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Abstract

In this paper, we investigate the global existence and uniqueness of strong solutions to the initial boundary
value problem for the 3D compressible Navier—Stokes equations without heat conductivity in a bounded
domain with slip boundary. The global existence and uniqueness of strong solutions are obtained when the
initial data is near its equilibrium in H 2(Q). Furthermore, the exponential convergence rates of the pressure
and velocity are also proved by delicate energy methods.
© 2016 Elsevier Inc. All rights reserved.

MSC: 7T6W05; 35Q35; 35D05

Keywords: Navier—Stokes equations; Global existence; Asymptotic behavior; Bounded domain

1. Introduction

Let  C R? be a smooth bounded domain, we consider the following well-known compress-
ible Navier—Stokes equations for the motion of compressible viscous fluids:
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pr +div(pou) =0,
(pu); +div(pu @ u) + Vp =divT, (1.1)
(PE): +div(pEu + pu) =divuT) + « A9,

for (x,t) € Q x RT. Here p, u, p, 6 denote the density, velocity, pressure and temperature re-
spectively. The specific total energy E = %|u|2 + &, & is the specific internal energy. The stress
tensor is given by

T = u(Vu+ Vul) + A(divu) 1.

w and A are the coefficient of viscosity and second coefficient of viscosity, respectively. « is the
coefficient of heat conduction. In this paper, it will be always assumed that

nw>0, 3x4+2u>0, «k=0. (1.2)

We will consider only polytropic fluids, so that the equations of state for the fluid is given by

p=Rob, E=c,b, p=Acwp?, (1.3)

where A > 0 is a constant, y > 1 is the adiabatic exponent, s is the entropy, and ¢, = R/(y — 1).

To begin with, we note the fact that all thermodynamics variables p, 6, £, p as well as the
entropy s can be represented by functions of any two of them. To overcome the difficulties
arising from the non-dissipation on 8, we will rewrite system (1.1). We take the two variables to
be p and s. In light of the state equation (1.3), we deduce that

p=ATEAE paiRe @ik, (1.4)

Under the aforementioned assumptions, we can rewrite the system (1.1) in terms of (p, u, s) as
follows:

pr+ypdivu+u-Vp= d’c[:‘],

pur 4+ pu-Vu+Vp=puAu+ (u+ 2)Vdivu, (1.5)
st +u-Vs= %,

where ®[u] is the classical dissipation function:
®fu] = %|Vu+VuT|2+k(divu)2. (1.6)

It should be mentioned that system (1.5) is a hyperbolic—parabolic system, while the dissipation
property comes from viscosity. In this paper, we consider the initial boundary value problem for
system (1.5), which is supplemented by the following initial and boundary conditions:

(p,u,s)(x,0) =(po, uo, s0), x=(x1,x2,x3) €L,
ulsq =0, >0, (1.7)

1 1
Jop{dx/120=p} >0.
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As one of the most important systems in continuum mechanics, there is a huge literature on
the large-time existence, stability and behavior of solutions to the compressible Navier—Stokes
equations. The theory of global well-posedness of solution to the Cauchy problem and initial-
boundary-value problem for the system (1.1) has been studied extensively in [1-15,17,18,20-22]
and the references therein. The global classical solutions were first obtained by Matsumura—
Nishida [20-22] for initial data close to a non-vacuum equilibrium in H 3(R3). In particular, the
theory requires that the solution has small oscillations from a uniform non-vacuum state so that
the density is strictly away from the vacuum and the gradient of the density remains bounded
uniformly in time. Later, Hoff [9,10] and Huang et al. [13] studied the problem for discontin-
uous initial data. For the existence of solutions for arbitrary data, the major breakthrough is
due to Lions [17] (see also Feireisl et al. [7]), where he obtained global existence of weak so-
lutions, defined as solutions with finite energy. The main restriction on initial data is that the
initial energy is finite, so that the density vanishes at far fields, or even has compact support.
When « = 0, the one-dimensional system in the Lagrangian coordinates was studied by Liu
and Zeng [19], they showed that the elaborate pointwise estimates and large-time behavior of
solutions to (1.5) by studying the Green’s function and the nonlinear interaction of waves. In
the three dimensional case, the global existence solutions of system (1.5) were first announced
by Kawashima [16]. Later, Duan et al. [2] and Tan et al. [23] studied the global existence and
convergence rates of solutions to system (1.5) when the initial data is near its equilibrium in
H K(Z =2, 3)-framework. The key point in [2,23] is to observe that in the Eulerian’s coordinates,
the dissipative variables p and u satisfy (1.5); and (1.5); whose linear parts possess the same
structure as ones of the isentropic viscous compressible Navier—Stokes equations, and the non-
dissipative variable s satisfies the transport equation (1.5)3 with the nonlinear source term. Then
by the standard energy method as in [20,21], the uniform bound of (p, ) under a priori assump-
tion that ||(p, u, s)(t)|l¢ is sufficiently small. Finally, the uniform bound of s will be obtained
by making a priori decay-in-time estimates on (p, u), which is based on the decay property
of the linearized equations together with energy estimates of higher order. The boundedness of
L'-norm is needed in the proof of the global existence, which is different from the previous work
[20,21] for the case of x > 0, where just H3-norm of the perturbation is supposed for the global
existence.

