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Abstract

Our aim in this paper is to prove the existence of solutions to the Cahn—Hilliard equation with a general
nonlinear source term. An essential difficulty is to obtain a global in time solution. Indeed, due to the
presence of the source term, one cannot exclude the possibility of blow up in finite time when considering
regular nonlinear terms and when considering an approximated scheme. Considering instead logarithmic
nonlinear terms, we give sufficient conditions on the source term which ensure the existence of a global in
time weak solution. These conditions are satisfied by several important models and applications which can
be found in the literature.
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1. Introduction

The Cahn—Hilliard equation was proposed in [6,7] in order to describe phase separation pro-
cesses in binary alloys. Since then, it has been thoroughly studied. It would simply be impossible
to cite all papers related to the mathematical and numerical analysis of the equation and we
instead refer the interested readers to the recent reviews [35,36].

What is also remarkable with the Cahn—Hilliard equation is that it (or some of its variants)
has been used in many other applications, such as dealloying in corrosion processes (see [15]),
population dynamics (see [13]), tumor growth (see [2,25]), bacterial films (see [26]), thin films
(see [39]), chemistry (see [42]), image processing (see [4,8,14]) and even astronomy in the rings
of Saturn (see [40]) and ecology (surprisingly, the clustering of mussels can be perfectly well
described by the Cahn—Hilliard equation; see [29] and even Youtube for videos).

We consider in this article the following more general equation:

2—?+A2M—Af(u)+g(x,u)=o. (1.1)
This equation appears in several important of the aforementioned applications (see also below for
specific examples). In particular, when g = 0, we recover the original Cahn—Hilliard equation.

Equation (1.1), endowed with Dirichlet type boundary conditions, was studied, for rather gen-
eral source terms g, in [16,17,32,33]. Now, for most applications of interest, Neumann boundary
conditions are the relevant ones, as one wants to take advantage of separation and clustering ef-
fects. In that case, however, due to the fact that, contrary to the original Cahn—Hilliard equation,
one no longer has the conservation of the spatial average of the order parameter u, the existence
of global in time solutions becomes a challenging problem (see [5,9,11,17,34,35]). Even worse,
it was observed in [11,17] (see also [35]) that one can have blow up in finite time when consid-
ering regular nonlinear terms f (typically, the usual cubic nonlinear term f(s) = s> — s), which
is problematic in view of applications. Nevertheless, it was proved in [31,34,35] that, in some
particular cases, considering instead a logarithmic nonlinear term (which is relevant, as such a
nonlinear term is the thermodynamically relevant one for the original Cahn—Hilliard equation),
one can prove the existence of global in time solutions.

Our aim in this paper is to give sufficient conditions on the nonlinear source term g that ensure
the existence of global in time weak solutions, when considering Neumann boundary conditions
and logarithmic nonlinear terms f. One key step is to give proper approximations of the singular
nonlinear term f which allow to derive the necessary a priori estimates to pass to the limit. In
particular, these sufficient conditions are satisfied for most of the source terms g appearing in the
literature.

This paper is organized as follows. In the first section, we set the problem and state the main
result, namely, the existence of global in time weak solutions. Then, in Section 3, we prove our
main result. Finally, in Section 4, we give and discuss several applications.

2. Setting of the problem and main result

We consider the following initial and boundary value problem, in a bounded and regular do-
main Q C R*, n =1, 2 or 3, with boundary I":

ou

o +A%u— Afu)+g(x,u)=0, (2.1)
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0 oA
M2 _onr, (2.2)
v v

ulr=0 = uo. (2.3)

First, concerning the (nonlinear) source term g : 2 x R — R, we make the following assump-
tions:

g(.,s) is measurable on 2, Vs € R, 2.4)

g(x,.) is continuous on R, for a.a. x € , 2.5)

lg(x, )| <c(1+]s*P*?), foraa. x € Q, Vs eR, p e NU{0}, (2.6)
do, B R, o < B, and A > 0 such that g(x,s) =As + g(x,s), with 2.7

A < —g(x,s) <AB, fora.a.x € Q, Vs € [«, B].

Remark 2.1. This significantly improves the assumptions made in [34], Remark 4.7, namely,
g(x,s) = g(s) is of class C?, with g” bounded, and

gs)=As+g(s), >0 <1,

> ®

where k = maxe[—1,1718(s)| (here, « = —1, B = 1). These assumptions, as well as the proof
given in [34], only allow to handle (some) at most quadratic source terms g(s).

Next, as far as the nonlinear term f is concerned, we take

+/3

F&)=co* —S)+611n(ﬂ %) se@p). C1<—co(ﬂ—a)

where o and § are the constants in (2.7). Note that the condition ¢ < A—Ilco(,B — «) is made to
ensure that the potential

F(s) = / F&)de

a+f
2

2 _
=—C—°(°‘+’3—s>2+c1(<s Y Yea il ))+(ﬂ 9inEL D))
B — B—«

has a double-well structure and that phase separation processes can occur. These functions satisfy

f'==co, F>=—c2, c2>0, (2.8)
f) (s —m) = c3m)(| f(s)|+ F(s)) — ca(m), (2.9)

s, me(a, B), cz(m) >0, c4(m) >0,

where c3 and c4 depend continuously on m. This can be proved as in [35], after a proper rescaling.
Our aim in this paper is to prove the following.
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Theorem 2.2. We assume that ug € H' (), o < ug(x) < B a.e. and (uo) € (a, B). Then, there
exists at least one weak solution u to (2.1)-(2.3) such that, VT > 0,

ueL®0,T; H(Q)NC(0,Tl; H () N L0, T; H*(Q)),
u e L*(0,T: H(Q))
ot T ’
a<u(x,t)<pae.

Remark 2.3. Uniqueness and further regularity are open problems for a general source term g
(see Remark 3.5 below).

2.1. Notation
We set, for v e L1 (),

1
(v) = Vol(©) /v(x)dx
Q

and, forve H-1(Q) = H'(Q),

(v) = Vol(2) (v, 1)11—1(52),111(9),
where (-, -) denotes the duality product. Furthermore, we set, whenever it makes sense,

v=v— (v).

