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Abstract

Let  be a bounded open domain in R” with smooth boundary and X = (X, X5, -+, X;) be a system
of real smooth vector fields defined on €2 with the boundary d€2 which is non-characteristic for X. If X
satisfies the Hormander’s condition, then the vector fields are finitely degenerate and the sum of square
operators Ay = Z;"zl Xi2 is a subelliptic operator. Let A, be the k-th eigenvalue for the bi-subelliptic
operator A%, on 2. In this paper, we introduce the generalized Métivier’s condition and study the lower
bounds of Dirichlet eigenvalues for the operator A%( on some finitely degenerate systems of vector fields X
which satisfy the Hormander’s condition or the generalized Métivier’s condition. By using the subelliptic
estimates, we shall give a explicit lower bound estimates of A which is polynomial increasing in k with the
order relating to the Hérmander index or the generalized Métivier index.
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1. Introduction and main results

For n > 2, the systems of real smooth vector fields X = (X1, X2, -+, X;,) are defined on
an open domain W in R". Let J = (ji, -+, ji) with 1 < jy <m, X/ =X; X}, X} X, X,
|J|=1;and X’ =id if |J| = 0. Then we introduce following function space (cf. [21,24,27]):

Hi(W)={uec L*(W) | X ueL*(W), |J| <2},

which is a Hilbert space with norm ||u||§12(W) =y ||XJu||iz(W).
X /<2

We say that X = (X1, X2, - -+, X)) satisfies the Hormander’s condition on W if there exists a
positive integer O, such that for any |J| =k < Q, X together with all k-th repeated commutators

Xyp=[X;,[Xj, [Xj5,--, [Xj_, X110

span the tangent space at each point of W. Here Q is called the Hérmander index of X on W,
which is defined as the smallest positive integer for the Hormander’s condition above being
satisfied (cf. [1,10]).

Let 2 C W be a bounded open subset with smooth boundary 92 which is non-characteristic
for X. If X satisfies the Hormander’s condition on Q2 with 1 < Q < +00, then we say that X
is a finitely degenerate system of vector fields on €2 and the finitely degenerate elliptic operator
Ax =Y, Xl.2 is a subelliptic operator. Let H)%‘O(Q) be a subspace defined as a closure of
CS°(Q) in H(W). Then H)Z(,O(SZ) is also a Hilbert space.

In this paper, we consider the following eigenvalue problems of bi-subelliptic operators
in Hy (),

2 .
Aju = Au, in , a1
u=0, Xu=0, ondQ,
where Xu denotes the gradient (Xiu,---, X;,u) related to the finitely degenerate system of

vector fields X.

Before we state our results, we would like to remark on the estimates of eigenvalues for
the classical biharmonic operator A%, which is generally called the eigenvalue problem for the
clamped plate.

If X = (9x,,- -+, 0x,), then Ay = Ais standard Laplacian. In this case, there are a lot of results
on the estimates of the eigenvalues, e.g. [5-7,15,17-19,23,26]. Also, in this case the operator
Ag( = A? is the standard bi-harmonic operator with Hormander index Q = 1. In this aspect,
Levine and Protter [16] proved that the eigenvalues {A;}x>1 of the clamped plate problem

Azuzku, in 2, (1.2)
U= g—"j =0, onadf, '
satisfy
k 4 _%
S s o (‘””‘”Q'”) K (13)
— n+4 n
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where g—’s denotes the derivative of u with respect to the outer unit normal vector v, and {Aj}x>1
are eigenvalues for A2, ||, is the n-dimensional Lebesgue measure of  and w,_| denotes the
area of the unit ball in R”.

If X is a finitely degenerate system of vector fields on 2 with its Héormander index 1 < Q <
+o00, then Ax =) /L, Xl.2 is a finitely degenerate elliptic operator. For this case, many results
are obtained in [2,3,8,9,11-14,20] (some situations for infinitely degenerate cases, one can see
[2.4]).

