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Abstract

This work is concerned with the existence of entire solutions of the diffusive Lotka-Volterra competition
system on the real line. We prove the existence of some entire solutions that are asymptotic, as t — —o0,
to a traveling wave consisting of a single species. Depending on system parameters, these entire solutions
evolve into two ore more stacked invasion waves as ¢t — +o00. Our results cover both the weak and strong
competition case. In the weak competition case, the existence of a class of entire solutions that forms a
4-dimensional manifold is proved.
© 2020 Elsevier Inc. All rights reserved.
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1. Introduction

The Lotka-Voltera competition systems are frequently used to describe the population dy-
namics of several competing species in their spatial domain. In this work we consider the
diffusive Lotka-Volterra competition system of two species in the unbounded domain R. In its
non-dimensionalized form, the system reads
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Uy =uyy +u(l —u—av), (1

vy =dvyy +rv(l — bu —v), '
where a, b, d, r are positive constants. The solutions u (¢, x) and v(¢, x) of (1.1) represent respec-
tively the densities of the two competing species at time ¢ and location x € R. Since densities
must be nonnegative, only nonnegative solutions of (1.1) will be of interest in this paper. It is
well known that the asymptotic dynamics of solutions to (1.1) depends delicately on the choice
of the initial distribution (xo(x), vo(x)) and the range of the parameters a and b. Consider, for
instance, the kinetic ODE system of (1.1), that is,

{U,:U(l—U—aV), fort >0, 12

Vi=rV(1 —bU - V), fort > 0,
with arbitrary positive initial conditions Uy > 0 and Vj > 0, the following results are well known.

(1) If 0 < a,b < 1, then every solution of (1.2) converges to the positive equilibrium e, :=
l—a  1-b
(=25 T=ab)- , , . .
(2) If a,b > 1, then the behavior of solution of (1.2) depends on the choice of initial data
(0, vo).
(3) If 0 <a < 1 < b, then every solution of (1.2) converges to e; := (1, 0).
(4) If 0 < b < 1 < a, then every solution of (1.2) converges to e, := (0, 1).

Since case (4) can be handled similarly to (3), we shall henceforth consider only cases (1) to
A3).

Two basic questions concerning the dynamics of (1.1) are the characterization of spreading
speeds of solutions and the existence of nontrivial entire solutions. By an entire solution we mean
a classical solution (u(z, x), v(z, x)) that satisfies (1.1) for (7, x) € R2. Traveling waves solutions,
i.e. translational invariant solutions of the form (u(z, x), v(t, x)) = (p(x — ct), ¥ (x — ct)) with
some appropriate boundary conditions on (¢, ¥) at 00, is an important class of entire solutions.

Recently, Liu et al. [24], Carrere [2], and Girardin and Lam [10] studied spreading speeds of
solutions of the Cauchy problem for (1.1) in cases (1), (2), and (3) respectively. Among others,
in case (3), Girardin and Lam [10] showed that “if the weaker competitor is also the faster one,
then it is able to evade the stronger and slower competitor by invading first into unoccupied
territories. The pair of speeds depends on the initial values. If these are null in a right half-line,
then the first speed is the KPP speed of the fastest competitor and the second speed is given
by an exact formula depending on the first speed and on the minimal speed of traveling waves
connecting the two semi-extinct equilibria.” Similar results were also established by Carrere [2]
in case (2), as well as Liu et al. [24] in case (1).

From a dynamical point of view, large time behaviors of solutions have a strong connection
with the properties of entire solutions. It is the aim of this paper to establish the existence of some
entire solutions of (1.1) which, when ¢ — oo, behaves similarly as those solutions to Cauchy
problems studied in [2,10,24]. In a sense, the entire solutions established in this paper serve as
candidates to be attractors of the solutions of the corresponding Cauchy problem.

Statement of main results. In this subsection we state our main results on the existence of entire
solutions of (1.1). We first recall some known results from related literature.
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When a =0, the system (1.1) is decoupled and its first equation reduces to

Ur=uyy +u(l—u), xek, (1.3)

which is referred to as the Fisher-KPP equation [8,22]. Among important solutions of (1.3) are
traveling wave solutions connecting the constant solutions 1 and 0. In fact, for each ¢ > 2 the
equation (1.3) admits traveling wave solutions u (¢, x) = ®.(x — ct) connecting 1 and 0, where
®.(£) denote the unique (up to translation) solution to

—cd' ="+ D(1— D) £eR,

(1.4)
d(—o0) =1, @(c0)=0,

and has no such traveling wave solutions of slower speed ¢ < 2; see [8,22,32] for more details.
Moreover, the stability of these traveling wave solutions of (1.3) connecting 1 and 0 has also
been studied; see [1,6,28,30] and references therein.

Specifically, let 7, := %(c — 2 —4)and T, = %(«/c2 +4 — ¢). For ¢ > 2, the profile ®.
is decreasing and can be chosen so that for every 7 € (7., min{27,, 1}), there exist M; > 1 and
X¢ > 0 such that

0 < €7TCX — Mfeirx < CDC(x) =< eircx7 fOI'X = Xe- (15)

Note also that the wave profile @, is decreasing and for every ¢ > 2 there is K. > 1 and X >0
such that

Or(x) < K Pe(x) VYVix>Xe. (1.6)
Furthermore, for every ¢ > 2, there is Mc > ( such that
De(x) =1 — Mee™ + 0(e™*) asx — —oo, (1.7)

where we recall T, = %(\/ ¢2 + 4 —c). Observe also that for every ¢ > 2+/dr, the profile ¥.(x) =

CDJ%( %) is the unique (up to translation) solution to

{—clll’zdlll”—i-r\lf(l ~ W), xeR, 08

Y(—o0)=1, WY(oo0)=0.

There are also many works on traveling wave solutions of the system (1.1). We refer our
readers to [7,11,12,17-20,25,29,31] and the references therein for details. For appropriate choice
of ¢ € R, we abuse the notation slightly and say that (¢., ¥.) : R — [0, 1]? is a traveling wave
solution to (1.1) with speed c, provided it satisfies

{0=<ﬂg+0§0£+<ﬂc(1—fﬂc—al/fc), (1.9)

0 =d1ﬁ£/ +Clﬂé +rye(l —ve —boe).
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Moreover, we introduce notations of the minimal speeds of traveling waves of the system (1.9),
depending on the range of parameters and boundary conditions at infinity.

- If 0 <a <1< b, we denote C; > 2+/1 — a the minimal speed of solutions of (1.9) with
boundary conditions

(@c, Ye)(—o0) =e; and (¢, Y¢)(00) =e;.

— Ifa,b > 1, we denote C,,, € R the unique speed of solutions of (1.9) with boundary condi-
tions

(Quvs Yup)(—00) =€z and (@, Yuy)(00) =ey.

- If0<a,b <1, we denote Ci“ > 24/1 —a the minimal speed of solutions of (1.9) with
boundary conditions

(@c, Ye)(—oo)=e, and (@, ¥c)(00) =es.

- If0<a,b <1, we denote C; > 24/dr(1 — b) the minimal speed of solutions of (1.9) with
boundary conditions

(@c, Ye)(—o0) =ex and (¢, ) (00) =e;.

Minimal speed Range of a, b Boundary conditions at infinity

Ci O<a<l<b (@c; Ye)(—00) =e1,  (@c, Ye)(00) = e
Cuv a,b>1 (@c; Ye)(—00) =€2,  (@c, Ye)(00) = e
Cy O<a,b<l1 (e, Ye)(—00) =€y, (@c, Ye)(00) =€
C; O<a,b<l1 (@c, Ye)(—00) =€y, (@, Ye)(00) =€

There are very few works on entire solutions of (1.1). Morita and Tachibana in [26] established
the existence of some entire solutions of (1.1) of merging fronts type under the cases (2) and
(3), where as t — —oo the solution looks like two traveling waves connecting e; and e, coming
towards each other, and as t — +oo the solution converges to either e; or e; uniformly in x € R.
In [13], the authors treated the bistable case (2), and showed the existence of entire solutions
that is a combination of three or four merging traveling fronts. In this paper, we will construct
three new types of entire solutions, which are different from those established in [13,26]. More
specifically, all of these new entire solutions originate from the traveling front ®.(x — ct) :=
(®o(x — ct),0) as t - —o0, and, as + — 400, evolve to distinctive diverging fronts, whose
profiles rely heavily on the competency of each species; that is, case (1) — (3) results in different
long time dynamics of these entire solutions. In particular, for the weak competition case (1), it
is shown that the set of new entire solutions form a 4-dimensional manifold, with a limiting case
discussed in Theorem 1.3. The general structure of entire solution of (1.1) remains an interesting
and challenging research direction. We refer, however, to [14,15] for progress on the Fisher-KPP
equation.
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For given d, ¢, r > 0, we define the auxiliary function g4 .- as follows

2

c
8d.cr: [0, ﬁ]—> [r vt r]
A —  dA\2—ch+r

Define, for given positive constants d, c, r, b, the set

Ad.crpi= {A € <0, min {\/g, %}) D 8d.e,r(A) >rmax{0, 1 — b}} . (1.10)

For given A € Ay ¢, p, We introduce the speed

¥
cy:=dr+ T
For0 <a < 1andc > 2, we set Ageec = % (cv —V(cy —27,)? +4a) and

—~ xacc +1 - a)x;clc, ’Xacc <J1—a,
Cace :=
- 2y1—a, otherwise,

and introduce various speeds

cu,1 = max{C},Cuec} if b<1 and ¢, 2:=max{Cy,Csec} if b> 1.