Before we state the main results, let us introduce some notations for the use throughout this
paper. C denotes some positive constant. The norms in the Sobolev Spaces H™ (£2) and W4 (2)
are denoted respectively by || - ||, and || - ||, for m > 0 and g > 1. In particular, for m =0 we
will simply use || - || and || - || 4. Finally,

V:(al’327a3)7 ai=ax," i=172539

and for any integer £ > 0, V* f denotes all derivatives of order ¢ of the function f.
For the global existence and large time behavior of strong solutions, we have the following:

Theorem 1.1. Given two constants pg > 0 and s, assume that the initial boundary value (py —
Po, 1o, S0 — §) € H2(Q) satisfies the compatibility condition, i.e., Bfu(x, 0o =0,£=0,1,
where

wAuo + (u + A)Vdivug — pouo - Vuo — Vpo
£0 '
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Then there exists a constant 8y such that if

I(po — po, 1o, so — 5)l2 < do, (1.8)

the initial boundary value problem (1.5)—(1.7) admits a unique solution (p, u, s) globally in time
with p > 0, which satisfies

p—p.s—35 €C([0,00); H*(R)) N C'([0, 00); H'(Q)),
u € CO([0, 00); H2(Q) N Hy (2)) N C'([0, 00); L*(R)),

1 1
where p satisfies p7 (t) = fQ pv (t)dx/|2|. Moreover, there exist two positive constants Co > 0
and no > 0 such that for any t > 0, the following estimates hold

p() > po, (1.9)
t

I(p — p,w)@®) 15+ /(Ilp(r) — P53+ lu@I3)dr < Coll(po — po, uo)ll3,  (1.10)
0

lls(®) = 5ll2 = Coll(po — Po, uo, so — $)ll2exp{Coll(po — Po, uo)ll2}, (1.11)
(P — P, w2+ 110;(p — p,u, s)®) | = Coll(po — po, uo)ll2 exp{—not}. (1.12)

Finally, p(t) is a monotonically increasing function on t. Let tlim p(t) = p, then there exists
—00

positive constant co such that

p— pt) < Coll(po — p,uo)ll3exp{—not} with p > po + co. (1.13)

Remark 1.1. It is worth noting that the convergence of pressure in (1.12) is somewhat surprising,
since the solution relaxes in the maximum norm to the constant background state at a rate of
(14+1"*in Cauchy problem case (see [2,23]).

Remark 1.2. Our results of this paper are also right for the two-dimensional case. However, since
IV(P,u)(t)||1 of the linear solution to system (1.5) decays only as (1 + 1~ lin Cauchy problem
(see [2,23]), which is not integrable, in particular making the strategy of [2,23] difficult to apply,
construction of global existence and optimal convergence rates for Cauchy problem of system
(1.5) in the two-dimensional case is still an open problem.

Let us now outline the main points for the study and explain some of the main difficulties
and techniques in this paper. System (1.5) is a typical example of the quasilinear hyperbolic—
parabolic system in [16], for which local well-posedness of initial boundary value problems have
been studied with full generality. As usual, the global existence of the strong solutions can be es-
tablished by combining a priori estimates and the local existence result. As [2] likes to point out,
one of main observations is that the dissipative variables p and u satisfy (1.5); and (1.5), whose
linear parts possess the same structure as that of the compressible isentropic Navier—Stokes equa-
tions, while the non-dissipative variable s satisfies the homogeneous transport equation (1.5)3.
Thus, in order to obtain a priori estimates to (1.5)—(1.7), we can apply the similar energy method
as in [22] to the first two equations of (1.5) to obtain the uniform bound of (p — p, u) under
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the assumption that || (p — p,u,s — 5)(¢)||2 is sufficiently small. With these in hand, the norm
I(p — p,u)(t)||2 can be shown to converge exponentially to zero from the Poincaré’s and Gron-
wall’s inequality. However, we should point out that we can’t use Poincaré’s inequality directly to
estimate || p(t) — p(t)|| since p(t) is not a constant, which make the problem much more difficult
and need us to develop some new energy estimates. It is worth mentioning that the crucial part of
the proof is to obtain a Lyapunov-type energy inequality. Then, the bound of s will be derived by
the exponential decay estimates on (p — p, u) and the Gronwall’s inequality. Second, compar-
ing to Cauchy problem [2], when establishing a priori estimates by the standard energy method,
a new difficulty arises since the spatial derivatives are unknown on the boundary. To overcome
this difficulty, we separate the energy estimates for the spatial derivatives into that over the region
away from the boundary and near the boundary in spirit of Matsumura and Nishida [22]. In other
words, we establish the energy estimates for the spatial derivatives by using cutoff functions and
localizations of d€2. Although our proofs are in spirit of those for the isentropic Navier—Stokes
equations, we should derive the new estimates due to the different dissipative effect and the spe-
cial nonlinearity of (1.5). We point out the essential point in the proof of the global existence
of small solutions is that under the initial condition (1.8) the initial density is bounded far away
from the vacuum. A natural question to ask is whether one can still obtain the strong solutions
when there exists vacuum initially and surely small initial data. However, the answer is negative.
It is well known in [24,25] that the smooth or strong solutions will blow up in finite time if the
initial data has an isolated mass group, no matter how small the initial data are.

