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1. Introduction

This article is concerned with the following Cauchy problem

d

du + dive AU) = €AXU+8 Y gt + 8°XSW),  u(0, %) =uf?”, (1)

=1

where x € RY, t >0 and the flux function is assumed to be regular, A € C2(R) and the source term is

defined as follows:
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e The source term is bounded and non-increasing in u,
seC'R), sw)<0, 0<gX <G
e We also assume that the function s’ is bounded below, namely,
Ir >0 such that —A <s'(u).
e g°(X) = g *x P (x), where ¢ is a mollified function and g € LY(RY).

The existence of solutions for Eqs. (1) is well known and we now investigate the convergence for
solutions of Eq. (1) toward a weak solution of the following equation:

oru + divy A(u) = g(x)s(u), u(0, x) = ug, xeRe >0, (2)
such that the solution u€ of Eq. (1) converges toward an entropy solution of Eq. (2) if
§=0(e?), 3)
and toward the Kruzkov’s unique solution of Eq. (2) under the condition
§=o0(e?). (4)

For the homogeneous conservation laws, there have been many recent studies concerning the
convergence for solutions of Eq. (1). Lax and Levermore [9-11] showed that the solution us of the
Korteweg-de Vries equation

Opll + UOxU + S0xxxt =0 (5)
does not converge to a solution of the following Burgers equation
Ofll +udyu = 0. (6)

On the other hand, following Schonbek’s work [18], we can obtain the strong convergence of uniform
Lﬁ) . bounded approximation solutions to the following:

Orll 4 0xA(U) = €0xU + SOxxxU (7)

and it gives an important contribution of another method of compensated compactness in the LP set-
ting for p > 1. In Kondo and LeFloch [5], they have developed Schonbek’s work with using Diperna’s
uniqueness theorem for measure value solutions. As another approach, Hwang and Tzavaras [4] used
the kinetic formulation with the velocity averaging lemma to study the convergence of approximate
solutions of multidimensional scalar conservation laws and, of course, the flux verifies the nonlin-
earity condition (8). There are many related works about those problems [1-3,12,19]. In this paper
the main contribution is to study convergence for solution of Egs. (1) toward nonhomogeneous con-
servation laws and to converge to the unique solution of Eq. (2) in LP(RY) for 1 < p <2 under the
condition § = 0(€2). The main tool is based on the kinetic formulation developed by Lions et al. [13]
and the strong trace results (see Karlsen and Kwon [7] for the nonhomogeneous case and Kwon,
Panov, and Vasseur [8,14,15,20] for the homogeneous cases) for scalar conservation laws. From now
on we restrict the flux A verifying the following:

L{g|Tt+¢ A =0})=0, forevery (r,&)#(0,0), (8)

where L is the Lebesgue measure. We now state the main theorem.
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Theorem 1.1. Assume that there exists C > 0 independent of € such that
€ €
452 re) + Ve VUG 2 gy < C- (9)

Consider the flux functions Aj to be globally Lipschitz for all j =1,2,...,d and the flux A satisfying the
nonlinearity condition (8). Then:
e If § = 0(€?), then the solution u€ converges toward a weak solution of (2) in ijoc(]RJr x RY) for all
1<p<?2
o If 8 =0(€?), then the limit is the unique Kruzkov's entropy solution.

Remark 1.1. In this paper we will follow Hwang and Tzavaras’s framework [4] to show the strong
convergence and the uniqueness proof for § = o(€2) is based on Perthame’s work [16].

Remark 1.2. The strong trace result in Kwon and Karlsen [7] also plays an essential role in the unique-
ness proof for the case of § = o(e?).

This paper is organized as follows. In Section 2 we deduce some uniform bounds. Section 3 is
devoted to showing the strong convergence for each case: § = 0(€2) and § = o(€2). In Section 4 we
introduce the strong trace result and provide the uniqueness proof for the case of § = o(e?).