In the first part of this paper, we shall study the general finitely degenerate systems of vector
fields X = (X1, X», - -+, X)) which satisfy the Hormander’s condition and get the lower bound
estimates of the eigenvalues for the problem (1.1).

In the finitely degenerate case, we know that there is a sequence of discrete eigenvalues
{Ak}r>; for the problem (1.1) satisfying 0 < Ay <Ay <A3 <.-- <Ag--- and Ay — 400 as
k — 400. By using the extension of Li and Yau’s approach in [17], we can prove the following
lower bounds of the eigenvalues for the bi-subelliptic operator Ag(.

Theorem 1.1. If X = (X1, X2, - - - , Xjn) satisfies the Hormander’s condition with its Hormander
index 1 < Q < 400, A; is the i-th eigenvalue of the problem (1.1), then for all k > 1

k ~
S iz Ckao - @, (1.4)
= Q)

with

n'*10 Q(2m)0

C: 4
C(Q)(nQ +4)(|Qwy—1)"@

’

where C(Q), E(Q) are the constants in the subelliptic estimates (2.1) below, w,—1 is the area of
the unit sphere in R", ||, is the volume of 2.

Remark 1.1. (1) Since kA, > Zf:l Ai, then Theorem 1.1 shows that the eigenvalues Ay satisfy

> Ckio —%, forallk=>1. (1.5)

(2) If A2 = A? is the standard biharmonic operator, then Q =1, C(Q) =1, C(Q) =0, C =

1670 ((@a 1190\ ™Y
n+4 n

Protter [16].

n
. Thus the result of Theorem 1.1 is the same as the estimate of Levine and

Furthermore, if X satisfies the Hormander’s condition on  with the Hormander index Q,
then foreach 1 < j < Q and x € 2, we denote by V; (x) the subspace of the tangent space Ty (£2)
which is spanned by the vector fields X ; with |J| < j (by convention the X; themselves will be
regarded as commutators of length one). If the dimension of V;(x) is constant v; in a neigh-
borhood of each x € €2, then we say the system of the vector fields X satisfies the so called
Métivier’s condition on €2 and the Métivier index is defined as
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0
v=Y j(vj—vj_1). here vo =0, (1.6)
j=1

where v is also called the Hausdorff dimension of €2 related to the subelliptic metric induced by
the vector fields X.

In 1976, Métivier [20] proved a asymptotic result for the problem (1.1) under the Métivier’s
condition

A Ak, ask — 400, (1.7)

where v is the Métivier index above.
In case of Q > 1, we know that n + Q — 1 < v < n Q. Thus the increasing order % of k

for A in Theorem 1.1 will be smaller than %. That means the lower bounds of the eigenvalues
for general cases in Theorem 1.1 will be not optimal. Next, we can obtain the optimal increasing
order for the lower bounds of the eigenvalues for some kinds of Grushin type degenerate vector
fields, which will be related to the following generalized Métivier’s index (cf. [2]).

Let us introduce the following generalized Métivier index. By using the same notation we
denote here v;(x) = dimV;(x), v(x) = ZjQ=1 J;j(x) —vj_1(x)), with vo(x) = 0. Then we
define

7 =max v(x) (1.8)
xe

as the generalized Métivier index. Thus a degenerate vector fields X always have the generalized
MEétivier index v on Q2 even if the Métivier’s condition will be not satisfied for X. Observe o = v
if the Métivier’s condition is satisfied.

In the second part of the paper, we shall study the bi-subelliptic operators Ag( on two kinds of
Grushin type vector fields which satisfy the generalized Métivier’s condition and get the optimal
lower bound estimates for the eigenvalues.

Theorem 1.2. Let X = (0x;, -+, Ox,_;» xf’é)x”), n>2and p € Z4+, QN{x1 =0}# 0. Then X is
a Grushin type system of vector fields on 2 with one degenerate direction and the Hormander
index Q = p + 1. Also the generalized Métivier index vV =n + Q — 1. Suppose X; is the i-th
eigenvalue of the problem (1.1), then for k > 1,

Cz(Q)k
Ci(Q)

k
Y hi = QK — (1.9)
i=1

where

&) = Ag ( Q)"

s 4 Q- ymo
CHOPm+0+3) an_nm,,) t+Q ’

and
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{min{l,nLZQ},Q >2,
Ag=
n, 0=1;

C1(Q), C2(Q) are the constants in Proposition 2.3 below, wy—1 is the area of the unit sphere
in R", |R2|,, is the volume of 2.

