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0. Introduction

An important question for a linear operator T is whether T possesses “convenient” invertibility
properties. For example, if T =1 — A, where A is the Laplace operator, and f €.#”(R?) fulfills

Tf=g, (0.1)
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for some given g € . (R%), then it follows by Fourier’s inversion formula that f € .(R%). Similar facts
are true when 1 — A is replaced by any partial differential operator whose symbol satisfies certain
hypoellipticity conditions. Furthermore, if in addition the coefficients are constant, then f can easily
be computed by a similar Fourier argument as for 1 — A.

In most situations, T fails to be (globally) hypoelliptic, and the involved functions or distributions
f and g do not belong to .#(RY). Therefore the target and image spaces of T need to be replaced by
appropriate Banach or Fréchet spaces 5 and C, respectively.

From now on we assume that T is a pseudo-differential operator with symbols belonging to an
extended family of SG symbols. (See Sections 1, 2 and 5 for strict definitions.) We remark that the SG-
calculus of pseudo-differential operators was introduced independently by C. Parenti and H.O. Cordes
in the '70s, see, e.g., [2,3,23], and that several important global problems in science and technology
can be formulated in terms of such operators. For example, any linear partial differential operator
with constant coefficients, Klein-Gordon’s equation, and Schrédinger equations for different atoms
can be formulated within the framework of the SG-calculus.

The assumptions on B and C in (0.1) are few, and are specified in Section 1. For example B and
C can be modulation spaces, a family of Banach spaces of functions and tempered distributions, in-
troduced by H.G. Feichtinger in [7], and developed further and generalized by H.G. Feichtinger and
K.H. Grochenig in [10]. (See [10,12] for general facts and [9] for a modern approach to modulation
spaces.) We remark that the family of modulation spaces is broad in the sense that it contains the
Sobolev spaces H52 and the Sobolev-Kato spaces Hsz,:- (Cf. Remark 1.6.) Since the union and intersec-
tion of the Sobolev-Kato spaces equals ./ and ., respectively, similar facts are true for modulation
spaces.

We recall that T is continuous on . and on .¥’, and if B is a modulation space, then it is not
complicated to find the smallest modulation space C such that T is continuous from B to C, in view
of [13,28]. Furthermore, if in addition T satisfies an appropriate hypoellipticity condition and g in
(0.1) belongs to C, then it follows that f belongs to 5. Hence for such choices of T, 13 and C it is not
complicated to obtain satisfactory answers on the following questions:

Q1. Is T extendable to a continuous operator from 5 to C?
Q2. Let geC in (0.1). Is it true that f € B?

In Sections 2 and 5 we introduce global wave-front sets WFi(f) of the distribution f, with respect
to the Banach or Fréchet space 13, and establish basic mapping properties of such wave-front sets. The
set WFs(f) is the union of three components, WFg(f), m = 1,2, 3. The first component, WF}B(f),
is the local component which agrees with WFi(f) in [4], and informs about singular points of f
with respect to 3, and the directions where these singularities propagate. The components WF3(f),
m = 2,3, inform where at infinity, the growths and oscillations respectively for f are strong enough
such that f fails to belong to 3. We note that if B=.7, then the components WF;(f), m=1,2,3,
agree with WFg(f), WF%(f) and WF"ée(f), respectively, in [6].

We establish mapping properties for the wave-front sets, and for example prove that if T is con-
tinuous on . and restricts to a continuous map from B to C, then

WFc(g) S WFs(f) S WFc(g) UChar(T), g=Tf, (0.2)
for the global wave-front sets, and similarly for their components. That is, WF¢(g) is contained in
WEFg(f), and opposite inclusion is obtained by including Char(T), the set of characteristic points
of T. In particular, by using the equivalence

WFL(f)=0 < f€DBioc (0.3)

proved in [4], in combination with

WFs(f)=0 < feB, (0.4)
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proved in Section 2, it follows that wave-front sets can be used to give detailed answers (locally and
globally) on the questions Q1 and Q2, here above. Here (0.4) is proved in the case B = .7 in [6].
Furthermore, we may use our results to obtain answers on the following questions:

Q3. Assume that f in (0.1) fails to belong to B in some way. In what ways might g fail to belong
to C?

Q4. Assume that g in (0.1) fails to belong to C in some way. In what ways might f fail to belong
to B?

It is of fundamental interests to obtain detailed answers on such questions. In Section 4 we present
related examples, where it is shown how the results can be applied to establish properties of solu-
tions to certain partial differential equations. Here we remark that the local components in (0.2) also
include improvements concerning the set Char(T). In fact, let Char/(T) be the set of characteristic
points of T as it is defined in [16, Chapter XVIII]. Then Char(T) € Char'(T), where strict inclusion
might occur. (Cf. Remark 2.4 in [4] and Remark 1.4 in [24].)

More generally, in order to get more detailed information on the links between f and g in (0.1),
we introduce in Section 5 global wave-front sets with respect to sequences of appropriate Banach or
Fréchet spaces, and prove that the usual properties (0.2)-(0.4) for such wave-front sets, still hold.
For example, from these investigations, it follows that (0.2)-(0.4) holds when B = C equals .#(RY),
QoRY) or Q (RY), where

Qo(RY) ={f e c®(RY): |3 f(0)| < ()N for some N and every « € Z¢}
and
QRY) ={f ec®RY): |9 f(x)| S (x)N, where Ny depends on o € Z°}

(cf. Remark 5.10). Here and in what follows we write A < B when A < ¢B for a suitable constant
¢ > 0. In particular, if Char(T) =@ (for example when T = l —A), f,ge /’ and (0.1) holds, then Tf
belongs to Qo, if and only if f belongs to Qg. The same is true if Qg is replaced by Q or .7.

We remark that if B equals .¥ or HS ¢» then WF(f) agree with the wave-front sets of f with
respect to . and HS ¢» Tespectively, given in [6] and [22], see also [17]. Consequently, we recover the
micro-locality and micro-ellipticity properties that hold for wave-front sets of Sobolev type introduced
by Héormander [16], and classical wave-front sets with respect to smoothness (cf. Sections 8.1 and 8.2
in [15]), as well as for wave-front sets of Banach function type in [4], and wave-front sets with respect
to . and H?l s, in [6,22]. In particular, our approach links the “local” analysis carried out in [4,24],
with the “global” analogue treated, e.g., in [6].

The paper is organized as follows. In Section 1 we recall the definition and basic properties of
pseudo-differential operators, translation invariant Banach function spaces and modulation spaces.
Here we also define three types of sets of characteristic points and show some properties for them.
One of these characteristic sets coincides with the one defined in [4].

In Section 2 we define the global wave-front sets of B-type WFz(f), and its components WF(f).
Furthermore, we prove that WFM(w %)(f) and WFﬁﬂ (w)(f) coincide with the wave-front sets de-
fined in [4], when M(w, %) is locally the same as the Fourier BF-space .% % (w). The remaining part
of the section is devoted to the proof of a relation between the wave-front sets of B-type and the
sets of characteristic points. Here we also prove (0.4).

Sections 3 and 5 are devoted to mapping properties for pseudo-differential operators in the context
of these wave-front sets. Especially we prove (0.2) for appropriate spaces. Here the most general
situation is given in Section 5, involving wave-front sets with respect to sequences of spaces. Examples
of applications of our results are given in Section 4 and at the end of Section 5. Finally, in Appendix A
we prove some properties for the sets of characteristic points stated in Section 1.
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1. Preliminaries

In what follows we let I" denote an open cone in R?\ 0. (The vertices of the cones are always
origin.) If £ e R?\ 0 is fixed, then an open cone which contains & is sometimes denoted by TI%.

1.1. Weight functions

Let w and v be positive measurable functions on R?. Then o is called v-moderate if
wx+y) Sw®)V(y). (11)

If v in (1.1) can be chosen as a polynomial, then w is called a function or weight of polynomial type.
We let 2[R?) be the set of all polynomial type functions on RY. If w(x,&) € Z(R*) is constant
with respect to the x-variable or the &-variable, then we sometimes write w(§), respectively w(x),
instead of w(x, £). In this case we consider w as an element in 2R or in Z(R?) depending on
the situation. We say that v is submultiplicative if (1.1) holds for w = v. For convenience we assume
that all submultiplicative weights are even, and we always let v and v; stand for submultiplicative
weights, if nothing else is stated.

Without loss of generality we may assume that every w € Z(RY) is smooth and satisfies the
ellipticity condition 8%w/w € L®. In fact, by Lemma 1.2 in [27] it follows that for each w € Z(R%),
there is a smooth and elliptic wp € Z(R?) which is equivalent to w in the sense

w = wp. (1.2)

Here and in what follows we use the notation A < B when A < B < A.
We need some more conditions on the involved weights. More precisely let r, p > 0. Then
2: »,(R%) is the set of all w(x, &) in 2(R*) N C>®(R*?) such that

o w(x, £)

aa
rlal gy o181 X
(x)"71(E) )

for every multi-indices o and . Note that &7 , is different here compared to [4], and that there are
elements in Z2(R2?) which have no equivalent elements in ,@r,p(RZd). On the other hand, if s,t €R
and r, p € [0, 1], then ﬁ’r,p(RZd) contains all weights of the form w(x, &) = (x)t(£)®, which are one of
the most common type of weights in the applications.

1.2. Translation invariant Banach function spaces

Next we define Banach function spaces (BF-spaces) and present some useful properties.

Definition 1.1. Let Z C L' (RY), and let v € Z(R%) be submultiplicative. Then % is called a (transla-

loc
tion) invariant BF-space on R? (with respect to v), if the following is true:

(1) SRY € B <. RY) (continuous embeddings);
(2) if xeR? and f € B, then f(- —x) € A, and

1fC=0]4S vl flle: (13)
(3) if f,ge Ll (RY) satisfy g € Z and |f(x)| < |g(x)| almost everywhere, then f € # and

loc

I fllez < l1glle:
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(4)if feZand p e Cgo(Rd), then f * ¢ € %, and
If*@lle < Ilwlngv)llfllgg. (14)

The property (3) in Definition 1.1 is associated with solidity in function space theory. Consequently,
the translation invariant BF-spaces here are also solid BF-spaces. Since C° is dense in L}V). it follows
from (1.4) that the convolution product extends uniquely to a continuous multiplication from % x
L}V)(Rd) to B.

