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Abstract

We construct a finite-time blow-up solution for a class of strongly perturbed semilinear wave equation
with an isolated characteristic point in one space dimension. Given any integer k > 2 and ¢y € R, we
construct a blow-up solution with a characteristic point a, such that the asymptotic behavior of the solution
near (a, T'(a)) shows a decoupled sum of k solitons with alternate signs, whose centers (in the hyperbolic
geometry) have g as a center of mass, for all times. Although the result is similar to the unperturbed
case in its statement, our method is new. Indeed, our perturbed equation is not invariant under the Lorentz
transform, and this requires new ideas. In fact, the main difficulty in this paper is to prescribe the center of
mass &g € IR. We would like to mention that our method is valid also in the unperturbed case, and simplifies
the original proof by Cote and Zaag [9], as far as the center of mass prescription is concerned.
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1. Introduction

This paper is concerned with blow-up solutions of a perturbed semilinear wave equation

Ofu = d7u + ul” u 4 f ) + g(x, . u, deu, dyu), o
u(0) =ug and o;u(0) = uq,
where u(t) :x €e R > u(x,t) e R, p>1, ug € Hllocu and u; € leocu with ||v||i2 =
’ ’ loc,u
sup lv(x)|?dx and ||v||12{1 = ||v||i2 + ||Vv||i2 . We assume that f and g are ¢!
acR loc,u loc,u loc,u
lx—al<1

functions, where f : R — R and g : R* — TR satisfy the following conditions:

p+1
lg(x, 1,1, v,2)| < Mo(1+ [u] "= + v| +|z]), forall x,7,u,v,z€R,

p
(H){ |f(u)|§Mo(1+bg(‘2”#2)a), forall u € R,
where My > 0 and o > 1.
Under the more restrictive assumptions

(H,){|f(u)|§M](1+|u|q), forall u e R,

lg(x,t,v, )| <Mi(1+|v|+|z|), forall x,f,v,z€R,

where M| > 0 and g < p, we are able to add more information to our results (see Theorem 1 and
Corollary 2).

As we will explain in details later, we would like to draw the attention of the reader to the
fact that we are making two major steps in considering equation (1) under assumption (H) in
comparison with our previous papers dedicated to perturbations of the wave equation and written
under assumption (H') ([24], [25], [26], [27])

— we allow a quasi critical perturbation f(u) (in log scales), but this was already the case in
([211, [22], [23D). "
— we allow a u dependence in g, with a growth up to |u| Ea

The Cauchy problem for equation (1) is solved in the space Hllo cu X leo .- This follows

from the finite speed of propagation and the well-posedness in H!(R) x L?(IR) (see for example
Georgiev and Todorova [13]). The existence of blow-up solutions u(¢) of (1) follows from energy
techniques (see for example Levine and Todorova [28] and Todorova [51]).

Note that in this paper, we consider a class of perturbations of the idealized equation (when
f =g =0). This is quite meaningful, since physical models are sometimes damped and hardly
come with a pure power source term (see Whitham [52]). For more applications in general rela-
tivity, see Donninger, Schlag and Soffer [10].

If u is an arbitrary blow-up solution of (1), we define (see for example Alinhac [1,2]) a
1-Lipschitz curve I' = {(x, 7' (x))} such that the maximal influence domain D of u (or the domain
of definition of u) is written as

D={(x,t)|t <Tx)}. 2
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T =inf,cr T (x) and I are called the blow-up time and the blow-up graph of u. A point x is a
non characteristic point if there are

80 € (0, 1) and 19 < T (xo) such that u is defined on 6%, 1(xy),s, N {t = t0} 3)

where €% ; 5 ={(x,1) |1 < f — 8|x — %|}. We denote by Z (resp. .#) the set of non characteristic
(resp. characterlstlc) points.
In the case (f, g) = (0, 0)), equation (1) reduces to the semilinear wave equation:
8?u=8§u+|u|”_lu, )
u(0) =ugp and 9,;u(0) = u;y.

In a series of papers [38], [39], [42] and [43] (see also the note [40]), Merle and Zaag together
with Cote and Zaag [9] give a full picture of blow-up for solutions of equation (4) in one space
dimension. Furthermore, in [9], for any integer k > 2 and ¢y € R, Cbte and Zaag construct a
blow-up solution with a characteristic point a, such that the asymptotic behavior of the solution
near (a, T'(a)) shows a decoupled sum of k solitons with alternate signs, whose centers (in the
hyperbolic geometry) have g as a center of mass, for all times. Let us note that the invariance of
equation (4) under the Lorentz transform was crucial in [9] to prescribe the center of mass.

More generally, in [26], we also construct a finite-time blow-up solution with a characteristic
point in the unperturbed case, under assumption (H'), showing multi-solitons and prescribing the
center of mass, if g = 0. However, when g s 0, we were unable to prescribe the center of mass
of the multi-soliton, since in this case equation (1) is not invariant under the Lorentz transform.
That obstruction justifies our new paper, where we invent new ideas in order to prescribe the
center of mass of the multi-soliton. More importantly, our method works under the more general
assumption (H). Moreover, this new method is of course valid also for equation (4). Even better,
the prescription of the center of mass for (4) is easier thanks to our method.

Our aim in this work is to prescribe the center of mass of the multi-soliton. More precisely, for
any integer k > 2 and ¢y € R, we construct a blow-up solution with a characteristic point a, such
that the asymptotic behavior of the solution near (a, T (a)) shows a decoupled sum of k solitons
with alternate signs, whose centers (in the hyperbolic geometry) have ¢g as a center of mass, for
all times.

Before stating our result, let us introduce the following similarity variables, for any (xq, Tp)
such that 0 < Ty < T (x0):

2 X — X0
“Tu(x,t), y=T_—,
0—

Wy, To(y’s)—(TO_t) SZ—IOg(T()—t). (5)

If To = T (xp), we will simply write wy, instead of wy, 7(x). The function w = w,, satisfies the
following equation for all y € (—1, 1) and s > —log T (x¢):

2(p+ 1D
(p—1)?
2ps p+1)s (p+1)s

2
+€”1g<xo+yeSTo—e e T dyw, e pT (3w+y8w+—w))

3
w+|w|1’*1w—p—+la w—2y92 w47 lf( = w) (6)
Py

2w =Lw—

2
where Lw = %8);(,0(1 —y2)dyw) and p = p(y) = (1 —y*) 7 1.
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In the unperturbed case where f = g = 0, the Lyapunov functional for equation (6)

1
1 1
E(w(s)) = / (5 (Byw)* + 3 (3yw)2 -y +

—1

(p+1)
(p—1)7?

1
2 p+1
Tlwl )py (M

is defined for (w, d;w) € FZ where

1

A =13 (q1, ) II(thqz)IIzjg»E/(qler(qi)z(l—y2)+q§)pdy<+oo . ®
5

We also introduce the projection of the space .7 defined in (8) on the first coordinate:

1

Hy=1{reH ||r||2%E/(r2+(r’)2(1—y2))pdy<+oo : 9)
1

Moreover, we introduce for all |d| < 1 the following solitons defined by
L
(1 —d?)7r

k(d,y) = ko—————— where kg = (
(1+dy)rT

2(p+1)

1
=1
(p—1)2> and |y| < 1. (10)

Note that « (d) is a stationary solution of (6), in the particular case where (f, g) = (0, 0). We also
introduce

= . k+D)(p—1 _

Si(s) = (l i > logs +ai(p, k) (11)
where the sequence (¢;);=1,...k is uniquely determined by the fact that (g:,- (5))i=1,...k 1s an ex-
plicit solution with zero center of mass for the following ODE system:

iéi 26_%({1'_{1'—1) _e_%(fzﬂrl_{i)’ Vi=1,..., k, (12)
1

where ¢; = c1(p) > 0 and o(s) = ¢x+1(s) = 0 (see Section 2 in [9] for more details).

Given an arbitrary blow-up solution u(x,?) to (1) and a characteristic point xp, we could
extend in [26] the results first proved for (4) by Merle and Zaag in [41], and showed the following
results, under the assumption (H’) (and we think the results can be easily extended to assumption
(H) following our strategy in [26])

(Description of the behavior of w,, where x( is characteristic) Consider xo € .#. Then,
there is {p(xo) € R such that

k(x0)
Wxg (5) (=D (di(s))
(aswio(s>> i ; ~0 (13)
0 H
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as s — 00, for some k(xg) > 2, 6 = %=1 and continuous d; (s) = — tanh ¢; (s) with

gi(s) = &i(s) + &o, (14)

where ¢; (s) is introduced above in (11).
Following this description result, we naturally ask the corresponding construction question:

Can we construct an example for each blow-up modality described in (13)?

