T Available online at www.sciencedirect.com _—
Journal of

Sreckion ScienceDirect Differential
= Equations
ELSEVIER J. Differential Equations 266 (2019) 7678-7708 —_—

www.elsevier.com/locate/jde

Cauchy problem for the ellipsoidal BGK model for
polyatomic particles

Sa Jun Park, Seok-Bae Yun*

Department of Mathematics, Sungkyunkwan University, Suwon 440-746, Republic of Korea

Received 16 August 2017; revised 30 November 2018
Auvailable online 10 December 2018

Abstract

We establish the existence and uniqueness of mild solutions for the polyatomic ellipsoidal BGK model,
which is a relaxation type kinetic model describing the evolution of polyatomic gaseous system at the meso-
scopic level.
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1. Introduction

The derivation of the celebrated Boltzmann equations relies heavily on the assumption that
the gas consists of monatomic particles, which is not the case for most of the realistic gases. Ef-
forts to derive Boltzmann type kinetic models soon confront with the difficulty that it is virtually
impossible to write the pre- and post-collision velocities in an explicit form, since polyatomic
molecules can possess arbitrarily complicated structures. In search of tractable model equation
for polyatomic gases that avoids such difficulties, a BGK type model was suggested as a gener-
alization of the ellipsoidal BGK model [2,6,7,9,32,36]:
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O f+v-Vif=A,0(Mye(f)—f)
fO,x,v,I)= fo(x,v,I).

(1.1)

Unlike the monatomic case, a new variable / related to the internal energy due to the rotational
and vibrational motions of the molecules is introduced so that the velocity distribution function
f(t, x,v, I) represents the number density on (x,v) € Ti X ]R?, at time ¢ with internal energy
I?/% ¢ R*, where § is the number of degrees of freedom except for the translational motion.
We consider the fixed collision frequency A, 9 = 1/(1 — v 4 v6) throughout this paper. Two
relaxation parameters —1/2 < v < 1 and 0 <8 < 1 are chosen in such a way that Prandtl number
and the second viscosity coefficient computed through the Chapmann—Enskog expansion, agrees
with the physical data. (See [1,8,11,36].)
The polyatomic Gaussian M, g(f) reads

2
M, = —=@w-=-U -U)— — 1.2
,Q(f) det(znﬂye)(]‘g)% exXp ( 2(U ) v,0 (U ) TQ) ( )

with normalizing factor

Aa_l =/exp(—l%)d1.
R+

The macroscopic local density p(z, x), bulk velocity U (¢, x), stress tensor ®(#, x) and internal
energy Es(t, x) are defined respectively by

p(t,x)= / f@, x,v, dvdl

R3xR+

1
Ui, x)=— / vf(t, x,v, dvdl
P

R3xR+
(1.3)

O, x) = % / ft.x,0,D(v=U@,x)Q(v—U(, x))dvdl
R3xR+

1
Es(t,x) = / <E|U—U(t,x)|2+1§>f(t,x,v,])dvdl.
R3 xR+

We split the internal energy E into the internal energy from the translational motion E;, and the
one from the non-translational motion Ej s:

1
E, = / Sl = U fdvdl,
R3xR+

2
Eps= / 13 fdvdl,
R3xR+
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and define the corresponding temperatures 75, 7;, and 77 s by the equi-partition principle:

3+6 3 )
Es = TPTa, Ey = Ethra Ers= 5;07"1,5.

Note that T is a convex combination of T}, and 77 s:

3 8

Ty= — T+ ——
=345 " T35,

Trs.- (1.4)

Then, the relaxation temperature 7Ty and the corrected temperature tensor 7, o are defined as
follows:

To=0Ts +(1 —0)T; 5,

(1.5)
Toe =0Ts1d + (1 —0){(1 = )T}y 1d +vO}.
The relaxation operator satisfies the following cancellation properties:

My o(f) — frdxdvdl =0
T3xR3 xR+
V(Moo (f) — fdxdvdl =0

T3 xR3 xR+

/ (%Ivﬂ 4 1%) (Moo (f) — f)dxdvdI =0,

T3 xR3 xR+

(1.6)

yielding the conservation of mass, momentum and energy respectively. The entropy dissipation
for the polyatomic gas was proved by Andries and Perthame et al. [2]. (See also [9,28].)

dt
T3 xR3 xR+

i / f@)In f(t)dxdvdl <O0.

2. Main result

Definition 2.1. Let T > 0. f € C.([0, T]; | - ||Lg°) is said to be a mild solution for (1.1) if it
satisfies

t
Flt,x, v, 1) =e M0 fo(x —vt, v, 1)+ Ay g / e MU= M o () (x — (t — 5)v, v, 5, )ds,
0

where the weighted norm || - || Ly is defined by

2
£ @)lLge = ess sup | £t x. v, A+ [ + 151,

x,v,1
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Our main result is as follows:

Theorem 2.2. Let 0 <0 <1, —1/2 <v < 1,8 > 0 and g > 5+ 5. Suppose there exist positive
constants Cy, C; and C| such that

I follLge < Cu, / Jo(x —vt, v, Idvdl > C; > 0.
R3 xR+

Then, for any final time T > 0, there exists a unique mild solution f € C+([0,T]; | - ||L3<>)
for (1.1) such that

(1) fisboundedontc[0,T) as

Cit
IfOllzge < el follzge-

(2) There exist positive constants Cr, 5, Ct, f.5 and Cr, fy 5.4 Such that

p(x,t) > Cr g,
Ts(x,t) > Cr1, 4.5,
px, ) + U, )+ Ts(x,t) <Cr, fy.5.9-

(3) Conservation laws of mass, momentum and energy hold:

d / 1 Lo+ 13 ) dxavar =o
7 ,v,zv xdvdl = 0.