We denote by ((-, -)) the usual L?-scalar product, with associated norm || - ||. We also set || -
=1 = (—A)_% - ||, where (—A)~! denotes the inverse of the minus Laplace operator associated
with Neumann boundary conditions and acting on functions with null spatial average; || - || -1 is
anorm on {v e H~ (), (v) =0} which is equivalent to the usual H~'-norm. More generally,
we denote by || - || x the norm on the Banach space X.

We note that

_ 1 _ 1
v (1312, + ()2, v (917 + (v))7,
1 1
v (IVu]? + ()7 and v > (| Av] + (v)%)?
are norms on H~-1(Q), L%(Q), HY(Q) and H3(Q), respectively, which are equivalent to the
usual norms on these spaces.
Throughout this paper, the same letters ¢ and ¢’ denote (nonnegative or positive) constants

which may vary from line to line, or even in a same line.
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3. Proof of Theorem 2.2
3.1. First step: approximated problems

We set

ﬂ)——@ﬂ+ﬁ 92 + Fi(s).

Following [19], we introduce the functions F; y of class C*P*4 defined on the whole real line
by, for N € N:

4 4
4p+4 4p+4
F () = F(p+)@) selat b, B %
F1(4p+4)(ot+ N)’ s <o+ N’

a+ﬂ a+ﬂ

F (=) = FP (=5, k=0, -+, 4p+3,

yielding

4p+4 k
Yt L FR (- m@—ﬂ+%KS>ﬂ—#
FIn@)={Fi(s). s€la+y.8— 5
dp+4 k
S LR+ s —a— s <ot b
Here, fork e NU{0}, F (&) denotes the kth order derivative of F , being understood that F O F
(also recall that p is defined in (2.6)). We then set Fy(s) = —%0(# -9+ FinGs), fin =

F| yand fy = Fy.
The following hold, for N large enough (see [19]):

fn = —co, (3.1)
Frn(s)>css*Pt* — ¢, s€R, ¢5>0, cg >0, (3.2)

where the constants c5 and c¢ are independent of N.
Furthermore, we have the following.

Proposition 3.1. The following holds, for N large enough:
@) (s —m) = c7(m)(| fn ()| + Fn(s)) — cg(m), (3.3)
seR, me(a, B), c7(m) >0, cg(m) >0,
where the constants c¢7 and cg depend continuously on m and are independent of N.

92



A. Miranville Journal of Differential Equations 294 (2021) 88—-117

Proof. First, note that, for symmetry reasons, it suffices to take s > # Furthermore, for s €

[#, B— %], then (3.3) follows from (2.9). Here, N is taken large enough so that 8 — % > #

We assume from now on that s > 8 — % and fix m € («, B).

Note that
v =L 5+ fints)
4p+3
_ O(+,3 1 (k) 1 1
= co(—, —s)+k§)ﬁf1 B= 6= B+

where f1 = F 1’ . Furthermore, we can take N large enough so that fl(k) B - %) >0,k=0,- -,
4p + 3, since lim,_, - f* (s) = 400,k =0, - - -, 4p + 3. This yields that

1 1 1
fN(S)ECO(a;ﬂ—s)+f1(ﬁ—N)+f{(ﬂ—ﬁ)(s—ﬁ+ﬁ)
o 1 1 a+p 1
= /(B = 1) =) = B+ )+ il = 1)+ o2 =+ )
1 1 1 —
z(f{(ﬂ—N)—co)(s—ﬁ+ﬁ)+f1(ﬂ—ﬁ)+coa2/3.

Choosing N large enough so that f{(8 — %) >cpand f1(B — %) > coﬁ%‘x, we see that fy > 0.
We can also take N large enough so that s —m > 0.

Next, note that, since m < 8 and s > 8 — %, we can choose, for N large enough, a constant

Cm suchthats—m—cmzO.Indeed,wecanseethats—m—cmZ,B—m—cm—%.

Writing
INE)(s —m) —cm fn(s) = fn(s)(s —m —cpm) =0,
it follows that
ING) (s —m) = fN($) = cm| ()]
Finally, we note that, similarly,

(SN (s —m) = Fn(s)) = fy(s)(s —m) =0,

for N large enough, which yields
S (s)( )= Fn(s)+ f(B 1)( : )—F(B 1)>F() F(B 1)
N()(s —m) > Fyn(s N'BNm N_Ns N
and we conclude, noting that F is bounded on (¢, 8). O

We finally have the following coercivity property on fy.
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Proposition 3.2. The following holds, for N large enough:

(fn(s) — fv(m))(s —m) > co(s —m)*PH* — ¢, (3.4)

s, meR, c9g>0, cjp>0,
where the constants cyg and cyo are independent of s, m and N.

Proof. Set

on(s) = (fn(s) — fv(m))(s —m),

so that

on(s) = (s —m) / (&) de. (35)

Proceeding exactly as in the proof of (3.2) in [19], we can see that, taking N large enough,

fru(s) > es*PT2 ¢ seR, ¢>0, ¢ >0, (3.6)

where the constants ¢ and ¢’ are independent of N.
Let us assume that s > m (the case s < m can be treated in a similar way). Then, it follows
from (3.5)-(3.6) that

/ @ ds > —— Py (s‘*P+3 m*PT3y — (s —m)

and
oN(s) > 4—(S4p+3 4’7"'3)(s —m)—c'(s — m)z.
Noting finally that (see, e.g., [11], Remark 2.11)

P —m* P (s —m) > c(s —m)*PT, s, meR, ¢ >0,
we deduce that

on(s) > c(s —m)PH — (s — m)?

and (3.4) follows, employing Young’s inequality. O
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Having this, we introduce the following approximated problems, for N € N:

oun 2
7+A uy — Afy(un) + g, uy) =0, 3.7
0 0A
2N _ 229N _gonT, (3.8)
av ov
UpN|r=0 = uo. (3.9

Actually, we consider the following equivalent weaker formulation:

g s
(—=A) a7 Auy + fnun) +(—A)" glx,un) =0, (3.10)
d
Z’;ﬂ +(g(x,un)) =0, G.11)
8:—5 =0onT, (3.12)
Uy li=0 =uo, {(un)li=0 = (uo), (3.13)

recalling that uy =un + (un).

The existence of a local in time solution to (3.10)-(3.13) is based on a standard Galerkin
scheme and the a priori estimates below.