Remark 1.2. (1) Since kA, > fozl Xi, then Theorem 1.2 shows that the eigenvalues A satisfy

G2(0)
Ci(Q)’

A > C(OKT — forallk>1. (1.10)

(2) If A2 = A? is the standard biharmonic operator, then Q =1, C1(Q) =1, C2(Q) =0,

~ —4/n
C(Q) = % w”+m‘") . Thus the result of Theorem 1.2 is the same as the estimate of

Levine and Protter [16].

Theorem 1.3. Let X = (3x,, -+, X[ 9y, . X]0x,), n =3, p, €Ly, i, je{1,2,--- ,n—2},
X be a Grushin type system of vector fields on Q with two degenerate directions. If QN {x; = 0} #
@ and QN {x; =0} #0, then X satisfies the Hormander’s condition on Q with Q = max{p, g}+1
and its generalized Métivier index V =n + p + q. Suppose A; is the i-th eigenvalue of the prob-
lem (1.1), then for k > 1,

k
~ C 9
js Ep kit - @D (1.11)

Ci(p,q)

i=1 e 4

with
E(p.a) = 2 n+ptq Vs ((Qu)n\
(p.q)= mtptgd6 \ (p+1)(g + Do 1€2] ,
5Ci(p,n" 52 p q n—1 n

where C1(p, q) and C2(p, q) are the corresponding subelliptic estimate constants in Proposi-
tion 2.4.

Remark 1.3. (1) Since kA, > Zf‘: 1 Ai, then Theorem 1.3 shows that the eigenvalues A satisfy

~ C ,
s Gkt = 2P D o ks, (1.12)

Ci(p.q)

(2) The result of Theorem 1.3 can be extended to the case in which the vector fields X have more
than two degenerate directions.

Our paper is organized as follows. In the section 2, we introduce some preliminaries about
subelliptic estimate and maximally hypoellipticity. In the section 3, we prove Theorem 1.1. In
the section 4, we prove Theorem 1.2. Finally, we prove Theorem 1.3 in the section 5.



H. Chen, Y. Zhou / J. Differential Equations 262 (2017) 5860-5879 5865

2. Preliminaries
Firstly, we introduce the subelliptic estimates as follows.

Proposition 2.1. The system of vector fields X = (X1, -, Xin) satisfies the Hormander’s con-
dition on Q2 with its Hormander index Q > 1, if and only if the following subelliptic estimate

2 2
J19124]
L2(Q

= C@)lIaxull}2g + C@lulls g, 2.1)

2
holds for all u € C;°(2), where V = (dy,, ..., dx,,), |V|2 is a pseudo-differential operator with
2 ~
the symbol |€|9, the constants C(Q) > 0, C(Q) > 0 depending on Q.

m
Proof. Refer to [11] and [24] to show that the subelliptic operator Ax = >~ X 12 satisfies

i=1
lullee) < CillAxull 2y + Callull 2
with € = é, where ||u||(2¢) is the Sobolev norm of order 2¢. On the other hand, we have

1

lull 3, = \R/ (1 + 6P 7P

1
2

v

1E1C [(E) PdE
J

2
=[vity

2
i :HlVlQu L
L2(R) L2(Q)

Using the Cauchy—Schwarz inequality we get the estimate

2 2
|i%124
L%(

2 ~ 2
Proposition 2.2. (cf. [22,24,25]) If the system of vector fields X = (X1, ---, X;) satisfies the

Hérmander’s condition at any point of 2, then the operator Ax =y -, Xi2 is maximally hy-
poelliptic, i.e., there exists a constant C > 0 such that

