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Abstract

In this paper, we study a class of singular double phase problems defined on Minkowski spaces in terms
of Finsler manifolds and with right-hand sides that allow a certain type of critical growth for such problems.
Under very general assumptions and based on variational tools we prove the existence of at least one non-
trivial weak solution for such a problem. This is the first work dealing with a Finsler double phase operator
even in the nonsingular case.
© 2021 Elsevier Inc. All rights reserved.
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1. Introduction

Let @ c RY, N > 2, be a bounded domain with Lipschitz boundary <2 and let F': RN —
[0, o) be a convex function of class C>(R™ \ {0}) which is absolutely homogeneous of degree
one, that is,
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F(tx)=|t|F(x) forallte R and forall x € RV

Then, one can consider the functional Ef: HOl (2) — R defined by

Ep(u):/F2(Vu)dx for u € Hy (),
Q

which is the energy functional associated to the so-called Finsler Laplace operator given by
Aru=div(F(Vu)VF (Vu)).

This class of problems arises in mathematical physics where the objective is the minimiza-
tion of Ef: H(} (£2) — R under certain constraints (on perimeter or volume) while the solution
corresponds to an optimal shape/configuration of anisotropic tension-surface. For instance, the
minimization of the functional Er : HOl (2) — R explains the specific polyhedral shape of crys-
tal structures in solid crystals with sufficiently small grains, see Dinghas [17] and Taylor [45].

In the past years, many authors studied elliptic equations involving the Finsler Laplace oper-
ator. We refer, for instance, to the works of Cianchi-Salani [10] and Wang-Xia [46] who treated
the Serrin-type overdetermined anisotropic problem involving the function F' and the opera-
tor Ar while Farkas-Fodor-Kristaly [21] considered a sublinear elliptic problem with Dirichlet
boundary condition. Further studies of anisotropic phenomena can be found in the papers of
Bellettini-Paolini [7], Belloni-Ferone-Kawohl [8], Della Pietra-Gavitone [16], Della Pietra-di
Blasio-Gavitone [14], Della Pietra-Gavitone-Piscitelli [ 15] and Ferone-Kawohl [23]; see also the
references therein. Nonlinear equations on general Finsler manifolds can be found in Farkas-
Kristaly-Varga [22], Farkas [20] and the references therein.

In this paper we are concerned with the following singular Finsler double phase problem given
in the form

—div (F”’] (Vi) VF (Vi) + pu(x) F9~! (Vu)VF(Vu)) —fw  in%,
u>0 in €, (1.1)
u=0 on 9€2,

with
F)=u?"""42 (uy_l + g(u)) ,
where A > 0 is a positive parameter and the following assumptions are supposed:

(H () 0<y<land
q 1 0,1, 3.
2<p<gq<N, _<1+N’ 0<u()eC” (Q); (1.2)
p

(ii) the function g: R — R is continuous and there exist 1 <6 < p <v < p* as well as
nonnegative constants ¢;, i = 1, 2 such that
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1

g(s) <cis" et foralls >0,

where p* is the critical exponent to p given by

Np
o= 1.3
PENT, (1.3)

(iii) the function F: RN — [0, c0) is a positively homogeneous Minkowski norm.

The differential operator in (1.1) is called the Finsler double phase operator. It is defined by

div (Fp’l(Vu)VF(Vu) + u(x)F‘Fl(Vu)VF(Vu)) foru € Wy (), (1.4)

where WOI’H(Q) is a suitable Musielak-Orlicz Sobolev space which is defined in Section 2.
If © =0, the operator in (1.4) becomes the Finsler p-Laplacian (which reduces to the Finsler
Laplacian in case p = 2) and if infgu > 0, we have the weighted Finsler (g, p)-Laplacian.
Clearly, when p =0, (1.1) is strongly related to following Brezis-Nirenberg type problem

—Apu=ul” u+igw) inQ,
u=>0 on 0%2.

Note that the Finsler p-Laplacian is often called anisotropic p-Laplacian. Since the word
“anisotropic” also stands in the literature for problems where the exponent p is a function, we
avoid this denotation and use only “Finsler”.