Assume that 4 is a translation invariant BF-space. If f € % and h € L, then it follows from (3)
in Definition 1.1 that f-h € # and

If-hllz S fllzllhllie. (1.5)
Also let w € ZRY). Then the Fourier BF-space .# % (w) is the set of all f €.%/(R?) such that

&> ]‘(g)a)(é) belongs to 2. Here and in what follows, .Z is the Fourier transform on .#”(R%), which
takes the form

(F)E) =F &) = @m)~? / F e i) dy
Rd

when f e L1(R%). It follows that .% Z(w) is a Banach space under the norm

1 fllzzw = folls. (1.6)
Remark 1.2. Definition 1.1 is not the standard definition of Banach function spaces, and there are
several approaches to the theory of such spaces. We refer to [8,21] and the references therein for
more facts about such spaces.
Remark 1.3. In several situations it is convenient to permit an x dependency for the weight w in

the definition of Fourier BF-spaces. More precisely, for each w(x, &) € Z(R%?) and each translation
invariant BF-space % on RY, we let .Z %(w) be the set of all f €.&’(R?) such that

1fll 72w = 1 fll 72X = | fo®x )] 4
is finite. Since w is v-moderate for some v € Z(R%%) it follows that different choices of x give rise
to equivalent norms. Therefore the condition | f||.# ) < oo is independent of x, and it follows that

F %(w) is independent of x although || - || # () might depend on x.

1.3. Modulation spaces

Let ¢ € .#(RY). Then the short-time Fourier transform of f € .(R%) with respect to (the window
function) ¢ is defined by

Vo f(x, &) = m)~Y? / fFely —xe W& gy, (1.7)
Rd

More generally, the short-time Fourier transform of f €.’ (R%) with respect to ¢ € ./ (RY) is defined
by

(Vo f)=F2F, where F(x,y) = (f ®$)(y,y — ). 1.7y
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Here .%,F is the partial Fourier transform of F(x, y) € ./ (R??) with respect to the y-variable. The
definition (1.7) makes sense, since the mappings .%, and F + S*F = F o S with S(x,y) = (y,y —X)
are homeomorphisms on .%’/(R?%). It is obvious that (1.7) and (1.7)’ agree when f,¢ € ./ (R%). We
refer to [11,12] for more facts about the short-time Fourier transform.

We mainly follow [9] when defining modulation spaces. Let % be a translation invariant BF-
space on R2¢ with respect to v e Z(R%Y), ¢ € S (RY)\ 0 and let w € Z(R¥) be such that w is
v-moderate. The modulation space M(w, %) consists of all f € .7/(R?) such that Vof -weB. We
note that M(w, %) is a Banach space with the norm

1 fiM@.2) =1V follz (1.8)
(cf. [10]).

Remark 1.4. Assume that p,q € [1, cc], and let L}"/(R*®) and L5(R*) be the sets of all F € L} (R*)

such that
qa/p 1/q
||F||L¢qE</(f|F(x,s)|"dx> dg) <00

and

p/q 1/p
IIFlng«qE</</|F(x,$)|qu) dx) <00,

Then M(w, Lf’q(RZd)) is equal to the classical modulation space Mfc;g(Rd), and M(w, Lg’q(RZd)) is

equal to the space W(pa')‘)l (RY), related to Wiener-amalgam spaces (cf. [7,9,10,12]).

For notational convenience we set MP = = MPP Wfa’f)’. Furthermore, if @ = 1, then we write

@ =~ M) =
MP9, MP and WP-4 instead of M(;}, M(, and W (¥ respectively.
In the following proposition we list some important properties for modulation spaces. We refer to

[12] for the proof.

Proposition 1.5. Let w, vo, v € Z(R%) be such that v and vq are submultiplicative, and w is v-moderate.
Also let 2 be a translation invariant BF-space on R% with respect to vo and f € .’ (RY). Then the following
is true:

(1) ifpe M}VOV)(Rd) \ 0, then f € M(w, %) ifand only if Vy f - w € AB. Furthermore, (1.8) defines a norm
on M(w, %), and different choices of ¢ give rise to equivalent norms;

(2) SR S M, RY) C M@, B) € M, R €7 RY.

Proposition 1.5(1) allows us to be rather vague about the choice of ¢ € Mgvm \ 0 in (1.8). For
example, if C > 0 is a constant and Sp is a subset of ., then |||y, ) < C for every a € So, means
that the inequality holds for some choice of ¢ € szOV) \ 0 and every a € Sp. Evidently, for any other
choice of ¢ € M! \ 0, a similar inequality is true although C may have to be replaced by a larger

. (vov)
constant, if necessary.

In what follows we let o5 and o5 be the weights

os(x.&) = (x,£)° and o5((x.§) = (X)'(5)°, xEeR (1.9)
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Remark 1.6. Several important spaces agree with certain modulation spaces. In fact, let s,t € R. Then
M2 (RY) is equal to the weighted Sobolev space (or Sobolev-Kato space) Hsz,t(Rd) in [6,22], the set

(0s,t)

of all f .7 (R such that (x){(D)*f € L2. In particular, M%Uso) and M%UOr) are equal to H? and L?,
respectively.
Furthermore, M(ZUS)(R‘!) is equal to the Shubin-Sobolev space of order s. (Cf. e.g. [20].)

We recall that Fourier BF-spaces and modulation spaces are locally the same. In fact, let ¢ €
Z (R \ 0, # be a translation invariant BF-space on RY, o e 2R and set wy(§) = w(xg, ) for
some fixed xo € R%. Then

Zo={fe s RY); 9® f € B} (1.10)

is a translation invariant BF-space on R under the norm I flleg, = ll¢ ® flle. The space Zy is inde-
pendent of ¢ € . RY) \ 0, and different choices of ¢ give rise to equivalent norms. Furthermore

M(w, )N &' (RY) = Z Bo(wo) N &' (RY) (111)
(cf. [4,26]).
14. Pseudo-differential operators and symbol classes
Next we recall some facts in Chapter XVIII in [16] concerning pseudo-differential operators. Let a €

(R, and t € R be fixed. Then the pseudo-differential operator Op,(a) is the linear and continuous
operator on . (R%) defined by the formula

(Op;(@ f)x) = 1)~ / f a((1—Ox+ty, &) f(y)e'* V¥ dyde. (112)

For general a € ./ (R%%), the pseudo-differential operator Op,(a) is defined as the continuous operator
from . (RY) to .7’ (R%) with distribution kernel

Kea(x, y) = Q)2 (Z, a) (1 — Ox + ty, x — ). (1.13)
This definition makes sense, since .%, and the map
Fr>FoS: withSi(x,y)=(1—-0x+ty,x—y)
are homeomorphisms on .¥”(R%). We also note that the latter definition of Op;(a) agrees with the
operator in (1.12) when a € .7 (R?%).
If t =0, then Op;(a) is the Kohn-Nirenberg representation Op(a) = a(x, D), and if t = 1/2, then
Op;(a) is the Weyl quantization.

Let a € .%/(R%) and s,t € R. Then there is a unique b € .%”(R%) such that Op,(a) = Op;(b). By
straightforward applications of Fourier’s inversion formula, it follows that

Ops(a) =0p,(b) = b(x, &) = el PxDelg(x, ) (114)

(cf. Section 18.5 in [16]).
Next we discuss our symbol classes. Let m, u,r, p € R be fixed. Then SG??b“(RZd) is the set of all
a € C®(R¥) such that
DEDfa(x. &)| < (xym e g) PP,

for all multi-indices « and . Usually we assume that r, p >0 and p +1r > 0.
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More generally, assume that € & ,(R*). Then SGﬁf‘;)) (R2%) consists of all a € C*°(R2%) such that
IDZDfa(x. &) S w(x. £)(x) E) PP x & eRY, (115)
for all multi-indices o and 8. We note that
SG) (R¥) = S(w, gr.p), (1.16)
when g = g; , is the Riemannian metric on R24, defined by the formula

(&r.p)(y X E) = (¥) "7 |xI2 + () 2P €| (1.17)

(cf. Sections 18.4-18.6 in [16]). Furthermore, SG\*) = SG;"4* when w(x, &) = (x)™ ()1
The following result shows that pseudo-differential operators with symbols in SGﬁf‘;,) behave well.

Proposition 1.7. Let 2 be a translation invariant BF-space on R, s, t e R, 1, p >0, w € PR, wy €
Qr,p(RZd) and let a,b € .7 (R%) be such that Op,(a) = Opy (b). Then the following is true:

M) ae SGﬁf‘;?)(RZd) ifand only if b € SG\’ (R2%), and then
a-be SGﬁf‘;ﬁ’/a"‘r)(RZd);

(2) ifae SGﬁf‘;?)(RZd), then Op;(a) is continuous on . RY) and extends uniquely to a continuous operator
on.7'(RY);

(3) ifae SGﬁf‘;?)(RZd), then Opy (a) is continuous from M(w, %) to M(w/wo, B);

(4) there exist a € SGﬁf‘;f)(RZd) and b e SGﬁ}éwO)(RZd) such that for every choice of @ € 2 (R%?) and every
translation invariant BF-space % on R4, the mappings

op:(@:#RY) - #(RY),  Op@: 7 (RY) — .7 (RY) and
Op(a) : M(w, B) — M(w/wo, B)
are continuous bijections with inverses Op; (b).