In other words, given k > 2 and ¢y € R, can we construct a solution to equation (1) showing
the behavior (13) and (14)?

In [9], Cbte and Zaag showed that this is possible in the unperturbed case (4). In [26], we had
a partial result for equation (1), in the sense that we could prescribe the number of solitons, but
not the location of their center of mass, unless g = 0. Indeed, the method of [9] extends with no
difficulty to equation (1), if g = 0. If not, or if assumption (H) holds, we need new ideas and this
is the aim of the paper. More precisely, this is our main result:

Theorem 1 (Existence of a solution to (1) with prescribed blow-up behavior at a characteristic
point). Assume that assumption (H) holds. For any integer k > 2 and {y € R, there exists a
blow-up solution u(x,t) to equation (1) in HL  x12 (IR) such that

loc,u loc,u

k
wo(s) ) _ Z(_l)iJrlK(di(s)) —0ass— 0o (15)
s wo(s) i=1 ’
0 H
with
di(s) = —tanh(;(s), &(s) =& (s) + o (16)

and E,- (s) defined in (11). Moreover, if (H') holds, then the origin is a characteristic point (i.e.
0e.?).

Remark. Note from (16) and (11) that the center of mass of ¢; (s) is fixed, in the sense that

O+ 4(s) L)+ +G(s)
k k

+2%0=2¢0, Vs> —logT(0). (17)

Remark. Let us remark from the blow-up description we made in [26] that, under the assumption
(H') (and we think the results can be easily extended to assumption (H)), the origin is an isolated
characteristic point. We also would like to mention that, as in the unperturbed case (4), under the
assumption (H) (even under assumption (H')) we are unable to say whether this solution has
other characteristic points or not. In particular, we have been unable to find a solution with .%
exactly equal to {0}. Nevertheless, let us remark that from the finite speed of propagation, we can
prescribe more characteristic points, as follows:
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Corollary 2 (Prescribing more characteristic points). Assume that assumption (H) holds. Let
I={l,..,no}orI =Nandforallnel, x,eR, T, >0, ky, >2 and { , € R such that

Xp + Ty < Xp1 — Tyt
Then, there exists a blow-up solution u(x, t) of equation (1) in HllOC u XL12OC JRYwith T (x,) =T,
and foralln e l,

kn
< Wy, (5) ) - Z(_l)iHK(d"v”(s)) —0ass— o0

aswxn (S) i=l1 ’
0

with

Vi=1,... .k, din(s)=—tanhgin(s), &in(s) =5i(s) +on
and ¢; (s) defined in (11). Moreover; if (H') holds, then {x, |n €I} C ..
Remark. Again, we are unable to construct a solution with . = {x,, | n € I}.

As one can see from (15) and (16), the solution we have just constructed in Theorem | behaves
like the sum of k solitons as s — o0. In the literature, such a solution is called a multi-soliton
solution. Constructing multi-soliton solutions is an important problem in nonlinear dispersive
equations. It has already been done for the L? critical and subcritical nonlinear Schrédinger
equation (NLS) (see Merle [33] and Martel and Merle [31]), the L? critical and subcritical gen-
eralized Korteweg de Vries equation (gKdV) (see Martel [30]), and for the L? supercritical case
both for (gKdV) and (NLS) equations in Cote, Martel and Merle [8].

More generally, constructing a solution to some PDE with a prescribed behavior (not neces-
sarily multi-solitons solutions) is an important question. That question was solved for (gKdV) by
Cote [6,7], and also for parabolic equations exhibiting blow-up, like the semilinear heat equation
by Bressan [3,4] (with an exponential source), Merle [34], Bricmont and Kupiainen [5], Merle
and Zaag in [36,37], Schweyer [48] (in the critical case), Mahmoudi, Nouaili and Zaag [29] (in
the periodic case), the complex Ginzburg-Landau equation by Zaag [53], Masmoudi and Zaag
in [32] and also Nouaili and Zaag [46], a complex heat equation with no gradient structure by
Nouaili and Zaag [45], a gradient perturbed heat equation in the subcritical case by Ebde and
Zaag in [12], then by Tayachi and Zaag in the critical case in [49,50] and also by Ghoul, Nguyen
and Zaag in [16], a strongly perturbed heat equation in Nguyen and Zaag [44], a non scaling
invariant heat equation in Duong, Nguyen, and Zaag [1 1], two non variational parabolic system
Ghoul, Nguyen and Zaag [17-19] or a higher order parabolic equation in [20]. Other examples
are available for Schrodinger maps (see Merle, Raphaél and Rodnianski [35]), the wave maps
(see Ghoul, Ibrahim and Nguyen [14]), and also for the Keller-Segel model (see Rapha¢l and
Schweyer [47], and also Ghoul and Masmoudi [15]).

Surprisingly enough, in both the parabolic equations above and the supercritical dispersive
equations treated in [8], the same topological argument is crucial to control the directions of
instability. This will be the case again for the semilinear wave equation (1) under consideration.
As for the strategy of the proof, we rely on the following two step method:
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— As in the unperturbed case, thanks to a dynamical system formulation, we show that con-
trolling the similarity variables version w(y, s) solution of (6) around the expected behavior
(15) reduces to the control of the unstable directions, whose number is finite. This dynamical
system formulation is essentially the same as the one used in [9] and [43].

— Then, we solve the finite dimensional problem thanks to a topological argument based on
index theory.

‘We would like to insist on the fact that we introduce a new feature in the method to allow us
to directly prescribe the center of mass as required in (17).

2. Construction of a multi-soliton solution in similarity variables

In this section, we assume that (H) holds, and we construct a multi-soliton solution in sim-
ilarity variables for equation (6). At the end of the section, we use this construction to prove
Theorem 1 (note that we don’t prove Corollary 2, as it follows immediately from Theorem 1
thanks to the finite speed of propagation). At the very end of the section, we will consider the
more restrictive hypothesis (H’) to show that the origin is a characteristic point.

Technically, we use the dynamical system formulation introduced in [43] and used in [9]. For
that purpose, we introduce for all d € (—1,1) and v > —1 4 |d|, «*(d, v, y) = (k{,k3)(d, v, y)
where

1
(1—d>)rT
K (d, v, y) = kg, (18)
(1+dy +v) 7]
1
2k (1 —d?)pT
K5 (d, v, y) = vk (d, v, y) = —— (19)

P11 dy vy

We refer to these functions as “generalized solitons” or solitons for short. Notice that for any
uw €, k*(d, ne®, y) is a solution to equation (6) in the unperturbed case. Then, note that:

— k*(d, ne®, y) — (k(d),0) in J as s —> —00;

— when u = 0, we recover the stationary solutions («(d), 0) defined in (10);

— when p > 0, the solution exists for all (y,s) € (—1,1) x IR and converges to 0 in JZ as
s — oo (it is a heteroclinic connection between (k (d), 0) and 0);

— when u < 0, the solution exists for all (y,s) € (—1,1) x (—oo, log (MTﬂ)) and blows up

at time s = log <M>

w

We also introduce for / =0 or 1, forany d € (—1, 1) and r € JZ,

Y (r) = ¢ (Wi(d),r), where (20)
1
sa.n) = [ (air-+airia =3+ qr) pdy.
-1
Wid,y) =W 1d,y), W;2(d,y)), with
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1 1
(1—d»H7T(1—y?) (1=d>)7 T (y+d)
iHy . Woald,y)=co iy+1
(1 4+dy)7T (14+dy)7T

Wia(d, y)(y) = c1(d)

. @D

for some positive c1(d) and co, and W; 1(d, y) € 4 is uniquely determined as the solution of

+3 8 Wad
—rtr= (1= 22 wiaia) - 290, W) + —— W29 (22)
-1 p—11—y
normalized by the fact that H;j(FZ (d)) =¢ (W;(d), Fi(d)), where
1 — 1 y+d
P N p— — - 2 7
Fid,y)=(1—d)rT | M Fyd, y) == d) 7T | (1 4 gyt
S 0

(see estimate (3.57) in [42] for more details).
Given k > 2, ¢p € R and sg > 0, we will construct the multi-solution as a solution to the
Cauchy problem of equation (6) with initial data (at s = sg) depending on k + 1 parameters:

1y, B
lviol <5 ° il fori=1,...,k, and |¢1 0] <s, . given by

k
(@0 50). sw(y.50) = (= D'ic* (di(so. #1.0: vi0. ). 23)

i=1
where

p—1

di(s0, $1,0) = —tanh(i (s0) + &0 + ———1,0), (24)
Zi(so) is defined in (11), y; is defined by
k+1
vi=({p-—1 (_i + T) , (25)

and the constant n > 0 will be defined later in (45).