The operator (1.4) is related to the energy functional

> / (FP (Vo) + 1(x) F! (V) dx, (1.5)
Q

where the integrand H (x,£) = FP (&) 4+ u(x)F9(£) for all (x,£) € Q x RN has unbalanced
growth, that is,

bilg|P < FP(§) < H(x,§) <by (14 F1(&)) <b3 (1 +|£])

fora.a.x € Q and for all £ € RY with by, by, b3 > 0. The integral functional (1.5) is character-
ized by the fact that the energy density changes its ellipticity and growth properties according to
the point in the domain. To be more precise, the growth rate of (1.5) on the set {x € Q2 : u(x) =0}
is of order p and on the set {x € Q: u(x) # 0} it is of order g. So the integrand H switches be-
tween two different phases of elliptic behaviours.

When F coincide with the Euclidean norm, Zhikov [49] was the first who studied functionals
of type (1.5) for models which describe strongly anisotropic materials, see also the monograph
of Zhikov-Kozlov-Oleinik [50]. In the last decades, several authors investigated functionals of
the form in (1.5) concerning regularity of (local) minimizers. We mention the papers of Baroni-
Colombo-Mingione [3-5], Baroni-Kuusi-Mingione [6], Colombo-Mingione [12,13], Marcellini
[32,31], Ok [35,36], Ragusa-Tachikawa [42] and the references therein.
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Before we state the main result of the present paper, we recall the notion of the weak solution.

A function u € WOI’H(Q) is called a weak solution of problem (1.1) if o e LY(Q), u > 0 for
a.a. x € Q and if

/ (Fp’](Vu)VF(Vu) T M(x)FQ*‘(W)VF(W)) Vg dx
Q

:fup*—1<pdx+A/uV—1¢dx+)\/g(u)¢dx
Q

Q Q

is satisfied for all ¢ € WOI’H(Q).
Now, we are in the position to formulate our main result.

Theorem 1.1. Let hypotheses (H) be satisfied. Then there exists A, > 0 such that for every A €
(0, 1y), problem (1.1) has a nontrivial weak solution.

Remark 1.2. Since we are looking for positive solutions and hypothesis (H)(ii) concerns the
positive semiaxis R4 = [0, +00), without any loss of generality, we may assume that g(s) =0
forall s <O.

To the best of our knowledge, this is the first paper which considers a double phase operator
on a Minkowski space in the sense of Finsler geometry, see Bao-Chern-Shen [2]. Even if F is
the Euclidean norm, there is only one work for singular double phase problems done by Chen-
Ge-Wen-Cao [9] who proved the existence of a nontrivial weak solution with negative energy.
Recent existence results for double phase problems in the case if F is the Euclidean norm and
without singular term can be found, for example, in the papers of Colasuonno-Squassina [11],
Liu-Dai [30], Gasinski-Papageorgiou [24], Gasinski-Winkert [25-27], Perera-Squassina [41] and
the references therein.

So far, it is not clear what is the optimal critical exponent for Musielak-Orlicz Sobolev spaces
even when F' is the Euclidean norm, see, for example, the paper of Fan [18]. For the moment
p* seems to be best exponent (it is probably not optimal) and only a continuous (in general
noncompact) embedding from WOI’H(Q) <> LP"(Q) is available. So we call it “type of critical
growth”.

Finally, we mention recent papers which are very close to our topic. We refer to the works of
Bahrouni-Radulescu-Winkert [1], Marino-Winkert [33], Papageorgiou-Radulescu-Repovs [37],
Papageorgiou-Winkert [39,40], Zeng-Bai-Gasinski-Winkert [48,47] and the references therein.

