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Abstract

This paper is devoted to study the dynamical properties and stationary patterns of a diffusive Leslie—
Gower prey—predator model with strong Allee effect in the prey population. We first analyze the non-
negative constant equilibrium solutions and their stabilities, and then study the dynamical properties of
time-dependent solutions. Moreover, we investigate the stationary patterns induced by diffusions (Turing
pattern). Our results show that the impact of the strong Allee effect essentially increases the system spatio-
temporal complexity.
© 2016 Published by Elsevier Inc.
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1. Introduction

The understanding of mechanisms and patterns of spatial dispersal of interacting species is
a central problem in biology and ecology, and biochemical reactions. The interaction between
different species will exhibit the diversity and complexity, and generate the complex network
of biological species. The spatial dispersal makes the dynamics of the organisms even more
complicated. A typical type of interaction is the one between the prey and predator.
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In most works for prey—predator models, the prey is assumed to grow at a logistic pattern.
But in recent years it was recognized that the prey species may have a growth rate of Allee ef-
fect, as a result of mate limitation, cooperative defense, cooperative feeding, and environmental
conditioning [13,30]. The Allee effect named after W.C. Allee [1], has significant contribution
to population dynamics. Allee effects are mainly classified into two ways: strong and weak
Allee effect [2,6,31,32,34]. The biological invasion dynamics of reaction—diffusion models with
Allee effect has been considered in [12,14,29,34], and the spatiotemporal pattern formation of
reaction—diffusion prey—predator models with Allee effect has been studied in [7,19,26,27,33].

In [20], we studied the dynamical properties of the following Leslie—-Gower prey—predator
model with strong Allee effect in prey:

W =u(l—u)u/b—1)— Buv, >0,
vV =pv(l —v/u), t>0,
where b € (0, 1) represents Allee threshold value, 8 and u are positive constants.

Taking into account the inhomogeneous distribution of the prey and predator in different spa-
tial locations within a fixed domain €2 at any given time, and the natural tendency of each species
to diffuse to areas of smaller population concentration, we are naturally led to the following
initial and boundary value problem of the corresponding reaction diffusion system

ur —diAu=u(l —u)(u/b—1) — Buv, xe, t>0,

vy —doAv = pv(l —v/u), x>, t>0,

0 0 1.1
_uz_v:(), x €0, t >0, (b
v dv

u(x,0)=ug(x) >0, v(x,0) =vo(x) >, #0, x e,

where the positive constants d; and d, are the diffusion coefficients corresponding to u and v,
respectively, 2 C RY is a smooth and bounded domain, v is the outward unit normal vector
over 92. The homogeneous Neumann boundary condition indicates that this system is self-
contained with zero population flux across the boundary. The initial data ug, vo are continuous
functions.

The main purpose of this paper is to investigate the dynamical properties and stationary
patterns of (1.1). In particular, under some certain conditions, we prove that both prey and preda-
tor will extinct if the initial population of predator is larger than that of prey, which is called
overexploitation [31,32] and it is a character of many prey—predator systems with strong Allee
effect.

Here we mention that the system (1.1) (without initial data) admits a singularity at (0, 0) and
one or two possible positive constant equilibria (see the discussion of §2), so it may have bistable
structure between (0, 0) and one positive equilibrium.

On the other hand, because of the reaction term

[u(l —u)(u/b—1)— ﬂuv](x, 1) <0
for 0 < u(x,t) < b and v(x,t) > 0, the component u(x, t) may tend to zero and thus the term

v(x,1)/u(x,t) may be unbounded. Such a bad structure will bring a lot of difficulties to us in the
study of (1.1).
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The paper is organized as follows. In section 2, we analyze the nonnegative constant equilib-
rium solutions and their stabilities. In section 3, we prove the global existence and uniqueness,
and give some estimates of solutions of the problem (1.1). Section 4 is devoted to study the dy-
namical properties of solutions of (1.1). Section 5 concerns with the stationary patterns deriving
by diffusions.

Before ending this section, we mention that the classical diffusive Leslie-Gower prey—
predator model (without Allee effect) is of the form:

uy =diAu~+u(l —u) — Buv, xeQ, t>0,

vy =dAv+ pv(l —v/u), xe, t>0,

ou Jv (1.2)
— = =0, x€d, t>0,

dv  dv

u(x,0)=uop(x) >0, v(x,0) =vo(x) >, #0, xeQ.

The dynamical properties, Hopf bifurcation and pattern formation of (1.2) and the diffusive
Holling—Tanner prey—predator model (without Allee effect) have been studied widely by many
authors, please refer to, for instance, [3-5,8-10,15,18,23-25,28,36] and the references cited
therein.

2. Nonnegative constant equilibrium solutions and their stabilities
Obviously, (b,0) and (1,0) are nonnegative constant equilibrium solutions of (1.1). On the
other hand, the positive constant equilibrium solution of (1.1) has the form (i, i), where i satis-
fies
>+ (Bb—1—b)i+b=0.
The following results concerning with positive equilibrium solutions are obvious:
G Ifgpb>1-—- «/5)2, then (1.1) has no positive constant equilibrium solution;

(ii) If Bb < (1—+/D)?, then (1.1) has two positive constant equilibrium solutions: @y = (@i, 1),
up = (ip, lip) with

1

ﬁlzi(1+b—ﬂb—\/(1+b—ﬂb)2—4b),

1
ﬁ2=§(1+b—ﬂb+\/(1—|—b—ﬁb)2—4b).

@ii) If b= (1 — \/l;)z, then (1.1) has a unique positive constant equilibrium solution u3 =
(@13, i3) with i3 = +/b.

For the simplicity of notations, we denote u = (u, v) and

f(u,v) u(l—u)(w/b—1)— Buv
G) = = .
g(u,v) uu(l —v/u)
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The linearization of G (u) at u = (i, v) is

Gu = (2(1 ' l/b)ﬁu_aj/ﬁ;z/b o m —_fja/a> ' @1
Denote
A; = (1 + 1/b)ii; — 2ii? /b,
then we get
Gu(il;) = </: __’Z“’), 2.2)
and

Ay > By, Ay < Biia, Az = Bis.

In the following we discuss the local stability of the constant equilibrium solutions (b, 0),
(1,0), uy, up and us.

LetO=pup < pu) <--- < u; <--- be the complete set of eigenvalues of the operator —A in
2 with the homogeneous Neumann boundary condition, and E(u;) be the subspace generated
by the eigenfunctions corresponding to ;. Let m; be the algebraic multiplicity of u;, i.e., m; =
dim E (u;), and {¢,‘j}?’;1 be a basis of E(u;), i.e., {qbij}';’;l constitute a complete set of linearly
independent eigenfunctions corresponding to w;. Define

m;
Xij={chij: ceR?, X;=EPXy,
j=1

w9
X={(u,v)e[cl(sz)]2: P _0on asz}. 2.3)
av v
Then
o0
X:EBX,».
i=0

The stationary problem of (1.1) is the following elliptic boundary value problem

—diAu=u(l —u)(u/b—1) — puv, xe,

—dr Av = pv(l —v/u), x €, (2.4)
du  Jv

— = — =0, x €012.

v Jdv
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And the linearization of (2.4) at a1 is

—DAu=Gy(@u, xeQ,
ou

— =0, x €082,
av

_(d1 O
D= ( ! d2> .
Theorem 2.1. (i) For all dy,dy, u > 0, the constant equilibrium solutions (1,0), (b,0) and
(1, i) are unstable.
(i) For all dy,dr > 0, the constant equilibrium solution (i3, u3) is locally asymptotically

stable when |1 > max {Aj, Z—fAz}, and is unstable when u < Aj.
(iii) For all dy, dy > 0, the constant equilibrium solution (43, u3) is unstable if © < Aj.

where

Remark 2.1. In Theorem 2.1(ii) there is a gap between the stability and instability of (iio, ii7).
For the values of parameters in this gap, the stability depends on d, d>. Indeed, in this gap the
Turing instability could occur (stable for ODE but can be unstable for some di, d»). Please refer
to [20, Theorem 3.2] and the arguments of §5.3.