In addition, if 0 < b < 1, we setxv ‘= min {‘/ r(ld—_b), ﬁ [\/CZ +4d(gda.cr(A) +r(b—1)) — c”
and introduce the speed

¢y =max{C}, dh, +r(1 —b)i; ")
Denoting the L*®-norm of a function u(x) = (u(x),v(x)) : R = R? as [us =
sup,crilu(x)[, [v(x)|} and the L'-norm of a vector u = (u, v) € R? as |u|; := |u| + |v], we

state our main results on the existence of entire solutions of (1.1).

Theorem 1.1 (Divergent type). Given a,b,d,r > 0 and ¢ > 2, the Lotka-Volterra system (1.1)
admits the traveling wave solution

Q. (x —ct) .= (P.(x —c1),0),

Sfrom which “originates” a family of entire solutions w,, parametrized by ) € Aq ¢ rp, denoted
as

w (1, x) := (U (1, x), v3.(t, x)) € CL2(R x R, R?),

in the sense that
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lim Jflup (7, ) — ®c(- — ct)lloc =0.
t——00

Moreover, the “destiny”’—long time dynamics as t — +00—of these entire solutions depends es-
sentially on the “competency” of each species, that is, the range of a and b. More specifically,
we have the following cases.

(D) If0<a, b < 1, then we have
limsup sup |u)(t,x) —er]1 =0, VO0<e<k], (1.11a)
1—>00 x<—(Cp+elt

lim sup sup lup(z,x) —e]1 =0, VO0<ekl, (1.11b)

=00 —(cy—e)t=<x=(cy1—8)t

lim sup sup lup(t,x) —ex]; =0, VO0<ekl, (1.11¢)

=00 (cy,1+e)t<x=(cy—e)t

limsup sup |up(t,x)|;1 =0, Ve>0. (1.11d)

=00 x>(cy+e)t

In fact, denoting ¥, (&) := (0, ., (§)), there exists hg € R such that (1.11c) and (1.11d)
can be improved to

limsup sup  |up(z,x) — W, (x —cyt — ho)l1 =0. (1.12)

=00 x>(cy,1+6)t
(2) Ifa, b > 1, then there exists ho, h1 € R such that

lim sup sup [u;, (2, x) — (@uv(x — Cypt — h1), min{thy,, (x — Cypt — A1),

t—00 xeR

e, (x —cot —ho)Pli =0,

where (Quy, Yyy) is the traveling wave solution connecting e at —oo to e at +00o, with
speed C,,,. In particular, we have convergence to homogeneous states in coordinates moving
at speed that is different from Cy, and c,, i.e.

limsup sup |u,(¢,x) —eq]; =0, Ve>0, (1.13a)
100 x=<(Cyy—e)t

lim sup sup lu,(t,x) —ex];1 =0, VO0<ekl, (1.13b)

1=00 (Cyy+e)t<x=(cy—e)t

limsup sup |up(t,x))1 =0, Ve=>0. (1.13¢)

=00 x>(cyt+e)t
3) If0<a<1<b, then

limsup sup |up(t,x) —er|; =0, Ve>0, (1.14a)

1—00 XS(CL4,2_5)t

lim sup sup lup(t,x) —e2|; =0, VO0<e<kl, (1.14b)

=00 (cy2+e)t=<x=(cy—e)t

limsup sup |up(t,x)|; =0, Ve>0. (1.14¢)

=00 x>(cy+e)t
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el t=+4+o t=+o t=+o
=S¢l "¢
o XLy 1t e, | XFCut & || ¥ u2t
e; 2, X=ct e, X=C,t e, X=c,t
0 0 0
e; & e, i e; X
0 0 0
X=ct x=ct x=ct
t=-00 t=-c0 t=-c0
O<a,b<1 a,b>1 O<a<l<b

Fig. 1. Schematic plots of entire solutions in Theorem 1.1.

In fact, (1.14b) and (1.14¢) can be improved to

limsup sup |up(t,x) — W, (x —cyt —ho))|1 =0,  for some hy. (1.15)

=00 x>(cy 248t
See Fig. 1 for a schematic plots of entire solutions described in Theorem 1.1.

Remark 1.2. Let ¢ > 2,/dr min{b, 1}, then

¢ — /¢ — 4dr min{b, 1}

reAger iff O0<A
d,c,rb 1 < < 2d

By Theorem 1.1 (1), one observes that for each ¢ > 2 and A € A4 ¢ », the entire solution uy,
is approximately equal to e, in the region

Q. ={(t,x): —Cpt <x <cy1t, and 1> 1}.
It is worth pointing out that, both ¢, and ¢, | are increasing in terms of A. i.e. €2, is increasing
in L. The following can be viewed as a limiting case of Theorem 1.1(1), when ¢, = co. This

happens whenever ¢ > 2max{1, v/drb} and A = (c — ~/c% — 4drb)/(2d).

Theorem 1.3 (Limiting divergent type). Let d,r, >0, 0 <a,b < 1, and ¢ > 2max{1, /drb} be
given, then the Lotka-Volterra system (1.1) admits the traveling wave solution

q’c(ts -x) = (CDC(-X - Ct), 0)9
from which “originates” an entire solution u(t, x) := (u(t, x), v(t, x)), t, x € R; that is,
lim [lu(z, ) — ®:(, )lloo =0. (1.16)
11— —00

Moreover, there exists hg € R such that the “destiny”—long time dynamics as t — +00— of this
entire solution satisfies the following properties.

lim sup  |u(t,x) —ey1 =0, V0<ekl, (1.17a)

1= x<(cy1—e)t
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lim  sup  |u(t,x) — W, ,(x —cp3t —ho)l1 =0, V&0, (1.17b)

=00 x> (cy1+e)t

where

co3i=drz+rAyl with a3 = (1.18)

¢c—~c?—4drb c (0 r>
2d ’ ’

and that ¢,,1 = max{C7, Cacc}-

Theorem 1.4 (Merging type). Given d >0, r >0, 0 <a < 1 < b and ¢, > 2max{~/rd, \/a},
then the Lotka-Volterra system (1.1) admits an entire solution u,,(t,x) := (U, (t, x), v, (¢, X))
connecting the following two traveling wave solutions

W, (x —cpt) = (0, W, (x —cpt))  and P, ;(x —cy31) = (P, 5 (x — cy,31),0)

that is, there exists ho € R such that

lim sup [u,(t,x) — ¥, (x —cyt)[1 =0, (1.19a)
tﬁfooxeR
lim sup |u,, (¢, x) — ®., ,(x —cy,3t —ho)|1 =0, (1.19b)
t_)OO.XGR ’
where
Cu3i=ra+r,, withiy:= 2 Cy—/C;—4a. (1.20)

We note that )4 < 1 due to the fact that ¢, > 2+/a. In addition, ¢, 3 —c, = % (cy+ ‘/c% —4a) >
0.

See Fig. 2 for a schematic plots of entire solutions described in Theorem 1.3 and Theorem 1.4.

Remark 1.5. Traveling wave solutions ¥, (x —cyt) and ®., ,(x — ¢, 31) can be viewed as equi-
libria in moving frames with distinctive speeds ¢, and ¢, 3 respectively. Given that, the above
entire solution can be regarded as a “generalized” heteroclinic orbit connecting these two equi-
libria ¥, and ®, ,.

