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1. Introduction and main results

A fundamental problem in the theory of Hamiltonian partial differential equations (PDEs) is to
determine whether the equation possesses time-periodic solutions or time-quasi-periodic solutions.
Such a problem can be studied in either the forced or unforced context. In the unforced case, for
nonresonant PDEs, a developed existence theory of periodic and quasi-periodic solutions has been
established by Kuksin [1], Wayne [2], Craig and Wayne [3], Poschel [4,5], and Bourgain [6] and ref-
erences therein. For completely resonant autonomous PDEs, existence of periodic solutions has been
proven in [7-13], and the existence of quasi-periodic solutions with two frequencies has been recently
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obtained in [14] and [15]. In particular, Yuan [16] obtained quasi-periodic solutions of the completely
resonant wave equations ug — Uy + u> = 0 subject to periodic boundary conditions via KAM theory.

Forced problems include an external force in the PDE that is time-periodic or time-quasi-periodic;
time-periodic solutions or time-quasi-periodic solutions are then sought. In [17], M. Zhang and the
author of this paper investigated the existence of quasi-periodic solutions for quasi-periodically forced
nonlinear wave equation

Ut = Uxx — Pt — P (O(w), ©n>0

under Dirichlet boundary conditions by making use of KAM theory. In [18], Jiao and Wang considered
the existence of quasi-periodic solutions for quasi-periodically forced Schrédinger equation

iU = gy —mu — f(Bt, x)|ul’u

under the boundary conditions u(t, 0) = u(t, ar) = 0 by using the KAM method. Periodic solutions for
completely resonant wave equations with periodic forcing and Dirichlet boundary conditions was the
first time constructed by Rabinowita [21,22] using global variational methods and a Lyapunov-Schmidt
decomposition. In this directions, we refer to [23-26] and references therein for a detailed description.
More recently, by using the Lyapunov-Schmidt decomposition method, M. Berti and M. Procesi [27]
proved existence of small amplitude quasi-periodic solutions with two frequencies w = (w1, wy) =
(w1, 1+ ¢) for the completely resonant wave equations with periodic forcing

{utt_uxx+f(w1t»u):0» (]l)

u(t,x) =u(t,x+2m),

where the nonlinear forcing term
flont,u) = a(@u®®*! + 0 (u??), deN={1,2,...)

is 27 /w1 -periodic in time, when wq € Q or w1 e R\ Q.

Naturally, we should ask that whether or not there is any quasi-periodic solution with multi-
frequencies to (1.1) when the nonlinear term depends on time in a quasi-periodic way. In this paper,
we will give an answer to this question under some appropriate hypotheses. Concretely, we are
concerned with existence of quasi-periodic solutions for non-autonomous quasi-periodically forced
nonlinear wave equation

Ure — Uxx + G(¢, £)u® =0 (12)
subject to periodic boundary conditions
u(t,x) =u(t,x+2m), (1.3)

where ¢ is a small parameter and ¢(t, €) is real analytic quasi-periodic function in t with frequency
vector w = (w1, Wy, ..., Wny).

The result of this paper under review seem to coincided with the result by M. Berti and M. Pro-
cesi [27]. However, the strategy of proof is quite different. Our approach is based on KAM theory,
while the proof in [27] is based on Lyapunov-Schmidt decomposition. The two techniques are some-
how complementary. Compared with the Lyapunov-Schmidt reduction method, the KAM approach
has its own advantages. Besides obtaining the existence of quasi-periodic solutions it allows one to
construct a local normal form in a neighborhood the obtained solution. This would allow, in principle,
to study the dynamics of the PDE in its neighborhood. The results obtained in [27] show that at the
first order the quasi-periodic solution of Eq. (1.1) is the superposition of two waves traveling q (-)
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and q_(-) in opposite directions. Here q4(t + x) + q—(t — x) is 2w -periodic solutions of linearized
equation

U — Uxx =0,

where q4+(-) and q_(-) are 2m-periodic. While our result shows that (1.2) possesses many quasi-
periodic solutions in the neighborhood of a quasi-periodic solution of nonlinear ODE with quasi-
periodic forcing:

X+¢(t,e)x>=0.

The method used in this paper is based on infinite-dimensional KAM theory as developed by
Kuksin [1,31] and Péschel [4]. Thus the main step is to reduce the equation to a setting where KAM
theory for PDE can be applied. This needs to reduce the linear part of Hamiltonian system to constant
coefficients by a linear quasi-periodic change of variables with the same basic frequencies as the
initial system. However, we cannot guarantee in general such reducibility. A large part of the present
paper will be devoted to the proof of reducibility of an infinite-dimensional linear quasi-periodic
systems. In general, the question of reducibility of infinite-dimensional linear quasi-periodic systems
remains open and very attracting. Such kind of reducibility result for PDE using KAM machinery was
first obtained by Bambusi and Graffi [19], later, Yuan [16], and more recent, Eliasson and Kuksin [20].
However, it would seem that the results in [19] and [20] cannot be directly applied to our problems
because of the difference in the orders of corresponding morphism of the Hilbert scales between
Schrodinger equations and wave equations, and the work in [16] cannot also be directly applied to
the case with quasi-periodic forcing.

For our purpose, we first introduce a definition and a hypothesis.

We denote by Q (w) the set of real analytic quasi-periodic functions with the frequencies w.

Definition 1.1. Let Q4 (w) C Q (w) be the set of real analytic functions f(#) which are bounded on

the subset [T, = {(91,...,9m) € C™: |Im¥;| < o}, with the supremum norm
|flo = sup |f(®)].
velly
Denote by

1
[f1= W/F(ﬂ)dﬁ
Tm

the average of f, where F is the shell function of f.

(H) ¢(t, &) = B+ep(t), B> 0 and ¢(t) is a real analytic quasi-periodic function in t with frequency
vector w = (w1, wa, ..., wn), Where w € D 4:

DA;={a)e1Rm: |(k, )| > A>0,0;ékeZm}.

|k|m+1 ’
Define the set

Ay ={a eR: |(k,w) +la| > y (k| + |l|)*<m+1)}

)

k=ki,....km)eZ™, leZ, k| + Il = k1| + -+ |km| + /I >0, y >0.

The following theorem is the main result of this paper.
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Theorem 1.2 (Main theorem). Assume that (H) is satisfied. For index set 7 = {1,2, ...,n} withn > 1, there
is small enough positive €** such that for any 0 < & < £**, there are the sets ¢ C ] C [m/T,37/T] and

YeCX:=Dyx Ay x|0, 1771 with meas] > 0, meas ¢ > 0 and meas(X \ X,) < ¢, such that for any

Ee F and (v, (&), &, &1, ..., &) € ¢, the nonlinear wave equation (1.2)+(1.3) possess a solution of the
form

4

\4/8??_/] (1+ &P f5 (@@L, E, 8))\/§Tzcos(é)ot +0(g"))

1+ 23 @@ E,
oy LOIOOED (08 s om0,

1<in 4 j2 4 82/3[V]

u(t,x) =uo(t, €, &) +

where

0<L<— T=

1
4 d
0/ \/3/2(1 "

ug(t, &, &) is a non-trivial quasi—periodic solution of the form (2.17) of (2.1) and f*(9 £, &) is of period 27
in each component of @ and for 0 < j <n, 6 € O(0p/3), & € ¥, we have |f*(9 £, )| < C (an absolute
constant). Furthermore, the obtained solutlon u(t, x) is quasi-periodic in time t with the frequency vector
5= (@), (@j)o< j<n), and there is an absolute constant c such that

| — @ <ce?,

where
s 2k
do=e"\[V1+) &3 hoi(E @), ¢)
k=2
and
o0
wj=+j2+e2BV]+ Zs k(& @), €)+ &3 Z Akjiél, . kjeT
k=2 ked
with |1 (€. @), )| < C
B(— L +0(1))
7/ (2+e2BV ) (j2+€2/3[V])

B(—3Z+0(1))
7/ (2+E32[V ) (j2+3/2[V])

O@E*R), i#],
Aijz

+0@E3?), i=],

here C > 0 is a constant, Vis defined in (3.2) and limg_,90(1) = 0.
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2. Quasi-periodic solutions of a nonlinear ODE
In this section, we will apply the results in [28] (see also [29]) to show the existence of quasi-

periodic solution for the following nonlinear ordinary differential equation with quasi-periodic coeffi-
cient

X+t e)x>=0. (2.1)
From (H), Eq. (2.1) is equivalent to the system
k=—y, J=B+ed)x. (2.2)
We have the following lemma.

Lemma 2.1. For any w € D 4, there exists an &¢* such that for any positive 0 < ¢ < &* and sufficiently small
y > 0 there exist a real analytic function ag(c) : A, — R and a set ] C [ /T,3m /T] with meas ] >0,

such that fora € A, € € ] and some o > 0, Eq. (2.1) has a quasi-periodic solution x(t, £, &) € Qo (&) with
D) = (w1, w2, ..., on, ) satisfying x(t &, &) = O(e'/3).

Proof. Let us consider the auxiliary equation

X+ Bx>=0, (2.3)
which is equivalent to the system
X=—y,
{ =B, (2.4)

The system (2.4) is a Hamiltonian system

; oh

Xx=—-21
[- ahay (2.5)

V=3

with the Hamiltonian
1 B

h(x,y)= - 24 2 2.6
*,¥) 2Vt 7 (2.6)

Clearly h > 0 on R? except at the only equilibrium point (0, 0) where h = 0. All the solutions of (2.4)
are periodic, the periods tending to zero as h = Hg tends to infinity. Let (C(t), S(t)) be the solution
of the system (2.4) satisfying the initial condition (C(0), S(0)) = (1,0). Let T be its minimal period,
then we have

dx < +o0.

1
1
0<T=4[ —n—
= 0/,/3/2(1—x4)

From (2.4), one can easily see that there is a o > 0 such that S(t) and C(t) are analytic in the strip
{|{Imt| < o}. From (2.3), these analytic functions satisfy

(i) S(t+T)=S(), Ct+T)=C(®);
(ii) C'(t) = =S(1), S'(t) = BC3(t);
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(iii) 20 + St =5;
(iv) C(=t) =C(t), S(—t) = —S(t).

The action and angle variables are now by the map @* : Rt x S! —» R2, where (x, y) = &1 (p, ¢)
with p >0 and ¢(mod 2) is given the formula

ot ix=cPpBcpT),  y=c*Pp*Ps(eT), (2.7)

where ¢ =3/(BT), and S' =R'/27Z. One can easily verify that the transformation @ is a symplec-
tic diffeomorphism from R* x S! to R2\ {0}. In fact, it follows that | 2&9)| =1,

3(p,9)
Under this transformation, the system (2.4) is transformed into the simpler form
. ah
IO = _W = O’
(2.8)
. ah,
{ ¢=35=30"
where ho(p, ¢,t) =sp?? and s = 1B - ¢*/3.
Eq. (2.2) is equivalent to the system
v oH
X=—5-,
{ Y (2.9)
Y =%

where

1 1 & ~
Hix, y,t) = Ey2 + ZBx4 + Zq>(t)x4.

Under the canonical transformation @7, the system (2.9) is transformed into the form

s _ _oh
p=—4g
5 oh
¢ =145

(2.10)

where
h(p,.t)=sp*3 + 264/304/3¢;(t)c4(<ﬁT)-

We expand around a fixed small value p = £ with & € [%, %], and scale the translated variable by
£7 with

<5 <1, (2.11)

|

cf. [28] or [29]. This amounts for every 0 < & < &* to the transformation

O : (—6 5E, 6 TE) x T—> R x T

I, o) = (p,9)
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defined by o = s(£ + €°1), ¢ = ¢ and turns (2.10) into

= & (2.12)
¢ = 3s¢ ES 4 O(e3+7)
with the Hamiltonian
G, @,t, &)= 55351/31+H(1 o.t.e), H=0(ei0). (213)
Replacing the parameter £ by the parameter a = % % in (2.13), we can obtain the Hamiltonian

system with the Hamiltonian

4 = A
GU,p,t,e)=al+&37°H

with |A| < M.
Let us take y = K(¢*)3 and = (¢*)3, then condition (1.2) in [28] is satisfied if (¢*)!~0M <
pm+3 K82 where pg and §p defined in [28]. Consequently, by reducing £€* we can infinitely decrease K.

From argumentations of Section 1 in [28], there exists a real analytic function I's, such that

£1/3

4
a(a) =a+ I, o)= 583.§ aecAy

and ag(e) is invertible. Denote the inverse function of ag by a; 1 we have

aE)=a;" (gse%él/3> (2.14)
and
o'(E)=0(e3) £0, fore > 0. (2.15)
It follows from Lemma 2 in [28] that for wg = ZT” there exists a set
] ={& € [@0/2.3w0/2]: | (k. w) + & > Kawo|k| =TV},

whose measure tends to wp as K — 0. If € € ], by using Lemma 1 in [28], it follows that the system
(2.12) with Hamiltonian (2.13) has quasi-periodic solutions

I=v(0, @t + Yo, wt,a(§)), @=a@Et+yo+u(x®Er+vo, ot,a)), (2.16)

where « € Ay, Vo is an arbitrary constant, and u and v are defined as in [28], as ¢ « 1. Hence,
Eq. (2.1) has quasi-periodic solutions

x(t, &, 8)=c'Ple(E + 861)]%C(§0T), a@)ehAy Ee] (217)
with frequency vector @(&) = (w1, @3, ..., wm, @ (£)). Moreover, by (2.17) we have

x(t,E,e)=0(3). O
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3. Hamiltonian setting of wave equations

From Lemma 2.1 we know that for every ¢ € (0, ¢*) Eq. (2.1) has a non-trivial quasi-periodic so-
lution ug(t, &, &) of the form (2.17) with frequency vector @(&) and satisfying ug(t.&, &) = O(e'/3).
Taking u =ug(t, &, €) + ev(t, x) in (1.2), we get the following equation

Vie — Vi + V(OE)L, E, 8)v + eW (D)L, &, &) v? + e2p(wt, £)v =0, (3.1)
where V(@) &, &) = 3p(wt, &)Ud(@E)L, €, 6) and W(@E)L,E, &) := 3p(wt, &)ilg(@E)t, &, &) are

quasi-periodic in time t with frequency vector @(€), and ¢ and iig are the shell functions of ¢ and
ug, respectively. Let us write

V0.8, 8) =3¢ dwt, o)[ (€ +851)%C((pT)]2 (3.2)

with 6 = @(&)t € T™*1, and

%\7(9, £E.6)=6c* p(wt, e)[(E+ 851)%C(¢T)]B(§ + 861)_% (1 + 85%>C(¢T)
pa o % / d_(p]
+T(5+¢°1) C(<pT)dé .

From (2.14) and (2.16), we obtain

lim ¢ = ay ' (0)t + vo + u(ag ' (0)t + Yo, wt, a5 ' (0)) := go

and
d - ou - ou -
lim —¢ = lim( &' (E)t + ——a'(E)t + = o/(é)) =0.
e—0 df(p HO< ()t + Yo) d(a(§))
Therefore, we have
R 1 TS = 2
lim |V e — lim V —3B(c1/381/3 T
lim[V(©,¢ )] Gy / lim V6, ¢, £)d6 =3B(c'/*¢/*ClpoT))
Tm+1
and
R N —— / L 00.8.£)d0 = 2B(c'3C(goT))E 1,
e—~0dE (27T)m'*'1 e—~0d&
Tm+1
Thus, there exists 0 < &1 < &* such that for any ¢ € (0, &1)
~ _ 3 _
[V, e)]> 5B(c1/3s§1/3C(<poT))2 =1;>0 (3.3)
and
i[ V(0,8 6)]> B(c1/3C(<pOT))2§*1/3 =1, >0. (34)

9§
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Let us write

with [V (0, &, £)] =0, and m, := £3[V (6, &, &)] > 0, then

V(@©,E,¢).

win

VO.E e)=e3V(0.E e)=m, +¢
Furthermore, we can show that
V(©.E,6)=0(e7) (3.5)
as & < 1. In fact, from (3.2), we have
V(0.8 &) =3c2PE3 (ot e)C2(@T) + O(e 7 )
and
[V6.8.8)] = 3(B + l@])c* 3 C2(pT) + O 7).
Thus, we get
V©.E.e)=V(0.E.)—[V(©.8.9)]
=3¢2PE5C2(pT)(e( — [4])) + O ¥)
—0@)+0(e%)=0(e¥).
We can rewrite Eq. (3.1) as follows
V=w, v'v—i—Av:—s%V(&)(E)t,é,s)v—sW((I)(é)t,é,s)vz —&2p(wt, e)v:,  (3.6)

where A = —d?/dx* +mg,t € R. As is well known, Eq. (3.1) can be studied as an infinite-dimensional
Hamiltonian system by taking the phase space to be product of the Sobolev spaces H(l)([O, 2mr]) x
L%([0, 27r]) with coordinates v and w = 8;v. The Hamiltonian for (3.6) is then

2
3 V(@@ ) / vZdx

0

1 1
H=5(w,W>+5(Av,V>+

N =

2 2
1 I 1 54
+ 5ew(a)(s)t,s,s)/v3 dx + Zs%(a)r,s)/v“dx, (3.7)
0 0
here (-,-) denotes the usual scalar product in L2([0, 27]).

By a simple computation, the eigenvalues A; and eigenfunctions ¢;(x) € L2[0, 27r] of the operator
A with the periodic boundary condition are, respectively,
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ﬁ cosjx, j>0,

A= 4me. jeZ and ¢j0 =] —J=sinjx, j<0, (3.8)
1 s
N j=0.

In order to avoid the double eigenvalues we restrict ourselves to find some solutions which are even
in x. Note the eigenfunctions ¢;(x)’s with j > 0 are a complete orthogonal basis of the subspace
consisting of all even functions of L(0, 27).

