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Abstract

We show global well-posedness and exponential stability of equilibria for a general class of nonlin-
ear dissipative bulk-interface systems. They correspond to thermodynamically consistent gradient structure
models of bulk-interface interaction. The setting includes nonlinear slow and fast diffusion in the bulk
and nonlinear coupled diffusion on the interface. Additional driving mechanisms can be included and
non-smooth geometries and coefficients are admissible, to some extent. An important application are
volume-surface reaction-diffusion systems with nonlinear coupled diffusion.
© 2020 Elsevier Inc. All rights reserved.
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1. Introduction

In this paper, we consider nonlinear bulk-interface systems that arise from thermodynami-
cally consistent gradient structure modelling of the interaction of dissipative dynamics on bulk
domains and on and across interfaces or surfaces. The modelling concept was introduced in [22],
[31] and it was shown that it applies to many different processes (examples and references be-
low in Subsection 1.2). Here, the aim is to show global well-posedness and stability, including
in particular slow and fast diffusion in the bulk, coupled nonlinear diffusion on the interface

E-mail address: kdisser @mathematik.tu-darmstadt.de.

https://doi.org/10.1016/j.jde.2020.03.021
0022-0396/© 2020 Elsevier Inc. All rights reserved.


http://crossmark.crossref.org/dialog/?doi=10.1016/j.jde.2020.03.021&domain=pdf
http://www.sciencedirect.com
https://doi.org/10.1016/j.jde.2020.03.021
http://www.elsevier.com/locate/jde
mailto:kdisser@mathematik.tu-darmstadt.de
https://doi.org/10.1016/j.jde.2020.03.021

4024 K. Disser/ J. Differential Equations 269 (2020) 4023-4044

and general reaction-type nonlinearities on the interface and as boundary conditions. The results
are based on a specific functional analytic framework that uses maximal parabolic regularity in
W14 and global L>°-bounds that derive from the dissipative structure.

1.1. Model equations

The bulk Q C RY, d =2, 3, is a bounded set with boundary 02 and it can be separated into
two open disjoint domains €24 and 2_ by an interface I' of dimension d — 1. The domains
Q4, Q_ and manifold I" have unit outer normal vector fields v, v_, vr at their boundaries. The
scalar quantities u4 : (0, T) x Q4 > R,u_: (0, T)xQ_ - Randur: (0, T) xI' — R interact
on and across I', and they satisfy the three sets of equations

it —div(ky (uy)Vuy) = fr(ug), in (0,7) x 4,
(ky (u)Vup)vy +my(u) (s —ur) +mr@)(uy —u_) = g4+(u), on(0,7)xT,
(ky (u)Vuip)vy = hy(uy), on (0,T) x {0Q24\I'},
(1.1)

and,

i —div(k_(u_)Vu_) = f-(u_),in (0,T) x Q_,
k-@)Vu)v_+m_u)(u— —ur)+mr@)(u—- —uy) = g-(m), on(0,7)xT,
(k—(u_)Vu_)v_ = h_(u_), on (0, T) x {3Q_\I'},
(1.2)

and,

{L'tr — divp (kr () Vrur) —my (u)(uy —ur) —m—_u)(u— —ur) = frw), in(0,7)xT,
(kr(u)Vrur)vr = hr(ur), on (0,7) x oT".
(1.3)
To improve the presentation, we write

M=(M+,M7,ur)’ f:(f+, f*’ fr)a~~-

The coefficient matrices k, the scalar transmission coefficients m and the external forces and
inhomogeneous boundary conditions f, g, # may have (locally Lipschitz) dependence of the so-
lution u and continuous dependence of the space variables with

ki(rous) €RE? and  kr(you) e RYTDOD, (1.4)

and

ml“(y’“)»m—k(y,“),m—(y’u)€R20~ (15)

More precise assumptions on k,m, f, g, h are given in Section 2. Examples are slow or fast
diffusion k4 (u4) = Koui_l with constants p € R and ko > 0, where the case k4 (u4) = uLz is

1
motivated by the entropic structure for the system in [31] (see Subsection 5.1). The diffusion
coefficient kr can depend on all three unknowns u in a nonlinear way and the same is true for

the transmission coefficients m. An example is m(u) = u21u (motivated in Subsection 5.1).
+ur
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For the global equilibration result on all three components, it is needed that m 4., m are not only
non-negative, but that at least two of them are positive, so every pair of components interacts at
least indirectly across the interface.

1.2. Applications

The system (1.1) — (1.3) can be related to several types of applications:

e An important example is that f, g are given by chemical reaction rates for the densities
u4,u_ and ur of species that interact and react at the interface. A concrete example is

Frluy) =0,g4(u) = —karu —kuf),  fr(u) = kW% — kup) (1.6)

with k,x > 0 and «, B > 1. This situation is typical for many (cell) biological, ecological
and technological processes [2,22,28,31] and these systems have gained increasing attention
in analysis and numerical analysis [4,17-19,26,30,36]. It is shown in [9] how the main result
here, Theorem 3.1, applies in this case and allows to extend some of the previous results in
[4,17,19,26,36] to the case of nonlinear and nonlinearly coupled diffusion and to the case that
only part of the boundary of 2 is interactive. Nonlinear and coupled diffusion often appear
in the modelling of reaction-diffusion systems, and they can be naturally associated to bulk-
interface systems [2,3,22,29,31]. It is the aim of future work to use the analysis started here
and in [9] to study more complex systems of multicomponent reaction and diffusion.

A second example is the modelling of heat conduction within a bulk material that is separated
into two parts by a thin heat-conducting plate. Particularly at high and low temperatures,
thermal conductivity of bulk and plate materials become nonlinear in their dependence of
temperature and non-equilibrium modelling of heat conduction across the plate leads to
nonlinear transmission coefficients m of the type above, see for example [38] for mate-
rial parameters and Subsection 5.1 on the associated Onsager structure. In technological
applications, the geometry often includes sharp edges and singularities where interface and
boundary meet. These non-smooth settings are essentially included in the analysis here. To
the author’s knowledge, it is the first result on this particular quasilinear transmission-type
problem in a non-smooth setting.