Proof. From the assumptions it follows that g , in (1.17) is slowly varying, o-temperate and satis-
fies gr p < gfp, and that w is gr, ,-continuous and (o, g, )-temperate (see Sections 18.4-18.6 in [16]
for definitions). The assertions (1) and (2) are now consequences of Proposition 18.5.10 and Theo-
rem 18.6.2 in [16], and (1.16).

Finally, (3) and (4) follow immediately from [28, Theorem 3.2] and [13, Theorem 2.1]. The proof is
complete. O

We remark that explicit bijections of the form in Proposition 1.7(4) can be found in [13, Section 3].
The following definition is motivated by Proposition 1.7(3) and (4).

Definition 1.8. Let r, p € [0, 1], t € R, B be a topological vector space of distributions on R? such that
Z(RY) cBc .7 (RY)

with continuous embeddings. Then B is called SG-admissible (with respect to r, p and d) when Op;(a)
maps B continuously into itself, for every a € SG?;S.
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If B and C are SG-admissible with respect to r, p and d, and w € ﬁr,p(RZd), then the pair (B, C)
is called SG-ordered (with respect to wp), when the mappings

Op;(a):B—C and Op;(b):C— B

are continuous for every a € SG%))(RM) and b e SG%”O)(RM).

Remark 1.9. Let %4, t, 1, p, w and wg be as in Proposition 1.7, and let B be SG-admissible with respect
to r, p and d. Then there is a unique SG-admissible C such that (53,C) is an SG-ordered pair with
respect to wy.

In fact, let a be as in Proposition 1.7(4). Then C is the image of B under Op,(a). The details are
left for the reader.

In particular, . (R?), .’ (RY) and M(w, %) are SG-admissible, and

(7Y, #RY). (< (RY), 7' (RY)) and (M(w, D), M(w/wo, B))
are SG-ordered with respect to wy.
If a € SGI“Y (R¥), then
la(x, )| S wo(x, §).
On the other hand, a is invertible, in the sense that 1/a is a symbol in SGS/)“)O)(RM), if and only if

wo(x, ) < lax. £)|. (118)

A slightly relaxed condition appears when (1.18) holds for all points (x, &), outside a compact set
K € R4 In this case we say that a is elliptic (with respect to wp).

In the following we discuss more local invertibility conditions for symbols in SGﬁf‘fo”) (RZd) in terms
of sets of characteristic points of the involved symbols. We remark that our definition of such sets is
slightly different compared to [16, Definition 18.1.5] and [6] in view of Remark 1.16 below.

Definition 1.10. Let 1, p > 0, wp € Zr ,(R*?) and let a e SGﬁf’g’)(RZd).

(1) a is called locally or type-1 invertible with respect to wyg at the point (xo, &) € RY x (R?\ 0), if there
exist a neighborhood X of xg, an open conical neighborhood I' of & and a positive constant R
such that (1.18) holds for x€ X, £ € I and |&| > R.

(2) a is called Fourier-locally or type-2 invertible with respect to wp at the point (xp, &) € (RY\ 0) x RY,
if there exist an open conical neighborhood I' of xp, a neighborhood X of & and a positive
constant R such that (1.18) holds for xe I', |x| > R and & € X.

(3) a is called oscillating or type-3 invertible with respect to wg at the point (xg, &) € (R?\0) x (R?\ 0),
if there exist open conical neighborhoods I'y of xg and I, of &y, and a positive constant R such
that (1.18) holds for x € I'1, |x| > R, £ € I3 and |&]| > R.

If me{1,2,3} and a is not type-m invertible with respect to wg at (xo, &), then (xo, &) is called
type-m characteristic for a with respect to wg. The set of type-m characteristic points for a with respect
to wg is denoted by Char’gzvo)(a).

The (global) set of characteristic points (the characteristic set), for a symbol a € SGﬁ,“;?)(RZd) with
respect to wy, is

Char(a) = Char () (a) = Chargwo) (a) U Char%wo) (a) U Char?wo) (a).
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Remark 1.11. In the case wg =1 we exclude the phrase “with respect to wp” in Definition 1.10. For
example, a € SG'p(R*) is type-1 invertible at (xo,&) € RY x (R?\ 0) if (xo,&0) ¢ Char(,,, (@) with
wo = 1. This means that there exist a neighborhood X of xp, an open conical neighborhood I" of &
and R > 0 such that (1.18) holds for wg =1, x € X and & € I' satisfies |§| > R.

In the next definition we introduce different classes of cutoff functions (see also Definition 1.9
in [4]).

Definition 1.12. Let X C R? be open, I" CR?\ 0 be an open cone, xg € X and let & e I".

(1) A smooth function ¢ on R? is called a cutoff (function) with respect to xo and X, if 0 < ¢ <1,
¢ € C3°(X) and ¢ =1 in an open neighborhood of xp. The set of cutoffs with respect to xo and X
is denoted by €x,(X) or Gx,.

(2) A smooth function v on RY is called a directional cutoff (function) with respect to & and I, if
there is a constant R > 0 and open conical neighborhood I'1 C I' of & such that the following is
true:

e 0<¢¥ <1andsuppy CI;

o Y(t&§) =y (&) whent>1 and [§]| > R;

e Y(§)=1when & €I and |&| > R.

The set of directional cutoffs with respect to & and I" is denoted by %g)ir(l“) or %S%ir.

Remark 1.13. Let X CR? be openand I, I, I, C R¢ \ 0 be open cones. Then the following is true:

(1) if X0 € X, §0 € I', ¢ € G (X) and ¥ € GI°(I"), then ¢; = ¢ ® ¥ belongs to SGI'J(R*), and is
type-1 invertible at (xo, éo); |

Q) ifxoel, & eX, ¥ e ?gx%lr(p) and ¢ € %, (X), then ¢; = ¥ ® ¢ belongs to SG?:?(RM)' and is
type-2 invertible at (xo, &o); ‘

(3) if xo € I'1, & € Iy, Y1 € GLT(IN) and Y € A (I), then ¢3 = Y1 ® Y2 belongs to SG?:?(RZ").
and is type-3 invertible at (xo, ).

In the following proposition we show that Op,(a) for t € R satisfies convenient invertibility prop-
erties of the form

Op;(a) Op,(b) = Op;(c) + Op(h), (119)
outside the set of characteristic points for a symbol a. Here Op;(b), Op;(c) and Op;(h) have the roles
of “local inverse”, “local identity” and smoothing operators respectively. From these propositions it
also follows that our sets of characteristic points in Definition 1.10 are related to those in [6,16].

Before stating the results we let I; and £2,, m =1, 2, 3, be the sets
I; =[0,1] x (0, 1], I, =(0,1] x [0, 1], I3=(0,11x(0,1]=T1 NIy,
and
21=Rx (R1\0), £2,=(R'\0) xR,
25 =R\ 0) x (R\ 0), (1.20)

which will frequently appear.

Proposition 1.14. Let m € {1,2, 3}, (r, p) € Im, wo € 2 ,(R??) and let a € SGﬁf‘;?)(RZd). Also let 2, be as
in (1.20), (xo, &0) € £2m, and let (rg, po) be equal to (r, 0), (0, p) and (r, p) when m is equal to 1, 2 and 3,
respectively. Then the following conditions are equivalent:
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(1) (x0.%0) ¢ Char™™, | (@);

(2) thereis anelement c € SG?_‘g which is type-m invertible at (xg, &), and an element b € SG%‘”") such that
ab =c;

(3) (1.19) holds for some c € SG?,‘S which is type-m invertible at (xo, &), and some elements h € SG;;,O
and b € SG\)™;

(4) (1.19) holds for some ¢y, € SGE’S in Remark 1.13 which is type-m invertible at (xg, &), and some elements
handb e SG%”O), where h € . whenm € {1, 3} and h € SG=*° whenm = 2.

Furthermore, if t = 0, then the supports of b and h can be chosen to be contained in X x RY whenm =1,
inl" x RYwhenm =2, and in I, x RY when m = 3.

»—P0

Proposition 1.14 for m = 1,2 follows by the same arguments as in the proof of Proposition 2.3
in [4], and the case m = 3 follows by similar arguments. For completeness we give a proof of Propo-
sition 1.14 in the case m =3 in Appendix A.

As a consequence of Proposition 1.14, we can show that the sets of characteristic points are invari-
ant under the choice of pseudo-differential calculus.

Proposition 1.15. Let m € {1,2, 3}, (r, p) € I, wo € P, ,(R??), s, t € Rand let a, b € SG{“’ (R?) be such
that Op,(a) = Opy (b). Then Charl,, , (a) = Charf,, , (b).

Proof. We may assume that s = 0. We only consider the case m = 3. The other cases follow by similar
arguments and are left for the reader. By [16, Proposition 18.5.10], it follows that b = a + h, where
he SGﬁ?;?/U’”). (Cf. (1.9).) Then for each ¢ > 0 there is a constant R > 0 such that |h(x, &)| < ewo(x, &)
when |x| > R or || > R. This implies that (3) in Definition 1.10 is fulfilled for a, if and only if it is
fulfilled for b. This gives the result. O

Remark 1.16. Let wq(x, &) = (£)", r € R, and assume that a € SGQ’,%(RZd) = SG%))(RM) is polyhomoge-
neous with principal symbol a, € SGQ"%(RZ‘{) (cf. Definition 18.1.5 in [16]). Also let Char’(a) be the set

of characteristic points of Op(a) in the classical sense (i.e., in the sense of Definition 18.1.25 in [16]).
Then

Char(,,  (a) C Char'(a), (121)

where strict inclusion might appear in view of Remark 1.4 and Example 3.9 in [24].
By similar arguments it follows that the sets Char(zwo)(a) and Char?wo)(a) are contained in corre-
sponding sets of characteristic points in [6].

2. Global wave-front sets

In this section we define global wave-front sets for temperate distributions with respect to Banach
or Fréchet spaces and establish some properties. The basic ideas behind these definitions can be found
in [6].