DX ulGa ) < CULXUIT g, + Il 72 ), Vi € CG2(),

la|=<2

where o = (ay, -+ , Q) is a multi-index with |a| = o) + - -+ + &, and X% = X‘f‘1 co X



5866 H. Chen, Y. Zhou / J. Differential Equations 262 (2017) 5860-5879

Proposition 2.3. If X = (X1, X2, -+, Xu—1, Xn) = (Bx), Oxy, -+ , Oy, X] O, ) and its Horman-
der index Q = p + 1, then we have the following subelliptic estimate

n—1
2
2 02 2z 2 2
; 102 a2y + |18 120, o < CH@IAKUIL )+ C2@ I gy @22
2 2
for all u € C§°(2), where |0y,|2 is a pseudo-differential operator with the symbol |&,|2,

C1(Q) >0, C2(Q) = 0 are constants depending on Q.

Proof. From the Plancherel’s formula, we have

2 2
[ESERT W AL sz
’ 2.3)
< Q u = H .
<|ea], .. =|Iviee),, 0.
2 2
=[|V|? u‘ .
L2(R)
Also, from the maximally hypoelliptic estimate of Proposition 2.2, we can deduce that

n—1
Yooz uliag < Y IX ul}a g < CAAxUl g + Iull72g))- 2.4
i=1 o <2

Combining (2.1), (2.3) and (2.4) we can deduce that

< LU Axul2s )+ Co(Dllullag. O

n—1 2

2 02 2
Y05 ulyagg + 195, 2u
i=1

L2(Q)

Proposition 2.4. If X = (X1, X2, -+, Xp—1, Xu) = O,y -+ %] By, 1, X700, n =3, p, q €

(e

Zy, i, je{l,2,---,n —2}, then we have the following subelliptic estimate
5 BN i 2
Zna u||Lz(Q)+H|axn 75 ‘LZ(Q)JrHI e, [ 477 ‘um)
< C1(p. DI Axull g+ C2(p. D llullF g 25)

2 2
forallu € C3°(R), where |0y,_,|7*1 is a pseudo-differential operator with the symbol |&, 1| 7+T
2 2
and |3y, |977 is a pseudo-differential operator with the symbol |&,|1+7, C1(p,q) =Ci(p+ 1) +
Cig+ 1 >0, Cp,g) =Co(p+ 1D+ Ca(g+ 1) =0 Ci(p+ 1), Ci(g+ 1), Cap +
1), Ca(g + 1) = 0 are the corresponding constants in Proposition 2.3.



H. Chen, Y. Zhou / J. Differential Equations 262 (2017) 5860-5879 5867

Proof. We consider the system of vector fields X = (Oxys - ,anfz,xip dy,_,) defined on the
projection 2, of € on the direction x’ = (x1, - - - , X,—1). Similarly to Proposition 2.3, we have

n—2
2
2 2 i
lenax,,uuLz(Qx) + 194,17 Ly S C1PHDIBgUN g )+ Calp+ DlnlTzg
1=
Then we have
2 2
Zna Wiy 1 7T, o < Qo4 DIAEI gy + Cop+ DIl gy 26)
Similarly, we can deduce that
i 2 2 2
Zna gy + 185177 1] gy = C16@ + DIdxulag + Cag + Dl @)

Finally, we get the subelliptic estimate from (2.6) and (2.7)

n—2 b
) 2 2
> 102 ul2ag) + |13, 17
1

|0, 4+

L2(Q) + ‘ “ L2(R)

l

<(Cip+D+Cig+ 1))||AXM||L2(Q) (C2lp+ 1)+ Ca(g + 1))”””%2(9)- O
3. Proof of Theorem 1.1

Lemma 3.1. For the system of vector fields X = (X1, -, Xm), Suppose {¢j}];=1 is the set of

orthonormal eigenfunctions corresponding to the eigenvalues {A j}]j‘.zl. Define

k
D(x,y) =Y ¢;j(X)p; ().

j=1
Then for the partial Fourier transformation of ® (x, y) with respect to the x-variable,
B.) =" [ oG e,
Rn
we have

/f|$(z,y)|2dzdy=k,/|6(z,y)|2dy5(2n)—"|sz|n.