T3 xR3 xR+
(4) H-theorem holds:

d

o / fIn fdxdvdl = / (Muo(f) = f)In fdxdvdl <O.

T3 xR3 xR+ T3 xR3 xR+

Remark 2.3. When 6 = 0, all the above estimates break down. Therefore, this case should be
considered separately. See Section 7 for the discussion of this case.

The work is largely motivated by [1], and the proof is in the spirit of [30]. The main element
of the argument in [30] is the establishment of a set of moment estimates obtained by applying
various velocity domain decompositions in the moments of f. Those moments estimates then
are used to control the local Maxwellian. The polyatomic feature of the model (1.1), however,
gives rise to novel difficulties unobserved in the monatomic case.

First, due to the presence of the variable I related to the internal configuration of the
molecules, the decomposition of the domain of integrals now has to be carried out in a combined
domain of the velocity v and the internal configuration parameter /. (See Section 2.) An equiv-
alence inequality between the relaxation temperature Ty, the temperature tensor 7, ¢ and Ts are
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also derived, which, combined with the moment estimates, leads to the desired control of the
polyatomic Gaussian.

Moreover, all the constants in those moment estimates and the equivalence estimates must be
derived explicitly, and in a way that covers the whole range of 6 except for 0, since the break-
down of the estimate at & = 0 cannot be observed otherwise. The case 8 = 0 corresponds to the
situation where there is no interchange between the energy associated to the internal configura-
tion (vibration and rotation of molecules) and the energy arise from the translational motions of
the molecules [47], which means that (1.1) is essentially monatomic in this case, making such
breakdown of the polyatomic estimates at 8 = 0 a natural one. (See Section 7.) We also mention
that this agrees well with the dichotomy at & = 0 observed in the entropy production estimate of
the polyatomic BGK model [27,47].

Ever since it was introduced in [4,42], the BGK model has seen huge applications in engi-
neering and physics. The first mathematical study was carried out by Perthame in [29], where the
existence of weak solutions was proven under the assumption of finite mass, momentum, energy
and entropy. Perthame and Pulvirenti [30] then considered the class of solution space in which the
uniqueness is guaranteed. It was later extended to the whole space [26], and to L? solutions [50].
The Cauchy problem in the presence of external force or mean field was considered in [5,43,49].
Ukai studied a stationary problem on a bounded interval in [39]. The existence and asymptotic
behavior near a global Maxwellian were studied in [3,44,49]. For various macroscopic limits
of BGK type models, see [15,23-25,34,35]. Recently, Holway’s ellipsoidal generalization of the
original BGK model (ES-BGK model) was re-suggested in [2] with the first proof of H-theorem,
and studied analytically in a series of paper [8,10,16,27,45-48]. Mathematical study on the poly-
atomic BGK model is in its initial state. See [9] for the derivation of this model. In [28], the
entropy—entropy production estimate was derived. [44] studies the existence in the near-global-
polyatomic Maxwellian-regime. A dichotomy in the dissipative estimate was also observed.

For the numerical results of BGK model — monatomic, or polyatomic — we refer to [1,11,17,
18,20,22,31,33,51] and references therein. A nice survey on various mathematical and physical
issues on kinetic equations can be found in [12-14,19,32,37,38,40,41].

Following is the notational convention kept throughout this paper:

e Constants, usually denoted by C, are defined generically. Their value may vary line by line
but can be computed in principle.

e When necessary, we use Cy p.c,.., to show the dependence, not necessarily exclusive, on
a,b,c---.

e For k € R, kT denotes its transpose.

e For symmetric n x n matrices A and B, A < B means B — A is positive definite. That is,
kT{B — A}k > 0 for all k € R".

The paper is organized as follows: In the following Section 3, we establish several estimates
for macroscopic variables. In Section 4, we define our solution space and show that the approx-
imate solutions lie in that space for all steps of iterations. Section 5 is devoted to showing that
the relaxation operator is Lipschitz continuous in the solution space. In Section 6, we combine
all the previous results to complete the existence proof. The reason why the case 6 = 0 should be
treated independently is briefly discussed in Section 7. In the appendix, we prove the cancellation
property of the relaxation operator.
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3. Estimates on macroscopic fields

Lemma3.1.Let§ >0, —1/2<v <1and0 <6 < 1. Suppose p >0, Ty, > 0and T1 5 > 0. Then
temperature tensor T, g and the relaxation temperature Ty satisfy the following equivalence type
estimates:

1
(D) 0T51d = Top = 3G {3481 =0} T51d,

1
() 0Ts <Tp < g{5+3(1 —0)}Ts,
where C, = max,{l —v, 1 4+ 2v}.