Proof of Theorem 2.1. (i) For u = (1, 0). Taking advantage of (2.1) it follows that

Gy (i) = (1 —Ol/b —M,B>

AsO0<b < 1,wehave u+1/b > 1. Itis easy to verify that u is an eigenvalue of G, (1) and the
correspondi i is (—L—r i
ponding eigenvector is (7= =17 1). Therefore, (1, 0) is unstable.
For u = (b, 0), we have

Guw = (5" ).

We can verify that u is an eigenvalue of Gy (i) with eigenvector (¢, h): (¢, h) = ( l_ib_u, 1)
when b + u # 1, while (¢, h) = (1, 0) when b + u = 1. Hence (b, 0) is unstable.
For the cases &; = (u;,u;), i = 1,2, 3. Denote

L=DA+ Gu(ﬁi)~

Then foreach j €{0,1,2,...},X j 18 invariant under the operator L, and £ is an eigenvalue of £
on X if and only if & is an eigenvalue of the matrix

- —pjdi + A; —Bu;
QijZ_HjD—i-Gu(ui):( S ’ )

u —ujdy —

where Gy (W;) is given by (2.2). The direct calculation gives
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TrQij=A; —pn—(d +d2)j,
det Q;j = dleI/«? + (udy — dr A + uPii; — A;.

Fori =1 and j =0, we have

|E1 — Qo = &% — (A1 — W& + puPity — pA;.

Since Bit; — A1 < 0, the two eigenvalues &, and 3;6" of Q1 satisfy §;” <0 < Sg' , which implies
that (i1, i11) is unstable.

Similarly, if © < A», then (i3, 1) is unstable.

Fori =3, owning to i < A3 and Bii3 = A3, the two eigenvalues &, and EJ of Q3 satisfy

£y +E =Tr Q30=A43—u>0,
& & =det Q30 = ppiis — Az =0.
Hence 0=§; < Sg' , which implies that (i3, i#3) is unstable.

Finally, we show that if © > max{A5, Z—?Az}, then (u», up) is locally asymptotically stable. In
fact, since B, > Aj, the two eigenvalues gj_ and S;‘ of Q»; satisfy

E;+§;’=Tr Q2j=Ar—pu—(d2+d)pj <0,

Sj_Ef =detQoj = pj(pjdidy + pdy — drAz) + ppuy — Az > 0.

Thus ij and E;“ have negative real parts. Actually

Tr Q2 - Ay —p

_ 1
Reéj =Re{§<TrQ2j—\/(Terj)2—4detQ2j)}5 5 =5 <0, 2.5
and when (Tr Q2;)? — 4det 0»; <0,
1 T i Ay —
Rett =Re |- TrQ2j+\/(TrQ2j)2—4detQ2j Iy Ak o 6
J 2 2 2
For the case (Tr sz)2 —4det Qz; > 0, we have
+_ 1 2
Reéj 25 TrQ2j+\/(TI'Q2j) —4det O»;
2det Qs ;
_ eQZJ <O,
Tr 02 — \/(Tr 02)) — 4det 03
and Re S;’ — —o00 as j — oo. Hence, there exists a constant ¢ > 0 such that
Regj*<—a, Vjie{0,1,2,...}. 2.7)
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Inequalities (2.5), (2.6) and (2.7) imply that

—A
Reé;, Re&;r < —min{o, %} =:—e<0, Vje{0,1,2,...}.

Consequently, the spectrum of £, which consists of eigenvalues, lies in {Re& < —e}, and local
stability of (i2, ti2) is followed from [11, Theorem 5.1.1]. The proof is complete. O

3. Global existence, uniqueness and estimates of the solutions

In this section, we provide the global existence, uniqueness and estimates of solutions of the
problem (1.1).

Theorem 3.1. (i) The problem (1.1) has a unique global solution (u(x,1),v(x,1)) satisfying
u(x,t) >0, v(ix,r) >0 for (x,t) € Q x [0, 00), and

limsupmaxu(x,t) <1, limsupmaxv(x,t) <I. 3.1)
t—oo Q t—oo  Q

(i1) There exists a constant M > 0 such that
||M(',l)||C|(Q)§M, Vi>1. (3.2)
Proof. (i) Itis easy to see that, in the domain {u > 0, v > 0}, the problem (1.1) is a mixed quasi-

monotone system. Take v(x,#) =0 and (iz(x, 1), v(x, 1)) = (u* (), v*(t)), where (u*(t), v*(t))
is the unique solution of

W =u(l—uww/b—1), >0,
vV =pv(l —v/u), t>0,
u(0) = u*, v(0) =v*,

with u* = max g uo(x) > 0 and v* = max, .5 vo(x) > 0. Let u(x, t) be the unique positive
solution of

ur=diAu+u(l—u)u/b—1)—Buv, xe,t>0,

u

— =0, x€d, t>0,
ov

u(x,0) = u,, x e,

where u, =min, g uo(x) > 0. Then (u(x,1),v(x,t)) and (u(x, 1), v(x, 1)) are the coupled or-
dered upper and lower solutions of the problem (1.1). Hence (1.1) has a unique global solution
(u(x, 1), v(x,t)) satisfying

0<u(x,t) <u(x,t) <u*@), 0<v(x,t)<v*(t), YxeQ, t>0.

Moreover, by the strong maximum principle we also have v(x,7) > 0 for x € Q and 7 > 0.
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In the following we prove that (u, v) satisfies (3.1). Clearly, u satisfies

ur <diAu+u(l—u)(u/b—-1), xeQ,t>0,

a—M=O, x€ed2, t>0, 3.3)
av
u(x,0)=up(x) >0, x €.

It is deduced by the comparison principle that u(x, t) < ¢(t), where ¢(¢) is the unique solution
of

¢ =p(l—@)p/b—1), t>0; @0)=u*, (3.4)

with u* = max, g ug(x) > 0. Evidently, lim ¢(¢) < 1, this implies lim supmax u(x, ) < 1. For
=00 t—oo Q
any given ¢ > 0, there is T > 0 such that

ulx,t)<1l+e, xeQ, t>T.