More precisely, one can associate with (3.10)-(3.13) the following variational formulation, for
T > 0 given:

Find (uy, (uy)) : [0, T]— V xR, V ={ve H'(Q), (v) =0}, such that

d -
E(((—A)_lﬁ/v,v))+((VEN,Vv))+((fzv(u/v),v))+(((—A)_1g(x,uN),v)) (3.14)

=0inD'(0,T), Yo eV,

d{uy) I
7 +(g(x,un))=0inD'(0, T), (3.15)
Unli=o=uo €V, (un)li=0 = (uo) € R, (3.16)

where uy =uy + (uy) and D’ denotes the space of distributions. Let then 0 < A; <Ay <---be
the eigenvectors of the minus Laplace operator associated with Neumann boundary conditions
and acting on functions with vanishing spatial average and vy, v», --- be associated eigenvectors
such that the v;’s form an orthonormal in {v € L%(Q), (v) =0} and orthogonal in V basis (see,
e.g., [35] for details). We set

Vin = Span(vy, - - -, vy), m € N.

Noting that H' () =R @ V, we also set Ao = 0 and vg = —— to obtain an orthonormal in
Vol(Q) 2

L%($2) and orthogonal in H'($2) basis. Having this, we introduce the following approximated
problems, for m € N:

Find @y m, (unm)) : [0,T] = Vi x R, Uy m(x,t) = 27:1dN,j‘m(t)vj(x)7 (Un,m) =

l TdnN,0,m, Such that
Vol(2) 2
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d
E(((_A)_IEN,m, v)) + (Vun,m, V) + ((fn@n,m), v)) (3.17)
+ (=) g, un ), 0) =0in D' (0, T), Yv € Vi,
d(“N,m) . ,
ar +{gx,unm))=0inD(0,T), (3.18)
ﬂN,m|t:0 = Py (up), (MN,mHl:O = (uo), (3.19)

where uny m, = Z’;’ZO dn,jmv; and Py, denotes the orthogonal projector onto V,,, with respect to
the L2($2)-scalar product.

Proving the local in time existence of a solution to (3.17)-(3.19) easily follows from the
Cauchy—Caratheodory theorem. However, what is important is to prove that this local in time
solution is defined on a time interval which is independent of N (and m), which necessi-
tates uniform a priori estimates. We will derive these estimates based on the original problem
(3.10)-(3.13). These can be justified within the approximated problems (3.17)-(3.19), passing to
the weak lower limit m — 400 at the end of the procedure.

3.2. Second step: uniform a priori estimates

In what follows, all constants are independent of the approximating parameter N.
First a priori estimate:

Let us multiply (3.10) by —Auy to obtain, integrating over €2 and by parts,

1d
muﬁmﬁ + |AGN |12 = ((fw(un), Auy)) + (g(x, un), Ty)) = 0. (3.20)

Remark 3.3. This estimate is formal. Actually, we should work at the approximated level and
write it for uy ,,, by taking v = v; in (3.17), multiplying the resulting equation by A ;jdn jm
and summing over j =1, - --, m. We can note that all constants below are also independent
of m at the approximated level. All the other estimates can be justified in a similar way (see
also Remark 3.4 below). Finally, as already mentioned, we would pass to the weak lower limit
m — 400 at the end of the procedure, in particular, after employing Gronwall’s lemma, to obtain
the desired regularity and uniform estimates on u . That said, we continue to work formally, for
simplicity.

Note that, owing to (3.1) and a proper interpolation inequality and taking N large enough,

—((fn(un), Aun)) = ((ff,un)Viy, Viiy)) > —co | Viy |1

_ _ 1o _
> —cllunlllAun|l = —EHAMNHZ —cllunl?, (3:21)

owing also to standard elliptic regularity results. Furthermore, it follows from (2.6) and Young’s
inequality that

4p+4
lgCeum) I < elun 3% g, + D (3.22)
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which yields

— — dp+d
(g0, un), T < celliin I+ eClun [ ) + 1), Ve = 0. (3.23)

It follows from (3.20)-(3.23) that

d _ _ _ dp+d
—lan I+ 1ATN I < ce(lan 1 + @n)® +elun s o + D, Ve > 0. (3.24)
dt L ()
Next, we multiply (3.11) by (uy) to find

1d

EE(MNV < HgGe, un){un)l < cllgCx, un)ll L1yl (un)l,

which yields, proceeding as above and employing Young’s inequality,
d 2 — 2 2 4p+4
E(”N) < ce(lunll” + n)™) +ellunll spra gy + 1D, Ve > 0. (3.25)

Summing (3.24) and (3.25), we have

%(Ilﬁwll + (un)®) + Ay (3.26)
< ce (N I + (un)®) + sl 5 g + D Ve > 0.
We now multiply (3.10) by uy and obtain
ld o — 12 — B v
5 27 NI+ VAN I+ (@), ) + (=) g Or, uw), i) =0, (3.27)

Note that, owing to (3.4) (with s = u and m = (u)) and taking N large enough,

(fn@n),un)) = ((fyun) — fnQun), un)) (3.28)

4p+4 4p+4 _ c/(<uN)4p+4 + 1)7

—c = cllun|
L4P+4(Q) = L4P+4(Q)

> cllunl||
where we have also employed Young’s inequality. Furthermore,

(=)' g, un). Tn))| < cllgx, un)[lay | (3.29)

— 4p+4
< co(lmn I + (un)®) +elllun 55 o) + D, Ve >0.

It thus follows from (3.27)-(3.29) that

d _ _ 4p+4
N2+ VNI + v 50 o) (3.30)

4p+4

= 12 2\2p+2
< ce(lan Il + n) )+ e(lunll s q)

+1), ¢>0, Ve > 0.
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Summing (3.26) and (3.30), we find, choosing ¢ small enough,

d _
E(MuNn%l + [l 12+ (un)?)

4p+4 —
+elllunllpg + lunl s g) < ¢ [my 7 + )2 +1), ¢ > 0.

LAp+4 ()

In particular, it follows from (3.31) that we have a differential inequality of the form

Y <cPP ), y=lanl®, + a4 (un)?

Considering the ODE

7 =22 4+ 1), 2(0) = y(0),

we deduce from the comparison principle that there exists Ty = To(J|uol|) > O such that

lunll <c, 1 €l0, Tol.

