Corollary 6.1] we obtain

Corollary 4.3. Assume (Ha) and let | be the eigenfunction belonging to the first eigenvalue A
of (4.4). Then ¥1(x) = Y(x) for all x € Q, that is, there are positive constants c1, ¢y > 0 such
that

ayi(x) <T@ <cyi(x), xeQ. (4.6)
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By means of the above Corollary 4.1-Corollary 4.3 as well as Theorem 3.1 and Corollary 3.2
of Section 3 we are now able to prove the following existence and enclosure result for the multi-
valued obstacle problem (4.1).

Theorem 4.4. Assume hypotheses (Ha), (HI), and (H2). Then for ¢ > 0 sufficiently small and
M > 0 sufficiently large, u = ¢ ¥y and u = M Y are sub- and supersolutions, respectively, of the
multi-valued obstacle problem (4.1) satisfying u < u. Moreover, there exist extremal solutions of
(4.1) within the interval [u, u).

Proof. We only need to show that u = | is a subsolution for ¢ > 0 sufficiently small, and
u = MY is a supersolution for M > 0 sufficiently large of (4.1). The existence of extremal
solutions of (4.1) then follows immediately from Theorem 3.1 and Corollary 3.2 of Section 3.

Clearly,uVK = ¢y VK C K.Letn =a(e ), thenn(x) € f(u(x)), and since n is bounded
we have an € Xg. To finish the proof for u = & | being a subsolution we need to verify the
inequality (2.7), that is,

/Vg(Vv—Vg)dxz/aQ(v—g)dx, VveunKk. 4.7
Q Q

Note, v € u A K is represented by v=u A ¢ =u — (u — @)™ for any ¢ € K, and thus (4.7) is
equivalent to

/ VuV(u—¢)*dx < / an(—¢)*dx, Vg eKk. “38)
Q Q

Since (u — )T € X4 ={u e X :u(x) > 0forae. x € Q}, the proof of (4.8) is done provided
u = ¢ Y1 € X is a subsolution of the equation

—Au=aa(u). 4.9)

Using the properties of the first eigenfunction 11 along with hypotheses (Ha), (H1), and (H2),
we have for ¢ > 0 small “(:—1;/’1]) > A1 + 6 for some 0 < 8§ < ;o — Aq and thus

—Au—aa()=xracy —aa(ey)

Ot(ﬂlfl))
e

<aeyi(hi = 0u +9) <0,

=a€1ﬁ1()~1—

which shows that u = € Yy is a subsolution of (4.1).

To prove that w = M Y is a supersolution of (4.1) for M > 0 sufficiently large, note that
UuNK=MTYAK CK is trivially satisfied. Let = (M Y), then n(x) € f(u(x)), and since 1
is bounded we have a7 € X{j. So it remains to verify inequality (2.9), that is,

/Vﬁ(VU—Vﬁ)dxz/aﬁ(v—ﬁ)dx, YveuvKk. (4.10)
Q Q
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Clearly, v € uV K is represented by v =+ (¢ —u) " forany ¢ € K, and thus (4.10) is equivalent
to

/VEV(go—ﬁ)*dxzfaﬁ(go—ﬁﬁdx, VoeKk. 4.11)
Q Q

Since (p — )™ € X4 for all ¢ € K, the proof of (4.11) is finished provided # = M Y is a
supersolution of the semilinear equation

—Au=apB), 4.12)

that is —Au — a B(u) > 0 in the weak sense. Taking into account that T € X is a weak solution
of (4.5) we see

—Au—aB@)=—AMY)—aBMY)=aM —aB(MT)
=a(M—-BMT)) >0,

for M > 0 sufficiently large, since by (H1), 8 : R — R is uniformly bounded. Thusu = M Y'is a
supersolution of (4.1), which according to Corollary 4.3 satisfies u = M Y > ¢ i for a possibly
even larger M. This completes the proof of the theorem. O

Remark 4.5. In Theorem 4.4 the obstacle function ¢ € LO(Q2) of K ={u € X :u > ¢ a.e. on Q},
is supposed to satisfy ¢ (x) < 0 for a.e. x € Q. In view of (4.6), more general obstacle functions
¢ are admissible such that Theorem 4.4 remains true. For instance, any function ¢ € LO(Q)
satisfying

X
€8S sup < OO0 Or esssup ( ) <
xeq T(x xeQ Y1(x)

(4.13)

In case of an obstacle problem with an obstacle being from above, that is,
K={ueX:u<g¢ae.onQj,

and ¢ € L°(Q), Theorem 4.4 still remains true for obstacle functions satisfying one of the fol-
lowing conditions:

.. P .. P(x)
ess inf >0 or ess inf
xeQ Y (x) xeQ Yy (x)

> 0 or simply ess insfztp(x) > 0. 4.14)
Xe

5. Generalized variational-hemivariational inequalities

The sub-supersolution method for the MVI (1.1) established in Section 3 will enable us to
treat general variational-hemivariational inequalities in (unbounded) exterior plane domains of
the form: Find # € K such that

(—Au,v—u)—I—/a(—j)”(u,u;v—u)dsz, VveKk, (5.1)
Q
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where j°(r,s; o) denotes Clarke’s generalized directional derivatives at s in the direction o for
fixed r of some function j : R xR — R, (r, s) — j(r, 5), that is supposed to satisfy the following
hypothesis:

(HJ) For each r € R, the function s — j(r, s) is locally Lipschitz, and for o = %1, the function
s+ j°(s, s; 0) is locally bounded and upper semicontinuous.

