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Abstract

Barros-Neto and Gelfand (Duke Math. J. 98 (3) (1999) 465; Duke Math. J. 117 (2) (2003)

561) constructed for the Tricomi operatpﬁf—kai on the plane the fundamental solutions with

the supports in the regions related to the geometry of the characteristics of the Tricomi operator.
We give for the Tricomi-type operata’itz—thx a fundamental solution relative to an arbitrary
point of R**1 with the support in the region>0, where the operator is hyperbolic. Our key
observation is that théundamental solution for the Tricomi-type operator can be written like
an integral of the distributions generated by the fundamental solution of the Cauchy problem
for the wave equatianThe application of that fundamental solution to thé — LY estimate

for the forced Tricomi-type equation is given as well.

© 2004 Elsevier Inc. All rights reserved.
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0. Introduction

Recently in[1,2] Barros-Neto and Gelfand constructed the fundamental solutions for
the Tricomi operatofT,

Tu = Yuxx + tyy. (0.2)
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They have obtained explicit solutions in the sense of distributions of the equation
TE =0(x —x0,y — Y0) » (0.2)

whered(x —xg, y — yo) is the Dirac function atxg, yo), an arbitrary point in the plane.

A solution E of (0.2) is said to be gundamental solution relative to poirikg, yo). In

the first of cited paperf2] the authors emphasize as physically meaningful fundamental
solutions two of them with the support ip; and Dy, while in the second paper they
suggest a fundamental solution with the support in the closure of the complement of
the regionD;. From now on we will focus our attention on the fundamental solution
with the support in the closur®, (xg; yo) of the region

Dy (x0; yo) = {(x, y) € R?; 3|x — x0| < 2(y — y0)¥/?}.

Barros-Neto and Cardod8] considered similar problem for the generalized Tricomi
operator

Tu =yl +uyy . (0.3)

where A, = Z’;:1§ is the Laplace operator. To construct fundamental solution

J
relative to an arbitrary pointa, 0) on the hyperplane = 0 in R"*1, they use the
Fourier transform with respect to the variable There are many articles and books
which employ the Fourier integral operators to construct a parametrix and fundamental
solutions to the Cauchy problem (see, ¢1f]). But as it is mentioned ifi3], if n > 1
in the construction of the fundamental solution for the operator using that approach,
technical difficulties in evaluating Fourier transforms involving Bessel functions do
occur. In[3] the authors partially circumvent these difficulties by calculating integrals
of the type

o0
lo(a,b) = f 1 T (at) (bt d
0

with b = 0. Those integrals allow authors to obtain the fundamental solution relative
to point (xg, 0) only.

Thus there was a gap related to the case when< 0, n > 1. In this note we
fill up that gap and develop a tool for the investigation of the nonlinear Tricomi-type
equations.

In 1923, Tricomi[17] initiated the work on boundary value problems for linear
partial differential operator of mixed typ#.() and related equations of variable type.
Then, in 1945 Frankl9] drew attention to the fact that the Tricomi problem was
closely connected to the study of gas flows with nearly sonic speeds. Namely Tricomi
equation describes the transition from subsonic flow (elliptic region) to supersonic
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flow (hyperbolic region)5]. That initiated an extremely intensive study of the different
problems for the Tricomi equation as well as for other equations with the characteristics
of variable multiplicity. There is a long history of finding fundamental solution for such
operators even in the higher dimensional cases. That is impossible to give in short note
a complete bibliography and we refer only [8,7,8,10,12,15,18]

In this note we consider a slightly generalized operator, sometimes called also the
Gellerstedt operator,

TM = U — thxM , (04)

with m e N, x € R", t € R, and A, the Laplace operator ifR*. The well-posedness
of the Cauchy problem for0¢4) in the hyperbolic domain > 0 and in the different
functional spaces is exhaustively investigated. The existence of the different fundamental
solutions for the Cauchy problem is established (see[£9j for the bibliography). The
parametrix in the form of the Fourier integral operators with the amplitude functions
represented by the Bessel functions is constructef@0h

Unfortunately, we must admit that the results of all above-mentioned papers and
books are not suitable enough for deriving the so-calléd— L7 estimates for the
equations with the right-hand side force function. On the other hand to study the local
and global existence in the Cauchy problem for the semilinear equations of the form

up — 1" Au= fu),

L? — L1 estimates are very useful. In fact, they are the main tool in establishing
existence theorems for the semilinear wave equation (see[16]). The well-known
Duhamel’s principle allows to obtain the above-mentiorigd— L9 estimates for the
nonhomogeneous wave equation by reduction to the Cauchy problem for the homoge-
neous wave equation and, consequently, to the correspoiidingL?-decay estimates
for the last one (see, e.d6]). For the operator(.4) with variable coefficient the
Duhamel’'s principle does not work. In the present paper we suggest some integral
transformation that serves for the nonhomogeneous equation involving the operator
(0.9 in the left-hand side. This integral transformation is as good as the Duhamel’s
principle for the wave equation. According to our knowledge this transformation is
novel.

The classical works on the Tricomin(= 1) and Gellerstedtn{ = 2k + 1) equa-
tions (see, e.g[7,8,18) appeal to the singular Cauchy problem for the Euler—Poisson—
Darboux equation,

C
Alzt:bln‘i';ut, ceC

and to the Asgeirsson mean value theorem to handle high-dimensional case. Our ap-

proach is free of an equation with the singularities and seems to us more immediate.
Recently the semilinear Tricomi equations became the focus of interest of many

authors (see, alsfll1,13,14), and the creation of a tool for the investigation of the
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local and global solvability in the Cauchy problem for these equations appears to be a
worthwhile undertaking.