The paper is organized as follows. In Section 2 we recall some basic properties of the
Minkowski norm and introduce appropriate Musielak-Orlicz Sobolev spaces equipped with the
Minkowski norm F'. In Section 3 we first present the Minkowskian version of the inequality

bI" > la|” +rlal"2a-(b—a)+2""|la—b|" forr>2andforalla,beR",
see Lindqvist [29], which is the basis for the proof of the sequentially weakly lower semicon-
tinuity of the corresponding energy functional to problem (1.1) on closed convex subsets of

WOI’H(Q) not necessarily being balls. The sequentially weakly lower semicontinuity is one of
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the main steps in order to prove our main result. At the end, based on the direct method of calcu-
lus along with variational tools, we are going to prove Theorem 1.1. Our approach follows ideas
of the paper of Faraci-Farkas [19] in which the authors consider a singular problem driven by the

. . N 1/2
p-Laplacian, thatis, u =0 and F(§) = (Zi:l & |2> .
2. Preliminaries

In this section we will recall the main properties of the Minkowski space (R, F) and the
functional setting for the double phase operator.

Let F: RV — [0, 00) be a positively homogeneous Minkowski norm, that is, F is a positive
homogeneous function and verifies the properties

e FeC®MRN\{0));
e The Hessian matrix V2(F2 /2)(x) is positive definite for all x # 0.

Note that the pair (RY, F) is the simplest not necessarily reversible Finsler manifold whose

flag curvature is identically zero, the geodesics are straight lines and the intrinsic distance be-
tween two points x, y € RV is given by

dr(x,y)=F(y —x).

In fact, (RY, dr) is a quasi-metric space and in general, we have dr (x, y) # dr (v, x).
A typical example for a Minkowski norm is the so called Randers metric which is defined by

F(x)=+/(Ax,x)+ (b, x),
where A is a positive definite and symmetric (N x N)-type matrix and b = (b;) € RY is a
fixed vector such that \/(A=1h, b) < 1. The pair (R", F) is often called Randers space which
describes the electromagnetic field of the physical space-time in general relativity, see Randers
[43]. They are deduced as the solution of the Zermelo navigation problem.

In what follows we recall some basic properties of F, see Bao-Chern-Shen [2, §1.2].

Proposition 2.1. Let F: RN — [0, 00) be a positively homogeneous Minkowski norm. Then, the
following assertions hold true:

(i) Positivity: F(x) > 0 for all x # 0;
(ii) Convexity: F and F? are strictly convex;
(iii) Euler’s theorem: x - VF (x) = F(x) and
V2(F?/2)(x)x - x = F2(x) forallx e RN \ {0};
(iv) Homogeneity: VF(tx) = VF (x) and

V2F?(tx) = V?F2(x) forall x e RN \ {0} and for all t > 0.
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For 1 <r < oo, we denote by L" () and L"(€2; R") the usual Lebesgue spaces equipped

with the norm || - ||,. If 1 <7 < oo, then W' (Q) and Wol’r(Q) stand for the Sobolev spaces
endowed with the norms

lull,r,r = I1F VWl + llullr,
and
lull1,r0,F = IFEVu)llr,
respectively. Now, let H:  x [0, c0) — [0, co) be the function defined by
(e, 1) = tP + pu(x)e,

where (1.2) is satisfied. The Musielak-Orlicz space LH(Q) is defined by
LH(Q) =1u|u:Q— Ris measurable and /’H(x, lu])dx < +o0
Q

equipped with the Luxemburg norm
. u
(A" :1nf{r >0:py (—) < 1} ,
T
where

P (1) :=/7'l(x,Iul)dx=f(|u|p+u(X)|u|q)dx- 2.0
Q

Q

We know that L* () is a reflexive Banach space.
The norm || - || and the modular function py are related as follows, see Liu-Dai [30, Propo-
sition 2.1].

Proposition 2.2. Lez (1.2) be satisfied, let y € L™(Q) and let py be defined by (2.1).

() If y #0, then ||yll3 = X if and only if py(3) = 1;
(1) llyllg < 1 (resp. > 1, = 1) if and only if py(y) <1 (resp. > 1, =1);
(iit) If Iyllag < 1, then |y15, < on () < Iyl
(V) Ifllylly > 1, then |Iyll5, < on(y) < Iyl%,s
) NIyl — O if and only if p3(y) — O;
(Vi) |yl — o0 if and only if py(y) — +oo.