In comparison with the unperturbed case treated in [9], we have one more parameter here
(¢1.0), and this parameter is precisely the one that will allow us to prescribe the center of mass.
Note also that in [9], the corresponding construction was done with g = 0. Accordingly estimate
(24) in [9] was satisfied with o = 0 and ¢1,0 = 0. Here lays a major difference between our
approach and that of [9], in the sense that we construct our solution in relation with (g:,- (s0) +¢0)i»
which is a particular solution of (12), whereas in [9], the construction is done only for ¢y = 0.

Such a solution will be denoted by w(so, (vi,0)i, ®1.0, ¥, ), or when there is no ambiguity, by
w(y,s) or w(s) for short. We will show that when s is fixed large enough, we can fine-tune the
parameters

_1 . _1 . _ _
Ui,oe[—S02 w,so2 w] (for i=1,...,k) and quoe[—sO",sO"],
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so that the solution w(so, (v;.0)i, ¢1,0, ¥, s) will be decomposed as a sum of k decoupled solitons.
This is the aim of the section.

Proposition 2.1 (A multi-soliton solution in the w(y, s) setting). For any integer k > 2, and
to € R there exist so > 0, vioe R fori =1,...,k and ¢1,0 € R such that equation (6) with
initial data (at s = so) given by (23) is defined for all (y,s) € (—1,1) x [sg, 00), satisfies
(w(s), dsw(s)) € H forall s > s¢, and

k
i+l g
<8wugs(z)> - ;(_1) (di(s)) —0ass — oo, (26)
0 A
for some continuous d;(s) = —tanh ¢; (s) satisfying
g“,-(s)—f,-(s)—>goass—>oof0ri=1,...,k 27

where the Ci(s) are introduced in (11).

Remark. Note from (23) that initial data are in H' x L?(—1, 1). Going back to the u(x, t) for-
mulation, we see that initial data is also in H! x L%(—1, 1) of the initial section of the backward
light-cone. Therefore, from the solution to the Cauchy-problem in light-cones, we see that the
solution stays in H! x L? of any section.

As one can see from (23), at the initial time s = sg, w(y, so) is a pure sum of solitons. From
the continuity of the flow associated with equation (6) in 7 (this continuity comes from the con-
tinuity of the flow associated with equation (1) in H I's L2 of sections of backward light-cones),
w(y,s) will stay close to a sum of solitons, at least for a short time after sg. In fact, we can
do better, and impose some orthogonality conditions, killing the zero and expanding directions
of the linearized operator of equation (1) around the sum of solitons. The following modulation
technique from Merle and Zaag in [43] is crucial for that.

Proposition 2.2 (A modulation technique; Proposition 3.1 of [43]). For all A > 1, there exist
Ep(A) > 0 and €y(A) > 0 such that for all E > Eq and € < €q, ifv € € and foralli =1, ...k,
(d;,v;) € (—1,1) x R are such that

1 Vi

_1+Z§1—|¢§|§A’ Eii1_2,‘*ZEand”‘§”jf§€
—|d;
k . dA
where § = v — Z(—l)ﬂc*(dj, V) and d = L = —tanh ¢, then, there exist (d;, v;) such

st 14+
that foralli=1,...,kandl =0, 1,

1. H;ii (q) =0 where g :=v — Zl;=1(—1)j"*(dj’ Vi)
’ Vi ‘A)i

- + g =L < C(WIIGllwe < C(A)e,
L—1|dil 1-|d o A
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* * E
SA+L G -8 = S and gl < C(A)e,

Let us apply this proposition with v = (w(y, so), dsw(y, s0)) defined in (23), d; = d; (so, ¢1.0)
defined in (24) and D; = v; . Clearly, we have ¢ = 0. Then, from (23), (11) and straightforward
calculations, we see that

C A —1
— <— and §l+1 {t*zp4 log so

for so large enough. Therefore, Proposition 2.2 applies with A = 2 and from the continuity of
the flow associated with equation (6) in #, we have a maximal § = 5(so, (v;,0)i, ¢1,0) > So such
that w exists for all time s € [sg, §) and w can be modulated in the sense that

k
Wy, 5), dw(y, s) =Y _(=D'k*(di(s), i () + g (. 5) (28)
i=1
where the parameters d; (s) and v; (s) are such that for all s € [sg, 5],

N qes) =0, vi=0,1, i=1,....k

and

1 —_ * " _1
%5 o e o= P Diogsy and lg@) e < =, (29)

7=

where ¢*(s) = —arg tanh ( lfv(f()s) ).
Two cases then arise:

— either 5(s0, (vi,0)i, ¢1,0) = +00;
— or 5(so, (vi.0)i> $1,0) < +oo and one of the < symbols in (29) is a =.

At this stage, we see that controlling the solution w(s) € J¢ is equivalent to controlling g €
0, (di(5))i € (—1, DF and (v (s)); € R¥. Introducing

k—1

k
¢i(s) = —argtanh(d; (5)), J=Ze_il@’+' @ Z '”’ : (30)

i=1

we project equation (6) to derive the following estimates:

Proposition 2.3 (Dynamics of the parameters). There exists § > 0 such that for so large enough
and for all s € [sg, 5), we have
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D =il e (g2, + N+ & 31)
= (Il T+ lglrd) +
1
éi -2 (Gi—%i-1) -2 i1 —8) 2 7 148 c
——(er —e ’ N =Cqll + U +lqle)d +77°)+ —, (32)
C1 s
2 —5(s—s0) 2 p C
lg)HN%, < Ce lg(so)ll5e +CJ +s_"" (33)
with
p ifp<2,
p=12-1/100 ifp=2 (34)
2 ifp>2,

where ;i (s) = —argtanhd;(s), c; =c1(p) >0, J and J, are introduced in (30).

Proof. As in the unperturbed case, this statement is devoted to understanding the dynamics of
equation (6) near the sum of k solitons. Most of the estimates are the same as in the unperturbed
case (4) treated in [9] and [43] and some others are more delicate. For that reason, we leave the
proof to Appendix A. O

Remark. Let us mention that, the estimates (31) (32) and (33) are similar to the ones obtained in
the unperturbed case treated in [9] except for the following:

» c .. .
— The presence of the additional term —, Which is natural to control the perturbation terms
s
related to f and g.

— We end up, in estimate (33), we have a new term J P instead of J2 (where J =
k=1 _
Pt —t)e .
Ze -1 it C’)) in the unperturbed case. This is based on the fact that all the norms
i=1
on R” are equivalent.

In order to prove Proposition 2.1, our aim is to show the existence of a solution with
gz — 0, &i(s) — &i(s) — o — 0 and J(s) — O_as s — 00. Hence, it is natural to do
as in Section 2 in [9] and linearize system (32) around (&; (s) + ¢o); by introducing

2 _
§i(s) = ——(&i(s) — &i(s) — Lo)- (35)
p—1

This is reasonable, since we see from (32) and (29) that (&; (s)); satisfies a perturbed version of
the system (12) satisfied by (¢; (s) + £o); and studied in [9].

Following (35), if £(s) = (£1(s), ..., &(s)), then, as it was done in the unperturbed case in
[9], by writing a Taylor expansion of (32), we obtain the following differential inequalities, for
all s € [s9,5),andi =1, ...k,

.1 c = ¢
‘s — ~ME| <~ + CAlig%y + ( + llglor)d + 70 + =, (36)
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where the self-adjoint k x k matrix M = (m;, ;) j)e[1,] 1s defined by
mii—1=0i-1, mi=—(0i—1+0;), mjiy1 =0, mij=0if|[i —j| =2,  (37)
with
i(k—1i)

o= ——5— (38)

Note that the matrix M is diagonalizable, with real eigenvalues (—m;);, defined by:

Lk (39)

and the associated eigenvectors e; normalized for the ¢°° norm. Note that the kernel of M is
spanned by the vector

er="(1,...,1). (40)

It is then natural to work in the basis defined by its eigenvectors (e;); and to introduce ¢(s) =
(1(5), ..., Px(s)) defined by

k
E)=) ¢ile. (41)
i=1

Note that if we project the differential inequalities (36) on the eigenfunctions (e;); of M, then
we trivially obtain the following:

Corollary 2.4 (Dynamics for ¢;). For all s € [sg,5), andi =1, ...k,

k
. m; C B C
b+ | = 3+ C (gl + U gl T + 1)+ o @)
j=1

j=

Remark. This corollary is trivial. Indeed, we just write the differential inequalities (36) on the
basis (e;);. Note that in [9], the authors prove the following sharper version of (42):

k
C - C
==Y @3+ (Il + U +lalle)d +'7) + . 43)
j=2

. mi
oi + —oi
A

N

Note that in (43), the index runs from 2 to k, and not from 1 to k like in (42). That improvement
was crucial in [9], since it was required that ¢;(s) — 0 as s — oo, only for i > 2, and not for
¢1(s). By the way, the proof of (43) is far from being easy. Here, since we work with any {p € R
(see (24)) and aim at prescribing the center of mass, we don’t need to be that accurate, and from
this point of view, our proof is more simple than the proof of [9].