2. Uniform bounds

In this section we are going to deduce some uniform bounds.

Theorem 2.1. Assume that the flux functions Aj are globally Lipschitz for each j = 1,2, ...,d and the initial
data ug verifies the bounds (9). Consider a solution u€ verifying (1). Then, the following uniform bounds hold:

ué(t, x) €p L((0, T); L*(RY)), (10)
d
2€ Y (ug,(t. %) € L'((0.T) x RY), (11)
j=1
d
€Y (3 u€ €. %)) €5 L'((0, T) x RY) (12)
Jj=1

for sufficiently small € > 0 where v €, Y means that v is uniformly bounded in a Banach space Y.

Proof. Let u = u for simplicity and let F be any smooth function F : R — R. Multiplying Eq. (1) by
F’(u) yields the following equality:

d d
3 F(u) +divy Q (u) =€ Z dx; (F'(u)dx,u) — €F"(W)|Viul? +5 Z Oy (F' () By 1)
j=1 j=1
d
—8F"(u) Y (D) (Bxjo; ) + g€ (X)) F (u), (13)
j=1

where Q' = F'A’. We next integrate (13) for x and obtain
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8t/F(u)dx+efF’/(u)|qu|2dx

Rd Re

8

d
=3 / F/”(u)Z(axju)3 dx + / 2€(x)s)F (u) dx.

Rd Jj=1 Rd

Integrating (14) with respect to t yields the following equality:

t
fF(u(t))dx—f—e//F”(u)leulzdxdt

Rd 0 Rd
/F(uo)dx—i— //F’”(u)Z(ax u)? dxdt+//g x)s(u)F'(u) dxdt.
R4 0 Rd 0 Rrd

Taking F(u) =u? in (15), it follows that

t t
/u(t)zdx+26//|qu|2dxdt:fu%dx+2//ge(x)s(u)udxdt.

R4 0 Rd R4 0 Rd

We recall g(x) >0 and s'(u) <0 for a.e. x € RY. Then we see that

t t
/u(t)zdx+26//leulzderZ//ge(x)]s(u)73(0)‘|u|dxdt

R4 0 Rd 0 Rd
t
</ugdx+2f/|gf(x)|s(0)y|u|dxdr
R4 0 Rd

t
g/u%dx—l—//U(f)dedH'GIS(O)‘ZHgG(X)”Ll(Rd)'

R4 0 Rd

Gronwall’s inequality implies that

t t
/u(t)zdx+2e//|vxu|2dxdt+2//gf(x)|s(u)—s(0)||u|dxdt<C(T)

Rd 0 Rd 0 Rd

for all t € (0, T) which shows (10) and (11).

(15)

(18)

To estimate (12), we first differentiate Eq. (1) for variables x; and multiply by 9y, u. Then it follows

that

d
1
Bt<5|8xku|2) + D (9 (10 uP A W) — By udg  uA; )
j=1
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d

d
1
=€) (B, (O U U) — Dy ul*) + 8 axj(axkuaxkxjxju—5|axkx,-u|2)
j=1 j=1

+ 0, (8° (®)s(u)) x u.
Integrating (19) with respect to variables (t, x), we see that