It follows from the second equation of (1.1) that
v <dAv+pv(l—v/(1+¢), x>Q,1>T. (3.5)

Remember the boundary condition g—]'j = 0, it is derived by the comparison principle that
v(x,t) <¢(t) forx € Q,t>T, where ¢ (¢) is the unique solution of

¢ =up(1—¢/(0+e), 1>0; ¢(T)=maxv(x,T). (3.6)

x€Q

Obviously, tlirn ¢ (t) <1+ ¢, which leads to limsupmax v(x, #) <1+ ¢. The arbitrariness of ¢
— 00 t—>oo Q
yields limsupmax v(x, ) < 1.
t—>o00 Q
(ii) The proof is similar to that of [35, Theorem 2.1], and we just give a brief description. For

the integer k > 0, denote uk(x, t)=u(x,t+k). Then uk satisfies

uk —dy Auk = u* (1 —u*)@* /b — 1) — Bubv(x,t +k), xeQ, 0<t<3,

duk

— =0, x €02, t >0,
v

uk(x,O)zu(x,k)>O, x e,

Noticing (3.1), it is easy to see that ||Mk||LOO(QX(0’3]) and ||v(x,t + k)| Lo (@x(0,3]) are bounded
in k. Similarly to the arguments in the proof of [35, Theorem 2.1], we can prove (3.2). O

Remark 3.1. Generally, we couldn’t get unifor_m estimates of v(-, 7) in C1(Q) since u may tend
to 0 as t — oo and v/u may be unbounded in 2 x [1, 00).
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4. Dynamical properties of the solution

This section is devoted to investigate the dynamical properties of the solution (u(x, t), v(x, t))
of (1.1). We first give a general result.

Theorem 4.1. For all di,d>, B, u > 0, if up(x) < b and (uo(x),vo(x)) £ (b,0), then
tlim ulx,t) = tlim v(x, t) = 0 uniformly on Q.
— 00 — 00

Proof. The proof is divided into three cases.
Case 1: up(x) < b on Q. By (3.3), (3.4) and ug(x) < b, we obtain that tlim () =0 and
—>00

tlim u(x, t) = 0 uniformly on Q. For any given & > 0, there is 7 > 0 such that
— 00

u(x,t) <e, VxeQ, t>T.
Replacing 1 + ¢ with ¢ in both (3.5) and (3.6), we can obtain similarly

limsupmaxv(x,?) < lim ¢(t) <e.
t—o00 =00

The arbitrariness of ¢ gives that tlim v(x, t) = 0 uniformly for x € Q.
—00

Case 2: ug(x) < b and ug(x) # b. Le_:t w =b — u. Then, by (3.3) and (3.4), we have that
O<ulx,t) <b,0<w(x,t)<bforxe,t>0,and

w,—dlsz%(b—w)(l—bntw)—i-ﬂ(b—w)vzo, xeQ, 1>0,

0

—w=0, x€ed, t>0,
ov

w(x,0)>,#£0, xeQ.

It follows from the strong maximum principle that
wx,t)>0, VxeQ, t>0,
ie., u(x,1) <bforx € Q, > 0. Similarly to the case 1, we have
Iim u(x,t) = lim v(x,r) =0
11— o0 —o0
uniformly for x € Q. )
Case 3: up=>b gnd vo(x) #£ 0 for x € Q. In view of (3.3) and (3.4), it is easy to see th_at
u(x,t) <bforx e Q,t>0.Ifu(x,t) = b, we obtain a contradiction since v(x, t) > 0 for x € €2,
t > 0. Hence there exists #y > 0 such that 0 < u(x, o) < b and u(x, t9) % b. Similar to the case 2,

Iim u(x,t) = lim v(x,t)=0
11— 00 11— 00

uniformly for x € Q. The proof is complete. O
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Let (u(x, 1), v(x, 1)) be the unique solution of (1.1) and

s(t):mipM, > 0. “.1)
xe I/l(.x, t)

For the positive constant A, we denote
Ry ={w,v): u>0,v>Au}.

We call that R, is an invariant r_egion of (1.1) if (ug(x), vo(x)) € Ry, for all x € Q implies
(u(x,t),v(x,1)) € Ry forall x € Q and ¢t > 0.

Lemma 4.1. Suppose that dy = dy = d and i > 0. Denote o = (1 — /l;)z/(ﬁb).
(i) When Bb > (1 — \/1_7)2, the set R, is an invariant region of (1.1) for each Lo < A < 1.
Moreover, s(t) is strictly increasing in t provided Ao < s(t) < 1;

(i1) When b= (1 — «/5)2, the set R1 is an invariant region of (1.1).

Proof. (i) Let (u(x,t), v(x,t)) be the unique solution of (1.1). Set w = v — Au and

1 A
h(u,w;k)=£g(u,w+ku)—d—lf(u,w+>»u). 4.2)

Since d; = d> = d, then w satisfies

wy —dAw=dh(u,w; 1), xe, t>0,
ow

P
w(x,0) =vo(x) — Aug(x), xe,

0, xead, t >0, (4.3)

and
h( O'A)—1 Au) IA( A
u, 0; —Eg(u, W= S (u, Au)

_1 (W(l ) —au(l—uw)u/b—1) +,3A2u2)
d
1

= E)»u[//,(l — A+ 2Bu— (1 —u)(u/b—1)]
1

= Eku[(ﬁu — WA +u—1—-u)m/b—1)]

with u = u(x, t). Set

k(u, ) =PBu—wr+pu—0—-u)(m/b—1).
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Notice Ao < 1 when 8b > (1 — \/5)2. Owing to u > 0, we have

k(u,20) =1 —2o)t + Brou — (1 —u)(m/b—1) > 0.
k(u,)=Bu— 1 —u)(m/b—1)=>0.

Therefore, k(u, A) > 0 for all Ao <A <1 and u > 0, which leads to
h(u,0;1) >0, VxeQ, t>0. 4.4)

If (uo(x), vo(x)) € Ry for all x € Q, then w(x,0) >0 in Q. Noticing (4.4), we can apply the
strong maximum principle and Hopf boundary lemma to (4.3) and derive that for 1o <A <1,

w(x, 1) >0, ie., v(x,1) > u(x,t), Vxe, t>0. 4.5)

Hence R, is an invariant region for each Ao <A < 1.
The conclusion (4.5) also suggests that if Ag < s(0) < 1 then

v(x, 1) >sQu(x,t), Vxe, >0,
ie., s(t) > s(0) for all + > 0. Similarly, it can be shown that if s(#;) < 1 for some #; > 0, then

s(t) > s(t)) forall > ¢1.
(ii) The condition b = (1 — +/b)? implies A9 = 1. As u > 0, we have

1 1 1 5
h(u,0, rp) = Euk(u, 1= Eu[ﬁu —1=wu/b—-1]= ﬁu(u — x/l;) > 0.

By the strong maximum principle we have that R, is an invariant region of (1.1). The proof is
complete. O

When p > (1 — b)?/(4b), we have
k(u,0)=pn— (1 —u)w/b—1)>0.

Combining this formula and k(u, 1) > 0, by the same method as in the proof of Lemma 4.1, we
can get the following conclusion.

Corollary 4.1. Suppose that di = d> = d, Bb > (1 — /b)* and jn > (1 — b)?/(4b).

(1) The set R, is an invariant region of (1.1) for each 0 < A < 1;
(ii) s(t) is strictly increasing in t provided 0 < s(t) < 1.