The rest of this paper is devoted to prove Theorem 1.1. In Section 2, we give some basic
facts that will be used in this paper together with the local existence result. In Section 3, we do
some careful a priori estimates for the strong solutions and then the global existence of the strong
solutions is established by combining a priori estimates and the local existence result.

2. Local existence and preliminaries

In this section, we will recall some known facts and elementary inequalities that will be used
frequently later.

We start with the local existence and uniqueness of the strong solutions of problem (1.5)—(1.7).
This does not rely much on the structure of the equations. Recently, Kagei and Kawashima [16]
have proved the local H*-solvability (s > [rn/2] 4+ 1 being an integer) of the initial boundary
problem for a general class of hyperbolic—parabolic system. In fact, we have the following local
well-posedness theorem, which is directly from the classical result in [16].

Proposition 2.1. (Local existence). Let (po, ug, so) € H 2(Q) be such that

inf {po(x)} >0 and dfuplsg=0,£=0,1.
xXeR

Then there exist positive numbers T and C such that problem (1.5)—(1.7) has a unique solu-
tion (p,u,s) € C([0,T1; H2%(Q)). Moreover, the solution satisfies infte[oj]’xe@{p(t,x)} > 0,
pi>si € C(10, T HY(R)), u € L*([0, T1; H3(Q)), us € C([0, T1; L*(R)) and

(P, u, )2 < Cll(po. uo. s0) |2

For later use we list some inequalities of Sobolev type.
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Lemma 2.1. Let Q be any bounded domain in R> with smooth boundary. Then

@ NSl =Clif 2,
@ N fller <Clflh, 2=p=6,

for some constant C > 0 depending only on Q.

Finally, we introduce the following lemma on the stationary Stokes equations to get the esti-
mates on the tangential derivatives of both u and p, cf. [22].

Lemma 2.2. Let Q2 be any bounded domain in R with smooth boundary. Consider the problem

—uAu+Vp=g,
divu = f,
ulpe =0,

where f € Hk'H(Q) and g € Hk(Q) (k > 0). Then the above problem has a solution (p,u) €
HM % g2 0 H(; which is unique modulo a constant of integration for p. Moreover, this
solution satisfies

lullzin + 1V PIE < CULF IR + NgliE)- (2.1)
3. The proof of global existence

In this section, we shall prove the global existence of the solution with small initial data
(Theorem 1.1). The global existence of smooth solution of problem (1.5)—(1.7) can be established
by the local existence theory, the uniformly a priori estimates, and the continuity argument. Thus
it suffices for us to establish a priori estimate. Therefore, we assume a priori that

I(p—p,u,s=5)D]2<8 K1, forany r=0. (3.D

In order to derive both the time-independent low and upper bound for the pressure, we start
with the basic energy estimate and the initial layer analysis, and succeed in deriving an estimate
on the time-independent low and upper bound for p(z).

Lemma 3.1. Under the conditions of Theorem 1.1 and (3.1), there exists a positive constant ¢
such that

po < p(t) < po+ci, (3.2)
foranyt > 0.
Proof. First, we rewrite the system (1.1) in terms of (o, u, 6) as follows:

pr +div(pu) =0,
pur + pu-Vu+Vp=pAu+ (u+ 2)Vdivu, 3.3)
cyp (B +u-VO) = —pdivu + O[u].
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Adding (3.3), multiplied by 95’—0 to (3.3)3 multiplied by % - %, we obtain after integrating the
resulting equality over (0, ) x €2 and using (3.3); and u|3q = O that

Jo (3= 1uP + RGo+ plog £ — p) + cup(£ —log & — 1)) (1)dx
+ [y fo s @lul(s)dxds (3.4)
= Jo (k10 + RGGo + polog 22 = po) + cypo( — log & — 1)) dx,

where pg, 8 can be calculated by taking pg, s into (1.3) and (1.4). We rewrite (1.5); in the
following form:

.|
1 1 )
(0¥, +div(pYu) = % (3.5)

1 1 s
Integrating the above equality over (0, 7) x  and noticing that 0~! = RA™ 7 p7_le_VTv , which
together with (3.4) gives (3.2) under the assumption (3.1). O

Under the assumption (3.1), (3.2) together with Sobolev’s inequality implies in particular that
1 1
l(p — p)(@®)|l2 is equivalent to ||(p¥ — p¥)(t)]|2, i.e. there exists a constant C > 1, such that

1 1 1
clp =P ®ll2 = ||(p; - ﬁ;)(l)llz =Cll(p = p)Dll2, (3.6)

and
1_ _ 1
FPo < p@) <2po, red <p@)=<C forany r>0. 3.7

This should be kept in mind in the rest of this paper.

In order to deduce a priori estimate, in what follows, we will give some energy estimates in a
few lemmas. First of all, the energy estimate of lower order for (p, u) is obtained in the following
lemma.

Lemma 3.2. Under the conditions of Theorem 1.1 and (3.1), there exists a positive constant C
such that

1d 2, (= p)’
i ) PO + "5
< C8|[(Vp, V()%

dx+,uf|Vu(t)|2dx+(u+)»)f|divu(t)|2dx
J J (3.8)

forany t > 0.
Proof. A standard energy estimate for the equation (3.3); on u gives

24t

,o|u|2dx+u/|Vu|2dx+(,u+k)f|divu|2dx+fu-Vpdx:0. (3.9)
Q Q Q

Q
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To get the estimate on p, we shall deduce the equation of p. By integrating (3.5) over Q2 gives

1

_ Yy _1-1 [ ®lu]p”

_ Y ey [ Sl 3.10

Pe=igr? /R+cu ¥ -10)
Q

Combining the above equality, (3.1) and (3.2), we obtain
|| < ClIVu)®. 3.11)
We rewrite (1.5); in the following form:

—p b — p)di Y )
(p _p)z T +y(p p)_lvu+u p_ [u]_‘ (3.12)
YD YD ycup

Multiplying the above equality by p — p and integrating over 2 gives

d —52p . _
édt Q(p)/]l;) dx—l—zfg2 %dx—i—fgdlvu(p—p)dx

= Jo S g — [, ot OmpU TR0 g a1
Adding the above equality to (3.9), we finally obtain
—5)2 .
T4 o plul? + de + 1 [ IVulPdx + (1 + 1) [o [divu|*dx a1

_ _1 (r— p) p [ul(p—p) [pi+y (p—p)divu+u-Vpl(p—p)
= 3 Jo BB dx + fo FHL dx — [ 1 vp dx.

The right terms of the above equation can be estimated by using (3.1), (3.2), (3.11), Lemma 2.1,
Holder’s inequality and Poincaré’s inequality. In fact, it holds that

(p—p)p
| T’d |<C| sllp = BI7 < ClIVulPllp = pI* < C3IVul?,  (.15)
Plullp = p) ,
!/ ax| = CIEZL e vul? < C81Vul?, (3.16)
ycvp p
|fsz pr+V(p—ﬁ)di;;+u~Vp](p—ﬁ)dx‘
— UQ [13:+(1—2V;1;3-Vp](p—13)dx|
< CU%|lIp = A+ 1V plllull2llp = ll6] (3.17)

IA

ClIVull*llp — pll + IV I Vull]
CS(IVplI® +1IVull?).

IA

Taking the above three estimates into (3.14) gives (3.8). The proof of lemma is completed. O

Our next goal is to deal with the energy estimate of the time derivative for (p, u).
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Lemma 3.3. Under the conditions of Theorem 1.1 and (3.1), there exists a positive constant C
such that

= 2
14 o pOluy (D)2 + LO=PLO i 4y [0 |Vay (0)Pdix + (1 + ) g Idivug (1) Pdx

(3.18)
< C3(IVu®I7 + Vi D11,
foranyt > 0.
Proof. Differentiating (1.5), and (3.12) with respect to ¢, we have
pus + prur + (pu - Vu)r + Vpr = wAus + (u + 2)Vdivuy, (3.19)
P=pu _ (p— p)rpt pity(p—p)divutu-Vp Plu] :
Typ y p? +diva, +{ YD 7 _{)/Cup}
Multiplying the above equation by u;, (p — p); respectively, we get
} i 4 fo plute P+ PEPE x4 g1 o 1V Pedx + (4 ) [ ldiviePdx
=—3 fQ orlug|? — de — Jo(pu - Vu)uidx (3.20)
; di v
+ fol ) (p — p)idx — [ A L=DENCTD Y (b — ), dx.