For models of diffusion and transport of electrical charges in semiconductor devices, like
solar cells, active interfaces often play a crucial role, cf. [21]. In particular for the case of
three spatial dimensions, well-posedness for these systems in non-smooth geometric settings
is still hard to achieve but highly relevant in modelling, simulation and optimization [12].
In future work, the method developed here can be adapted to provide well-posedness for
systems that include coupled diffusion and transport along active interfaces.

The quasi-linear structure of (1.1) — (1.3) may appear after a change of coordinates that
transforms a free boundary problem to a fixed domain, [35].

Here, global existence and uniqueness is shown including semilinear f, g,/ as long as
boundedness is preserved. This includes, for example, driving mechanisms of Allen-Cahn-
type associated to phase separation, cf. Corollary 3.6 and the example in (3.7). The result
here applies if phase-separation occurs both in a bulk and along a (lower-dimensional) sur-
face part of the material, coupled by (non-linear) transmission terms. Well-posedness for
Allen-Cahn equations with dynamic interface conditions was shown in [6].
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1.3. Functional analytic setting

We use that system (1.1) — (1.3) can be recast as a quasilinear abstract Cauchy problem of the
form

u(t) + Ayyu(t) = F(u)),
u(0) = uo,

»q,4r

in the space W, ! of functionals on

Whaar — whe' (@) x Whe'(Q_) x Whar(r)

with ¢ > d, qr > 2 in spatial dimensions d = 2, 3, where A, is a second-order divergence-
form elliptic operator (details in Subsection 2.2). The main result is that this problem is globally
well-posed. This may seem like a special choice of spaces at first, but actually, there is a good
reason for this choice in that the quasilinear map

WhEAr 5 415 L% 54 15 k(w) € L% > A, € BWHr wi oy (1.7)

is well-defined, locally Lipschitz, and compact (estimate (3.10) and Lemma 3.2). In the usual
weak setting with w € W22, without the first embedding, the second mapping is not Lipschitz,
so local well-posedness is less clear. On the other hand, if W, AT replaced by a smaller space
like L?2 (the strong setting), the third mapping is not bounded, so more than global L>-estimates
are needed for global existence.

The W, Lq.qr -setting is also well adapted to non-smooth situations like non-smooth coef-
ficients, non-smooth boundaries and mixed boundary conditions. In [11], there is a survey on
results on the corresponding elliptic isomorphy that is used for the quasilinear theory. Here, this
means that it is not necessary that all of the surface of the bulk domain is active and that lo-
cal well-posedness in this setting extends to mixed Dirichlet and Neumann boundary conditions
[10] and that 24 and ©2_ and the coefficients k, m are allowed to be (spatially) non-smooth to
some extent. This is natural from a modelling point of view, as the separation of a smooth do-
main by an interface, even a plane, will usually create a kink. It can also be highly relevant in
semiconductor device modelling [12] and for catalysis modelling [4]. A general advantage of the
quasilinear approach to (1.1) — (1.3) is that it has a very good perturbation theory. It is a well-
studied problem how to include lower-order terms, time-dependence of coefficients and external
forces, cf. Subsection 5.2. For example, in [8], local well-posedness of similar systems is shown
in an L?-setting with smooth coefficients and geometries.

Here, in the proof of global well-posedness, a Schaefer fixed point argument is used to prove
existence of solutions, and the local Lipschitzianity of the map (1.7) is used afterwards, to show
uniqueness. This method needs an explanation as a maximal regularity approach with Lips-
chitzian nonlinearity is already tailored to a contraction mapping argument that provides both
existence and uniqueness. The point here is that we are interested in global existence. The usual
quasilinear maximal parabolic regularity approach provides well-posedness up to possible blow-
up in the time-trace norm (the space of local semiflow). In the present weak setting, the trace
space X, . of solutions u € C O(Jr, X" ) embeds into the space of Holder-continuous func-

1 r
tions, Xq’qr

-
q.9r
s CB.Pr (Lemma 2.4), so for global existence, with the usual arguments, (at least)
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global Holder bounds would be needed. The method presented here circumvents the need for
uniform higher-order a priori bounds by splitting existence and uniqueness proofs. To apply
Schaefer’s fixed point result, it is sufficient to know a posteriori L°°-bounds, rather than a priori
bounds. This appears to be a technical simplification only, but it is a standard method used for
quasilinear elliptic problems [20], so it may in principle be rewarding for parabolic systems as
well.

Regarding the nonlinearities in f, g, & in the system (1.1) — (1.3), the need for global L*°-
estimates can be a severe restriction, in particular, on reaction-diffusion problems. On the other
hand, it is not a stronger condition than what is used in the semilinear theory [17,19,36], so the
main result here can be applied in these situations. The boundedness-by-entropy method devel-
oped by Jiingel [27] shows that there is a connection between the entropic gradient structures of
a system and L°°-estimates. A direct argument for this in a simple nonlinear diffusion-reaction
case was also made in [9]. The proof of L°°-bounds, equilibration and exponential rates for sys-
tem (1.1) — (1.3), Lemma 3.5 and Theorem 4.1, make exact use of the gradient structure of the
bulk-interface interaction in that for convex energies, the linearization of the dual dissipation
potentials acts like a discrete gradient on the components.

Outline The paper is organized as follows. The next section contains basic assumptions on the
geometry and coefficient functions in (1.1) — (1.3) and collects preliminary results on the bilinear
form and linearized operator associated to the system. In Section 3, the main result on existence
and uniqueness of global solutions is proved. In Section 4, the bulk-interface Poincaré inequality
and exponential stability for the global equilibrium under mass conservation are shown. In the last
Section 5, the relation of the model to the entropic Onsager system of heat diffusion and transfer
derived in [31] are discussed and extensions of the main results like the case of Q2_ =, higher
regularity, dependence of coefficients on time, and the inclusion of lower-order perturbations are
given.