Therefore, our goal in this note is an explicit construction of the fundamental solution
relative to an arbitrary poinéxo; r0), to=> 0, with the support in the closur®(xo; o)
of the region Dy (xo; f0) := {(x,1) € R"™™: (m + 2)|x — x0| < 2(t — 10)"™/?*1}. We
will show that such fundamental solution is “an integral” of the one-parameter family
of the distributions generated by the fundamental solufitf§(x, ¢; xp) of the Cauchy
problem for the wave equation, that is the solution of the problem

E}f* —AEY® =0, E"(x,0)=0d(x—x0), E}(x,0)=0.

The existence of the operator transforming solutions of the Cauchy problem for the
wave equationinto the solutions of the Cauchy problem for tm®nhomogeneous
Tricomi equationwe will call “time-speed transformation principle” . As a particular
case fn = 0) it includes also “in-two-steps” Duhamel’s principle. Roughly speaking the
time-speed transformation principle assists to make time-dependent speed of propagation
equal to a constant one.

We give in this note some application to the Cauchy problem for the linear
equation

uy —t"Au = f(x,1). (0.5)

As a consequence we conclude that the strong Huygens’ principle does not hold
for any dimensionn and for everym > 0. For m = 1 that is proved in[1-3].

Then we deriveL? — L9 estimates for solutions of0(5) with a support in the up-

per half-space. Applications to the nonlinear problems will be given in forthcoming
papers.

1. Fundamental solutions: main results
To motivate our approach we recall the following well-known feature of the string

equation and wave equation. The function

1 t -7
ulx,r) = > / dt f(x+z,1)dz (1.2)
0 —t+7

solves the Cauchy problem for the honhomogeneous string equation

6214 62u
m_@:f(x,t), u(x,0 =0, ur(x,0) =0.
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If we plug f(x,t) = 0(x — xg)o(t — o) in (1.1), where X1y < ¢, then we get the
fundamental solutiort = E (x, t; xg, tp) for the string operator,

2 2

0
ﬁE — ﬁE = 5(x —xo)5(t - to) s

with the support in the closur®, (xo; o) of the coneD)(xo; 19) := {(x,1); |x — xo| <
t — 1o}. In fact

. _J /2 if (x,1) € Di(xo; to);
Ex. 1: x0,10) = { 0  otherwise
To extract from this well-known fundamental solution the key observation and to
adjust that to our purpose we note here thattferg it can be written in the following
way:

1-@w/n 1

E(x,t; x0,t0) = t/ 5{5()6 —xo+z2t) +0(x —xg — zt)}dz,

0

where one-parameter family of the distributio%]{SS(x—xo+zt)+5(x—xo—zt)}, t >0,
is generated by the fundamental solutisfn9 = %{5(x —x0+y)+0(x—xo0—y)} of
the Cauchy problem for the string equation,

Ei;rlng o Ei;nng =0, Estring(x7 0) = 5(x ~ x), E}s’trlng(x’ 0) = 0.

It turns out that such relation between thendamental solution to the operat@nd
the fundamental solution to the Cauchy problesrists also for the wave equation.
This elementary integral relation will serve as a guide to build a bridge between
the fundamental solution to the Tricomi-type operatand thefundamental solution
to the Cauchy problem for the wave equati®@uch integral transformation with more
sophisticated kernel will be given in Theorel? by formula (L.10. That is an essence
of our key observation

So then we turn to the wave equation and seDifixg, 7g), t > 79> 0, analogously
to the one-dimensional case,

1-(to/1)
E\(x,t; x0,10) =t / EY®(x, rt; xo) dr,
0

where if n is odd, then

n—3

1 0 (10\7 1
we . — —_ — — —
R tx0) = e T T (t 51‘) S0(x —xol = 1), (1.2)
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while for n even,

2 o (10?2 1
EYe(x, 1; x0) = (22) T iy (13
(0= 136 D <r a;) Z e 9

Here y,(,) denotes the characteristic function of the bBJlx) := {x € R"; |x| <1}

Constantw,_1 is the area of the unit sphe® 1 ¢ R". The distributiond(|x — y| —1)
is defined by

<o(x —-|—1), f() >= / fx+y)dy forall feCiRY. (1.4)

lyl=t
It can be easily verified thadistribution E|(x, ; xo, tp) is a fundamental solution to

the wave operator with the support i (xo, o).
In this section we give the fundamental solution to the Tricomi-type operator

T:=— — %A, (1.5)

where Z is an integer number, and> 1/2. Thefundamental solutior® of the operator
T relative to the point(xg, tp) is a distributionE € D'(R"*1) such that

2

E
TE = 8(x —x0,1 —10), 667 —t%*ANE = 8(x —x0,1 —10) . (1.6)

Here 6(x — xo,t — o) is the Dirac function at(xg, 70). We look for the fundamental
solution with a support in the “forward coneD)(xo, 79), 0> 0, defined as follows

1
Dy (xo, t0) := {(x, 1 e R |x —xo| < m(r"“ - ré‘“)} .

First we consider one-dimensional case- 1. Define forzg> 0 in the domainD, (0, rg)
a function

E(x,1;0,10) := (x + (1) + ¢(10) " (—=x + d(to) + p)"F (7, 7: L, 0, (1.7)
where F(y, y; L; C) is the hypergeometric function (see, €[4]), while

_ 4+ ¢ = o) (x = (1) + d(10)) 5(1) = th+l
(x + @) + P0) (x — p(t) — P(10))’ Ck+1

‘ = se. (0
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Let E(x,t;0,b) be a function defined byl(7) and (L.8), and define

ckE(x,1;0,10) in D(0, 1p),

Ei(x.1:0.10) = { 0 elsewhere (1.9)

Here ¢, = (k + 1)_ﬁ2_ﬁll. Since functionE = E(x, t; 0, tp) is smooth inD(0, 1)

and bounded on the boundary &% (0, tg), it follows that E|(x, t; 0, tp) is a locally
integrable function and defines a distribution whose support is in the claue ro)

of D|(0, 19). The next theorem generalizes Theorem [2]L(See alsd12, Proposition
69].) and gives our first result.