Proof. (1) (a) Upper bound: Recalling the definition of 7, g, we write

pToe =00Ts1d + (1 —0){(1 —v)pT, 1d + vp©O}

—0pTsld + (1 — 9){(1 —WpTirld +v f fo-U)® (v— U)dvdl}.

R3xR+
From the identity
K{w-)®w-lk={w-U)-k}?, forkeR?

we derive

kK {pTo0)k =0pTsIkI> + (1= 6) (1 = v)pTi [kI* + v / Flw=v) kfdval
R3xR+
(3.1)

If 0 < v < 1, using the Cauchy—Schwartz inequality, we get
_ 2 212 _ 2
flw—=U) -k} dvdl < flv—=U|k|*dvd] =3pT;,|k|*,
R3xR+ R3xR+
so that
KT (pToalk < 00T k2 + (1 = 6) { (1 = v)o Ty [k + 3upT,, k|

=0pTslk|* + (1 — 0)(1 4+ 2v)pT; |k|?
< (14+2v)p{0Ts + (1 —0)T;,} k|

In the case of —1/2 < v < 0, the last term in (3.1) is non-positive. Thus
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kT {pTy.0Yk < 0pTs|k|* + (1 — 0)(1 — v)pT, k|
< (1= p [OTk + (1 =) T;, | k2.
Combining these two cases, we arrive at
KT {pToo} k< max{l —v, 14+ 20}p (1 = )T,y + 0T5} |k,

Now, we recall (1.4) to see

3 é 3
Ts = ——1T, —T1s > ——T1;,
s 318 tr+3+8 ]’3_3—1—8 tr
or
3468
T, <21°7,

to derive from (3.2) that

kT {pToo)k < %max{l —v, 1+ 2v}p{3+8(1 — 6)} Ts|k|*.

This implies the desired estimate, since we assumed p > 0.

(b) Lower bound: Denote the last term in (3.1) by A:

A=(1- v),oT,r|k|2 +v / f{(v -U) -k}zdvdl.
R3 xR+
Then, when 0 < v < 1, A satisfies
A= (1= v)pTy kI,

whereas we have

A> (1 =v)pTy k> +v /flv — UPdv | k> = (1 +2v)pT; k|,
R3

(3.2)

(3.3)

for —1/2 < v < 0. Therefore, we conclude from our assumption on p and T3 that A > 0. Thus,

we deduce from (3.1)

k' {pToolk = 0pTs1k> + (1 = 0)A = 0pTs k%,

which gives the desired result.

34)
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(2) From the definition of T3 (1.4), we have

Trs, (3.5)

so that

Therefore,

Ty=0-0)T15+0T;s
3456

5(1—9)< T3>+9T5
1
=3 {64+3(1—-6)}T;.
The lower bound comes directly from the definition:

To=(1—-0)T;s+060Ts >0T;. O

Lemma 3.2. Assume p > 0 and ||f||Lgo < 00. Then we have

3448
p = Csll fllLgeTs *

for
Cs=2372(3 +6)'3s.

Proof. We divide the integral domain as

o= / fdvdl
R3xR+
< / Fdvdl + / Fdvdl (3.6)
ﬁ\v—U\2+%l%>R2 ﬁw-wh—%l%gﬂ
=hL+1.

From the definition of Ty, we see that
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< / v+ =213 ravar
=% 3+6 3+6 v

2
o5 [v—U 2452515 > R?

For I, we estimate

b= / aval | 1£1z.

2
5§ <

%+5|” U +3+A1 <R?

and make a change of variable:

[ 1
m(m — Uy) =rsingcosfsink,

(vz — Up) =rsingsind sink,

(v3 U3z) =rcosgsink,

13 rcosk,

3+5

for0<r <R,0<¢ <m,0<6<2m, 0=<k<%. The Jacobian

_ 0y, v, 03, 1)
T A(r,¢,6,k)

’

is computed as

)
34+58\2
|J|=(3+8)%<%)

cos@singsink rcosfOsinkcosgp —rsingsinfsink rsingcosfcosk

singsinfsink rcosgsinfsink rsingcosfsink rsingsinfcosk
cos @ sink —rsingsink 0 rcosgcosk
srélcos’ k 0 0 8r cos’ 1k sink

x |det

8
3 (348\2
=503+ 8)% <%> r**2|sing cos® ! k sin” k|,

so that
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2

l T R
346
12§||f||Lg°///./5(3+3)2(%) r®*2|sing cos® ™! k sin® k|drd6dedk
000

0
3+5 5 on2s
JT
<||f||Loo{(3+a)z T) m}RH“

2—

=1f I {25 2G4+ )5 s} R,

Thus, (3.6) can be estimated as follows:

2—,

1 23
p= 3T+ {27 723 +6) T8 R fluge.
We optimize this by setting

R5+5 — 'OT8
2—

[ 7726 +8 % s} 111y

to get

2—,

2
p=2{25 2G40 T8} (o1
which implies

3+8

7 1448 ==
p= {2726 +8 T o IflpT,
This completes the proof. O

Lemma 3.3. Assume p > 0 and ||f||Lgo > 0. Then, for g > 5+ 8, we have

q—58-3
p(Ts+1UP) = <Csgliflieg,

where constant Cs 4 is given by

o _ 72(3+8)%s
b= g—58-5 '