We start by introducing the complements of the wave-front sets. More precisely, let 2,, m €
{1,2, 3}, be given by (1.20), B be a Banach or Fréchet space such that . (R%) € B €.7'(R%), and let
f e . (RY). Then the point (xo, £) € 2 is called type-m regular for f with respect to B, if

Op(cm) f € B, (2.1)

for some c;; in Remark 1.13. The set of all type-m regular points for f with respect to 15, is denoted
by OF(f).
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Definition 2.1. Let m € {1, 2, 3}, 25, be as in (1.20), and let 3 be a Banach or Fréchet space such that
S RY) CBc .S RY:

(1) the type-m wave-front set of f € .#’(RY) with respect to B is the complement of @g(f) in 2p,
and is denoted by WFj(f);

(2) the global wave-front set WFg(f) € (R? x R%)\ 0 is the set
WEs(f) = WF(f) UWFS(f) UWF(f).

The sets WF;(f), WF%(f) and WF%(f) in Definition 2.1, are also called the local, Fourier-local and
oscillating wave-front set of f with respect to 5.

From now on we assume that 53 in Definition 2.1 is SG-admissible, and recall that Sobolev-Kato
spaces and, more generally, modulation spaces, and .”(R%) are SG-admissible. (Cf. Definition 1.8, and
Remarks 1.6 and 1.9.)

Remark 2.2. In a similar way as in [6, Remark 2.3], we note that Definition 2.1 does not change if the
condition (2.1) with ¢;; as in Remark 1.13, m =1, 2, 3, is replaced by

v(D)e-f¢B, D)y -f)¢B, and YD) - f) ¢ B,

respectively (when B is SG-admissible).

We only prove the assertion in the case m = 1, leaving the verification for the other cases to the
reader. Let c(x, &) = @(X)¥ (§) where ¢ € Gy, (RY) and ¥ € %EC('J“(R" \ 0), and let ¢; € SG'p be equal to
1 on suppc. Then it follows from the symbolic calculus that

Op(c1) Op(c) = Op(c) Op(c1) mod Op(#) = Op(c) mod Op(¥). (2.2)

A combination of (2.2) and the facts that each pseudo-differential operator with symbol in SG?"S is
continuous on B now shows that (1) in Definition 2.1 does not depend on the order we apply the
operators. Here we have also used the fact that elements in Op(.(R%)) map .7’ (R%) continuously
into .7 (RY) C B.

Remark 2.3. Let X € R? be open, B C 2'(X) with continuous embedding, and let Bjoc be the set of
all f e 2'(X) such that ¢ - f € B for every ¢ € C5°(X). Then B is called local if B C Bjgc.

If BC 2/(X) and f € 2'(RY), then the local wave-front set WF}S(f) of f with respect to B is
defined as the set of all (xo,&p) € X x (RY\ 0) such that ¥ (D)(¢ - f) ¢ B for every ¢ € ©x,(X) and
every ¢ € <(a”;(']ir(R‘j\O). By Remark 2.2 it follows that this definition agrees with Definition 2.1(1) when
B is SG-admissible and f € ..

Let Bi, B, € 2'(X) be local such that (Bi)ige € (B2)ioc and (D) is continuous from Bj N &’
to Bj, j=1,2, when ¢ € €. Then WF}gz( fc WF}B1 (f) when f e 2/(X), by Definition 2.1 and
Remark 2.2.

Remark 2.4. Let f € .7/ (RY), x0.£0 € R\ 0, ¥j1 € GITRI\0), j2 € %gf(Rd \0) for j=1,2 be such
that ¥ x =1 on supp v, x for k=1, 2. Also let B be SG-admissible with respect to r, p € [0, 1] and d.

If Yr1,1-¥1,2(D) f € B, then Y21 - ¥22(D) f € B.
In fact, if c; =¥ 1 ® ¥j 2, then ¢y =1 on suppcy, and it follows from the symbolic calculus that
for some h € . we have

V2,1 - ¥2,2(D) f =0p(c2) f =O0p(c2) Op(cy) f 4+ Op(h) f.

The assertion now follows from the fact that Op(c;) and Op(h) are continuous on 5.
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The next proposition gives an alternative definition of the global wave-front set in terms of inter-
section of sets of characteristic points described in Section 1.

Proposition 2.5. Let m € {1,2,3}, (r, p) € Iy, wo € ﬁr,p(RZd), (B, C) be an SG-ordered pair with respect
to wo, f € . (RY), and let

Sunc = [a e SCIP (R): 0p@  ec).
Then

WFg(f)= () Charf,  (a). (2.3)

aeSwOYC

Proof. Let b SG%"’”) and by € SG%’) be chosen such that Proposition 1.7(4) is fulfilled after a is
replaced by by. By Remark 1.9 it follows that Op;(b1) is continuous and bijective from B onto C, with
inverse Op;(b). Since

0p(b) Op(a) € Op(SG;')) = Op(SGY:9)

when a € SGﬁf‘;?), we may assume that wp =1 and C = B.

In order to prove (2.3) for m =1, we first assume that (xo, &) ¢ WF}g(f). By Definition 2.1 there
exist ¢ € 6x, and ¥ € ‘Q‘f}“ such that a(x, &) = eX)Y(§) € SG?:? and Op(a) f € B. Since (1.18) is ful-
filled with wg =1, it follows that a is type-1 invertible at (xo, &). Hence (xo, &) ¢ Chargwo)(a), and
we have proved that ﬂChar}wO)(a) - WFlB(f).

It remains to prove the opposite inclusion. Let a € SG?;S be such that (xg, &) ¢ Char'(a) and
Op(a) f € B. By Proposition 1.14, there are ¢ € Gy,, ¥ € %gr, be SG?"S and h € . such that

Op(¢ ® ) = 0p(b) Op(a) + Op(h).
Since Op(a) f € B, Op(b) is continuous on 5, and Op(h) maps . into ., it follows that ¢ (y(D) f) =

Op(¢ ® ) f € B. Hence (xo, &) ¢ WFlB(f). This proves (2.3). By similar arguments we also get (2.3)
when m equals 2 or 3. The details are left for the reader, and the proof is complete. 0O

The next result describes the relation between “regularity with respect to B” of temperate distri-
butions and global wave-front sets:

Theorem 2.6. Let 13 be SG-admissible, and let f € ./ (RY). Then
feB << WFg(f)=0.
For the proof we need the following lemma:

Lemma 2.7. Let 3 be SG-admissible. Then the following is true:

(1) ifWF}g(f) =0 (WFé(f) = ), then for each bounded open set X C RY, there exists a non-negative a €
SG?:? such thata>1on X x R4 (R? x X) and Op(a) f € B;

(2) ifWF%(f) =, then for some bounded open sets X1, X> € RY such that 0 € X; and 0 € X, there exists a
non-negative a € SG?:? such thata >1on R4\ X1) x (R?\ X3) and Op(a) f € B.



S. Coriasco et al. / ]. Differential Equations 254 (2013) 3228-3258 3241

Proof. We only prove (1) in the case of the local wave-front set. The other assertions follow by similar
arguments and are left for the reader.

The condition WFj(f) = ¢ implies that for each (x, £) € RY x (R?\ 0), there are functions ¢y 1 € G
and yg 1 € C@”Edir such that @y 1 - ¥¢ 1(D)f € B. Now let xg € RY be fixed, and recall that each closed

cone in R?\ O corresponds to a compact set on the unit sphere. Hence, by compactness, it follows
that for some @y, 2 € 6x,, &1,...,6N € R? \ 0 and some constant R > 0, we have

Pr02® Y1 €SGY],  @x2-¥1(D)f €B. and

N
Y1(E)=Y Y1) >1, when &> R.

j=1

Now choose non-negative ¢3 € Cgo(Rd) such that @3(§) =1 when |£] < R. Then ¢y,2 - ¢3(D)f €
Cgo(Rd) C B, since @y, 2 @ ¢3 € Cgo(RZd). Hence, for some @y, € 6,, open neighborhood U = Uy, of
Xo and some constant C > 0, the element ay, = Cgx, ® (Y1 + ¢3) belongs to SG?:? and is larger than
1 on U x RY. Furthermore, Op(ay,) f € B. Summing up we have proved that for each x € RY, there is

an open neighborhood Uy of x and an element ay € SG?‘? such that ay > 1 on Uy and Op(ay) f € B.
For each compact set K we may find finite numbers of Uy, , ... Uy, which cover K. The result now
follows if we choose

a=ay, +---+axy. O

Proof of Theorem 2.6. The right implication is obvious by Definition 2.1, since operators in Op(SG(r)_‘g)
are continuous on B.

Assume that WFs(f) = . Then WF;(f) =@, m=1,2,3. By Lemma 2.7(2), there is a non-negative
element as € SG?:?, bounded open sets X1, Xp such that 0 € X1, 0 € X2, a3 > 1 in (RY\ X7) x (R?\ X2)
and Op(as) f € B. Furthermore, by Lemma 2.7(1), there are non-negative elements aq,a, € SG?:? such

that a; >1in X; xRY, a; > 1 in R? x X3, Op(a;) f € B and Op(ayz) f € B. Hence, if a =a; +ay +as, it
follows that

ae SG?:?, Op(@)feB and a=>1. (2.4)

In particular, a is elliptic in SG?:?, which implies that for some b € SG?:? and h € % we have
Op(b) Op(a) = Id +Op(h)

(cf. the proof of Proposition 1.14 in Appendix A). Since Op(b) and Op(h) are continuous on B and
¥ C B, (24) gives

f=0pb) Op@)f —Oph)f eB,
and the assertion follows. The proof is complete. O

We conclude the section by giving some remarks on wave-front sets of modulation space type.
We start to consider mapping properties under Fourier transformation. Here it is convenient to let wr
be the composition of the weight w € Z2(R2?) with the torsion T (x, £) = (—£, x), and %7 denote the
space of the pull-backs of the elements of the translation invariant BF-space % on R2 with respect
to T. That is,

By ={FoT; Fe#}, and wr=woT, whereT(x, &)= (—&,X). (2.5)
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The first two equalities in the following proposition are related to Lemma 2.4 in [6].