The corresponding Sobolev space WM (Q) is defined by

WiH Q) = {u e L™Q): F(Vu) e LH(Q)}
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equipped with the norm

lulli, 30, F = 1 F(Vu)llp + llullg-

By WOI’H(Q) we denote the completion of Cé’o(Q) in WLH(Q) and thanks to (1.2) we have an
equivalent norm on Wé ’H(Q) given by

lwlli, 20,0, = 1F(Vu)llge,

see Colasuonno-Squassina [11, Proposition 2.18]. Both spaces WI’H(Q) and W(}’H(Q) are uni-
formly convex and so, reflexive Banach spaces.
Let pyy F: WOI"H(Q) — R be the corresponding modular to WOI’H(Q) defined by

o Fu) = / (Fp(Vu) + n(x)F4 (Vu)) dx. 2.2)
Q
Similar to Proposition 2.2, we have the same relations between the norm || - ||1,2/,0,r and the

modular pyy F.

Proposition 2.3. Let (1.2) and (H)(iii) be satisfied and let py; r be defined by (2.2). For y €
WO1 ’H(Q) we have the following assertions.

(i) Ify #0, then ||yll1,34,0,r = A if and only if py p(3) = 1;
(1) Iyl 2.0.Fr <1(resp. > 1, =1) if and only if py r(y) <1 (resp. > 1, =1);
(i) I Iyl o <1 then IV 4y 0 5 < Pr.FO) < IV 400,55

av) If lyll, 70, F > 1_, then IIyII{’:H,O,F <pur < IV 400 55
V) Iyl #,0,F = O if and only if p3 p(y) = 0;
vi) Iyl 3,0, — +o0 if and only if py p(y) — +oo.

In addition it is known that the embedding
Wy Q) — L'(Q)

is continuous whenever r < p* and compact whenever r < p*, see Colasuonno-Squassina [11,
Proposition 2.15]. Recall that p* is the critical exponent to p, see (1.3).
Let A: WO1 ’H(Q) — W(}’H(SZ)* be the Finsler double phase operator defined by

(A(w), @) F ;=/(FP”(W)VF(W)+M(x)F‘f*‘(w)VF(W)) Vedx  (2.3)
Q

for all u, ¢ € Wol’H(Q), where (-, -)7y F is the duality pairing between W&’H(Q) and its dual

space WOI’H(Q)*. The properties of the operator A: WOI’H(Q) — WOI’H(Q)* are summarized in
the following proposition, see Liu-Dai [30], by taking the properties of F into account.
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Proposition 2.4. The operator A defined by (2.3) is bounded, continuous, monotone (hence max-
imal monotone) and of type (S4).

3. Proof of the main result

In this section we present the proof of Theorem 1.1. We start with a lemma which is the
Minkowskian version of the Lindqvist inequality; see Lindqvist [29]. Note that this inequality
was proved for general Finsler manifolds by the first author [20]. For the sake of completeness

we will also provide the proof here.

Lemma 3.1. Let F: RY — [0, 00) be a positively homogeneous Minkowski norm. For every
£, B € RN and for every r > 2 we have

r

12
F'(B)>F (&) +rF Y &)VFE)-(B— €)+ F —F'(B—¢§), 3.1
where
F2
Ip =min{V2 (7) (xX)y-y: F(x)=F(y) = 1}.
Proof. From the definition of [, one has that

FX(ts+ (1 =) <tF*E) + (1 —)F*(B) — lpt(1 — 1) F*(B — &) (3.2)

forall €, 8 € RV and for all ¢ € [0, 1], see Farkas-Kristaly-Varga [22, (2.19) on p. 1228] or Ohta
[34]. Choosing 7 = 5 in (3.2) gives

F2<ﬂ £). (3.3)

s (s +ﬂ) _FPP@O+FB
2 - 2

Note that for nonnegative a, b € R we have

1

(ar+br)%=((a’+b’)%> = (27 (@ ))%E(a +b2)7.