The rest of the paper is organized as follows. In Section 2, we study the eigenvalue problem
associated to the linearized system of (1.1) at (®., 0). We then exploit the results from Section 2
to establish the existence of entire solutions in Section 3. The asymptotic behavior of diverging-
type entire solutions are presented in Section 4. The proof of Theorem 1.4 and Theorem 1.3 are
presented in Sections 5 and 6, respectively.
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t=+wx t=+x
X=£, 1t
€x e e
X=C, X=C, 3t
20 0
€ & e, X
0 0
x=ct X=c,t
t=-o t=-x
O<a,b<1, c=2max{1,v(drb)} O<a<l<b,c,=2max{V(rd),va}

Fig. 2. Schematic plots of entire solutions in Theorem 1.3 (Left) and Theorem 1.4 (Right).

2. Study of an eigenvalue-problem

This section is devoted to the study of an eigenvalue problem of (1.1) linearized at ($., 0). The
result of this section will be useful in the subsequent sections to construct a pair of super-solution
and sub-solution of (1.1). Next, we show that (1.1) has a unique entire solution sandwiched
between these super-solution and sub-solution. Introducing new notations

H=gdcr(A), & '=i \/62+4d(,u+r(b—l))—c
TTederith T 0d '

our main results of this section read as follow.

Lemma 2.1. For each ¢ > 2 and 0 < A <min{,/ 7, 57} such that i := g4 ¢ (1) > r max{0, I —

b}. There exists a unique solution ®, := (¢, V) € CZ(R) to

He =@xx +cpx + (1 =20 (x))p —adPcy, xeR,
W =drey + ey +r(1 =bd (X)), xeR,

p(00) =0, p<0<, @D
limsupe %%y (x) < +00, and lim ey (x)=1.
X—>—00 X—>00
Moreover, there is a positive constant X such that
lim e %%y (x)="T, (2.2)
X——00
where §, > 0 and the function %8) belongs to Cgm.f(R) and satisfies
lim ¢(x) =0 whenever > 0. 2.3)
x—00 @ (x)

Lemma 2.2. Given ¢ > 2 and 0 < A < min{,/ %, 55} such that ju := g4 ¢ (*) > r max{0, 1 — b},
then following statements hold.



K.-Y. Lam et al. / J. Differential Equations 269 (2020) 10758-10791 10767

(a) There exists a unique solution r € C*[R) 1o

py =dyx + i +r(1 = b@c(x)y,  for x €R,

v >0, for x eR, (2.4)
lim sup e Y (x) <400, and lim & y(x)=1.
X——00 X0

(b) There exists D > 0 and xe (A, 00) such that
e M — De_xx <¢¥x) < e, for x > 1.

(c) The function x — e~y (x) is decreasing, and there exists Y > 0 such that

lim e~y (x) =",

X—>—00

(d) In particular, if gq4,c.r (M) =r(1 —b), then &, =0, the function ¥ (x) is decreasing and there
exists Y > 0 such that

lim_(x)=".

Proof. First, we prove the uniqueness part of (a). Let v(x), ¥2(x) be two solutions to

(2.4). Let §r(x) = @g;. We shall show that ¥/(x) = 1. By setting h(x) = ed* and k(x) =

MO (1 — bd,(x)) — w), both ¥ (x) and ¥ (x) satisfies

(RC)Y (1) + k()Y (x) = 0.

By Lagrange identity, it holds that for i # j, i, j € {1, 2},
/ / !
(o) (wiws = wjwa) ) =0.
As aresult, there is a constant ¢;; € R such that

h) (Wi —vjwi) =y, VxeR,

equivalently,

vi) cij
— =—  V R.
(w;) = oo T ©

Integrating both sides yields
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y
Vi) = (2 /—C” ds, ¥ R
(%)m (wj>(x)+ oW, oP s TYETER

X

Letting y — oo in this equation and exploiting that liT ™ i (x) =1 for i = 1,2, we obtain
X—> 100

v /o? 1
(v g [ ds. vyer, 25
(w,»)“”cf o, epre e )

X
which, due to the fact that 1 (x), Y2 (x) > 0 for every x € R, yields

o0

1
1> Cij / Wj(s)]zds, Vx e R. (2.6)

X

Observe, however, that

limsup 2 (s)[¥; ()]* = 1imsupexp((§ +28,)8)[exp(—8,8) ¥ (5)]* < 1,

§—>—00 §—>—00
since 8, > —ﬁ. Hence, we deduce that

o0

1
- ds=o0,
/ hePE "

—00

which, together with (2.6), shows that

Cij < 0. 2.7

Combining (2.5) and (2.7), we deduce that v; (x) > ¥;(x) for x € R. Since i # j are arbitrary
chosen in {1, 2}, we conclude that | (x) = y»»(x) for every x € R, which proves the uniqueness
part of (a).

For existence, we now construct a pair of super- and sub-solutions. First, define

e — De ™ forx > (X — ) logD,

wl(x; A, A, D) := max{0, e — De_xx} = ~
- forxf(k—k)_llogD,

where A € (A, A+ 7.) is chosen close enough to A so that gg ¢ (3:) < 8d,c.r (1), thanks to the fact
that g(’j’cqr()\) =2d) — ¢ < 0. Recall that 7, = %(c — +/c2 —4)> 0. We claim that ﬂl is a weak
sub-solution of (2.4) for D > 1. Indeed, introducing the notations £ :=d 8)% 4+coy +r(1 —>bd,)

and ¢, 5 o= e~ — De™ we have
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LW, 5 )+, 5 = b)) + D [(8d.cr () = gd e () = rb®e(x)] e

(L5 —TcX —AX TN = —x
<rbe e — D(gd,cr(A) — 8d,e,r(M)e” " — Drb®.(x)e

<rbe” 1Y _ D(gy o r(A) = gaer (M)
= (rbe™ Y = D(g4r () = 8acr (0 ) 7
< (rb— D(gg,c.r(V) — ga,cr M) e <0,

provided D = (rb)/(8d.c.r () = ga,c.r (%)).
Next, we construct a super-solution . Let &, € (0,7,) where T, = %(\/ c2+4—¢) and
x7 <« —1 in the sense of x; < 0 and |x;| sufficiently large. We define

KoeP* (1 — e2*)  for x < x,

e M for x > x7,

Wl (x9 3U7827)"3x2) = {

e*)»xz
eﬁvxz (1 —952)‘2) .

edv (1 — €°2%), and thus Koe‘svx(l — ¢f2%), is a super-solution for x <« —1. Indeed, noting that

—AX

where K¢ := Since e~** is obviously a super-solution in R, it remains to show that

ds+c8y+r(l—b) —pu=0,
— L + 1?4 rb(1 — d.)e’* =0,

we have, for x <« —1,

— L (1 =) + u(e™ (1 — )
=P8, + £2) + (B + 22) + (71 = b) = 1) = rb(1 = Be(x)e ™ (1 — ™)

= O (45 (28, + £2) + cer — rb(1 — De(x))e 2 (1 — 2%)]

(1.7) ~
= 0t [dey(28, 4 5 +£2) — O]

> 0,

where the last inequality follows from the facts that §, > —c¢/2d and T, — &3 > 0, so that the
term in the square bracket is positive for x <« —1. Hence, we have proved that v/, is a super-
solution of (2.4). Now, fix &2 € (0, %), then ¢ (x) < ¥ (x) in R provided D > 1 and x, <« —1.
It follows from standard method of super- and sub-solutions that (2.4) has a solution ¥ satisfying
£ | )<Yk < Jl (x) in R. This proves (a) and (b). We observe in addition that

Y(x) <Y < Koe®*  forx « —1. 2.8)

Next, we prove that (c) holds. Indeed, let SU denotes the negative root of

0=ds*+cs+r(1—b)—p.
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Using the fact that d8,8, = r(1 —b) — i and d (8 + 8,) = —c, we obtain

—8ux

d /! -3 X € 4 /
('@ =89 e ) = T (@9 @) + e @) + (L = b) = WY (1)
= %w(xx@c(x) — e <.

That is the function x — (¥'(x) — 8v1/f(x))e"5vx is strictly decreasing. Since ¥ > 0 and
supp || < oo, standard Hanack’s inequalities for elliptic equations imply that supg |¥'| < oo,
and hence lim,_, _oo (V' (x) — 8y (x))e™%* = 0. Thus (¥'(x) — 8, (x))e %* < 0 for every
x € R. Which implies that %(e‘a”l//(x)) < 0 for every x € R. This together with (2.8) com-
plete the proof of (c).

Finally, since (d) follows from (c), the proof of the lemma is complete. O

Remark 2.3. If, in addition, we assume that §,, > 0, then given x, < —1, we have Ko(1 —e®?*) <
e~ (43X for any x < x», yielding

v (x) = 8 min{Ko(1 — €°2%), e~ A0 — min{Kpe®* (1 — %2%), e ™™}, Vx < xa.