Remark 4.1. Under these assumptions of Corollary 4.1 when we have a more restrictive condi-
tion on u (1 > (1 — b)?/(4b)), it can be shown that the problem (1.1) has neither nonconstant
positive time-period solution (see Proposition 4.1) nor nonconstant positive steady states (see
Theorem 5.4).
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Theorem 4.2. Assume di =dr =d, pb > (1 — Vb)? and > 0. If the initial data (uo, vo)
satisfies Aoug(x) < vo(x) on 2, then tlim (u(x,t),v(x,t)) = (0,0) uniformly on <.
—00

Proof. If Aouo(x) < vo(x) on Q, thanks to the conclusion Lemma 4.1(i), it follows that
Mu(x,t) <v(x,t) forall x € Q and ¢t > 0, and there exist Ag < A1 < 1, g > 0 such that

Aulx,t) <v(x,t), Vxe Q, > to.
Consequently, u satisfies
ur —dAu=u(l —u)(u/b—1) — Buv
<ul[(I —u)(u/b—1) — 1 Bul
<ku, Vxe,t>1,
where k = maxy>o[(1—y)(y/b—1) — A1 By] < 0. This leads to rlim u(x,t) = 0 uniformly on Q.
—00

In the same way as in the proof of Theorem 4.1, it can be deduced that tlim v(x, t) = 0 uniformly
—00

onQ. O
Theorem 4.3. Assume di = d>» =d, b= (1 — /b)? and . > 0.

() If uo(x) < b and (uo(x),vo(x)) # (vb, /b), then Jim (u(x, 1), v(x, 1)) = (0,0) uni-

formly on Q.
(1) Ifuo(x) <wvo(x) on Q, then tl_i)rrolo(u(x, t),v(x,1)) =(0,0) or (\/B, «/E) uniformly on Q.

Proof. (i) By Lemma 4.1(ii), we obtain that R is an invariant region of (1.1) and v(x,?) >
u(x,t) forx e Q,t>0. B
Case 1: ug(x) <wvo(x) and ug(x) <, # /b on Q. Setting ¢ = b — u, we have

b_
wz—dsz(«/E—w)[(«/E—w—l)(fb Y D+ BWE—9)]20, xeQ, >0,
0
%% o, xedQ, t>0.
v
¢(x,0)>,#£0, x €.

The strong maximum principle and Hopf boundary lemma yield
ex,t) >0, ie., u(x,t)< JE Ve, t>0.
Set ¢ = max, g u(x, to) < +/b for a fixed fy > 0. We can prove similarly
ulx,t)<ec, VYxeQ, t>r1.

Because, in the current situation, /b is the unique root of (1 — y)(y/b — 1) — By =0, we see
thaty :=(1 —c¢)(c/b—1) — Bc <0and (1 —y)(y/b—1) — By <y for all y < c. Therefore,
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(I —ulx,)wux,t)/b—1)—Bux,t) <y <0, Vxe Q, > to,
and
uy —dAu <ul[(l —u)(u/b—1)— Bul <yu, Vxe,t>r1.

Similarly to the proof of Theorem 4.2, it can be deduced that tlim ulx,t) = tlim v(x,1) =0
— 00 —00

uniformly on Q.

Case 2: uo(x) = /b < vo(x) and (uo(x), vo(x)) # (v/b, v/b) on Q. Similarly to Case 1,
we derive that u(x,?) < Jbforx e, t>0. If u(x,t) = b, we get a contradiction since
v(x,t) > 0 for x € Q, r > 0. Therefore, there exists a 7 > 0 such that u(x,T) < v(x,T)
and u(x,T) <, # Vb on Q. Using the conclusion of Case 1, we have that tl_i)rrolou(x,t) =

lim v(x, ) = 0 uniformly on Q.
11— o0

(i1) Using Lemma 4.1(ii) again, we have
v(x, 1) >u(x, 1), xeQ, t>0. (4.6)

Taking advantage of (4.6) and the first equation of (1.1), we get

1
u, —dAu < —Eu(u—ﬂ)2, xeQ, t>0,

a—u=0, x€eo,t>0,
ov
u(x,0) =uo(x), xeQ.
It follows that
limsupmaxu(x,t) < Vb. 4.7)

t—>o00 xeQ

According to (4.7), we conclude that either

maxu(x, Tp) < Vb for some Ty > 0, (4.8)
xeQ
or
lim maxu(x,t) =~b, maxu(x,t)>~b, Vi>0. 4.9)
=00 xeQ xeQ

When (4.8) holds, making use of (4.6) and the conclusion (i), we have that either
(u(x,1),v(x,1)) = (v/b, v/b) in Q x [Ty, 00) or

tlim (u(x,t),v(x,t)) =(0,0) uniformly on Q.
—>00

When (4.9) holds, we shall divide the proof into two steps.
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Step 1. We first show that tlim u(x,t) = N uniformly on Q. Denote
—00

ﬁ(t)=|—§12|/u(x,t)dx, <p,,(t)=/up(x,t)dx, p>2.
Q Q

Then

—/ 1 2
u(z)g—m u(u —~b)?dx <0, (4.10)
Q

¢ (1) = p/ (ul’—‘[dAu Fu(l — u)(% —1)— ﬁuv]) dx

Q

< [7/ (du”_lAu - %u”(u - \/1_7)2> dx
Q
= —P/ (d(P — DuP 72| Vu|* + %up(u — «/Z)2> dx
Q

<0, @.11)

Hence E = tlim u(t) < Vb and tlim @p(t) = 0, and so the limit tlim u(u — \/E)zdx exists.
— 00 — 0 0

Q
Based on (4.10), it is easy to see that

Jlim f u(u — /b)2dx = 0. 4.12)
Q

Using (4.7), (4.12), Fatou Lemma and Holder inequality, we have

0< /nminfu(«/Z —uw)dx < liminf/ u(vb —uydx < limsup/ u(vb —u)dx
11— 00 11— 00

11— 00
Q Q
1 1
2 2
< llim /udx /u(u - «/B)zdx =0,
— 00
Q Q

which implies tlim / u(v'b — u)dx = 0. Direct computation yields
— 00
Q

Oztl_igo/u(\/z—u)dxztgrgo/(x/Eu—(u—ﬁ+ﬁ)2>dx
Q Q

= lim («/Eu Cw—i)? - 122) dx.