3536 M.A. Hamza, H. Zaag / J. Differential Equations 267 (2019) 3524-3560

Note that thanks to all these changes of variables, controlling w is equivalent to the control of
(g, ¢, (vi)i). Now, in order to control w near multi-solitons, we introduce the following set:

Definition 2.5 (Definition of a shrinking set for the parameters). We say that w(s) € ¥ (s) if and
only if

sYgllLe < 1,

Vi=1,....k, sY>Wl <1, and "¢ <1, (44)
where
Dinl1s 2 Loa-1 (45)
= —min - — =, ,
=% 2T T

8 > 0 is defined in Proposition 2.3 and p is defined in (34).

Remark. In [9], the condition s”|¢; (s)| < 1 was required only for i > 2. When i = 1, the ap-
proach of [9] requires only the smallness of ¢1(s) (namely that [¢; (s)| < s, " with s¢ and not s)
with no need to have ¢ (s) — 0 as s — oo. Here, we will get ¢1(s) — 0 as s — 0o, which is the

key to prescribe the center of mass.

From the existence of s (defined right before (28)), we know that there is a maximal
§*(s0, (Vi.0)i, @1,0) €[50, §) such that for all s € [s9, s*), w(s) € ¥ (s) and:

— either s* = +o00,
— or s* < 400 and from continuity, w(s*) € 3% (s*), in the sense that one < symbol in (44)

has to be replaced by the = symbol.

Our aim is to show that for sy large enough, one can find a parameter ((vi,o),', ¢1,0) in

L —%—|Vi| —%—|Vi| /]
1_[[_50 » S0 ]X[—SO 350 ]
i=1

such that

§*(s0, (vi,0)i, ¢1,0) = +00. (46)

With Proposition 2.3 and Corollary 2.4 at hand, we are in a position to prove the following,
which directly implies Proposition 2.1:

Proposition 2.6 (A solution w(y, s) € ¥ (s)). For so large enough, there exists

£ Loy —d-wl - -7
(vi,o)iel_[[—so » 8 ] and Pro€| —s5 5

i=1
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such that equation (6) with initial data (at s = sg) given by (23) is defined for all (y,s) €
(—1,1) x [s9, 00) and satisfies w(s) € ¥ (s) for all s > sg.

Proof of Proposition 2.6. Let sy be large enough. Define B (resp. 5) the unit ball (resp. sphere)
in (Rk“, £%°), and the rescaling function

Dy /01, ..ok, @1,0) > (s V2l s T2 gy s ). (47)

For all ((v;);, ¢1,0) f € B, we consider the solution w(sg, (v;);, $1,0, ¥, s) (or w(y, s) for short)
to equation (6), with initial condition at time s¢ given by (23) with

(1,00 @1.0) = Ty ( (i), $1,0))-

As we showed after the statement of Proposition 2.2, w(y, s) can be modulated (up to some time
s =5(s0, (vi)i, $1,0) > s0) into a triplet (g (s), (d;(s));, (v;(s));). From the uniqueness of such a
decomposition (which is a consequence of the application of the implicit function theorem, see
the proof of [43, Proposition 3.1]), we get

fori=1,...,k,
(48)

q60) =0, di(s0)=d;(s0.410) and vi(s0) = [Ty ()i, $1,0))]

Rl
14

where cf,- (s0, ¢1,0) 1s defined in (24).
From (48), the definitions (35) of &;(s) and (24) of C?i (50, @1,0), we see that

Vi=1,....k, &(s0)=¢10- 49)

In other words, (S,- (SO))i is in the kernel of the matrix M defined in (37) (see (40)). In particular
Vi=2,....k, ¢i(s0)=0 and  @1(s0) = ¢1,0- (50)

Performing the change of variables (35) and (4 1), we reduce the control of w(s) to the control

of (g(s), (vi(5))i, (¢i(s));). Defining

N ()i, $1,0,5) :=max { s> g (s) [ s, sups/>Fil |y (5)], sups"|¢,-(s>|} . (51

i>1 izl
we see that ¥ (s) (Definition introduced in 2.5) is simply the unit ball of the norm N ((v;);, ¢1,0, ).

As asserted just before (46), we aim at finding ((vi)i, ¢1,0) so that the associated solution of
equation (6) w € € ([so, 00), F€) is globally defined for forward times and

Vs >s0, N(v)i,¢1,0.5) <1, ie w(s)e¥(s).

We argue by contradiction. Assume that the conclusion of Proposition 2.6 does not hold. In
particular, for all ((vi)i, ¢1,0), the exit time s*(so, )i, ¢1,0) is finite, where

5*(s0, (v)i @1,0) = sup{s > 50 | VT €[50, 5], N((vi)i,P1,0,7) < 1}. (52)
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Then, by continuity, notice that

N ()i, 1,0, 5" (s0, 0i)i, $1,0)) = 1, (53)

and that the supremum defining s* (so, )i, ¢1,0) is in fact a maximum.
We now consider the (rescaled) flow for the (v;);, that is

®: (s, )i, 1,0) > T3 CWi(S), o, vk (), 1())). (54)

By the properties of the flow, ® is a continuous function of (s, (v;);, ¢1,0) € [so, s*(so, i,
¢1,0)] x B. By definition of the exit time s*(so, (vi)i, ¢1,0), we have that for all s €
[s0, s*(s0, ()i, $1,0)], P (s, (vi)i, P1,0) € B. The following claim allows us to conclude:

Claim 2.7. For sy large enough, we have:

(i) Forall ((vi)i, ¢1,0) € B, ©(s*(s0, (v)i, b1,0), (V)i P1,0) € 3.
(ii) The flow s — ®(s, (v;)i, §1,0) is transverse (outgoing) at s = s*(so, (v;)i, ¢1,0) (when it
hits ).
@iii) If ()i, P1,0) € 3, then s*(so, (vi)i, P1,0) = so and D(s*(so, (vi)i, $1,0), (Vi)i, b1,0) =
((vi)i, $1,0)-

Proof of Claim 2.7. In the following, the constant C stands for C(sp).
(i) Since for all s € [so, s*(s0, (vi)i, $1,0)], N((vi)i, d1,0, 0) < 1, it follows that, for all i =

.k, we have |¢;(s)| < C, hence from the change of variables (35) and (41) together with
the definition (11) of ¢;(s), we see that, foralli =1, ..., k, we have

2 -
& ()] = ——=1¢i(s) = &i(s) = ol = C
p—1

so that foralli =2, ..., k, we obtain

-1
1Ci (s) = Li1(s) — logs| < C.

This in turns implies that 1/(Cs"il) <1 —d? < C/sWil, except for i = (k + 1)/2 if k is odd,
where 1 —d;(s)> > é This leads also to the bounds

w | O

k
C C
where the different quantities are defined in (30) and (41).
Hence, the estimates (33), (48), (31) and (42) read as follows: for all s € [so, s*(s0, (v;);, ¢1,0)]

C
<
§¢/2 = 2gl/24n

; <1 ! Ly ¢ 56
Wi —vil =C\ T + some + 5t ) = g (56)

C
lg ).z < Gt , and from this (55)




M.A. Hamza, H. Zaag / J. Differential Equations 267 (2019) 3524-3560 3539

’éi + %dh‘

<C 1 1 1 1 1 - C 57
= o142 + $3/2 + s(p+D/2 + G140 + ) N 57

provided that sg is large enough (note that we used the definition (45) of  in the first and last line
above). Now, if i =2, ..., k, recall from the definition (45) of 5 that 0 < 2n < m;. Considering
gi (s) = s™ig;(s), we see that |g; (s)] < Cs™i~U+2D _Since ¢; (s9) = 0 by (50), we write
C 1

<

R 9

i (s)] =

for so large enough.
Since N ((vi)i, 1,0, 5*(s0, (vi)i, $1,0)) = 1 by (53), we see from the definition (51) of N
together with (55) and (58) that necessarily there exists i = 1, ..., k such that

5*(50, )i, 01,002 i (s* (s, (90)i, 1,0)) =1, or
$*(s0, )i, 91,0)"1P1(s* (s0, (vi)i, $1,0))| = 1.

Using the definitions (54) and (47) of the flow @ and the rescaling function I'y, we get to the
conclusion of part (i).