Theorem 1.1. The distributionE| (x, ¢; O, r9) is a fundamental solution for the operator
T relative to point(0, rg).

Note that forr > 7> 0 one can rewrite formally that fundamental solution as follows:

E\(x, t; x0, to)

1—(to/ )kt 0\ k11 T e\ KL 7
- 2ckt¢(1)‘/’(1)/ dr ((?(’) 4 1) ((;) —r+ 1)
0

C(=r 41— (/DY (—r — 14 (10/D)F Y
" (=r + 14 (to/0) ) (—r — L= (10/0)*FY)

xF (V, 71 ) ESM9(x, d(1)r; x0),

where the distributiorES"9(x, 1; xg) := %{5(x —x0+1)+0(x —xo—1)} coincides with
the fundamental solutioS"""9(x, ¢; xq) of the Cauchy problem for the string equation,
EXMMO_ g — 0, ESUINg(x 0) = §(x — x0), ES""%x,0) = 0. Thus, in the new
writing we have the one-parameter fam_iﬁﬁt“”g(x, ¢(t)r; xo), parameter € [1o, 00),
generated by the fundamental soluti@3t™"9,

Now we are going to show that such reduction of the fundamental solution for the
Tricomi-type operatorto the fundamental solution for the Cauchy problem ¥eave
equationis possible for an arbitrary dimension

Next we construct the fundamental solution with the support in the forward “cone”
Di(x0,70) = {(x, 1) ||x — xo|< (?**1 — 15t /(k + 1)} for the operator 1.5 in R,

x € R", with oddn, n = 2m + 1, m € N. Namely we set inD(xo, tg), t > 19> 0,

E\(x, t; xo, to)

1—(to/ 1)+ o\ kL IR
= 2th¢)(1)¢(1)[ dr ((?O) +r+ 1) ((7()) —-r+1
0
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el Cr L= @/ D (—r = 14 0/
T S R T o/ R Y (o — 1= (r0/0)F )

x EV€(x, ¢(t)r; xo) (1.10)
while
Ei(x,t;x0,00) =0 if (x,1) € D(xo, to). (1.11)

Here the distribution

n—3
1 0 /10\ 72 1
EY®(x,r; x0) := (n)—(——> P2 / o(x —xo+ry)dS, (1.12)
Co or \r or Wp—1 Jgn-1

coincides with the fundamental solutidfVé(x, ¢; xg) of the Cauchy problem for the
wave equation,

EY¢— AEY® =0, E"(x,00=0dx—x0), E"(x,0 =0, (1.13)

represented also by Q). Herec(()”) =1-3.5.....(n—2). Denoting by<E) (x, t; xg, tp),
Y(x0)> the value of the distributiorE) (x, ; xo, to) on the test function) € C3°(R"),
we give a meaning to1(10 as follows:

< Ei(x, t; x0, o), Y(x0) >

1—(t0/ )k +L 0\ K1 -7 o\ k1 -
= 2cz<t<i>(1)¢(l)/ dr <<7°> T4 1) ((7(’) —r+1
0

P N Gl (to/ DN (—r — 14 (to/)*FY)
NS S Lt o/ Y (—r — 1— (10/0F D)

x <EY(x, ¢p(t)r; x0), Y (x0)> . (1.14)

Then spatial translation implieB"¢(x, t; xg) = EW(x —xq, t; 0) and E| (x, t; xo, tp) =
E)(x — x0, t; 0, 9). In particular, in (.14 on can replace<EW€(x, ¢(t)r; xo), Y(x0)>
with <EYe(x — xg, ¢(t)r; 0), Y(xg)>.

Theorem 1.2. Letn be odd n = 2m + 1, m € N. Then the distributionE) (x, ¢; 0, tg)
defined by(1.10, (1.11), (1.12, and (1.13 is a fundamental solution for the operator
T in x € R" relative to point(xo, fg).
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Letn be evenn = 2m, m € N. Then the distributiorE) (x, z; 0, 7o) defined by(1.10,
(1.11), with (1.3, and (1.13 is a fundamental solution for the operat@r in x € R”
relative to point(xo, o).

We give a direct proof of Theorerh.1 in the next section. The fundamental solution
from Theoreml.1is used to get a representation of the solution to the Cauchy problem
described by Theorem8.1 Then we give another proof of that representation. Some
details of that second proof set up a base for the proof of The@dm

To prove Theoreml.2 we first establish a representation of the solution to the
Cauchy problem for the nonhomogeneous equation with the homogeneous initial data
(Theorem3.4). Then we plugf(x,) = o(t — t9)d(x — xp) In that representation and
obtain statements of Theorein2

2. Proof of Theorem 1.1

In the characteristic coordinatésand m,

I =x+¢@), m=x— (@) (2.1)
the operatorT reads
& & 2 2 2
— -t = 2RI (k+ D)L — m)F
0t? 0x?