2. Basic assumptions and functional analytic framework
2.1. Assumptions on geometry and coefficients

Assumption 2.1. The bulk domains €24 and Q_ are bounded Lipschitz domains [23, Def.
1.2.12]. The interface I is a d — 1-dimensional C'-part of the boundary of both , and Q_
with Lipschitz boundary oI" if d = 3.

For g € [1, 00], L9(w) denotes the usual real Lebesgue space of g-integrable functions on a
domain or manifold w, W4 (w) denote the usual L?-Sobolev spaces of order m € N and C*(w)
are the uniform Holder spaces of exponent @ > 0 with C O(w) = C(®) if w is bounded. Function
spaces related to (1.1) — (1.3) are: for ¢, gr € [1, o0], @, ar > 0 and H,4_ the d — 1-dimensional
Hausdorff measure on I,

L44 = [9(Q,) x LI(Q_) x LI (T),

Whaar .= wlha(Q) x Wh(Q_) x whar(r),  and

Ca’ar = Ca(QJ,_) X Ca (Q_) X Cal" (F)v
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where W1-4(I") is defined through the standard notion of weak differentiability on the manifold
I" that preserves embedding and trace theorems, integration by parts and Poincaré inequalities.
The trace operator

trp: Wh(Q4) — LI(T) 2.1
is well-defined and continuous (likewise for €2_). Set
trru = (trr Uy, trru—, ur) 2.2)

for the trace components of u on the interface I'. Often we omit the operator trr (like in the
statement of the model equations (1.3) on I'). Dual Sobolev spaces are denoted by

Wy (@) = (W' (@) and Wo 977 = (W9 by

+l:1.F0r—oo<l§L<+ooandneN,let

o1 1 1
with - + & = =
q+q’ qr ' qf.

RI":={veR":I<v;<Lfori=1,...,n}), and
Ch=ueC®™:l<ui(x),ur(y)<Lforallx € Qs,yeTl}.

Assumption 2.2. Let k and m be given as in (1.4) and (1.5) and let —oo < < L < 400 be given
constants.

(1) Uniformly in u € (RIL)3, the coefficient matrices k(-, u) are measurable, bounded and ellip-
tic, i.e. there are constants k, k > 0 such that

Ik (-, w)llLe <k, (2.3)

and such that for all x € R, y e RIL
x-keCou)x = klx|* and y-kr(,u)y = klyl%, 2.4)
almost everywhere in Q.+, I'. In particular, k£ and k may depend on/, L, butnotonu € (RZL)3.

(2) Uniformly inu € (RIL)3, the transmission coefficients m., mp are measurable and there are
constants m, m > 0 such that

lm(, u)llLeoqry <m (2.5)

and such that at least two of the three transmission functions, e.g. m4, mr are positively
bounded from below,

msm-f‘("u)amr('au)a (2'6)
and the third transmission function is non-negative,

0=m_(-,u),
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almost everywhere in I'. Note that again, m, m may depend on /, L, but not on u € (IRIL)3 .
(3) The functions R 3 u+ +— ki (x,u+), R? > u > kr(y,u) and R3 3 u — m(y, u) are locally
Lipschitz uniformly in y e I', x € Q..
(4) If d = 3, then k4 are of the form k+(x, u+) = k4 (x, u4+)x4+(x). The functions x4 : Q4 X
R — R are scalar, satisfy 2.2(3) and for all u+ € R, we have x4 (-,uy) € CY(Qy) with
k < k4 (-,uqg). The functions x4 : Qi — Ri?ﬁ satisfy 2.2(1) and are uniformly continuous

on Q4.

Some examples of coefficients k, m that satisfy Assumption 2.2 are in Subsections 5.1 and
1.1. Assumption 2.2(4) is used to guarantee that if d = 3, the non-autonomous operator A, ;)
that defines the system, does not change its domain of definition, see Lemma 3.2. Note that the
condition x4 € C(Q4+)3*3 may be relaxed considerably, e.g. to hold only piecewise on layers.
For a detailed discussion of necessary and sufficient conditions for this property, we refer to [11].

2.2. Bilinear form and elliptic operator

The dissipation in (1.1) — (1.3) across I is governed by the transmission coefficient matrix m
given by

my +mr —mr —my
m= —mr m_ +mr —m_
—my —m_ my +m_

With Assumption 2.2(2), m is positive semi-definite and for r = (r4,r_, rr) € R3,
r-mr=_0ae.,ifand only if ry =r_ =rp. 2.7)
Let —o0o < < L < 4+00. For fixed u € CIL, define the bilinear form
ay W22 wh22 R
by

ay (¥, @) == ,(¥, ) +m, (¥, @),

where
(. @) == / Vs -y () Vs dx + / VY k- (u_)Ve_ dx

Qy Q.

+ / Veur - ke(u) Vegr dMa 1,
r

=L+, 00) + (W, o)+ L r(¥r, or),

and
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my, (Y, @) Z/trrlﬁ -mtrr odHg 1.
T

By (2.1), the form a,, is well-defined and continuous. Due to (2.7) and Assumption 2.2,
a,(p,9) >0 and a,(¢,¢)=0ifand only if ¢+ = ¢_ = ¢r = const. (2.8)
The form a, induces an operator A, : Wh22 — Wy "> by
AW (@) =, (), forall .9 € W22,
For g, qr € [2, 00), let A7?" be the maximal restriction of A, to W, Lawar ith
dom(ADI) = {y e Wy P N W22 A,y e Wy Y,

and AP = A, | dom(a%ry- 1t will be shown in Lemma 3.2 below that dom(AL Iy = wha.ar,

»q,9r q.9r

analogously induced by [, and let £'9", £1:1"
and EZ:?F be the Neumann operators induced by [, 1, [, — and [, on the domains £, Q_ and

Let £1%" be the divergence operator in W, !