(3.31)

This, together with (3.31), yields uniform (with respect to N) estimates on uy in L (0, Tp;

L*()), L*(0, To; H*(2)) and L¥+4(0, To; L*+4()).
Second a priori estimate:

We assume that 1 € [0, Tp].

It follows from (3.11), (3.22) and the continuous embedding L2(Q) ¢ LY(Q) that

d{uy) dp+a :
| < ellgCeum)l < elan i g + D2,

so that
t
4p+4 1
(o) — ¢ / Uun I35 ) + D2 ds < un ()
0
t
4p+4 1
< o)+ ¢ [[Qun ik g, + ¥ ds.
0
Note that, employing Cauchy—Schwarz’s inequality,
t
4p+4 1 4p+4 L
[ g+ 0 ds = Vi [ Qunif g, + Do),
0

so that, owing to (3.31),

98
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t
1
/ Uun I} o) + D2 ds < et + ¢ Villuol. (333)
0

It thus follows from (3.32)-(3.33) that
(uo) — et — 'Vlluoll < (un (1)) < (uo) + ¢t +¢'Vt||uo|l. (3.34)
Let us now fix § > 0 such that
o428 < (ug) <p—26. (3.35)
It follows from (3.34)-(3.35) that there exists 71 = T («, B8, 6) > 0, T} < Ty, such that
a+d8<(un()=p—36, tel0,T1] (3.36)

We assume from now on that ¢ € [0, T}].
Third a priori estimate:

We again multiply (3.10) by uy and now note that, owing to (3.3) (withs = uy and m = (uy))
and (3.36) and taking N large enough,

((fn(un), un)) = c(l fn@n)lipyg) + / Fy(uy)dx) -, (3.37)
Q

where the constants ¢ and ¢’ depend on §. Then, note that it follows from (2.6), (3.2) and (3.22)
that, taking N large enough,

lg e, un)II* < C(/ Fy(uy)dx +c'), (3.38)
Q

where ¢’ is such that

/FN(MN)dx +c >0.
Q

Thus, proceeding as in the First a priori estimate, we obtain the differential inequality

d - 2 — 2 2
E(||“N||_1+||MN|| + (un)®) (3.39)

+ellun g + v @)l @ +/FN<uN>dx> < (lan >+ (un)* + 1), ¢>0.
Q

In particular, it follows from (3.39) that we have a uniform estimate on fy(uy) in
L0, T1; LY (Q)).
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Fourth a priori estimate:

Let us multiply (3.10) by %X to find

1d(nv— ||2+2/F (un)d) + | 2N 2 (3.40)
—— X —_— .
2dr VUN NAEN ar -1

Q

— ((fn(un), ( )))+((( A el un) uN) ))—

Note that, owing to (3.38) and taking N large enough,

(v ) A—00) = 1y @) (8 G )] (3.41)

=clfv@n)lipellgCe um)lipie) < cllfv@n)lizigllgCe, un)ll

< c||fN<uN)||L1(Q)(/ Fy(un)dx + .

Furthermore,

(=) g (x, i, 2 >>|—|(<g<x un), (—A)~ )>| (3.42)

uN / 1 aﬁ]\] 2
§C||8(X,MN)||||W||—1 <c(| Fnun)dx+c')+ §||Wn_1~

It thus follows from (3.40)-(3.42) that

d _ ou
E(HWNHZH/FN(uN)dxH e (3.43)
Q

< el fy @l g + DAIVay]? +2/ Fy(uy)dx +¢).
Q

Recall that it follows from the previous a priori estimates that || f (un)lz1 ) belongs to

L'(0, T1). We thus deduce, employing Gronwall’s lemma and in view of the properties of Fy,
that u is uniformly bounded in L>°(0, Ty; H'(2)) and L>°(0, Ty; L*?+*(2)) and that 3”—"’ is

uniformly bounded in L?(0, T1; H~1(2)) (recall also that |(8”N)| < cllg(x,up)| and can be
estimated).

Fifth a priori estimate:

It follows from (3.10) and (3.38) and taking N large enough that

||fN(uN)||2<c(||uN||H2(Q)+|| N2+ g un) )
and
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S uy
I I < clun g, + ||7||31 + / Fy(uy)dx +¢). (3.44)
Q

Remark 3.4. Note that, owing to the third and fourth a priori estimates, we have enough reg-
ularity to pass to the limit in the Galerkin approximations (3.17)-(3.19), employing standard
Aubin-Lions compactness results. Therefore, (3.10) holds a.e., so that the above estimates can
be derived directly from (3.10) and we do not need to work on the Galerkin approximations.

Next, employing once more (3.3), with s = u and m = (uy), we see that, for N large enough,

(v @)l < el((fnun), an)| + ¢ = el ((fy ), un)l +¢

<cllfnmlllunll +¢,

owing to (3.36), so that

|(fv @) < el fv@n)ll 4+ 1. (3.45)

We finally deduce from (3.44)-(3.45) and the previous a priori estimates that fx (uy) is uni-
formly bounded in L2(0, Ty; L2(2)).

3.3. Third step: passage to the limit and local in time existence

It follows from the a priori estimates and standard Aubin-Lions compactness results that there
exists a function u such that, at least for a subsequence that we do not relabel,

uy — uin L=(0, Ty; Hl(Q)) weak star and in L2(0, Ty Hz(Q)) weakly,

uny — uin L%(0, Ty; L*(R)) and ae.,

oun ou ., -1
7 — E in L°(0, T; H™ (£2)) weakly,

as N — +oo0.

The passage to the limit in the linear terms, having in mind the variational formulation
(3.14)-(3.16), is straightforward.

Next, since fy(un) is uniformly bounded in LY(0, T1; LY(R)), we can prove in a standard
way (i.e., exactly as in the case of the usual Cahn—Hilliard equation; see [35] for details) that
o <u(x,t) < B ae. This, in turn, allows to prove that fy (uy) converges to f(u) a.e., owing to
the explicit expression of fy. Finally, since fy (uy) is uniformly bounded in L(0, Ty, L*(R)),
it follows that fy (uy) converges to f(u) in L?(0, T1; L3(R)) weakly, which is sufficient to pass
to the limit in the nonlinear term fx (uy).

We can pass to the limit in the nonlinear source term g(x, « ) in a similar way, owing to (2.5)
and noting that it follows from (3.22) and the above a priori estimates that g(x, uy) is uniformly
bounded in L>°(0, T1; L2(2)) € L%(0, T1; L%(2)).