2

L S——
odlom 2(k+1D(—m) \ol Om '

Consider point(x, r) = (0, b), then two backward characteristics meet théne at the
pointsx = a andx = —a, a := ¢(b). Note that the pointl, m) = (¢(b), —¢p (b)) repre-
sents point(0, ») in characteristic coordinates. The following lemma is a generalization
of (2.2)2] (see alsd12, Chapter 9] where the case with = 1/2 is considered.

Lemma 2.1. The function

2.2)

: vt sy v e q. @ —D)
E(l,m;a,b)=((—b)""(a—m) ’F(/,y,l, (l—b)(m—a))

solves the equation

2 3
{ ¢ K (0 —i>}E(1,m;a,b)=o. (2.3)

alom 20+ —m)\al  om
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Proof. Indeed, after simple calculation we obtain

c ok (ﬁ_i) Emia.b)
olom 2k+1(—m)\ol om B

@—b)(~b+D) " 7@—m7

m—1

2k +1
X {z(l—z)F”(w; 12+ (1— k+1z> F'(3,7:52) —?F(, 33 L; z)},

[ — —b
wherez = %. Hence 2.3) holds. The lemma is proved.[]
(—by(m—a)

According to the next proposition the functia(l, m; a, b) defined by
R, m:a,b) := (I —m)FLE{, m: a, b) (2.4)

is the Riemann function of theeduced hyperbolidorm T}, of the operatorT,
2

L k <a_ a)
" dem  2k+DU-my\a  om)’

relative to the pointa, b). To formulate and to prove that proposition we consider the
formally adjoint operator

o Ok (é_i>_;
h'_azam 2k+ 11 —m) \dl om (k—l—l)(l—m)2

and the following lemma, which is a generalization of (2[2), where the case with
k =1/2 is considered.

Lemma 2.2. If v is a solution of the equatio,yv = 0, thenu = (I —m) v with
¢ =k/(k+1) is a solution to7Thu = 0, and vice versa

Proof. Indeed, direct calculations lead to

v = (I —m)© & u— k <iu — iu)
he— omol 2k+DA—m) \al"  om

provided thatc = k/(k + 1). Lemma is proved. [J
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Proposition 2.3. The function R(/, m; a, b) is the unique solution of the equation
T*v = 0 that satisfies the following conditions
. k
) R=————
O R = e+ Di=m
k

W) R = = s Da—m)
(i) R(a,b;a,b) =1.

R along the linem = b;

R along the linel = a;

Proof. First of all the equatiorl*R = 0 is satisfied due to Lemm2.1 and Lemma
2.2 Then along the linen = b we have

) . I—b\’ Loy
RU,b;a,b)=1—-b)(a—b) "F(y,7;1,0) = —— | =ex dt ).
(U bsa,b) = (= bY(a—b)"F(y,7;10) (a_b> p(/ 5 )

Hence (i) holds. In the similar way we verify the remaining statemeriis.

Proof of Theorem 1.1 In fact the proof is an almost verbatim repetition of the proof
of Theorem 3.1 of[2], therefore we omit almost all details and keep only the main
steps and formulas. Note that the operdfois formally self-adjoint,7 = T*. We must
show that

< E,To>=¢(0,b) for every ¢ e CF(R2).

Since E(x, t; 0, b) is locally integrable inR?, this is equivalent to showing that

//2 E\(x,1;0,b) To(x, 1) dx dt = ¢(0,b) for every ¢ € CF(R2). (2.5)
IR-%—

In the mean time 2°M (k + 1)~ 1 (/ — m)" %1 is the Jacobian of the transformation
(2.1). Hence the integral in the left-hand side @5 is equal to

2 a [l poo 1
—21 (k + 1)*+1 / / ceE(l, m; lg, —lo) - —dldm
—oo Jig 20 (k + D)™ (I — m)*+

Agom [ 2k (2-4)
" dom 2k+Dhd—m\a )"
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Here ¢, = ¢(1)¥*D . Then using Riemann function we write

// El(x,t;0,b)Tp(x,t)dx dt
&

~lo oo o k o 0
_ RU. m: o, — _ S\ param.
/_Oo/,O (¢ m:lo 0){516171 2(k+1)(1—m)<az am) param

Integrating by parts we obtair26) and this completes the proof[]

3. Application to the Cauchy problem
Consider now the Cauchy problem for the equation

O u 2,(5214
— — 17— = f(x,1), >0, xelR, (3.1)
012 0x2

with vanishing initial data,
u(x,0) =u,;(x,0)=0. 3.2)
For every(x, ) € D|(0, b) one hasa — (1)< x< —a + ¢(¢), so that

E(x,1;0,b) = (¢(B) +x + d1) (D) —x + ¢() ™"

G F 90 — P (x — (1) + ¢>(b))>
C (PO + P (x = () — pb)) )

xF (V, y; 1

The coefficient of the Tricomi equation is independentxofthereforeE) (x, t; y, b) =
E(x —y,1;0,b). Using the fundamental solution from Theordmi one can write the
convolution

uux>=/m/w5uxwwvwﬁnw@

t o0
=/mj Ei(x — v, 1,0,b) f (v, b) dy
0 —0

since supp’ C {r>0}. Then according to the definition of the functidf) we obtain

Theorem 3.1. Assume that the functiofi is continuous along with its all second-order
derivatives and that for every fixed it has a compact suppartsupp f(-,t) C R.
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Then the function defined by the integral representation

t x+¢t)—p(b)
u(x,t) = c / db f dy f(y,b)
0 x—(p(t)—P (b))

X(x =y + o) + @) (PB) — (x —y) + P(1) 7

< F (V —t (x —y+¢(t)—¢(b))(x—y—¢(t)+¢(b))> (3.3)
T =y o) + P (x —y = (1) — (b)) '

is a C2-solution to the Cauchy problem for E¢B.1) with vanishing initial data (3.2).