We introduce coordinates q = (qo, 91,42, ...), p = (Po, P1, P2, - . .) through the relations

i(t
v(t,x>=2qj;?¢,-<x), v (e, ) =) IApj(O; (0. (39)
j=0 \/_f j=0

The coordinates are taken from some real Hilbert space:

[+ =1"*(R) := {q =(q0.41.92.--.). G R, i =05t gl =1q0l* + ) _ lqi*i*e*" < oo}.
i>1

Below we will assume that a > 0 and s > 1/2. One rewrites the Hamiltonian (3.7) in the coordi-
nates (q, p),

H=A+G, (3.10)

where

1 V@@ e ,
A== Juj(pi+¢d) +es —=2 g,
2]%(:) J\Fj J /)\'] J

2

2
3 4
1 o= = i(t 1,5~ i(t
G= gsW(a)(é)t,S,s)/< qj;?%(x)) dx—i—ZEzqﬁ(a)t,s)/( qj( ?¢j(x)> dx.
o izo V™ o Jx0 Aj
The equations of motion are

. 9H . dH 2 V0,8, ) G .
J ap; VAP J aq; VAl \/E J aq;

with respect to the symplectic structure ) dgq; A dp; on 1% x 1%5.
Lemma 3.1. Let [ be an interval and let
tel— (q®.p®)=({gO} ;50 {Pi©O};50)

be a real analytic solution of (3.11) for a > 0. Then

qj®)
v(t,x) = —¢;(x)

is a classical solution of (3.1) that is real analyticon I x [0, 27 ].
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Proof. From the hypotheses it is easy to see that the sum defining v (t, x) is absolutely convergent in
some complex neighborhood of the x-interval [0, 2] and some complex disc around a given t in I.
Therefore v is real analytic in x and t, and we may differentiate under the summation sign. Since

2w

E?TGJ-Z {4/1—)\7< W (@@t &, 8)O/V ¢;j(X) dx + 2 (wt, 8)/\/ ¢](x)dx)

Hence, we have, by (3.11) and (3.12)

qj() q;(t)
v +Av— i(x )+ Agi(x)

@)t é.e) oG q;(®)
= \“/7< VA _83‘07(,. >¢> 0+ Y
jg(:) J J \/ﬂ J ]Z(:)f

%V(w(é)t,é,s)v—sW(d)(E)t,é,a) > (V2 j)¢; — 2pwt. ) Y (v

j>0 j>0

%V(w(é)t, E,e)v—eW (@@, E, )v2 — e (wt, &)v>

i(x)

as required. O

(3.12)

One introduces a pair of action-angle variables (], 0), where | € R™t! is canonically conjugate to

6 = @(&)t e T™1. Then (3.6) can be written as a Hamiltonian system

L N T L
i = 7> i = — Q"> = Y, =w 3 = -
V=%p PIT g ! 06

with the Hamiltonian

2 V0.8, 8)
=(@@). J)+ Z\/_pﬁq, /v —=—q;

]>0

+eG3(q,0,&,8) +£%G*(q, 9),

where ¥ = wt,

G*(q.0.E. )= Y G} (0. 6)qiqqa

i,j,d>0
with
3 = _ 1 W(Gr év 8) / . .
Gi,j,d(e’ S’ 8) - 3 W ¢l (X)¢] (X)¢d(x) dX
T
and

G'a.9) = ). G a(®)aiqidaq
i,j,d,1>0

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)
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with
ja@) = }1 \/7 / $i ()P (X)pa (X) i (x) dx. (3.18)
It is not difficult to verify that, from (3.8),
G;a0,E,)=0, unlessi+j+d=0 (3.19)
and
G?’j,d’,(ﬁ) =0, unlessitj+d+I=0. (3.20)

We introduce complex coordinate

WV
e

1 _ 1
zj=—=(qj—ipj), Zj=—=(Qj+ipj), J
J \/i ] J J \/5 ) J
that live in the now complex Hilbert space:

%5 = [%5(C) = {z =(20,21,22,...),2j €C, j>0st |zll3 s =20l + Y I2j1* eV < OO}-
>

This transformation is symplectic with dq A dp = +/—1dz A dz, and then (3.14) is changed into
H=H;+¢eG3z6,8 ) +&*G*z,9) (3.21)

where

eV(@és)
=(@®), J)+ ) JAjzjzj+ ———=—
;) 1] 4\/7

zj+2j)% (3.22)

Zo-in_Zo)3
V2

3 G (0.E Zj—i-_j)(Zd-l-_d)(Zo—i-io)
#3% a0 ko (L 2) (250 (25

j,d#0

- (zi+zi\[(zi+Zj]\(za+2
R () e

i,j,d#0

G>(2.0.&,8) =G} (0, é,s)(

and

Zo-i-§0>4
V2

- - )
6 ch s Zj+Zj)<Zd+Zd><Zo+Zo>
+o 32 cdawn( 25 (*55%) (%5

j,d#0

G4z, 9) = Géyo,oqo(ﬁ)(
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i Z Géjﬂ(ﬁ)(zj\—/k;j)<Zd;-22d>(zzj§21><zojiio>

j.d,I£0
+ G 19(Zi”i)(Zf+2">(zd+z"><2’+z’). 324
,.,]%#O V.20 AV R ARV R ARV (524

4. Reducibility of linear Hamiltonian system (3.22)

In this section, we will be concerned with the reducibility of linear quasi-periodic Hamiltonian
system (4.2). Our result shows that system (3.22) can be reduced to constant coefficients for any fixed
w € D 4.

4.1. Notations

For given o > 0, r > 0, we define sequences {o,} and {r,}:

Vo2
(1) og =0, 0y, =09(1 — 1)) with 1o =0 and 1, = zzzj;% v=1,2,.... It is easy to see o, >
j=1
Oy+1 >0 /2.
2)ro=r,ry=ro(1—1,),v=1,2,.... It is easy to see r, > 1,41 >1/2.
In addition, we need the following notations:
(3) We let
@) ={0=(1,....0m, 0ms1) € C"1 22 Z™ 1 ImO| <o}
and

D (o,r) =16, J.2,2) € " 2 Z™T x C™F % 5 x [ |Im6| < 0,

2 -
<7, Nzllas <7, 11Zllas <7},

where | - | denotes the sup-norm for complex vectors and /5 denotes now complex Hilbert space.
Thus, we get a family of domains:

@(00) D O©G1) D> O(G9) DO vs1) DD @<%>

and

oo To
D%*(00,10) D D**(01,11) D --- D D"*(0y,1v) D D" (Op41,Tv41) D -+ D D‘”(7, 5>.
(4) We write O := & (0y), D|"* = D**(01,1), [ =0,1,....
For an one order Whitney smooth function F (&) on closed bounded set J*, we define

IFIj. =max] sup |FI, sup [0gF}.
se* seJ*

If F(§) is a vector function from ] to 15(orR™ *™2) which is one order Whitney smooth on J*, we
define

> (Fa@®l))

1<ip<my

1P = NUR@ o (oriFty. = max

SURS
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Let w= (0, J, z,z) € D%, we denote the weighted norm for w by letting
- 1 1 1 _
[Wla,s =10] + r—2|J| +7 Izlla,s + ;IIZIIa.y

If F(1; &) is a vector function from D%S x J* to I%5(orR™ *™2) which is one order Whitney smooth
on &, we define

Il s pessge = SUP IF ;.o (oF IFhassye = sup IIFI.).
' neDas w

nE (15

To function F, associate a Hamiltonian vector field defined as Xg = {F;, —Fy,iFz, —iF;}, we denote
the weighted norm for Xg by letting

|XF|a5Dus J*—”F]”Das ]*+ ||F0||Das ]*+ ||Fz||a5Das ]*+ ||Fz||a5DasX]*

Let A(n; §) be an operator from Ij* to Iﬁ'g for (17; &) € DS x J*, we define the operator norm

A(; E)W||gs
”A(n é)”assDﬂSx]*: sup SUDM
m:byepasx w0 [Wllas

*0p

1A )]s pasy = MaxX{IAIR ¢ pas, = 19z Allgs s pas e }-

Let B(n; £) be an operator from D%S to D% for (17;£) € D% x J*, we define the operator norm

|B(1; &) Wa5
|B(n; 5)!05513“”*: _sup . sup ——ims
(U;E)EDG.SX]* W7$0 a,s

*0p

’B(n;‘g)‘a,E.s,D“xj* maX{|B|ass DaSx J*> |a§B|ass D“><]*}

In view of (3.5), it follows that V (6, &, &) there is C > 0 such thatV (0, £, €) is analytic on @ and

L <Ce¥ (41)

for o > 0 and r > 0. Let us rewrite Hamiltonian (3.22) as
~ 2
H=Hy+&3Hq, (4.2)

where

- - . 4G )
Ho=(®@&), )+ Y _\/*jzjzj and Hi=)_ ( s'?)(szrzj)?
j>0 = W
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4.2. Reducibility theorem

Theorem 4.1. Consider the Hamiltonian H as given by Eq. (4.2). Assume that (4.1) is satisfied. Then there are
al0<e™<e’"0<p<1 and a set | C ] with meas | >meas](1 — O(p)) such that forany 0 < ¢ <
g™, &€ Jand a(’;’) € Ay there is a linear symplectic transformation

2D (5/2,1/2) x ] - D% (o,71)

such that the following statements hold:
(i) There is some absolute constant C > 0 such that

* < ce?3,

o
|2 - ld|a,s+1,’D“v3(a/2,r/2)><] S

where id is identity mapping.
(ii) The transformation X°° changes Hamiltonian (4.2) into

HoX®=(@@®), J)+ Y 1jzjzj,
j=0

where
=i+ Y e T o) ), (43)
i1 aE),e) = [‘/f—jf” =0and X, @), &) <C k=2,3,....

Proof. Step 1. Constructing iterative sequence. We will construct iteratively a series {H;} of Hamilto-
nian functions of the form

Hi=(@@). J)+ Y _rjuE 0@). €)zjz; +e3HR L (2.2,0,0(). E. €),
>0
1=0,1,...,v. (E)i

where

Rit1(2.2,6,E,0@),) =) > Ciumn (0.5 0@),)2'27, 1=01,...,v

j=20n14+ny=2

With Gty 0§, 5E). €) = Ty Gtk € 3E). e £j.020 = G002 = 7=V 0.5 0)

and ¢jo11 = 2\/_V(Q ,€,€). Furthermore, the functions jdng.ng (0, £, (), &) are analytic on the

domain ©; x J,

. _ 30,172 * *
é‘jvlvnlvnz =¢&4 )\'] é‘j,l,n],nz’ H g‘j,l,l’l],ﬂz

n+ny=2, 1=0,1,...,v, 4.1),;

; <C, ny,npeN,

and

2jo0(E @®), &) = /2j,
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1
- - 2% ~ - -
riE @@, e)=r+ ) g3k @@).e), 1=2,3,....v, (4.2),
k=1
with

L€ @@E) €)= Qﬂw+1/‘gkl1ﬂegw@)@ k=1,2,...,L (4.4)

Tm+1

Clearly, we have that Ho = H for [ =0. The functions £j,0.n1,n2 0,&, @), &) are analytic on the
domain @y x ] and satisfy (4.1)g, and

L€ @@), )= / £.01,100,€,8)d0 = [V©.&,e)]=0

1
Tm+1 2\/7]

Step 2. Solving the homological equations. Let
m
(k,@@) =) kjoj+kn1a@),
j=1

then we can show that following fact: for ¢ small sufficiently there exist a family of closed subsets

Jid=0,...,v)
JvC-Cmchiccloc]cln/T.3m/T]
such that for & € Jj,

1 A
g3pmeas |

e &@) 222018, @), )| > g 1y s,
and
¢ 3 omeas
k(@) £221(8, @&), )| > W j<m+1750, o
Ty kmir =0,
and
- . Loy
meas J; > meas](l - ng ] +i2>’ (4.5);

where C is a constant depending on m and &. Moreover, let us assume that | = NZo Ji, then
meas ] > meas ] (1 — O(0))

provided that o is small enough. The proof will give out in Lemma 4.2 below.
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Let X7, be the Hamiltonian vector field associated with a function F:

]:V=8%(U+1)Z Z ﬁj,v,m,nz(@,5,5)(5),8)2?12'}2

j=0ny+np=2
with

Bj,v.n, n2(9 S (U(g) 8 Z Bj vk, nz(g w(f) 8) 1k.6) (4.5)

kezm+1

and [Bj,1,1,1]1=0, and let X‘ denote its time-t map.

We look for a change of varlables S, defined in a domain D?)’j] by the time-one map X}u of the
Hamiltonian vector field Xr,, such that the system (E), is transformed into the form (E),,1 and

satisfies (4.1)y+1, (4.2)p+1, (4.3)p+1, (4.4)y+1 and (4.5)y+1. In fact, the new Hamiltonian I:IIH can
be written as

Hyp1:=Hyo Xy, =(@@), )+ Y _rjv(E @), €)zjz;
j=0

+ {(cb(é), N+ aﬁ(é),e)zﬁ;,ﬂ}

j=0

+ &350 OR, L 1(2,2,0,E,0(), &) + [£3 VTR 11 (2.2,0,8,0(E), €), Fo )

+/(1 —O{{Hy. B}, Fo} o Xl dt. (4.6)
The function F, is determined by the homological equation

{(c‘o@), N+ xjuE a@), e)zjzj,fv] +e30UR,1(2,2,0,E, @), ¢)

j=>0
2 -
=300 g 01a122), (4.7)
j=0

which is equivalent to

(@), 06Bj.v,1.1(0.8, @), €))+jv1,1(0.8, @), ) =[gj0.11].

2“‘]’,1}(5» 5)(5)’ f)ﬂj,y,o,z(& S’ (I)(é)a 8) + (d)(é)! 3é)ﬂj,u,0,2(ga év d)(é)! 8)>
+¢jv.02(6.6. @), €) =0, (4.8)

—2iArj (&, @), ‘9),3]\)20(9 E, @), )+ (@), 00Bjv.20(0.8 @), €))
+¢jv.20(0.6 @), €)=0.
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Inserting (4.5) into (4.8) we get

ik, E)Bjvi11=—Cjvi11(E @E).€), k#0,
i (<k7 d)(é)) + 2)"_]‘,\)(59 d)(é)v 8)):3j,v,’<,0,2(§’ Cb(é)» 8) = _fj,v,k,o,z(é, d)(§)9 8);

i (<k7 d)(é)) - ZAj,V(év 6)(%—_)3 8))ﬂj,l),k,2,0(§s d)(é)v 8) = —fj,u,k,z,o(é_s C‘Z)(S)v 8)'

Hence, we get

_ _ - 10) £
ﬁj,v,1,1(9,$,5)(§),8) _ Z é‘J v,k,1, ](S (S) ) i(k,0) , (49)
Otz ik, @())
= .z —Civk02E, @), €) i(k,0)
Bjv02(0,8,0&), &)= — —— et (4.10)
( ) kZZ ik, BE)) + 220 € &(E), £)
and
s o~z _ijlc20(éad)(§)78) i(k,0)
Bjv2,0(0,8 w§), €)= — — e (411)
w20l ) k; i((k, @(€)) — 24,0 (E. D). £)
We can get by Cauchy’s estimate and (4.1),
_ 36 —1/2 _
vy | < UEjwmm I g €M7 < Co@ ) 2emkow (4.12)
and
_ 3¢ —1/2 _
1080 ey ms | < Njwmeng Iy 5, €M7 < Ce @ 2e Mo, (4.13)
Note that « € A,, we have
36 _q,-1/2 _ _
Sup |,3j,v,1,1|<(:84 V 1)\‘] / Z |k|m+3e “(‘(Uv (71)+1)
(9§§)5@v+1><]v 0s£keZm+1
and
12w\ % _qp 2 m+3 ,—[k|(6y—0y41)
supfovmnl < (705 ) e A A+v)) (14 D ke Mev=en ),
[CRIECHMP Y O;ékeZm“

Similarly, for j > 1, we get

sup |Bj,v,n1,n,]
(0:6)€0y41x ]y

-1/2

(83Q2”) 8 7 k a1+vH(a+ > ozkezm+i k|mt3e—IklOv—0vi1)y o =0,

~
-1/2

(e30%%) ¥ ,\ (140 (14 Y g spegm k™= KIO@=ow0) ey g 2£0,
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for ny =0, np =2 or n; =2, ny =0. So, using Lemma 3.3 in [16] (see also [30]), we get, for (0;&) €

Ovi1 X Jy

1 2
|Bo.v.1.11 1B0.v.2,00, 1Bo.v,0,2] < Ce 3 P4 1yimE, (4.14)
cﬁ*%xf”z(wrl)“m%, kmi1=0,
1Bjwva.1ls 1Bjv.2.0ls 1Bjv.02] < 3 1 1) s jz1. (415)
Ce 730+ 148, kg #£0,

For j > 1, we have

O(e3), kmyp1 =0,

3 ((k, @(&))) F20:1j.0 =
el 2©) 7200, {O(eb, Kms1 #0.

Thus, in view of (4.9)-(4.13) and (2.15), we have , for (0;&) € @, 11 x J,

k11 E 0E), &) | |Livk11E OE), &) ((k, &)
el < 2 <‘ R R e E D'e )
0s£kezm+1 <<7w'§5_ > <(,a)(§ >
<C8%Aj_1/2< Z |k|m+3e—\k\(av—av+1)+ Z |k|2m+7e—|k\(gv—gu+1)>

0s£kezm+ 0skeZm+1
< Ce a2 (0 + DS 4 (0 4 1)5m 1)

<Cea; Py 1)PmIe j>o0, (4.16)

90,0 kny,ny 6, D(E), €)
05 Bo,v.ny.na| < T
Pl ,ZZ(‘ (k, @) F 2200 €, BE), )

, [Govim € OE). &)@k BEN) F 20300 G, OE), 8))D’ o
(k. BE)) F 200, €. D(E). ))?