Remark 2.4. A more general result can be proved by dynamical systems and functional analysis
arguments; see Appendix A for details.

Next we present the proof of Lemma 2.1.

Proof of Lemma 2.1 (i). Let ¢ > 2 and X be given as in the statement of the lemma, and let ¥ (x)
be given by Lemma 2.2. It follows from (2.4) that ¥ (x) is a positive eigenfunction corresponding
to i = ga.c.r (1) for the linear operator £ arising from the second equation of the elliptic system
(2.1). Moreover, Lemma 2.2 (a)-(c) say that ¥ (x) satisfies the desired asymptotic behaviors at
Xx = %00, including (2.2), as stated in Lemma 2.1. Since the uniqueness of i has also been
proved in Lemma 2.2(a), it remains to determine ¢ by solving the first equation of (2.1).

Note that ¢ solves the first equation in (2.1) if and only if the function ¢ = % satisfies

/

nep=¢" + (2% + c) ¢ — Do —ay. (2.9)

Let C?

unif

(R) denotes the Banach space

Cffmf(IR) :={u € C(R) | uis bounded and uniformly continuous},

endowed with the sup-norm ||u || -» SR) T llt]|oc- Since 0 < @.(x) < 1 and supy ‘% < 00, the
unt c

linear operator

/

P
Lo.(#):=¢" + (25 + C) ¢ — et



K.-Y. Lam et al. / J. Differential Equations 269 (2020) 10758-10791 10771

generates an analytic semigroup of contractions on Cumf(R) (see [16]). Hence, the Hille-Yosida
Theorem implies that for every > 0 (and p = gg4.¢,r(A) in particular), one can solve (2.9) for
a unique solution c/) € Cumf(R) Moreover, since —ayr(x) < 0 for every x € R, the maximum
principle implies that ¢(x) < 0 for every x € R. Therefore, taking ¢ = ¢<I>c, it holds that (¥, @)
solves (2.1). It remains to show that ¢ satisfies (2.3). We prove this by contradiction. Suppose
that there is a sequence x, — oo such that inf;,> @ (x,) > 0. Hence since ||¢~>||Cl;:nif(R) < 00, by

a priori estimates for elliptic equations, without loss of generality we may suppose that b =
¢+ x,) = ¢Poo In Clzoc (R). Moreover ¢ is nonnegative bounded classical solution of

0=¢ +(c —2t)¢y — ndss xR,

where we have use the fact limy_, o0 @c(x) = limy_ o ¥ (x) = 0. Therefore, we must have
b0 = 0. In particular, 0 = ¢ (0) = lim,,_, o0 P (0) = lim,,_, o0 P (x,,), which contradicts with our
standing assumption on the choice of the sequence {x,},>1. Thus (2.3) must hold. This complete
the proof of the Lemma. O

3. Existence of entire solutions

In this section we construct entire solutions of (1.1). Thanks to Lemma 2.1, we are able to con-
struct a pair of super-solutions and sub-solution of (1.1) which implies the existence of a unique
entire solution sandwiched between them. The asymptotic behavior of these entire solution at
t = —oo can then be inferred from the behaviors of the pair of super-sub-solutions.

3.1. Existence of entire solutions of Theorem 1.1

Throughout this subsection we fix parameters d, c, r, a, b, A such that

c>2, O<k<min{\/§,%}, gaer(0)>0, and gac, M) =r(1—b). (3.1

Note that this is satisfied if ¢ > 2 and A € Ay ¢,,p (see (1.10) for definition). Set p = gq,¢.r(A)
and let (¢, ¥) be the solution of (2.1) given by Lemma 2.1. We introduce the co-moving frame
& =x — ct and rewrite (1.1) as

u =A.(n) (3.2)

where u = (u, v) and

Ac(w) = (A c(w), Ay (W) := (uge + cug +u(l —u — av), dvgg + cve +rv(l — v — bu)).

We note that (u(t, £), v(¢, £)) is an entire solution of (3.2) if and only if (u (¢, x —ct), v(t, x —ct))
is entire solution of (1.1). Hence, we only need to prove the existence of entire solution of (3.2)
in the following.

For the convenience of stating the main results of this section, we first introduce the following
lemma.
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Lemma 3.1. Given M > 0 and 0 < ¢ < %, both components of the solution, p(t) and q(t), to
the system

" (3.3)

g=p—eMet. g(0)=—log(1+ %) :

are increasing functions which satisfy
lim [p() —pt|= lim [q(t)— pt| =0, (3.4a)
t——00 t——00

p)=q(), Vi=0, (3.4b)
lim 10 = (3.4¢)

t—+00 eM

Proof. Solve explicitly, we have

M t M
p(t) = ut —log (1 — M) = —log (—8— + exp(—ut)) , forr =<0, 3.5)
w w

and

M t M
(1) = ut —log (1 + M) — _log (8— + exp(—,ut)) . teR.  (3.6)
0 w
It follows that p(¢) and ¢(¢) are increasing and satisfies (3.4) O

The functions p(¢) and g (¢) have also been used in [9] to prove results for the Allen-Cahn
equation. We also introduce the following notations.

Definition 3.2. Let u; = (1, v1), up = (1o, vo) € R?, and u(z, &) = (u(r, &), v(t, £)) be a piece-
wise smooth function on I x R, where I C R is an open interval.

(1) We say that ug <g uj if ug <u and vy > v;.
(ii) The function u(¢, &) = (u(t, &), v(t, £)) is a sub-solution of (3.2) on I x R if

u, <g A.(u), inthe weak sense for (r,&) € I x R.

(iii) The function u(z, &) = (u(t, &), v(t, £)) is a super-solution of (3.2) on I x R if
A.(u) <gw;, inthe weak sense for (¢, x) € I x R.

For more precise definition of weak super-sub-solutions, we refer to [10, Sect. 2.1].

The following result is well known.



K.-Y. Lam et al. / J. Differential Equations 269 (2020) 10758-10791 10773

Proposition 3.3 (Comparison principle for (3.2)). Suppose that
®(1,8) = (ut,£),v(,£)),
B(1,6) = ((1.8). v(t.6) € Clto. 10+ T) x R)YN C*((t0, 10 + T) x R)

are respectively sub-solution and super-solution of (3.2) on (ty,to + T) x R. If ®(19,&) <k
(1, &) for every & € R, then

D(to+1,8)) <k ®(to+1,£)), VO<t<T, £cR.
To apply Proposition 3.3, we now set
D,(1.6) = (,(1.6).5,(1. £)) 1= Bc(§) + e’V @), 10, £€R,  (37a)
D (t,8) = (Walt,£),0,(1,8)) 1= B (§) + eV, (£), (1,6)eRxR,  (3.7b)

where @, = (P, 0), ¢, = (¢, ¥) is the solution of (2.1) given by Lemma 2.1 (i), p(¢) and g (t)
are given by Lemma 3.1. Our main result in this section can then be stated as follows.

Theorem 3.4. Assume (3.1) holds. Let M > max{|l¢ + a¥|lco, 7 |bp + ¥ |lso} and 0 < & < %
There is a unique entire solution ®.(t,&) 1= (u4(t, &), v.(t, %)) of (3.2) satisfying for (¢t,§) €

(—00,0] x R that

@,(1,8) <k ®u(t,§) <g Bu(1,8). (3.8)
Equivalently, we have the following for (1.1).

Corollary 3.5. Assume (3.1) holds. Let M > max{||@ + ay/ oo, 7||b@ + ¥|loo} and 0 < & < £

There is a unique entire solution of (1.1), w
w, (1, x) = (up(t,x), vp(t, x)) := (Us(t, x —ct), vi(t,x — ct))
such that
@, (t,x —ct) g wp(t,x) <g ®u(t,x —ct) for (t,x) € (—00,0] x R. 3.9)

Remark 3.6. From (3.9) we can observe that u, (0, —o0) = (1, 0) and u, (0, oo) = (0, 0). Next,
we utilize (1.5) and (2.3) to derive that

u;.(0, x)
mm =
lx]—>00 D.(x)

where 7, = %(c — 2 —4).

