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Abstract

In this paper, we study a chemotaxis model with nonlinear diffusion Au™ (m > 1). We consider this
problem in a bounded domain Q C R3 with zero-flux boundary condition, and it is shown that for any large
initial datum, for any m > 1, the problem admits a global weak solution, which is uniformly bounded.
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1. Introduction

In this paper, we consider the following chemotaxis model

ur=Au" —V-(u-Vv)+ pu(l —u), in Q,
vy — Av=—vu, in Q,

1.1
(Vu™ —u-Vv) -n| =8_v =0 (b
Q2 on s

3

u(x,0) =uo(x),v(x,0) =v9x), xe€g,
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where m > 1, Q = Q x R*, @ ¢ R3 is a bounded domain, and the boundary 82 is appropriately
smooth, u, v represent the bacterial density, the chemoattractant concentration respectively, J =
u - Vo is the chemotactic flux, uu (1 —u) (u > 0) is the proliferation or death of bacteria according
to a generalized logistic law, —vu is the consumption of chemoattractant.

Chemotaxis model was first introduced by Keller and Segel [5] in 1970, since then, a lots
of modified chemotaxis models have been widely investigated by many researchers. For the
Keller—Segel model of this form

uy=Au—V-u-Vv),

Ty, —Av+v=u,

in which, the chemical not only be consumed, but also be produced by cells. It is well known
that the formation of cell aggregates will result in the finite-time blow-up of cell density in
spatial dimensions N > 2, see for example [1,2,11,18]. When a logistic growth term pu(1 — u)
characterizing the death of proliferation of cells is introduced into this model. It is found that the
logistic growth term will weaken the aggregation behavior, and prevent blow up, for instance, in
two-dimensional space, the solutions will always exist globally [16]; and in three-dimensional
space, the solutions will exist globally for large © [16,21]. For the nonlinear diffusion case, we
refer to [8,22].

While if only the consumption of the cells is considered, that is for the Keller—Segel model of
this form

uy=Au—V--Vv)+ uu(l —u),
(1.2)
vy — Av=—vu.

When @ = 0, it is shown that for arbitrarily large initial datum, this problem admits a unique
global classical solution in two-dimensional space, admits a global weak solution in three-
dimensional space, and more interesting fact is that, the weak solution will become smooth after
time 7 [13]; When p > O, in three dimensional case, Zheng, Mu [23] showed that the sys-
tem (1.2) admits a unique global classical solution if the initial datum of v is small; Lankeit and
Wang [7] obtained the global classical solutions for large w, but without the smallness assump-
tion on the initial data, and for any p > 0, they also established the existence of global weak
solutions. Lankeit also considered a coupled system of (1.2) and the incompressible Navier—
Stokes equations [6], in which, the global existence of weak solutions are proved, however, after
some time the weak solutions will become smooth and finally converge to a semi-trivial steady
state.

However, as indicated by Szymanska, Chaplain et al. [10], the equation modeling the mi-
gration of cells should rather be regarded as nonlinear diffusion, in which, the cell mobility is
described by a nonlinear function of the cells density, for example, the porous medium diffusion.
So, in recent years, many researchers are led to study the model with nonlinear diffusion. For the
following system (m > 1),

ur=Au" —V-(u-Vv),
vy — Av = —vu,

in two dimensional space, the global solvability of weak solution is established for any m > 1
[14]; in three dimensional space, a global bounded weak solution is obtained for m > % [19],
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a locally bounded global solution is obtained for m > % [15], and still leave a gap for the case
me (1, 8]

Inspired by these researches, the purpose of this paper is to show the global solvability of
weak solutions to the problem (1.1). The main difficulty lies in the L estimate of u, we use
an iterative technique to improve the regularity constantly, and combining with Moser iteration
method, we finally established the L° bound of u. And show that for any m > 1, u > 0 and for
any large initial datum, the problem admits a global bounded solution.

We give the assumptions of this paper.

up € L¥(Q) N Wh3(Q), vo € C2(Q),
ugp, vo > 0,

Qe c2e, (H)

31)0
on

082

Theorem 1.1. Assume (H) hold, and m > 1. Then for any u > 0, the problem (1.1) admits a
nonnegative weak solution (u, v) withu € X1, v € Xy, where

X ={ueL®Q x R); Vu" € L®((0, 00); L*(Q)),
m+1 m+1

(uT) Vi e L2 ([0, 00); LA(Q)},
t

X5 = {v e L®((0, 00); WhH®(Q); v, Av e LY ([0, 00); LP()) for any p > 1},

loc
such that

sup  ([luC, Dl + v, D) < My, (1.3)

te(0,00)
m+1

sup /|Vu’"|2dx~|— sup ||uT+||W1.1(Q (t))sz, (1.4)
10, +00) ) 1€(0,400) 2 el

Sp [[vlly210, ) < M. forany p>1, (1.5)

t€(0,400)
where M; (i =1,2,3) depend only on u, ug, vo.
2. Preliminaries
We first give some notations, which will be used throughout this paper.
Notations: || - [r = || - lr(@), Q< (1) =2 x (1,1 +7), Q7 :=Q07(0) =2 x (0, 7).