C877§A 1/2(1+V2)<1+ Z |k|m+3e*\k|(o‘uf‘7v+l)>

0£kezm+1
-1 1/2 2\2 2m+7 ,—lk|(ov—0y41)
+Ce% a+v)(1+ > kP™e
0s£keZm+1
<CeTh 2+ IO 4 o3 2w 4 1m0
ngTa_§)\al/2(U+l)6m+2o- (417)

Similarly, for j >1 and ny =0, n, =2 or n; =2, np =0, we get

10: 8 1< Ce T P ), g =0, (418)
EPjvnynal X & _ .
sThmhR Ce =320+ 10, Ky g £0.
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In view of (4.15), (4.16),(4.17) and (4.18), we have

-1/2

* * = —= 6m+20
1Bo.v. 1,115, x5, 1Bow20llg, 5,5 IBovo2ly .5 < <cet 3?» v+ (419)

and
. * _ . * _ . * _
||/3],v,1,1||@) %]y’ ||’31’V’2‘0”@u+1><1u’ ”ﬂ],v,O,Z”@UHX]v
CeT—n 1200 4 1)6m+20 0 =0,

< ji>1 (4.20)
Cef—nj V2(p 4 1)6m+20 e 220,

In view of (4.9),(4.10) and (4.11), we have

Z —fjvkl](s (), 5) i(k,0)

3Bjv11(6.5.0@). €)= (k, &(&))

-k,
0#£keZm+1

Z _gj,v,k,O,Z(ga d)(é)v €) oik0) e

%Bj.n02(6.5.06). 8) = k. B@E)) + 2050 G. (&), )

kezm+1

Z _{j,v,k,z,o(év (Z)(é)v €) oik0)

W20 8 00-0)= L G G e®. 0

kezm+1

ikkT,

Z —ijk11(‘§: a)(é) 8) ik,6)

00Bjv,1,1(0,8, D), ) = (k, @(&))

0s£kezm+1

Z —Cj,v,k,o,z(é,&)(é), €) eifk.0)
(k, @) +24j, (€. DE), &)

ikkT

a@@ﬂj,v,o,z(ga 57 Cb(é)s 8) =

kezm+1

Z _gj,v,k,z,o(é» (€), ) k0 i kT

d0Bjv20(0.8 0E), €)= (k, @>(&)) — 21§, (), &)

kezm+1

where k is a m+ 1 column vector and kkT is a m + 1 x m + 1 matrix. Similar to above discussion, we
get the following estimates

* * k
190 Bo.v.1.1llg, 75, 19Pov20llg 7 - 86Pov.02ll

v+1><]u

-1/2

<C8T’§)L (v + 1)6m+22, (4.21)

196801115, 7, 196Biv.2,0l5 196 Bj,v,0,21I%,

v+1><]v7 v+1><jv

Ce 52 P+ )2 kg =0,

< iz1, (4.22)
CsT‘iAj V20 4 1)6mH22 e o£0,

and
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1900 Po.v,1,115, 5, I1eeBov20llg, 5> 1966Bovo2llg .5

35_1._1/2
<Ce7 3}‘1 / (v+1)6m+24’

. * ~ . * ~ . * ~
1966 Bj,v,1,1 ||(~)u+1><1u’ ||800'B]’v’2’0||@v+1><1v’ ||369/3],v,0,2||@u+lxh

20 DI ki =0,

(v +1)5mF24 0 kg #£0,

36 _2.
Ce4 3Aj
-1/2
j

< j=z1

36 _1
Cea73)
Step 3. The estimates of the flow Xffv. To get the estimates for the flow X¢ . we let

2/3]',1),2,0(93_5’ Cb(_é)v 8) ,Bj,v,l,] (97 %_-_’ @(5)9 8) )
ﬂj,v,],1(97Sa(I)(S)78) zﬂj,l),o,z(evg’d)(é)?é:) ’

(0 1
“7:‘<—1 0)'

Bjv(0.8,06),£) = (

In view of (4.19)-(4.24), we have

i 3%_1.-1)2 6m-+20
||30’v||@v+1X]U<C84 hp T+ ,

) Ce 52w+ 1O kg =0,
1Bly, g < a 7=t
Ovp1x Ju CS%_%XJ-_]/Z(U—l—l)GmJFZO, kmi1 #0,

36 _1.-1)2
186 Bo.vlly, g, < C&4 732, (v 4 1)6m+22,

100801l Cet 5 P )R, =0,
bBivlly, 5 < 5 1. 7=t
Ovi1xJv CS%_%Aj 1/2(1) + 1)6m+22, kmy1 #0,

3 _1._1)2
1900 Bo.vllg, 5, SCET T34 (v 1)0m+24)
% CS%*%A;UZ(V + 1A ki1 =0,
90 Bjvlly, 7 < i =1
Ovr1x ]y Ce =507 24 1S4 Ky £0,

J

Moreover, we note that the vector field X, is as follows

T _3F _ _ w41 . E ((E M7
.’ - _3_9]) - _83( )Z]>O Zn1+n2=2 8918].,1),n1,n2 (‘97 570)(5), 8)2j Zj .

It is easy to see that

30 30 1
le3+ 7 (0 + 1520 < C, e3tT 3w+ 10 <c, v=0,1,...

0

0Fy

iy 2041) £ o(F z i

) =e3 T (0.86@) ) - (1), =012

(4.23)

(4.24)

(4.25)

(4.26)

(4.27)

(4.28)

(4.29)

(4.30)

(4.31)

(4.32)

(4.33)
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as ¢ <1, where C is an absolute constant independent on v, . From (4.26) and (4.27), we obtain, for
(0,8) € Opy1 x Ju,

|30 7B, (0.8, 0@ 2)[5,,, 5, < Chj 2e3 0D, (434)

Ov+1 X]u

It follows from (4.32) and (4.34) that

|70

(]:V)Zj

2 - -
>(;u+l><ju’ >(k")u+1><ju < “83(‘)-’_1)ij’])(6’E’w(g)’g)”gv-f—lxjvvj'

< Ca;Pes i), (4.35)

Similarly, from (4.21), (4.22) and (4.32) we get that

H (Fv)e

1 -1/2
*F')v+1><]17 S C83(U+1) ZA'] / |Zj|2' (436)
j=0

Integrating the above equation from 0 to t, we get thv:

0 =06C,
40 _ 20+ 7B (6C E. z© P
(zj(t)>—exp(83 TBjvO= & .00 ;g | 1=0.1,2,... (4.37)

JO = JO) — &30t oy S 2 3By (0.8 BE). £) - (2O - Z(0)™ dt,

where 6€ is a constant vector in C™*1/27 7™+ and (6€, J(0), z(0), Z(0)) is the initial value.
We write

(Zf(t)> = exp(e30HDTB; (0.5, 0(®). €)t) ('—Zj(o)>

Zi(0) 2j(0)
- - z;(0
=(1d+fj,v(6,s,w($),e,t))<_J( )>, tel0,1], (4.38)
zj(0)
where Id is the unit matrix and
. fj,v,]] fj,v,12
fivi=1" . :
fj,v,21 f],v,22
By using of (4.34), therefore, we have
| Fi0(0. 8, @@), e, 0) 5 - <Cr;2es0D (4.39)
j,v\Y,s, » €, O xJy X j .

and

6 (fiv (6.8 @G)..1) - 2))

Ovi1 X]v ’

-
Ovt1x Jy

|06 (fj.0(0.8. &), &.1) - 2))

<Gy Pes™ iz tefo,1). (4.40)
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Let
t
f1o(0.8. @), e:2,2,t) = —30+D [ D 0Bjvn (0,8 0@, €)2] (O () dt,
0 J=20m+ny=2
then

JO=JO) + f1v(0.5, @), e:2,2,t), te[0,1]. (4.41)

From (4.32) and (4.36), we get

| F1.0(0.8,@F), €52,2,) [0 7 <Ce3CDY 2712172 (4.42)
v+1 Jv J
j>0

Furthermore, from (4.22), (4.24) and (4.37), we have

|90 f1u (0.8, &), €;2,2,t) HZ%X]U < Cesv+D Z}\j—uz|2j|2 (4.43)
j>0

and

|92, £10 (6. 8. @), &:2.2.1) ||}k;f;j1x]v’

s o~ = *
‘-f]p(@,fj,a)(f), &,2,2, t) ”Di’ile
< Ca;PedHh ), (4.44)

Therefore, by using of (4.35) and (4.36), we obtain that

1 *
* —_— — -
IX‘F"la,SH,Dﬂ‘i]X]uH = r2 || (Fv)e ||D?;i1X]V+1
v+

+ ” (]:V)Z”a s+1, Du+1 ><],,+1 H (]:V)Z”a s+1,0% +1 X Jya1
1 1 1 1
< 5 C5§(U+])r12;+1 N . Cs3("+”r vl + —— Cs3(”+l)r D41
rv-H v+1 Tv41
1
< CeztD, (4.45)

To get the estimates for Xt . we consider the integral equation
t
X%, :id+/xﬂ oX% ds, 0<t<1.
0

Hence, we obtain from (4.45)

* _ * Lo+
a,5+1,D07, x Jut1 < X7 as 5 S Ce3 . (4.46)

a,s+1,Dv'+1><]u+1

X%, —id
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We now estimate DX1}-V — Id. Assume the coordinate transformation is of the form

Xy, :0.].2.2) > (60).1(0, J.2.2: 8, @&). €),2(0. 2. 2: £, @(&). £), 2(0. 2. 2: §, @(£), €)).

So, by using of (4.37),

Idm1yxm+1) 0 0 o
3 Id A
DXL — a0 (m+Dxm+1) 3z 3z
Fv T 9z 0 9z 9z |°
20 9z oz
9z 0 9z 9z
a6 dz 0z
where
ﬂ_ 8f],v @_ 8f],v _ 8f],v 3f],u 3fj,v
06 20’ 0z 9z 8z0 ~ 0z1 " 822 T ) mityxco
and

o _9fjv _ (0fyv 9fjv 3f)
9z oz 020 " 021 922 ) manyweo.
Since (4.38) holds, we have
z= (14 fov11)20+ fov,1220, A+ f1v11)21 + fiv12Z21, A+ f2v11)22 + fav,1222,...).

It follows that

0z _ <(3(f0,v,1120 + fov,1220) 3(f1,v,1121 + f10,1221) 3(f20,1122 + f2,0,1222) >T>
’ ’ ’ sox(mt1)

00 00 00 00
1+ fov11 0 0
9z _ 0 1+ fion1 O
9z ’
OO X 00
and
fov,12 0 o0
Z_| 0 fivaz O
0z
o0 X OO

Since (4.38) holds, we have
z=(fov2120 + (1 + fov.22)20, frv2121 + (A + f1.v.22)21, fav 2122 + (1 + fav22)Z2,..).

It follows that

9z _ ((3(fop2120 + fov2220) 3Cfiv2121+ frv22Z) 3(fav 2122+ fo0,2222) !
20 90 ’ 20 : 20 ) ) oy
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fo,v,21 0 o0

9z _ 0 fiv21 O ’
0z
o0 X OO
and
) 1+ fo22 0 0
8_: 0 14+ fiv22 O
d
OO X OO

So, from (4.39), (4.40), (4.43) and (4.44), we get, for 0£w = (0', J',Z,Z)" € D},

(DX, —1d)W], ,, < Ce30F V)i,

a,s+1

where D is the differentiation operator with respect to (0, J, z,z) and Id is unit matrix. Hence,

1 op F+D)
DX]:V - Id|a,s-',—1,s,D‘;‘frl X Jvi1 < Ces :
Similarly,
1 *0p Lo+
DXF, - Id|a,5+1,s,Dii1Xju+1 sCes ) (4.47)

Step 4. The estimates of the term R, ;. We now estimate the smaller term R, 4, and we will finish
one cycle of the iteration. Let

. o 1 o
kj,v+1($,w($),8)Z[;“j,v,1,1]=W / Ciwa,1(0.8, @), €)do
Tm+1
and
)\j,v+1(§’@(§)’ 8):)\.j’v(é,&)(é),E)+8%(v+1)ij’v+](§,d)(§), 8)’

then it is easy to see that Aj 1 (€, @(£), &) satisfies the conditions (4.2),.1. Moreover, from the
homological equation (4.7), we know that

Ao = (0@ J)+ Y hjost (. 0@). £)zjZ + 3 VRy1(2.2.0.8. 0(B). ).
j=0

where

Rui2(2.2,0,, &), &) =& 3042 ({g%<v+1>Rv+1 (2.2,0,E, @), ¢), F)

1
+f(1 —t){{I:IU,]-'U},]-'U}oXthdt)
0



J. Si/]. Differential Equations 252 (2012) 5274-5360 5299

By a direct calculation we can get that

RU+2(ZH 2705576)(5)!8):8% Z Z Ej,v+],ﬂ1,n2(9’§sd’)(é)vg)zr;lztjz

j=0ny+np=2

where ;j v+1nq.m, (0, s @(£),€)'s are a linear combination of the product of Bjv.n.ny (0, E, &), )
and & v.my,m, (0, €, @), €)’'s, with ny,ny, mq, my € N and ny +ny = 2, mq +my = 2. Thus, by using of
(4.1),, (419) and (4.20),

-1/2

||Eo,u+1,n1,nz||*@U+ C877?A (v + 1)6m+20 (4.48)

IX.IV
and

F PO ey =0,

- < N
03 S e 4 15, by 0,

CS__ik

[IFREEEE b i1 (449)

is true. We can suppose that

wl:

Cjv+1ny.ny :—8 $jv+1,ny.nz j=0.

Note that Ce 3+ =3 (v 4+ 1)6m+20 ce B+ =% () 4 1)6m+20 < 1 25 ¢ < 1, it follows from (4.48) and
(4.49) that
%12 .
Ijortmas I, 7, SCEXA;2 j>0.

This implies (E),+1 is defined in Dv+1 and & y41,ny,n,°S Satisfy (4.1),41.
Step 5. The convergence of transformations XV . In view of (4.46) and (4.47), by letting

Sy =Xk, : D3y x Jusr > DOF x ], (4.50)
we have
ISy — id[* . <Cesvt) DS, —Id*P <Ce3+D. (451)

a,s+1,D07; x Ju+1 as+1.5.D53 < Jo1

Now we are ready to prove the limiting transformation S o Sq o --- convergent to a transformation
> and that this transformation integrates Eq. (4.2). For any £ € J, N > 0, we denote by XN the map

IN(E)=So(:&) 0 0SN_1(5 &) : DY’ > D**(0, 1)

as usual, X9 is the identity mapping. From the second inequality of (4.51), we have

N |%0p ) *0p (u+1)
|D2 |a,s+1,s,D7\,’5><] S l_[ |Dsl”|a,s+1,s,D'fL'j_ j S l—[ +C83 ) 2
=i n=0

provided that ¢ is small enough. Thus, by using the first inequality of (4.51), we have
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*0p

N+1 _ N |* N i )
2 = 2 g shpgs <] S <|px ’as+l,s,D‘;\J’5><] IS —1d]; (41 pss v

< Ces(N+2),
So the sequence {XN} converges uniformly in D};*® to an analytic map
X% :D%(0/2,1/2) — D"(0,T1).

We remark that the Hamiltonian (4.2) satisfies (E,), (4.1),, and (4.2), with v =0, the above iterative
procedure can run repeatedly. So

o

[V(OSS)] Y &5k @, e)
f =

o0
=/Aj+ ZS%Xj,k(é,d),b‘),

k=2

=JAj+-—

where |ij,<(§,¢?), &) < CSUA 172 ,k=2,3,.... So (i) and (ii) are obtained. This completes the
proof. O

4.3. Proof of the small divisors lemma

Now we show the following the small divisors lemma which have been applied in proving the
above reducibility theorem.