Q
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That is,
k:= lim [ (u—i)’dx=|QUE~b—E)>0. (4.13)
=00
Q

By virtue of the Poincaré inequality, there exists a constant C > 0 such that

/(u—ﬁ)2dx§C/|Vu|2dx, Vi>0. (4.14)
Q Q

We claim that £ = tlim u(t) = V/b. If this is not true, then
—00

E<+b, k>0. (4.15)

Take p = 2. It follows from (4.11), (4.14) and (4.15) that

1
@h(1) < —2/ <d|Vu|2 + Zuz(u - JE)2> dx < —2/d|Vu|2dx
Q Q

d 2dk
5—2/—(u—ﬁ)2dx—>——<0 as t — 0o,
c c
Q

which leads to llim @ (t) = —oo. This is a contradiction since ¢,(¢) > 0 for all # > 0. Thus
—00

E = /b, and upon using (4.13),

Jlim / (u —~/b)*dx =0. (4.16)
Q

Thanks to (3.2), we see that the set {u(-, ) : t > 2} is relatively compact in C (). Assume that
llu(x, k) — oo ()|l ¢y = 0 as fx — 00

for some oo (x) € C(2). In view of (4.16) and the uniqueness of limit, it fo}lows that U (x) =
Vb. Combining this and the relatively compactness of {u(-, ) : ¢ > 2} in C(£2), we deduce

Jim flu 1) — Vbl @ =0 4.17)

Step 2. Now we prove tlim lv(-, t) — \/EHC(Q) = 0. It follows from (4.6) that
— 00

liminfv(x, 7) > liminfu(x, t) = v/b.
—>00 1—>o0
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Remember (4.17), then similar to the proof of Theorem 3.1(i) we have limsupv(x,t) < Vb.

11— 00
Thus
lim v(x,t) = Vb. (4.18)
=00

Owing to (4.17) and u(x,t) > 0 on Q x [0, 00), we have inf wu(x,t) > 0, and then
xe2,t>0

v(x,t)/u(x,t) is uniformly bounded on Q x [0, 00). In the same way as in the proof of The-
orem 3.1(ii), there exists M| = My (b, B, ;1) > 0 such that

W Dllergy <M1, Yi=2.

Using this estimate and (4.18), we can derive similarly that tlim lv(, 1) — \/EHC(Q) = 0. The
— 00
proof is complete. O

Proposition 4.1. Suppose that di = d> = d and Bb > (1 — /b)?. If u > (1 — b)?/(4b), then the
problem (1.1) has no nonconstant positive time-periodic solution.

Proof. Suppose on the contrary that (u(x,?), v(x,?)) is a nonconstant positive time-periodic
solution of (1.1) with period 7. Then we have

s)=s¢t+T), t>0, (4.19)

where s(¢) is given by (4.1). We first prove

limsups(z) > 1. (4.20)

—>00

If this is not true, then there exist ¢ > 0 and T > O such that s(t) < 1 — ¢ for all r > Ty. By
use of Corollary 4.1, it follows that s(¢) is strictly increasing and tlim s(t1) <1 —¢. Thisis a
— 00
contradiction with (4.19). Thus, (4.20) holds.
For the case b > (1 —+/b)?, we have 1o = (1 —+/b)?/(Bb) < 1. Combining this with (4.20),

we can find a 77 > 0 such that Ag < s(77), i.e., Ao < Zg%; for all x € Q. Then, by Theorem 4.2,

JAim (u(x, 1), vix, 1)) = (0,0)

uniformly on Q. This is a contradiction because (u(x, t), v(x, 1)) is a positive periodic solution.
For the case gb = (1 — «/3)2, thanks to (4.20), we have that either

s(T»)>1 forsome Tp >0, 4.21)
or
tlirgos(t) =1,s5()<1, Vt>0. (4.22)
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When (4.21) holds, we have 58% >s(T») > 1,1ie., v(x, T») > u(x, T») on Q. Take advantage

of Theorem 4.3, tlim (u(x,1),v(x, 1)) = (0,0) or (v/b, Vb) uniformly on . This is a contra-
— 00

diction because (u(x,t), v(x,t)) is a nonconstant positive periodic solution. When (4.22) holds,

by Corollary 4.1, s(t) is strictly increasing for ¢ > 0. This contradicts with (4.19). The proof is

complete. O

Theorem 4.4. Assume d) =d, =d, b < (1— Vb)? and > 0. If ug(x) < vo(x) and up(x) < ity
on L2, then the following hold:

() u(x,t) <iy on Q x [0, 00);

(ii) The function max, g u(x,t) is strictly decregsing int € [0,00);
(>iii) tlim (u(x,t),v(x,t)) = (0, 0) uniformly on <.
—00

Proof. The proof will be divided into three steps. B
Step 1. We first show that if u(x,t) < @y on Q2 x [0,T] for some 0 < T < oo, then

max, . u(x,t) is strictly decreasing for 0 <t < T'. It is sufficient to prove

u(x,t) <maxup(x), Vxe Q, 0<r<T.
xe

Setn= max u(x,t),then n <. Because i is the first root of
xe, 0<t<T

() =By—10—=y)y/b-1)=0,

we have that ¢ () > 0 and ¢ (y) > ¢ (n) for all 0 < y < 7. Therefore,

Bu(x,t) —[1 —ulx,t)](ux,t)/b—1)
=@, 0))>¢p(n) >0, VxeQ, 0<r<T. (4.23)

Denote w = v — u. Then, upon using (4.23), we have

h(u,0;1) = éu(x, D{Bu(x, ) —[1 —u(x,)]w(x,t)/b—1)} >0, VxeQ 0<t<T,
where h(u, w; A) is given by (4.2). Similarly to the proof of Lemma 4.1(i), it can be deduced that
vix,t) >u(x,t), Vx eQ, 0<r<T.
This combined with (4.23) allows us to derive
ur —dAu <ul[(1 —uw)(w/b—1)—Bul <—p(u <0, Ve, 0<r<T.
It follows from the strong maximum principle that

u(x,t) <maxuo(x) <u;, Vxe Q, 0<r<T.
xeQ
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Step 2. Noticing uo(x) < ii on €2, we can define
Ty =sup{t: u(x,t) <i;, VxeQ, 0<t <t}

It will be shown that 77 = co. Suppose on the contrary that 77 < oo, then there exists xo € Q such
that u(xg, T1) = 1 and u(x,t) < u; for all x € 2, 0 <t < Tj. Obviously, for any 0 < t, < T7,
there holds

ulx,t)<iy, vxe, 0<t<mn.

By the conclusion of Step 1, max .5 u(x, 12) < max, g u(x, t;) < # forany 0 < #; < #,. Letting
tp /' T1 and applying the continuity of max g u(x, t) with respect to ¢, we obtain that

up =maxu(x,T1) <maxu(x,t;) <.
xe xeQ

This contradiction shows T} = 0o, and so u(x, 1) < ii; on Q x [0, 00). Recalling the result of
Step 1, we conclude that max, g u(x, t) is strictly decreasing in ¢ € [0, 00). The conclusions (i)
and (ii) are proved.

Step 3. Now we prove conclusion (iii). From the arguments in Steps 1 and 2 we can see that

v(x,t) >u(x,t), Vxe Q, >0,
and max g u(x, t) is strictly decreasing in ¢ > 0. Set m = max .5 1o and
—k=0—-—m)(m/b—1) — Bm.
Then m < u;. Similarly to Step 1, we have that k > 0 and
ur —dAu <u[(1 —u)(u/b—1) — Pul < —ku, Vxe,t>0.

Hence, tlim u(x,t) =0 uniformly on Q. By the same way as in the proof of Theorem 4.1, it can
— 00

be shown that tlim v(x, t) = 0 uniformly on €. The proof is finished. O
—> 00

Remark 4.2. This theorem shows that both predator and prey will become extinct if the initial
density of the former surpasses that of the latter and their initial densities are less than ;. As a
result, (i1, i) is unstable.