Noticing that u; |3Q =0, it follows from (3.1), (3.2), (3.7), (3.11), Lemma 2.1, Holder’s inequality
and Poincaré’s inequality that

| [ prlus > — Md |
= le[pu]|ut|2+ wd'x

UQ ¥ p?
- S (3.21)
= | Jo2puVuu; Y dx|

Clllplzoellull L3IV uell 2 el o + [ 2511 (e = po)11?]
C8(|Vue 1> + I Vul?),

IATA

where by (3.1) and (3.12), we have used the fact
lpr — pell < CUIVull +3[IVpl). (3.22)

Similarly,

|fQ(,0u . Vu),u,dx|
= | fQ prut - Vuuy + pu; - Vuuy + pu - Vu,utdx|
= | [q —[Vou + pdivulu - Vuu, + pu, - Vuuy + pu - Vugusdx|
CUVPI allulF oo IVull g2 Ml o + ol Lol oo llug | 61 Vel 21| Vae 13
+ ol IVall sl 5 + Lol o llull 31 Vel g2 [l 6]
CS(IVull® + [ Vue 1),

(3.23)

A

IA

where by (1.4) and (3.1), we have used the fact
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IVelli = CUIVpI + IVs]h) < Cé. (3.24)
Next, from (3.1) and (3.12), we have

I(p = Pillps < CUIVullgs + IVull> + 1V pll s + [ Vul? )
< CUIVullps + 1Vul® + llulle IVl s + 1Vall? o) (3.25)
= C|[Vull1.

A

Combining (3.22) and (3.25), the third term on the right hand side of (3.20) can be estimated as
follows

| fot2 ) (p — pidx]
C| [o|VuVu(p — p)il + |Vul*|p, — pildx
CUIVull s\ Vurlll pr = Pell g3 + IVl 51 pr = il 3

CS(IVull? + [ Vur 1?).

(3.26)

IANIA TA

For the last term on the right hand side of (3.20), we first obtain through integration by parts that

|fQ u- th(l’ P)td | — |fQ dlvug;/tppl) dx| < C(S”VM”Z, (3.27)

Then taking the same idea as in (3.21), (3.23) and (3.26), we finally conclude that

| [P =DIMTPy, (5 — f)idx| < CO(IVul} + 1V 1), (3.28)

Taking the above (3.21), (3.23), (3.26) and (3.28) into (3.20) gives (3.18). The proof of lemma is
completed. O

To deal with the energy estimate of the spatial derivatives for (p, u), we use the standard
technique in [22] that involves separating the estimates of solution into that over the region away
from the boundary and near the boundary. Let xo be an arbitrary but fixed function in C§°(£2).
Then we have the following as the estimate on the region away from the boundary.

Lemma 3.4. Under the conditions of Theorem 1.1 and (3.1), there exists a positive constant C
such that

2
54 Jo POIVu) xol* + BEDE d 1 fo) |V2u(r) xoPdx
+ (u+ 1) [q |Vdivu(t) xo|*dx (3.29)

< C8(IVu@ I3 + IVu )OI + IV I + CIVu@ II(V2u ), Vpo)ll,

2 2
L4 o pO1V2u@xo? + T8 dx + e fo V() xoPdx
+ (u+ 1) [o IV2divu(t) xol*dx (3.30)

< C8(IVu@®) 3 + IVu, O + IV 1D + CIVZuO I (V3u(t), VEp )|,

foranyt > 0.
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Proof. As in Lemma 3.3, here, we only sketch the outline and shall omit the detailed calcula-
tions for simplicity. Differentiating (1.5), and (3.12) with respect to x;, multiplying the resulting
equations by u,, xg, Dx; x& respectively, we obtain

\1x, X0|

T4 [ pluy xol® + dx + 1 [ | Vi, (1) xol?dx + (1 + A) [o |divuy, xo|*dx

[px, |
=3 _/Q Pt|ux, XO|2 - % - fQ[Px,-ut + (ou - V”)x,—]”x,—Xodx

+fg2 chl,}xlpx, Sdx — fg{y(pp)i,l+)+m}xipxi(t))(3dx
— 1 [t (1) Viuy, (r)ngdx — (1 + 1) [g diviey, (Duy, (DV x3dx + [o px, Oy, 1)V x3dx

< C8(IVu@® 3 + IVu O I? + IV @I + CIVu@® II(V2u(t) xo, V p () xo)

which gives (3.29). Repeating the above procedure again for 2nd order spatial derivatives we get
the following

|P«\x XO‘

%% fgz :0|Mx,-ijO|2 dx + Mfgz |vux,x] XO|2dx ++2) fg Idlvux,x] xol 2dx

1 2 Py X0| P
= 5.[52 pflquX]X0| - #d +_/Q pru 'Vu)x,x]-uxix]-)(()dx

+ Jol ) Priy xGdx — [ FE=DIINRY s xdx

— i fqtxix; Vit VXGdx — (4 1) o divig i, Vxgdx

+ Jo Prrcjtain; VXGAX = [qlpxixjtts + Pxith o + Pyt Vi X dX
< C8(IVull3 + IVus 12 + IV 1D + ClIVZuxoll | (V3u, V2 p),

which gives (3.30). The proof of lemma is completed. O

Finally, let us establish the estimates near the boundary. Similar to that in [22], we need a
more detailed argument using the trick of estimating the tangential derivatives and the normal
derivatives separately. We choose a finite number of bounded open sets {0} ;\le in R3, such that