Lemma4.2. Fork € Z™1, j 1e N=1{0, 1,2, ...}, there exists a family of closed subsets J;(1=0, ..., V)
Jvc--clpchic-cloc]cln/T,3m/T]
such that for & € ],

S%Q meas |
1+ ) (k| 4 1)m+3

|{k, @&)) £ 210,(5, @), €)| >

and
5 o meas ]
&3 pmeas k £0
- - - . - 1+12)([k|+1)m+3 ° m-+1 ’ .
(k. @(@) £ 224 (. @), €)| > I iZ1.1=0,...v,
&3 pmeas | k -0
B (k3> =
and

]
- A 1
meas J; >meas]<1 —Co E l—i——2>

1
i=0

where C is a constant depending on m and &. Moreover, let ] = Nizo Ji, then
meas ] > meas ] (1 — O(0)) (4.52)

provided that o is small enough.
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5301
Proof. First of all, from (4.4) and (4.13) we get
~ - - 36 _%
|0z 1j(5, @), 8)[ <Ceaa; 2.
From (4.2);, it follows that 1§, (&), &) = /Aj + O(e3) and
eil(V@. o)
2% o~ - -
|052,j1(8, (&), €) i — +Y &30 k(E @E). ¢).
2\/1 e31V 0,5 00 s
Hence, we get
4 —
- = - = 2. /A +0E3) + k,® , 1=2,...,v,
k@) & 2051 (F. (E) £) = | T2V T OE) + ke GE) (4.53)
+2./4j + (k, &), 1=0,1.
Let k =0, then
|k, @) £ 24,48, d(E), €)| > 2/3] — Ce3 > 263 /T — Ce3
8%Qmeas] S%Q meas |
142 7 142
holds provided that & and ¢ are small enough.
Now, we let that k 7 0. Note that «(§) € A, we have
(e @) > (4.54)
’ = |k|m+1 ) :

Hence, for j =0, we have

Ik, d(E)) % 2204 (E, @), €)| > |k, @®))| — 263/ [V] - |0(e3)]|
V4 1 ~ 4
2 [k|m+1 _283\/m_ |O(€§)’

E%Q meas |
T A+ Bkl + 1m3

when ¢ small enough. For j > 1, when k;; 1 =0, we assume that

j?i,l: {é J: ’(k w(é))ﬂ:ZA”(E > @), 8)‘ £3 meas | }

(1 +12)(|k] + 1)m+3
and

-U U (vt

j21 kezm+1

and when k; 11 # 0, we assume that
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N P s CE o~z s%meas]
]j,k,l_ {S Sk |(k,a)(§))i2)\171($,a)(§),8)| < ( +12)(|k|+1)m+3}

and

=UJ U (j}ik,lujj_,k,l)'

21 kezm+1

We have known that |O(8§) + (k, @(&))| <1+ |k||@&)| holds when & small enough. Thus, when

j> 1+ |k||@(&)|, we have, from (4.53)
k. (&) =221 (F, dE), £)| > |£22,4(. ). )| — |0(e3) + [k, @(E))|
>2/72 - (1 + K|6®))
>2(1+ [kl|@@)]) — (1+ kl|@@)])
> 1+ [kl|@)|.

and ]jikl are empty. So, we only need to consider the case 1< j <
1<

which implies the set %
2 and J?, where [-] stands for the integer part of -. For

1+ [Ikll@@)|] in order to calculate J°
J <1+ [lkll@@)1], we let

F@® =k, 0®) £22j,(5 @@), &)
and

(k. @@)=>"kiwi +kmi1(&).

i=1

If k41 =0, we have

d
(Z/qw, +km+1a<s>> £2:0(E 0@ )

FIAGIE

2

1V @8 el ‘

1
’ 2 2 Zg%kaéxj,k(é,d)(é),s)
\/J e3[V(0,&,0)]

d
- ’dg_)"]l E C()(S) 8

V k=2
8312 % 36 7% 8312 _c 8%1
1

-2 g3¢g4

Jza +[KIeED? =

A
! «/_(1 + [Ikllo@)])

=2
2> C2(8)es
provided that ¢ is small enough. By using Lemma 7.8 in [32], we get

_2omeas] . (4.55)
C206)(1 + 2 (k| + 1)m+3

30+
meas ]j,kJ <



P
with C3(€) := &2
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It yields that, from (4.60),

1+[lkl|wl]
702 _ T+ -
meas J;© = meas U U (Jj,k,lU]j,k,l)
0#kezm+l  j=1

<

40 meas]
X 1+ ||k =
o;égz:mﬂ( Wil @ a+ 2y + 1

_ C(é)gmeas]

1
0£kezZm+1
where C(&) is a constant depending on & only. Let |k|o := max{|kil, k2|, ..., |kms1]}. From the in-
equalities

[kloo < k| < (M + 1) k|00, (4.56)
and

> 1<2m+1DRp+ D™,
[kloo=P

(4.57)
we get

meas ]102 < C()(m+ 1)pmeas J

o0
] 12 Z(Zp 4 -l)mp—(TTH-Z)
n par

_ C(®)omeas ]
1+

by using of the convergence of >"7° ;(2p + 1M p~—m+d) Letting

Jo=J\J*, and Jia=J\J%, 1=01,..,v-1, (4.58)
then (4.39); and (4.40); hold true. let J =2, J;, then

= 1
meas | :}_i}r})lomeas J; > meas | <l —Ck)o Z T i2>
i=0

=meas ] (1 - O(0)).
Let kpm+1 # 0. From (2.14), we have

4. .1z 4.1 3wp\—2
_ R RS 38€3(=2)73 1
9 9 2
lo'(&)| =

> - =C3(&)e3
lag(@(£))] lag (e (8))] 3@

2
3

(4.59)

Wi

TACTGIN > 0. Thus, we have
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d _
‘Effk,,(s)’ =

@ (Y ko +imna® ) £ 2501650 ¢)
i\ & gl

B .
> Ik’ )] - 2’Exj,z(s,w(s), £)

2
3

@
\rmlw

[V©,& &) .
3

-1
2 [km41|C3(8)e3 — —Cie

P+eIV©.E )
> ks 1C3(E)e s _5%%[\7«),5,8)] —Cret
> C@es.

By the same argument as the above case, we have

e i < S B £ (450
and
meas J? < (E)gmeas] )]Q+ml§as / ,
where C (&) is a constant depending on £ only. Letting
Jo=J\J§. and Jua=J\J3; 1=0.1,....v-1, (4.61)
then (4.39); and (4.40); hold true. Let J =, J;, then
)
meas | = lim meas J; > meas | (1 —C&)o Z %)
oo i
=meas J(1-0(). O
4.4. The regularity of perturbation term
Set G?’j,d = G\Bﬂ,\j\.ldl and G%dl = G“ll.”j”.d””. Noting that the transformation X'*° is linear, and from

(4.38) and (i) of Theorem 4.1 we get for j=0,1,2,...
2jo X® =z;+?3fF (0:&.6)zj+ 2P [L (0:E. )
where

C.

1F700:8.0)

* T b *
ow2xi 1556088 o0 2x] <
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For convenience we introduce another coordinates (..., w_5, w_q, wg, W1, W3, ...) in lS by setting
Zo = Wo, Zo = W—0, Zj = W}, Zj = w_;j where [} con51sts of all bi-infinite sequence with ﬁmte norm

o0
2 2 2 21125 ,2a|j
Iwlizs=Iwol® +w_ol* + Y |w;[?|j|**e*.

ljI>1
Hamiltonian (3.22) is changed into
H:=Hox®=(a@&).])+ ) njwjw_j (4.62)
j=0
and
(20 +20) 0 X = S11(0, &, &)wo + S12(0, &, £)w_o,
where
S1100.8,8):=1+6*3f} L(0:8,6),  S1200.E.8):=1+*3f3 (6:&,¢)

with

| fo.00 7600 c.

Moreover, (3.23) and (3.24) are changed, respectively, into
GP=G3(z.0,E,8)0 X
1 3 = = = 3
= mGO,O,O(G’ E? 8)[511 (97 %‘a S)WO + 512(93 Ss E)W—O]
3 _ _ ~ _
+ 7[511«), E.e)wo+S10, &, e)w o] Y GJ ;40,8 e)wjwg
2v2 j+d=0
j.d0
f > G0.E wjwaw (4.63)
jEd=£1=0
j.d,I£0

and
~4 4 o _ 1 4 p p £ 4
G*"=G%(z,9)0 X =ZGOOOO(Q,5,8)[511(9,5,8)W0+512(9,5,8)W70]

3 - - 2 ~ -
+5[S110.€. e)wo + 51200, 6. e)wo]" Y Gojg(0. . &)W;wa

j£d=0
J.d#0
+[S110.8. ) wo + S120.E.e)w o] D Gfy(0.E. &) wjwaw,
jd=£l=0
Jud.10
1 - _
3 2 Cha®.&ewiwwew, (4.64)

i+ jtd+l=0
i.j.d,I£0
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G} 40.8,6)=G}; 40,E,6)(1+ g3 (0.8, ) (4.65)

with
|G? <C, (4.66)

and
é;;d,(e, £,8)= ]d (1 +sacl]d,(9,§, 8)), (4.67)

and
|G - <C. (4.68)

This implies the Hamiltonian (3.21) is changed by the transformation X°° into
H=H+ ¢G> +£2G4. (4.69)
Next we consider the regularity of the gradient of G3 and G*. Following Péschel [5], we have the
following lemma.

The following lemma was proved in [5], we only give the result.

Lemma 4.3. For a > 0 and s > 1/2, the space 1** is a Hilbert algebra with respect to convolution of the
sequences, (q * p)j:= Y qj—kPk and

lg*pllas < Cliqllaslpllas
with a constant C depending only on s.
Using the above lemma, we can prove the following lemma.

Lemma 4.4. For a > 0 and s > 1, the gradient G3 and G4 are real analytic for real argument as a map from
some neighborhood of origin in 1% into 1%5+1/2 wzth

IGo| <Clwlizs. |Gl <Clwlig s (4.70)

a,s+1/2 a,s+1/2

uniformly for (0, E)eO(0/2) x ], where C is a constant large enough as & small enough. The Hamiltonian
G2 and G* depend on the “time” 6§ = (61, ..., 0m, Ony1) = (@1t ..., Ont, € (E)L).

Proof. Due to (4.63), then for (0, &) € @(c/2) x J,

aG3
aW()

3 3 _ _ _ 2 _
< 5 5/G00@.E.0)|(Su6.E. o) Iwol + [5120.E. ) lw-0))*|5110.E. )

3 _ . _
+ = [Su@.& 0| D |3 ;408 &)|Iwjliwgl
2V2 j+d=0
7,d=£0
< (|W0|+|W—0|)2 Z |WJWd|
Frororo Pty ,4/)\.())\.])\11

j,d;éO
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Similarly, we have

‘ 9G* (Iwol +Iw—o)? ¢y wjwgl
Iw_g Hhororo jtd=0 ,4/k0k]kd
j,d;ﬁo
and for [ #0,
39G3 -
B CIwol +1w-ol) D 163,46 &.8)|lwal +C D~ |G} ;6,5 &)]Iwiwj|

+d=I +itj=I

[wiw |
< C(Iwol + 1w _ol) Z c >y ==
+d=l V”‘ titj=l VAikjh

[wjl+lw_j|

75

From Lemma 4.3, (4.65) and (3.16), and with w; = , we have

e ” = |Gy | +1Gy,, +Z|(~;‘3N’|2|l|23+182a|1|

1N=1

2
w w_ wiw,
<C<(| (1|+| ol) Z |w; d|)
~Aororo a0 ,4/)\0)» Ad

as+1/2

j.d#0
E E [wal 2 : 2541 ,2all
+C <(|WO| + |W—0|) " |l| s+1,2a|
D oecunw
>1 foy Vi ,,/AA A,
<C<2|(W*W)o|2+ ) (Vv*fv)f|l|25e20\ll>

=1
~ -9 ~ 12 \2 2 \2
SCIW Wz <C(IWllz5)" < C(Iwlgs)

as required, where C is a large constant when ¢ is small enough. Similarly, we can prove that

H ”a S+1/2 3 CIIW”as u

5. The Birkhoff normal form

In this section, we will transform the Hamiltonian (4.69) into some partial Birkhoff normal form
of order four so that it appears, in a sufficiently small neighborhood of the origin, as a small pertur-
bation of some nonlinear integrable system. To this end we have to kill the perturbation G and the
nonresonant part of the perturbation G* by Birkhoff normal form.

5.1. Elimination of Hamiltonian G3 via Birkhoff normal form

Consider a Hamilton function
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F3=C30(0: &, ©)Wg + 021 (0; E, e)Wiw_o + £12(0; €, &)wow? o + 03 (0; €, &)w?

+wo Y fo i@ Eewiwa+w o Y 2 40.& )wiwy

jd=0 j+d=0
Jj.d#0 j.d0
+ Z fﬁd,1(9,§,8)WdeWl
j+d+=0
Jod,I£0
with
0.8, 6)= Y G, e)e'? (5.1)
kezm+1
and
Fai0.8. )= Y fiE e (52)
kezm+1

By XF; denote the time-1 map of the vector field of the Hamiltonian ¢F3. Then

N - ~ ~ ~ 1 ~
HoXp, = A +6G> +e{H, F3} +e2C* + £*{G?, F3} + Eeez{{H, Fs}, F3}

1
~ 1 N ~
+s3[{c“,F3}+/<§(1 —)*{{{H, F3), F3}, Fs} + (1 —s){{c3,F3},F3}> oxgds}
0

1

+84/(1—s){{é4,F3},F3}oXSF3d$, (5.3)
0

where {-,-} is Poisson bracket with respect to the symplectic structure idz Adz+df Ad]. Now let us
write (4} = sgni - f); and compute {H, F3}.

. (0HOF; 9HdF; 9H 9F5
(A F)=i =2 - =2 ) - =2
dz 0z dz 0z aJ 20

= —iM0<3§30(9; E, &)Wp +021(0; &, )Wiw_o — £12(0; &, &)wow?  — 3203(0; &, &)W,

+ wo Z f&,-,d(o,é,s)ijd—w,o Z fio,j,d(e’é’g)ijd>

j+d=0 j+d=0
J.d#0 j.d#0

—iwo Y 340 E W)+ pny)wiwg
j+d=0
,d=£0

—iwog Y f3;40.E &) (1 + py)wiwg
j+d=0

j.d#0
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- Z [(/L/J + M:i + ,Ud;)fﬁd’l(é’ 8)]WdeWI
jEd+I=0
j,d,l#0

.- 9 _ 9 _
- <w(§), a—9§30(0; &, 8)>W8 - <w(€), 3—9@1(9; &, 8)>W(2>W—o

N 9 £ 2 N 0 £ 3
- w(&),a—am( 1E,8) )wowZy — w(E),%Em( 1E,8))wl

.= 0 _
— Wp Z <w(§),ﬁf&j,d(e,g,g)>ijd
jEtd=0
,d=0

~ = 0 _
—W_o Z <w(s)’%fio,j,d(9’598)>ijd

j+d=0

oD _
- > <w(s>,ﬁfﬁd,,(e,s,s)>ijdwl.

jEd+=0

Letting
G*+(H,F3) =0,
we get the following homological equations:

1
22

3 . _ _ _ _ B _
mcao,ow, £,6)S2,(0,8,8)S12(0,&, 8) —ipot(0,&,8) — <w(é), 5551 0: &, s)> =0,

3 - - = - -0 _

mcao,o(& £,6)51(0,8,8)5T,(0,8,8) +ij00012(0, &, &) — <67)(5)7 5512036, €)> =0,
b
2V2

3 P e £ : / / £ ~E 0 P
N R E.6)Gy ;40,8 8) —i(po+ 1+ 1y) f5 .40, 8. 6) — <w(§), 570.1.4: s,e>> =0,

3 -~ - _ .- 0 _
S50 €)Gg 0.8 &) +i(io— 1 —py) 29 40,8, ) — <w(s>, 55 20.1.40-&, e)) =0,

08,0,0(0,5,8)5?1(975, &) —3ipos30(0,6,¢€) — <w(§), @(30(9; 5,8)> =0,

- - - .- 0 -
08,0,0(9,5,8)5?2(975, €) + 3ipodo3(0, &, &) — <a)($), 8—94“03(9; 578)> =0,

1 - P : / / / = ~ 5 0 =
mcid,l(a §.e) —i(i) + mg+ 1)) f74,0.8.8) — <w(s), g [ra1@:&, e)> =0.

Let

Go00(0.8,6)53,0.8, 6)= > Ui, e)e'™?,

kezm+1
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Go0.00.8.6)5,(0.8,6)5120.8.8)= Y Vi(E o)™,

kezm+1
G000, )S11(0.5.6)5%,0.5.0)= 3 WiE e)e®?,
kezm+1
Choa0E05h0.E 0= T K&,
kezm+1
S11(0:£.6)G ;40.8.8)= > Yi(E. e)el*?),
kezm+1
512(9;5,8)53,1-@(6,5,3): Z Z4(E, £)el®O)
kezm+1
B 0.E0= Y &, E ek,

kezm+1

then from the above seven equations we get the following formal solutions:

0.5 = ,ZZ 22 i<3zl;(i fk) E G4
(080 = k§ 22 i;:kf;/i)@(g)>) o 52)
et o= k; 22 i(imff}i?d)(é))) e (56)
0= :ZZ 22 i(—;fﬁk, PRI 57)
fisa®8.0= ,; 230 + Zy,kf :a)+ T 68
Fosal05:6)= kzz 2VZi(— o +3Z2(i/il R 59)
fRa0.8 0= > Cuan&. eitkd), (5.10)

2V2i() + '+ ply + (k, @()))

kezm+1
Now we show that the convergence of (5.4)-(5.10). First of all, it is easy to see that, for any positive

integer N,

2 ~
N + (k. (E))| > 5@ meas) (511)
(

K]+ 1)

as € « 1. In fact, if k=0, then
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[N o + (k, @@))| = [e 3N [V]+O(e3)|
1

g3 (NVIV1-|O(e)])

S%Q meas |
7 (k| + 1)2m+6”

and if k # 0, then

£Nuo £ (k. 6@)| > [k 6®)| - [0(e3)| - [0(?)]

V4 1 4
Z [k|m+1 - |O(83)| - |O(83)|
£3omeas |

= (k] + 1)2m+6

provided that ¢ is small enough.
From (3.16) we get

= 1 _1
G746, &, )| <Ce30uinjra) ™1,

and by the definitions of S1; and Si2, (4.65), and the Cauchy estimate, we have

|~
|~

™
)

306, &.6)| < Ce™ 12, |c21(0.6.8)| <Ce™ 12,

Z

(2. E.e)|<Ce ., |os@.5.0)| <ce T, peo ).
| | | | "

In order to show the convergence of (5.8)-(5.10) we need the following two lemmas which be proved
in Appendix A.

Lemma 5.1. Let j, d be non-zero integers, such that j & d = 0. For the parameter set ] there is a set Jo C ]
with

meas Jo > meas J(1 — Cp) (5.12)

such that, for any € € Jo and o > 0 small enough,

2 A
-~ £3pmeas
|10+ 1 + pg + (k, @©))| > Q J vk e 7M1, (5.13)

= (k] + ])2m+6 ’
where C is a constant depending on &.

Lemma 5.2. Let i, j, d be non-zero integers, such that i + j +d = 0. For the parameter set ] there is a set
J1 C J with

meas J; > meas J(1 — Cp) (5.14)

such that, for any & € J; and o > 0 small enough,
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2 ~
g3pmeas J

m+1
W, Vk € Z N (5.15)

i+ 1+ g+ (k, )| >

where C is a constant depending on & and C, is a constant sufficiently large.

Using (3.16), (4.65), Lemma 5.1 and Lemma 5.2, we get

1
113 .40.8.&)| < Clorjrg) de73,
1

130,1.40.5.0)| < Clrorjrg) 173,

|£2,40.8. )| < EOurjr)de 3, ee@<%>.