I, respectively. We write M ‘" for the bounded transmission operator given by
MET W) @) i=m, (. 9), ¥ edom(LE), p e Wh T, (2.9)
so that
AL = L4 M

The external forces and inhomogeneous Neumann boundary conditions f, g, in (1.1)—(1.3)
are realized as a Wal’q’qr—functional F(u) with components F (1) € W()_l’q(52+), F_(u) €
W, (@) and Fr(u) € W, " given by

Frlu) (o)) = / fr s dx + / g )ty dMy 1 + / b () trag s Ay
o T AT

F_(u)(p-) = / J-u)e- dx+/gf(u)trr p—dHa-1+ / h—(u_)trgo_\r o—dHs—1
o r 9Q_\I"

fr(”)(<ﬂr)=/fr(u)§0r dHa—1 +/hr(ur)trarfpr dHa—2,
r ar

for all ¢ € whd'ar, Using trace and embedding results, it follows that F («) is well-defined, if
f(u) e LPPTand g4 (u), he(u) € LP(),

where
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d d—1 d—1
p>d+l—i’pr> _d_land,o> —a-
q/ qf‘ q/

If d =2, then pr > 1 is sufficient. If d = 3, then hAr(ur) € LT (3T") with pr > 1 is a suffi-
cient condition. With the assumptions in this section, the system (1.1), (1.2) and (1.3) can be
considered as the quasilinear abstract Cauchy problem

(1) + Aunyu(t) = Fu(t)) € wg‘*q””, u(0) = uo, (2.10)
for g, qr > 2.
2.3. Maximal parabolic regularity and embedding theorems

In the proof of the main result, we use non-autonomous maximal parabolic regularity of AZ’(.q)F

in W, 1449 Ty make this more precise, this subsection contains some definitions and prelim-
inary results. For T > 0, let in the following Jr = (0, T'). For two Banach spaces X, Y that
form an interpolation couple, (X, Y)g,, denotes the real interpolation spaces with parameters
0 e€(,1), pell,oo]

Definition 2.3. Let 1 < r < oo, let X be a Banach space and assume that B is a closed operator
in X with dense domain dom(B) C X, equipped with the graph norm. We say that B satisfies
maximal L”(Jr; X)-regularity if for all u% € (dom(B), X)lfl,r and f € L"(0,T; X) there is a
unique solution '

u e L (Jp; dom(B)) N W (Jr; X)
of the abstract Cauchy problem

u+Bu = f,
u(0) ul,

posed in X, satisfying
et Lr s x) + IBullLr g0 < CUullomsy.x),_y +1F Ierrsx)

with a constant C > 0 independent of u% and f (see e.g. [1, Ch. III.1]).

Note that the notion of maximal L" (Jr; X)-regularity is independent of 1 <r <oco and T >
0, cf. [14]. In the following, for g, qr > 2, 1 <r < oo and given u € C%9 we consider maximal
regularity of A7'“". Thus,

MR; . := L' (Jr: dom(AT 1) N W' (73 Wy H10)

is the corresponding solution space and

, —1l,q,
X g 1= (dom(ALT), W4y 1
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is the corresponding time trace space.

In Lemma 3.2 below, it is shown that there are ¢ > d, gr > d — 1, such that dom(AZL") =
W4:4r The following lemma summarizes useful embeddings for the corresponding function
spaces.

Lemma 2.4. If dom(AL") = W44 then

(])forafl—gandarfl—%

>

dom(AL"y s CxOr, (2.11)

(2) forany 1 <r < oo,

MR, < C(r: X 0. (2.12)
Ifg>d, qr>d—1,andr > max(;2, 201), then
P (2.13)
whereO<ﬂ<1————and0<,3r<1—q—rl—%.
(3) J;qu >d,qr >d—1,let0 <8 < min(4 = d, ququJrl) andr > max(q_Zzgqq_d, e zaqr 1)
en
MR] <> C°(J7; CT) (2.14)
with<y <1-— % — % —25and0<yr<1-— % - % — 26. In particular, the embedding
MR <> C%(Jr; C*0) (2.15)

is compact.

Proof. Note that Q, Q_ and I'" are sufficiently regular for embedding and interpolation results
to work “as usual”. The first embedding (2.11) is standard, cf. e.g. [39, 2.8.1(c)]. For embedding
(2.12), cf. [1, Section I11.4.10]. Embedding (2.13) follows by definition of X;,qr’ combining
e.g. the interpolation result [39, p. 186, (14)] and the embedding [39, 2.8.1]. From [13, Lemma
3.4(b)], it follows that

_1’ s
MR] < C°(Jr; (W 41, Whedry, )
with0 <6 <1-— % — §. Embedding (2.14) then follows again by combining [39, p. 186, (14)]
and [39,2.8.1]. O

For uniqueness, an assumption on the dependence of F of u is needed. By embedding, the
assumption is satisfied, e.g. if the dependence of F of u in an L”-norm is locally Lipschitz
(for example, it is straightforward to see that semilinear terms of reaction-diffusion type with
arbitrary powers are included [9]).
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Assumption 2.5. Given 1 <r < oo and g, gr > 2, the function F: X = — W, 1441 is hound-

q.qr
edly Lipschitz in the sense that for all L > 0, there exists a constant C; > 0 such that for all
uy, uz € Xy o with flurllxy s lluzllxy <L,

1) = F@)ly raar < Cpllun —ualix

3. Global existence and uniqueness

The main result of the paper is global existence and uniqueness of solutions of (2.10). For local
well-posedness, it is sufficient that F satisfies Assumption 2.5. For global existence, it is required
that F preserves the L°°-bounds for (2.10). This requirement on F is defined more precisely in
Step (3) in the proof of Theorem 3.1. Examples of F that satisfy these assumptions are given in
Corollary 3.6 and it is shown that this includes coupled volume-surface reaction-diffusion in [9]
(the case F = 0 corresponds to the original gradient structure).