Applying the inequality above in combination with (3.3) leads to

(ézﬁ) FF(/B $)<<F2(§;ﬂ) g2 g — s>>

< <F2(5)+F2(ﬂ))7

(3.4)
2

By the convexity of the function ()2 we have
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(Fz(é) + F%(B)

> ) <3 Fr($)+ F’(ﬁ) (3.5)

On the other hand, by convexity, one has

(g—;ﬂ)>Fr(§)+ SENEOVEE) - (B-8). (3.6)

Combining (3.4), (3.5) and (3.6) yields

r -1 ll%" r 1 r 1 r
EF (%)VF(E)'(,B—é)Jr?F (ﬁ—§)+5F (E)SEF (B,

for all &, 8 € RN. Multiplying the last inequality by the factor 2 proves the assertion of the
lemma. O

Note that the constant [ is the uniformity constant of F' and [r € [0, 1], see Farkas-Kristaly-
Varga [22] and Otha [34].
Let J;: Wé ’H(Q) — R be the energy functional corresponding to problem (1.1) given by

Jk(u)=/<lF”(Vu)+ Mx)F%W)) dx—i*/(mr)f’* dx
J \p q rJ

A
——/(u+)ydx—AfG(u+)dx,
14
Q

Q

where u+ = max{tu, 0} and G(s) =fosg(t) dr. It is clear that J) does not belong to c! (W(}’H(SZ))
due to the appearance of the singular term.

Furthermore we denote by k,+ the inverse of the Sobolev embedding constant of W(} P(Q) —
L7 (), that is,

_ . ull1,p,0,F
(i p) I _ inf M
wewl P, lullps
u#0

Now, we are going to prove that the energy functional J, : WOI’H(Q) — R is sequentially

weakly lower semicontinuous on closed convex subsets of W(}’H(Q).

Proposition 3.2. For every A > 0 and for every o € (0, 0™), where

1
P e
« 2 Prop
«._|P lF
o =— ,
p 21’*1/(5*

the restriction of Jj, to the closed convex set B, which is given by
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. LH .
By :=que W() (€2) : “u”l,p,O,F =0,
is sequentially weakly lower semicontinuous.

Proof. Let 2 > 0 and leto € (0, 0*). We are going to prove that the functional J;, : (Q) —
R is weakly lower semicontinuous on By . To this end, let {u,},cn C By be such that Uy, — uin

W () and let
I(u):/(lF”(V )+ ;)Fq(V ))dx——/(u+)p dx.
Q

Note that, up to a subsequence if necessary, we have for r < p*, u,, — u in L"(2) and Vu, —
Vu in LP(S2). Therefore, it suffices to prove that

liminf (1 (un) — 1)) = 0,

see hypothesis (H)(ii).
Applying (3.1) we get the following inequalities

1
/ —F?(Vu,)dx
p

P
2

Z/le(Vu)dx+/Fp YVu)VF(Vu) -V (u, —u) dx +
p
Q Q

2 1'/F”(Vu,,—Vu)dx,
Q

and

/“; PO pg () d >/“( EO) p oy, )dx—l—/u(x)Fq_l(Vu)VF(Vu)-V(un—u) dx
Q

q

12

+ ng_l /u(x)F‘f(Vun — Vu)dx.
Q

On the other hand, by the Brezis-Lieb lemma, see, for example, Papageorgiou-Winkert [38,
Lemma 4.1.22], we have

n— oo

liminf f|un|l'*dx—/|u|ﬂ* dx =1iminff|un—u|1’*dx.
n—oo
Q Q Q

Therefore since
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/FP*l(vu)VF(W) V (up —u) dx — 0,
Q