Q2 C Uj.V: 1O;. In each open set O; we choose the local coordinates y = (y1, 2, y3) as follows:

e The surface O/ NI is the image of a smooth vector function zj(yl ,Y2) = (z{, zé, Zé)(yl ,y2)
(e.g., take the local geodesic polar coordinate), satisfying

Il 1=1,2), -2, =0and |z],| = 8, > 0, (3.31)

where § is some positive constant independent of 1 < j < N.
e Any x = (x1, x2, x3) € O/ is represented by

xi o= Wi (y) = yani (2 (1, y2)) + z{ (y1,y2) fori =1, 2, 3, (3.32)

where n/ (1, y2) = (n']/ , né, né)(zj (y1, y2)) represents the internal unit normal vector at the
point z/ (y1, y2) of the surface <.

We omit the subscript j in what follows for the simplicity of presentation. For k = 1, 2, we define
the unit vectors
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Ly
|z 2 |

€1 = 2y, and ey =

Then Frenet—Serret’s formula gives that there exist smooth functions («1, 1, y1, @2, B2, y2) of
(y1, y2) satisfying

el 0 —y» —a el
ole] = 0 -8 e,
Y1\ n o) Bi 0 n
el i 0 -y —a el i
el = 0 —p e | .
2 \n oy B 0 n

where e/ denotes the i-th component of e,,. An elementary calculation shows that the Jacobian
J of the transform (3.32) is

J =Wy x Wy, 1= |zy,| + @112y, + B2)y3 + (@182 — B12)y3. (3.33)
By (3.33), we have the transform (3.32) is regular by choosing y3 so small that J > §/2. There-

fore, the inverse function of W(y) := (W, W,, W3)(y) exits, and we denote it by y = W1 (x).

Moreover (y1, ¥2, ¥3)x; (x) make sense and can be expressed by, using a straightforward calcula-
tion,

Iy y1 = %(wyz x W) = §<Ae} + Be}) =: ayj,
B2 = (s x Wi = (Cel +De) = an, (3.34)
O y3 = }(wyl x Wy,)i =n' =:ay;,
where A= |zy,| + B2y3, B= —y3a2,C = —P1y3, D=1+ a1y3,
J=AD —BC =>§/2. (3.35)

Obviously, (3.34) gives

3
Y ay =In* =1, ayjas = azaz =0, J* = (AC + BD)* — (A* + B})(C* + D?)
i=1

and

ax,- = Aki ayk s (3.36)

where we have used the Einstein convention of summing over repeated indices.
Thus, in each O, the first two equations of (1.5) can be rewritten in the local coordinates
(1, ¥2, y3) as follows:
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LP = i_l; + 7/Tﬁ[(.Ael + Bes) -uy, + (Cer +Der) -uy, +Jn-uy,] = 79,

L= puy — B [(A? + BYuy,y, +2(AC + BD)uy,y, + (C2+ DMy, + Sty 5]
+ one order terms of u + }(.Ae1 + Bt’fz)[u),—i,A il,—l; + prly,
+ }(C@] +ID62)[I§/——;}LZ_€ + p]yz ‘i‘n[ﬂy—;}L L;l; + p]y3 = f’
where
j—t := 0; + u - V denotes the material derivative,
fO= 24—y (p — pdivu,

fi= pu~Vu~|—’§/—4;‘VfO,
2.— (AC + BD)? — (A2 + B}))(C? + D?).

Let us denote the tangential derivatives by 0 = (dy,, dy,) and x; be arbitrary but fixed func-
tion in C3°(Oj). Obviously, Xjaku =0 on 89;1, where 0 < k <2 and Qj’l(y) ={yly =

U lx),x e Q ; = 0, N Q}. Estimating the tangential derivatives in a similar manner as in
Lemma 3.4, we have

Lemma 3.5. Under the conditions of Theorem 1.1 and (3.1), there exists a positive constant C
such that

9 12
%[Q;Ip(t)|au(z)x,-|2+ | ’;(;)(f;' dy + [, |8Vu(t)x,'|2dy+f_<_2;1 10920 ;2 dy (3.37)
< C8(IVuO N3 + IVurOI* + IVPOID) + CIVuO I A(Vu@® ll + 1V p@) ),
32 2
& Jo1 PO P+ P dy + [ 1 102Vu(n) 1 Pdy
+f97 |82dp(f)xj|2d (338)
J

< C8(IVu@® 5 + IVu; O + IV pO 1) + CIVZu® II(IVu®)ll2 + V2 p 01D,
foranyt > 0.
Next, we turn to estimates of derivatives in the normal directions.