d t
/|3Xju|2dx+262/ |0 1l dxdt
0 R

Rd J=19 pa

d t
</|axku0|2dxdr+2//z|m |02 ] 10 ul e
=ty

Rd j=1 d

t
+f/8xk(g€(x)s(u))8x,<udxdt

0 Rd

/|axku0| dxdt + — M/[|3x,‘u| dxdt

0 Rd

d t
+GZ//|8X1Xku| dxdt—/fg (X)s (1) Oy x, u dt dx

=10 g 0 Rd

t
1
</|8xku0|2dxdt+ EM//|3X,(u|2dxdt

R4 0 Rd

a

t
+eZ/f|axjxku| dxdt+/f|g @|(|s@) = s0)| + |5(0)])|dxx, ul dx dt

=10 g 0 Rd

/|8xku0|2dxdt+ M//|ax,(u| dxdt

0 Rd

d

t t
+GZ//|8xjxku|2dxdt+GA//|u||8xkxku|dxdt

=10 g 0 Rd

t
+Is(O)I//IgS(X)Ilaxkxkuldtdx

0 Rd

/|axku0| dxdt + — M//|3Xku| dxdt

0 Rd

t

d
+eZ//|a“ku| dxdt—f——// — |uf?
=10 g

Jj=1 0 Rd

1887
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+e Z|axkxku| dt dx +'5(0)'/[ — g (0" dedx

k=1 0 md
¢ d
+/./622|8x1xku| dtdx
0 Rd -
t
2 1 2
</|axkuo| dxdt + ngflaxku| dxdt
Rd 0 Rd
d t
+62//|8X1Xku\ dxdt+C// (lul® +|g¢]) dtdx
J=10 gd 0 Rd
¢ d
+§f 3 I ul? de dx. (20)
0 Rd J=1

Notice that

N ™

for sufficiently small €. Thus, the above inequalities (9) and (20) deduce

d t
[62|8xku|2dx+2// |y 1| dxdt
=10

Rd
t
g/e2|axkuo|2dx+c// (lul® +|g%]) dtdx+M//e|6xku|2dxdt<C(T) (21)
Rd 0 R 0 Rd
for all t € (0, T). The proof is complete. O
3. Convergence results

In this section we first show convergence of solutions and then uniqueness for & = o(€?). Let
u€% := u€ (we only deal with § = 0(e?) and & = 0(e?)). We now begin with Eq. (13) and define a

function x by

(ogegyy ifv>0,
—1<e<o) if v<O.

x (v, E)—{

Let us denote f€ by fe(t,x, &) = x (u€, &) where u€ is a solution of Eq. (1). For any @ € C2°(R* x RY),
F € C°(R), one has the following:

/{fe(t, X, 6)3P@(t, %) + A€) - Va@(t, X) € (t, X, §) | F'(§) d& dt dx

d
:/2:(eaxjuE +683jxju€)F/(u€)8qu§(t,x)dtdx
j=1
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+

F//( )(E‘qu‘ +SZ ij afm )>€D(t,x)dtdx

j=1

/g ()s(u)F'(u€) @ (t, x) dt dx (22)
which implies that
d

UfE+AE) Vi€ =) o[ (€y;u + 805 u) (3(u€ —€))]

j=1

+3g[<e|vxu R S f))(s(uf—&))}

j=1
+ g8 X)s(u€)s(u —¢)
d
=) O If +0: AT+ A5 inD. (23)
j=1

Observe the following equality on AS: for any o € C2°(R* x R? x R),

(AS. o) |0||oo/|g @] [s(u)|dtdx
<C(T)Hcrlloo(/lge(X)ldH/\ue}zdtdx>
<C(M)0o]lco- (24)

Thus, we show that the measure A$ is bounded thanks to (24). Indeed we may use Sobolev injection
to represent the following:

AS(t, x, &) = divi x,e) A5 (E, X, §), (25)

where A§(t, x, £) is compact in LI(R%+2) for some q > 1. Combining (25) and the following Lemma 3.1
yield that:

d
fC+AE) - Vaf = 0 (75 +0e¥F) + O diViens) AS + divies) 25 (26)
j=1

where y£,yf — 0 in L% for j=1,2,...,d and A{ € Wllo’f fori=1,2.
Lemma 3.1. (See [4].) Consider Ff and A{ given in (23). Then, we have the following:
If =y{ +d%yf, and A7=divexe 2],
where 7, yf — 0in L2forj=1,2,....,dand Af € Wllocqforiz 1,2.
We are now able to prove the strong convergence of f€ which is based on the averaging lemma.