Q R" Q
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Proof. Since

/¢Z(x,y)dx=/|6(z,y)|2dz.

Rn Rn

By the orthonormality of {¢ j}’;: |- it follows that

-~ 2

//!CD(Z,y)! dzdy=/f|<I><x,y)|2dxdy=//|c1><x,y>|2dxdy=k.
Q Rr Q R Q Q

On the other hand,

2 2

/[6(z,y)]2dy=/(2n)—" /@(x,y)e_ix'zdx dy:/(27r)_” /@(x,y)e_ix'zdx dy.
R2 Q Q Q

n

Using the Fourier expansion for the function e™*%, i.e.

o0

eIt = Zaj (2)¢j(x), with a;(z)= /ef"x'quj (x)dx,
Jj=1 Q

we obtain that

[e¢]

Z |Clj(Z)|2 = / |e—ix-z|2dx =|Q|,.
Q

j=1

Thus

00 k
/ O (x, y)e ¥ dx| < / S a@ee; g (dx| =Y a;@e; )|

Q Q J=li=

1 j=1
Using the estimates above, we have
2 £ 2 £ 2
/}d><z,y)| dys(zn)*"/ Y aj@e;»)| dy=Qm)"Y e <@0)7"IQ. O
Q Q /=1 j=1

Lemma 3.2. Let f be a real-valued function defined on R" with 0 < f < My, and for Q € NT,

/ 1212 f(2)dz < M».

Rn

Then
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nQ 4
nQ +4\ 10 (Mjw,—1)"e™ ey
/f(z)dzf( 0 ) — M,
R~

n

where wy,_1 is the area of the unit sphere in R".

Proof. First, we choose R such that

4
/ 1z|C g(z)dz = M3,
R"

where

@) = My, |z| =R,
897, 21>k

Then (|z|% _ R%) (F(2) — g(2)) = 0. Hence we have
RC /(f(z) —g(@)dz < / IZI%(f(Z) —g(2))dz <0.
Rr Rr

That means

/f(z)dszg(z)dz. 3.1

Rn Rn

Now we have

4
M Qw,—1R""C

R
M =/|z|%g(z)dz=M /Izlédz=M /r"_H%w dr = (3.2)
2 1 1 n—1 10 +4 , .
R» Bgr 0
where Bg = {z € R", |z] < R}, w,—1 is the area of the unit sphere in R".
On the other hand, we know that
Miw,—1R"
g(@dz= — (3.3)

Rn

Finally, (3.1), (3.2), (3.3) imply that

nQ 4
nQ + 4\ (Mjw,_1)"er 12
/f<z>dz5/g(z)dz=< o ) Mion-070F iy
R~ R~

0 n

Proof of Theorem 1.1. Let {A;};>1 be a sequence of the eigenvalues for the problem (1.1),
{¢k(x)}m>1 be the corresponding eigenfunctions, then {¢x(x)}r>1 constitute an orthonormal



5870 H. Chen, Y. Zhou / J. Differential Equations 262 (2017) 5860-5879

basis of the Sobolev space H)% 0(€2). Let &(x,y) = Z];:I ¢j(x)¢;(y). By using Plancherel’s

formula, we have
//|z|@|<b<z | dydz—//\wwcb(x | dya

Rn Rn

//‘|V|Q<I>(x y)‘ dydx.