Lemma 3.6. Under the conditions of Theorem 1.1 and (3.1), there exists a positive constant C
such that

d
i ot 1Py O Py + Jor v 1550 Py

3.39
< CUIVult) ur P + 81V (1), Va7 + fg, -1 [0Vu(®)x;*dy). -39

d
i St 1050 p0)xj Py + foor 19%057 () x5 Py

3.40
< C(I(Vuo), u,<z)>||2+5||<Vp(t> V2u)IT + fo,-1 1054195, Vu@®) x; 2 dy), G40

foranyt>0,k+€=1.
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Proof. First, we use the equations d,,(L” — f 9y =0 and n(L£* — f) =0, which have the fol-
lowing form:

(_)Y3 + _[("461 + Bea) -uy,y; + (Cer +Dea) - uyyy; + Jn -ty ]

+ one order terms of u = f;,l,

(3.41)

npu; — 45 [(A> + BYnuy, s, +2(AC + BD)nuy, y, + (C* + D¥)nuy,y, + J2nuy, ;] 342
n+A dp .

+ one order terms of u + [Wﬁ + ply, =nf,

To eliminate nuy,y, in (3.42), we take the summatlon x (3.41) 4 (3.42) which gives

2u+A . d,
IH_ (dlt))% + Py = %[(-’42 + Bz)”“ylyl + 2(AC + BD)nuy,y, + Cc*+ Dz)””yzyz]
—npu; — 5[(Aer + Bea) - uy,y, + (Cer + Dea) -y, 5] (3.43)
+ one order terms of u + nf + %fo =

Multiplying the above equation by 7 ; ( Ir )y, and integrating on ijl, we can bound the one order
derivatives in the normal direction to the boundary as follows.

2u+x

15 fsz Py Py + 255 o V(@) x512dy

(3.44)
= fQ 1_(” Vp)yzl’sz, +(dt)}3FX2dy

It follows from Lemma 2.1, Holder’s inequality and Cauchy’s inequality, for the first term in
right side of (3.44), it holds that

| Jo1 - Vp)ys Pys xjdy|
|fQ Vity; - Vppys xidy| + 2}/9 1(pyy)*div(ux;)dy| (3.45)
C”VM”l”VP”Z<C5||VP||2

IA

IA

For the second term, we have

|f9—1((51_1z))nFX]dy|

< 2;‘;;3 Jort |y xjPdy +C Jor1 IF xjPdy (3.46)
< Zuth fg2 (e >y3x,|2dy+C<||<Vu u)|? +8[IVullf + fg, -1 18Vuy; *dy).
Yp

Substituting (3.45) and (3.46) into (3.44), we obtain

20+A d
i fQ |Pys X1 zdy + yl;,—é_t) fgz |(d_1;)yz)(j|2dy
< C(|(Vu, ut>||2+6||(v1v,W>||2+fg2 L1 [0Vuyj2dy),

which gives (3.39).
If we apply 9%9¢ v, (k+ € =1) to (3.43), multiply it by X}aka“l( ) and integrate it in the
similar way as in (% %9) we get
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i St 10500 Py + for |0%alH (42) ;2 dy
< C(|(Vu, u)l3 +81(Vp, V2u)||2+f9 105108 Yy 2dy),

which gives (3.40). The proof of lemma is completed. O
Finally, we use Lemma 2.2 to get the estimates on the tangential derivatives of p and u.

Lemma 3.7. Under the conditions of Theorem 1.1 and (3.1), there exists a positive constant C
such that

dptt PO 4 I +IVa @RIV 347)

fQ;I 10V2u(t) x> dy +f9;1 1V p(t)x;12dy
< CUI(Vu@®), u; N7+ IVpOII* + fQJa 19V 20 5 12ay (3.48)
FIVPOIIYEL | 4+ 1Vu@) 12IV3u@)?),

IV2u@®|I* + IVp®)I* < C(|

forany t > 0.

Proof. We rewrite equations (1.5); 2 as the Stokes problem:

divu = —[

YpP
—uwAu + Vp = (,u + A)Vdivu — (puy + pu - Vu), (3.49)
ulygg =0.

Thus applying Lemma 2.2 to (3.49) gives (3.47).
Next operating x ;0 to Stokes equation (3.49), then together with (3.49); 3, implies that the
following Stokes problem:

div(x;0u) = X]a{ ”]]}—i-VX]Bu
—A(xju) + V(Xj 3p) —2/NX,;V(8M) Axjou+ Vy;op

+ (2 V= + 241} — X0, + pu - V),
Xj8u|(m;1 =0.