Next, we give the definition of weak solutions.

Definition 2.1. (u«, v) is called a weak solution of (1.1), if u > 0,v >0, with u € X, v €
WZI’O(QT) for any given T > 0, and
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—/f ugo,dxdt—/u(x,O)go(x,O)dx—}—/ (Vu™ —uVv)Voedxdt

or
—,u//u(l —u)pdxdt,
// vordxdt — /v(x,O)go(x,O)dx +// VvVgadxdt—i—//uv(pdxdt =
or or

hold for any ¢ € C®(Qyr) with 22
L2(Q7)}.

.= 0, p(x,T) =0, where X = {u € L*(Q7); Vu" €

Before going further, we list some lemmas, which will be used throughout this paper. Firstly,
we give the Gagliardo—Nirenberg interpolation inequality as follows.

Lemma 2.1. For functions u : Q@ — R defined on a bounded Lipschitz domain 2 € RN, we have
IDTullr < CID™ull lullg® + Cllulls.

where

and s > 0 is arbitrary.
We list the following lemma [12].

Lemma2.2. Let T > 0,7t €(0,T), a >0, b >0, and suppose that y : [0, T) — [0, 00) is abso-
lutely continuous such that

y'(t) +ay@) <h(), for t €[0,T),
where h >0, h(t) € L}, ([0, T)) and

t
/ h(s)ds <b, forallt €[z, T).

t—T

Then
b
y(t) <max{y(0)+ b, — +2b} forallt €[0,T).
at

By [3], we also give a similar lemma as Lemma 2.2.
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Lemma 23.Let T >0, 1 € (0,T), « > 0, B > 0, and suppose that f :[0,T) — [0, 00) is
absolutely continuous, and satisfies

fl)— g f@)+ 170 <h@),t eR, 2.1)

where o > 0 is a constant, g(t), h(t) > 0 with g(t), h(t) € LY ([0, T)) and

loc
t t

/ g(s)ds <a, / h(s)ds < B, forallt €[z, T).

-1 11—t

Then for any t > ty, we have

t

t N g
£@) < flg)elo s 4 / h(z)els 8Os g 2.2)
0]
and
24\
sup f(t) <o <1+—0) + 2B, (2.3)
t
where

1 1

A=t T (l+a)T7 e,  B=1 T gTi7 e 4 286> + f(0)e”.
By [4], we have the following Lemma.

Lemma 2.4. Assume that ug € W>P(Q), and f € LY ([0, +00); LP(S2)) with

loc

1
sup fllflllzpdSSA,
-7

te(r,-i—oo)t

where T > 0 is a fixed constant. Then the following problem

Uy — Au+u= f(x,t),
au

H 2o, 2.4
on (2.4)

I

u(x,0) =ugp(x)

admits a unique solution u with u € L¥ ([0, 4+-00); W2P(Q)), u; € LY ([0, +00); LP(RQ)) and

loc loc

t
ePt )4
sup /(nun(’;z.p+||u,||ip)dssAM = 1+Me2f||uo||’v’vz_,,, 2.5)
—T

fe(fy+00)t ezt —

where M is a constant independent of t.
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3. Boundedness and global existence of weak solution

We first consider the approximate problems given by

m—1
Uer =AW +8) 7 ug — V- (g - Vo) + pue (1 —ue), in Q,
Ver — AV = —Vglte, In Q,
ol _ 0vg —0 3.1
o o 9Ny
ME(-xvo)Zu{:‘o(-x)avé‘(xvo):vﬁo(-x)’ -era

where u .0, ve0 satisfy
— 0 ov
us, vo € CHO @), 22| =0, 0 —,
on |50 on |y
(HD)

luzoll oo + Vgl 2 + lveollwzoo < 2(lluolie + I Vug Il 2 + llvollw2.eo),

Ug) —> UQ, Vg — Vo, uniformly.

Using a fixed point argument, we can prove the following local existence result, see for ex-
ample [9,20,14]. We state the local existence result of classical solution to (1.1) as follows.