, ie., lim wu;(0,x)=1, and lim e**u,(0,x)=1,
X— —00 X—>—+00

Remark 3.7. We point out that the entire solution ®..(¢, &) of (3.2) provided by Theorem 3.4
depends on ¢ € (0, %) such that its time translations form a class of entire solutions.
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Remark 3.8. Note by (2.3) that we may choose ¢ sufficient small so that

U, (t,6) = Oc(&) +e9€)e?D >0, T(1,6) =y (£)e”’ <1, for (t,x) € (—00,0] x R.
(3.10)

Lemma 3.9. Assume (3.1) holds. Let M > max{|l¢ + a¥/|loo, r|b@ + ¥lloc} and € € (0, 47) is
chosen small enough such that (3.10) holds. Then we have

(i) @, (resp. 5,,)_is a sub-solution (resp. super-solution) of (3.2) on (—o00, 0] x R (resp. R x R).
(1]) 2*(t1 s) SK <I>*(t7 é)fOr e"ery (t’ E) € (_OO, O] X R

Proof. To prove (i), observe from (1.4) and Lemma 2.1
ALe(w,. 7)) = [®] + ¢, + D¢ (1 - ®,)]
+ geP® [(pgg +eps + (1 —=20.) —ad®y —e@ (¢ +ay) ep(’)]
= spel [,u —&e(p+ay) e”(”] ,
which, together with ¢(x) < 0 from (3.3), yields
O, — A1olu,, T =epe?® [ p— o+ (g +a) erD | = 20O M + (9 +a)] <0,
Similarly, it also follows from Lemma 2.1 that
Ao, T =6ePD [dree + el + 1Y (1 = bdo) —re (b + ) "]
=ewe’® [ —re (b + ) e’ ]
which, together with ¢(x) < 0 from (3.3), yields

00, — A c(u,, v,) = e’ [p —p+er(bp+v) eP<’>] =&Y e [M +r (bp + )] > 0.

As aresult, @, is a sub-solution of (1.1) on (—o0, 0] x R. Similarly we can also show that D, is
a super-solution of (1.1) on R2.

Finally, (ii) follows from Lemma 3.1 along with the fact that ¢(x) < 0 < ¥ (x) for every
xeR. O

Remark 3.10. Observe that

lee? Py ||oo = I¥lloo— 0 ase— 0.

M
m

For every up(§) := (uo(§), vo(§)) € Cct (R) x C? (R) and 1 € R, let

unif unif

u(r,&;t0,u9) = (u(t, &;10,m0), v(t, 510, w0)), >19, &eR,
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denote the classical solution of

{ut =A. (), >ty £E€R,
u(to, &) =up(§), § eR.

Throughout the rest of this work we fix M and ¢ such that the assumptions of Lemma 3.9 are
satisfied. For every n € Z™, £ € R and t € [—n, 0], we introduce

®,(1.8) = (u,(t,8),v,(t,8)) =0, & —n, @, (=n,)),
6}’L(ts g) = (ﬂn(ta S)? yn(t9 é)) = u(tv é» _n’$*(_n’ ))

We then have the following result.
Lemma 3.11. For everyn € Z™, t € [—n, 0] and & € R, it holds that
D,(1,8) <k ®,(t.&) <k R, (1.§) <k Ppt1(t,§) <k ®,(t.§) <k ®.(1,§).  (3.11)
In particular,
@,(0,8) <g 2,(0,8) <g ®,(0,§) <g ®.(0,§), VE€R, VneZ®. (3.12)
Proof. Observe that
@,(1,6) <k ®,(1,§) <k ®n(1,§) <k ®u(1,5), (3.13)
follows from Proposition 3.3 and Lemma 3.9, and in turn yields (3.12) by taking ¢ = 0. Finally,

D,(1,8) <k B, (1, 8) <k Puy1(1,8) <k ®u(1,§),

follows from (3.13) by taking t = —(n — 1) and comparison principle for competitive sys-
tems. 0O

As a result, the following functions are well defined

@, (1,8) = W, (1,8),0:(1,8)) 1= lim @,(1,) (3.14)
D,(1,5) = (ﬁ*(t,é),y*(t,é))=nli)rg03n(t,§) (3.15)

Moreover, using estimate for parabolic equations, we have that ®, (7, &) and ®,(t, &) converge
respectively to @, (¢,&) and 3*(1‘,5) locally uniformly in Cllo’c2 ((—00,0) x R). In addition,
®..(1,&) and @ (¢, &) are classical solution of (3.2) on (—o0, 0] x R.

We define

-1 2eM
r([)::—ln<1+ ¢ e‘“), vVt € R,
i u
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and will use the following lemma about r(¢) to prove uniqueness of entire solution of (3.2)
satisfying (3.8).

Lemma 3.12. The function r(t) satisfies

lim r()=0 and e’ =¢1®  vr <.
——00

Proof. Itis clear that . lim r(#) = 0. Straightforward calculation based on (3.5) and (3.6) shows
——00
that

-1 -1
eP+r®) — (eutew(t) — %) = [e’” <1 + 28Mem) _ ﬂ]
2 2 M

-1
eM
= (e_’” + —) AL
w

Now, we prove Theorem 3.4.

Proof of Theorem 3.4. First, we show the existence. It is clear that @, defined in (3.14) (resp.
@, defined in (3.15)) is a classical solution of (1.1) for (¢, &) € (—o0, 0] x R. Moreover, it follows
from Lemma 3.11 that these functions satisfy the inequality (3.8). Furthermore, it is standard to
extend both of them into entire solutions by solving forward in time with initial data ®,(0, &)

(resp. 94(0,§)).

Next, we show uniqueness by showing that the pair of super-sub-solutions is deterministic
via translation; see [3, Definition 1] for details. Let @, ; (¢, &) := (uyi (¢,§), v+, (¢,6)), i =1, 2,
be entire solutions of (3.2) satisfying (3.8). Let (¢,£) € R x R be given. For every n > ||, and
i=1,2, we have

¢*,l’(l‘v ‘i:) = u(t’ E’ -n, ¢>i<,i(_n’ ))
By (3.7a), (3.7b), (3.13) and Lemma 3.12, it holds that for any n € Z* and £ € R,
D, (—n,§)) <k Pu(—n,&) <k ®,(—n+r(-n),§).
Thus, for i, j € {1, 2}, using Lemma 3.12, we have
Q. (1,6)=u(t,& —n, ®,;(—n,") <gut, & —n, ®.(—n, ")
= ll(l, g::v —n, 2*(_’1 + V(—}’l), ))

=<K u(tv %—7 —n, ‘b*,](_n + r(_n)’ ))
= @, it +r(—n),é).

Letting n — oo, we conclude from Lemma 3.12 that
. (1,6) <@, ;(t,6), Y(,&eR: andi,j=1,2,

which naturally yields that @, 1 (¢, &) = ®.2(¢, &), for every (¢, §) € R2. O
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3.2. Exponential decay estimates at x = 00

In this subsection, we adapt the simplified notation u = (u, v) for the entire solution given by
Corollary 3.5, originally denoted u; = (u;, v)), by suppressing the subscript A. We will deter-
mine the exact exponential decay of u at +0o0 and v at x = F-00.

Proposition 3.13. Assume (3.1) holds. Let 0 < ¢ < 1 be fixed such that u = (u, v) are given by
Corollary 3.5. We then have

liT eyt x)=1 foreacht <0, (3.16)
X—> 100

]iT My, x)=¢, foreacht€R, (3.17)
X—>+00

where ¢, = d\ + 5. If, in addition, b € (0, 1), then

lim e W =DM (1 x) =6, foreacht e R, (3.18)

X—>—00

where we recall that &, = ﬁ [\/62 +4d(u+rbd-1)) — c], and Y is given by Lemma 2.2(c) or
(d).

Proof. By (3.9), we have
Oo(x —ct) + ep(x — c)ePD <u(t,x) < De(x — ct) + ep(x — ct)ed?
for (¢, x) € (—00,0] x R, (3.19)

and

Y (x + (cy — )D)e? D <v(t, x + cpt) < e (x + (cy — ))ePD  for (¢, x) € (—00, 0] x R,
(3.20)
where ¥ is given by Lemma 2.2, and

t_ljr_noo(lp(t) — utl +1q(t) — pnt) =0. (3.21)

It then follows from (1.5), (3.19) and (2.3) that (3.16) holds.
We proceed to prove (3.17), and note that (3.18) follows in a similar fashion.

Claim 1. [f there exists to € R and €9 > 0 such that v(ty, x + cytp) < goe M for x € R, then

Ax

v(t, x 4+ cyt) < goe” for (t,x) € [ty, 0) x R.