5. Stationary patterns—nonconstant positive solutions of (2.4)

What is of interest in the prey—predator models is whether the various species can coex-
ist. In the case where the species are homogeneously distributed, this would be indicated by a
constant positive solution. In the spatially inhomogeneous case, the existence of nonconstant
time-independent positive solutions, also called stationary patterns, is an indication of the dy-
namical richness of the systems.

In this section we study the existence and non-existence of nonconstant positive solutions of
the problem (2.4).
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5.1. Estimates of positive solutions of (2.4)

To discuss the existence and nonexistence of nonconstant positive solutions of the problem
(2.4), in this subsection we shall give a priori positive upper and lower bounds for the positive
solutions. For this, we first state two known results.

Proposition 5.1 (Harnack inequality [16]). Let w € C2(Q) N CHRQ) be a positive solution
of Aw(x) + c(x)w(x) =0, where ¢ € C(RQ) N L (), satisfying the homogeneous Neumann
boundary condition. Then there exists a positive constant C which depends only on M where
lIclloo < M such that

maxw < C minw.
Q Q

Proposition 5.2 (Maximum principle [17]). Let g € C(Q), and b; € C(Q), j =1,2,..., N.

(i) Assume that u € C'(Q) N C2(Q) and satisfies

N
Au+Y bi(nuy; +g(x) =0, xeQ,
o
—MSO, x €0Q.
av

If u(xo) = maxg u, then g(xp) > 0.
(ii) Assume that u € C' () N C*(Q) and satisfies

N
Au + ij(x)uxj +g(x) <0, xeq,
j=1
0
2o, x €99,
av
If u(xo) = ming u, then g(xo) < 0.
Making use of Propositions 5.1 and 5.2, we can derive the following results.

Theorem 5.1. Let (u, v) be a positive solution of (2.4). Then

b<maxu <1, O<miny <minv <maxv <maxu < 1.
Q Q Q Q Q

Theorem 5.2. Let d* > 0 be a fixed constant. Then there exists a constant ¢, = c,(d*, b, B, R,
N) > 0 such that, for any dy > d*, every possible positive solution (u, v) of (2.4) satisfies

0<b<maxu < c,minu.
Q Q
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Corollary 5.1. Let d* > 0 be a fixed constant. Then there is a constant C = C(d*,b, B, 2,
N) > 0 such that, for any di > d*, every possible positive solution (u, v) of (2.4) satisfies

miny > C, minv > C.
xeQ xeQ

The following result follows by the standard Schauder theory for elliptic equations, its proof
will be omitted here.

Theorem 5.3. Let dy > 0 be a fixed constant. Then there exists a positive constant C =
C(dy, b, B, 1u,2,N) s_uch that, for all dy, dy > dy, every possible positive solution of (2.4) sat-
isfies (u, v) € [C?>T(Q)]* and

lul2ra <C. llvll24a < C.

5.2. Nonexistence of nonconstant positive solutions of (2.4)

In this subsection, we shall give some conditions to guarantee the nonexistence of nonconstant
positive solutions of (2.4). We first consider the case 8b > (1 — «/5)2.

Theorem 5.4. Assume that Bb > (1 — \/5)2. If u> % (lgé’)z, then the problem (2.4) has no
nonconstant positive solution.

Proof. On the contrary we assume that (2.4) has a nonconstant positive solution (u, v). We claim
that

0< Ao :=mig1M <1. 5.1
xe u(x)

If (5.1) is not true, then v(x) > u(x) for all x € Q. It is easy to see that v % u since (u, v) is a
nonconstant solution of (2.4). Thus, v >, #£ u, i.e., v/u >, % 1. Integrating the second equation
of (2.4) over 2 we have

Ozu/v(l —v/u)dx <O0.
Q

This contradiction shows that (5.1) holds.
For0 <A <1, weset w(x) =v(x) — Au(x). Then

1 1 1
h(u,0; 0) =du[—pn(1 —2) — —(1 —u)(w/b—1) + —BAu]
d2 dl dl
where A (u, w; A) is given by (4.2). Define

1 1 1
K@, = d—z,u(l —A) — d_l(l —u)(u/b—1)+ d—lﬂ)»u.
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Taking advantage of u > j—f (llbb)z and Bb > (1 — +/b)?, we obtain that, for any u > 0,

1 1
K(u,0)= gu— d_1(1 —u)(u/b—1) >0,
1 1
Ku,1)=—Br——0—-u)(u/b—Du >0,
di di
which implies K (1, 1) > 0 forall 0 <X < 1 and # > 0. Hence

h(u,0;1) >0, VO<i<l, xeQ. (5.2)

By (5.1), there exists xo € € such that 0 < A9 = 250 < 1. Certainly, h(u, 0, ; ko) > O by

u(xp)

(5.2). Let wo(x) = v(x) — Agu(x). Then wy(x) satisfies

—Awg=h(u, wo; Ay), x €,

ow
o, x €99,
av
According to Ag = Zgg; and (5.1), we have

wo(xo) =0, wo(x)>0 on .
Since h(u(xo), 0; A9) > 0, by the strong maximum principle and Hopf boundary lemma, it de-
rives that wo(x) > 0 on 2. This contradicts to the fact that wg(xg) = 0, and so (2.4) has no
nonconstant positive solution. 0O

Now we discuss the case b < (1 — \/5)2.

Lemma 5.1. Suppose that Bb < (1 — /b)?. Let dyj € (0,00), and @D, v be the positive
solutions of (2.4) with d\ = dy ;. Assume that dy; — c?l € [0, o0}, and

@ v > @, v%)
uniformly on Q. If u*, v* are positive constants, then (u*, v*) = (i1, @i1) or (u*, v*) = (i2, ii2).
The proof of this lemma is the same as that of [21, Lemma 2], and the details are omitted here.

Theorem 5.5. Suppose that pb < (1 — V'b)?. Then there is a positive constant dy > 1 such that,
for any dy > d\, the problem (2.4) has no nonconstant positive solution.

Proof. Step 1. Fix 0 < « < 1 and define

X = ueC“(Q):/udxzo ,
Q
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0
u :O},
FI9)

Y = {u e C*TYQ): —
Jv
z=XﬁY.

Let,o:dfl,anddecomposeuza—i—z witha e Rand z € Z. Set

1 a+z
fl(p,a,z,v)=@f<(a+z)(1—a—z)( b —1)—,3(a+2)v>dx,
Q
fz(p,a,zyv)ZAZ-l—P(a-i-Z)(l—G—Z)(azz—1)—Pﬁ(a+z)v—/0f1,

f3(p,a,z,v) =drAv + pv(l —v/u),
F(p,a,z,v) = (f1, o ) (p,a,z,v).

Then
F:RZXxZxY—>RxXxC*),

and for any p > 0, (u, v) is the solution of (2.4) if and only if F(p,a,z,v) =0. It is easy to
verify that, for all p, F(p,u1,0,u1)=0.

Let ¢ be the Fréchet derivative of F at (0, 1y, 0, 1) with respect to (a, z, v). A direct com-
putation yields

1

— | (Aja + A1z — Buv)dx
|Q|g.2/

w(a,z,v) = . with Ay = (14 1/b)ity — 2i3 /b.