Consequently we have found a quasi-periodic function F3 analytic in O( 0y for Ee J N JoN Ji
such that G3 + {H, F3} = 0. Therefore, we obtain the new Hamiltonian

H=H+¢2G*+ &R11 + €*R12, (5.16)

where

1
~ ~ 1 ~
R11 :{G“,F3}+/<(1 —-){{G? F3},F3} — >a —s)z{{G3,F3},F3}> o X}, ds,
0

R12 :/(1 —9){{G* F3}. F3} o X}, ds.

5.2. Elimination of all terms of degree 4

In this subsection, we will eliminate some resonant terms in G4. We first give the following three
lemmas which will be applied in the sequel and will be proved in Appendix A.

Lemma 5.3. Let j, d be non-zero integers, such that j &+ d = 0. For the parameter set ] there is a set J, C ]
with

meas J, > meas J(1 — Cp) (5.17)

such that, for any & € J, and o > 0 small enough, if W+ py # 0, then

2 A
g3pmeas J

+1
W’ Vk € Zm ) (518)

W+ + (k. @@)| >

where C is a constant depending on E.
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Lemma 5.4. Let j, d be non-zero integers, such that j &+ d = 0. For the parameter set ] there is a set J3 C ]
with

meas J3 > meas J(1 — Cp) (5.19)

such that, for any & € J3 and o > 0 small enough,

2 ~
g3pmeas J

+1
W . Vk € Zm . (520)

2m0 % (W) + 1) £k, @) >

where C is a constant depending on E.

Lemma 5.5. Let i, j, d be non-zero integers, such that i + j + d = 0. For the parameter set ] there is a set
Ja C J with

meas J4 > meas j(l — CQ) (5.21)

such that, for any € € J4 and o > 0 small enough,

2 ~
g3pmeas |

m+1
W, Vk € Z 5 (5.22)

o % (1 + W + wy) £ (k, @) >

where C is a constant depending on & and C, is a constant sufficiently large.

Let £, ={(, j,d,I) € Z* 0= min(|i], |jl, |d], |I|) <n}, and N, C L, be the subset of all (i, j,d,l)=
(p, —p,q, —q). That is, they are of the form (p, —p, g, —q) or some permutation of it.

Lemma 5.6. If i, j, d,l are non- zeromtegers such thatl:i:]ﬂ:dj:l_o (i, j,d,l)ye Ly\Nyor(i,j,d 1) eN
and k # 0. Then, for the parameter set ] there is a subset J5 C J with

meas J5 > meas ] - (1 — Cp) (5.23)

such that, for any & € J5 and o > 0 small enough,

2 A
g3pmeas J

m+1
W . VkeZ (524)

i+ 1+ g+ g+ (k E)] >
where C is a constant depending on & and C, is a constant sufficiently large.
Let J=J>NJ3N J4N J5 and
J=]n],
it is obvious that
meas ¢ > meas] -(1-— ég).

By the above three lemmas, we can prove the following proposition.
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Proposition 5.7. For each finite n > 1, there exists a real analytic, symplectic change of coordinates X in
some neighborhood of the origin on the complex Hilbert space 1** such that the Hamiltonian (5.16) is changed
into

HoXp, =H+ee’2525 + 22020 Y | cjzjzj+ 2020 Y Cj2jZ

1<jgn j>n
+ 862G +&%G + 3K,
where
K = R11 + €R>a,
_ 3[] _1 2 _1
= —¢e 3(14+0(e3))+0(e™2),
= o=t 1 olh) o)
3[¢] 2 _1
Cj:g\/m(1+(')(€3))—l—0(8 3)’
and

5 1 5 2 2
G=5 > Gylallzl

1<min(i, j)<n

with uniquely determined coefficients

i 24[G1;;1 = 2 +wl<s e), i#],
Gim N (5.25)

12[Gh;] = e +w1]<s ), =]

Whe‘e
0 1 ’ 0 _16

with limg_,g0(1) =0, and w,-j(é, &) depends smoothly on & and & and there is an absolute constant C such
that ||w; (&, 8) ||’;¢ < Ce2/3 for & small enough, while Gis independent on the coordinates in {zo, z1, ..., zn},
and we have

IG1=0(lzla5).  IKI=0(llzll}s).
uniformly for Im6| <o /3,& € F 2= (Znt1, Zn2, - - )

Proof. Let

G* = x40(0, &, e)wp + X310, &, e)wagw_o + x22(0, &, e)wiw?
+ x13(0, &, &)wow? o + x04(0, &, e)w?,
=4 z —4 z
+wg Y G0 & Owjwa+wow o Y Gyja0.& )wjwy

j+d=0 jEd=0
j.d#0 j.d#0
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_4 - A -
+wl, Z G02ja0, &, &)wjwg + wo Z g;*jd,(e,s,s)ijdwl

jEa=0 jd+l=0
J.d70 j,d,I£0
TW-o Z égjdl(g’ E, e)wjwgw,
JjEd+I=0
j.di1£0
+ Z gédl(e’é’S)WinWdWl
i+j+d+l=0
ij,d,l0
with
Xij(0.§, &) = Z Xij (B, £)elk?),
kezm+1
g?tjd(g’ é, £)= Z g?tjd,k(é’ rE;:)ei(k,ﬂ)’
kezZm+1
gA;ljdl(Q, 5‘, &)= Z gA?jdl,k(é’ E)el(k,Q)’
kezm+1
and

Gha®.&.6)= Y GhyE e)e?.

kezm+1

Consider a Hamilton function

Fa=0840(0,&, &)W +631(0, &, e)wgw o + 8220, &, e)wgw?
+6813(0, &, )wow’  + 80a (0, &, £)w?

+w§ Y frja® E owiwa+wow o Y fihig(0.E &)wjwg

j+d=0 j+d=0
j,d#0 j,d#0
2 4 z 24 z
+wo Z fo2ja@. &, &)wjwg + wo Z flia6,& e)wjwaw
j+d=0 j+d£l=0
j,d#0 j,d,I0
4 _
+w_o Z fzjcu(@,g»g)ijdwl
jd£l=0
jud,I£0
P
+ Y [0 E eywiwjwaw,
i+ jd+1=0
i7.d.1£0

with

5ij(0,€,8)= Y Sk, e)e'?,

kezm+1

5315

(5.26)

(5.27)
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f;jd(esé,S): Z f?tjd,k(éag)ei(k'e),

kezm+1

}-_:ljdl(eyéag): Z };ljdl,k(é,g)ei<k’9>,

kezm+1

and
fi‘;dl(97§s<9)= Z f;}d,’k(g,s)ei(kﬂ),
kezm+1
where
Sao k(. 8) = M, ke zZmt,
i(4po + (k, 0(&)))
831k, €)= M kezmt
iuo + (k, @(£)))
X22.k.8) k0,

S22k, &) =] ka®)”
arbitrary constant, k=0,

= _ X]3,k(§’ 8) m+1
S13.k(5,8) = e — ko®) kezmtl,
ooy Xoak (. €) Ml
Soa.k(,8) = T — k. o®) kezm™tl,
—4 -
f;ojd,k(é, &) = gzo].d’k(é’ ?) , ke zmt ,

iCpo + 1+ wy + (k, @()))

I3 PRGLER SOl
arbitrary constant, k=0, M; + Mé =0,

k#0o0rk=0, uj+ uy #0,

ggz;’d,k(é, €)

i4' .8)=— 7 7 = keZ™
02jd.k —iuo — p; — wy — (k, @(&)))
o I )
. 1jdlk m+-1
Ee) = ——, keZ ,
Frja k(& i(10 + W + g + 1y + (k, 3(€)))
A i G (€, e
o) = 2jar k(€ €) K e 7mH

—i(po — = g — 1y — k. OE)))’

and
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Griai€.©)

Wi+ kD))

0,

for (i, j,d,l) € Ly \ Ny

or (i, j,d,l) e Nyand k #£ 0,

for (i, j,d,1) & Ly or (i, j,d,1) € Ny, k=0 (5.28)
and pu; + W+ py + ) #0,

arbitrary constant, for (i, j,d,1) € Ny, k=0and pu} + pL/j + ué + Mf =0.

By X}4 denotes the time-1 map of the vector field of the Hamiltonian 2 F4. Then

H Oxll‘"4 = I:I + 82(g4 + {I:L F4}) +83R1] +84R22,

where R1q is defined in (5.16) and

Ry =

1

{eR11 +G* F4}o Xg, ds+Rizo Xi, + /(1 — s){{ﬁl, F4}, Fa} o X}, ds,  (5.29)

0

where {-,-} denotes the Poisson bracket with respect to the symplectic structure idz Adz +d¥ And].
Now let us compute G* + {H, F4}.

G +{H, F4}=(X40(9,§,8)—4iU«084o(9,§,8) <a)($) —840(0, €, 8)>)

+<X31(9,§,8)—2i/¢0531(9,§,8) <a)($) —831(0, €, 8)>>W0W 0
+ (m(ehé,e) <w<s) — 82206, €, e>>>w3w20

+ (;m(e,é,e)+2m0513(9,§,e) <w(s) —813(0. &, s)>>wOw3_o
+ <X04(9,§,€)+4i,u0504(9,§,€) <w(5) —804(0, &, 8)>)

_4 - . - -
+wp Y (gzojd(g, E &) —i(2mo+ W) + 1y) f204(0. €, €)
j+d—0
L a0

<w(e§) fzo]d('9 E, 5)>>Wde

_4 - . / - -
+wow o Y. (gzmw,s,e)—l(uj+ug,)f;‘2]-d(0,s,s)
j+d=0
j.d#£0

LoD -
_ <w(§), %f;Zjd(e’ £, 8)>) wiwg
Ty Y (aézjdw,é,sm(zuo—u;—ua)faz]-dw,m

j+d=0
J,d#0
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.= 0 —4 -
—(w(§), ﬁfozjd(e,fy ) Wjiwqg

wy 3 (0.8 0~ iuo-+ )+ st + ) 0.2
j£d+=0
G,d.1#0
T PO
—\@E). - fja®.8.8) ) Jwjwaw
wo Y (S4B 00+ (a0 — 1~ 4y~ ) . E )
jEd+I=0
j,d,1£0
I PO
- w(S)»ﬁfzjdl(Qf,s) Wjiwgqwi
+ ) D [GhanC ) —i(ui + )+ pg +
Yitjrdii—o keZm+1
i,j.d,1#0
+(k,cb(é)))f,"}d,,k(é,8)]6“""’)}winWaWI
- _4 -
= [x226,, &)]wiw?, + wwaoZ#ngzﬁ,o(s, E)WjW_j

+ Y [GhaeE o) —i(uf+ i)+ g+ ) fila oG o) wiwjwaw,
(i,j,d,heNy

+ > { > [GhaxE o) —i(ui+ i+ iy +

(i,j,d.NeNy * 0£kezm+1
+<k,65(5)))f§d1,k(§,8)]€i(k’9>}WinWdW1
+ ) { > [GhanC ) —i(u; + )+ py +
(i,j,d,heLn\Nn * kezm+1
+<k,67)(5)))f§d1,k(§,8)]€i(k’9>}WinWdW1
+ Y { >0 (G anG o) =i+ + wy +
(i,j,d,D¢Lyn ~ kezm+1
+(k, @) g1 & &) ] ? }w,-w jWawi
_ _4 —_
=[x2200. &, &)]wgw2o + wow 0} Gnzjjo@ YW

4 4
+ Z [Giia]wiwjwaw + Z GijaWiW jWqw)
G, j.dDeN, (i,j,dD)¢Ln

- 74 -
= [x2200.&.&)]Wiw? o + wow_0 Y Goyjj oG O)Wjw_;
j#0
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1 5 4
+ = Z gijWiW_inW_j-i- Z gijleinWdWI
1<min(, j)<n (i,j,d,¢Ln

= [%22(0.8.&)|W3w2 + wow_0 Y Gy jj 0 €. )Wjw_j + G +G.
j#0

Re-introducing the notations z;, zj and counting multiplicities we have
~ 1 ~
_ 71215012
= Z Gijlzil*|z;]
1<min(i, j)<n

with uniquely determined coefficients

24[Gh 1= PR _ 4 i # ],
Gy = [Giijj] = T wij(€.e), i#]

(5.30)
12[G41 = 22 + o € o), i=j,

where

ag = 15~|—o(1) bo = 27—i—o(l)
0="7 , 0="75

with limg_90(1) =0, and w-jj(é, ¢) depends smoothly on £ and ¢ and there is an absolute constant
C such that ||y (€, 8)||} < Ce2/3 for ¢ small enough, while G is independent on the first n + 1
coordinates. By a direct calculation we get

£ 1 3 4 £ 2 £ 2 £
[X22(95E’8)]:W f [560000(99$78)511(93598)5]2(97558)

Tm+1

9,/-1
sw Y Gao(6.€,6)(531 (6,8, £)512(0. 8, )¢12(0, &, )

+53,(0,€,8)¢03(0, &, €)
— 511(0,€,€)S1,(0,&,8)021(0, &, ) — S3,(0, &, €)¢30(6, &, e))] do

_ 309l
16V

1

g3 (1+0(e3)) +0(s2) =0(e 1) i=¢

and

_ _ 1
[G226.8.0)] = e /[ Gy (6.8.6)S11(0.8.8)S12(6. 8. 8)

Tm+1

3v-1

Y3

+G000(95578)5%1(97558)512(97578)f30’j,]'(9’§s8)
— S12(0.8.6)521 (0.8, £)C3 ; ;6.5 8)

(S110.8.8)012(60. £, £)G3 ; (0.5, &)
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— Gooo(0,&,8)S11(0,€,8)5T,(0,8,6) f3 ; 6,€, ) + 0(8*%)} do

- (1+0(e3)) +0(e73) = 0(e73) i=¢j, j#0.

Hence, we have

H OX}:4 =H -}-6822(2)2(2) -‘1-822020 Z CijEj +8ZZOZOZC]'Z]'2]‘
1<j<gn j>n

+e2G+ 626+ 3K,
where K =R11+€Rxp. O

We introduce the action-angle variable by setting

Zi= \/Tje_iéjv Og]gn, (53])
! zj, j=>n+1. '

By the symplectic change (5.31), the normal form becomes

[ 702,252 4 o2, 5 > 2, > 5 25
H +ce“z5zg + 72020 Z Cjzjzj+ €°2020 chzjzj-i-s g

1<j<n j=n
=(@@). J)+pmolo+c®IF+ Y (j+elocj)lj+ Y () +&%loc))zjZ;
1<j<n j>n
g2 .
+ (AL D) +&%(BI, Z),
with I =(I1,..., In), A= Gipi<i.j<n B = Gij)1<j<n<i and Z = (1za1?, |Zn12]?, - ).

Now let us introduce the parameter vector & = (éj)ogjgn and the new action variable and p =
(0j)ogj<n as follows

li=e&j+pj, &elo 1], |pjl<e’, 0<j<n,

Clearly, déj Adlj = déj Adpj. So the transformation is symplectic. Then the normal form is changed
into

1702252 2 > > 2, > 7 25
H +ce“zgzg + ¢ zozozlgj@cjzjzj—ke 2020 chzjzj+€ g
j>n
2(5)(5),]>+<M0+2583§o+83 Z Cjéj)ﬁO‘i‘ Z (1) + 3Eoc) pj + ce2 g
1<j<n 1<j<n
~ 2 ~ 2, = ~ _ 83 ~ o~ 83 5 2o
+doe® Y Cj,Oj+Z(/Lj+8(8€o+po)Cj)Zij+7 > Giipigj+ — > G

1<j<n j>n 1<i,j<n 1<i.j<n

2
e . .~ .
+= > Gipidi+e Y. GikilziP+e* Y Gydilzil*.

1<i, j<n 1<i<n<j 1<i<n<j
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Hence, the total Hamiltonian is

H=<d)(§),]>+d)0,50+ Z ijﬁj+25»j2j2j

1<j<n j>n
g3 ~ = &3 5 2~
+ 5 Z Gijpi&j + 5 Z Gij§ipj
1<i,j<n 1<i.j<n
+¢? Z Gijkilzj1> + P, (5.32)

1<i<n<j
where

@o = po +2c&38 + &3 Z cjj.
1<j<n

@j=pj+€ec;, j=1.2,....n,
hj=pj+ekc;, j>n,
P=¢’G+e’G+e°K
with G = O(151%) + O(AIIZI).
Next, we will give out the estimates of the perturbed term P. To this end we need some

notations which are taken from [4]. Let I%“S is now the Hilbert space of all complex sequence
w=(..,wq, wy,...) with

2 21125 ,2a|j
Iwlizs= > 1wjlPjPe*l <o, a,s>0.
j=n+1

Set x = (8o, ) ® 0, with 8 = (0))1<j<n. ¥y = (J, fo) ® B, p = (P})1<j<ns Z = (2j)j>n+1, and let us
introduce the phase space

POS = T2 o O 5 05 195 5 (x, y, Z, 2)
where T™++2 js the complexiation of the usual (m + n + 2)-torus T2, Set
D(s',r):={(x.y.2,Z) e P**: [Imx| <5, |y| <12, | Zlla;s + | Zlla,s <T}-

We define the weighted phase norms
1 1 1 -
(Wi =[Wlsr= x| + r—zlyl + 2 1Zllas + 2l Zllas

for W =(x,y,2,27) € PS5 ‘with 5 =5+ 1. Denote by ¥ the parameter set # x [0, 1]m++1 For a
map U : D(s',r) x X — PS5, define its Lipschitz semi-norm |U|r£:

|AA U|r
IUIE = sup —=—,
Exe 1€ —§|
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where AgéU =U(, é‘) —U(-, &), and where the supremum is taken over X. Denote by Xp the vector

field corresponding the Hamiltonian P with respect to the symplectic structure dx A dy +idZ AdZ,
namely,

Xp = 8y P, —0xP, V5P, —VzP).