We use the following theorem, which is a particular case of the version of Perthame and Souganidis
(see [17]):
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Theorem 3.1. Let N be an integer, f, bounded in L°°(RN*1) and {h}, h2} be relatively compact in
[LP RN+H12N with 1 < p < 400 solutions of the transport equation:

O fo+ A'E) - Viefa = 9 (Ve - hl) + Ve - h2,

where A’ € [C2(R)IN verifies the non-degeneracy condition (8). Let ¢ € D(R), then the average uﬁ(y) =
fR O (&) fn(y, &) dE is relatively compact in LP (RN).

Therefore, we see that up to subsequence qus(é)fn(y, £)dg converges in LP(RN) for 1 < p < co
and hence u€ = [ f,dé converges to u= [ fd¢ in L} (RT x RY) for 1 < p <2 thanks to the unique-
ness of the limit. Indeed, as shown in Hwang and Tzavaras [4] we obtain the following kinetic
equation:

O f+A©) - Vxf +gXsE)(3f —8()=dm inD 27
for some m € M((0, T) x R? x (—L, L)). We now need to show that the above equation (27) holds on
the domain (0, 0o) x RY. Let us denote v(t, x) = u(t+ T, x) where u is a solution of Eq. (1) and then v
is obviously a solution of Eq. (1) with initial data vg(x) := v (0, x) = u(T, x). Then the uniform bounds
(10) and (11) in Theorem 2.1 verify the assumption (9) and thus we can show the above argument for
the solution v which provides that: there exists u on (T, 2T) x R? such that u¢ converges strongly to u
and u is a solution of Eq. (2) on (T, 2T) x RY. In conclusion, using a standard diagonalization process,
we obtain the strong convergence and (27) on the RT x R%. To complete the proof of Theorem 1.1,
we need to show the uniqueness of solution u to (2) for § = o(¢2). The proof will be provided in the
following section.

4. Uniqueness proof for § = 0(€?)

We first introduce the strong trace result [7] for Eq. (2) near the boundary {t = 0} which plays an
important role in the uniqueness proof of (2) and (27).

Theorem 4.1. Let the flux function A lie in C2(R) and satisfy (8). Consider any function u € L (R x RY)
which verifies (2) and (27) in R x RY. Then, there exists u® € L% (RY) such that for every compact set K € £2:

essliom/\u(s, x) —u (x)|dx=0. (28)
K

In particular, the trace u® is unique and for any function F € CO(R), F(u) has also a strong trace F (u)* and
[Fw)]" =F(uY).
From Theorem 4.1, we are able to show the uniqueness of (2) and (27).
Proposition 4.1. Assume that the measure m in (27) is nonnegative. Let u and v be solutions of (2) and

(27) with initial conditions u(0, x) = up(x) € L2(R%) N L®(RY) and v(0, x) = vo(x) € L2(RY) N L®(RY),
respectively. Then, for a.e. t € R,

f}u(t, X) = v(t,x)|dx < /|u0(x) —vo(x)|dx, (29)
Bg BR

where Bg = {x e RY | ||x|| < R} forany R > 0.
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Remark 4.1. The measure m given in (27) is nonnegative for § = o(¢?), but we do not know whether
it is nonnegative or not for § = 0(e2) (see Hwang and Tzavaras [4]). Thus, we cannot verify the
uniqueness of Egs. (2) and (27) for 8§ = 0 (€?).

Remark 4.2. We are able to see Kwon [6] in which the same method is used for the initial boundary
value problem for multidimensional scalar conservation laws.