34

Also, from Proposition 2.1,

2 2
it

< CQ N Axul}z g + CONulF g, 3.5)

L2(Q)
and combining (3.4) with the subelliptic estimate (3.5), we get the following inequality
4~ 2 ~
[/ 212 [@(z, y)|" dydz < C(Q) [/ |Ax @ (x, y)[*dxdy + C(Q)// ®*(x, y)dxdy.
Q Q Q Q

R" Q
(3.6)

Next, by using integration-by-parts, we have

k k
Yr=) / i) i = [ B si0ds

i=1¢g

k
=y / X (Dxi(x))- X (x)dx—z / Axi(x) - Axi(x)dx 3.7)

i=lg i=lg

k
= [ [ X 1oxeimennPardy = f / |AxP(x, I dxdy.
QL Q

i=1

Hence we obtain the following result from Lemma 3.1, (3.6) and (3.7)
4 o~ 2 k ~
// 219 |®(z, y)| dydz < C(Q)Zki + C(Q)k.
n i=1
Now we choose

k
f(z>=/|6(z,y>|2dy, My =Qm) Q. Ma=C(Q)) A+ C(Qk.

Q i=1

From Lemma 3.2, for any k > 1,
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nQ +4) 705 (1) "2y, 1) R N
kf( 0 ) p C(Q)Y xi+C(Q)k :

i=1

This means, for any k > 1,

k ~
S > ckttio - S
2 cQ

with

o "7 Q(2m)
C(Q)(1Q + ) (Qnwn_1)7C

The proof of Theorem 1.1 is complete. O

4. Proof of Theorem 1.2

5871

Lemma 4.1. Let f be a real-valued function defined on R" with 0 < f < My, and for Q € NT,

n—1 2
/(ZZ?Hané) F(2)dz < M.
i=1

Rn
Then

n+Q-1

_4 w01
/g(z)dz _ ©OMyw,—)m7eT (n(n+ Q +3) ) 7707 Mﬁglé
= a40-1 o ;

/ fdz <
Rn

where w;, —1 is the area of the unit sphere in R", and

Rn

Proof. First, we choose R such that

2
n—1
2
/(ZZ?HZnI@) g(z)dz = My,
Re Ni=l

where

n—1 2 l
My, Y z7+1z,2 < R?,
i=1

g(Z) = n—1 )
0, ZZ%+|Z}1|§>R2~
i=1
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l’l—l 2
Then (Z Ziz +lznl2 — R2> (f(z) — g(z)) = 0. Hence we have
i=1

Rz/(f(z) g(z))dz</(Zz +|zn|Q>(f(z) 8(2))dz <0,

R? i=l1
then
/f(Z)dz</g(z)dz
Rll
Now we have
n—1 ) 2 n—1 ) 2
=/<Zz?+|zn|@) g(z)dz=M1f<Zz%+|zn|6) dz,
e \i=l B i=1

where

n—1

~ 2
BRz{zeR”, Zz?+|z,,|@5R2}, Br={zeR", |z <R).

i=1
By using the change of variables,
ZIZZ; (l=1’27'7n_1)7 Zn:|Z:1|Q7

the determinant of Jacobian

dot(( SR Iy _ gy 01,

Ay, 2,
Hence
n—1 , 2
M2=M1f<2z?+|zn|g) dz=M1Q/|z|4|zn|Q—1dz
ER i=l BR
M Q “ _
=Tf|z|42|z,-|9 ldz.
Bg i=1
On the other hand,

n 0-1

|zi |
> lzl2 =219 1§ ( : Aglz|971,
i=1

4.1)



H. Chen, Y. Zhou / J. Differential Equations 262 (2017) 5860-5879 5873

where

Ag =
n, 0o=1
Then we have
MiOA MiOA _
My > & / |Z|Q+3dz — MR'HQH. 4.2)
Bgr

From the definition of g(z), we know that
/g(z)dz =M /dz = M1Q/ |2a|@dz
R” BR Bp

M, 0w,
leQf 12121y = M19Pn=1 puvo-1
n+ Q-1

(4.3)

Combining (4.1), (4.2) and (4.3), we obtain

4
Miw,,_1)"+20+3 +0+3 ,,+Q+; /n1+Q—|
[ e o Dt (s o) s

Rll Rll
Lemma 4.1 is proved. O
Proof of Theorem 1.2. Let {At};>1 be a sequence of the eigenvalues for the problem (1.1),

{¢r(x)}m>1 be the corresponding eigenfunctions, then {¢y(x)},,>1 constitute an orthonormal
basis of the Sobolev space H )Z(QO(Q).