Proposition 2.8. Let m, n € {1, 2, 3} be such that n equals 2, 1 and 3, when m equals 1, 2 and 3, respectively.
Also let 2 be a translation invariant BF-space on R%, w € Z(R?%), and let T, %1 and wr be as in (2.5). If
f e .7 (R%%), then

T(WFjj0, ) () = WFy (o cap) (f)-

Proof. By Fourier’s inversion formula we have
|(Vof)oT|=1V;fl,  F(a-(b(D)f))=aD)b- f).

The result is now a straightforward consequence of these identities, Remark 2.2 and the definitions.
The details are left for the reader. O

Next we consider wave-front sets with respect to Fourier BF-spaces, and make comparisons with
wave-front sets of modulation space types. In fact, in Definition 2.1 we may choose B as the Fourier
BF-space . %g(w), where 4 is a translation invariant BF-space on RY and w € Z(R*). We remark
that if 4 is a translation invariant BF-space on R2¢ such that (1.10) holds, then (1.11) gives

WFlo.2) () =WF% 5 o (), fe.7 (R, (2.6)

The first type of wave-front sets with respect to general modulation space and Fourier BF-spaces
were introduced in [4]. Here we recall these definitions and show that they agree with corresponding
type-1 wave-front sets. Let f € .#/(R9), ¢ € C°(R?) and w € Z(R?). Also let x be the characteristic
function of I'. Then WFjw(w"%)(f) (denoted by WFy, 2)(f) in [4]) consists of all pairs (xo,&o) €

R? x (RY\ 0) such that
(Vo)) - 0@ xr) -0 5 = +o0

for every choice of open conical neighborhood I" of & and ¢ € ,. The wave-front set WFZQ{@(@)(f)

(denoted by WF ; 5, (f) in [4]) consists of all pairs (xo, %) € R? x (R?\ 0) such that |¢ f|.#zw.r) =
+oo for every choice of open conical neighborhood I" of & and ¢ € 6y,. Here

|flzawr =Ifoxrlz.

Proposition 2.9. Let f € .'(RY), & be a translation invariant BF-space, %o be defined by (1.10) and let
w e P R). Then

WF}w(w.@) (f) =WFy (2 () = WF}%@) (f) =WFz 2, (@) ()

Proof. By Theorem 6.9 in [4] we have WF;W(w‘%)(f) =Wng@0(w)(f). Hence, in view of (2.6), it suf-
fices to prove WF}QQO@)(D = WFigg%(w)(f). By Remark 2.2 we have

(%0, %0) ¢ WFZ?@()(@)(f)

= |ox flzso0,r) <oo forsome gy, € 6y, and I" = Iy,
= Vs (D)@ ) 5 gy0y <00 for some gy, € 5, and Yg, € 4T
= (x0,£0) ¢ WF 55 (1) ()

This proves the result. O
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3. Wave-front sets for pseudo-differential operators with smooth symbols

In this section we consider mapping properties for pseudo-differential operators with respect to

global wave-front sets. More precisely, we prove that micro-locality and micro-ellipticity hold for

pseudo-differential operators in Op(SGﬁf‘ﬁ’)). We start with the following result:

Theorem 3.1. Let m € {1,2,3}, (, p) € I, t € R @ € P ,(R?), a € SGIY (R?) and let f € .7 (RY).
Moreover, let (13, C) be an SG-ordered pair with respect to wg. Then

WE (Op; (a) f) € WF(f) € WEFZ (Op;(a) f) U Charg,  (a). (3.1)
Proof. We only prove the case m = 3. The assertions for m =1 and m =2 follow by similar arguments

and are left for the reader. .
Assume that (xo, &) ¢ WF4(f). We shall prove that (xo,£0) ¢ WF(Op(a) f). For some v 1 € 6

and Y17 € %g)i“ we have

Y1.1-¥12D)f € B, (3.2)

in view of (1) in Definition 2.1. Let ¢ 1 € %X‘(l)" and Y2 € ‘55‘;“ be such that 1 ; =1 on suppy; j,
and set

1%, 8) =v1100v12(6) and (%, &) = ¥2,100v2,2(8).

0,0

Then cq, ¢z € SG;,, and since ¢; =1 on suppcy, and SG[Z°’7°° = .7, it follows from the symbolic

calculus that
Op(c2) Op(a) = Op(c2) Op(a) Op(c1) mod Op(.). (33)
Now we recall that the mappings
Op(a):B—C, Op(cp):C—C (3.4)

are continuous (cf. Proposition 1.7). A combination of (3.2)-(3.4) with the facts that Op(c1) = ¥1.1 -
Y¥1.2(D) and that Op(h) maps .’ into . gives

V2.1 - ¥2,2(D)(0p(a) f) = Op(c2) Op(a) f = Op(c2) Op(a) Op(c1)f mod.¥ €C.

This proves that (xo, &) ¢ WF%(Op(a)f). and the first inclusion in (3.1) follows.
It remains to prove the second inclusion in (3.1). Assume that

(X0, &) ¢ WFZ(0p(a) f) U Charg,,  (a).
By Remark 2.4, there exist ¥ 1 € ‘5”,(%” and ¥, € %5‘;“. be SG%‘”") and h € . such that
Y11 ¥1,2(D)(Opa) f) eC
and (1.19) holds for c =c1 =11 ® ¥1,2. We claim that

Op(c2) = Op(c2) Op(b) Op(c1) Op(a) + Op(h), (3.5)
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for some h € ., where c; =21 ® Y22, and ¥ 1 € ‘K,gir and Y € ‘(5&%" are such that ¥ ;=1 on
suppy,j for j=1,2.
In fact, by combining (1.19) with the fact that Op(cz) Op(c1) = Op(c2) mod Op(¥), we get

Op(c2) =0p(c2) Op(b) Op(a) mod Op(.¥)
= 0p(c2) Op(c1) Op(b) Op(a) mod Op(¥)
= 0p(c2) Op(b) Op(c1) Op(a) mod Op(.¥),

and (3.5) follows. Here the last equality follows from the fact that
Op(c2)[Op(b),Op(c1)] € Op(-#) and Op(.)Op(a) S Op(.¥),

when ¢; =1 on suppca, where [-,-] denotes the commutator. A combination of Proposition 1.7, (3.5)
and the fact that Op(c1)(Op(a) f) € C now shows that the mappings

Op(b):C— B, Op(c2):B— B
and
oph):¥ - .7

are continuous and that Op(cy) f € 3. Hence, we have showed that (xo, &) ¢ WF%( f), and the proof
is complete. 0O

Corollary 3.2. Letm € {1,2,3},7 > 0, f € .’ (R?) and ¢ € C®°(R?) be such that (x)"*19%p(x) € L (RY) for
every «. Also let B be SG-admissible with respect tor, 1 and d. Then

WF5 (¢ f) € WFE(f). (36)

Proof. It follows from the assumptions that a=¢p ® 1 € SG?,’?. Hence, for m € {1, 2, 3}, Theorem 3.1
gives

WFE (¢ f) = WFg(0p(a) f) € WFg(f),
as claimed. O

Next we apply Theorem 3.1 on operators which are elliptic with respect to wg € <@p’5(R2d) when
0 <r,p <1. We recall that a and Op(a) are called SG-elliptic with respect to SGﬁf’;?)(RZd) or wo, if
there is a compact set K c R%¢ such that (1.18) holds when (x, &) ¢ K. By (1.15) it follows that

IDEDLax.£)] < |at. &) NE) PP (x.£) eRM\ K,
for every multi-index «, when a is SG-elliptic (see, e.g., [16,1]).
It follows from Lemma 2.7 that Char(y,)(a) = if and only if a is SG-elliptic with respect to wo.

The following result is now an immediate consequence of Theorems 2.6 and 3.1.

Theorem 3.3. Let m € {1,2,3}, (r, p) € I, t € R, wp € Z; ,(R¥), a € SGﬁf‘;?) (R2%y be SG-elliptic with re-
spect to wo and let f € ."(RY). Moreover, let (13, C) be an SG-ordered pair with respect to wo. Then

WE (0P, (@) f) = WFB(f).
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Furthermore, if g € C, and f € .’ (RY) solves the equation

Op:(@)f =g, (3.7)
then f € B.
4. Examples
In this section we show how the results in the previous sections can be applied to problems
involving partial differential operators. In particular, we focus on the sets of characteristic points and
some links on possible application in numerical analysis.

In the first examples we consider wave-front properties for hypoelliptic problems, especially for
hypoelliptic partial differential operators with constant coefficients.

Example 4.1. Let a(x, &) be the symbol of a linear partial differential operator on R? with constant
coefficients, which is hypoelliptic in the sense of [16]. Then a(x, &) = a(&¢) for some a,. Furthermore,
a is type-m elliptic, m =1, 3, with respect to

wox, ) = wo(®) = (1+ |a26)|})"?, (41)

which belongs to fﬂr,p(RZd), for some r, p > 0. In particular we may apply Theorem 3.3 on Op(a).
For the set of characteristic points of type-2 we have

Charg,,, (@) S (R\ 0) x {(0,0)}.
Hence if B = M(w, 2) is a modulation space, C = M(w/wg, &) and f € ' (RY), then

WFZ (Op(a) f) = WFg(f), m=1,3, and

WEZ (0p(a) f) € WF3(f) < WE (Op(@) f) U ((R?\ 0) x {0}).