To prove this claim, it suffices to observe that v(¢, x + ¢,t) and goe ™ form a pair of sub and
super-solutions of the equation U; = d¥Uyx + ¢,V + r¥ in the domain [#g, o0) x R.
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Claim 2. If there exists ty € R, e (A, min{z. + A, c/(2d), 2A}) and Dy, g9 > 0 such that
v(10, x + cpl) > o(e ™ — Doe_xx) forx €R,
then there exists D1 € (Dg, 00) such that
V(t, X + cot) > o€ — D1e™)  for (t, x) € [t9, 00) X R.
First, observe that v(f, x 4 cyt) is a super-solution of
U = dVyx + cVx + r(1 — bmin{l, e & T@=I0) _ )7, (3.22)

This follows from the second equation of (1.1) and that u(z, x + cyt) < @c(x + (cy — O)f) <
min{1, e~ %@ +=ID} Tt remains to show that the function max{0, eg(e ** — Dje=**)} is a
sub-solution of (3.22), provided D1 >> Dy. Since this is similar to the proof of Lemma 2.2(a), we
omit the details.

By Lemma 2.2(b) and (3.20), there exists Do > 0 such that for each (7, x) € R~ x R, we have

g(e MOH@Q=D _ p o= o=y 0D < (7 x 4 ¢, 7) < ge P HE=ON P

By Claims 1 and 2, we deduce that for each ¢ < 0 there exists D; such that
g(e MHE—0N _ Dt_e—X(x—&—(cv—c)f))eq(f) < 0(t, x + cyt) < seHxFE=OD (P
fort>1, x eR.
Using the fact that u = d\2—ch+r= A(cy — ¢), the above can be rewritten as
8(6_“_’”]”@ — D;e_x(x+("l’_c)f)+q(f)) <v(t,x +cyt) < ge M THIAPD)  fory >t xeR.

—Ax

Dividing by e™* and letting x — oo, we have

ge MT4D < liminfe* v(t, x 4 cpt) < limsupe™ v(t, x + cpt) < e MTPO  fort >7.
X—=00 X—00

Finally, we can take f — —oo (recalling (3.21)) to deduce lim,_, 4o e**v(t, x + c,t) = & for
each r € R, which is equivalent to (3.17).

Arguing similar for x — —o0, we can prove (3.18). This completes the proof of the proposi-
tion. O
4. Asymptotic behavior of entire solutions

4.1. Asymptotic behavior of entire solutions of Theorem 1.1

In this section, we discuss the asymptotic behavior of the entire solution constructed in the
previous section and complete the proof of our main results. We first note that the super-solution

B, (1, x) = (e (1, x), 0, (1, X)) 1= (P (x) + 0 (x)e? D ey (x)e??), (1,x) eR xR,
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introduced in (3.7b) is defined for every (f, x) € R x R.

Throughout this section, we fix ¢ > 2 and A € Ag.,p and € > 0 so that ®.(¢,&) =
(us(t, &), vi(t,8)) and u(t, x) = (u(t, x), v(t, x)) are, respectively, entire solutions given by
Theorem 3.4 and Corollary 3.5, i.e.

u(t,x) =®,.(t,x —ct), (t,x) e R xR, 4.1)
where we again suppress the subscript A for the entire solution given by Corollary 3.5.
4.2. Asymptotic behavior at t = —00
The following holds.
Lemma 4.1. It holds that

lim flu(t, ) — ®:( —ct)loo =0
t—>—00

Proof. The result follows easily from (3.9). O

4.3. Asymptotic behavior at t = +00

Lemma 4.2. Let ¢, = ‘”‘if’ , it holds that

lim sup u(t,x)+ sup v(t,x)|=0, V&>DO0. 4.2)
1700 x> (c+8) x> (cy+E)
In particular, (1.11d) holds.

Proof. Observe that the upper bound in (3.9) holds for all # € R, so that
(u(t, x), v(t, x)) <g (Pe(x —ct) + ep(x — ct)ed D, e (x — ct)e?), VxeR,teR.
(4.3)

Hence for each § > 0,

sup u(t,x) <®.(61) >0 ast— oo. 4.4)
x>(c+8)n

Since there is a constant K > 1 such that
v(0,x) < e (x)eP® < Ke™ Vx eR,

(where the second inequality holds due to the fact that e**v/(x) — 1 as x — oo) and that

K exp(—Xi(x — c¢y)t) and v(z, x) form a pair of super-sub-solutions (where ¢, = @) of the

scalar Fisher-KPP equation
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v =dvyy +rv(l —v),

it then follows from the comparison principle for parabolic equations that

v(t,x) < Ke M= v >0, x eR. (4.5)

As aresult, (4.2) follows from (4.4) and (4.5).
Finally, since g4 . r(A) = d\* —ch+r > 0, we have ¢, > ¢, so that (1.11d) holds. O

Lemma 4.3. Let ¢, = P25 it holds that

==

Cy —

lim sup sup lu(t,x) —ez]1 =0, V0<g< (4.6)

=00 (c48)t<x=<(cy—E)t

Proof. It follows from Lemma 4.2 that (4.2) holds. Furthermore, by (4.3), it holds that

liminf sup v(¢,x) > 0.
1—00 y>c t

Thus, it is not hard to construct a sub-solution to show that

liminf inf v(t,x) >0, V0<ekl.

=00 (c+&)t<x=<(cy—¥)t

Therefore the equation of v can be regarded as an uncoupled equation of KPP-type, and the
problem reduces to showing that 1 is the only entire solution of the KPP equation that is bounded
below by a positive constant.

Since the proof of Lemma 4.3 follows from an almost same argument as the one in [10,
Proposition 3.1],which in turn follows from the arguments by Ducrot, Giletti and Matano in [5],
we omit the proof here and refer interested readers to [10,5] for details. O

Lemma 4.4. Suppose gq.c.r(A) > rmax{l — b, 0} and ¢ be fixed such that (u,v) is the entire
solution specified by Corollary 3.5. There exists hg € R such that for any € > 0,

lim  sup [v(r,x) — W, (x — ¢yt — ho)| =0. 4.7

=00 y o (c+B)t
In fact, it follows from (3.17) that ho = —1 loge.

Proof. First, observe that sup, . (., u(t, x) — 0 exponentially as  — +o0. Based on the exact
exponential decay of v(0, x) at x = +o00; see Proposition 3.13, we apply [30, Theorem 8.2 or
9.3]toyield (4.7). O
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4.3.1. Monostable case
Now, we present the proof of Theorem 1.1 by establishing the large time behavior of the entire
solutions in the monostable cases:

1) O<a,b<l1l, and @B O<a<l1l<b.

Proof of Theorem 1.1 for cases (1) and (3). Recall the exponential decay estimates of
(u,v)(0,x) at x = oo as described in Remark 3.6 and Proposition 3.13. For case (1) we
apply [24, Theorem 1.3] to prove (1.11a)-(1.11d), whereas for case (3) we utilize either [24,
Theorem 6.1] or [10, Theorem 1.3] to yield (1.14a)-(1.14c). In the latter case, it suffices
to observe that for ¢+ > 0, our solution (u,v) can be controlled by the pair of super-sub-
solutions constructed in [10, Propositions 1.4 and 1.6]. Finally, (1.12) and (1.15) follows from
Lemma 4.4. Indeed, we first note that ¢, > ¢ > max{cy,1, ¢,.2}. Note from (1.11c) and (1.14b)
that 1im;— o0 SUP (¢, ,48)r<x<(c+5) W(F, X) — €2 =0 for every 0 < & < 1 and i = 1, 2. Hence,
since lim;—, o0 SUP (¢, ; +8)1 <x<(c+8)1 [(0, We, (x — cyt — ho)) —e2| =0 for every 0 < € K< 1, we
deduce that both (1.12) and (1.15) hold. O

4.3.2. Bistable case
In this subsection we complete the proof of Theorem 1.1 by establishing the large time be-
havior of the entire solutions in the bistable case

2) a,b>1.

We note that Lemma 4.3 provides an upper bound for the spreading speed of the species
u(t, x), and Lemmas 4.2 and 4.3 show that the faster but weaker competitor v(t, x) spread at the
speed cyt.

As mentioned above, to complete the proof of Theorem 1.1 in case (2), we follow the tech-
niques developed in [2] and [27]. More specifically, we first introduce some useful functions

E(t)=Ee ™, P(®)=Pe ™, and Q)= Qe ", (4.8)
where 81, Py, Qo > 0 and &y < 0 are constants.

Lemma 4.5. For each §1 > 0 sufficiently small, there exist Py, Q¢ > 0 and & < O such that
@(t, x),v(t, x)) on Rt x R given by

u(t, x) :=max{0, g,y (x — Cyut — (1)) — Q(1)}
v(t, x) :=min{l, Yo (x — Cupt — £(1)) + P(1)}

where @,y := (Quv, Yuv) is the traveling wave solution to (1.9) with speed C,,,, satisfies

in the weak sense for (t,x) € RT x R.