Theorem 3.1. There exist ¢ > d, gr > d — 1 such that for all r > max(quqd, qr2_qdr+l ), ul e Xy g

T > 0 and F satisfying Assumption 2.5 and preserving L°-bounds, there is a unique global
solution

ue Wl,r(]T;WO 1>‘I!l]1“) N L’(JT;W]JI»(IF)

of (2.10). In particular, the solution is Holder continuous in time and space,
ue Co(Jr; V),
with 8, v, yr as in Lemma 2.4 and (2.10) is well-posed.
The proof of Theorem 3.1 is divided into four steps:
(1) provisional reduction to bounded coefficients,
(2) preliminary results on the linearized non-autonomous problem,
(3) apriori L*°-bounds,

(4) Schaefer argument and proof of the theorem.

(1) Provisional reduction to bounded coefficients By Lemma 2.4, u® € C#Pr < 00, Let
—00 < Iy < Ly < 400 be such that u® € Cl%". Define

L, fx)=>L,
Flfx) =3 1,  fo)<l,

f(x), otherwise,

and let L := Lo+ 1,1 = lp/2. Instead of the coefficient functions k and m, consider

KEGou() =k(, [ulF () and  mf(,u(-)=m(, [ulf () (3.1)
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in the following. In Step (4) below, it is shown that k[L =k and mlL = m along the orbits of u°.

Since the solution is unique and regular and the dependence of k, m of the solution is Lipschitz,

this is sufficient to prove the theorem. Clearly, if k, m satisfy Assumption 2.2, then also le, mlL

satisfy Assumption 2.2 and the bounds in 2.2(1) and 2.2(2) hold uniformly in u € C*? for &},
L

my.

(2) Preliminary results on the linearized non-autonomous problem In this step of the proof and

in Step (3), using Step (1), assume additionally that all coefficient functions are such that the

bounds in 2.2(1) and 2.2(2) hold uniformly in u € C°°.

Lemma 3.2. There exist g > d and qr > d — 1 such that for any u € C°(Jr; C%9), forall t € Jr,

for any X > 0, the operator AZ’(?)F + A is an isomorphism

) 71‘ ’
Az(;])r 4 Whawar s W, g.4qr 3.2)

Proof. First note that AZ(;’)F : dom(AZ’(f)r )= W, La.4r 5o well-defined for all £ € J7. In the case
d =2, by the Lax-Milgram theorem, the claim holds for ¢ = gr = 2. By Sneiberg’s theorem [37],
the isomorphism property extrapolates to a neighbourhood of W!-22 in the complex interpolation
scale [Whrorr WhPoPr] = W22 1 < p, pr < o0, see [24].

If d = 3, then Assumption 2.2(4) holds. If k+ = 1, then k+ = x4 is independent of u and then
by [15, Theorem 1.1], [25, Lemma 6.5], there is a ¢ > 3 such that the isomorphism property
Luw),+ +A: wha(Qy) — Wy 1’q(QjE) holds true. Using the same extrapolation argument as

in the case d = 2, there exists a gr > 2 such that L, + A: Wl"fr(l") — Wo_l’qr(F) is an
isomorphism. In [11, Theorem 6.3] it was shown that the domains of L, () +, Lu(;),r remain
unchanged by a scalar multiplicative perturbation x4+ € C%(24) that is positively bounded from
below. This proves the result for the operators L, (), ¢ € Jr. By relative boundedness of M),
[10, Lemma 3.4], the domains of £, ) + A and A, ;) + X coincide. This proves the claim. O

Lemma3.3. Let2 <q,qr <oo, 1 <r <ooandletu € CO(JT; CO’O). Then forallt € Jr, AZ’(?)F

has maximal L (Jr; Wal’q’qr)—regularity.

Proof. The result was shown in [10] if I" is flat. It remains to check the maximal regularity of
the Neumann operator L, ;),r on C !_boundaries. This follows from maximal regularity for flat
domains [24], using the usual localization methods, i.e. exploiting that the property of maximal
regularity is preserved under perturbations that occur when locally flattening the domain and
straightening the boundary with respect to a sufficiently fine covering and a corresponding parti-
tion of unity, see [7] for the general strategy and [8] for this argument in a similar context. O

Lemma 3.4. Let w € CO(J7; C*), ¢, qr be as in Lemma 3.2. Then for every r and u® € XG.qr 98
in Theorem 3.1, for all f € L"(Jr; Wal’q’qr), there exists a unique global solution v € MRZ,qF
of

o0 + AL v () = f(1), in Wy T, (3.3)

v(0) = u®.
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The solution operator

@ + ALY f e LT (Ui Wy M) s v e MR) (3.4)

is bounded.

Proof. For two Banach spaces X, Y, let B(X, Y) denote the space of bounded linear operators
B: X — Y. By continuity of w, k% and m* and by Lemma 3.2, the map Jr >t > AL (1) €

BW!La.ar Wal’q’qr) is uniformly continuous. By Lemma 3.4, for all 7 € Jr, AL (¢) has max-

imal L"(J7; W, l’q"")—regul.alrity, so existence and boundedness of the solution operator follow
from [34, Theorem 2.5]. O

(3) L*®-bounds on u If F =0, uniform L°-*°-bounds on u can be proved by a bulk-interface
comparison principle. With respect to results for the bulk problem, the point is to show that the
nonlinear bulk-interface interaction terms derived from a generalized gradient structure preserve
this property.

.

Lemma 3.5. Let r, q, gr as in Theorem 3.1, F =0 and u® € Xy qr With ul e CIL for some —o00 <
| < L < +400. Assume that u € MRfMr is a solution of (2.10). Then for all t € Jr, u(t) € CIL.