Now we apply the wave-front properties to obtain information for a parametrix E to Op(a). From
Proposition 1.7(3) it follows that Op(a) maps Mfc;)%) to MP-4, Since

MPINE =ZLINé&

and Op(a)E is locally in .# L, it follows that E is locally in ,?Lf;’)o). This means that for each ¢ € C°,
we have

F(E)®)| Swo®) ™" (42)

An interesting case appears when x € R? is replaced by (x,t) € R¢*1, and Op(a) agrees with the
heat operator

O — Ay, (x,t) eRIFT

which is a classical example on a hypoelliptic operator. The symbol is given by a(x, t, £, T) = |£|2 +iT.
In this case, wg takes the form

1/2

wo=(1+E1"+171?) 4.1
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Hence, (4.2) shows that if E is a fundamental solution to Op(a), then for each ¢ e C5°, there is a
constant C such that

|7 (@E)E, D) < C(1+1g[* + 1T12) %

This can easily be verified by numerical computations.

Next we show how a small perturbation of any hypoelliptic operator in the previous example
makes that all the sets of characteristic points become empty.

Example 4.2. Let 0 < 1,0 <1, a(x,&) =a1(x,&) + az(&) be such that the following conditions are
fulfilled:

(1) la(x, &)| > c for some constant ¢ > 0 outside a compact set in R2:

(2) a1 € SGPp(R*);

(3) ay is the symbol of a linear partial differential operator with constant coefficient which is hypoel-
liptic in the sense of [16].

Then a is elliptic with respect to wg(x, &) in (4.1). Hence we may again apply Theorem 3.3 on Op(a).

An interesting case concerns the modified heat operator aj(x,t) + 9 — Ay, where (x,t) € RIt1,
a1(x, t) € C°(RI1) and a; is equal to ¢ > 0 outside a compact set in R**1. The symbol of the operator
is a(x,t, &, 1) =ay(x,t) + |€]> + it. In this case, a is elliptic with respect to (4.1). Hence, if w €
P RX), # is a translation invariant BF-space on RY, and (3.7) holds for some f e.#/(RY) and g e
M(w/wo, $), then it follows from Theorem 3.3 that f € M(w, #).

In the next example we consider the fundamental solutions of the Schrédinger operator.

Example 4.3. The Schrédinger operator for a free particle has the form

id — Ay, (x,t) eRITL

(wo)

and the symbol is given by a(x,t,&,7) = |£|*> — 1. Let wg be the same as in (4.1). Then, a € Ny

and the sets of characteristic points are
Char,, (@) = {(x.t.£,7) eR™" x (R"1\0); £ =0, 7 >0},
Charl,,,, (@) = {(x.,£,7) € (RT1\ 0) x R, 7= g2,

Char}, (@) = {(x.t.& 1) € R\ 0) x R\ 0): =0, T >0}.
This implies that numerical computations can be rather easily performed as long as the frequency t
related to the t-variable is negative.
Let E denote the fundamental solution of Op(a). From Proposition 1.7(3) it follows that Op(a)

maps M&)Z) to MP-9, Now let I" be a cone which does not hit the set {(0, T); T > 0}. Then the same
arguments as in Example 4.1 show that

”97(‘.05)1#0)0 ||Loo <00

for every ¢ € C5° and € ‘ggr(r)-
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Remark 4.4. Here we note, once again, that the sets of characteristic points Char'(a), as defined in
Section 18.1 in [16], for the operators in Examples 4.3 and 4.1, are strictly larger compared to the
corresponding local components Char}wo)(a). In fact, if a is the same as in Example 4.3 or 4.1, then

Char'(a) = {(x.t,£,7) eR™™ x (RTT1\0); £ =0, T #£0},
which strictly includes Char}wo)(a).

In the next example we consider an operator with polynomial coefficients, with different growth
with respect to spatial axis. We show the associated loss of decay at infinity, in terms of wave-front
sets with respect to HZ, spaces.

Example 4.5. Let a(x, £) be the symbol on R*, given by
ax, &) =(1+x1 +x3)(1+1£1%), x&eR%

Also assume that f, g €.’ (R%) are chosen such that the equation Op(a) f = g is fulfilled. By letting
wo(x, &) =a(x, &), it follows that a is elliptic with respect to wp, and that a € SG ‘”")(R“) If

Hy (R ={f e #'(R): (1+x5+x3)(1—A)f el*(R)} =M, (R?).

then it is obvious that f € H(w X if and only if g € L2, which is also confirmed by Theorem 3.3.

Furthermore, a € SGM(R“) is SG-hypoelliptic with inverse order (2, 2), in the sense of [2], since, for
x|+ 1§ =R >0,
02(5)* Sax. &) < 0*E)

We consider Op(a) when acting on the scale of weighted Sobolev spaces Hit(Rz), s,t €R, and inves-
tigate the solutions of the equation Op(a) f = g with g € H} ((R?) = L*(R?). Let

c1=v1®@1. wherey € €0 ). @1 € Gy X1 #0, & €R?,
and
=V, ®¢;. Whereyy €%, . 92 €Cry. X2 #0, & R,
Then there exist bj € SGij'fz(R“) and hj € #(R*) for j=1,2 such that Op(bj)Op(a) = Op(cj) +

Op(hj). (In fact, Op(a) is invertible with inverse Op(b), where b € SG(U“"’)(R“) ) This implies that for
some choices of f and g, there are anisotropic loss of decays for f, in the sense that for any & > 0,

((x1,0).8) €W, (D\WFps (), x1#0,
(0.%).6) eWFl,  (D\WF (). x2#0, (43)

and the same results hold for the corresponding WFZ2 (f) components, by choosing symbols
s.t

Cj=1v1;®v¥2j, where wue“gfir, wzje%gﬁr, ji=1,2, x,§ #0.
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In particular, the first formula in (4.3) holds also with any (x1,x2) € R%, x; # 0, in place of (x1,0),
X1 75 0.

In the next example, we apply the theory to the propagation of electromagnetic waves in a wave-
guide. The corresponding problem, concerning electromagnetic waves in a uniform cylindrical wave-
guide, has been considered by Kristensson in [19] and by Khrennikov and Nilsson in [18], and will be
viewed here in the context of pseudo-differential operators and wave-front sets.

Example 4.6. Let S C R? be a conducting cylindrical tube along the x3 axis with 8S as its boundary
surface. With So we denote the cross section in the xix;-plane, assumed to be compact and with a
smooth boundary.

For the propagation of the electromagnetic wave, we then have a scalar field ¢ = ¢(x,t) =
¢ (x1,X2,Xx3,t), (X1,X2,x3) €S, t €R, satisfying the wave equation in the wave-guide, i.e.,

(Ax = 3%)¢p =0.

As boundary conditions we may choose either the Neumann boundary condition, given by dy¢ =0
on 9S, or the Dirichlet boundary condition, given by ¢ =0 on 9S. Here dy is the normal derivative.
When solving such type of equation one can use a splitting technique, separating the pairs of variables
(x1,X2) and (x3,t). The solution can then be written as

0]
$(X1,%2,%3,0) = ) Vn(X1, X2) Wy (X3, 1),
n=1
where {v,(x,y)},n=1,2,..., is a complete orthonormal system of eigenfunctions of

(32 + 07 +ma)va(x1,X2) =0,

with dyv, =0 or v, =0 on 9Sg, with eigenvalues —m%. We have that w,, satisfies the Klein-Gordon
equation

(92, — 97 —ma)wn(x3,t) =0. (4.4)
In the (x1,xy) direction the problem can be solved using discretization and Fourier series, since

the cross section is finite. We therefore consider Eq. (4.4). The operator on the left-hand side of
(4.4) can be written as a pseudo-differential operator with symbol a(xs, t, &3, 7) = 72 — $32 - m%. Let

wo(x3,t, &, 7)=(1+ 532 +712). Thenae SGgf‘)l") has the following sets of characteristic points

Char(,, (@ = {(x3,t, &, 7) €RY; T =+& #0},
Charg,,,, @ = {(x3,t,&5,7) € (R?\ 0) x R T =+,/67 +m},
Chary,, ) (@) = {(x3.t.£3.7) € (R*\ 0) x R?; T =& #0}.
Now let I" be a closed cone which does not contain any point from the set {(£3,T); T = +&3}.

Furthermore let w, be the solution of Eq. (4.4). Since the right-hand side in (4.4) is zero, it follows
that for every xo there exist ¢ € 6y, and ¥ € %S‘f)”‘(l“) such that v.% (pwy) € <.
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5. Wave-front sets with respect to sequences of spaces

In this section we define wave-front sets based on sequences of admissible spaces, and discuss
basic results. In the first part we consider sequences of spaces which are parameterized with one
index, and prove that the mapping properties in Section 3 extend to wave-front sets with respect to
sequences. Thereafter we discuss further extensions where we consider sequences of spaces which are
parameterized with two indices. In the last part we give some examples on new types of wave-front
sets that can be constructed, and show some consequences of our investigations. For example, here
we introduce wave-front sets which are related to “classical wave-front sets” in the sense that they
are wave-front sets with respect to classical spaces of smooth functions. In particular, we show that
(a refinement of) the wave-front set of Schwartz type treated in [6] can be obtained as a wave-front
set based on sequences of admissible spaces.

5.1. Wave-front sets with respect to sequences with one index parameter

Again we start by introducing the complements of the wave-front sets. More precisely, let | be an
index set of integers, £2;, m € {1, 2, 3}, be given by (1.20), (Bj) = (Bj)jc; be a sequence of Banach
or Fréchet spaces such that . (R%) C Bj € ./ (R%), for every j, and let f € .7’(R%). Then the point
(X0, &0) € 21 is called type-(m, U) regular (type-(m, N) regular) for f with respect to (3;), if

op(em) f €[ B, <0p(cm)f € U8j>, .1y
J j

for some ¢y, in Remark 1.13. The set of all type-(m, U) regular points (type-(m, N) regular points) for
f with respect to (B;), is denoted by @(”Z;‘ju)(f) ((»*)(%’S(f)).

It is also desirable that right-hand sides of (2.1)" should be a vector space, which is guaranteed by
imposing that (B3;) should be ordered, i.e. B; should be increasing or decreasing with respect to j € J.