Proof. From the definition of Ty, we write

2
Ts+——|U — =I5 fdvdl.
(5+3+5| l) / <3+5| ¥ T35 )f v

R3xR+

We then split the integral into the following two part as

7687
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1 2 2
T+ ——|U 2 I5 ) fdvdl
(‘3+3+5| ') / <3+5|”| 35! )f v
3+5|”| +3+3”>R2
1, 2 (3.7)
+ + I3 dvdl
/ (3+5|”' 346 >fv
ﬁlv\%ﬁl%sﬂ
=1L+ 1.
The estimate for I is simple:
L <R / fdvdl < R%p.
3+5|U|2 32_51%5R2

For I, we extract || f| Lge out of the integral:

I < = dvdl
1 2 2 73\ 72
2 — =14
51024+ 33515 >R? (3+5|U| +as! )

1
<ifly [ __dvdl,

2 2
2 5
5|02+ 53515 > R? (3+5|U| + 5351 )

and use the same change of variable as in the proof of the previous lemma to estimate
2

/nf

0 0
3 8

2726401 () | s,

< 00
<1 £l g

27 723 46) 78
=wmf{ }M“ﬂ.

drdfdedk

<
I < |Ifllzge =

O\N\a

]oa G483 (32)? 542 sing cos™ ksin |
R

qg—586—5

Inserting these computations into (3.7), we get

2—,

a3 +97s
Ts + ——|U* ) < pR? o ROT74,
<5+3+ | |>_,0 +{ - }llflqu
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Now, take

R34 _ q-8-5 p
- 2-48 344 ’
27 223 +8)7s) Il

to get

2-6 344 2
1 27T A3 48T )T s 2
Ts+—|U>) <2 5+3-q .
'0<5+3+8| |>_ { R — P fllz

This implies

2-68 348
g-5-3 53 [ 27T 2B +8)7T 8
p(Ts+ U 7 <2B+8)} 2 Ifllzee
qg—586—5 4
277 n2(3+48)28
= I fllzges
q—686—5
which completes the proof. O
Lemma 3.4. Assume ||f||Lgo, p, Ts > 0. Then we have
p|U|3+8+q
S m = Csqll fllLge
[(Ts + |U|>)Ts] 2
where Cs g =2 e w23 + 8)¥H9s.
Proof. For simplicity, we set
A, D)= L Ul+./ 2 4
v, )= v— — 5.
3494 346
We split the macroscopic momentum as
plU| < / flvldvdI + / flvldvdl
A@,D<R A@,D)>R
=hL+1.
By Holder’s inequality,
=g 7

I < / fdvdl / (f$|v|)qdvd1

A(,l)<R A(,I)<R
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-1 1
q

/fdvdl / flvldvdI q

R3xRT A(,1)=R

1

q
-1 i
<" sl [ avar
Aw.T)<R

Then, computing similarly as in the previous lemma, we have
238 9 L$é 3+8
dvdl < dvdl <122 7°3+48) 2 5t R™.
A(,I)<R ﬁ|U—U|2+%12/3§R2

Therefore, we bound 11 by

Q=
i

1

1 1 _ 3
P 7||f||zgo{2¥n2<3+a)%} RT.

On the other hand, we observe

1 2 1
S+ ——1} L avar.
/ f'”'{ 3750 VY3 }v

A(,I)>R

Applying Holder’s inequality again,

1
2
VIBFD) 1 2
< Y2019 / fla—?+ 13 ) dvdl
R 3+5 3+s

R3xR+

/ f —1 v —U|2—|— 2 I§ dvdl
X
344 3456 v

R3xR+

1

V23 +9) 1 2 1
= 1355/ +eTsp (eTs).
In conclusion,
Lo ) 23+9) 1
PV =o' I F I |27 2G4 85 5) T R + STl + T TR,

(3.8)
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The optimizing choice for R then is

eitorg _ 20+ 0NE0l(UP + T0)T5)
[ r26+9 %6} 111y

for which the right hand side of (3.8) becomes

-5

22 2(3+6>%58]”‘”f’ (23 +8)) T 35 (U 4 Tp) Tp) 57 ||f||““q.

This gives

p|U|3+5+q a

<230+a2(3 4 5)) { 27723 +6) }IIfIIL;o

(U2 + Ty) T3]

11+25+ g

=2 7B +8) 8 fllre. O

4. Solution space and approximate scheme
We set up our solution space €2:
Q={feCi(l0.TL: |- ||L30) | f satisfies (A1) and (A2) },
where properties (A1) and (A42) are
e (Al): There exists a constant C; > 0 such that
If @O llge < el follge, forz €0, T1.

o (A2): There exist positive constants Cr, 1, Cr, f,s and Cr, £, 5,4 such that

(1) p(x,1) = Cr s
(2) Ts(x,1) = Cr, .8,
B) p+UI+Ts =Cr1,fy.5.4-

We consider the following iteration scheme: (n > 1)

W f" v Ve T = Ay (M e (f") — 11,
o) = fo.

We set f0=0and M(f°) =0, so that

4.1

Wf'+v-Vifl+ A 0f =0,
10 = fo.
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Our first goal is to show that { "} lies in €2 for all n > 0. We start with the following estimates
on the polyatomic Gaussian.