Proof. Define (1) = [(u(t) — )] and ¢L(t) = [(L — u(t))~], where

0, fx)=0,

= { —f(). @) <o,

Since [-~] is Lipschitz and r, ¢, gr > 2, we have ¢, ¢& e L (Jp; Whe4r) L"(JT; Wl"I/»‘I/r)
with

0, u(t,x) <L,

L _
vere X = { Vu(t,x), u(t,x)>1L,

and ¢;(0) = ¢L(0) = 0. Thus, for all s € J7, testing (2.10) with ¢ in space and time gives ¢ =0
as

s

1
/um(;L(t))dr = EnzL(s)uﬁm >0
0

and

N

[ Ag a1 = [ Lot o) +mowo.coa o 69
0 0

To show the estimate from below in (3.5), note that
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N S

/ butey (u(0). ¢ (0 df = / o (€0, () dr = 0

0 0

as k is bounded below by k and that

/ my, () (u(t), ¢ () dt = / / mo(u)(uy — ur)(CE — ¢ @) (3.6)
0 0 r

+m_ () (- —ur)@E = ¢ @)
+mr() (g —u_)(@E = ¢5)(0) dHgo dr,

where m is bounded below by m and where

/(u+ —ur)(CE = ¢H @) dHg—y = / (uy —ur)wy — L)) dHa—1
r

{xel': uy (x)>L>ur(x)}

+ / (uy —ur)(L —ur)(®)dHg—

{xel: uy(x)<L<ur(x)}

+ / (s — ur) (g — ur)(6) dHy_y = 0,

{xel: uq(x),ur(x)>L}

and non-negativity of the remaining terms on the right-hand-side of (3.6) follows analogously.
The proof of the lower bound, i.e. ¢! = 0 follows analogously by testing (2.10) with z!. O

If F # 0, the proof of Theorem 3.1 still requires that F preserves L°°-bounds in a suitable
sense. More precisely, it is straightforward to see that the proof of Lemma 3.5 still works if F is
such that for given ug € CL | there are constants [ < L € R such that for all u € MR{I, ar such
that u(0) = ug, for all s € Jr,

/J:(u(t))(s“Lf(t))dtSO and /}'(u(t))(é“lf(t))dtZO.
0 0

It is shown in [9] how chemical reaction rates of type (1.6) fit into the framework of Theorem 3.1.
Another general example is given by terms of Allen-Cahn-type, treated in the following corollary.
A concrete example is

frup)=—ul, grp)=(1—up),  friur)=—uj. 3.7

Corollary 3.6. Let F satisfy Assumption 2.5 and let all the components ¢ of F, e.g. ¢ =
fr.8—, ... in (1.1)=(1.3) be independent of x € Q1,Q_, y € ', respectively. Assume that ¢
are continuously differentiable in u and that g4 depend only on uy, respectively, whereas fr
depends only on ur. Assume that all ¢ satisfy the dissipativity condition
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liminf —¢'(v) > 0. (3.8)
|v|—o00

Then, under the assumptions of Lemma 3.5, given a solution u € MR;, qr 0f (2.10), there are

constants —oo <1 < L < 400, such that for all t € Jr, u(t) € CIL/.

Proof. Condition (3.8) guarantees that for every component ¢, there exist constants —oco < [, <
Ly < 400 such that ¢(v) > 0 for all v </, and ¢(v) <O forall v > L. Let !y :=miny,(/,) and
L= max,(Ly). In the choice of test functions ¢, ¢™ in the proof of Lemma 3.5, replace [, L
by ¢, Ly. It is then straightforward to check that for all s € r, fos Fu (t))(g‘Lf (1))dt <0 and

that fos Fu(1))(&,(2))dr = 0. Combined with the calculations in the proof of Lemma 3.5, this
proves the claim. O

@) Schaefer argument and proof of Theorem 3.1 Let g, qr be given by Lemma 3.2 and let r

and u® € X4 .qr be given as in Theorem 3.1. By embedding (2.13), u® e CL for some —oco < <
L < +o00. In the following, let

CO(I7: C*0) = {u e CO(Ur: C%%): u(0) = u®}. (3.9)
Define
T: Cpo(Ir: €% — Clo(Jr: €0

by Tw=ve MR’ q,qr the solution of (3.3) with v(0) = u® given by Lemma 3.4. By embedding
(2.15), Lemma 3.4 and Assumption 2.5,

Tw= IdMRz_qrﬁCSO(JT;CO'O)(at + A?u’g)r)_l (F (w))

is well-defined and compact. A fixed point of 7 would solve (2.10). To obtain existence of a
fixed point by Schaefer’s Theorem [16, Theorem 9.2.4], it suffices to show that

(1) 7T is continuous, and that
(2) the Schaefer set

={ue CL?O(JT; C%0y .y = AT (u) for some 0 < A < 1}
is bounded.

To show continuity of 7, we show continuity of the map

COUr; €% 3w (3 + AL e B (Jrs Wy "7 7); MR

w(-) qqr)_ qqr

This follows from bounded Lipschitzianity of the map w — Az)(q)r and continuity of the in-
version. A detailed proof is the following: for given w € CSO(JT, C%9), there are constants

—00 < Iy < Ly < +00 (possibly dependent on T'), such that w € CSO(JT; CILOO). Define
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. q,9r\—1
Cy =0 + Aw(.)) ”B[].ql“

(Lemma 3.4) and let C; be a Lipschitz constant for k and m on (Rﬁ)ojfﬁ with § > 0 (8§ possibly
small such that Assumption 2.2(3) applies). Let w,, — w in C,?o(-’ﬂ C0%9) and let n be so large
that w, € CSO(JT; CILOT[;&) and |w, — w||C30 Then by Assumption 2.2(3)

and the definition of A%,

-1
(Jr;C00) = 3¢, CsTT

”A‘IJH‘ _Aq,qr

1
w(-) Wa () ”Lr(]T;B(wl.q#r,w;l'q"““) =GT /r”w o w””CSO(JT;CO*O)’ (3.10)

and thus

1@+ ALY = @+ AL s

q.9r
— q.q9r\—1 9.9 9.9 q,qr \—1
= (0 + -Aw(.)r) 9 + -Awn(r.) — 0+ Aw(.g)(at + Awn(rj)) ”B{IﬂF

< 1@ + AL THALT = AL IBovr; , vwy -

wn (+) q9.9T

q,9ry—1 q.9r \—1 q,9r\—1
@+ ALEYT 4 @+ AL = 0+ ALY gy

= CuGs T wn = wllo, gy o0y + %n(at +ALI T = @+ AL sy,
so 7T is continuous.