Ai,c,, @, ), x) >0
Az c,, W, 0)(t,x) <0
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Proof. Define

1 _
§(s>=;¢uu(ﬂé) and  R(§) = Yy (VdE),

then (S, R) satisfies

808" —cypS + S — S — K()E) =0
R'—cgR +R1-R—p,8)=0

where

1 Cuy 1 a
QSRZm, Qz;a L():;, and EOZ"b-

And we may argue exactly the same as in [2, Lemma 7]. O

Proof of Theorem 1.1 for case (2). Firstly, the proof of (1.13c) are exactly the same as in case
(1). Now, by Lemma 4.3 we have

lim sup lu—ey|; =0, foreach? >0, 4.9)
1—00 (c+8)t<x<(cy—2E)t

which shows that part of (1.13b) holds. It remains to prove (1.13a) and the rest of (1.13b).

Consider the solution @ = (&1, 9) of (1.1) in the domain (¢, x) € RT x R with initial data
(tig, o) such that g is compactly supported with 0 < iig(x) < u(0, x), and 0y = 1. By [27,
Theorem 1], there exists 4> € R such that

lim sup |a(t, x) — ®,,(x — Cyot — h2)|1 =0. (4.10)
t—>oox20
Note that we have
a(r,x) <gu(t,x) for(t,x)eRT xR. 4.11)

In particular, for each ¢, ¢t such that ¢~ < ¢t < Cyy, We have

lim inf  u(t,x)>1 and lim sup w(s,x)=0. 4.12)

=00 c~t<x<ctt I=>00 — v cctt

Furthermore, exploiting (4.9), we can repeat the proof of [27, Section 4.2] to show that, for
each ¢ € (¢, ¢p), there exists Cy, 81, T1 such that

u(t,ér) < Cre 1, (@, ét)y>1—Cre ", fort>T. (4.13)

By using (4.12) and possibly enlarging §; and T1, it is not difficult to show that for each ¢ €
(_003 Cuv),

—281t

ut,c’r) <1, v, ) >Cre fort> Ty, (4.14)
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the latter follows from a sub-solution v; for the equation of v of the form

ge” 21 cos(M(x — c*1)),  |x — cFt| <7/(2N),

vi(x, 1) =
: 0, x — c¥t] = m/ (),

where §; € (r(b — 1), 00), and A = %\Acﬁlz —4d(8 +r — rb). Taking advantage of the esti-
mates (4.13) and (4.14), one can then apply the comparison principle to prove that

u<g (@v), forclt<x<ér, t>T, (4.15)

where (u, v) are given in Lemma 4.5. Passing to a sequence #,, — 0O, We may assume W, (¢, x) :=
u(t +t,, x — Cyyty) converges in Cl (Rz) to some U (7, X) := (Uoo(?, X), Voo (t, X)). By (4.10),
(4.11) and (4.15), there exists h3 > 0 such that

Guv(X +13) Suco(t,x) <@u(x —h3) and Y (x — h3) < veo(t, x) < Yy (x + h3)
for (¢, x) € R2. (4.16)

We may then argue similarly as in the proof of [27, Section 3.2] (see also [33, Lemma 3.7]) to
obtain (1.13a). We omit the details. O

5. Proof of Theorem 1.4

In this section we outline the proof of Theorem 1.4. Suppose thatd > 0,r > 0,0 <a <1 <b
and ¢, > 2max{«/rd, /a}. Denote

1
A::§<cv—,/c%—4a) and @, (x):=e ™, xeR.

Then define

W= grea() =(1—a) >0, 5.1

By similar arguments to the proof of Lemma 2.1 where g . 1(A) = (1 —a) > 0, we can prove
the following result.

Lemma 5.1. Suppose that d > 0, r > 0,0 <a <1 <b and ¢, > 2max{~/'rd ,/a}. Then there
exists unique o= (@, Iﬂ) € CX(R) such that for all x e R

(1 —a)p=0xx +copr + (1 — av,, (X))@,
(1 —a)§ =dVnx + oWy +1r(1 —2W,, (X)) — rb¥,, 3,
T(0)=0, and ¥ <O, (52)

lim 29 =1, supp <+oo, and §>0,
x—>o0¢€ XGR

where . = % (cv — c% — 4a). Moreover, there exists Y > 0 such that lim @(x) ="
X—>—00
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Using this result, we can again proceed as in Section 3 and establish the following result.

Theorem 5.2. Suppose that d >0, r >0, 0 <a <1 < b and ¢, > 2max{+/rd, \/a}. Let o=
(@, ) be the solution of (5.2) given by Lemma 5.1. Then the following statements hold.

(a) For each 0 < ¢ K 1, there is a unique entire solution u(t, x) := (u(t, x), v(t, x)) of (1.1)
satisfying

W, (x — cot) + D (x — cy1)eP D <gu(r, x) <g We, (x — cot) +e®(x — c,1)e?D, (5.3)

for (t,x) € (—00, 0] x R, where (p,q) are given by Lemma 3.1, such that
lim |p() — (1 —a)t|= lim [§() — (1 —a)t| =0.
—>—00 —>—00
(b) Furthermore,

lim =3y (s, x)=¢, foreacht€R, (5.4)

x—>400

where ¢, 3 > ¢, and A € (0, 1) are given by (1.20).

To complete the proof of Theorem 1.4, it remains to show that the entire solution u(z, x)
provided by Theorem 5.2 satisfies the desired asymptotic behaviors at r &~ £o0.

It is clear from (5.3) that (1.19a) holds. Note also from (5.3) that v(0, x) < W, (x) for all x,
so that by comparison, we have

v(t,x) < W, (x —cyt) for(t,x) e Rt x R.

Hence,
limsup sup wv(r,x) <limsup sup W, (Er)=0 VO<ZKI. (5.5)
1—>00 x> (cy+3)t 1=00 x>(cy+E)
Since
ur > uxy +u(l —a—u) (5.6)

and liminf,_, o u(0, x) > 0, which is due to (5.3) and that lim ¢@(x) > 0, we then conclude
X—>—00

from spreading speed properties for Fisher-KPP equations that

liminf inf u(t,x)>1—a, V0<e«kl. (5.7)
=00 y<(2/T—a—3)t

Next, observe from Theorem 5.2(b) that

lim e*u(0,x)=¢ >0, (5.8)
X—>00
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andc= A+ % =cy+ 1%” > ¢y, Where 0 < A < 1. Now, since v — 0 in the moving coordinate

with speed greater than ¢, by (5.5), and that u spreads in the absence of v at speed ¢ = A + %,
we argue as in the proof of Lemma 4.3 to show that

lim sup lu(t,x)—1]=0, V0O<ZF<«I1, (5.9)

=00 (cp 4B 1 <x<(c-®)1

which, combined with (5.7) and comparison principle for scalar parabolic equations, yields that

liminf inf wu(t,x)>1—a. (5.10)

=00 x<(c—8)t

By (5.10), and using b > 1 > a, we can use the classification of entire solution of (1.1); see [23,
Lemma 2.3], to show that

lim inf_ |u(t,x) —e;[; =0, VO0<Zkl1. (5.11)

=00 x<(c—e)t

Hence lim;_, o sup, g |v(¢, x)| = 0 in an exponential manner follows from (5.5) and (5.11), so
that the equation u reduces to the KPP equation (with exponentially small in # error terms) as
t — +o0. Finally, note that u(0, x) satisfies (5.8) and (5.10), so we can apply [30, Theorem 8.2
or 9.3] to yield (1.19b). This completes the proof of Theorem 1.4.
6. Proof of Theorem 1.3

In this section we outline the proof of Theorem 1.3. Letd > 0,7 >0,0<a,b<1landc>?2
be given such that (1.18) holds. Therefore, applying Lemma 2.1 for the case p = gg.c.r(A) =

r(1 — b) > 0, we have the following result.

Lemma 6.1. Suppose thatd >0, r > 0,0 < a,b < 1, and ¢ > 2max{1, /drb} are given. Set

reE Oy, by +17) and Iy = % (c —Vc? —4drb) .

Then there uniquely exists ® := (¢, ) € C>P(R) satisfying

r(1 =b)p = @xx +cpx + (1 =2 (x))p —adc Y, inR,
r(l =b)y =dyex + c¥x +r(1 =P (X)) Y, inR,
<0<, inR
p(00) =0, and e MY De_xx <P(x) <e ¥ for x > 1, for some D > 0.