The following corollary is a manifestation of the time-speed transformation princi-
ple. Indeed, it implies the existence of an operator transforming the solutions of the
Cauchy problem for the string equation to the solutions of the Cauchy problem for
the nonhomogeneous Tricomi equation. As a particular case Q) it includes also
“in-two-steps” Duhamel’s principle, but unlike the last one, it reduces the equation
with the time-dependent speed of propagation to the one with the speed of propagation
independent of time.

Corollary 3.2. The solutionu(z, x) of the Cauchy problen3.1)—(3.2 can be repre-
sented as follows

_bk+l

1 1
u(x,t) = 2ck/ db/ dsv(x, p(O)s; )W +1— )7+ 14 5)77
0 0

(3.4)

C(—s +1-bFh(—s — 14 KT
(s + L4 bR (—s — 1 — phtL) )7

xt2¢(1)¢(1)F <y, 71

where the function)(x, ;1) := 3(f(x +1,7) + f(x —1,7)), T € [0,00), form a
one-parameter family of solutions to the Cauchy problem for the string equation

Uit — Uy = 0, v(x,0;1) = f(x, 1), vr(x,0;7) =0.

The next corollary solves the problem with the initial data. Namely, wefsetr) =
o(t)p(x) and obtain the following statement.

Corollary 3.3. The solutionu(z, x) of the Cauchy problem
w —t%u =0, u(x,00=0,  u(x,0) =0,

can be represented as follows

1
an=wmuW@nwwL3/wu—¢mn+¢u+ana—¥rwx
0
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In the last formula the function}{(p(x — ¢(1)s) + @(x + ¢(r)s)} coincides with
the solutionv(x,t) to the Cauchy problem for the string equatian; — vy, = O,
v(x, 0) = @(x), v (x,0) =0, taken at the pointx, ¢(¢)s), that is withv(x, ¢(t)s).

Now we consider the casee R", n> 2.

Theorem 3.4. The classical solutionx = u(x, t) of the Cauchy problem
uy — t%*Au = f(x, 1), ux,0=0, u(x,00=0 (3.5)

withn =2m+1, m e N, x e R", and f € C)(Cf’;r3)/2’2 is given by the following
formula

u(x,t)

$(1)—p(b) 10\2
_2ck/ db/ dry ( )
r or

X (H)/ fx+ry, b)dS)

wn 1C r=ri

x(r1+ @) + ¢) T (Pb) —r1+ d(1) 7

F <v iq, Crt 60 =¢GN = ¢0) + qb(b)))
U (=14 @) + db)(—r1 — P(t) — P(b))

(3.6)

where cé") =1.3.----(n=2).

If nis evenn =2m, m € N, and f € C; , then the classical solution
u=u(x,t) of the Cauchy probleni3.5 can be represented as follows

n/2+2 2

u(x,t)
' DD~ (b) 52
=2ck/ db/ dry i(lﬁ)
0 0 or \r or

5 2,12 / f(x+ry,b)dv)
on_1ed’ S0 VI-DR )
x(r1+ ¢(t) + ¢(b)) " (p(b) —r1+ P(1)) ™7
< F <% 1. (=r1+ ¢@t) — b)) (—r1 — () + ¢(b))>

; 3.7
(=r1+ @) + ¢B)(—=r1 — ¢(1) — (b)) 31

Here B} (0) := {|y|< 1} is the unit ball inR", while cg’) =1-3..... (n—1).
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Corollary 3.5. The solutionu = u(x, r) of the Cauchy problem
i —t*Au=0, ux,00=0, ux, 0 =0k

(n=2m+ 1, m € N) can be represented as

1
u(e. 1) = 120 WPV F@ 5 1 1) / (1= s To(x, (1)) ds.
0
Here the function(x, s¢(r)) := (C<"> DALY 2 A [ oG4y dS)—sa)

coincides with the Valua)(s¢(t),x) of the solutionv(z, x) of the Cauchy problem
vy — Av=0,v(x,0 =px), v,(x,00=0

Corollary 3.6. If k # 0 then the strong Huygens'’ principle does not hold

4. Proof of Theorem 3.1

First we note that the function(x, t) = 2/2 is the unique solution to the Cauchy
problem @.1)—(3.2) with the force functionf(x, ¢t) = 1. Therefore in the next lemma
we give a representation for that particular solution, which is helpful to handle the
more general case.

Lemma 4.1. One has
x+p(1)— ¢(b)
—t° = ck/ db/
x—(¢p(t)— <l>(b))
X(x =y +¢@) + dD) T (PD) — (x —y) + P(1) 7

( _ .(x—y+¢(t)—¢(b))(x—y—¢>(t)+¢(b))>
xF |y, 71 .