(ii) Assume that ®(s, (v;);, ¢1,0) € S forsome s € [s9, s* (s0, (v;)i, $1,0)]. Therefore, either there
existsi =1, ..., k such that

sVl ) =1, (59)
or

s"p1(s)| = 1. (60)

In the case where (59) holds, by using (56), we write

d ! ! 1 v; (s .
asl/z‘*“”lvi(s) — l/2+Iyil ((5 + |7/i|) zi ) 4 vi(s)>
— ¢1/2+nl v~(s)(1 4 i 4 M) + 0(;)
' 2s K sl+lvil

' 1
— ¢1/2+vil <Vl.(s) +0 <51+|Vi|>> .

By (59), we deduce that for s large enough,

d (per, 1 I
4 L1
ds’ Vi) T ) = 2

Now, in the case where (60) holds, using the fact that m; = 0 (see (39)), we derive from the
inequality (57) the fact that

N

d *
|a¢1($ )| =< W
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7

— 75> then we have

. d 1
Since 7-(57) =

d d 1 - 1
o §¢1 (s*) > §S—UI|s=s*, if ¢y (s*) = S
o H1(™) < g5 ls=sr, if @1(5™) = — 7,

Thus, the flow is transverse on 1B and part (ii) holds. Note that the transversality of ¢ is a new
feature in our approach, which was not present in Cote and Zaag [9].

(iii) Let ((v;)i, ¢1,0) € 3. From (48) and the definition (54) of the flow ®, we see that
®(s0, (vi)i, P1,0) = (Vi)i, $1,0)- (61)

Since ((v;);, ¢1,0) € 3, we can use (ii) of Claim 2.7 and see that the flow @ is transverse to B at
s = s9. By definition of the exit time, we see that

s*(s0, (v)i, $1,0) = 5o
Using (61), we get to the conclusion of part (iii). This concludes the proof of Claim 2.7. O

We now conclude the proof of Proposition 2.6. From part (ii) of Claim 2.7, ((v;);, ¢1,0) —
§*(s0, (v)i, ¥1,0) is continuous, hence from (i) and (iii),

()i, b1,0) = P(s™ (50, (v)i, D1,0), (vi)i, P1,0)

is a continuous map from B to $ whose restriction to % is the identity. By the index theory, this is
a contradiction. Thus, there exists ((v;);, ¢1,0) € B such that for all s > so, N (so, ((v;)i, ¢1,0) <
1, hence w(so, ((v;)i, Po,1, -, ) € ¥ (s). This is the desired conclusion. This concludes the proof
of Proposition 2.6. 0O

It remains to give the proof of Proposition 2.1 in order to conclude this section. Let us first
recall from Lemma A.2 in [43] the following continuity result for the family of solitons x*(d, v):

Lemma 2.8 (Continuity of «*). For all A > 2, there exists C(A) > 0 such that if (di,v1) and
(da, v2) satisfy

V] 1% 1
—_—, el-1+—,A] (62)
I—ldi| 1—|dy| A
then
llc*(dy, v1) — k¥ (da, v2) |l o7
<C(A)(’ Yl 2|4 |argtanhd tanh d |> (63)
< — argtanhd| — argtanhds| | .
L= jdi|  1—|dyf| ™8 &

With this lemma, we can give the proof of Proposition 2.1.
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Proof of Proposition 2.1. Let us consider the solution constructed in Proposition 2.6. Since
w(s) € ¥ (s) for all s > s, from Corollary 2.4 and the Definition 2.5 of ¥ '(s), we see that (57)
holds. In particular, fori =1, ..., k, we see that

c
¢i (s)| < ok for s large enough.

Therefore, fori =1, ..., k, we have ¢;(s) — 0 as § — 00. Then, by (41), we see that &;(s) — O,
fori =1,...,k. From (35), we see that ¢;(s) — ¢i(s) — ¢ — O foralli =1,...,k and (27)
follows. In particular,

1 — |d;(s)] ~ Cis il as s — o0,
hence, from the Definition 2.5 of ¥'(s), we have

[vi _1
Vs>s9, ————— <C 2,
SR |di ()| — e

Therefore, Lemma 2.8 applies and since «*(d; (s), 0, y) = (K(d,- (s),y), 0), we have

I ). 31 5) = (), 0D L = Cs0) s < o005~

As [lg($) |l < ]Lw by Definition 2.5 of #'(s), and with (28), we deduce that
s2

k
it
(afufs(i))— 2@ N < g5yl + oo = Cls
0

I

and (26) follows. This concludes the proof of Proposition 2.1. O

Now, we are ready to give the proof of Theorem 1 (as we said at the beginning of the section,
we don’t prove Corollary 2 as it follows directly from Theorem 1).

Proof of Theorem 1

The proof is very easy, since we have only to translate the construction of the previous section
into the u(x, t) setting, and recover a solution to our problem. This part contains straightforward
and obvious arguments which may be skipped by specialists. We give them for the reader’s
convenience.

Consider an integer k > 2 and consider w(y, s) the solution of (6) constructed in Proposi-
tion 2.1.

Then, let us define u(x, 7) as the solution of equation (1) with initial data in H\ =~ xIL2

loc,u loc,u(R)
whose trace in (—1, 1) is given by

2
u(x,0) =w(x,sg) and o;u(x,0) = d;w(x, sg) + p— w(x, so) + xdyw(x, so). (64)
p—
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Then u(x, t) satisfies all the requirements in Theorem 1. Indeed, by the finite speed of propa-
gation, we clearly have:

(i) Forallt €[0,1) and |x] <1 —1t,

u(x,t):(l—t)‘ﬁw<li ,so—log(l—t)>. (65)

Indeed, by definition (5) of similarity variables, the function on the right-hand side of (65)
is a solution to equation (1) with the same initial data (64) as u(x, t). Since that initial data is
in H' x L%*(—1,1) and equation (1) is well-posed in H 1'% L? of sections of backward light
cones, both solutions are equal from the uniqueness to the Cauchy problem and the finite speed
of propagation, hence (65) holds. In particular, from (5), we have

Vs >0, Yye(=1,1), wo1(y,s) =w(y,s+so). (66)

(ii) u is a blow-up solution. Indeed, if not, then u is global and u € L}’;’C([O, 00), Hlloc‘u X

leoc’u(IR)). In particular, we write from the Sobolev injection, for all s > 0 and € > 0,

_ 25
||w0,1(S)||L/2) < Cllullpo(x|<14e—r)e P~ — 0ass — o0. (67)

This is in contradiction with (66) and (26).

(>iii) T(0) = 1. Indeed, from (66) we see that u(x,t) is defined in the cone |x| <1 —1¢, >
0, hence T(0) > 1. From (67), we see that if T(0) > 1 4+ ¢ for some € > 0, then the same
contradiction follows. Thus 7'(0) = 1.

(iv) From above, we can use the simplified notation for (5) and write wy instead of wo 1, and
rewrite (65) as follows:

Vs =20, Vye (=1 1), wo(y,s) =w(y,s+s0).

Using (26) and (27), we see that (15) follows for wg with

Ci(s) —zi(s) > fopass > oofori=1,....,k

where ¢g € R and (E,- (s)); is the explicit solution of system (12). Thanks to the following conti-
nuity result for the solitons « (d) (which follows from estimate (63) in Lemma 2.8):

llx(d1) — k(d2)|l s < C|argtanhd; — argtanhds|, (68)

we see that (15) still holds if we slightly modify the ¢; (s) by putting ; (s) = ¢; (s) 4 o as required
by (16). Finally, if we consider the more restrictive hypothesis (H'), from the classification of
the blow-up behavior for general solutions, available from [26], we clearly see that the origin is
a characteristic point. Thus, we have a solution obeying all the requirements of Theorem 1.
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Appendix A. Dynamics of equation (6) near multi-solitons

This appendix is devoted to the proof of Proposition 2.3. In the special case where (f, g) =
(0, 0), the proof is already known from [9, Proposition 3.4]. Note that this proof is based on
Lemma C.2, Claims 4.8 and 4.9 of [43], together with Proposition 3.2 in [42].

In our case, where (f, g) # (0, 0), in order to avoid unnecessary repetition, we kindly refer
the reader to [9] and [43] for all the projections of the terms in (69) not involving f and g and
we will only focus here on the terms with f and g.