Proposition 4.1. Suppose f € Q, there exists a constant C pq depending on v, 6,60 and q such
that

My (llLze < Canll fllge-
Remark 4.1. C 5 blows up as 6 tends to 0. See the end of the proof.

Proof. We will show that M, o(f), [v|Y M, ¢(f) and I%Mv,g(f) are controlled by ||f||ch>o.

(a) The estimate for M, o(f): We first recall Lemma 3.1 to observe

2 2
1 _ 3 lv—U?> I5
Lo Tl w—y+ L s +—>0 4.2
R P ToN EE Ty R A i @2
for f € Q. Hence we have
2
! Tl s
expl—z(-U) T,,v-U)—— | <L “4.3)
2 ’ Tg

Using this and Lemma 3.1 and Lemma 3.2, we have

PAs

JA@TT, 0)(To)?

1 1 P
(271’)3/2 3448

Moo (f) =

TT
7 144
(271)3/2 xS { CEREE R IS
2

0
= —5 1 fllre
6% ‘

(b) The estimate for M, o(f)|v|?: We divide it into the estimates of |U|? M, ¢(f) and
lv—=U" M, 6(f).

(b1) [UI19 M, 0(f): We use (4.3) and Lemma 3.1 to compute

PAs 1 1 q P

= [of
tr T, o) (Tt~ @02 % 55

U1 My (f) = U



S.J. Park, S.-B. Yun / J. Differential Equations 266 (2019) 7678-7708 7693

1
We divide this estimate into two cases. In the case of |U| < T2, we have from Lemma 3.3 that

23 +6)%s
~5=5

q
Ul? T U <22
U5 < p(Ty +1UP T <

}nfnL;o.
T; =

1
On the other hand, in the case of |U| > T, we have from Lemma 3.4 that

P plUH3H 5 p|U|atHS 143042
348 — <2

U4 7B+ 88 fllge-

348 348 =2: 5 348
Ty |UPHT 2 [(Ts +|UI*)Ts] 2

These two estimates give

Cy
[UITM,6(f) < 6’3j||f||L3<>,
2

for

2q722674 q
11
Ci = il $2F T34 8)2 s,
q—46—5

(b2) l[v—U|4M, ¢(f): From (4.2) and Lemma 3.1, we have

[v—=UlTM, 9(f)
PR ! lv—Up ex 3 b—UP
T Q)3 g T;“ P 26,{3+5(1-0)) Ty
11 4 p [lw=UP\? 3 lv—UP
= 3/2 348 Taz 343 exXp\ —
Q2m)3/2 gt e Ts 26,{3+5(1-6)} T
Co )
=—50T; *
g ?
where
1 _ o [2C,3+8(1—6)) )72
C, = q/2,—x v )
2= Gy s (1) |

This, combined with Lemma 3.3 implies

v =UlIMyo(f) = =5
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q—25—1 2 q
< C 2 7°(3+4+68)26
pEiT 7—5-5 Ifllzge

C3
=03?||f||uq>O

(¢) The estimate for I%./\/lv,g(f): Again from (4.2), we have

I3 s I3
Zw-w)" U+ =
(v )T(,(v )+T9_8+3(1—9)T5

so that / %MU’Q (f) is estimated as follows:

g 1L 41 p ( 8 ”)

I M < Is XP\ — T2 o

w0 ()= o R S AR
2\ % 2
1 1 T% o I3 1) I3
— — | exp| - ——— =
(27.[)30¥ 8 T¥ Ts P §+3(1-0) T;

8
C4 qg—3-48
=z o
where
1

Cy=

§+3(1 —9)>q/2
; .

R (

Then, in view of Lemma 3.3, we derive

15 Myo(f) < —=

c (2557 223+ 0)%s
e 1/l

§—5
Cs
=y I llzge
Finally, we combine (a), (b) and (c) to conclude that

Cy.5.6
1Moo ()l < 9 —55 I f e

where
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Cvs,0,4g=Co+C1+C3+Cs.

Note that max Cy 59,4 <00. O
0=<6<1

Proposition 4.2. 1" lies in Q for all n > 0. That is, f" satisfies

o (Al): f" is uniformly bounded in | - llzgo

Ci
||f"||L;O <e " follze.

where C1 = A, 9 (Cpq — 1).
o (A2): There exist positive constants Ct, f,, Ct, f,.6 and Cr f, 5.4 Such that

(D) p"(x,t) = Cr f,

(2) Tan(-x3 t) 2 CT,f(),(S?

3) p"+IU" |+ T <C7,fy.5,4-
Proof. We proceed by induction. The properties are trivially satisfied for n = 0. Assume that
f" € Q. We prove that f"+! also satisfies (A1) and (A2).
(A1) We write (4.1) in the mild form:

fn+1(t9x’ v, I) = e_Au_Bth(x — v, v, ])
t
+Ayg / e MM o (F")(x — (t — s)v, v, 5, [)ds
0

and take || - || e on both sides,

t
17 O llege < e follzge + Ava / e MMy (fD ) geds. (44)
0

Since f" € 2, we can apply Proposition 4.1 to estimate

t 1

Moo [ I NM (PO s = Ao [ I CuIF Ol ds
0 0
t
< v [ IICuE S  folpds
0
_ Av,GCM

Cit —A, gt
= et —em M ,
Crt Avg ( M follzge
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where we used || /"l < eC1t Il foll Lee - Plugging this estimate into (4.4), we get

1
L @O llege < el foll e

since (A, 9Ca)/(C1+ App) =1.