; 4.1
(x =y + o)+ ¢ (x —y — ¢@) — (b)) ¢4

Proof. First we prove the convergence of the integral. The argument

(x=y+ @) — b)) (x —y — ¢(1) + ¢(b))
(x =y + o)+ ¢b)(x — y — ¢(t) — ¢())

of the hypergeometric function is nonnegative for the prescribed values of variables.
Moreover,

Z(x =y, t,b) =

(tk-i-l _ bk+1)2

(tk+1 + bk+1)2 =
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The integrand is nonnegative (see, e.g., the hypergeometric series (1) of Section 2.8,
v.1 [4]) and is less than

Cri(x =y +¢®) +dDd) (P —x +y+ o)™

uniformly for all 0< 5<r and allx € R, such thatc — ¢ (1) +p(B)S y<x+ () — Pp(b).
Next we use

x+$(O—p(®) ﬂ ﬂ
f dy(e =y + B(0) + dB) T (DB) — x + y + d(©) 7
x—(p@t)—p(b))

Al phtl

= ¢(1)¢(1)f O Ly A g

—(tk+1—bk+l)

By means of representation (7) of Section 2.12, 4],

F(a,b;c;z2) =

2I°(c) /”/2 (sin )%~ 1(cost)2—2-1 "
b) 0 ’

I'(b)I(c — (1 —zsir? 1)@
the last integral can be evaluated and estimated as follows:

3 (k1 pht1y2

GA) k41 kL kAl | kL — } o 2
2¢(1) (t b )(t +0b ) H1F (2’ Vs 21 (l‘k+1+bk+l)2>

< Ch g (PO (AL — phtly (kL 4 ety =g

Hence the right-hand side o&.Q) is less than
t -
/ CriClry pDPD (AT — prY (AT 4 P81 gb = C(F, k).
0

Further we note that the function of the right-hand side 4fl)(is independent ofc
and according to Theorerh1 solves the equation with the right-hand sidé, x) = 1.
The uniqueness in the Cauchy problem impli€s x) = a+ bt +ct? so thata = b = 0,
¢ =1/2. This completes the proof of the lemmad.]

Proof of Theorem 3.1 It follows from Theoreml.1 and Lemma4.1 that the integral
of the right-hand side of3(3) defines a continuous functian= u(x, t), which solves
Eg. 3.1) and such that

1,
ulx, )| < =t max ,b)|.
. Dl 2 bel0,1], yelx—d(1),x+p(1)] /D)l
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Eq. 3.1) is partially hypoelliptic in the direction of time, so that
u € C™(0, T]; D'(Ry)).

Further for everyep e C3°(R;) the functionv(s) :=< u(-, 1), ¢(-) > belongs to
C2([0, T]) and solves the equation

Ui — 1% < u(- 1), ANp(-) >=< f(-, 1), () > .

Hence v(0) = v,(0) = 0 implies u(0) = u,(0) = 0 in D'(R,). The theorem is
proved. [

Proof of Corollary 3.2 We derive from Theoren3.1

1 () (A-bFL)
ulx,t) = ckt/ db/ dy f(x +y,tb)
0 —(t)(1—-bk+1)

X(=y 4+ ¢(0) + ¢OPTH T (D y + (1)

(=Y + ) — OV (—y — p(1) + ¢><z>bk+1)>
"=y + G(1) + OB (—y — (1) — Pp(1)bEHT) )

xF (y, y; 1
which can be easily transformed int8.4). The corollary is proved. O

Proof of Corollary 3.3 If we plug f(x,t) = 6(t)p(x) in (3.3, then we can rewrite
this solution as follows:

0
ux, 1) = cF (71 1){ /¢< : dy p(x + ) (=y + d) 7 (y + d®) 7
—o(t
é(1) y .
+/O dy p(x + )(=y + d®) (v + ¢®) " }
That completes the proof of Corollad.3. [

Remark 4.2. If we denotey = x + ¢(t)(2s — 1), then the representation given by
Corollary 3.3 can be reduced to the fractional derivativEls, (4.7) Chapter V]
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5. Proofs of Theorem 3.4 and Theorem 1.2

We consider the case € R", wheren = 2m + 1. First for the given function
u = u(x,t) we define the spherical means wfabout pointx:

Iy(x,rt) = / u(x +ry,1)dSy,
sn—1

Wp—-1

wherew,_1 denotes the area of the unit sphéfe! ¢ R”. Then we define an operator
Q, by

10 \m-1
Q) (x. 1) == (;5) P2, 1)

One can show that there are constanﬁ’f%, j=0,...,m—1, wheren = 2m + 1, with
c(()") =1.3.5.-.(n —2), such that

(1 ‘ ) 2’“90@) = rmfc(-”)rfa—jqo(r)
ror s I ord '
One can recover the functions according to

. . 1
u(x,t) = Iim I,(x,r,t) = lim ——Q, (u)(x, 1),
r—0 r—0 Cgl)}"

u(x,0) = I|m —Q,(uw)(x,0), wu;(x,0) = I|m Q (0iu)(x, 0y,
0

r—)
Co

. 1
fO,t)y = lim Ip(x,rt) = lim ——Q,(f)(x,1),
r—0 - r—0 Cé”)r

. 1
f(x,0) = |lmo(n—)9r(f)(x,0), fi(x,0) = I|m Q (0 )(x,0).
r— CO r O

It is well known thatA,Q,h = & >Q,.h for every functionh e C2(R™). Therefore we
arrive at the following mixed problem for the functianix, r, 1) := Q, (u)(x, r, 1):
ve(x,rt) — tZkv,,(x, r,t)=F(x,r,t) foral (>0, r>0, x € R",
v(x,0,/) =0 forall >0, xeR",
v(ix, 7,00 =0, v (x,r,00=0 forall r>0, xeR",
F(x,rt) :=Q.(f)(x,1), F(x,0,1)=0 forall xeR"
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It must be noted here that the spherical mdardefined forr > 0 has an extension

as even function for < 0 and hence&, (1) has a natural extension as an odd func-
tion. That allows replacing the mixed problem with the Cauchy problem. Namely, let
functionsv and F be the continuations of the functionsand F, respectively, by

~ v, ), if r20, ) F(x, ), if r=0,
vix, r, 1) = { —v(x, —r,t), if r<0, Fx,r.0) = { —F(x,—r1), if r<O0.