Proof of Proposition 2.3. Using the definition (28) of ¢, we transform equation (6) satisfied by
w into the following system satisfied by ¢, for all s € [sp, 5):

as \ 42 q2

0 0 0 0
+(R>+<h<q1>)+<f<q1>>+(g(qo)’ (69)

k
9 . .
2 (‘11> ~i <q‘> = DD [6) = vy DK + (500K | (d(5), v (5. )
=1

where
~ (41 q2
L = , 70
(fD) <3¢I1+1//Q1_§_+?‘12_2y8y‘h> (70)
k
_ 2(p+1) .
V(y,s)=plK{(y,9)” 1—(;?_71)2, KT(y,S)=Z(—1)’KT(dj(S),Vj(S),y), (71)
j=1
hg) =K{+aq” "(Kf +q0) — |K{1P7 KT = plK1P ™ g1, (72)
~ _ 2ps 2s
Flan=e 7 (e T (K +an) 73)
B _ 2ps 2s (pt+1)s (pt+1)s 2w
glq1) =e ”"g<x0+ye_5,To—e_s,el’—lw,e P 9yw, e 1 (8Sw+y8yw+—1)>
p—
(74)
k .
R=|KIPT'KT = (= 1)k} (d(s).vj(5). )", w=K}+q. (75)
j=1

As in the unperturbed case, we give a decomposition of the solution which is well adapted to

the proof. More precisely, we start by localizing equation (69) near the center d;(s) = 11”‘5’5&) of

K*(d;(s), vi(s)) foreachi =1, ..., k, which allows us to view it locally as a perturbation of the
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case of k(d, y) already treated in [38]. For this, giveni =1, ..., k, we need to expand the linear
operator of equation (69) as follows:

L(g) = Lgr(5)(@) + (0, Vi(y,9)q1) + (0, V(. )q), (76)
with
2 q1\ _ q2
Ld <42) N (fﬂh +y*(d)q1 — Z—ﬁqz — 2yé]§> ’ 77)
L 2p+D
* _ p—1 _
¥(d,y)=pkd,y) T (78)
Vi(y, s) = pict (di(5), vi(s), V)P~ — pic(d}(s), y)" 7", (79)
VE(y,s) = pIKF(y, )P~ = pri(di(s), vi(s), )P~ (80)

We proceed in two parts.
— InPart 1, in order to prove (31) and (32), we project equation (69) using the projector 1'[7" ®
defined in (20) with [ =0, 1 and d}"(s) = 1 féjgs) .
— In Part 2, we will find a Lyapunov functional for equation (69), which is equivalent to the
norm squared, and we thus obtain estimate (33).

d* dx
Part 1: Projection of equation (69) on F;’ ) and F,’ ©

Let us assume that sg > 1 is large enough and take s € [sg, §).
The proof of (31) and (32) is similar to the proof in [9] except for the treatment of the pertur-

bation terms. More precisely, leti =1, ..., k be fixed and / = 0 or 1, the projector l'[;ji @) defined
in (20) is now applied for each term of equation (69). Thanks to (29) together with the analysis
of [42, Appendix C], [43, Appendix C] and [9, Appendix A], we easily obtain the following
estimates related to the terms not involving f and g:

]| + [v] — vi| + [vi]
1 —d¥?

dr» dy :

" (Lgr(g)) =1T1," (¢) =0,

dr
ITT," (3sq)| < C

gl

d¥
IT1,7 (0, h(g))| < Cligll%,

dar (81)
1,7 (0, ViqD| < Cligl%, + C(TH'™,

Il'I 0, Vig1)| <C

v gl
|H (O R)|<CJ*,

2 s 2 (i —ts -
|1‘[ (O R)_02(p)(_1) p,1(§1 {z—l)_e p—l({”rl fz)]|SC]]+52+CJJ’
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where 61 > 0, 62 > 0 and c2(p) > 0, where
k—1
21 €=
J* = Ze p1 i1 =6 (82)
i=1

and ¢ = —argth(d;"). Moreover, we recall some estimates related to the projections of
dyk*(d;, vi) and dgk*(d;, v;) given in [43, Claim 3.2] and in [9, Appendix A]

dr
Iy (3c™(di, vi)) =0,

C dr 1
- <TI0 @ue™(di, vi)) £ ————-,
2 1 v 1 1 2
1—d; C(l—d)
d¥
[T} (Bakc ™ (di, vi))| < T (83)
L
C dr
— ——— <My @Bak™(di, vi)) < ———7-,
2 0 2
1—d; C(1—d)
a o a c .
(nl (0, (d,-,v,-))‘ n ‘Hl (0K (dj,v,-))‘ < VT for i),
J
d* c3 -
I, (dgx™(d;, v;)) + <ClJ,
0 (0gx™(di, vi)) l—dl.z =
for some c3 > 0.
In the sequel, we shall intensively use the following inequalities
1 1 1 _d'z
cly<Jyt<cy, Cc'< 5 =<C, (84)
1 —df
and
—1, 42 Tk .y
C(UHr1=J"=CUM2, (85)
where J and J* are defined in (30) and (82) and
k—1 _
J* = Ze_%(giil_gi*)' (86)
i=1

As for the proof of (84) and (85), note that (84) easily follows from (29), and that (85) follows
from the fact that all the norms on R¥~! are equivalent.
Now, we focus on the “new” terms of the problem related to the perturbation terms f and g.
Let us first recall from our previous papers the following basic bounds on the solitons « (d, y)
defined in (10) and «*(d, v, y) defined in (18)—(19) together with a crucial Hardy Sobolev in-
equality:
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Lemma A.1 (Useful estimates).

(i) (A Hardy-Sobolev type inequality) For all h € 54, we have

1

+ 1AL =y P T [ poo(—1.1y < Clill 5

P
lfy2

+ ”h || p+1
n Ly

(ii) (Boundedness of « (d, y) in several norms) For all d € (—1, 1), we have

e 2,

lfy2

+ lle(d, Yl < C.

2y 57
h + ”K(d? y)||Lg+1(71’1) + ”K(dv )’)(1 -y )p ! ”LOC(_I,U

1
(iii) Forl=0,1andany |y| <1, |Wi2(d, y)| < Cx(d,y) < C(1 — y») 71,
(iv) (Properties of x*(d, v, y)) Foralld € (—1,1) and v > —1 + |d|, we have:

Ch
(1—y2)7

’

d
v 1,1, 0<«k¥(d,v,y)=Axr vy ) <
yel( ), 0<«ki(d,v,y) K<1+V y>_

vl et
2

|c* @, v, <Cr+ Cl{v<o}ﬁx

where A is defined by

(1—d®)7
[(1+v)2 —d2]7 1

A=A(d,v) =

(v) Foralld € (—1,1) and v > —1 + |d|, we have:

d*, d
u, where d* = .
1 —d*? 1+v

Vy e (=1,1), [daki(d, v, y)|+ |3vki(d, v, )| <C

Proof. — For (i), see Lemma 2.2 page 51 in [38]. For (ii), use (i) and identity (49) page 59 in
[38]. For (iii), see (196) page 105 in [38]. For (iv), see (i) in Lemma A.2 page 2878 in [43]. For
(v), see (3.41) page 2857 in [43]. O

In the following, we give the estimates involving the perturbation terms.

e Estimate of 1'17" 0, f(q1)), for1 =0, 1.
Using the definition (20) and (iii) in Lemma A.1, we conclude that

1
i o, fal<c / | F DIk @ pdy. (87)
41

By using the definition (73) of f, the condition (H) and (iii) in Lemma A.1, we deduce that
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IKf +aq11P
a4
(log(2 + e T (K} +g1)?)*

* ~ _2ps
0% 0, Flgn) < Ce 7T+ C / e d)pdy.  (88)

-1
In order to bound this latter integral, we divide the interval [—1, 1] in two parts:
A ={ye (=L | |K{+q|<e 7 Tyand Ay(s) ={y e (=1, 1) | [K{+q1| >e 77T}
On the one hand, if y € A{(s), we have

* P s
Kl <Ce (89)
(log2 + e (K} +g1)%)~

Integrating (89) over Aj(s) and using (iii) in Lemma A.1, we see that

KT +q11?
s
(log(2 + e T (K} +4¢1)%)*

k(d)pdy < Ce 71, (90)
Aj(s)

On the other hand, if y € A3(s), we have

s 2 2 2s
log(2 4+ e~ (K| 4+ q1)7) > log(2+er-T) > T
p—
and we write, for all y € Ax(s),
KT+ q1]? C C
| = SIKi+ail” < (IK{1P +laul?). O

4s
(log(2 + e?T(Kf+qD?)* *°
If we integrate (91) over A;(s), using the simple fact that A>(s) C [—1, 1], we obtain

1

KT +q11” C
1 K@)pdy < / (K7 1P + lq117)e (@) pdy.  (92)
e

4s
(log(2 +eP T (K| +q1)?))”