Lemma 5.8. The Perturbation P(x,y, Z, Z; {) is real analytic for real argument (x, y, Z, Z) € D(s’, ) for
some given s',r > 0, and Lipschitz in the parameters £ € X, and for each £ € X its gradients with respect to
Z, Z satisfy

9zP, 35 P € A(1%,1%51/2),

where A(1%5,1%5%1/2) denotes the class of all maps from some neighborhood of the origin in 15 into 145T1/2,
which is real analytic in the real and imaginary parts of the complex coordinate Z. In addition, for the perturbed
term P we have the following estimates

7 7
sup |Xplr < Ce2 sup |3 Xplr < Ce2,
D(s',r)yx X D(s',r)x X

wheres' =0 /3 andr =e.

Proof. For 0 < j <n, it follows from (5.31) that |8§jwj| < Ce? and 105, Wjl < Cs‘%, where wj =z;
or wj =zj. From (5.31) and [ Zllgs <1 =¢, we get ||zllgs < Ce? where z = (20,2) ® Z with
z2=(z1.....2y). In view of |G| = O(e*), |G| = O(*) and K = O(e?), it follows that [P| = O(e?)
on D(s’, 2r). Using Cauchy estimates for dxP, dyP, ;P and 8z P, we obtain |9xP| = 0(8%), [0y P| =
O(&‘%), |07 P| = O(&‘%), |dzP| = O(&‘%) on D(s',r). Hence, we have supp rxx [Xplr < Ce?. Using

. . . 7
again Cauchy estimates with respect to &, we also have supp 1y« 5 10: Xplr < Ce2. O

6. An infinite-dimensional KAM theorem for partial differential equations
In order to prove our main result (Theorem 1.2), we need to state a KAM theorem which was first

proved by Kuksin [1,31]. Also see Pdschel [4]. Here we recite the theorem from [4].
Let us consider the perturbations of a family of linear integrable Hamiltonian

1 1 &
Ho=) @j®yj+5 D 2@ (uj+v)),
j=1 j=n+1

in n-dimensional angle-action coordinates (x, y) and infinite-dimensional Cartesian coordinates (u, v)
with symplectic structure

n
dej/\dyj—f- i duj Advj.

j=1 j=n+1
The tangent frequencies & = (&, ..., y) and normal ones 2 = (f)n+1,5§n+2...) depend on n pa-
rameters
&ell CR",

with IT a closed bounded set of positive Lebesgue measure.
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For each £ there is an invariant n-torus 7;' =T" x {0, 0, 0} with frequencies ®(£). In its normal
space described by the uv-coordinates the origin is an elliptic fixed point with characteristic frequen-
cies Q(S). Hence 7' is linear stable. The aim is to prove the persistence of a large portion of this
family of linearly stable rotational tori under small perturbations H = Hy + P of Hyg. To this end the
following assumptions are made.

Assumption A (Non-degeneracy). The map & — @(£) is a lipeomorphism between IT and its image,

that is, a homomorphism which is Lipschitz continuous in both directions. Moreover, for all integer
vectors (k,l) € Z™" x Z*° with 1 < || <2,

meas{£: (k, ®(&))+ (I, 2(6))=0} =0
and
(L2®)#0 onm,

where meas denotes Lebesgue measure for sets, |I| = Zj |lj| for integer vectors, and {(-,-) is the usual
scalar product.

Assumption B (Spectral asymptotics and the Lipschitz property). There exist ¢ > 1 and § <7 — 1 such
that

Qi) =jS+---+0(j),

where the dots stands for fixed lower order term in j, allowing also negative exponents. More pre-
cisely, there exists a fixed, parameter-independent sequence §2 with £2; = j¢ + ... such that the tails

2j — ©2; give rise to a Lipschitz map
5 5. . -4
;-8 1T—12,
where I%, is the space of all real sequence with finite norm |wlp = sup; |w;j|jP.

Assumption C (Regularity). The perturbation P(x,y,Z,Z;€) is real analytic for real argument
(%,¥,Z,Z) € D(s,r) for given s,r > 0, and Lipschitz in the parameters & € I1, and for each & € [T
its gradients with respect to Z, Z satisfy

p=>p, forg>1,

Pz.Py € A7), {13>p forg =1

where A(I%P, [%P) denotes the class of all maps from some neighborhood of the origin in I[P into I%?,
which is real analytic in the real and imaginary parts of the complex coordinate Z.
We assume that

D15 +12155 7 <M<oo, |@7"

L
o <L <oo. (6.1)

In addition, we introduce the notations

(e =max<1,

>, A=1+IkI",

> Jl
j

where T > n+ 1 is fixed later. Finally, let Z = {(k,]) #0, |l| <2} C Z" x Z*°.
We can now state the basic KAM theorem which is attributed to Pdschel [4] (see also [5,31]).
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Theorem 6.1. (See [4, Theorem A].) Suppose H = Hq + P satisfies Assumptions A, B and C, and

o
e= sup |Xplr+ sup —|Xp|f < ya, (6.2)
D(s,ryxIT ps,ryxin M

where 0 < o < 1 is a parameter, and y depends on the parameters described below. Then there is a Cantor
set I, C IT with meas(IT \ I1y) — 0 as a — 0, a Lipschitz continuous family of torus embedding @ : T" x

Iy — P%P and a Lipschitz continuous map @ : Iy — R™, such that for each & € IT, the map @ restricted to

T" x {&} is a real analytic embedding of an elliptic rotational torus with frequencies @ (&) for the Hamiltonian
Haté.
Each embedding is analytic on [Im x| < % and

o ce
|® — Bo|r + — & — DolF < —,
M o
N ~ o 2 ~
& — & + M|w—w|£ < ce, (6.3)

uniformly on that domain and T, where ®q : T" x IT — 7' is the trivial embedding, and c < y~1 depends
on the same parameters as y . A

Moreover, there exist a family of Lipschitz maps @; and Aj on IT for 0 < j € Z satisfying o = &, Ag = §2
and

~ N [C2N L
|a)j—w|+M|a)j—w| < ce,
~ [0 N
|Aj_-Q|—8+M|Aj—Q|£5<C€7

such that IT\ Iy C | ’R,{_,(a), where

‘ D l
Ri0) = {5 e IT: (k. &;(®)) + (. A))] ga%}

k

and the union is taken over all j > 0 and (k,1) € Z such that |k| > Ko2J~1 for j > 1 with a constant Ko > 1
depending only onn and t.

Concerning the measure of the “bad” frequency set I7 \ I1y, we recite Pdschel’s theorem [4]

Theorem 6.2. (See [4, Theorem D].) Suppose that in Theorem 6.1 the unperturbed frequencies are affine func-
tions of the parameters. Then there is a constant ¢ such that

L 1 @ . 1, forg>1,
meas(I1 \ I1,) < ¢(diam IT)" ' a#, = p 1
K= /3)° forg =1,

for all sufficiently small o, where @ is any number in [0, min(p — p, 1)), and where, in the case ¢ =1,k isa
positive constant such that

N N

Qi —2;

= =14+0(j7"), i>j (6.4)

uniformly on I1.
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In order to apply the above theorems to our problem, we need to introduce a new parameter @
below.

For any £ € _#, we have a(£) € A,. Hence, for fixed w_ = (@', w?,...,0™) € D4 and o™ () €
A, arbitrarily. For

@) € 2:={@E) = (@1,...,0m aE) €Da x Ay | |wi — 0| <,

a) — o™ @) <},
we can introduce new parameter @ = (@1, @3, - - . , Om, ®m+1) by the following
wi=w! +3@;, @jel0,1], j=1,2,....m,
a@) =" @) +EDdni1. dni1 €[0,1].
Hence, the Hamiltonian (5.32) becomes
H=(d@©),§)+(2), Z)+ P (6.5)

where (&) = @) ® 0o ® @ with ® =& + 3AE, QE)=f+&°BE, and é =0 @& @& and & =
(517‘--7511),

j/zj@ﬁO@ﬁ, &Z(d)],...,d)n), ,éz(in+l,in+27~--)-
Lemma 6.3. Let [T = [0, 1]™+"+2, Then we have Xp € A(I%5,1%5+1/2) and

7 7
sup |Xplr <Ce? sup 3, Xplr < Ce2.
D(s,r)xIT D(s,ryxIT

The proof of the above lemma is the same as one of Lemma 5.8.
7. Proof of main theorem

In the following, we will verify Assumptions A, B and C for the above Hamiltonian (6.5). Recalling
(5.25), we have

Bbg £ Bag £ Bag £
o T8 =+, e) i T, €)
Bag = Bbg = Bag P
5 w3 (E, e 20 L€, e won (£, €
A= Cicijan= | 7V TP0EE g, R, e) o T @ 8) ,
Bag = Bag = B_bo =
ENEVE +omEé. ) Tomrs +on26.€) Thn +@m(é, e) nxn
Bag = Bag =
s T P11, ) T T P16, 8)
~ Bag = Bag =
B := (gij)1<j<n<i = T2k + wn+2,1($7 8) T Pns2in + wn+2,n(‘§7 8)
ocoxXn
and
9 5 5
1x1 1x2 1xn
5 9 5
imAe 22 | 21 »a | .= D,
£—0 167 | ... ...
S5 5 9
nx1 nx2 nxn
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1 1
n+DHx1 7 m+DHxn
. 1 1 -
IimB=——— | Gmr2xi =~~~ @+r2)xn =D.
£—0 4

ooXn
Setting 1 = (1,2,...,n) and ¥ = (n+1,n+2,...), and defining the matrices
E:=diag[ii] and F :=diag[¥],

we can rewrite D and D as

D=——— “1AE™! and D=-—F'BE!,
where
9 5 5 1
S IS
5 5 ... 9 Y

We know that det D = 0 since det A = 4"~1(4 + 5n) 0. Therefore, we get det A # 0 provided that
0 < &£ < 1. Moreover, by the definition of @, we get that

N Imy1 0 O
w3 _
EZS 0 2c Y|, foréell,
0o Y A
where Ip,1 denotes the unit (m+ 1) x (m+ 1)-matrix, Y = (c1, ¢2, ..., ¢y) and YT denotes the trans-

pose of Y. In view of ¢ = O(e™ 1), ¢j = O(e3) and

1 —YA "\ /2t Y 1 0\ [(2c—YA'Y"T 0
0 I Y A)\-A"YT 1) 0 A’

det 2 v #0
YT A

provided that 0 < & « 1. Therefore, the real map & — @(&) is a lipeomorphism between 7 and its
imagine.
For any k € Z™t247 we write

we get

k=(ki, ko, k3), ki €Z™, kyeZ, kseZ".
Let
VE) = [k, &) + (I, 2©)) = k1, DE)) + kacro + k3, &) + (ks, €3 AE) + (I,  + &> BE),
A:={tem: YE) =0}

We need to prove that meas A = 0. To this end we divide two cases.
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Case 1. Let ky = (k', k2, ..., k™ k™1) £ 0 and write

(k1. 0@)=> Ko+ k™ aE),

i=1

then there exists some 1 < ig <m such that ki £ 0. Observe that &g, & and 8 do not involve the
parameter @. Then

P )

E) =kiog3£0, 0<ex1.

dwj,

This implies meas A = 0.
Case 2. Let kp # 0, then
0 _

YE) _ 2z 1 0(ed) 20
9o

which implies meas A = 0.
Case 3. Let ky =ky =0, then

V(E) = (k1, ) +kaddo + (k3, @) + (ks, £ AE) + (I, B + &> BE)
= (k3, @) + (ks, £> AE) + (I, B + &’ BE)
= (k3, @) + (I, B) + €*(Aks + BT 1, €),
where BT is the transpose of B. (Note that A is symmetric.) We claim that either (ks, &) + (I, B) # 0

or Aks 4+ BT1 0.
Since

lim (Aks + B'l) = Dk3 + D'l
e—
and

lim ((ks, @) + (I, ) = (k3. &) + (L, B)

£—0

with & =(1,2,...,n) and /§ =(Mm+1,n+2,...), it suffices to show that (k3, &) + <I,3) #0 or Dk +
DT+ 0. The result is proved in [5] (see Lemma 6 in [5]). Hence, we get that (k3, &) + (I, B) # 0 or
Aks + BTI+£ 0 as 0 < & « 1. Moreover, it is easy to that (I, 2&)) #0as0<ex1,with1|l|<2
and & e I1. This completes the verification of Assumption A.

Note that Aj = j? +e5[0] and
> 2k
pi=yri+Y e3hk(E a@).€),
k=2

we have Qj =jS+ ... with ¢ =1, and Qj = (}j — j is a Lipschitz map 2 : I1 — Igo’S with § = —1.
Thus, Assumption B is fulfilled for £ with § = —1 and ¢ = 1. Assumption C can be verified easily
fulfilled by Lemma 5.8, letting p =s+ 1/2, p =s. Using &(&) = (&) ® o ® (& + £3AE) and 2(§) =
B + &3BE we find that (6.1) is satisfied with M = C1&2 and L = Cye~1/2
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Now let us verify the smallness condition (6.2) in Theorem 6.1. By letting o = e~ with 0 <1 < %
fixed and Lemma 6.3, we have

o
sup |Xplr+ sup  —|Xp|f <ya,
D(s,ryxIT D(s,r)yxI1

if 0 < & < &™ with a constant ¢** = ¢**(y, C). This implies the smallness condition (6.2) is satisfied.
Next, Let us check the conditions of Theorem 6.2 for the Hamiltonian (6.5). First of all, we remark
that @ (&) is affine function of the parameter &£. And by

Qj=pj+e3BEj, j=n+1,

we have 2; = j+ 0(j~"). Thus, for i > j,
& — b .
S =1ol)

This gives k =2 in (6.4), and we can choose ji = 25 in Theorem 6.2.
Let us run Theorems 6.1 and 6.2 for Hamiltonian (6.5). Then there is a subset [T, C IT with

meas(I7 \ [y) < el 2 MMM+ (diam 1) H ot < Ce~ 2ol < ¢,

and a Lipschitz continuous family of torus embedding & : T"t™+2 x [T, — P%S+t1/2 and a Lipschitz
continuous map & : e — R™™M+2, such that for each & e IT, the map @ restricted to TM+2 x (£}
is a real analytic embedding of an elliptic rotational torus with frequencies (f)(g) for the Hamiltonian
H at &£. Moreover, |cf)(.§) —wE)| < ce? and (6.3) holds. We return from the parameter set I7 to

T (w_, wm+1) =2 x [0, 1",

Let

H*z U H*((l)_,a)rll+1),

_, @™ eD %A,

where w_, ™! are chosen such that IT*(w*, @™ ") N T* (@™, &™) = 0 if (@, ™) #
(w**, w’f“**). Hence, we get a subset [T} C IT* such that

Ze=M}CDaxA, x[0,1]" Cc ¥
with
meas(X \ Xg) < €.
Therefore, for the new parameter set, we have that there are a LipschitzAcontinuous family of torus
embedding @ : T2 x ¥, — P%s*1 and a Lipschitz continuous map @ : Xy — R™t1+2 sych that

for each £ € X; the map @ restricted to T™"+2 x {¢} is a real analytic embedding of an elliptic
rotational torus with frequencies @(&) = (@ (§), (@j)ogj<n) for the Hamiltonian H at £. And
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o
@ = Polr + 1210 — @olf <ce? 0 =ce, (71)
2 o 2 L z
& =]+ lo®) - ©]" <ce?, (7.2)
where @?(§) = ®(&) and & = (w, a(€), &, &1, ..., &1). Therefore, all motions starting from the torus

@ (T2 x 3.) are quasi-periodic with frequencies @(&). By (7.1) and (7.2), those motion can written
as follows:

Po(®) =0(g?),  bo(t) = dot + O (&),
pi=0(e?), dj=0jt+0(s"), j=1,2,...,n,

1Z0)], =06,  00)=0Et,

where Z = (zj) j>n and we have taken the initial phase é,- (0) = 0. Returning the original equation (1.2),
we may get the solution described in Theorem 1.2. O

Appendix A

In the whole of this section, we denote by C, the universal constant depending on & if we do not
care its value. Recall (4.3)

oo
. 2~ 2%k~ = L= . 2 4
pi=\P+esV1+) e3h1E 0@),e) =y 2 +e5[VI+0(e3) (A1)
k=2
and let
m
(k. @)= kmwm + km10(E).
i=1
Proof of Lemma 5.1. Let
gja(e, &) = 1 + pig.

Then

g1(8,€) = +pu0+ gja(e, &) + (k, ©(§))

= i<8%\/ V14> 63 iok(E o), 8)) + (V Pred+Y e3iuE ad), 8))

k=2 k=2
+ (x/d2 +e3[01+ Zs%kid,k(é, o), s)) +(k, &(&)). (A2)
k=2

Case 1. k = 0. We have

g1(8,§)=i<j+
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Case 1.1. If £j +d =0, then
e3[V] \4
g1, B)| =34/[V1— - —|o(e3)|
Vit+ed+j Ja2+ei[0]+d

2 A
1 g3pmeas J
>Ce3 > ——
(|k|_|_])2m+6

win

&

If £j+d#0, then

2 A
= 1 g3pmeas J
g, >1—-|0(&3)| 2 ————=.
1.5 > 1-[0(e3)| > o i
It follows that inequality (5.13) holds true in the case k = 0.
Case 2. k # 0. It suffices to investigate the following two cases.
Case 2.1. Let gjq(e,&) = j4j + pq. Assume j,d > 0 without loss of generality. Then

] ) o 2
g1(8.8) = gja(e. &) £ o+ (k. &)= j+d+ il

(RN

e31V]

+
ViR+ed I+ a2 redvlvd
63/ [V1+0(e3) + (k. 6@)).