Then? solves the Cauchy problem
Uy (x, 7, 1) — t2k'17,r(x, rt) = I?(x, r,t) forall =0, reR, xeR",
Vx,r,00=0, v(x,r,00=0 forall reR, xeR"

Hence according to Theoref1 one has the representation

r+¢)—¢(b) ~
V(x,rt) = ck/ db/ dr1 F(x,r, b)
r—(¢p(t)—p (b))

x(r —ri+ ¢@) + ¢1) () — (r —r1) + $(1) 7

(y .t (r —rit+ @) — PN —r1— ¢ + ¢(b))>
=it o+ BN —r1— (1) — d(b)) )

Sinceu(x,t) =lim,_q (v(x r, t)/(c(") ) we consider a case with < ¢ in the above
representation to obtain:

1 [t d()—¢(b) 1 ~ ~
u(x,1) = CkW/ db / dry lim —{F(x,r —r1,b) + F(x,r +r1,b)}
I 0 0 r—0r
x(r1+ ¢@) + dd) " (pb) —r1+ d() ™7

(=r1+ @) — ¢B)(—r1— @) + (l)(b)))
(=r1+ @) + ¢B)(—r1 — ) — (b))

xF (V, ;L

Then by definition of the functior we replace lim_.o 2{F(x, r —r1, b) + F(x,r +
r1, b)} with 2( F(x r,b)),= in the last formula. The definitions df (x, r, r) and of
the operatorQ y|eld

po-p (0 (10"
us, 1) = 26 R )/ / <_ (;5> P e (xr0)

x(r1+ @) + ¢) () —r1+ d1)

<F (V g, Crt 60 — 9O = ¢ + d)(b)))
YT (=4 () + dB) (=11 — P(1) — P(b))

r=ry
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whereR", n = 2m + 1, m € N. Thus the solution to the Cauchy problem is given by
(3.6). We employ the method of descent to complete the proof for the case with even
n, n =2m, m € N. Theorem3.4 is proved. [J

Proof of Corollary 3.5. For f(x, ) = d(t)p(x) according to Theoren3.4 we have

n—3
o) 0 /10\ 2 pn2
u(x,t) = Zi—kF(y, 71 l)/ dry | — <——) r / @(x +ry)dSy
Con) 0 or \r or Wp—1 Jgn-1

r=ri

x(ri+ ¢@) ' (=r1+ ).

The change of variable completes the proof of the corollary.
Proof of Theorem 1.2 The setf(x, ) = d(x — x0)0(¢t — o) in (3.6):

()=o) . .
E(x, 1; x0, 10) = 2ck /0 dr (r + @) + ¢(10) " (d(t0) —r + d(1) ™7

( (=T 9(1) — P(t0) (=1 — (1) + ¢(to))>
xF|y,71

(=1 4 ¢ + d10) (—r — d(1) — ¢ (10))

xEY®(x, r; xg) .

The evident transformations of the last representation lead.id@)( O

6. Application to LP — L9 estimates

The estimates for the solutions of the nonhomogeneous wave equation are generally
obtained by the use of Duhamel’s principle (see, ¢6316]). For the Tricomi-type
equation we use the representation of the solutions given by the theorems of Section
3. First we consider the one-dimensional case.

Theorem 6.1. For every functionf € C2(R x [0, 00)) such that f(-, 1) € Cy°(Ry)
for arbitrary ¢ € [0, 00), the solutionu = u(x, ) to the Cauchy problen{3.1),(3.2
satisfies

t 1 k.
luC, 1) ey < Cropp /O (*F — RN (R Y TR | £, b) liew,) db

with p, ¢, such thatl < p < p’, 1/g=1/p—1/p’, 1/p+ 1/p = 1.
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Proof. From
t 00
u(x,1) = [ db/ Ei(x — y.1:0,.5) £ (3. b) dy
0 —00

due to Young's inequality we have

' D) —p(b) Yp
e, Dllom,y < ck/ db / EG.0.0)Pdx)  1f G D)llir@-
0 —(p(1)—p(b))

Consider now

d(t)—p(b)
/ |E(x,t;0,b)|°dx
—(p()—¢ (D))

d)(t)*d)(b) kp kp
= / (x4 ¢(0) + G(B) 2T (—x + (1) + (b)) TD
—(@(O)—d(b))

<F (V . GO0 — ¢ — o) + (i)(b)))p J
T () + ¢ (x — d(1) — (b))

Estimating the hypergeometric function we easily obtain that the right-hand side is less
than or equal to

$()—p(b) k kp
C/ (@) + x + (1)) =D (P(b) — x + ¢(1)) %D dx,
—(¢()—=p (b))

which in turn is (see the integral representation fQi, b; c; z) used in the proof of
Lemma4.])

i 1 kp 3 (Zk+l _ bk+1)2
Cp (5L — PRty (kL 4 phtly—ghp (2 2.
op ) 220k + 1) 2" (R4 phHi)2

with some constanCy,,. We conclude
PO—P(b) kp
f |E(, 10, 0)[° dx< Cpp (5L — pEF (FFL 4 ity o
—(p)—(b))
Thus the theorem is proved[]
In some applications to the semilinear problems the space of the force functions

f = f(x,1) is endowed with the norm mag=" || f(-, 1) lLr(r,)), u=0, therefore
we give here an estimate for the solutions in that norm.
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Corollary 6.2. Suppose that the functiofi € C2(R x [0, o)) is such thatf(x,?) €
C5°(Ry) for everyt € [0, 00), and that with some: > —1,

RN FC) ey <const for all t.