Az (s)
Furthermore, we apply the inequality ab? < C(a?*! 4 bP+1), foralla > 0, b > 0, to get

1

1 1
/ lg117k(d})pdy < C f lg11” pdy + C / KPT @) pdy. (93)
-1 -1 -1

Gathering (92), (93), Lemma A.1 and (29), we have

1
/ 117k pdy < Cligl’ +C < C. (94)
-1
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It suffices to combine (88), (90), (92), (94) and (iv) in Lemma A.1, to obtain that
d* ~ C
T, 0, flg)l = —. 95)
s

. d¥ ~
o Estimate of I1;" (0, g(q1)), for [ =0, 1.
Proceeding as for estimate (87), we have

1
In% 0. §q) <€ f 8Dk (D) pdy. (96)
5

By using the condition (H) and the definition (74) of g, we obtain

18(q1)] < Ce™ (19y KT + dyqi1| + [0 K{ + 35q11)

-8 *k k ﬂ _ﬂ
+Ce|Ki +qil +IK{+q1]l 2 )+ Ce 7T, o7
where K is defined in (71). Combining (97) and the expression
k
g2 = dsq1 + 0K =Y (=1 vduki(dj, v)) (98)

j=1
(which comes from (28)), one easily obtains
~ —s P_H —s k % * &
12(q1) < Ce™*(10yq1] + g2l + lg11 + 1g11 2 ) + Ce (19, K| + |KT |+ K[ 7Z)
k

3 —2ps
+Ce™ Y |vjllduki(dj, v+ Ce P71 (99)
j=1

According to (96), (99), together with items (i) and (ii) in Lemma A.1, we deduce that

1
di* > —s 2L *
IT1;* (0, g(q)| < Ce (19yq1] + lg2| + lq11 + 1g11 2 )« (d) pdy
—1

I (s)
1
o +1
+Ceﬂ/(|ay1<;*|+|K;*|+|K;‘|”T)K(di*)pdy (100)
-1

Ir(s)

1
k _2ps
+Ce*sZ|vj|/|av;<;*(dj,vj)|,c(d;<)pdy+ce =
j=1 —1

I3(s)
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We are going now to estimate the different terms of the right-hand side of inequality (100).
Thanks to the classical inequality ab < a? + b2, (i) in Lemma A.1 and (29), we conclude
that

1

1(s)| < Ceﬂ'/ (100120 =) + 12 + g1 P + an 17! +
-1

k> (d¥)

- yz)pdy <Ce %

(101)

Proceeding as for estimate (101) and exploiting, (29), (i) and (iv) in Lemma A.1, we conclude
[I2(s)| < Ce™. (102)

Using (v) in Lemma A.1 and (84), we see that

k
[I3(s)| <Ce™ Y
j=1

1
vl
L [ @l ody. (103)
- i

Thanks to (103), (29), the classical inequality ab < a? + b2, (i) in Lemma A.1, we conclude
[I3(s)| < Ce™". (104)
Combining the inequalities (100), (101), (102), (104), we infer that
d¥ - _
ITT," (0, g(q1)| < Ce™. (105)

Conclusion of the proof of (31) and (32):
We first project equation (69) with Hgi . Using (81), (83), (95), (105) and (84), we conclude

T S v vl
(=DM Gac*) + Ty O, B| € Y Y E Al
j=T i j
() + v, — vil + v s s C
+C— 1l—d,~2 lgllr+Cligll, +CJ ‘—i—s—a. (106)

By using (83) again, (29), (81), the inequalities (106) and (84), we obtain

k / /
Vi = vjl+1d}|
jorge 174

Lol vy = vil A+ il
1—d;?

cl

Gi (eiﬁ(fiffi—l) _e*ﬁ(fwrl*(i))

gl + Cligl3, + CJ'+ (107)

. . C
+CJT+Cld)|J +—,
S(X
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for some §3 > 0, where d; = —tanh¢; and J and J are defined in (30). Recalling the definition
(30) of ¢; (s) and J, we write

k ’ ’

|d!] Vi —vjl+1djl ld| + [v] — vi| + vi]

<C LT+ ;
J=1j# ’

. C
+C||q||§f+CJ+C|d{|J+s—a. (108)

.. drf . . ..
Now, we use the projection IT,' . Proceeding as for estimate (107), we use the projections of
dvk*(dj,v;) and 94k*(d;, v}), given in (83) and the inequality (84) to deduce that

k / 4
|v{—v~| |d./| |"'_V.i|+|d'|
S =C—5+C Y VI (109)
1 —d; 1 —d; L= 1-d
j=1.j# J
|d/| + [v] — vi| + |vi] C
+o—— d; ~llgllr +Cliglse +CJ + 2,
—d;
hence from (108),
k / ’
v W —vil +|d] dl|+ v —vi| + v
| Jj J j \/7+C| z| | i il | l|||6]||/f (110)

l'_vi|<
C
l_diZ_ Z

s 14 1—d?

. C
+Cligl%, +CJ+Cld/|J + =

Summing-up the estimates (108) and (110) in i, using the smallness of ||q|| s, J and J, for so
large enough (see (29)), we conclude

[V; — vil |d!]| 5 - C
§C< 4+ T+ gl J)+—. 11
l—dl.z a2 lgll%e gl s# pr (111)

Clearly, using (107) and (111), we conclude (31) and (32).
Part 2: A Lyapunov functional for equation (69)
Let us assume that so > 1 is large enough and take s € [sg, 5).

We now prove estimate (33). Like for Claim 4.8 page 2867 in [43], the idea is to construct a
Lyapunov functional for equation (69) which is equivalent to the norm squared. Let us introduce
for all s € [sg, 51,

1
Ei(s) = Efp(q,q)+R—(s),

! (112)
Ex(s) =E(s) + nfqlqudy,
—1
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where 71 € (0, 1] will be fixed at the end of the proof of (33) and R_, ¢, 7 (q1) and ¥ (q) are

given by:

1
R_(s)=— f HqDpdy —e P / F (P T (K} +q1)pdy, (113)

-1

1
w(r,q)=/(r{q{(l—yz)—wrlqﬁrqu) pdy, (114)
-1

q1
K*+4q Pt kPt _ P _
%(ql)th@)ds: - K K= ]
0
q1
Fq) = / Fe)de,
0

where ¥ (d, y), h(q1), f(ql) and K are defined in (71), (72), (73), respectively.

Before starting the proof of (33), let us give in the following lemma some useful estimates

Lemma A.2. For all s € [sg, §), we have:
C g%, < ¢(q.q) < Cligl%, (115)
1 2 1— 2))/2
/ H(g1)pdy| < Cllgl Fm" P < csg! 7™ P22)1412,, (116)
—1
2(p+l)Y C
/ﬂ(eﬂ KT+ ampdy| = 5 (117)
1
N ~ C
(K +q0 fanpdy| < . (118)

il and llg || s+ are small enough,

Proof. - According to (29) and (84), we know that Zl 1T
for 5o large enough. Then we can adapt with no difficulty the proof given in [43] (page 2898)

to deduce the estimates (115) and (116).
— Clearly, using similar arguments to the proof of (95), we prove the following estimate

C
s—a(|Kr|"“+|q1|f’“>. (119)

_ 2(ptDs Ll
e T 9(6/’ '(Kl +q1)|<Ce »T

Thanks to (ii) and (iv) in Lemma A.1 and (29), we conclude
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1 k 1
[ ixirtipay <c Y- [ wenirtipay <c. (120)
i=1

By integrating inequality (119) over (—1, 1), and taking into account (120), (29) and (i) in
Lemma A.1, we obtain the estimate (117).

— Proceeding similarly as for (117) and using estimates (29) and (84), we easily deduce (118).
This concludes the proof of Lemma A.2. O

In order to construct a Lyapunov functional for equation (69), we need to prove the following
estimates:

Lemma A.3. For all s € [sg, §), we have:

(i) (Control of the time derivative of E|)

1

d 2 o - e

gEl(S)S—p_l/fél_yzdy+C(I|q||,;f+J)¢(q,q)+CJ\/<p(q,q)+CJ”+S—a.
-1

(121)
1
(i) (Control of the time derivative of f q1920dy)
-1

1 1

d 7 C
%/‘]WZPdYS—I—O(P(CLQ)‘f‘C/‘]zl sdy +CJe(q,q) +CJP+— (122)
—1 —1

Proof of (i) (Control of the time derivative of the terms of £;). Using the definitions (114) of
@ and (71) of v, we write

1d
Ed—w(q q) = 9(05q,q)) + 14(s), (123)
where
(P—1) w 1
p(p— ;
I4(s)=T;(—l)]+l/(d/8dKl + V9 K1>|K1|p 3Kiqiody. (124)

-1

Using equation (69), we write

k
0(0:q.9) =p(Lg.q) =Y (=1[(v; = v)e@k*.q) + d}e@Bax*, q)]
j=1

I5(s)
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1 1

+0O. 0.0+ [ @ianedy+ [ a(ba)+ Fan)edr. 29
-1 -1

In the remaining part of the proof, we need some estimates proved in [43, Appendix C]. For
that reason, we will recall the following estimates (C.24) and (C.26) from that paper and (C.39)
in [42, Appendix C], true under hypothesis (29)