To show (2), note that if u; = AT (u;) for some 0 < A < 1, then by definition of T, u;, €
MR;’ ar and u; satisfies (2.10) with initial value u; (0) = Au® and right-hand-side AF (u;). Thus,
if 7 =0 orif F is as in Corollary 3.6, then S is bounded.

In addition, the L°°-bounds are such that le =k and mlL = m along orbits of u°, justifying
step (1) a posteriori with possible adjustments to the choice of / and L by Corollary 3.6. This
concludes the proof of existence in Theorem 3.1.

Local well-posedness and hence also uniqueness follow from the Lipschitz dependence (3.10)
that provides a contraction for small 7 > 0, see [33, Theorem 3.1] for the abstract result in the
theory of maximal parabolic regularity for quasilinear abstract Cauchy problems and see [10] for
a proof in a very similar setting. Global stability in L>? is shown in the next section.

4. Exponential decay to equilibrium and stability

We prove that under Assumption 2.2(2), the interaction on and across the interface I' is suffi-
ciently strong to force the system into the uniform equilibrium given by

uoo—i /uo (x)dx—i—/uo (x)dx—i—/uo(
= T Z r(MdHa-1
r

Vv
Q4 Q_
associated to u”, where

V=1Qu[+I[Q |+ Tlpy,,-
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The quasilinear gradient structure combined with the L°°-bounds provide an exponential rate in
122, Here, by a slight abuse of notation, u® also denotes the constant vector function u® =
u®(1, 1, HT e o0,

Theorem 4.1. Under the assumptions of Theorem 3.1 with F = 0, given u® € X;’ g the solution
u converges to u™ at an exponential rate, in the sense that there is a § > 0 depending only on
uo, k,m, 2 and T, such that for all s > 0,

lu(s) — u| 22 < e % u® — u™®||; 2. 4.1)

Proof. Since for every solution u € MR/ and T > 0, ays) (u(s), u>) =0, applying (2.10) to
u — u® shows the energy balance

S
lu(s) — w720 + / oy (), u(@)) dt = [[u® — u™®||7,5. (4.2)
0

for all s > 0. By Lemma 3.5 and Assumption 2.2,

Luoy (), u(®)) = C[[Vu@)|l} . and

My (1), u(t)) > m / (s —ur)>(0) + (u— —ur)* () + (g —u_)*(t)dHa—1)
r

Hence, with the following Poincaré-type inequality, the claim follows directly from Gronwall’s
inequality. O

Lemma 4.2. (Bulk-Interface Poincaré Inequality) Let u € WY22 and u™ the equilibrium asso-
ciated to u. Then there is a constant C > 0, independent of u, such that

e = w120 < CUVUllE2s + s = url oy + lue = urlfag + lus —u—llfa ). @3)

Proof. For any u € L', let in the following it := IQLH fQ+ Up, U = ﬁ Jo u— and ir =
ﬁ fr ur and let u = (4, u_,ur) € R3. To prove (4.3), we use the two (standard) versions of
Poincaré’s inequality, see e.g. [5, Theorem 1 and Corollary 3]. For all u, € Wh7 (),

(1) there is a constant C_‘+ > 0, such that
lus —iilfo g, ) < ColVurlfag, ) and, (4.4)

(2) there is a constant Ci > 0, such that

1
s 17,y < CUVusllsg, ) + ! / uyl?). (4.5)
r
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Clearly, analogous statements hold for _ with constants C_ > 0 and CL > 0 and (4.4) holds
for ur on the manifold I' with constant Cr > 0. An elementary calculation shows that

= u® o0 = llu — itll}20 — V@) +|Qp iy + Qi + [T)iip
Inserting Vu®™ = |Qy |uy + |Q_|u_ + |T]ur gives

Q- Q. |Ir Q_|IT
| +u iy ity +V|| s iyt V|| o —an?.
) ) ) 4.6)
By (4.4), lu — ﬁ||iz‘2 <(C++C_+Cp)||Vu ||il2, so it remains to estimate the last three terms

in (4.6) by the right-hand-side in (4.3). By Holder’s inequality and by (4.5),

2 =12
||u_uoo||L2,2 = ||“_M||L2,2+

1
(il —iir)* = f ug —iir)* <

- 12
|Q+|2( ||I/t+ MF||L2(Q+)
Q

€24

+

< G Vs Py |+ — |f iir|?)
< — Uy — Uy —ur
1924 L@y " J

CF
<_+

SN (Va2 g, + s —urllFa )

The term (ii_ — iir)? can be estimated analogously. In order to estimate the last term (it —ii_)2,
insert —ur + ur and use the previous estimates. With this strategy, it is clear that for (4.3) to hold,
it is sufficient that two of the three coefficient functions m, m_, mr are positive, so not every
pair of unknowns needs to interact across I'. It is also sufficient for two of the coefficients to
be positive to guarantee the structure of the kernel of a, in (2.8). This concludes the proof of
Lemma 4.2 and thus of Theorem 4.1. O

In addition to exponential stability of #°° within the sets of initial data with equal mass,

Theorem 4.1 immediately implies stability of 4 in ) P

Corollary 4.3. For every v™® e Ry, ¢ > 0, ifu’ € X g With u® — v X1 < eV, then [u>® —
v <e&.