(A2) By the nonnegativity of polyatomic Gaussian M, ¢(f"), we have from the above mild
form

frHl > o= Avol fo(x — vt v, I).
Integrating in v and I on both sides, and recalling the lower bound assumption imposed on fj,
ol = / FHdvdl > e Ave! / fox —vt, v, DdvdI > C fe” 40"
R3xR+ R3xR+

Hence, combining the above results and Lemma 3.2 gives

348 348
Ayt 1 1 +1 3 it w1 3
Cre ot < p"t < sl /" ||L,<;°{T5" } 7 < Cse” ||f0||L;;<>{T,gn }?

Therefore,

2

—A, ot 315

Tn—H > Cf()e v0 > CT 5
o =\ Ge ol ) T

n+1

The estimate (A2) (3) follows immediately from the above lower bound for p and

Lemma 3.3. This completes the proof. O

5. Lipschitz continuity of M, ¢

Proposition 5.1. Let f and g lie in Q2. Then M, g satisfies the following continuity property:
Moo (f) = Myoe(@liLge < Cripllf — glize

for some constant Cy;, depending on T, 6,0, q and fo.

Proof. For the proof of this proposition, we set the transitional macroscopic fields p,, Uy, Ty.6,
TI,Sn:

(on, Uy, Toons Trsn) =n(or, Ur, Toor, Trsp) + (1 —0)(pg, Ug, To0g, T1.8¢)

and define the transitional polyatomic Gaussian:

Ppls

exp
STy 00) (Ton) ?

1 [Z
Mg (n) = <— E(U_UU)T']:],,(U—UU)— —5>
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Applying Taylor’s theorem, we expand

oM,
Moo (f) = Myo(g) = (o — p@f—"(”)

dM.y,0 (1)
+WUy—-U )/%dn
f g U,

1 (5.1
8Mu
+(Tu,ef—Tv,eg)/—aT’Z(n)d?7
v,on

1
IM, (1)
+ (Tr 57 — TI,Sg)/ ———dy
3T1,5n
=h+hL+ L+ 14

We only consider /3. Other terms can be treated in a similar and simpler manner. Recalling the
definition of 7, ¢, we see that

PrToor — PgTv.0g

=0 -0 p{(1=v)Typld +vO s} +0prTspld

— (1= 0)pe{(1 =) Tirgld +vO,} — pg Tsg 1d

(I—- 2
—(1-0) { v = Ul Id+v(v—Uf)®(v—Uf)}dvdI

R3xR+
- U P +213 Iddvd]
+3+5 / f{lv=Ugl*+215}1ddv
R3xR+
—(1-6) / 1y, 1d+v(u—U)®(u—U)}dud1
R3 xR+
0 / {| U|2+21%}1dd dl
- — v— vdl,
345 § J
R3xR+

which can be rearranged as

{(1—9)—+m ( / (flv— Uy —g|v—U|)dvd1> 1d

R3xR+

+(1—-0)v / {(f-Up)®@@w—-Ufs)—glv—Uy) @ (v—Ug)}dvdl
R3xR+
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R3xR+
=h+1T+1T1s.

For T, we note that
/ flo=Uysl? = glv— UglPdvdl = f (f = @lPdvdl — (s U > = pglUgl?).
R3xR+ R3IxR*
The first term is clearly bounded by C|| f — g|| Ly (g > 3). For the second term, we compute

p7|U s> = pglUg|?

Pf

2
P
prlUS 1 = pylU | = +£|Ug|2—pglvg|2

<—(|prf|+|ng )losUs = Ul + —— oo eeUsllos = pel.
Now, since f, g € 2, we have from (A1)

105Ul +10gUgl < Co.g (I f llze + Iglze) < Co.0€ Il foll e

and pr, pg > Cr, 5. Therefore,

PSP = polUgP| = 1o {1osUr = poUs| + los = g}

=C1. o8, f If — gl(1+ vIHdvdl
R3xR+

=Cr fps.qllf —gllLge-

The estimate for 7, can be derived from a similar computation using the following identity:

(=07 = / (f — e)0 ® vdvdI

R3xR+

1 o
=5 PrUr®ogUs = poU) = i(Pfo — pgUg) @ Uy

{/’gUg} ® {/’gUg}'

‘We omit the estimate for 75. What we have shown so far is

lofToor — PgToogl < Cr,fo.5.0.4 1 f — 8liLge.
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Therefore,
1 1
1 Tv.08 — To0g] < ;I,OfTu,ef — pgTo0gl + Elpf — gl Toogl = Cr, fy.8.0.411f — 8llLges
where we used Lemma 3.1 and Property (A2)(1) of 2 as

pr=Cr £

and

y 1—6 (1—v)
1T e < p /g{ 3 |v—Ug|28,-,-+v(v—Ug)i(v—Ug),;}dvdl

8
R3IxR+
52
40 f ! (| U|2+21%)a dvdl Y
— —(|jv— ij ¢ dv
Pe 81350 g i
R3xR+

<(3+8—-20—-680)Ts,.
We now move on to the estimate of the integral in I3. A straightforward computation gives