We thus conclude on the existence of a local in time weak solution to the problem.
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3.4. Fourth step: global in time existence

Let 7* be the maximal existence time of a local in time solution and assume that 7* < +o0.
Then, one has, immediately,

lu(@)]l < || max(e]. |BD]| = Vol()2 max(lal. |]). 7 € [0, T*), (3.46)

since u € (a, f) a.e., meaning that the upper bound on | u/|| is independent of 7.
However, in order to extend the solution, we need to make sure that

(u@)yela+s8,—261, t€[0,T"),

for some § € («, B) (having this, we can repeat all estimates above, for the limit solution, and see
that they hold for 7 € [0, T*)).
To do so, note that

%Jr(g(x,u)):O,

which yields

d{u) M) = — (3
7‘1‘ (u) =—(g(x,u)),

so that, employing Gronwall’s lemma,

t

(u(t)) = (uohe ™ — e f M (g(x,u))ds.

0
We thus deduce from (2.7) that
(ole ™ +a(l — ™) < (u(n) < (uo)e™ + p(1 —e™™), 1 €[0, 7). (3.47)
It immediately follows from (3.47) that
(u@)ela+68,8-251,t€[0, T, §>0. (3.48)

Indeed, setting

@(s) = (up)e ™ +a(l —e™),

it is easy to see that ¢ takes values in such an interval, noting that ¢ is monotone decreasing. We
proceed in a similar way for the right-hand side.

Having this, we can extend the solution by continuity, taking u(7*) as initial datum, leading
to a contradiction.
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Remark 3.5. Let us assume that g(x, s) = g(s) is of class C! and monotone increasing, with g’
bounded and g(s) f (s) > —c, ¢ > 0 (see [31] for a nontrivial example; see also below). Then, we
can prove that

0
a—”t‘ € L®(r, T; H~1(Q)) N LA(r, T; H'(S2)),

Vr <T,r>0and T > 0 given. Indeed, following [22], rewrite the problem in the equivalent
form

ou

m +gu)=Apu, (3.49)
w=—Au+ f(u), (3.50)
d d

v dv

The estimates below are formal, but they can be justified within a Galerkin scheme and by con-
sidering approximated problems/solutions as above. First, note that it follows from (3.50) that

(1) = (f ),

so that, owing to the regularity obtained above, u € LZ(O, T:H! (R2)), since
E=—(-A)" ‘ — (=0 g ). (3.52)

Next, let us multiply (3.49) by %—’t‘ to have

T W O
((5’5))_ 2dtIIVMII ((g(u), at))- (3.53)

Let us then differentiate (3.50) with respect to time to obtain

ou du ,, . ou

E__AZZ —. 3.54
o1 o TS, (3.54)
Multiply (3.54) by 2“ to find

du ou u ou , ou
(5 —))—IIV—II +((f'(u )— ) Z IV = coll 5117 (3.55)

owing to (2.8). Combine (3.53) and (3.55) to have

1d
EEIIVMII +|IV || + ((g(w), —))_ 0||—|| (3.56)

||V =5 +c(||—||2 TEIEN
DRFTERS
owing to a proper interpolation inequality. Now, note that
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d

(e, 9 = Ligw, ) — (@2, wy) (3.57)
gu?% _Eguvu_gugnu’ .

Let us then combine (3.56)-(3.57) to obtain

v+ .y + 14 <22+
—(= u), —\I* <cll=—I5_ c||—
dr 2 vVH gL, i ot ot "HT(@) ar K
1 ou 5 u 5 5
= SIS 5 11 + DRI,
recalling that g’ is bounded, so that

d<1||v 12+ (g, ) + 1V 242 < e 242 + 111 (3.58)
dr 2t SO SV = g T e T IRED: '

Set finally

1
A= Enwn2 + ((g(u), p)).
Note that, since g’ > 0,

((g(w), W) = ((g(w), —Au + f))) = (¢’ @) Vu, Vu)) + ((g(u), f (u))
> ((g(u), f(u)).

Therefore,

1
Az IVRIP = ¢, ¢ 20,
and an application of the uniform Gronwall’s lemma yields that
fe L™ Tis H (),

for some 77 > O (as in the Second a priori estimate above), r € (0, T7) given. Actually, if we
look carefully at the a priori estimates derived above, we can see that the final time 77 and
constants only depend on «, 8 and § > 0 as in (3.35). But then, it follows from the Fourth step
that we can, without loss of generality, consider § depending only on «, 8 and the final time T';
we also assume, without loss of generality, that 26 and § in (3.35) and (3.48), respectively, are
the same, making a further iteration if needed. Therefore, taking u(77) as initial datum, (u(77))
satisfies (3.35) for the same § > O as the one taken for ug and we can extend the solution to
[r, 2T1], repeating all the above estimates on [77, 277] and now employing Gronwall’s lemma.
Note however that V. does not a priori satisfy any continuity property (the same holds for A).
Nevertheless, we can still, without loss of generality, keep the same interval, reducing it a bit if
necessary. Indeed, we can write, e.g.,
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T
T
Vull?dt < —||Vu|? ,
IVul=dr < 4|| MIILN(%’H;H(Q)")
37
7

which yields that there exists t, € (3%‘, T1) such that

YVu)? < 1vul?
IVi(oll” < i “”Lw(@,Tl;LZ(Q)"

) < IVl pooir1y: L2

(we thus assume, without loss of generality, that #, = T7). Proceeding recursively, we extend the
solution and the estimates to [r, T']. The result finally follows from (3.52). Having this, we can
obtain further regularity results and prove stronger separation properties of u# from the singular
points « and B in one and two space dimensions, yielding also some uniqueness results (see [22,
31,35] for more details). Note however that the assumptions made on g here are very restrictive,
although the assumption g’ > 0 can be relaxed to g’ > —c, ¢ > 0, by combining (3.58) with
(3.43) (written for u).

4. Applications

In the examples below, assumptions (2.4)-(2.6) are clearly satisfied and there remains to check
2.7).