Let ®(x,y) = 21;21 ¢ (x)¢;(y), we use Cauchy—Schwarz inequality to get

//(ZZ + 1l %> Bz, )|* dydz

N
fn//(zz;*+|zn|%) By Py,
R Q

(4.4)

i=1
Similarly to the result of (3.7), we can deduce that

k
Zkiz//|Axd>(x,y)|2dxdy. (4.5)
i=1

Q Q

Then by using Plancherel’s formula and Proposition 2.3, we have
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2
2

> 2+ Izl Q) @z, )" dydz

R? Q
n—1 4
R Q i=1
n—1
= /(Z'az%c DI+ [lay, 10, y)\ )dydx @.6)
R Q i=1

n—1
:nff<2|ach(x WP+ |axn|%<1><x,y)]2>dydx
Q Q -

<n c1<Q>/f|Ax<b(x,y)|2dxdy+Cz<Q>//|d><x,y>|2dxdy
Q Q

Thus from (4.5) and Lemma 3.1 above, we can deduce that

n—1 2
//(Zz%+|zn 5) 13z, )| dde<n<C1(Q)Z)» +C2(Q)k>
i=1

R Q i=1
Next, we choose

flo)= /|<I><z Wi dy. My=@n)" Q. Mz—n(cl(Q)Zx +C2(Q)k>

i=1

Then from the result of Lemma 4.1, we know that for any k > 1,

n+Q—1

- ntg-l k n+0+3
Quwn—12m) L2, nn+ Q+3) nrOT3 .
ki n_|_Q_1 ((277)_H|Q|nQAan_1) (n (CI(Q)E)W—FCZ(Q)]()) .

This means, for any k > 1,

G,

Ai c k1+% —
>C(0Q) C10)

i1

with

C(Q) = 40 ( (o)" )MQI(WFQ—U%
~ Cil(Qn?(n+ Q +3) \ Qwa1]9n ’

and
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The proof of Theorem 1.2 is complete. O
5. Proof of Theorem 1.3

Lemma 5.1. Let f be a real-valued function defined on R" with 0 < f < My, and for p,q € NT,

2

n—2
2 2
/ (ZZ? + lza—1| 7 + Izn|q+‘> f2)dz < M.
R?

i=1

Then
n+p+q
n+p+q+4 n 7 n
/f(Z)dZ < (p+ g+ DHwp—1 MW Sn— =2 Fpta+ Mn+;i;3»4
- n+p+gq 1 on+2 Z ’
where wy,_1 is the area of the unit sphere in R".
Proof. First, we choose R such that
2
L 2
/ Zz F 12011777 + [za] 771 ) g(2)dz = M>,
Rn
where
2. 2
My, ZZ + lzn—1l + |znl9tT < R7,
_ i=1
g(2) = iy ) N PE
0, > zr +1zn-1]7T 4+ 2497 > R

2

n—2 2
Then (Z Z,-2 F 2p—1|PFT + |z, 47T — RZ) (f(z) — g(z)) = 0. Hence we have
i=1

R? / (f@ - sz = (Zz a7 + Iznl‘f“>(f(z) 2()dz <0,

Rn i=1

that means

/f(Z)dz</g(z)dz 5.1

R”
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Now we have

2

2 2 n-2 2 :
/(Zz + [zn—1 7T + IanT> g(Z)dz=M1/<Zz + lznot] 7 +|Zn|?) dz,

R® Br i=1

where
~ n L 2 2
Br=1z€eR", Zz +za—1| 7+ |zn| 7T < R ¢
Now we change the variables as follows,

. 1 1
Zizzl/' (121725”"’1_2)5 Zn— ]_|Zn 1|]7+’ Zl’l=|zll1|q+’

then we have the following determinant of Jacobian,

0 “t Ly Zn
det(M) (p+ g+ 1)|Zn 1|p|Z 9.