/,u(x)Fq_l(Vu)VF(Vu) -V (up —u) dx = 0,

Q
/2

- f 1) F4(Vu, — Vu)dx =0,

g24-!
Q

one has

J4A
2

l 1 .
liminf (1 (u,) — I (1)) > liminf F / FP(Vu, — Vu)dx — / |y — ul? dx
n—00 n—00 *
Q

p2r-! p
Q
)4
> timinf | 2 =l oy — —k? i — ]
> 1 o2 up = ully o F K lun = ully ) 0 F

n—00 p* P
5
l 1 * *
.. p F r* _p*—p
> —_ _— >
I}leanun ully 0, F P21 o KO 0,

which proves the assertion of the proposition. O

For further use, we introduce the functionals I : WS’H(Q) — Rand I: LH(Q) > R de-
fined by

1 1 % A
I1(u)=—;/u(x)Fq(Vu)dx+E/(u+)1’ dx+;/(u+)”dx+)»/G(u+)dx,
Q Q Q

and

1 * A
Iz(u)z—*/(u+)p dx+—/(u+)ydx+k/G(u+)dx.
P Q v Q Q

Now we are in the position to prove Theorem 1.1.

Proof of Theorem 1.1. Let A > 0 and let o € (0,0*), where o* is as in Proposition 3.2. We
define

_ supp 11 — 11 (u)
po)i= inf P
llullt,p0,F<o 0P — ||14||1 p.0.F

and
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Yy (o) :=suplj.

By

We claim that there exist A, o > 0 small enough such that
1
(o) < —. 3.7
p

We claim that (3.7) holds if there exist A, o > 0 such that

@) =@ 1 48)

E<o ol — %‘p p
Note that, by taking £ = ¢ — ¢ for some ¢ € (0, 0), it follows

Y (o) — ¥ (&) _ Ya(0) — Ya(o —¢)

ol —§&P oP — (o —¢e)P
_ (o) —yu(o —¢) —5
B e oP=I[(1—2)r —1]

So passing to the limit as ¢ — 0, we get that (3.8) is fulfilled if

lim sup ¥a(0) Z¥a(o —¢) <oP !, (3.9)

e—>0t €

First note that

sup I1(ocv) — sup I1((oc — &)v)

UEBl UEBl

1 1
—[¥alo) —¥n(o — &)= -
& &

1
< = sup [I1(ov) — [1((c — &)v)|

veB)
1 (0 —¢e)! —o1
<-sup |——— / w(x)F9(Vv)dx + L (ov) — L((oc — &)v)|.
€ veB q

Applying (H)(ii) and the continuous embedding WO1 P(Q) < LP" () we obtain

ov4(x)

IA

vl p,0,F <1
g Q |(o—e)vsw)

P * * Y p*_;y
- Kpe |oP — (0 —¢g)P ka*|Q| PoloY — (o0 —e)?
= -
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Pr-v p*-6
QT gV — (o — &) KAQU T |g? — (o — &)’
+hep 2 (@ =#) r =&
& 6 e
Therefore

i Yi(o) — Yo —¢)

im sup

e—0t &

p™—v p*—6

P Py r* _ _
5/(5*0” l—|—)\/c[);*|S2| F gV 1+kclf<;*|9| oV 1+)\,C2KZ*|Q| ol

We now consider the function A : (0, +00) — R defined by

PV _ K;’:sp*—y
A(s) =

pr—y p¥—v p*—o
KRR T e IR0 T sV 4 e[ 7T 50

Applying L’Hospital’s rule, it is clear that lin(l) A(s) =0while lim A(s) = —o0. On the other
5—> §—>00

hand, there exists so > 0 small enough such that A(s) > O for every s € (0, so). Thus, there exists
Smax > O such that

A (Smax) = max A(s).
s>0
Therefore we may choose

As = A (min{smax, 0*}) .