Let
E%Qmeas]
10 _Jg_-73. P
and

= U URrjde

(A3)
0#kezm+1 j.d
Case 2.1.1. If k41 =0, then we have
g3 ULl e5 L[V &5 (V)
4
’ _g1(c, s>’ — ’ —~ +0(e3) + knp1o' )
24/[V] 2\/] +83[V] 2\/d2+83[V]
o3 V]
9E 2 a2
> —Ce3 >Ce3
2J1V1

s’ ()[V]
Case 2.2.2. Let kpy41 # 0. Write ni(é) =kpi1o’ (S) + m and note that
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and &3 n+(£) are nonzero constant when 7 (£) # 0. Therefore, we get

‘ gg1(8 S)‘ km+106(§)ﬂ: = —‘ — +0(€§)‘
24/[V] 2\/124— 3[V] 2\/d2+83[V]
1y 1 = 1
=e&3[le3ne®)| - |O(e3)]]
and
d O3] >0, ifne@) =0
' 616.5) > :' 1= 0. @) (A4)
ifne(6)#0
provided that ¢ is small enough. By using Lemma 7.8 in [32], we have
5 A
meas Rld S g meas J (A.5)

C(k| + 1)2m+6”

Note that meas R}qu is empty when min{j,d} > 1+ |k||@(§)|. Therefore,

meas ] =meas | J (JRj3,

0#kezm+1 jd

20 meas j

< Z (1+ |k||5)(§)|)zw

0skezm+1
1

< Comeas | Z |’<|T+2
0£kezm+1
Let |k|oo := max{|kq|, |k2|, ..., |km+1|}. From the inequalities
kloo < [k < (M + 1)[k|oo,

and

Yo 1<2m+HRep+1)",
[kloo=P

we get

meas J'° < C(m+ 1)o meas]Z(Zp +1)p~m+2)
p=1

= éQ meas] < 6@ meas],

by using of the convergence of Y77 ;(2p + 1)"p~"*+2), Let

Jo=J\J".
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We get

meas Jo > meas J(1 — Cp). (A.6)
Case 2.2. Let gjq(e, &= j — pg. Assume j,d > 0 without loss of generality. Then

A

SV eV
ViZ+eiVi+j a2 +e30]1+d
+ 65\ [V1+0(e3) + [k @(E)).

In view of j&d =0, we have only the case j —d =0, that is u; — pq = 0. Therefore,

win

g1(8.6) = gja(e. &) F o+ (k. &) =j—d+

V4 é‘ 1 8%Q meas]
|k|m+1 (|k| +1)2m+6’

w

218, B)| = |k @®)| — |0(e3)] =

from which follows that the inequality (5.13) holds true. O

Proof of Lemma 5.2. Let

S(M):i\/i2+ui\/j2+uj:\/d2+u

with u = e3[V].
For i + j +d =0, we can show that

A 2

|8()| = Ces. (A7)

In fact, we may restrict to positive integers such that i < j < d. The condition i + j +=d =0 then
reduces to two possibilities, either i + j —d =0 or i — j +d = 0. We have to study &(u) for all
possible combinations of plus and minus signs. To do this, we distinguish them according to their
number of plus and minus signs.

(1) No minus sign.

y(sw)y:]\/i2+u+\/jz+u+\/d2+u\

>363 101> Ce

(2) One minus sign. To simplify the notation, let us call

wlN

5+—+=\/i2+u—\/jz+u+\/d2+u.
We have the following terms:
LR T —
so it suffices to study §(u) = 8++—. We notice that

$(0)=i+j—d>0
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and
Fy = — ] 1
22 +p 22+ 2y +p
> ! 0
> —————=>0.
22+
Thus, we get
1 " 8%[\7]
A 2
() = / ds > > > Ce3
2V/i2+s 22+ 2iV2

0

provided that ¢ is small enough.
(3) Two and three minus signs. These ones reduce to the case (2) and (1), respectively.
Let us write g(¢, &) = £ u; £ 0j £ ug, then we have

|22(6, )| > Ce3. (A8)

In fact,

|ga(8, &) =1 £ i + wj £ pal

—+({i2+£3[V]1+0(e3))
+ (V2 +e3[V]1+0(e3))
+ (V2 +&5[V]1+0(e3))

> 8| — |0(8%)| > Ces —Ces > Ce3.

RN [IES

win

Therefore, (5.15) is true for k =0 provided that ¢ and @ are small enough.
Now let us consider the case k # 0. We distinguish two cases:
Case 1. g2(&,8) = i + j + (q. Let

f&) =ga(e. &) + (k. @),

S%Q meas | }

Rz‘lj}tk = {é el |fé|< C. (k| + 1)2m+6

and

M= U Unrlie (A9)

0#£keZm+1 i,j,d

We have known that |(’)(s%) + (k, @(€))| <1+ |k||®(&)| holds when & small enough. Thus, when
i>1+|k||@(&)|, we have
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[FE] =i+ 1)+ pa+ (k@)

— W+ ey 230+ 1301+ 0 + k@)
>itj+d—|0(e3)+k @@)
2(1+ [kl|@(©)]),

which implies the set R}j}Lk is empty. So, we only need to consider the case 1< i, j,d < 1+ [k||@&)|]
in order to calculate meas J'!. Since

FEI= i+ pj+ pa+k o®)

= (Mﬁ— ZE%Xi,k(é,d)(é), 8))

k=2

+ (\/j2 +e3[V] +Zezski,-,k(§,cb(§),s)>

k=2

+ (\/d2 +e5[ +Z$23k)~\d,k(§vd)(§)’8))

k=2

m
+ > kioi +knya (@),
i=1

we get

v 0 9 -
;95_}_28%8 ik(E 0@, 8))
8%3—‘—/] o J
n (A_f_ztgz;{—_}:j,k(éad)(é)vs))
2\ J %

25V 00
€38 % 0~ - . - z
+ (¢+283—_kd,k(é,d)(é),8)> + k10 (6). (A10)
N A=

Thus, when k11 =0, we get

g3 0Ll g3 oLl g3 0l .
‘ f(é)’ % % % —|0(e3)] — k11| @)
2\/12+€3[V] 2\/] +€3[V] 2\/d2+€3[V]
29[V] V1
e3 2]
& ~ o) > el ~ce!
2\/<1+[[|k||w<s)|]]>2+a% 4 220+ [klo@ D2

> Ces, (A11)
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and when k41 # 0, we get
d . - - 2
| > sl ®)] - Jo(e3)
> [k 11C3(E)e % — Ce
> Ce3, (A12)
here C3(&) is defined in (4.59). Hence, for 1 <1i, j,d <14 [|k||@(&)|], from (A.11) and (A.12) we have

20 meas ]

e (A13)
ik S CCL(Jk| + 1)2m+6

meas R}

by using Lemma 7.8 in [32]. It follows that from (A.9) and (A.13)

meas J'"' =meas | J | JRli,

0#kezm+1 i,j,d

< Y (+[kla@ )’

Zegg meas ]
CCL (k| + 1)2m+6

0#kezm+1
CQ meas ] Z |k |m+2
0#£kezZm+1
Let |k|oo := max{|kq], |k2|, ..., |km+1|}. From the inequalities

lkloo < [k| < (M + 1) |K|oo,

and

Y 1<2m+HRep+ 1",
[kloo=P

we get

meas J'1 < C(m+ 1)o meas]Z(Zp +1)p~Mm+2)
p=1

= CQ meas] < 6@ meas]

by using of the convergence of })°,(2p + mp—m+2),
Case 2. 8(&,&) = Wi + i — fq. Let

FE) =88 +k.o@).
2 A
Ny g3pmeas |
Rijas = { '”@”<cmm+nm”}
2 A~
s g3pmeas J
R {F e 0] < e |
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and

113: U URiljfi,k'

Ostkezm+1i,j,d

Case 2.1.i+ j—d=0.

G

= Wi+ pj — pa + (k. @)
2 0
- (i TRNLL 1 B +Ze%"xi,k(§,c~o<§>,s))>
ViZ+e3[V]+i k=2
e >
+<j+—A+Z Ti k(€. BE), 8))
Vi2+e3Vi+j k=2
2 A )
_ <d+ ’3—” +3 6% 7ax(E 0@, e)) +{k.@@)

g 2
=(k, &)+ O(e3).
This implies the set Riljfi,k is empty.

Case 22.i— j+d=0.1f d>d:= (Cymeas J)~'[V](|k| + 1)™*+2 for C4s/Cy = 0, then

‘ 3V e3[V] ‘< ¢3omeas ]
Paedij e redraa VOK+ DT
It follows that
12 S 8%[\7] s %5 ©
R”’””‘C[“” 24 e 4 D A8 00, €)+ e Tkl 60 ¢)
m+l k=2

Mg

.= 38§Qmeas] o121
2 hak(§ @), )+ <k,a)(é))‘ < —JC_*(|k|+l)m+2}'_ ik -
Let
g3V
fir&)=2i+

e Y e ¥ (E @) ) + Z% kE 06, ¢)
Viz+e %[\7] i k=2

_ Zg%k;d,k(z}, (&), &) + [k, @()).

k=2

Then, when k11 =0,

(A14)
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%8< [V] )
N () W WY
BN e3[4

~

£3) +kmyr' ()| > Ce3,

[NEN

9 ~ -
‘gfl(f)‘z &

and when kp4q #0,

d ~ - - 2 2 a2
‘a—éfl(f)’ > |kmi1l|o’(§)| — [O(e3)| > |km+1|C3("3)83 —Ce3 >Ce3
provided that ¢ is small enough. Thus, we get
60 meas |
measR{ ;' < < domeas]
C./C « (k| + 1)m+2
Moreover,
60 meas] A A
121 121
meaSU U Rl]d k<meaSUR, k \ZW CQ eaS].
k' j=itd,d>d k k *
Now let us consider d < d. By j=i+d we can write
e5[V] >
A - i 2%k ~ - -
f&= (J—d+ — +Z€3kjd,k($,w($),8)>
V-2 +e3[V]+j—d k=2

2 A 00
+ (]_{_LZ]A +ZS%X]‘J<(§5&)(§)78)>
JR+elin+g o

_ (d+ 8—[] +3 5 R 0@, s)) + (k. @@)).

Writing
e3[V] e3[V]
8 = +
(G-d?+e3[V]+j—d \/H—%[VWH
2 )
_$+Z 55 an(E @), +283ka<5 (), €)
MM k=2 k=
— Y e hawE @), ) + (K @®)
k=2
we have

|F2B)] = o(e3) + (k. @@))| <1+ Ikl|@@)]
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and
sggmeas]
l]dkc{se] 2 —d) + )] < W}' R:]j?fk
From j —d =i <d, it follows that
1 1 1
—+-—=>->0
j— jod ]
When k1 =0, we get
2 A 2 A 2 A~
3 21V] e3 E1V] &3 2V] .
‘ f(&)‘ ’ — + — +0(e3) + k' (§)
2\/(] d)2 +e3[V] 2\/]2+8§[V] 2\/d2+83[V]
L) R
% ! 1—1 8%/0‘3%
2 j—d j d

and when k1 # 0, we get

2 A 2

0 ~ - _ _
‘gf@-)‘ > k1]l )] = |0(e5)] > kms1|C3@E)ed — Ce > Cel

provided that ¢ is small enough.
Thus, we have

131 20 meas |

meas Rl]d kX W .

Further

20 meas ]

=111 m+2
measU U Rudk Z((Cdmeasf) [VI(k| + 1) )W

k ]-l+d,d<d k

A

<& meas]Z L < Comeas |
VT (2 S Cemeast

where € is small as C, is large enough.
So, we have

meas ]13 < éQ meas]
Let
Ji=J\(J"uIB).

Therefore, we can get
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meas J; > meas J(1 — Cp)
provided that o is small enough. O

Proof of Lemma 5.3. Let

g3(e,8) = s+ wy.

And assume that j,d > 0 without loss of generality. Then by (A.1)

g6, 5 =+( 2+ V1+0(e3)) + (V2 +&3[V]+O(3))

Case 1. k=0 and g3(e, &) £0.

Case 1.1. g3(6,8) = pj + Mg
In this case, we have

836, E) + [k, &(@®)| > i+l — [0(e3)] > -,

N =

from which follows that inequality (5.18) holds true.
Case 1.2. g3(&,8) = Lj — Uq. B
In this case, we have only j —d # 0, otherwise g3(g, &) = 0. Therefore, we get

winy

|g3(6,8) + k@) > 1j —dI - |0(e3)| >

N =

Other cases can be reduced to case 1.1 or case 1.2.
Case 2. k #0.

Case 2.1. If £j +d =0, then

2 A
E o (E y: 5[V
|g3(8,$) + (k, a)(&))} > |(k, w(E))! _ &3[V] _ £

2 ~
y 2 g3pmeas |
g ~1OED G pamie

from which follows also that inequality (5.18) holds true.
Case 2.2. Assume +j+d #0. Let

2 A
N - - = g3pmeas |
R?g,k: {5 (S J: ’g3(8»$)+(ksw(§)>’ < (|k|+])2m+6}

and

= U UrR% (A15)

0kezm*1 j,d
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Case 2.2.1. No minus sign. Let

f3(6.8) = g3(e. &) + (k. @(&)).

Then, when k41 =0,

~

e3[V] e3[V] s
+O(e3) + kmao' (§)| > Ce5,
2\/12+83[V] 2\/d2+83[V]

w\N

‘ = f3(e, S)‘ ‘

when kpy1 #0,

a _ _ 2 2 2
‘a—éfz(s,s)’>|km+1||oz’(§)|—} (€3)] > lkmy11C3(E)ed — Ce3 > e

Case 2.2.2. One minus sign. Then, when kp+1 =0,

2 A~ Z0

2 V 3 V

e[ ]2 _ &3] ]2 ‘_|O( %‘)+km+1a(€)|
2\/j2+€?[V] 2\/d2+8§[\7]

> Ced — |(9(8%)| > Ce3

‘a%fa(&é)‘ 2‘

and when kg1 #0,
2 A 2
3

3 _ _
‘8_§f3(8a§)‘>|km+l||a/(€)|—| O(3)| = lkmi11C3E)es — Ce > Ce.

Case 2.2.3. Two minus signs. These ones reduce to the case 2.2.1.
By using Lemma 7.8 in [32], we have

20 meas] (A16)

20 '
C (k] + 1)2m+6

meas R, <

Moreover, note that R?S,k is empty when min{j, d} > 1 + |k||@(&)|. Thus, it follows that from (A.15)

and (A.16)
meas J* =meas | J [ JR%,
0#kezm+1 jd
L o=n2 2 meas]
< Y (1+Ik|a@)]) ﬁ
0skezm+1 (k| +1)
o A 1
< Comeas J Z |k|T+2
0+#£keZm+1

Similar to the proof of Lemma 5.1, we get

o0
meas J2° < C(m+ 1)o meas]Z(Zp +1)Mp~ M2 < Comeas ],
p=1
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by using of the convergence of Y77 ;(2p + 1) p~("*+2), Let
Ja=J\J%.
We get
meas J, >meas J(1—Cp). O (A17)
Proof of Lemma 5.4. Let
g4(8,8) =20 % (W) + ).

Then by (A.1)

ga(e. By =260 1016 2 4 3101 £V 1+ 31014 0(e?)

2 - 2
:28%\/[\7]:|:<]'+—83[V] >i<d+—83
Vi2+ed ]+

Case 1. k=0.
Case 1.1. If £j+£d #0, then

wl—

|ga(e, &) £ [k, @®))| > | £ j +d| — |O(e3)| =

1
>

from which follows that inequality (5.20) holds true.

Case 1.2. If £j+d =0, then
VIV |0(e3)] > Ce3,

from which follows also that inequality (5.20) holds true.
Case 2. k #0.
Case 2.1. If +j+£d =0, then

wi=

|ga(e, &) £ (k, @(&))| > 2¢

|ga(e. &) £ (k. 0(®))| > (k. 0@)| - |O(e3))|

2 A
Yy 1 g£3pmeas |
> gt~ 10N> G

from which follows that inequality (5.20) holds true.
Case 2.2. Let £j +d #0. And assume j,d > 0 without loss of generality. Let

S%Qmeas] }

Ri= [Ee s Jaate. B £ e ai®)] < o 2T

and

= U UrYe (A18)

0kezm*1 j,d
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Let

fa(e.8) = ga(e. &) £ (k. &(&)).

Then, when k41 =0,

K
9 . 3LV e3[V] e310] )
‘a—éle(&?)‘: £3 o + +0(e3) £kpprad' €)
2\/]2+83[V] 2\/d2+83[V]
3
Lv] R
28% 9 —|o(e %| CS%,
[Vl
when kp,+1 # 0, note that for cases /L; + [y = pj £ g it follows that
alld alld +0(e3) =0(3) #£0

2\/1 +s3[V] 2\/d2+83[V]

20

<>

_ _ —=[V]
Writing 7 = tkpy1o £5 % __ we have
g ﬂi(%') m+1 (E) + zm

% 2
3

e3[V]
2y 2 +£31V] 2\/d2 +g§[v1

2V
fa(e, s>’ Hikmﬂoz(swes \/7 — |+
[V]

|—|
|_|

&

A2

> e3]e73 | @)] - [0(e3)]] > Ce3

{|(9(83)| >0, iff+(€) =0, (A19)

‘ _ fae. s>‘ s
if 2 (6) #0

provided that ¢ is small enough. By using Lemma 7.8 in [32],
By using Lemma 7.8 in [32], we have

20 meas |
meas ng S Q—J (A.20)
C(|k| + 1)2m+6

Note that R3?g’k is empty when min{j, d} > 1 + |k||@(&)|. Therefore, it follows that from (A.18) and
(A.20)

meas J>° = meas U URJdk

0#kezm+1 jd
20 meas ]

< Z (]+|k||d)(§)|)2W

0#£kezm+1

« A 1
< Comeas J Z |’<|T+2
0#£keZm+1
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Let
Js=1\J".
Similar to the proof of Lemma 5.1, we get
meas J3 >meas J(1—Cp). O (A21)
Proof of Lemma 5.5. Let
g5 (€.8) = puo & (1] + i + py) = (k. @(E)).