4.1. The Cahn-Hilliard—Oono equation

This corresponds to the simplest situation, namely, g is linear (see [38]),

g(xfs)zg(s):ys9 y>01 a:_ls ﬁ:l

In that case, g = 0, so that we have the existence of global in time solutions. Actually, here,
one can recover all results known for the original Cahn—Hilliard equation (corresponding to
y = 0), namely, uniqueness, additional regularity, (strict) separation from the pure states, etc.
In particular, note that the condition g(s)f(s) > —c, ¢ > 0, follows from (2.9). We refer the
interested reader to [22,35] for more details.

Remark 4.1. We can more generally take

gx,s5)=g(s)=y(—c), ce(—1,1), y>0.

Moreover, the case ¢ = (ug) corresponds to the Ohta—Kawasaki equation which appears in
separation processes for block copolymers (see [37]). In that particular case, we recover the
conservation of mass, (u(t)) = (uo), t > 0. Writing then the Ohta—Kawasaki equation in the
equivalent form

ou

o +A2U—Afu)+yu=0, 4.1)

we obtain, multiplying (4.1) by ‘;—’; (note that (%—’;) =0),
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d _ ou
E<||Vu||2+y||u||2_1 +2/F<u)dx>+ ||5||2_1 =0. 4.2)
Q

This corresponds to the energy dissipation and the Ohta—Kawasaki model actually has a varia-
tional structure. More precisely, it is an H~!(€2)-gradient flow for the nonlocal total free energy

1
Wok = /<5|w|2 + %K—A)—%(u — (uo))|> + F(u)) dx 4.3)
Q

(by comparison, the total free energy associated with the original Cahn—Hilliard equation, known
as the Ginzburg—Landau free energy, reads WL = fﬂ(% |Vu |2 + F(u))dx). Here, besides the ab-
solute value, | - | also denotes the usual Euclidean norm, with associated scalar product -. This
energy dissipation, together with the conservation of mass, significantly simplifies the mathe-
matical analysis of the problem, also when compared to the Cahn—Hilliard—-Oono equation. In
particular, this allows to directly prove the existence and uniqueness of global in time solutions,
proceeding as in the case of the Cahn-Hilliard equation. We can also prove, proceeding again
as in the case of the Cahn—Hilliard equation, further regularity and the strict separation from
the pure states 1 in one and two space dimensions. We refer the interested reader to [35] for
the mathematical analysis of the Cahn—Hilliard equation; the changes, for the Ohta—Kawasaki
model, are minor.

Remark 4.2. The Cahn-Hilliard—Oono equation also has a variational structure. Indeed, set

1
Wero = / VUl + F )+ / Uk (x, Yu(x) dy) dx, 4.4)
Q Q

where, in three space dimensions, one takes

14
k(x,y) = ————. (4.5)
4m|x —y|
Writing then, as in the derivation of the classical Cahn—Hilliard equation,
ou
vl A9, VcHo, (4.6)

where 9, denotes a variational derivative, we find the Cahn—Hilliard—Oono equation, noting that
— m is the Green function associated with the Laplace operator. Indeed, considering a small

variation, we have

SWcHO = /(—Vu -Véu + f(u)du +/k(x, Vu(y)du(x)dy)dx
Q Q

:/(—Au+f(u)+/k(x,y)u(y)dy)8u(x)dx
Q

Q

so that
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3, WcHo = —Au + f(u) +/k(x, Nu(y)dy.
Q

Noting that the Laplacian corresponds to the x-variable, we see that

A3 WeHo = —A%u+ A f(u) + / Ak(x, yyu(y)dy.
Q

Finally, by definition of Green’s function and denoting by d; the Dirac mass at O (this is of course
formal, since the Dirac mass is not a function),

/ A(=k(x, y)u(y)dy = y / di(x — yu(y)dy = yu(x),
Q Q

which yields
A3 VeHo = —A%u+ A f(u) — yu,

from which the Cahn—Hilliard—Oono equation follows. We can note that such a nonlocal free en-
ergy (without the term % |Vu|?) is considered in the literature related with nonlocal Cahn—Hilliard
models (see, e.g., [3,20,21] and references therein) and are delicate to study from a mathematical
point of view. In particular, this variational structure would not simplify the mathematical anal-
ysis of the Cahn—Hilliard—-Oono equation. Indeed, we again stress that the above considerations
and computations are formal. Furthermore, the Laplace operator considered in (4.6) is not asso-
ciated with Neumann boundary conditions and (4.6) does not yield the conservation of mass, as
expected here.

4.2. The Cahn—Hilliard equation in binary image inpainting

We consider the following equation, proposed in [4] in view of applications to binary (i.e.,
black and white) image inpainting:

u 1
o+ eA’u — SAS@) +2oxep(X)(s —h(x) =0, 2o, &> 0.

Here, & is a given (damaged) image, h(x) € [0, 1] a.e., x is the indicator function and D C Q is
the inpainting (i.e., damaged/missing) region. Furthermore, ¢ is related to the interface thickness.
In this context, the additional term

g(x,s) =Xdoxa\p(x)(s — h(x))

is known as fidelity term and is added in order to keep the solution u close to the image outside
the inpainting region. The idea in this model is to solve the equation up to steady state to obtain
an inpainted (i.e., restored) version u(x) of h(x).

Well-posedness results, in the case of a cubic nonlinear term f, were obtained in [5,9].
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Then, it was noted in [10] that logarithmic nonlinear terms f are also relevant from a numer-
ical point of view, as they allow to have better inpainting results, as well as better convergence
times.

Let us thus take « =0, 8 =1 and

N
1 —

1
f(S)=—Co(s—§)+C1 In , 0, c1>0, c1 < %O, se(0,1).
S

Then, write

g(x,s) =2Xos — Aoxp(x)s — Aoxa\p(x)h(x),

so that

g(x,s) =—doxp(x)s — Aoxa\p(x)h(x).

Noting that g(x,s) = —Xios when x € D and g(x,s) = —Aph(x) when x € Q\D, we see that
—g(x,s) €[0, A¢], for a.a. x, Vs € [0, 1]. We thus deduce the existence of global in time weak
solutions. Note that this improves the results in [10,35], where the condition fQ\ D h(x)dx =0
is assumed.