Hence, if A < Ay and o < min{smax, 0™}, we have that (3.9) and so (3.7) are fulfilled.
From (3.7) we know that we can find u € W(}’H(SZ) with [|ull1,p,0,F < o such that

1
Jy(uw) < —oP — Ii(uy) forall u; € B,. (3.10)
p

Since J; is sequentially weakly lower semicontinuous by Proposition 3.2, the energy

|B(T
functional Jj : WOI’H(Q) — R restricted to B, has a global minimizer u, € WOI’H(Q) with
lusll1,p,0,F <o.If |lusll1,p,0,F = 0o, then from (3.10) we obtain

1
D) = —0? — I (uy) > Jr(u),
P

which is a contradiction. It follows that u, is a local minimum for J, with [lus|[1,p,0,F <o.In
summary, the energy functional J, has a local minimum u =: u, € B, for A < A,.

Due to the presence of the singular term, zero is not a local minimizer of J,. Indeed, if v €
WOI’H(Q) is positive in Q and 7 > 0, then,
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P 74 " . 4
L (zv) < —|vllf +— /M(X)Fq(Vv)dx——llvllp*—k—llvll”
p LPOE Ty J pr y 7

c
+a 1T

|| vllg-

Thus J, (rv) < 0 for sufficiently small T > 0.
It remains to prove that u is a weak solution of (1.1). First, we prove that # > 0 a.e.in 2. To
this end, for # > 0 small enough, one has u +tu_ € B, and (u + tu_)y = u. Thus,

_ hluttu) — Jiw)
- t

lu + 1] 0. = Nl 1 FO(V(u +1u_)) = FI(V
:;< Lpor = Wlhpor +5/M(x) (V(u + ut)) (Vu)

—>/Fp_l(Vu)VF(Vu)-Vu,dx+/M(x)Fq_l(VM)VF(VM)‘VIL dx ast—0".
Q

On the other hand, using Proposition 2.1 (iii), one has that

/Ff’—l(w)VF(W).w,dx=—/FP—1(VM,)VF(W,)-w,dxz—/FP(w,)dx
Q Q Q

and

/,u(x)qul(Vu)VF(Vu) -Vu_dx=— / w(x)F{(Vu_)dx.

Q Q
Therefore
J tu_) —J,
0 < lim 220 1) = W) =—/‘Fp(Vu7)dx—/M(x)Fq(Vuf)dx,
t—0 t
Q Q

which shows that u_ =0 and so u# > 0 a.e.in 2.

Assume that there exists a set A of positive measure such thatu =0in A. Letp: Q2 — R be a
function in WOI’H(Q) which is positive in 2. For # > 0 small enough, we know that u +t¢ € B,
and (u +tg)” > u? a.e.in Q. Hence, we obtain
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I+ t9) — I ()
t
e +1@ll} o 5 — e} 1 FI(V(u+19))? — F4(V
B ( L po.r — iy o F +;fﬂ@>( (u +19)) (Vu) |

P t t

1 1) —uP’ A
__/w+@ o fwm
Q A

0<

A tp)Y —u? G tp)) — G
_/(u+ ) —u dx—A/ ((u+19)) (u)dx
t t
Q\A
1 (IIu +19lly 0. — lulf pOF) 1 / F‘I(V(u +t9))4 — F4(Vu)
< — — | nix dx
p t q t
B Lf (u+ 1) —u?” / /G((u+t<p))—G(u)d
p* t ytl Y t
Q A
This gives
J, tp) —J
0< Pt ";) M) oo as 1o 0F 3.11)
which is a contradiction. Thus, # > 0 a.e.in 2.
In the next step we are going to prove that
W o eL'(Q) forallge Wy Q) (3.12)

and

/ (F(Vu)l’*‘ + M(x)F(Vu)q*‘) VF(Vu) - Vodx
Q

—/u”*_lgz)dx—Afuy_1¢dx—A/g(u)¢deO

Q Q Q

(3.13)

forall p € W(}’H(Q) with ¢ > 0. Choose ¢ € W&’H(Q) with ¢ > 0 and fix a decreasing sequence
{ta}nen C (0, 1] such that lim #, = 0. For n € N, the functions

n— o0

w(x) + t,o(x)Y —u(x)”

hp(x) = 0

are measurable, nonnegative and we have

lim A, (x) = yu(x)” 'p(x) fora.a.xeS.
n—oo
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From Fatou’s lemma we infer