1
A 4 Jo
Lqg,q)=— ; dy,
¢(Lq.q) p_1/6121_y2y
-1

1

p+1
[ c@ is@isar=cialy.  R-1=clal’y
-1
l C
| [ ausi @ikt Kiatods| = = lall. (126)
1 C
| [ otk Kigtod| = = lal.
l

-1
1

/ R*(1 — yHpdy < C(J*)?,
—1

where p is defined (34). Since we have from (84) and (85) J* < C(J*)g < Clej, we get from
(126)

1 1

1

1 2_ P 2 2

9((0,R),q) = | Rqzpdy < 1) 21 _yzdy+C R°(1 = yH)pdy
-1 -1 -1

1
1 _
<— fqgl_’oyzderCJP. (127)

Using (126), (115), (29), (84), (31) and (32), we write

- C
[14(9)| + 1I5()| < Cligl%, + CliglleJ + Cligl>,J + s_a' (128)

Moreover, by using (99), we write

1 1

3 _ il
I/ng(ql)pdyl < Ce s/(|3)*Q1|+|C]2|+|CI1|+|6]1| 7 )lg2lpdy
—1 —1
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1

b Ce /(la KE+ KT+ K5 ) galody (129)
e
k 2ps
Z|v,|/|a <y, v |qalody + Ce 7.
j=1

Proceeding similarly as for /{(s), I2(s) and I3(s) defined in (100), we get

1

|fqz§(q1)pdy| SCe_s/qgl_’;yzdyﬂLCe‘s- (130)
1 -1

Gathering the estimates (123), (125), (126), (127), (128) and (130), we get for s¢ large enough,

1 1

1d 2 y

—— <-— d h d 131

3T v(q.9) = Py 1/6121 32 y+/qz (q1)+f(q1))p y (131)
—1 -1

- - C
+Cllgl3y +Cligllrd +Clighlpd +€7 + .
Using the definition of R_, given in (113), we write

1 1
~ 2 ~
R0 == [ (o +0.k7) (hian + Fan Jody === [+ KD Fanpay
—1 -1
2 1 1
2(1’+1)Y 25
+ 2EEDHE [ 2 K qindy - 1), (132)

-1

where 14(s) is defined in (124). By exploiting the identity (98), identity (132) becomes

1

1
i 2 .
RL(s)=—fqz(h(cn)+f(q1))pdy—F/(cn + KD f(q)pdy
~1

-1

Is(s)

2(p+1 2<p+1>s
L2t D (p )

p— / F (1K} +q1)pdy (133)

-1

I7(s)
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1

k
#2200y [ auilhian + Flanlody ~156).
=1

-1

Ig(s)

Thanks to (117), (118) and (29), we write

C
e ()| + [I7(s)] < ok (134)

Finally, it remains only to control the term I3(s). By exploiting (v) in Lemma A.1, we write

1

k
g(s)| = C Ih(ql)l + |f(m)|)pdy. (135)
j=

-1

Similarly as for (84), (95), (81) and (29), we easily prove that

[v;] C - C
|Is(s)|_CZ fd* (1a1% + <) = Cllald + = (136)

Gathering the estimates (133), (134), (136), (128), (29) and (30), we get

1

. - C
R (s) = —fqz(mql) + 7)) pdy + Cligly +Clgllrd +Cllgied + . (137)
-1

Thanks to (131), (137) and the definition of E;(s), given in (112), we clearly have
1

d 2 2_ P 3 2 5 p ¢
L Ei(s)<— d c( ,. wd T JP) =38
P 1(8) < p_I/%l_yz y+CUgly +llgllred + gl + +s“ (138)
1

According to (29), we can see that ||g|| s can be made small enough provided that sg is large
enough. As a consequence of (115) and (138), we get the desired estimate (121). This ends the
proof of (i) in Lemma A.3.

1
Proof of (ii): Control of the time derivative of / q1q20dy

-1
Using equation (69) and the identity (98), we write

1 1 1
d
a/qlqudyzfasqlqudy+f8§qzqmdy
1 -1 -1
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1

vy eni(a ;[ ou s anpdy + ) =) / Bu* - (@2, 91)pdy

j=1 21 21

Io(s)
1 1

+/q§pdy+fq1(.i”q1+l/fq1 -
—1 —1

3 z .
— 92~ 2y0yq2 + hiqu) + f(q1) + 8(q1) + R)pdy.,

where the dot ““-” stands for the usual inner product in R”.
Let us first recall the following estimates proved in pages 2904 and 2905 of [43]:

1 1 1 1

P P
/qudyffqgmdy, /cn(-i”ql +¥q)pdy < —w(q,q)Jr/qzzl_—yzdy,

-1 -1 -1 -1

1 1 1
p+3 2_ P
_£r° dy -2 dyqapdy| < — C ——dy,
p_I/QICIZPy fql yquy_low(q )+ [‘Izl_yzy
—1 -1 -1
1

1
/cnh(ql)pdy < Efp(q . q).
—1

Furthermore, by using the Hardy Sobolev inequality stated in item (i) of Lemma A.1, (115),
(126) and (84), we conclude

1

1
/qupdy < Ew(q ,q)+CJP.
—1

Moreover, arguing as in (95) and (105), we obtain

1 1

. C . _
/qlf(ql)pdy < i /qlg(cn)pdy <Ce™*
-1 -1

Note also that, from (ii) and (v) in Lemma A.1, (29), (84), the Cauchy-Schwarz inequality, we
write

ld /I —vjl
|Io(s)] <CZ gl (139)
By exploiting (139), (31) and (32), we deduce that

- 1
[156)] = (gl + Nl d + a3 + ). (140)
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According to (29), we can see that J and ||q|| » can be made small enough provided that s
is large enough. Consequently, collecting the above estimates and (115), we obtain the desired
estimate (122), and this ends the proof of (ii) in Lemma A.3. O

Now, we are able to prove (33).
Proof of (33): Let n € (0, 1). By exploiting (121) and (122) and the definition of E»(s), given
in (112), we have

1

n
/qmzpdy + ng(s)
-1

2

d -
TEx(5)+ 3 Ex(5) = —=(3 = Clllglr + D )ola. )+ 5

C
—(——Cn)fqzl 5dy +CJV9(q,q) +CJ”+—.
(141)

Observing inequalities (116), (117), (115), (29) along with the Cauchy-Schwarz inequality yield

1
n 2))/2 C
7/q1q2p+ FR-() = Cre(a. q) + Crs! P2/ o)+ (142)
—1

Moreover, by (29), we easily deduce that
C
ClVo(q.q) < Ew(q q)+ €p < Efp(q q)+ JP. (143)
From (141), (142), we get

d n U ~mi :
TEx(5) + 2 Ea(s) == (2 = Cnsf T —on? — Cllglle + 1) )9 (g 9)

C C
—(——Cn)/q21 sdy + — Jp—l-— (144)

Note that, once again, due to the fact that s¢ is large enough, and according to (29), we can

(1 min(p,2))/2

consider ||g|| s, s and J as small terms. Then, there exists 19 > 0 such that, for all

n € (0, nol, we have

d C - C
L Exs)+ TEys) < —JP + —. (145)
ds 2 n s

By definition (30) of J, we write

25 |2 4pJ?
P 1= " Z(@,H g T EHD| it < = Z|z| (146)
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_1
Exploiting (32) and (29), we conclude that |¢ j/.| < Cs, . Consequently, we have

_ 1
7| = csg 207, (147)
Since sq is large enough, then we can write
py| <My
Py < ZJ . (148)
Let us introduce
1 -
E3(s) = Ea(s) — —3JP. (149)
n

By using (145), (148) and (149), we are now in a position to get,

d n 1 1. - C
—E3(s) + 5E3(5) < = (Cn— )JP + —, Vs>s0, Ve (0,nol (150)
ds 2 n 4 s

Then for ng small enough, we have

d C
L Es()+ LEs(s) < —, Vs=s0. ¥ne (0, nol. (151)
ds 2 Kl

Integrating the last inequality and using the definition of E3(s), we conclude

5—=s0) 1 - C
Ex(s) < EaGs)e™ 2 +—J7+——. Vs=s Vne (0 nl (152)
n ns

Using the definition of E5(s) asin (112), the estimates (115), (116), (117) and (142), we conclude

—s0) C

_nGs 1 _
9@.0) = Clgbollpe™ 2" + 57+ -3

+(Cn+Cs{ ™M PR 8 g q), Vs =50, Yne O, nol.

The above inequality, used for n small enough, together with (115) imply (33). This concludes
the proof of Proposition 2.3. O
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