Az
d)Av+ u(a+z) — pv
We will prove that ¥ is one-to-one and surjective. It suffices to show that for any given
(ag, 20, v0) € R x X x C*(Q),
the equation

¥ (p,a,z,v)=(ao, 20, Vo)

has a unique solution (a, z,v) € R x Z x Y, or equivalently, the following system has a unique
solution:

1 .
@/(Ala—}—Alz—ﬂulv)dx:ao, (5.3)
Q
0z
Az=2zp, x €Q; —’ =0; zdx =0, 5.4)
v 1aQ
Q
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—dAv+pv=pla+z)—vy, x€L2,
v (5.5)

— =0, x € Q.
av

Since zg € X, the problem (5.4) has a unique solution z € Z. Recall A| > Biu. Take

| -
_ czo—M vodx | . (5.6)
Ay — Buy wIS2|

a =

Then the problem (5.5) has a unique solution v, and v satisfies

,u/vdx:ualﬂl—/vodx. 5.7)

Q Q

Note that by (5.7) and fQ zdx =0, it is easy to verify that such a pair (a, v) satisfies (5.3). This
shows that the system (5.3)—(5.5) has a solution. On the other hand, any solution (a, v) of (5.3)
and (5.5) must satisfy (5.6) and (5.7), i.e., the solution of (5.3)—(5.5) is unique. In conclusion,
¥ is a one-to-one and surjective map between two Banach spaces. Therefore, ¥ ~! exists and is
a bounded linear operator.

We note that, by the implicit function theorem, there are two constants §; > 0 and €1 > 0 such
that, for all 0 < p < 8, in the neighborhood By, of (i1, 0, 1), the equation F(p,a,z,v) =0
admits a unique solution, which must be (i1, 0, it1). Therefore, when d; > 1/§;, in a small
neighborhood of (i1, it1), the equation (2.4) has only constant solution (i1, it1).

Similarly to the above, there exists a constant 6, > 0 such that, when d; > 1/8;, in a small
neighborhood of (i3, ii2), the equation (2.4) has only constant solution (i3, it2).

Step 2. We will prove the desired conclusion by contradiction. Suppose that (u/), v())) are
the nonconstant positive solutions of (2.4) with dy = d;; and d;; — oo. According to Theo-
rem 5.3, we may assume that (u), vy — (u,v) in [C*(Q)]?. By virtue of Corollary 5.1,
uP(x), v (x) > C, and so u, v > C on . It is obvious that u = u* is a positive constant, and
v > 0 satisfies

—dyAv=pv(l —v/u*), xe€Q,

dv
— =0, € Q.
av o

Therefore, v = u*. By Lemma 5.1, we have (u,v) = (i, v1) or (u,v) = (i, uz). If (u,v) =
(i1, v1), then there exists jo > 1 such that

dij >max{1/8,1/82}, | vy = (i, D)lljc@yp <1, ¥ J = Jo-

By the conclusion of Step 1, (u(j), v(j)) = (u1, v1) for each j > jo. This contradicts with our
assumption. The case (u, v) = (ii2, it2) is also impossible. O

Finally, we give a nonexistence result without any limitations for the coefficients b, § and u.
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Theorem 5.6. There exists a large constant d such that the problem (2.4) has no nonconstant
positive solution provided dy, dy > d.

Proof. Let (u, v) be a positive solution of (2.4), and denote

ﬁ:ﬁ/u(x)dx, ﬁ:fﬁ/v(x)dx.
Q Q

Then, multiplying the equation of u in (2.4) by u — u, and integrating the result over €2, we have

d1/|V(u—ﬁ)|2dx=/(u—ﬁ)u(l —u)(u/b—l)dx—fﬂ(u—ﬁ)uvdx
Q Q Q
=1+ .

Recalling [, (u — it)dx =0 and & < 1, it yields

11=é/(u—ﬁ){(u—ﬁ)[a—u2+(l+b—ﬁ)u]+aﬁ}dx
Q

1 _2 2 -
:Z/(u—u) [0 —u“4+ (1 +b—u)uldx
Q

1 _orl - _
SE (u—n) [Z(1+b—u) —l—u(l—i—b—u)—b]dx,
Q
where o = u(1 + b — u) — b. By the careful calculation we can get
1 _2 - - l 2
Z(l+b—u) +u(1+b—u)—b§§(l+b — D).

Thus

b2—b+1
L < —3b+ /(u — i1)?dx.
Q

Applying Corollary 5.1 with d* = 1, it follows that

L= —,B/[(u —i)%v+ia(u — i)vldx
Q

<-8 / [C(u —it)* + it (u — it)v]dx

Q

=-p / [C(u — 1) + it (u — i) (v — D)]dx
Q
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5@/(u—ﬁ)2dx+§/(v—ﬁ)2dx.
Q Q

Therefore,

_ 2 _
d1[|V(u—ﬁ)|2dx§ <’3(1 20 +b 3Z+1>/(u—ﬁ)2dx+g/(v—ﬁ)zdx.
Q Q Q

2

It can be followed from Theorems 5.1 and 5.2 that

=2

<2, Vxe.

ux) <cv(x), ux)<cev, = <cy,
uu(x)

Using this fact, similarly to the above, we have

d2/|V(U—D)|2dx:/,uv(v—ﬂ)(l—E)dx
Q Q
_ “/ ((v — 20 =Y 4w - - E)) dx
u u
Q

- -
=u/ (v—a>2<1—3>—<v—ﬁ)23—(v—@”—)dx
u u u
Q

= =2 =2
=u/(<v—6)2(1—”+“>+(v—a)“7—(v—a>”—)dx
u u u
Q
( 2 5 _ 02 _a2>
l1-——)v=v)"+W—v)——(v—v)— |dx
Cx u u

2 =2
=M/ (1= ) =9+ W=D —i) )dx
o k

v
uu
2 ¢ 1
<ul1-24+%& /(v—ﬁ)2dx+—uc§f(u—ﬁ)2dx.
Cy 2 2
Q Q
Summing up the above estimates we have

d1/|V(u—ﬁ)|2dx+d2/|V(v—ﬁ)|2dx§Mf[(u—ﬁ)2+(v—ﬁ)2]dx
Q Q Q

for some positive constant M > (. Then, by use of the Poincaré inequality, there exists a constant
C > 0 such that
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di / IV (u — i) |Pdx +d2/ V(v — 7)]2dx < c/ <|V(u — D)+ V- 6)|2) dx.
Q Q Q

It follows that, when dy,d> > 1, Viu — i) =V —0v)=0,ie,u=u,v=0v. O

5.3. Existence of nonconstant positive solutions of (2.4)

In this part, we shall discuss the existence of nonconstant positive solutions of (2.4). We
assume that 8b < (1 — «/5)2. Therefore, the problem (2.4) has two positive constant solutions:
) = (i, i) and Uy = (ip, i2).

Throughout this subsection, 1, X;, X and A; are given in Section 2.

The problem (2.4) can be rewritten as

—DAu=G(u), x e,
ou _

— =0, x €08,
ov

where D = diag(d;, d»), or equivalently,

F(d,d;w)y=u— (I —A)"YD7'Gu)+u} =0 onX, (5.8)

where (I — A)~! is the inverse of I — A with homogeneous Neumann boundary condition. By
direct computation, we have

DyF(dy,dy; ;) =1— (I — A" D 'Gu(@;) + 1} =0, i=1,2.