Remark 4.3. Proceeding as in Remark 4.2, we can see that the inpainting model has a variational
structure, considering the total free energy (for simplicity, we take & = 0)

1
\DCHIZ/(§|VM|2+F(“)+ / u(y)k(x, y)u(x)dy)dx, @7
Q Q\D

where, in three space dimensions,

A0
k(x,y)=—"", (4.8)
4 |x — y|
while, in two space dimensions,
A0
k(x,y):—2—1n|x—y|. 4.9
b4

Again, having this variational structure does not simplify the mathematical analysis of the
problem. Furthermore, obtaining a similar variational structure for more general, in particular,
nonlinear, functions ¢ would be more delicate.
4.3. The Cahn—Hilliard equation with a proliferation term

We take

glx,s)=g(s) = s> +as, aeR.
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In that case, one models (actually, after a proper rescaling) wound healing and the clustering
of malignant brain tumor cells (for a = —1; see [25]) or the literal attractive interactions between
adsorbed molecules which may induce a transition in the chemisorbed overlayer (see [42]).

The corresponding equation, for a cubic nonlinear term f, was studied in [11,16] (see also
[35]). In particular, it was proved that one can have blow up in finite time, with an order parameter
going to —oo, which is not satisfactory, in view of applications.

The case of a logarithmic nonlinear term, for a = —1, was investigated in [34,35] and global
in time existence was proved.

More generally, when a < 0, we can take « = 0 and 8 = A = —a. Writing g(s) = —as + g(s),
we have —g(s) = —s% — 2as and it is easy to see that (2.7) is satisfied. Similarly, when o = 0,
we can take « =0 and 8 = A =1 and, when a > 0, we can tale « =0, 8 = a and A = 2a (note
that these choices are not optimal).

4.4. An application to tumor growth

We take (see [2])

g(x,s) = %(1+s)—xg(1+s)2(1 —5)2 —h(x), he L®(Q), h>0, a=—1, f=1.

Here, the positive constants A4 and Ag are the death and growth rates, respectively, and & can be
related to some nutrient.
We then take

1
f(s):—c0s+c11n1+s

(&)
, c0, €1 >0, c1 < > se(=1,1),

and assume that i (x) € [0, h,] a.e. Writing
M 5 5 A 2 2
glx,s)= > +2(x,s), glx,s)= > —Ag(1+5)7°(1 —5)" —h(x),

it is easy to show that —g(x, s) € [—)‘7“, Ag — % + h,] for a.a. x, Vs € [—1, 1]. Therefore, one
has the existence of global in time weak solutions when

Mot he _
Aa

1.

Remark 4.4. Let us take 7 = 0 and write g(x,s) = g(s) = As + g(s), A > 0 given, and set
O(s) = —g(s) = (A — &)s — & + 3, (1+ 5)%(1 — 5)2. Then, ¢(1) = A — A4, which yields that,
necessarily, A > ’\7‘1’ Furthermore, noting that ¢(s) <A — Ag + Ag, s € [—1, 1], we see that the
above sufficient condition on the existence of global in time solutions is reasonable. Of course,
this upper bound is not optimal, meaning that this condition can be improved, but not so much.

Remark 4.5. In the case of a regular nonlinear term f, say, f(s) = s3 — s, we can prove the
existence of a local in time (strong) solution. Let us indeed consider the initial and boundary

value problem
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A1 e b Sl
(—A) Py Au+ f(u)+ (—A) g(x,u)=0, (4.10)
du) B
7+(g(x,u))_0, 4.11)
8—ﬁ=OonF, 4.12)
ov
ult=0 = up, (U)lr=0 = (uo). (4.13)

Multiplying (4.10) by —Au, we have (see the First a priori estimate)
d _ 2 2 2 -
77 110+ 1 Aull™ = cllul” = 2((g (x, u), 1)).

Writing, owing to the continuous embedding H'!(Q) c L>(2) and employing Young’s inequal-
ity,

(g e, w), )] < e+ ul) (1 + flul)s )
<+ lulfp g):

it follows that

d _ o 2 6
EIIMII +Aull” < e+ llullz o) (4.14)
Multiplying (4.11) by (u), we obtain, proceeding in a similar way,
L+ w? = e+l ) (4.15)
dt - H'(@)’ '

Multiplying now (4.10) by 2 5r» we find
1d vur I
2dt(IIVMII +2/F(u)dX)+II a7 [
Q
— ((f (), ( ))+((( A g lew), —))—
Writing, employing Holder’s and Young’s inequalities,
[((—A) g (x,u) M) ))I—I((g(x w), (=)~ —))I

_ou _0u
sc/(l I8 T dx <1+l gl -8) 7 s

<c<1+||u||H1(Q)>|| ‘) 1_—||—|| L e+l )
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and

[(Cf (u), ( )))I =cllf @l ellgtx wllL g

<e([ Fandx+ )
Q
where F(s) = %s‘* — %sz, we end up with the differential inequality
d 2 o o 2 na
E(IIVMII +2 | Fu)dx) + |I§|l_1 <clluliyi g +2 [ F)dx+c)". (4.16)
Q Q

We finally multiply (4.10) by —A3u and have

1d
MnAun2 + 1A% )? 4 (A f ), A%u)) + ((g(x, u), A%u)) =0.

Note that (see [35])

(A f@). A2u))] < 5 ||A2u|| +e(1+ llull o)

Furthermore,
(g (x, 1), A2u)) §c/(1 Tl A% dx

< e+ [l Foo i) (1 + Ul o) 1 A%ull.

Employing the Agmon inequality

1
lull @ < cllully g 1l e,

and the interpolation inequality

2 1
3 3
el 2@y = el g 1l sy

we obtain
(g0, A%)] = (1 + ul (Q)||u||,,4(9)><1+||u||§,1(m>||u||m<m
< (14l ) (1 4+ (Ll )l )

1
< 1A% + e+l ).
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We deduce from the above the differential inequality

d 2 2 12 11
EIIAMII F1A%ul” < eI+ Nlull g ) (4.17)
Combining (4.14)-(4.17), we find a differential inequality of the form
dE + + 2 <('E’ 0 4.18
d C(||M||H4(Q) ” ” I(Q)) =cC , ¢ >0, ( . )
where
E = @)+ (u)* + || Vul)? +2/ Fu)dx + | Aul* + ¢
Q
satisfies

2
E > c”u”HZ(Q)’ c>0.

We indeed deduce from (4.18) the existence of a local in time strong solution. However, one does
not know whether this solution is global in time or whether it blows up in finite time, though
numerical simulations suggest that one should have global in time solutions (see [2,35]). The
global in time existence result obtained in this paper is thus the first one for this tumor growth
model.