(3.50)

Thus applying Lemma 2.2 to (3.50) gives (3.48). The proof of lemma is completed. O
Now we are in a position to prove Theorem 1.1.
Proof of Theorem 1.1. We do it by four steps.
Step 1: We first estimate the lower order derivatives for (p, u). Let D be a fixed but large

positive constant. By summing up

D? x ((3.8)+ (3.18)) + D x ((3.29) + (3.37)) + (3.39),

there exists a function H; (p, u) which is equivalent to ||(x, p— p, u;, p: — p:, V p)||* and satisfies
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N
LLH (1) + [ p(0)|Vu(t) xol*dx + Z an p(Odu) xol*dy} + DII(Vu(t), Vu, (1))
(3.51)

F VLD 2 4 [ 1V2u(r) xoldx + Zl Jor1 18Vu(); 2dy
J

LIV p(@), VZu@)||I> + C8|| V2 p(0) |12
, we obtain

L = —ypdivu + 2

Taking (3.47) into the above inequality, and using the fact
(3.52)

j=1

LLH (1) + [ p(0)|Vu(t) xo|?dx + Z fQ LoOdu®) xol*dy} + IVu @)1}
+I(Vp@), Vi )P + IV 12 < 5]V p() )2

since D is large and § is small.
Step 2: Next, we estimate the higher order derivatives for (p, ). Taking £ =0 in (3.40) and
summing up D x [2 x (3.30) + (3.38)] + (3.40), we have
)50 . 2 2
0 Ax T D X o p018%u(®) ;]

4D [ p()V2u(t) xoP + 202 z
+fg2 189y, p()x;12dY} + [o IV u() xolPdx + [o V22D yo2dx

192p@)x; 12
voo 4y

(3.53)

d
1:1?) Xj *dy

+ Z fQ 192Vu) x> + 19V
F=
< CD(IVu@®|? + IVur ()11%) + CDSII(V p(2), V2u@®))|I?

+ CD|IV2u®)I(IVu@® 2 + IV2p®1)

Then taking £ = 1 in (3.40) and substituting (3.48) into (3.40), we have
(3.54)

dr ]SZ_] |8y3p(t)xl' 2dy+fg2—‘ |3 dp(t))Xﬂzdy
< CIVu), ur ()3 + IV POV p(0), VO 1511V p(r), V2u@))]1?)

Adding D x (3.53) to (3.54), there exists H»(t) which is equivalent to || V> p(¢)||%, such that

N
{D? [ 0IV2u(t)x0l?dx + D* Y [o-1 p()9%u(t) xj1*dy + Ha (1)}
j=1 7

N
+ o IV3u@ xolPdx + Y f9;1 102Vu(t)xjPdy + [, 1V> 928 12q (3.55)
j=1
< CD2(IVu@®)|1? + |(Vu, (1), Vpa)[1?) + CD*8|[(Vp(t), VZu@))l|?
+ CD? | V2u@®) | (IVu® 2 + V2 p®)Il)
Applying Lemma 2.2 to (3.49) as (3.48), we obtain
(3.56)

1(V3u(), V2 p@)> < CUI(Vu@), u DI + IVp©)|* + VL2
+ IVuO I3 V3u@®))1?).
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Step 3: Now, we are able to establish the energy estimate of Gronwall-type. An application
of the L”-estimate of elliptic system to (1.5), gives

IV2u(®)|1> < Cll(u (1), Vp(2), Vu @) |12 (3.57)

Thus by summing up D* x (3.52) 4+ D x (3.55) 4 (3.56), there exists a function H3 (p, u) which
is equivalent to [|(p(2), u()13 + |(p: (), (1)||* such that

dH3(p(1), u(1))

P + CH3(p(0), u() + C[[Vu@)|* <0, (3.58)

where we use the Poincaré’s inequality ||p(r) — p(®)|| < C||Vp(?)|. Integrating the above in-
equality over [0, ¢] gives (1.9).
By Gronwall’s inequality, (3.58) leads to

H3(p(1), u(t)) < CHs(p(0), u(0))e”“".

Taking the above estimate into the homogeneous transport equation (1.5)3 we arrive at (1.11).
Step 4: By symmetry and some tedious but straightforward calculation, we have the energy
estimates on the entropy as following:

d _ _ 1
Slls = 513 < Cllu@l2ls@) — 513+ C82 u@) 3.

Adding the above inequality to (3.58), and by Gronwall’s inequality, we have

ls(©) = 5115 < Cll(po — po, uo, 0 — 5)ll2 GXP{C/ llu(T)ll2d 7},

taking (1.11) into the above inequality, we arrive at (1.10).
Finally, from (3.5) we have

-1

¢>[u]pV
—p(t)= |Q|f/ Rtc dxdr,

then taking (1.11) into the above equality we prove (1.12) and this completes the proof of Theo-
rem1.1. O
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