We note that for each X;, & is an eigenvalue of DyF(d1, d»; ©i;) on X; if and only if £(1 4 ;)
is an eigenvalue of the matrix

Mij = pjl — D™ Gu(ly) = (Mj ~Aifdy - Pi/dy )

—p/da w/dy —

The direct computations yield

1 ~
det M;j = @[dldmi + (udi — da A + p(Bi; — A,

1 1
TI‘Mij =2/Lj + d—Z/L - d—lA,'.
Denote
Hi(dy, do; A) i= dydoA® + (udy — da A+ n(Bit; — Ap), i=1,2, (5.9

then H;(dy, d2; ) = did det M.
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Fori = 1. Since Bu; < Ay, we see that H;(d1, d», 1) = 0 has two real roots:

A1 — udi — J(d Ay — ud)? — 4dd i — A
WL (dy. dy) = 24 pdy —/(dr Ay — pdy) 1dap(Buy 1)<0’
2dd;
drAy — nd d A1 — udi)? — 4d.d ih— A
)»L(dl,dz)z hA| — pdy ++/(da Ay — ud)) 1dap(Buy 1)>0.
2d1d>
For i = 2. Notice that Bii; > Aj. If
drAr — pdy > 2/ ddo (B2 — Ao), (5.10)

then H(d1, d2; A) = 0 has two positive roots:

5 dr Ay — pudy — /(dr Ay — 1dy)? — 4dydopu(Bila — As)
A(di,dr) = 5 ,
did>
’ dr Ay — pudy + /(2 Ay — 1dy)? — 4dydopu(Bita — As)
)‘+(d19 d2) = 2d]d2 .

Here we remark that for any fixed d; > 0, (5.10) must be true for the large d>.
Set

Sp ={no. 1, 2, ...},
Bi(di,dy) ={>0: 29, d) <1 <)“$)(d1’d2)}’ =12,

and let m(u ;) be the multiplicity of ;. It is easy to see that

lim A (d;,d») =0, dlimoox\ﬂr(dl,dz)zAi/dl, i=1,2. (5.11)
2—)

dr—>00
Now, we state a known lemma (cf. [22, Lemma 5.1]) which gives the formula of index.
Lemma 5.2. Let i =1 or 2. Suppose that H;(dy, d2; uj) # 0 for all juj € S),. Then
index(F(dy, dy; .),0;) = (—1)",

where

D muj)  ifBiNS, #0,
Yi = /L(,’EB,’(’]SP
0 ifB;NS,=40.

In particular, if H;(dy, dz; A) > 0 for all A > 0, then y; =0.
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Theorem 5.7. Let di > 0 be fixed and Bb < (1 — «/b)>. For the integer | > 1, we define o; =
l

Zm(ui). Assume that A1 /dy € (g, ik + 1), Az/dy € (g, g + 1) for some g > 1, k > 1. If
i=0

ok + oy is odd, then there is a positive constant d5, such that for any dy > d, the problem (2.4)
has at least one nonconstant positive solution.

Proof. Firstly, as Su, > Ay, we can find a t?z > 1 such that (5.10) holds for all dp > 32. A
According to Ay/dy € (uk, px + 1), Az/dy € (g, g + 1) and (5.11), there exists do > da
such that, for all d> > dj,

Ad, dy) <0, A (d,d ,
{ _(d1,d2) <0, pg <Ay (di,dr) < i+ (5.12)

0<AZ(di,da) <1, pg <ri(did2) < pgii.

Taking advantage of Theorem 5.6, there exists d; > dy such that (2.4) has no nonconstant positive
solution for all dy,d, > df. Moreover, we can choose dj so large that A;/d}f < pu1,i=1,2.
Applying (5.11) once again, there exists a constant d5 > d{' such that

AL(dr,d) <0<l (dr,d) <, 0<A2(df, d3) <22(df,dy) <. (5.13)

We will prove that, for any d» > d7, (2.4) has at least one nonconstant positive solution. Suppose,
on the contrary that, for some d> > di‘, (2.4) has no nonconstant positive solution.
For these fixed d, d, di and d>, we define

_(tdi+(1—=1)d} 0
D(t)—( 0 s+ (1—pag) OS0!

and consider the problem
—Au=D"'Gw), xeQ,

3 5.14
M_o, xeq. .19
Jv

Noted that u is a nonconstant positive solution of (2.4) if and only if it is such a solution of
(5.14) for t = 1. It is obvious that 1] and u, are constant positive solutions of (5.14). And for any
0 <t <1, uis a nonconstant solution of (5.14) if and only if it is such a solution of the problem

ow;)=u— I —A)"YD'®)Gw) +u}=0 onX,
where X is given by (2.3). It is obvious that
P ) =F(di,dyw), @w0)=F(d], dy;w),
and

DyF(dy,dp; ;) =1~ (I — A) "D 'Gy(@) + 1} =0,
DuF(d},d3;8) =1~ — A" YD 'Gy(@;) + 1} =0,
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where F(di, d>; ) is defined by (5.8) and D = diag(dy, d2), D= diag(df, di“). The above ar-
guments show that both equations ®(u; 1) =0 and ®(u; 0) = 0 have no nonconstant positive

solution.
It follows from (5.12) and (5.13) that

Bi(di,d2) NSy ={po, w1, w2...ux}, Bi(dy,d3) NS, ={uo},
BZ(dl,dZ) N Sp = {:ulv NZ, 7Mq}’ Bz(dikad;) N Sp =®

Therefore

index(®(+; 1), @y) = index(F (dy, dp; ), a1) = (—1)°%,
index(®(-; 1), @iz) = index(F (d1, da; -), i) = (—=1)% ",
index(®(; 0), 0y) = index(F(df, d5; ), u1) = —1,
index(®(-; 0), iip) = index(F(d}, d; ), fiz) = 1.

Since oy + 0, — 1 is even, we have

{ index(®(-; 1), ) + index(®(-; 1), m2) =2 or -2, (5.15)

index(®(-; 0), @1) + index(®(-; 0), 1p) = 0.

Making use of Theorem 5.1 and Corollary 5.1, there exists a positive constant C such that, for
all 0 <r <1, the positive solution (u, v) of (5.14) satisfies C < u(x), v(x) <2 on 2. Set

Y ={u=u,v)eX: C<ux),vx)<2onQ}.

Then ®(u;t) #0 for all u € 9¥ and 0 < ¢ < 1. By the homotopy invariance of the Leray—
Schauder degree,

deg(®(-;0), £,0)) =deg(P(-; 1), 2,0)). (5.16)

Since both equations ® (u; 0) =0 and & (u; 1) = 0 have only two positive constant solutions w1y,
Uy in X, by (5.15), we have

deg(®(-; 0), X, 0) = index(d(-; 0); @) + index(P(-; 0); up) =0,
deg(®(; 1), X,0) =index(d(-; 1); 0y) + index(P(-; 1); 1) =2 or —2,

this contradicts with (5.16), and the proof is complete. O
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