(6.1)
Moreover, there exists Y > 0 such that lim ¥ (x) ="T.
X—>—00

Using this result, we can again proceed as in Section 3 and establish the following result.
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Theorem 6.2. Suppose thatd >0, 0 < a, b < 1, and ¢ > 2max{1, ~/drb} be given. Let ® be the
solution of (6.1) given by Lemma 6.1. Then for each 0 < ¢ K 1, there is a unique entire solution
u(t, x) = (u(t, x),v(t, x)) of (1.1) satisfying

D.(x —ct)+e®(x — ct)ePD <k u(t,x) <g ®.(x —ct) +e®(x — cr)e??, (6.2)
foreveryt <0, x e R, where 0 < ¢ < 1 and (p, q) are given by Lemma 3.1, such that

lim |p(t) —r(1 —b)t|= lim |q(t) —r(1 —b)t] =0.
t——00 t——00

Moreover, q(t) is defined for all time t € R, strictly increasing and bounded, and second inequal-
ity of (6.2) holds for t > 0 as well.

Proof of Theorem 1.3. To complete the proof of Theorem 1.3, it remains to show that the entire
solution (u(¢, x), v(t, x)) provided by Theorem 6.2 satisfies the desired asymptotic behaviors at
t ~ to0.

It is clear from (6.2) that (1.16) holds. Note also from (6.2) that

inf min{u(0, x), v(0,x)} >0, VxgeR. (6.3)
X=X

Furthermore, by Proposition 3.13, we have

lim ¢ u(0,x) =1, (6.4)
X—> 00
where 7. = % (c — A/ — 4) and
lim e**v(0,x)=¢ >0, (6.5)
X—> 00

where A, = % (c —A/c? —4rdb). We note that ¢y = dAy + = > dy + % =c=1.+ %
Hence, we can deduce the (rightwards) spreading speed ¢, 1 of e, by the results in [24], this
establishes (1.17a), and that

lim sup lu(z, x) —ez|; =0.
=00 (Cu,1+’5)t<x<(cv,37g)t

Finally, we can apply [30, Theorem 8.2 or 9.3] to yield (1.17b). We omit the details. O
Appendix A. Alternative Proof of Lemma 2.2

In this section, we give an alternative proof of Lemma 2.2. In fact, the result we prove here is
more general. We first introduce the operator

L: H*R) — L*(R)
v > dvgg +cvg +r(1 —bdHv
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and then the results in Lemma 2.2 are now spectral properties of the linear operator L. More
specifically, we have the following lemma.

Lemma A.1. Given ¢ > 2 and u € R, the eigenvalue problem
(L—=mwy =0 (A1)
admits the following properties.

o If we (r(1 —=>b),r), up to scalar multiplication, there exists a unique solution to (A.1) in
H2(R?). Furthermore, if uw € (max{r(l —b),r — %}, r), then the solution to (A.1), ¢ () €
H?(R) N C2(R), is nonzero everywhere (thus can be chosen to be positive) and admits the
following asymptotic property,

—Jc?2 -4 —
fim %6 ;o oV —ddmw
E—>+400 @ 2d

where ). € (0, 57) solves u = d)2—ch+r.

o If ue(—oo,r(1 —b))U (r,400), there is no solution to (A.1) in H2(R).

e lfu=r(l—=>0)>r— %, then up to scalar multiplication, there exists a unique solution ¢
to (A.1) in C*(R) such that

lim ¢—é=—)», slim ¢="7, forsomeY eR.
——00

E—>+4o00 @

Proof. We study the more general case i € C and introduce the vector ® := (¢, ¢¢). The equa-
tion (A.1) can be written as

0 1
<1>5_A(g,u)<1>._(%[M_r(l_b%)] %)tp, (A2)

where the matrix A(&, ) approaches constant matrices as & — $o0; that is,

‘ 0o 1 : 0 !
A*‘gETwA(E’M)_<$(M—”) 3) A‘_SEIPOOA(E’M)_<$[/L—V(1—b)] §>

It is well known that the operator L — u, where u € C, is Fredholm if and only if both A4
and A_ are hyperbolic; see [21, Theorem 3.1.11] for more details. Introducing the characteristic
polynomial

P(LE)=d\ +ch+r(1 —bdo(§)), (A3)

and noting that Ay are hyperbolic if and only if

wely U I_, where'y :={Py(ik) |k € R} and [ := {P_(ik) | k € R},
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Fig. 3. A depiction of the sets {2; }:'3=1 separated by the Fredholm boundaries I' (solid) and I'— (dashed).

where P (A) = lim P(A;€)=d\>+ci+rand P_(A)= lim P(A; &) =dr>+ci+r(l—
E—+o00 E——o00

b), we conclude that L — u is Fredholm if and only if u ¢ T'y | JT'—. The Fredholm boundaries,

4 JT—, divide the complex plane into 3 simply connected regions,

2 2
lez{a+iﬁ|a>—d<§> +r, B eR}, Q2:={a+i,3|a<—d<§> +r(l —=b), B eR},
Q3 :=C\Q U Qy;

see Fig. 3 for an illustration. Furthermore, the Morse index of A, that is, the dimension of
unstable space associated to A respectively denoted as it (u), takes distinctive values in €2;’s,
i =1,2,3; that is,

1, neQ, 1, Q,
i+(u)={ re i_(m:{ e

0, ué¢Q, 0, pe,

which yields that the Fredholm index of L — u, denoted as ind(L — u), takes the following
values.

0, ne,

ind(L —p)=i_(uw) —it(W) =11, ueQs,
0, MGQQ.

According to the exponential dichotomy theory in [4], in the case when u € 2>, we conclude
from i+ (p) = O that there is no solution @ to (A.2) in H'(R?). As a result, there is no solution
¢ to (A.1) in HZ(R). Similarly, in the case when p € 23, we conclude from i; () =0 and
i_(u) =1 that, up to scalar multiplication, there exist a unique solution ¢ to (A.2) in H2(R).
Moreover, for any u € Q3, the polynomial P_(X) = u, that is,

A +ch+r(1—=b)—pn=0,

admits two distinctive roots

~ —ct/c2—4d(r —rb—p)
)\.:l: = ’
2d
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which, when u € (max{r(1 — b),r — %}, r), admits <0< L. Moreover, the solution ¢ to
(A.1) as &€ — —oo0 satisfies

lim — =7,. (A.4)

Similarly, the polynomial Py (}) = u, thatis, d M4 ch+r— @ = 0, admits two distinctive roots

—c+Jc2—4d@r — )

At =
* 2d
which, when p € (max{r(1 — b),r — %}, r), admits A_ < A4 < 0. To show that ¢ is nonzero
everywhere and élim % = Ay, we introduce the polar coordinates (r,6) € [0, +00) x To,
—+00

satisfying

(@ \ _(rcosf
o= ()= ().

and rewrite (A.2) in the polar coordinates as

{rs =r{[144 = 501 = b®)]cosd — § sin6} sino, (AS)

0: =F(0,§) = —5 (P(tan8; &) — ) cos2 6.
Noting that for any £ € R,

rb®.(§)

F(/2,&) = —sin’(n/2) = —1 <0, F(arctan™ (A4), &) = m >

it is straightforward to see that the interval (arctan™' (1), w/2) is forward-invariant for 6. Re-
calling the limiting behavior of ¢ as & — —oo, (A.4), we conclude

€(Ay,00), VEeR,
which shows that ¢ is nonzero everywhere. Furthermore, we also note that the interval

1(§):={0 € (arctan™ ' (A4), 7/2) | F(0; &) <0},

becomes the whole interval (arctan™! (A4),m/2) as &€ — 400, from which we can conclude by
a straightforward proof-by-contradiction argument that

E—+00 ¢

If u > r, then A, > 0, which, together with the fact that the interval (arctan—!(A,), 7/2) is
forward-invariant for 6, shows that there is no solution to (A.1) in H>(R).
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fu=r—->0)>r— %, then 3:+ =0>i_=—c. The asymptotic matrix A_ is not hyperbolic
but, thanks to the fact that the eigenvalue A+ = 0 is geometrically simple, there still is an ordinary,

but not exponential, dichotomy for the system (A.2) on & € (—o0, 0]; see [4] for details. In

addition, the fact that u € (r — %, r) implies that the asymptotic matrix A is hyperbolic with

two distinctive negative eigenvalues, yielding an exponential dichotomy with trivial unstable
subspace for (A.2) on & € [0, +00). Moreover, the analysis based on the polar coordinates still
holds. As a result, we conclude that up to scalar multiplication, there exists a unique solution ¢
to (A.1) in C2(R) such that

lim ¢—§=—K, Iim ¢=7", forsomeYeR. O
E—+o00 ¢ E——00
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