We recall here for convenience the definition of Clarke’s generalized directional derivatives at s
in the direction o for fixed r, j°(r, s; 0),

o, . Jjr,y+eo)—jr,y)
jo(r,s;0) = limsup ,
y—s, €0 &

(5.2)

see [6, Chap. 2]. The main goal of this section is to pave the way for dealing with variational-
hemivariational type inequalities in unbounded domains. We are going to show that under
hypothesis (HJ) the general variational-hemivariational inequality (5.1) turns out to be only a
special case of the MVI (1.1). To this end let us recall the notion of Clarke’s generalized gradient
of the locally Lipschitz function s — j(r, s) at s for fixed r, which is denoted by 9 (r, s) and
defined by

dj(r,s)={§ €R:j%(r,s;0) =60, Vo R}, (5.3)
see [6, Chap. 2]. Let us introduce the multi-valued function f : R — 2R\ {4} given by
f(s)=20j(s,5). 54

Lemma 5.1. If (r, s) — j (7, s) satisfies hypothesis (HJ), then the multi-valued function f : R —
2R\ (@) given by (5.4) satisfies hypothesis (HF).

Proof. From the definition of 9j(r,s) and the positive homogeneity of the mapping o +—
jo(r, s; o) for r fixed we see that for all r, s € R,

aj(r,8) =[=j%(r,s; =1), j°(r,s; 1], (5.5)
which shows that f : R — IC(R). To prove that f : R — oR \ {#} is a multi-valued upper semi-
continuous function, we make use of the upper semicontinuity of s — j°(s,s; £1). Let 5o € R

and U be an open neighborhood of f(sg) = 3] (so, so)- In view of (5.5), there exists ¢ > 0 such
that

(—Jj°(s0,50: =1) — &, j%(s0, 505 1) + ) C U.

From the upper semicontinuity of the (single-valued) functions s + j°(s, s; £1) at s, there
exists an open neighborhood O of sy such that for all s € O we have

JO(s,s31) < j%Cso0, 805 1) + ¢, and j(s,s; —1) < j%(s0, s0; —1) + &,

and hence it follows for all s € O,
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f(s)=10j(s,8)=[—j%Cs,s:=1), j%Cs,s:1)]
C (=j°(s0, 505 =1) — &, j(s0,50; 1) + &) C U,

which proves the upper semicontinuity of f atsg. O

From Lemma 5.1 we see that f given by (5.4) is a special multi-valued function that satisfies
(HF). Let us now consider the MVI associated with f, that is: Find u € K C X and n € F(u),
ie., nx) € f(u(x)) =9jwm(x),u(x)) such that

(—Au,v—u)>{an,v—u), Yvek. (5.6)
The following equivalence of problems (5.1) and (5.6) holds.

Theorem 5.2. Assume hypotheses (Ha), (HJ) and let the lattice condition K N K C K and K v
K C K be satisfied. Then u € X N L°° () is a solution of (5.1) if and only if u is a solution of
(5.6).

Proof. Let u be a solution of (5.6), that is,

(—Au,v—u)+/a(—n) (wv—u) >0, VveKk, 5.7)
Q

with —n(x) € — f(u(x)) = —9dj (u(x), u(x)), and due to the calculus for Clarke’s gradient we
have

—n(x) € (=) (u(x), u(x)),

which by the definition of Clarke’s gradient of (—j) yields
() (W) —ux)) < (=)@ x), u(x); v(x) —u(x)) forae. x € Q. (5.8)

Since a > 0, we get from (5.7) and the last inequality (5.8) that u satisfies (5.1).

Let us prove the reverse, and assume that u is a solution of (5.1). In order to show that u is
a solution of the multi-valued variational inequality (5.6), we are going to show that u is both
a subsolution and a supersolution for the multi-valued problem (5.6), which then by applying
Theorem 3.1 completes the proof.

Since K has the lattice condition, we can use in (5.1), in particular, v e u AK,i.e., v =un¢e =
u— (u—@)* with ¢ € K, which yields

(—Au,—(u — @)™ —i—/a(—j)”(u, u, —(u—@)NHdx >0, VpeKk. 5.9
Q
Since (—j)’(s, s; ) is positive homogeneous, (5.9) becomes

(—Au, —(u —)*) —l—/a(—j)”(u, u; —Dw—¢)Tdx >0, YoeKk. (5.10)
Q
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Further, by applying Clarke’ gradient calculus from [6, Chap. 2] we see

(=) @x), u(x); =1) = max{=¢(x) : {(x) € d(—j) (u(x), u(x))}
= —min{{(x) : £ (x) € I(—j)(u(x), u(x))}
=—n(x),

where

n(x) € 3(=j)(u(x), u(x)) = —0j (u(x), u(x). (.11

From (5.10) and (5.11) we getby using v eu A K, thatisv=u — (u — @)+ forp e K

(—Au,v —u) z/a(—ﬁ)(v—u)dx, YveunKk, (5.12)
Q

where —n(x) = n(x) € 3j (u(x), u(x) = f(u(x)), which proves that u is a subsolution of (5.6).
In a similar way one can show that u is also a supersolution of (5.6). Applying Theorem 3.1,
there exists a solution # of (5.6) such that u < u# < u, and hence u = i, that is u is a solution of
the MVI (5.6). This completes the equivalence proof. O

Remark 5.3. We are not seeking here to establish existence and enclosure results for the inequal-
ities (1.1) and (5.1) in the most general settings on the exterior domain €2 or on the operators
involved in the inequalities, but concentrate instead on a new working framework for such
inequalities on exterior domains. More general nonsmooth problems with quasilinear elliptic
operators of monotone type can therefore be studied by the theory and tools developed here.
Moreover, the connection between hemi-variational inequalities and variational inequalities with
multi-valued terms elaborated in Section 5 allows extending their application scope further to
hemi-variational inequalities on exterior domains.
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