Ay, .z,
Hence
n—2 ) ) 2
My = M; f (Zz?+ |20t |77 + |zn|m> dz
ER i=1
=M (p+ g+ 1)/ 121* 1201171201 dz
Bg
>Mi(p+D(g+1) / |2*|2n—11"|zn]?dz
AR
where
R .
Br={z€eR",|z| <R}, Ag={z€eR", |zi|<—,i=1,--- ,ny.
Jn
On the other hand,
/ 12 12n1172al9dz > / o1 a1 P lenldz = " g
n— n - n— n 5(p+ 1)(q + 1) .
Then we have
My > 2~ g (5.2)

5
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From the definition of g(z), we know that

/ (Z)dz—Ml/dz—Ml(p+1)(61+1)/|Zn 1Pzl dz

Rn

(5.3)
/ |Z|p+qd Ml (17 + 1)(‘] + l)wnfl Rn+p+q.
n+p+gq
From (5.1), (5.2) and (5.3), we obtain

n+p+q

n+p+q+4 nrptq+4
+1 + Dw,,_ % Sn— 2 n"‘*‘ﬂ
/f(z)dz < /g(z)d (p n)—i(_qp+; n 11‘41 Tptqta ( T ) M2+p+q+4.

Rn

Lemma 5.1 is proved. O

Proof of Theorem 1.3. Let {1;};>1 be a sequence of the eigenvalues for the problem (1.1),
{¢r (x)}x>1 be the corresponding eigenfunctions, then {¢x (x) }r>1 constitute an orthonormal basis
of the Sobolev space H)%,O(Q).

Let ®(x,y) = Z];: 19 (x)@;(y). Thus, by using the Cauchy—Schwarz inequality, we have

2
//(Zz 1zt 7T+ L2l i) 8. | dydz

4

//(Zz +1zn—17T + |zal %>|®(Z y)| dydz.

RVL

(54)

Similarly to the result of (3.7), we obtain that

k
Zki=//|Ax<I>(x,y)|2dxdy. (5.5)
i=1 QQ

Then by using Plancherel’s formula and Proposition 2.4, we have

2

//(Zz + zn—1] 1—|—Izn ‘2*) }¢(z y)| dydz
Rn

i=1
2

<n//<ni: o5, @ (x, )| +‘|axn II% (x,y)‘ ‘Iax,, |7+ & (x, y)‘ )dydx

R Q

n—2
2
nf/<§ 92,00 P + |1, 1770w )|+ 13, 17T 0, )| )dydx
Q i=1
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<n| o) [ [1axee nPaxdy+ o) [ [0 p)Pdxay
Q Q Q Q

Thus from (5.5) and Lemma 3.1 above, we can deduce that

2

n—2 ) Py a2 N 5 k
[ (22 + e 4107 ) @ dydz <n (100 3w+ Catpak).
i=1

R? Q i=1

Finally, we choose

i=1

k
f(z)=/l5(z,y)|2dy, My = Q)" |2, Mz=n(Cl(p,q)ZAiJrCz(p,q)k)-
Q

Then from the Lemma 5.1, we have for any k > 1,

n+p+q
n+p;rq+4 > n+p+q+4

__4 (5
()" |82 7P (—"

k< (p+ D(g+ Dwy—1

n+p-+gq 2n

n+p+q

k n+p+q+4
X (n <C1(p,q)2)\i +Cz(p,q)k>) :

i=1

This means, for any k > 1,

k
~ 4 Cap.q)
Y i = Cp k' *E — %
o1 1P, q
with
n 1+—4 nN ——
Cp.q) = 2 ( n+p+q ) T ((Zn) )ww
’ 5C1(p, n" 5 \(p+ D(g + Do 12, ’

and the constant C{(p,q) =Ci1(p+1)+Ci(g+1) >0,Ca(p,q) =Cao(p+1)+Ca(g+1) > 0.
Ci(p+1),Ci(g+1)>0and Ca(p + 1), C2(g + 1) = 0 are the corresponding subelliptic esti-
mate constants in Proposition 2.3. The proof of Theorem 1.3 is complete. O
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