Then the solutiont = u(x, t) of the Cauchy problen(3.1),(3.2) satisfies

1
kA 14(k+1) 5 @a<xt(|| FCD Iy ™ for all t,

o<1«

luC. o) e, <Ct

with p, ¢, such thatl < p < p’, 1/g =1/p—1/p’, 1/p+ 1/p = L.

Proof. Indeed, according to Theorefl we have

. < max (7 # :
luC, ) Loy < € max (1 £, 0) o)

S TS

t
0
where the integral is a positively homogeneous function of orderk + 1+ (k + 1)%
of variabler. O

To consider the high-dimensional case we start with some corollary from the well-
known results onL? — L9 estimates.

Lemma 6.3. For ¢ € C3°(R") the functions

n—3
10 ([1o0\7% ,, 1
— (== n ds,
(Cgl) or ((I’ 01’) ' Wp—1 /S"*l(p(x—i_ry) ) )

r=s¢(1)
and

n—2

2 0 (18)2 r”‘Z/ 1 (x +ry)dV
£ o -vY X +ry )
C(()n) or r or ®n-1 JBy(0) 1—|y|2(p '

r=s¢(t)

coincide with the valuev(x, s¢(z)) of the solutionuv(x, ) of the Cauchy problem
vy — Av =0, v(x,0 = @), v,(x,00 =0 for odd n, n = 2m + 1, and evenn,
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n = 2m + 2, respectively They satisfy the inequality

_1 1
q

_n(d _ _1

oG spO)la@n< Cs "0~ VG0l ey for all st € (0, 00)
provided thatl < p<2, 1/p + 1/q = 1.
Proof. It follows from the results of6]. O

Theorem 6.4. For the solutionu = u(x, r) of the Cauchy problen(: > 1)
uy —t*Au= f(x,1), ux,0=0, u(x,00=0 (6.1)

with the functionf € C2([0, co) x R") such thatf (¢, -) € C§°(R?) for everyt € [0, c0),
the following estimate holds

1
2—n(k+1) (2 -1 11
luC. Ol oy < Ce2"EDG ﬂfo ||f(',fb)||L1’(R;)db/O s

x4+ 14977+ 1—5) 7 ds,

provided thatn(+ — 1) <1, 1< p<2, Yp+1/g = 1.

Proof. We give a proof for the oda only, since the proof for even is very similar.
According to Theoren8.4 for n = 2m + 1, x € R", the classical solutiom = u(x, t)
to the Cauchy problem witly e Cif';’s)/z’z is given by the formula3.6), which can

be rewritten as follows:

_bk+1

1 1
u(x, 1) = 122c,.p(1)?® / db / ds (s + 1+ Y77k — 5 4 1)77
0 0

n—3
2 n—2
0 (}i) r_/‘ 1f(x+ry,tb)dSy
§n=

or \r 0r w"—lct()n) r=s(t)

(s + 1P (—s -1+ bk+1)>

Fy.nL
* (M (=5 + 1+ b (—s — 1= o)
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Wherec(()”) =1-3..... (n — 2). To estimate its norm we write

_bk+l

1 1
GOl arny < t22ck¢(1)¢<1>/ db/ ds (s + 1+ Y7 ML — g 4 1)77
: 0 0

Wy_1C sn—1

d (1 ¢ )E i F(x +ry, th) dS
— | == L X +ry, ,
or \r or gt) Y Y B

r=s¢(t) LR

(o (s + 11— (—s — 1+ kY
S ST 1 by (s — 1 bk )

An application of Lemmeb.3 gives

1
2—n(k+1)(2 -2
G Ollpawn, < Ct2"EDG q)fo ILf (x. th) || Loy db

1— bk+l

x/ dss "G (s + 14+ B TR — g 4 1)
0

(= 4+ 1 — bKHLy(—s — 14 b+
xF|y,7: L )

(—s + 1+ bkt1y(—s — 1 — k1)

sincen(% — 51) < 1. The theorem is proved.O

Corollary 6.5. If we assume that the functiofi € C2([0, 00) x R") is such that
f(, 1) e C(RY) for everyr € [0, o0), and with someu > —1,

RN FC0) ey <const for all t,

then the solutiory = u(x, t) of the Cauchy problen(6.1) satisfies

+2-n(k4+1) (2 -1 -
NG 1) oy < CH*F27" DG max (|| S0 vy T ”) for all t.

o< <t

Proof. Indeed, according to the theorem

e, Ol Loy

_ 1_1 !
<Ct1 nk+DG -9 max <|| FCD e —C—M)/ b db
! 0

TS
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lf(h/t)k+l 11
) / / sT"GT(B/DM + 14 5) (/D 41— ) ds
0

1
1_1
gctﬂ+27}1(k+l)(ﬁ*5) max (” f(’ ‘C) ”LI’(R”) T_'Lt)/ b'“ db
o< <t x 0

lihk‘f’l

1 1 N )
x/ sTGTO@M 14 5) T BF 41— 5) 7 ds,
0

which completes the proof of the corollary™]

In conclusion we note that we did not intend to minimize the regularity hypothesis on
the function f needed in Theoren&.1, 6.4, and Corollaries$.2, 6.5. That minimization
is crucial for the weak solutions of the nonlinear equations and it will be done in a
forthcoming paper.
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