1

/ BMv,e(n)dn
87;,977

1

1 1 ddetT 0y T 1 ( 07v.0n ) 1 :|
= — | — : + (v — U - T v—U M dn.
0/2[ detTy.05 07Tv.05ij ( v Tuon 9T, 0mij v ) [ Muatndi

Before proceeding further, we establish the following claims: For f, g € €2, we have

9T v — Uy
F1) —Uu) T L) T 0= U .
FO: [0=U) T4, (87;’977)’5,977(” D= 00T + (0 = T )P

(F2): |detTron| = 603 (nTss + (1 =) Tse )

d det 7;’9,7

(F3): S <2348 =20 — 80)* (nTsp + (1 — ) Tsg) .
87;,]977

o (F1): Let D;; denote a n x n matrix whose ijth and jith entries are 1 and the remaining entries

are 0. Then,
o7,
xT (—Vlfn) Yl = |XTDl'jY| <IXiYj+ XY <|X||Y].
37;,917
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Thus we have

< =Up) " Ty g I Ty (0 = Up.

Ty _
Ww—U)'T; - (87‘;]‘0") v,@lﬂ(v -Uy)

v,0n

Now we use Lemma 3.1:

Toon=nTver + (0 =mToee > [0{nTsp + (1 = Tse}] Id (5.3)

to compute

(= UDTT5,0 < sup 10 = Up) 175, ¥

sup lv—UyllY]
\Y\<1 O{nTsy + (1 — ) Tsg}
v — Uyl
0Ty + (1 —n)Tse}

Likewise,

Uyl < v = Oyl
= 0T + (1 — ) Tsg)’

|T gn(v

which gives the desired estimate.
e (F2): By (5.3), we have
3
detTy.on > 0> 0Ty + (1 — ) The ).
e (F3): We only prove the case: (i, j) = (1, 2). An explicit calculation gives

adet7, ddet/y.on
972

v,0n

23 33 21
T 7:) ,0n 7:;,6177:1,97]' (54)
Then we recall (5.2) to derive
| v@,,l InT, v@f + (1 —-n) Vggl <(B+5-20-680)InTsr + (1 —n)Tsgl.
Therefore, (5.4) leads to

 det
‘M <2(3+8—20 = 80)* (nTas + (1 — )Ty}

87:) ,0n

This ends the proof of the claims.
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Using these claims, we estimate the integral in I3 as (Ts; = nTsy + (1 — ) Tsg).

1
anm) f[ nq
M, dn. 5.5
Of e 90 it ondn 5.5)

Now, since f, g € 2, we have

Cr, 0,801 < Tsy=nTsy + (1 =) Ts55 < Cr 5,52,

and

0
Moo = Cr.fo.6.9— 5
07

3 lv—Up? . 8 I
X ex — X e —
P\T2c,5+e0—-0)) T, P\Ts+30-0) Ty,

~Cr.fy.0.6.9(1v=Uy P +1%)

<Cr,fy.8.0.4¢
Therefore, we can proceed further from (5.5) as

1
_ 22/
SCT,fo,s,e,q/(lJrlv—Unlz)e Criosoa (=t g
0

/' IM,, 9(77)
87; ,0n

—Cr . 2 g2/8
§CT,f0,8,9,q e CT, £5.8.0,¢ (v=Upl"+1 )dn

S t—

1
_ 2. 72/
SCT,fo,s,e,'I/e rha0a T D dn
0

e v|?+1%/8
< Cr. frap.qe” CThs0atEHE.

In the last line, we have used

Uyl =nlUgl + A =mUg|l = C1, fy.5.4

which holds when f, g € Q.
Finally, we turn to the proof of the proposition, which is almost done. Plugging the above
inequalities into (5.1), we have
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Mo (f) — M,y (gl

_ 2., 72/8
< C{loy = pel + Uy = Ugl + | Tosy = Togl + |1y — Tl e COFH

_ 24 2/8
<CIf = glliggee” €MD,

Multiplying (1 + |v|® + I %)% and taking supremum on both sides, we get the desired esti-
mate. O

6. Proof of the main theorem

In the mild form, (4.4) reads

f”“(x, v, t, )= e_A”’B’fo(x —vt,v, 1)
t
+ Ave / e~ MM o (f)(x — (t — 5)v, v, 5, [)ds,
0
v, )= efA“"’lfo(x —vt,v, )
t
+A —Avo(1=9) Aq n—1 P
vo | e v (f"H(x =t —s)v,v,s, Dds.
0