Lemma 3.1. Assume that ugg, veo satisfy (H1). Then there exists Tmax € (0, +00] such that the
problem (3.1) admits a unique classical solution (ug, vy) € C*TO1TU2(Q % [0, Tnax)) with

Ug 2 O’ Ve 2 O’ fOr all (-xv t) € Q X (03 Tmax), (32)
such that either Ty, = 00, or

limsup ([[ue (-, D)l oo + |ve 1.0 ) = 00.
t /" Tmax

In what follows, we show the global existence of solutions. We give the following Proposition.

Proposition 3.1. Assume that ug, veo satisfy (H1). Then for any & > 0, the problem (3.1) admits
a unique global classical solution (ug, ve), and

sup (e, Dz + ve (- Dl ) < My, (3.3)
te(0,00)
m|2 mTH
sup /|Vu [“dx 4+ sup lug” |01 < My, 3.4
re0.+00) ) ¢ teOto0) (@)
Sup ”vS”W/%l(Ql(I)) S M37 forany P > 17 (35)

te(0,400)

where M;(i = 1,2, 3) are independent of ¢.
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Next, we give some estimates of (ug, ve), we take 7 = min {1, Tinax}. It is easy to see that
7 < 1. In what follows, all these constants C, C;, M are independent of T and Tax.

Lemma 3.2. Assume that uc, veo satisfy (HI). Let (ug, ve) be the classical solution of (3.1) in
(0, Tinax)- Then

lvellLoe < llveollLee < [lvollLoe, (3.6)
sup  lug(,t)llp1 +  sup / / 2dx <Cy, 3.7
t€(0, Tinax) tE(Tvaax)
sup / el 22ds < Ca, (3.8)

1€(t, Tmax)
-1

where C1, Co are independent of Tmax, T and &.

Proof. By maximum principle, it is easy to see that (3.6) holds. Integrating the first equation

of (3.1) directly, we obtain
d 2
I ugdx +p | uzdx =p | ugdx
Q

Q Q

5%/u§dx+€.
Q

Then by Lemma 2.3, it proves (3.7). Recalling the second equation of (3.1), we see that
— Avg + Vg = Vg — Veltg. 3.9)
By Lemma 2.4, we obtain (3.8). The proof is complete. O

Lemma 3.3. Assume that u.g, veo satisfy (HI). Let (ug, ve) be the classical solution of (3.1) in
(0, Thnax)- Then forany k=1,2,3---,

t

sup GO M ! sup / /ug’+2mk_4|Vu6|2dx+fu§mkdx ds < Cy,
1€(0, Tmax) L te(r,Tmax)
t—1 Q
(3.10)
t
sup [ (10e 2+ N 2 ) s < G G3.11)

1€(7, Tmax)
-1

where Cy, C « depends on k, and both of them are independent of T, Tmax, and €.
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Proof. Multiplying the first equation of (3.1) by u}, for any r > 0, and integrating it over 2, we
obtain

1 d

r+1dx+rf m+r— 2|VM |2dX+M/ r+2dx

Q
/ru VuEvadx—i—,u/uH']
Q

Q
%/ 1 Vg Pdx 4 5 /u2+2dx+%/“2+2""|Vv8|2dx+2’“M|9|»
Q Q

&

Q

IA

which means

1 d r+1 r/ -2 2 M/
il d o m+r \V4 d L r+2d
i / Uy x+2 uy V| x—|—2 ug “dx
Q Q
%/ r+2-m gy, 2dx 4+ 27 Q). (3.12)
Q

By Lemma 2.1, forany k =0, 1,2 - -, we obtain

2 1—
fuwa( r)||4'"kds <1 sup fue) 2 ﬂ’f 1AV (-, s)||2 " ods + Collus 137
t€(0, Tnax)

< 1+f||Avg< OIP s | (3.13)

L2m

where C3 depends on m, k, 2 and |[vg|| L. Taking r =2(m — 1) in (3.12), then we have

1 d

- _ w
T— lafugm Ydx + (m — 1)/u2m 4|Vus|2dx+§/u§mdx
Q Q Q

<(m-1) / u™ | Ve 2dx + 22"

5%/u§mdx+c/|Vv8|4dx+22’"*lu|sz|. (3.14)
Q Q

Recalling (3.8), taking k = 0 in (3.13), and using Lemma 2.3, we obtain

t

sup ||u£(.’t)||i’;'m 4+ sup / [ug’"74|Vu8|2dx —l—/ug’"dx ds <C.
1€(0, Tmax) 1€(7, Tmax)
-1 \Q Q
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Next, we use recursive method to prove (3.10). Assume that
!

sup ||u€(~,t)||2mi*1 + sup / /u?+2mi_4|Vug|2dx+/u?midx ds < C;.