Definition 5.1. Let | be an index set of integers, m € {1, 2, 3}, £2, be as in (1.20), and let (Bj)jc; be a
sequence of Banach or Fréchet spaces such that .’ (RY) C B;j C Z'(RY), for every j:

(1) the type-(m, U) wave-front set (type-(m, N) wave-front set) of f € .#’(RY) with respect to (Bj) is
the complement of @(B )(f) (@(B )(f)) in £, and is denoted by WF(B )(f) (WF(B )(f))

(2) the global wave-front sets WF 5, () S (R? x R%)\ 0 and WF{, 5, () < (Rd x Rd)\O of U and N
types, respectively, are the sets

WFgs,) (f) = WE() () UWFGs) () UWEG) (),
WE(s,, (f) = W) (F) UWEG (F) UWES ) ().
Example 5.2. We can consider wave-front sets with respect to sequences of the form
(Bj) = (Bj)jej, withBj=M(wj, %)), (5.1)
where w; € P (R¥M), 2; is a translation invariant BF-space on RY, and j belongs to some index set J.

Remark 5.3. Let pj,q; € [1,00], % = LYY (R¥M), wj(x,£) = (x,&)/ and let B; be as in (5.1) for
j € ] =No. Then it follows that WF(B )(f) m=1,2,3, in Deﬁmtlon 5.1 are equal to the wave-front
sets WEY (f), WF¢(f) and WFY€(f) in [6], respectively. In particular, it follows that WF(B )(f) is equal
to the global wave-front set WF ., (f), which in [6] is denoted by WFs(f).
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Remark 5.4. Evidently, if Bj =13 for every j € ], then

WF( ) (f) = WEGEH () = WFB(f), m=1,2,3.

In the following two results we make some basic remarks, which also motivates the notations for
wave-front sets of sequence types.

Proposition 5.5. Let m € {1, 2, 3}, B be the same as in Definition 5.1, and let f € 7' (RY). Then

UWFE, () SWR (), [ JWFs, () S WFs, (),

and

[(YWEE, () =WEE (). [|WEg,(f) = WF, ().

Proposition 5.5 is a straightforward consequence of the definitions. We refer to Proposition 4.4
in [5] for the proof. The details are left for the reader. We remark that we may choose B; and
f e RY) such that equality is not attained in the first inclusion in Proposition 5.5 when m =1
(cf. [25, Example 1.11]).

The following generalization of Theorem 2.6 shows that the global wave-front sets of sequence
types describe the regularity of a tempered distribution with respect to intersections and unions of
the involved spaces, provided the latter are SG-admissible.

Theorem 2.6'. Let 3 be SG-admissible for every j, and let f € ' (RY). Then

fe(B < WF, 5y ()= (5.2)

and, if in addition (Bj) is ordered,

feB < WE(s,,(f) = 9. (5.3)

Proof. We only prove the first equivalence: the second one follows by a similar argument and is left
for the reader.
We notice that f € (B; & UWFBj(f) = is an immediate consequence of the definitions and

Theorem 2.6. Therefore, in view of Proposition 5.5, the equivalence (5.2) follows if we prove that
f €M B; implies WF(B ()=

To this aim, assume that f € ﬁB] Since every B; is SG-admissible, and g1 ® g3 € SG?1 when g
and g are any cutoff or directional cutoff, it follows that g; - g2(D) f € B; for every j. This implies
that WF‘(JBj)(f) =, and the result follows. O

5.2. Wave-front sets with respect to sequences of spaces with two indices parameters

Next we shall consider wave-front sets with respect to sequences of spaces, parameterized with
two indices, and start by introducing the complements of the wave-front sets. More precisely, let |
be an index set of integers, £2m, m € {1, 2, 3}, be given by (1.20), (B ) = (Bj«)jke; be a sequence of
Banach or Fréchet spaces such that .#(R%) C Bijx S Z'(RY), for every j,k, and let f €.7'(RY). Then
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the point (xp, &) € 2, is called type-(m, UN) regular (type-(m,NU) regular) for f with respect to
(Bj k), if

Op(cm) f € ﬂ(UBj.k) (0p<cm>f € U(ﬁsj,k», 2.1
k k

J J

for some c;; in Remark 1.13. The set of all type-(m, UN) regular points (type-(m, NU) regular points)
for f with respect to (B;), is denoted by @(%;T)(f) (G)('%‘?:J)(f)).

Also in here it is desirable that right-hand sides of (2.1)” should be a vector space. For this reason,
the sequence (Bjy) is called ordered with respect to j, if Bj increases with j for every k fixed, or
decreases with j for every k fixed. The definition of ordered sequences with respect to k is defined in

analogous way.

Definition 5.6. Let | be an index set, m € {1, 2, 3}, £2, be as in (1.20), and let (B 1) ke be a sequence
of Banach or Fréchet spaces such that .7 (R%) C BjxC 7' (RY), for every j:

(1) the type-(m, UN) wave-front set (type-(m, NU) wave-front set) of f € &’(RY) with respect to (Bj k)

is the complement of @™ () (@™ (f)) in 2y, and is denoted by WE™" () (WF™S™ (£));
(Bj,k) (Bj.k) (Bjk) (B]J()
(2) the global wave-front sets Wngjk)(f) c (RY x R\ 0 and WFE‘%’J_ o(hHe (R? x R9\ 0, of Un and

NU types, respectively, are the sets

WEGS, ) (f) = WEis ) (f) UWEGE T (F) UWEG ™ (),

(Bjx) (Bjx) (Bjx)
NuU _ 1,nU 2,NU 3,NU
WE g, 0 (F) =WEg, o () UWFG ) () UWE g ().

Remark 5.7. In analogy with Remark 5.4 we notice that if B; = B; is independent of k € J, then

m,un U m,NuU N _
W () =WFg (1), WS () =WF(f), m=1,2,3,

Hence, the families of wave-front sets in Definition 5.6 contain the wave-front sets in Definition 5.1.

Remark 5.8. We observe that if m € {1, 2, 3}, Bj is SG-admissible for every j, k, £2, is given by (1.20)

and f €.7/(RY), then WFTB??)(D and WFTB?;(f) are closed subsets of £2p,.

By Remark 5.7, it follows that the next two results generalize Proposition 5.5 and Theorem 2.6’.
The proofs are similar to the latter results, see Theorems 4.9 and 4.10 in [5]. Here WFr(”l;;Jk)k( 1D

(WF?é?k)k(f)) is the type-(m, U) (type-(m,N)) wave-front set of f with respect to (Bjy)ke;, where

j €] is fixed.

Proposition 5.5'. Let m € {1, 2, 3}, B; i be the same as in Definition 5.6, and let f € 7' (RY). Then

m,N m,un N un
UWEGE o (D SWFR DD, (UWFGs, ), () SWEE, (),
j j

and

m,U _ \ypmnu U _ wiENU
ﬂWF(Bj,k)k(f) - WF(BjJ<)(f)’ ﬂWF(Bj,k)k(f) - WF(Bj_k)(f)'
j j
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Theorem 2.6". Let B3} ;. be SG-admissible for every j and k, and let f € ' (RY). Then

feﬂ(UBjo = WFE (=0, (5.2)'
k

J

provided (B; 1) is ordered with respect to k, and, if instead (B \) is ordered with respect to j,

er(ﬂBj,k> = WFy,(H=0 (5.3)
k

J

Remark 5.9. We have that (5.2) is equivalent to UWFBj( f) =10, as observed in the proof of The-
orem 2.6/, while (5.3) is equivalent to ﬂWFBj(f) = (. That is, the inclusions in Proposition 5.5

turn into equalities when the left-hand sides are empty, and the same holds for the inclusions
in Proposition 5.5'. Moreover, (5.2) is equivalent to Uj(ﬂkWFBjk(f)) =@, and (5.3) implies

;U WEg, () =1,

From now on we assume that the involved sequence spaces, (3; ), are ordered with respect to

k when wave-front sets of the form WFTéi_Jkn)( f) are involved, and ordered with respect to j when

m,NU

wave-front sets of the form WF(BM)( f) are involved.

Remark 5.10. In a similar way as in Remark 5.3, we may construct wave-front sets with respect to
the spaces Qq(RY) and Q (R?) (see the introduction for the definition of these spaces).
In fact, let

Djk.qjk -7
Pikdjk€ll ool Bi=L"""R®),  wjx &) =xT7(E"
Bjx=Mwjk, Bji) Cjk =By whenj,ke J=No.
By similar arguments as in [14, Remark 2.18] it follows that
a®)=U(MBi). a®)=N(Uex)
itk ik
Now we define the components of the wave-front sets with respect to Qg and Q as

WEG, () = WE( (), WFG () =WFg (), m=1.2.3,

when f €./ (RY). By Theorem 2.6 it follows that (0.4) holds when B = Qo(R%) or B= Q (RY).
We also note that Remark 2.3 gives that

WF, (f) = WFg, (f) = WF (f) = WFts (f)

agrees with the classical wave-front set of f (cf. Section 8.1 in [16]).
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5.3. Mapping properties for pseudo-differential operators

Next we consider mapping properties for pseudo-differential operators on wave-front sets of se-
quence types. The following result follows immediately from the definitions, Theorem 3.1 and its
proofs.

Theorem 3.1". Let m € {1,2,3}, (r,p) € I;, t e R, wp € P ,(R?%), a € SGﬁf‘g’)(de) and let f € .’ (RY).
Moreover, let (Bj i, Cj k) be an SG-ordered pair with respect to wo for every j,k € J. Then

m,un m,un
WF(C]_.’() (Opt (a)f) g WF(Bj,k) (f)

€ WE(E 1) (0P (@) f) U Chargg, (@) 3.1y

and
m,NU m,NU
WF(Cjtk)(opt(a)f) g WF(B}.’k)(f)
€ WE@: (0P (@) f) U Chargg, (@) G
We note that several properties that are valid for the wave-front sets of modulation space types
also hold for wave-front sets in the present section. The following generalization of Theorem 3.3 is

an immediate consequence of Theorem 3.1, since Char(ug)(a) =%, when a is SG-elliptic with respect
to wo.