1
/uy_lq)dxf —liminf/ hy dax. (3.14)
y n— oo
Q Q
Similar to (3.11), we have for n € N large enough
0< D(u+thp) — Ji(u)
tn
1+ 6007 05— lulf 1 FI(V(u + 1)) — F1(V
_1 n®ly po,F 1,p,0,F+_/M(x) (V(u+19)) (Vu) d
p Iy t
Q
1 1a0)?" —u?” A Gu+t,9) — G
__/(M-I—n(ﬂ) u dx——/h,,dx—/\/ (u+ 1) (M)dx.
p* In 14 In
Q Q Q

Passing to the limit as n — 0o and applying (3.14) we have (3.12) and we get that

A/w‘wdm/(nw*‘ + 1O F (V™) VF(Vu) - Vo d
Q Q

—~ /u”*—lsadx - A/g(u)go dx,

Q Q

which shows (3.13). Note that is it enough to show (3.12) for nonnegative ¢ € WOI’H(Q).
Now, let € € (0, 1) be such that (1 4+ #)u € B, for all t € [—¢, €]. Note that the function
a(t) := J,((1 + t)u) has a local minimum in zero. Using again Proposition 2.1 (iii) gives

0= a/(0) = lim (1 + r)tu) — Ju(w)
t—

. (3.15)
= py. r(u) —/up dx —A/u”dx —k/g(u)udx.
Q Q Q
It remains to show that u is indeed a positive weak solution of (1.1). To this end we use
the method of Lair-Shaker, see, for example, Lair-Shaker [28] or Sun-Wu-Long [44]. Let ¢ €
W&’H(Q) and take the test function v = (u 4 €¢)+ in (3.13). Applying (3.15) we have that

0< [ (Fp_l(Vu)+u(x)F‘7—1(Vu))VF(Vu)-V(u+8<p)dx

{utep=0)
—/u”*_l(u~|—8g0)dx—A/uy_l(u+8<p)dx—Afg(u)(u+£g0)dx
Q Q Q

:pH’F(u)—i—e/FI’_I(VM)VF(VM)~V(pdx+s/u(x)F‘1_l(Vu)VF(Vu)-V(pdx
Q Q
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—/up*dx—s up*flgodx—)\[u”dx—e)»/uyfldx
Q Q Q Q

—k/g(u)udx—sk/g(u)(pdx— f FP(Vu)dx

Q Q {u+ep<0}

—e / FPY (Vu)VF(Vu) - Vodx — f w(x)F4(Vu)dx (3.16)

{u+ep<0} {u+ep<0}

—¢ / w(xX)FI~ Y (Vu)VF(Vu) - Vo dx + f u? "N(u + eg) dx
{u+ep<0} {u+ep<0}

+ A / u’ N+ e@)dx + A / g(w)(u + e¢) dx

{u+ep<0} {u+ep<0}

<e¢ /(Fﬁ—l(Vu)—l-M(x)Fq—l(Vu)) VF(VM),dex_fup*_l(pdx
’ Q

—X/uy_lgodx—A/g(u)(pdx —¢ / FP~Y (Vu)VF(Vu) - Vo dx
{u+ep<0}

—¢ / w(x)FI~ Y (Vu)VF(Vu) - Vo dx.

{u+ep<0}
Note that the measure of the set {u + ep < 0} goes to 0 as ¢ — 0. Hence,
FP~Y(Vu)VF(Vu)Vedx + / w(x)FI Y (Vu)VF (Vu)Vedx — 0.
{u+ep<0} {u+ep<0}
Using this, dividing (3.16) by ¢ and passing to the limit as ¢ — 0 we conclude that

f (F(W)l’—1 + /L(x)F(Vu)q_l> VF(Vu) - Vodx
Q

—/up*flcpdx—k/u”fl(pdx—)x/g(u)(pdxzo.
Q

Q Q

As ¢ was arbitrary chosen, we get from the last inequality that u € W(} ’H(Q) is a weak solution
of (1.1). This finishes the proof. O
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