Proof. A direct calculation shows that

1
uoo—voo|=v /ug(x)—v°°dx+/u(l(x)—voodx—i—fu(ll(y)—voody
+ Q_
1 0 o)
< —lu” = v*¥|1. O
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5. Onsager modelling, extensions and concluding remarks
5.1. Entropic gradient structure for heat transfer (Onsager model)

The system in (1.1)—(1.3)was motivated by non-equilibrium thermodynamical modelling of
heat transfer and diffusion processes across interfaces, [29], [32], and based on the results in [22]

and [31]. For example, in [31], it is shown that for flat interfaces I', the heat transfer Onsager or
gradient system associated to

6 = K(6)DS(H) 5.1)

is represented by the set of equations

fs + Ldiv(K+(02)V ) 0, in(0,T) x Qu,
Y Ly + M0 — ) +Mp(e)(— - —) = 0. m(OD)xT, o
(K+(02)V - )V:t = 0,
on (0,T) x (3Q\T).
on the bulk parts, and
Or + -div(Kr(O) V) — My (G- — ) = M-©O)(g- —5) = 0, in(0,T)xT,
(Kr@)Vavr = 0, on(0,T) xdT,
(5.3)

on the flat interface I', where c4, cr > 0 are the specific heats of bulk and interface materials,
respectively, and the coefficients K, M specify thermal conductivity within materials and across
I" in an entropic modelling. In (5.1), S is the total entropy functional

SO) = / c4+loghy dx + / c_logb_dx + /cr logOr dy,
Q4 Q_ r
and /C is the Onsager operator corresponding to the dual dissipation potential

2WH(0, ¢) = 2V (04, ) +2WE (0, ¢—) + 2V (trr 6, trr §)

:/vc K+(0+)V—dx+/V— K_(6_ )v¢—

/ Vr— Kr(trr9)V¢—dy+ / Mr(trr 9)(”“’)* LLSICH
C+ trrc—
/ M+(trr9)<trr¢+ MO 4 MG 0)(= uré- WPy (5.4
trrcy  trrer rc— trrer

Equatlons (5.2) and (5.3) are equivalent to (1.1)—(1.3) by differentiating V— to ——V@ and
writing 9r9+ (64 — Or) instead of (— - —) for every term of this kind. The coefﬁ01ents K
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M4 (trr 6)

e ®), mp(trp 0) = Mr(trr 6) ki(04) =

and k and M and m are then related via m4.(trp ) = T

K+G9) and kp(trp 0) = Kolied)
07 0

We check the applicabilirty and the implications of Theorem 3.1: It is straightforward to see
that K, M satisfy Assumption 2.2 if and only if k, m satisfy Assumption 2.2. So if Assump-
tion 2.2 on K, M is respected in an entropic modelling, well-posedness and exponential stability
are obtained. In particular, the positivity of two components of M guarantees entropy produc-
tion of the bulk-interface interaction and information on the Onsager system given by S and
W* is retrieved: Starting from positive initial values, [ > 0, the regularity in Theorem 3.1 and
the maximum principle justify rigorously the equivalence of (5.2), (5.3) and (1.1)—(1.3) and the
solution provides the gradient flow of S with respect to the dual dissipation metric W*. The en-
tropy S(0(t)) is well-defined along orbits and —S provides a strict Lyapunov functional by the
energy balance — (%8(9 (1) +29*(0 (1), ﬁ)) = 0 and the fact that 29*(6 (1), ﬁt)) =0 implies
ag(r)(0(1), 0(t)) = 0 along the positive orbits of 6. By Theorem 4.1, exponential stability holds
in the sense that [|cO(t) — c8%||;22 < e~ lc69 — co>® [l 2.2 for some § > 0.

5.2. Small extensions and further remarks

The next remarks concern extensions of Theorem 3.1, mostly based on perturbation theory
for maximal parabolic regularity.

Remark 5.1. Clearly, the analysis above includes the simpler case of bulk-surface interaction
with Q_ = ¢, without the variable u_ and with m_ =mpr =0.

Remark 5.2. If the Lipschitz dependence of k, m and F on u in Assumptions 2.2(3) and 2.5 is
improved to C", n € N U {00, w}, then the solution u in Theorem 3.1 gains time regularity by
[33, Theorem 5.1], i.e. it follows that

= Cn(JT; Xr,q,qr) N Cn+l_1/r(.]T; Walsqﬂf‘) ) Cn_l/r(JT; Wl,q,qr)
and that u € C*®(J7; Wh4491) if n = 0o and u is real analytic on Jr if n = w.

Remark 5.3. The coefficient functions k,m and external forces and inhomogeneous bound-
ary conditions f, g,k may additionally depend on time. For example, Theorems 3.1 and 4.1
continue to hold if Assumption 2.2 holds uniformly in ¢ € (0, 00) for k,m and ¢t — Ay, €
LWhaar w 1441y s continuous for all u € X} . and if Assumption 2.5 holds where

t = F(t,u) isin L™ (Jr; Wy " 0"), ¢f. [33, Section 3].

Remark 5.4. The results in Theorem 3.1 extend to perturbations of .4, by lower-order terms
like transport terms b - Vui, b € R?. In particular, with suitable regularity assumptions, the
coefficients cy : Q1 — Ry \{0} and cr : ' = R\ {0} in Subsection 5.1 can be chosen to depend
on the spatial variables.

Remark 5.5. An exponential convergence rate as in (4.6) also holds in L”? for p > 2 due to
interpolation of the p-norms since

llu(s) — u™lLeece < 3max (I —u™|, |L —u™|) =: Ces
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is bounded uniformly in time. For all s > 0, with6 =1 — %, we get

0 1-6
lu(s) —ulLrr < Colluls) —u™|l 25

0 ~Bs 0 cour
<Cle ?lu" —u ”{2,2

_ 25
<e 7 u® — ul|Lrp.

Additional rates that exploit the gradient structure of system (1.1) — (1.3) depend on the choice of
k, m or of the energy and dissipation functionals S and W, see e.g. [17] for exponential L!-rates
for volume-surface reaction-diffusion based on entropy production.
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