Theorem 3.3'. Let m € {1,2,3}, (r,p) €3, t € R wy € P ,(R*) and let a € SGﬁf‘;ﬁ’)(RZd) be SG-elliptic

with respect to wg and let f € .’ (RY). Moreover, let (B i.k» Cj k) be an SG-ordered pair with respect to wo for
every j,k € J. Then

,un un
WFr(an,k) (Opf(a)f) = WFI(HBM)(f),

,nu nu
WFTFCL,{) (Opi@f) = WFT(HBJ._,()(f)-

Next we list some consequences of the previous results. We are especially focused on mapping
and wave-front properties in the framework of the spaces ., Qo and Q.
We start with the following result, where the first part is a slight extension of [6, Theorem 1.1].

Proposition 5.11. Let m € {1,2,3}, (r, p) € Iy, t € R, and let wg € 2, 5(R2). Also let a € SG\”%’ (R2?),
fe.'(RY), and B be equal to .7 (RY), Qo(RY) or Q (RY). Then

WEFZ (0p;(a) f) € WFE(f) € WFg(Op;(a) f) U Charg, ().
Proof. The result is an immediate consequence of Remark 5.3, Theorems 2.6" and 3.3'. O
A combination of the previous result and Theorems 2.6 and 3.3" gives the following.

Proposition 5.12. Let m € {1,2,3}, (r, p) € I3, t e Rand wg € Pr ,(R?%). Also let a € SGﬁf‘;?)(RZd) be SG-
elliptic with respect to wy, f € .%'(RY), and BB be equal to . (RY), Qo(RY) or Q (RY). Then
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WF3 (0p;(a) f) = WF(f).
In particular, if f, g € ' (RY) satisfy Op,(a) f = g, then f € B, ifand only if g € B.

Example 5.13. Let r, p, a and wo be the same as in Example 4.2. Then the conclusions in Proposi-
tion 5.12 hold for Op(a).

Example 5.14. Let x = (x1,x2) € R? and & = (&1, &) € RY, where x1,£ € V1 and x2,& € V, and V@
V, =RY. We may consider wave-front sets with respect to a space of distributions which behave like
. in the xq-variable and like . in the x,-variable. More precisely, let

wjo(X1,61) = (x1,61),  wok(X2, &) = (x2,£)F and
wjr(x,§) = (x1,§1) (x2, ) F

Then

(MG (VD =2(V1) and [ M (V2) =" (Va).
j=0 k>0

Hence, we may interpret the set

5= (UM, ®))

>0 k>0

as .7 (V1; 7' (V3)), the set of all tempered distributions which behaves like . in the x;-variable, and
like .7’ in the x,-variable.
The wave-front set with respect to B is the wave-front set of UN-type with respect to the sequence

of modulation spaces (M(w k)(Rd))j_k>0. In particular, all the mapping properties (e.g. Theorems 3.1

and 3.3") hold for such wave-front sets.

The set of characteristic points which we considered so far is defined in terms of certain elliptic
conditions for the given symbol class. In what follows we give examples on how the results in the
present and previous section can be extended by replacing these elliptic types of set of characteristic
points with hypoelliptic ones. For this reason, let r, p € [0, 1], and let w1, w; € ?}r,p(RZd) be such that

(X)7(E) T Pan(x. £) S 01(x.£) S Can(x.6), o

for some constant § < 1. Then a € SGﬁf”pZ)(RZd) is called SG-hypoelliptic with respect to (w3, w1), if
there is a constant ¢ > 0 such that

cor(x, &) < ax, )| (5.5)
outside a compact set in R,

Definition 5.15. The symbol a is called locally or type-1 hypoelliptic at (xg, &) € R? x (R%\ 0), if (5.5)
holds when x € X, £ € I' and |&| > R, for some neighborhood X of xp, some conical neighborhood
I’ of & and some constant R > 0. The set of characteristic points of type-1 for a with respect to
(w2, w1) is denoted by

1
Char(wz,wl)(a), (5.6)
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and consists of all (xp, £&) € R? x (RY\ 0), where a fails to be type-1 hypoelliptic. The sets of charac-
teristic points

2 d d 3 d d
Char{,, ,,,(@ < (R“\0) xR and Charg,, , (@ < (R*\0) x (R"\0) (5.7)
are defined in analogous ways.
We observe that SG-hypoellipticity of a is equivalent to the fact that
Char'glwz,wl)(a), m=1,2,3,

are empty.

Now assume that w1, w; € L@r,p(RZd) fulfill (5.4) for some § < 1. Then the same arguments as in
the proof of Proposition 1.14 in Appendix A, show that Proposition 1.14 holds for wg = w3, after the
assumption b € SG%")O)(RM) has been replaced by b € SG%"’”(RZ"), and the sets of characteristic
points have been replaced by the corresponding ones in (5.6) and (5.7).

The following extension of Theorem 3.1" now follows by similar arguments as in the proof of
Theorem 3.1. The details are left for the reader.

Theorem 3.1”. Let m € {1,2,3}, (r,p) €n, t €R, w1, w3 € ﬁ’r,p(de) be such that (5.4) holds for some

8 <1,aeSG"” R¥) and let f € .'(R?). Moreover, let (Bj,Cjx) and (Bj, Djx) be SG-ordered pairs
with respect to w; and w1 respectively for every j,k € J. Then

WFG (0P (@) f) € WEG D (f)

©Cjx)
€ WE(p ) (0 (@) f) U Charfy,, (@), 3B.1)"
and
WEG (0P (@) f) € WF ()
S WE( ) (Ope(@) f) U Chary, o, (@). 3.1
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Appendix A

In this appendix we give a proof of Proposition 1.14 for m = 3.

Proof of Proposition 1.14 for m = 3. We may assume that t = 0 in view of Proposition 1.7. The
equivalence between (1) and (2) follows easily by letting b(x, &§) = ¥1 (x)¥2(§)/a(x, &), for appropriate
Y1 € 63" and Y, € %”E%ir.

(4) = (3) is obvious in view of Remark 1.13. Assume that (3) holds. We claim that
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la(x, )b(x. )| > 1/2 (A1)

holds when

(x,&)eln x I3, |x|=R, || >R, (A2)

for some choice of conical neighborhoods Iy and I3 of xg and &g, respectively, and some R > 0.

In fact, the assumptions imply that ab = c + hy for some hy € SG[;,’O—%SG?,’,]_‘). By choosing R large

enough and It and I sufficiently small conical neighborhoods of xy and &g, respectively, it follows
that c(x,&) =1 and |h(x, £)| < 1/2 when (A.2) holds. This gives (A.1). Since |b| < C/w, it follows that
(1.18) is fulfilled, and (1) follows.

It remains to prove that (2) implies (4). Assume therefore that (2) is true. Let 1 x € %9ir(r) and

. OXO
Yok € Cg(;r(Fz) for k=1,...,4, be chosen such that

1
b1(x, &) = Y1,1()¥2,1(6)/a(x, &) € SG1)™,
and ¥ =1on suppyj k1. f c1 =911 @ Y21 € SG%S, then it follows that

Op(b;) Op(a) = Op(cj) + Op(h;) (A.3)

holds for j=1 and some hy € SG, ;.
(1/w)

For j > 2 we now define Ej €SGy, ~ by the Neumann series

j—1
op(bj) = (=1H*O0p(Fp).

k=0

(O—kp,—kp/@0)

where Op(7) = Op(h1)¥Op(by) € Op(SGy,, ). Then (A.3) gives

j—1
Op(bj)Op(a) =Y _(~1)*Op(h1)* Op(b1) Op(a)
k=0

j-1
=Y (=D*0p(h1)*(Op(c1) + Op(h1))
k=0

=0p(c1) 4+ Op(hy j) + Op(ha. ), (A4)

where

Op(h1,j) = (=1)/ Op(h1)? € Op(SG; 4"~ 77) (A5)
and
j—1

Op(h,j) == (=1 0p(h1)* Op(1 — c1) € Op(SGYY).
k=1
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By asymptotic expansions it follows that
j—1
Op(hy,j) ==Y (=1)*0p(1 — ¢1) Op(h1)* + Op(h3,j) + Op(hs,j). (A.6)

k=1

for some f~13,j € SG;;;*'O which is equal to zero on suppc; and i~14,j € SGrff)r‘fjp. Now let ¢, b; and ry
be defined by the formulae

c(X,§) = Y13(®¥23(E),  Op(bj) =0p(c)Op(b;) € Op(SGy )™),

~ ( . _ )
Op(ry) = 0p(c) Op(7y) € Op(SGfp kp.—lp /@0 )
Then
j—1
Op(bj) = D (~1)*0p(r)
k=0

and (A.4)-(A.6) give

Op(b;) Op(a) = Op(c) Op(c1) + Op(c) Op(hy ;)
j—1
— > (=1*0p(c) Op(1 — ¢1) Op(h1)* + Op(c) Op(h3 j) + Op(c) Op(hy,j).
k=1

Since c; =1 and 133,]- =0 on suppc, and every element of Op(SG[ZC'_‘X’) maps continuously .’ to .,
we find
Op(c) Op(c1) =0p(c) mod Op(~),
0p(c) Op(y,j) € Op(SGrp **).
j—1

> (=1)¥0p(c) Op(1 — ¢1) Op(h1)* € Op(.»),
k=1

0p(c) Op(h3,j) € Op(.7),
and
0p(c) Op(ha j) € Op(SG; 2 ~77).

Hence, (A.3) follows for c; =c and some hj € SG;}I’*]"O. By choosing b SG%(‘J) such that

bvark,

the argument above shows that Op(b) Op(a) = Op(c) + Op(h), with h € SG[Z°’7°° =.¥, and (4) fol-
lows. The proof is complete. O
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