L2m" -1

t€(0,Tmax) le(fsTmax)t__[ a Q
(3.15)
Then using Lemma 2.4, we obtain
t
sup / (hve 2+ w2, ) ds < ;. (3.16)

te(r, Tmax)t

Taking r = 2m'*! — 2 in (3.12), we see that

1 d i 2mitl -2 i i
E/ugm el g 7/ugn+zm +1_4|Vug|2dx+ﬁ/u?’" e
Q Q

2m! 2 2
Q

<(m'*'—1) / W2y Pdx + 22 )
Q

SC/|VU£|4midx+%/ugmi+ldx+22mi+l_lu|9|.
Q

Q
Using (3.16), (3.13) and Lemma 2.3, we obtain

t

itl_ i+l i+1
sup NusCOIP™ T+ sup / fu;"”’" 4|Vug|2dx+/ugm dx | ds <Ciyy.
Q

2mi+t1_1
1€(0, Tnax) L (e, Tna),

The proof is complete. 0O

Lemma 3.4. Assume that u.g, veo satisfy (HI). Let (ug, ve) be the classical solution of (3.1) in
(0, Tnax)- Then

sup  lug(-,)llLe 4+ sup vl <C, (3.17)
t€(0, Tmax) 1€(0, Tmax)

where C is independent of Tmax and ¢.

Proof. By Lemma 3.3, we take k appropriately large such that 2m* > 10. Then, by -anisotropic
embedding theorem, we have

<C sup

l[ve ll 2. ;
e Ty Wig (@)

where Q;(t) = Q2 x (t — t, 1), it means

Please cite this article in press as: C. Jin, Boundedness and global solvability to a chemotaxis model with nonlinear
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sup  Jlve(-, 1)l y10 < C.
1€(0, Tinax)

Using this estimate, next, we adapt the classical Moser’s iterative technique to prove the L*°
estimate of u,. This method has also been used by some other authors, see for example [17]. The
main step is to obtain a estimate similar to (3.19), and after that, the steps are standard.

Multiplying the first equation of (3.1) by ug_l with r > 3m, and integrating it over €2, we
obtain

d
E/u;dx—l—r(r— 1)/u2"+r_3|Vug|2dx+ru/u;+ldx+/ugdx
Q Q

Q Q

§/r(r— l)u;_IVu€vadx+ru/u;+/u2dx
Q Q

Q

—1
S%/ (ugn+r73|vu8|2+u;+1—m|VU8|2> dx + (ur + l)/u;dx

-1
S%/uf”%wudzdx+Cr2/u;+1_mdx+%/ug“dx,
Q Q

which means

i/urdx+/|wr+m Pdx + 4 /u’+1dx+fu’dx <cr2/u’+1—'"dx (3.13)
dt £ & 2 & £ — £ . .
Q Q

Q Q Q

Noticing that

r+m—1  2(r+1-m)

2 1- 2 =T
Crefuelly i = Crilue | 55t
L r+m—1
r+r£l 1 zlg(j:rl lm) r+m 1 a _ﬂ)z(rJrlfrin) e
- r —m
<Cyr?||Vu, 2™ Nue =l 4 Cor? llee iy
Lm+r71
r+m—1 6(n—1)+5r r(2m+r=2)

1
<5 IVue > I+ Cor W g 1,750+ Cor? e I

rdm—1 r@m+r=2)

! _
< IVue * U7+ Carlluc| 7 + Cor?lue

substituting the above inequality into (3.18), we obtain

d r2m+r—2) 1
E/u;dx—i—/ rdx<C3r ||u5||,°'”+’ 4+ Cor ||u5||r+ -, (3.19)

By (3.10), there exists £* > 0 such that 2m*" — 1> 3m and

sup e (- Oy -y = Co.
1€(0, Tmax)

Please cite this article in press as: C. Jin, Boundedness and global solvability to a chemotaxis model with nonlinear
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Taking r; =2r; | = 2rg, ro = 2mk — 1, M ; = max {1,t ((s)qu : gl fri } then we have
€(U, Imax

;3 5 5)

Mj <(Co+C3)'ir] Mj_y = (Ca+ C3)0? r™ 2007 M,

Sk

. J 5 .
D R S Y Ry o -
=2ty T 0T 2T 2 g <

<(C2+C3)
where C is independent of j. Letting j — oo, and (3.17) is obtained. O

Proof of Proposition 3.1. By Lemma 3.1, Lemma 3.4, for any & > 0, Tphax = +00, that is the
problem (3.1) admits a global classical solution. It means that T = 1. So we replace 7 by 1 in
Lemma 3.2 and Lemma 3.3.