Proof of Proposition 4.1. We first need to regularize the kinetic equation (27) with respect to the
variables (t,x) by convolution of mollified functions. This method was first initiated by Perthame
[16] for the uniqueness proof of an initial value problem. Let u and v be solutions of (2) and (27).
We set two x functions f; and f, corresponding to solutions u and v, respectively by f1(t,x,&) =
X (&;u(t,x)) and fo(t,x, &) = x(&; v(t,x)). We recall kinetic equations (27) for f; and f, respectively.
From (27), there exist my, my € M+T(R* x R x (=L, L)) such that

df1+a®) - Vufi + gX)s&) (0 f1 — 8(€)) = demy,
d fr+a(€) - Vufr + gX)s(&) (0 f2 — 8(§)) = demy (30)

for x functions fi, f, respectively.
We now want to show the following inequality:

L
//at‘fl(taxyé)_f2(tyxa$)’2_g(x)s/(é)”l(tyxyg)—f2(t,x5$)|2d‘§dx§0 (31)

Bgr —L

for a.e. t € R. We need first to regularize f1 and f, with respect to variable (t, x). We set € = (€1, €2)

and define ¢, by
1 t\ 1 X
Pe(t,x) = —¢>1(—>—d¢2(—>,
€1 €1/ € €2

where ¢1 € C°(R) and ¢ € C?C(Rd) verifying ¢; >0, [¢; =1, j=1,2, supp(¢1) C (0,1). We next
mention some convenient notations:

o fIEX8) = f1(.8) xn ¢, %), 3, %,8) = fo(, -, &) *(x) Pe(t. %),
L4 mi (t7xv E) = ml('a *y é) *(I,X) ¢€ (tvx)v m; (tv X, S) = mz('7 ) 5) *([,X) ¢€ (t7 X),

where *( y means convolution in (t,x) and we extend fi1, f2, my, my to R4*+1 by putting 0 on
(Rt x RY)C. The following lemma is devoted to controlling the part of entropy defect measures mj,
my of u, v respectively and the proof is provided in Perthame [16].

Lemma 4.1. Let m1 and my be nonnegative measures given in Eq. (27). Then, the following holds:
L
lim [ 08 e MG e % e dE =0 (32)
-L
in D'(R* x RY).
Proof of (31). Consider a regular mollified function ¢, as defined above. Let us take the convolution

of two kinetic equations (30). Then we subtract these two equations obtained above and multiply
them by fi — f5, which yields
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L
/ / Bl FE 2 8) — £ (€%, )%+ 2[(800SE)0 (Fi — £2)) #ey de | (FE — F5) de dx
R —L

L
=2/fag(m§(t, x, &) —m§(t, x, &) (ff (t.x, &) — f5(t.x,&)) d& dx (33)

Rd —L

for a.e. t > 0. We need to deal with the part of defect measure. From Lemma 4.1, we obtain

L
elig})/fas(mi(uA,S)—mi(',-,é))(ff(mé)—ff(u-,é))dédx
Rd —L
L
R —L

—1li
e—0
RA —L
<0 (34)

L
m /mﬁ(-, L E)(SE=v) * Pe) + M5 (-, -, §) Be=u) * Pe) d& dx

for a.e. t > 0. Thus, we have the following inequality:
L L
[ [alnexs - pexof e [ [-ews©lners - pexofdax<o 65)
Rd —L Rd —L
for all t e R™, which provides
L
/fat|f1<t,x,s>—f2<t,x,s>|2dsdx<o (36)
Rd —L
thanks to g(x) >0 and s'(¢) >0 for a.e. (x,£) € R? x (—L, L). Integrating (36) for variable t gives

L L
/[m(t,x,s)—fz(r,x,s>|2dsdx<[/|f1<s,x,s>—f2<s,x,s>|2dsdx

Bgr —L Br —L

for 0 <s<t.
Since uf — ug and ue — u in Llloc. we are easily able to see that u(t, -) weakly converges to ug as

t tends to 0 and thus Theorem 4.1 yields that

/]u(t, X) = v(t,x)|dx < /\uo(x) — vo(x)| dx
Bg BR

for all t € Rt and R > 0. Indeed, |fi(t,x,&) — fa(t,x, €)% = | f1(t,x, &) — fa(t, %, &)|. The proof is
complete. O
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