Taking difference and applying Proposition 5.1, we obtain

t

L/ = Ol < Ave f e MO Moo (f"(0) = Moo (f" 1 (0))l|Lgeds
0

t
< AaCuip [ 170 = £ Ollzds,
0

Iterating this inequality,

t s Sn—1
I F ) — 'Ol = A} 0Clip / / e / £ (sn) — fO(Sn)HL;;OdSn -~ dsyds
00 0
2| Sn—1

n n
< AVoCri

-A
» '/6 PO foll Lgodsn - - dsadsy
0

N oo—
T

n n
=< AU’QCL[pE”fOHLgC'
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This immediately gives for n > m

mfl v Cri,T
sup [/ (1) = f" Ol < (eA”ﬂC“” 3 (e i )llfollLoo

0<t<T k=0

Therefore, we conclude that { f"} is a Cauchy sequence and converges to an element, say f,
in 2. It is standard to check that f is the mild solution:

t
f,x,v,1)= e*A”v(”fo(x —vt,uv, )+ Ay / efA”*"(tf‘Y)nyg(f)(s, x— (@ —s)v,v, 1ds.
0

This proves the existence and estimates (1) and (2).
For the proof of conservation laws, we find that Proposition (4.1) and the Lebesgue differen-
tiation theorem give from the above mild form,

%f(t,x+tv,v,I)=AU,9{/\/lv,9(f) — fit, x+tv,v, 1)

for almost all 7. Multiplying 1, v, % w241 5 on both sides and integrating with respect to x, v, I,
we obtain (3).

The entropy dissipation estimate in the form of (4) was established in [2,8,28] at the formal
level. But the lower and upper bounds for f and the macroscopic fields justify all those formal
computations given in [2,8,28]. This completes the proof.

7. When 6 =0

Recall that the 1.h.s. of equivalence estimates in Lemma 3.1 vanish, and the r.h.s. of the in-
equality in Proposition 4.1 blows up, as 6 tends to zero. Therefore, the argument we’ve developed
so far does not work for & = 0. We, however, observe that the polyatomic Gaussian M, »(f) in
this case is completely split into the translational internal energy part and the non-translational
internal energy part as follows:

2
pAs Y- T 0-)- £
Myo(f)=———e¢ 0

VdetRr Ty 0) T/

12/8

(P -T2 7y
- 5/2
Vdetr T 0) TS

in the sense that 7, o and 77 s does not share the common factor 7s. Now, if we define

gt,x,v)= / f@t,x,v,DdIl

and integrate (1.1) with respect to I, we get
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g +v-Vig=A0{My,(g) —¢g}

go(x,v):/fo(x,v,l)dl, (7.1
Ry
where
P Ll Tl
v = v dlzi (U U)ﬂ(v U)
M, (g) /M 00f) me 2
and

To=Too= (1 =) Ty +v6.

Note that p, U, T, are naturally interpreted as macroscopic fields of g, and hence, so is M, (g).
This is exactly the ellipsoidal BGK model for monatomic particles [2,8,21]. Relevant existence
result for (7.1) can be found in [27,45,46]. Thus, in the case that 8 = 0, our problem (1.1) should
be understood in the form (7.1). This dichotomy between the two case,# =0and 0 < 6 < 1, was
also observed in [28,47].

8. Appendix. Conservation laws
In this appendix, we prove the cancellation property (1.6) for reader’s convenience. To avoid

repetition, we only prove the case of |v|2.

1
To compute the translational part, we make a change of variable X = %7; o (v—"U), so that

_Wmdv
Jdet@n Ty )

dX = (V2) 3 det T, gzd

We also find that

1 _ 1 T
5<v—U>TTv,J(v—U)={7 Too —U)} {ﬁ v,;/z(v—U)}=XTX=|X|2,

and

W—UP=@-0)T(v-U)= (2T, X) (V2T,)[’X) =2X T T, 4 X.

Therefore, we have
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v—UP P T _ixp
f ———— M, o(f)dvdl = 3/{}( TooX}e X dx
2 (V) J

- /{ZX-X-T” }e—'Xlde
= 3 ixjl,g

o 14

S
=7 X2 XPax
(W) ._Z o

1,2,3 23

R3xR+

P
==1rT,
2rv,9

~p{(1 —6)T,, 46T},

where we used

(/Xff“dX) = @

R3

For the non-translational part, one finds

/ I*°P M, o (f)dvdl

=pA8f 12/5 / —30-O)T T v=U) g,
¢ 1/det(2nTU

g 10
2
:pA(g/We To dlI.
g 10

Let X = 12/6/T9, thendI = %T;/ZX‘S/z_ldX, and thus,

12/8

/ 12/8Mv9(f)dud1—pA5/ 3/2 Ty dl
R3 xR+
8
=§pA5T9/X3/2e—XdX

R+

_21095

7705

(8.1)

8.2)
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where we have used

8/20Ty [ XOPe™XdX  8/2pTp [p+ X*/?e XdX
) T 8/2 fpr X2l XdX

PTo [ (—X°2e™X) Y207 +8/2 fy X1 XaX |
- s X32-Te=Xax

= 50T5-

Combining (8.2) with (8.1) and recalling the definition of Ts in (1.4), we get

2
/ <%+12/5)Mv,e<f)dvd1

R3xR+

3 8

=§P{(1—9)Tzr +9T5}+§P{(1—9)T1,5 +6Ts}
3446 3 8 3446

=—01-0 {—T —0T } —— 0T,
) ( ):0 345 tr‘i‘3_|_(S I,8+ ) pUls
346

=—70>pT,
5 PTs

—UP?
_ / <%+12/5) fdvdl.
R3 xR+
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