Multiplying the first equation of (3.1) by u,, and integrating it over $2, we obtain

1d m—
¥ T, u?dx+/(u§+8)Tl|Vug|2dx5—/ugAvgdx+C

Q Q Q

<C 1+f|Av£|2dx ,
Q

which means

t

sup //(u§+s)’”*z’l|wg|2dxdsgc, (3.20)
te(l,00) | o
l‘_

m—1
A(+e) 2 u
-

where C is independent of ¢. Multiplying the first equation of (3.1) by 8), and inte-

grating it over 2 gives

1d s m 5 met |oug |?

- \V4 2 2 | —

2dt/| ((ug +e) ug)| dx—i—/-(ug—i—s) ” dx
Q Q

(W2 +6)"7 u) (U2 + )" u;)

S—/V'(ue'va) dx+u/us(1—us)

ot ot
Q Q
2 20,2 mel ! 2 not | due |
<m IV - (ug - Vog)|“(u; +¢) 2 dx—i—i (u; +¢e) 2 B dx
Q Q

m—1
+ Mzmzfug(l — ug)z(ug +e) 2 dx
Q

2
dx,

m—1 1 m—1
<C l+/(IAU5|2+(M§+8)T|VLL5|2)dx +5/(u§+8)7
Q Q

Please cite this article in press as: C. Jin, Boundedness and global solvability to a chemotaxis model with nonlinear
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which means

2

d m—1 m—1 au
—fIV((ug—i—s)T u8)|2dx+/(u§+g)7 e |”
dt 97

£ Q

) m=1 2 2 2 m—1 2
+ [ IV((u;+¢e) 2 u)l"dx <C|1+ [Ave|” + (u; +¢€) 2 |[Vug|” ) dx
Q Q

By (3.8) and (3.20), and using Lemma 2.2, we further have

2
dx <C,

t

2 m=1 2 2 m=1 | Oug

sup IV(ug;+€) 2 ug)|°dx+ sup (u; +¢e) 2 |—

1€0.400) ) relltoo) J I ot
e

which implies (3.4). And (3.5) is a direct result of (3.3) by Lemma 2.4. O
Next, we show Theorem 1.1.

Proof of Theorem 1.1. Using Proposition 3.1, for any T > 0, we have (passing to subsequences
if necessary, for simplicity, we still denote them by u,, v;)

uS i I/l, in LOO(QT)a
me
ue? =T, in Wy (0r),
Ve — v, in WZ‘I(QT), for any p € (1, +00).

By Aubin-Lions theorem, and recalling (3.4), we have

mil m+1

ue? —u 2, in C([0,T1; L*()),

which means u, — u a.e. in Q7, recalling (3.3) and using Lebesgue’s dominated convergence
theorem,

us — u, in C([0, T]; LP(2)), for any p € (1, +00).

5 5
By (3.5), and noting that Wg’l(QT) — CZ_F’l_ﬂ(QT) for any p > %, then, in fact, we also
have

ve — v, uniformly;

And (1.3), (1.4), (1.5) hold. Noticing that u, — u in L?(Qr), Vve — Vv in LP(Qr) for
any p > 1, it means that u,Vv, — uVv in LY(Q7) for any g > 1. Recalling that for any

¢ € C®(Qr) with 22 1o =0and p(x.7) =0,

Please cite this article in press as: C. Jin, Boundedness and global solvability to a chemotaxis model with nonlinear
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—// u£<p,dxdt—/u80g0(x,0)dx —//(uﬁ—}—e)mTilugA(pdxdt
Q or

or

= // us - Voo Vodxdt + // uue(1 —ug)pdxdt,

or or

// Verdxdt — / veo@(x, 0)dx + // Vv, Vedxdt + // ugvepdxdt =0,

or Q or or

letting ¢ — 0, we conclude that

—// uwtdxdt—/uo(x)w(x,O)dx—// u™ Apdxdt
or

or Q

= //u . VvV<pdxdt+/f uu(l —u)pdxdt,
or or

—// v<ptdxdt—/vo(x)go(x,O)dx—i—// VvVgodxdt—}—// uvpdxdt = 0.
or Q Or or

Noticing that Vu™ € L?(Q7), then we also have

— // uprdxdt — /u(x,O)ga(x,O)dx + //(Vum —uVv)Vedxdt

or Q or
=,u//u(l —u)pdxdt,
or

which means (u, v) with u € X, v € X is a global weak solution of (1.1). O
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