4.5. An application to metabolites concentrations in the brain

We consider the following equation, proposed in [31] to model metabolites concentrations
(e.g., lactate) in the brain:

L
ou u—
ot

ku ,
v u:J, J, k, k'>0, ue(0,1),

where

1
F(5)=—cols — =) +c1ln——, co, 150, ¢1 <2, 5€(0,1).
2 1—s 1

We assume for simplicity that J is a constant. Actually, in order to prove the existence of solu-
tions, one considers the slightly modified equation

U AU Afy+— =y
— u— u ,
at k' 4 |u|

ku

so to avoid the nonlinear term - to become singular when considering approximated problems
(see [31]). However, since u 2 O a.e., we recover a solution to the original equation. Note that,
for a regular (cubic) nonlinear term f, we cannot prove that the solution u remains nonnegative
and deduce the existence of a (local in time) solution to the original problem. Indeed, we can
construct counterexamples in which the solution instantaneously becomes negative (see [31]).
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We take

g(x,s)=g(s) = -J,a=0, =1

k' +s

Let us write

~ k
g(s)=xis+g(s), A > o

Then, the function

() =—g(s) =As — +J

k' +s

is monotone increasing, with ¢(0) =J > 0and (1) = A — k,kﬁ + J. Therefore, one has a global

in time weak solution when J < k,kﬁ, which corresponds to the assumption made in [31].

Let us now consider the ODE

ky
4
Y +k/+y

=J, y(0) € (0, 1),

corresponding to spatially homogeneous solutions to our problem. Here, one easily proves the
existence of global in time positive solutions. Furthermore, one has

& +y)yY =kJ+{ —=k)y.
Therefore, when J =k, it follows that

oo Y
y—i—?—kh—i—c,

whereas, when J > k, then

Yol e B W -y =i+
— — = C
Tk T—k J—k 4 ’

where ¢ depends on the initial condition. Thus, in both cases, we cannot have a global in time
solution to our initial problem, since, otherwise y(#) would tend to 400 as time goes to 400 and
the logarithmic nonlinear term would not make sense.

Also note that, when J < k, then

y 1 / K'J ’
k' — Inlk'J+(J—k)y| =t ,
AW KT G =Ryl = e

so that y converges to the equilibrium y, = kkL—JJ Noting that y, < 1 if and only if J < A, this

1
shows that the above condition is sharp.

From a biological point of view, this suggests that one has global in time solutions only when
one remains in the viability domain of the cells. If we think, e.g., of the lactate concentration in
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glial cells, then, when J > 7~
necrosis.
Let us further assume that J < k’ . Then, we have

+1 , the cells are not able to manage the lactate surplus, leading to

JK
—-J

()—k_] )
gs—k/+ .

Noting that the condition J < k/k+ implies k > J and ] 7 € (0, 1), it follows from (2.8)-(2.9)
that

k—J
+

k —
g(S)f(S)>C F(s)—¢

k ]
k’+s

>—c, >0, s€(0,1),

and we can derive additional regularity, noting that g is monotone increasing, with g’ bounded.
Note that the formal calculations given in Remark 3.5 can be justified within a Galerkin scheme
for the approximated problems and that, in that case, we would take g(s) = ﬁslvl — J (this
function g is still monotone increasing, with g’ bounded). Therefore, when s > 0, we can prove
as above that

g(s)fn(s) = —c, ¢ >0,

owing to (3.3), whereas, when s < 0, we can choose N large enough so that f <0 and thus see
that

g(s) fn(s)=0.

Here, fy is as defined in the previous section. This corrects several imprecisions and omissions
in the proof given in [31].

4.6. A counterexample: a Cahn—Hilliard model in image segmentation

We consider the following equation, proposed in [43] in view of applications to image seg-
mentation:

u 2 1 e h(x)
— +eA u——Af(u)+271=
ot &1 &5+ (u— 3)?

where
1 . 2 . 2
h(x) = ;(M(l (x) —c)” — A2(i(x) — c2)).
Here, €1, €2, A1 and A, are positive constants and i is a given image taking values in [0, 1].
The global in time well-posedness, for a cubic nonlinear term, was studied in [30].
Let us now take & constant, & # 0, and assume that f is a logarithmic nonlinear term as in the

previous example. Then, set
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&h
gx,5)=g(s) = 5—— 5. a=0, =1
e+ U—7)

and take A > 0. Writing g(s) = As + g(s), we see that —g(0) = —82:’

1

2tz

—g()=xr— ;i_hl > A if h < 0. This shows that —g cannot belong to [0, 1] and that we cannot
2ta

expect to have a global in time existence result in general when considering logarithmic nonlinear

terms and our approach. Actually, here, we should only expect a local existence result in general.

Note that this is consistent with the fact that, when / is a nonvanishing constant, then the spatially

homogeneous solutions go to infinity as time goes to +00; actually, numerical simulations show
that the same can hold when 4 is not a constant and changes sign (see [30]).

< 0 if h > 0, whereas

4.7. Concluding remarks

Remark 4.6. The study of stationary solutions for the above models is also of interest. For in-
stance, this is important for the inpainting model, since the restored image is expected to be
an equilibrium of the problem. This is studied in [5,18]. We can note that an open problem is
to prove that single trajectories converge to an equilibrium, which is expected in the inpainting
model. We also mention that the authors in [ 18] consider more general source terms g, in partic-
ular, for biological applications. The study of stationary solutions for the Ohta—Kawasaki model
can be found in, e.g., [28,41] and references therein. Note that all results mentioned above are
for regular nonlinear terms f. It would thus be interesting to also address the case of logarithmic
nonlinear terms f.

Remark 4.7. Actually, the models considered here are all diffuse interface models, meaning that
one should actually consider the equation

2;—”;+82A2u—Af(u)+g(x,u)=o, £>0, (4.19)
where ¢ is related with the (thin) interface thickness. In particular, it would be interesting to see
how an interface evolves when ¢ is small and to study the sharp interface limit £ — 0. In the
case of the Cahn—Hilliard equation, g = 0, it is known that an interface is driven by the mean
curvature and tends to a sphere (see, e.g., [1,27] and references therein). The case of nonvanishing
source terms g will be addressed elsewhere; see also [12,23,24] for the Ohta—Kawasaki model.
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