Then by (A.1)

Case 1. k=0.
Case 1.1. If i+ j+d =0, then

2 ~
1 g3pmeas |

_ 1 ~ 2
&5 €. D] > 3y 1V1-[0(e3)| > Ce3 > o anss

from which follows that inequality (5.22) holds true.
Case 1.2. If +i £ j+d #0, then

S%Q meas |
Ca(Jk| 4-1)2m+6”

~

gz (e, B)| > 1 +i+j+d —|0(e3)|=1—Ce5 >

from which follows also that inequality (5.22) holds true.
Case 2. k # 0. We distinguish two cases:
Case 2.1. Let gjjq(e,&) = wi + pj + (q. Assume i, j,d > 0 without loss of generality. Let
g (e,8) = £gija(e, §) + po £ [k, @),

E%Q meas | }

Rilu={E e s lade Bl < T

and

]41 = U U Rud k- (A.22)

0#£kezZm+1 i, j,d
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We have known that |O(8_%) + o F (k, @&))| <1+ |k||@(&)| holds when & small enough. Thus,
when min{i, j,d} > 1+ |k||@(§)|, we have

|85 (. 8)] = |[£(1i + 1j + pa) + 1o = (k. &)

— e+ 301 P30y 4 e3101) + 0(ed) + o £ (k. 6B
>i+4j+d—|0(e3)+ o+ (k@)
i~

« is empty. So, we only need to consider the case 1 <1, j,d < 14 [|k| |@@)|]

which implies the set Rud

in order to calculate meas J4!. Since

g2 (e, &) = £ (Wi + 1+ Ha) + po F (k, @E))

| (TS OO

k=2

+Vi +ss[VJ+Zesms (), e))

k=

—+

k=2

+

8% [V]+Zs3/\0k E,0@), 8))

+

(et
( 210143 ¥ T 0, e))}
(
(

m
> kiwi + km+1a(5))

i=1

we get

8%% w9 - -
9 e, B) = [7g +Y e Tl a@.)
/i

08 2 +e3[0] k=2
29[V
£3 ——= S 9
+ %13 ¥ ThuE o))
22 4 eV — 0
je+e3[V] k=2
2 3[V]
£3 : 00 % 9 i|
e 3 ¥ iE 0B, ¢)
afd2ei0) k2 %

s A o [V]+Zes—§x0k(s @), ¢)

+ k1ol B). (A23)
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Thus, when k11 =0, we have

d N A
’dggs (&, g)’ s% \/[V]—|O(8%)|>C5%. (A.24)
When k1 # 0, similar to the proof of (A.19), we can show that
0 o@Ed| > 0, ifAs(E)=0,
Ztep|> | 00 MO (A25)
0k Ce?, if 7 () # 0
provided that ¢ is small enough. Hence, for 1 <1i, j,d <1+ [|k||@(£)|], from (A.24) we have
5 A
meas Rijy |, < gmeas ] (A.26)

CCy (k| + 1)2m+6

by using Lemma 7.8 in [32]. It follows that from (A.22) and (A.26)

meas ]41 = meas U U Rud K

0#kezm+1 i,j.d

< Y (+[mad]])

0£keZm+1

20 meas |
CCy (k] + 1)2m+6

R A 1
< Comeas J Z |’<|T+2
0#keZm+1

Similar to the proof of Lemma 5.1, we get

meas J4! < Comeas J.

Case 2.2. Let gjjq(¢,€) = ji + jj — g and

E%Q meas | }

Rz = (el bl < T

and

S%Qmeas] }

Ri={Eed: g bl < T

In view of i + j+d =0, it suffices to investigate the following two cases:
Case 2.2.1. Let i+ j —d = 0. From

g5 (8, 8) = (i + 1j — pa) + po = (k, @)

—

2 A 0
= i[(i R — > eF A cb(é),e))
ViZ+edVl+i k=2
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N (1+L[2]+Zgékxj,k(g,@(§),s)>
24esV]i+j k=2
2 A 0
_ <d+ LZ]A +Z£23_k5»d,k(§,67)(§),8)>i|
d?2+e35[V]+d k=2
+(e% [V]+Ze%kio,k(§,&)(§),8)>
k=2
£ (k, @),
we get
g5 .6 > . 0@ - [0(3)| > iy - Ce¥

This implies the set Rﬁk is empty.

Case 222. i — j+d=0. And assume i, j,d > 0 without loss of generality. If d > d:=
(Cgmeas )1 [V](Jk| + 1)?™*2 for C44/Cx = 0, then

8%Q meas |
< .
VCi(k| + 1)2m+2

| ==
PteiV1+j a2 +edv+d

2 A
N . 1 A~ 4 - - 3e3pomeas J
R c{ € :’ﬂ:<21+8—[]>+83[V]+(’) e3) +(k, @ —}
ijd,k S ] 1'2_,_8%[(/]_;’_1' ( ) < ($)> <JC_*(|]<|+])2m+2
= Rijdx

Let
Fete.By= i<2i T
then when kp,+1 =0 we have

‘if (e 5)‘—‘ﬂ:€§a<[‘7] )+8%i[\7]
it PY:

Viz+ei[0]+i

+
S
—
™
Wl
SN—
H
=
3
x
c
—
ey
=

>s§i[\7]—‘ieﬁi(L)+o(8‘s‘)
9% N iz 4 edV)+i

19 o0 a2 a2
>¢e3—=[V]—-Ce3 >Ce3

0§

and when k;; 11 # 0 we have by the same proof as (A.25)
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IO(€3)I >0, iff+(§)=0,

‘—fi(S E)’ { o
¢e3, if 7(8) 20

provided that ¢ is small enough. Thus, we get

20 meas]

042

meas Ry, < o
CV/Ca(k| + 1)2m+

by using Lemma 7.8 in [32].
Fori—j4+d=0andd > d, we have Rud « C R%‘gk. Thus, we get

042
U Rl]d k) c Rud k*
j_1+d,d>d

5347

(A27)

Note that Roszk is empty when i > (1 + [kl|@()]), if letting J*2 =, ; Ujsisad-a Rud ,» then

2 1 .z 20 meas | A N
meas J% < ;(5(1 + |k||a)($)|)> E e+ 1 < Comeas J.

Now let us consider d < d. By j=i+d we can write

gﬁa@=ﬂm+urww+miwa®)

W\I\J

=iP0—@+ E

e3[V
/‘i&“?7+u d) ¢?4f35+1
S Ty a0 o)
Je2 1 ed011d

Writing
o e5[V] al\d
fﬂ@zi[ -
G—d?+e3[V]+(—d mJFJ
2 A
_$}+ 1011 0(e3) + k. a(®),
Jeo 43014
we have
Fs®|=[0(e") £ k. a®)| <1+ k|0
and

szgmeas] } '

R;;%,k c {é el X2 —d+ fs(®)| < W
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Furthermore, we have
|£2(—d)+ fs(®)| =2 —d) — | [s(®)| = 2G —d) — (1 + [kl]@@)])

which implies the set ’Rfﬁ,]k is empty when j—d > (1 +[k||@(&)]). So, we only need to consider the

case j—d < %(1 + |kl|@@E)]) and 1 <d < d. Therefore, when km+1 =0 we get

‘ - g5 (e, S)‘ ‘ fs(é?)‘

e3 21V 321V e VI
R
2 A Y, V
2\/(j—d)2+8?[V] 2\/1'2+8§[V] 2\/d2+8%[v]
-
2=V] £
\4!
1%[‘7] a2 a2
>e3 —C8§2C8§
2171

and when k;;+1 # 0 we have by the same proof as (A.19)

(A.28)

e, g)’ {|O(ss>|>0 if 1(6) =0,

‘35 if AL (€) #0

provided that ¢ is small enough. Thus, we have

142 20 meas |

meas Rijd,l{ NS W .

If letting
= U U Rl]d k>
k' j=itd,d<d
then
A A 20 meas | N A
meas J+ < Z((Cd meas ])‘1[V](|k| + 1)2m+2) ) AQ—] < Comeas ],

p CCo(lk| + 1)2m+3

where C is small as C, is large enough.
Let

Ja=J\(J?UJ®).
Therefore, we can get
meas J4 > meas J(1 — Cp)

provided that g is small enough. O
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Proof of Lemma 5.6.
Case 1. Assume i+ j+d+1=0, (i, j,d, 1) € Ly \ Ny. Let

S(M)zzl:\/i2+u:l:\/j2+,u:i:\/d2+u:|:\/12+,u
with M:S%[V]. From Lemma 4 in [5], we have

15| > h=min{|il, |l |dI, [II}.

o
Wh+
Let
h(e, &) := ki £ pj £ pg + w4 (k. &(&))
and recall (4.3)
wi=y2+ed i+ Y a3 1 06).e) =y 2 +e3 01+ 0(ed). (A.29)
k=2

Case 1.1. Assume k = 0. then

2 ~
" —|O( ;_1)| g3pmeas J
(V2 + )3 > Ci(lk| + 1)2m+6

provided that ¢ and @ are small enough. he inequality (A.30) holds true in the case.

Case 1.2. Assume k # 0. And assume i, j,d,] > 0 and i = min{i, j, d, [} without loss of generality.
Then 1 <i < n. We write

|h(e, &)| = (A.30)

fk,@@)=">" kuwy +kns1c ().

v=1

Case 1.2.1. Assume fjg (e, &) = £(u;j + g + p1). Then

h(e, &) = fia(e, &) + (£ui + (k. @()))

\/] +83[V]+\/d2+8% V]

12+s%[\7])+(i i2+s%[ U1+ [k, @) + 0(e3)
cdatl
:i<j+d+l+ % )
%\7 ,/d2+es[v1+d 24 e3[V]+1
g o
+ (ii R S (k,a)(é))> +0(e3).

\/i2+8§[V]+i
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Let

E%Qmeas] }

21 _JEc T 3 —
RN = {S € J:|he. §)] < C. (k| + 1)2m+6

and

= U U R (A31)

0#kezZm+1 i,j.d,l
First of all, we have |+ u; + (k, @(&))| < 14 /14 (3)2 + [kl|@(&)] if 1 <i< . Thus, the set Rizjbl’k is
empty when |fig(e, )| =2+ /14 (52 + [kl[|@@)]. If I > § + 2+ |k||@&)|, d >n and j >n, then

2
e, Bl =20+ 3+ 24 lo@| > 2+ 1+ () +la@)

as & < 1. So, we only need to consider 1< j,d<n, 1<I<34+2+ lk||(&)| and L <i<n in order
to calculate meas J?!. Since

g oLyl g2l PERIVA
S o€ dE
_h(8 .§) ( + )
& 24 24 o3 24 o310
24/ j° + V Zd 8[V]21+8[V]
j:—A—i-(’)( £3) +kmy1a'(€),
2\/i2+8§[V]
when k11 =0 we get
2 31V] 29[V 2 5[
&5 £ 7% £ 75
(8 &) >
2 A 200
2\/]2 e3[V] 2\/d2+83[V] 2\/12+83 [V]
2 5[ 2 9[V]
g3 2” g3 4
F] 4 = 9 1 1 1 1
—752 |O( 3 +km+10/(5)‘> 45 <—.+a+7—?>
2/i2 463V J
2 3[V]
g3 2y
P2 11
4 n i I
A 2
>Ce3

and when k;+1 # 0 we get

2 A

0 _ _ 2 -1 2
‘8—§h<s,s>‘ > kms1e/ &) = [0(e3)] > [kmi|C3Ered — Cef > Cel.
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Therefore, we have

2p meas j

— (A.32)
CC.(lk| + 1)2m+6

meas R?j}j,,’k <
by using Lemma 7.8 in [32]. It follows that from (A.31) and (A.32)

meas J*' =meas | J | Riux
Ostkezm+1 i.j.d.l

n L = 2meas |
< > nz<§+2+|k||a)(s)|>A—sz+6
Al CClkl +1)

o o 1
< Comeas | Z |’<|T+2

0skezm+1

Similar to the proof of Lemma 5.1, we get

meas ]21 < @Q meas].

Case 1.2.2. Assume fjq(e,&) = 0+ pta — fu. Then h(e, &) = fia(e, &) + (£ui + (k, @(&))). Observe
that there is a combination of plus and minus such that i + j +d 4+ 1= 0. It suffices to consider the
following two cases (a) and (b) as follows.

Case (a). If = j—d i, then

he. &) =2 + 3101+ a2 + 3101 =R + 310122 + 3101+ 0(ed) + k. 6(®)).
From [ = j —d 1, it follows that [ < j.

Case (al). Let I = j, then i = d. Therefore, we have

(i) h(e. &) = (k. @(&)) or

(ii) h(s, &) = (k, @(&)) +2p1s.
If h(e, &) = (k, ®(&)), then the inequality (5.24) holds true. Now we consider the second case. Let

2 N
) z A /. 2 A 4 o= £3pmeas |
Rik] ={€€_] |2 12+83[V]+O(83)+<k,a)(%—)>| < W}
and

re= U Uri.

0kezm+1 i

When kp+1 =0, we have

2
3

32 V]

Viz+e3[0]

&
wiro

‘;_éh(g’é)‘:‘ +O(5%)+km+1a’(§)‘ >Ce
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and when k; 11 # 0, we have

2 A

0 - )= 2 -1 2
e, D] = [0/ ®)] - [0())| > KsalCo(Ere} - e > e

wIN

Therefore, we get

20 meas |
meast”kl < AQ—J
' CCy(|k| 4 1)2m+6

Hence,

meas] < meas U Ule\ Z nM

0#kezm+1 i 0s£kezm+1 CC*(|]<|_|_])2m+6

CQmeas] Z ik |m+2 \CQmeas]
0#ke czm+1

Case (a2). Let I < j, then i < d. Then

he.B) =y 2+ e 01+ @ +e3[01— 2 + 30122 + 301+ O(e3) + (k. 6E))

=2d+ [il] + i1 + S el
Viz+ed+j Y@ +edVl+d VR +ed[U1+1
2 A

UL ol + ko)

where [i] is equal to £2i or 0. Obviously, there does not exist any difference in the measure estimate
whether [i] = +£2i or [[i] = 0. Thereby, we only consider the case [i] =0 for convenience. Let

S%Qmeas] }
VCi(lk| + 1ym+2 |7

s%g meas |
Ci(lk| + 1)2m+5 |7

R;’JI:; = {é eJ: |he, d)| <
REA2 {5 e J: hee. )| <

S%Qmeas] }

31 _ Jg q. =
Rijdl,k - {g € -] |h(8’$)| < C*(|k| + 1)2m+6

and

]3.] = U U Rl]dl k*

0#£kezZm+1 i,j,d,1

We consider the following two cases:
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Case (a21). If I > 1 := (Cymeas ])~[V](|k] + 1)™*2 for C;+/Cy = o, then we have

l 31V H 5[V ‘< e3gmeas
j2+e§[\7]+j7 V2 +e3[V1+1 VCu(lkl +1m+2

It follows that

A

win
[WIN]

£ ~ z g3[V] V] 4
Ry C {gej: ‘2d+(k,w($)) — 4 = o)
R+e3[V]+d i2+e3[V]+i
<38%@measi}.: 311
/C*(|k|+1)m+2 id,k >

and we obtain

< U UR?]dllD ?dllél'

I=j—d+i |-]
Writing

83[V] 83[V]

V2 +e3[V]+d \/l2+83[V]+1

wu;
~

h(e, &) =2d + [k, &)+

when k11 =0, we have

)|- 106 + o' @)

i
e
t
~~
»
e
=
Il
sl =
/N
T\)
+ || =
™ Wi
wiv ||/
— >
< ||—
—
+
~~——
|
[
W‘rl|°’°
N
QL
N
+ |l o>
™ winy
e
—
<>
—
+
Q

and when kp41 # 0, we have

2 a2
3

0 ~ _ _ -
‘ghw,s)‘ > kms1@'®)] — [0(e7)] > [kme1|C3E)e 3 — Ce5 > Ced.

Therefore, we get

60 meas J
CV/Co(lk| + 1ym+2”

3,1,1
measRldk <

For d > 1+ |k||@(&)], it is obviously that the set Rfd’_]k’l is empty. Let

prt= U U U Urjive U Urii

0#keZ™ i.d I=j—d*i -] 0#kezZ™ i,d
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then

meas J>1'1 < meas U URfd’lk’l
Otkezm+ id

= meas U U U R?J,]/é]

0x£keZm 1 1ISN 1<d<1+(k||@(E)|

< Y n(1+Ikl|@d)))

0s£keZm+1

60 meas]
CVCo(lk| + 1ym+3

~ ~ 1 ~ ~
< Comeas J Z WgCgmeas].
0s£kezm+1

Case (a22). 1 <1< . At this time, by [ = j —d & i, we get

2 A 2
R“zc{gej ‘2d+(k o@)+ ——2V e51V]
ijdl.k ’ N
PresV+j Jd2+edV)+d

B %[\7 %[ %) - 38?Qmeas] }
. k 1)2m+5
+e§[v1+1 245101+ Col D
3,1,2
zRijd,k-
From | < j and i < d, it follows that
1 4 1 1 n 1 20
d 1 i
Writing
e3[V] e3[V]
h(e, &) =2d+(k, &&)) + — + —
ViZ+esVl+j d2+e3[V]+d

2 A
] + il +0(e

[
Jerediner g edvyei

4
3

),

when kp+1 =0, we have

i s>|—\8(”)+(”)
* BN pretnne ) N e 4

A )
BN T2 redo1+1) BNz ed01+i
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and when kj 1 # 0, we have

2

‘;—éﬁw,é)‘ > kms1@'®)] — [0(e7)] > [km1|C3E)eT — Ce5 > Ced.

Thus, we get

(W]}

d - = A~
—h(e, >Ce
‘ o (e,§ )‘
provided that ¢ is small enough. Therefore, we get

60 meas |
meas R?j’;’kz < AQ—J
© o CC(k| + 1)2mS

For d > 1+ |k||@(&)|, it is obviously that the set R?j‘; .kz is empty. Let

Py U U U

Okezmt id I=j—dEi 1<

< U U U =mj

0#kezm+1 id 1<)
then

meas 12 <meas 1) U U R

0#kezm+1 id 1<l

= meas U U U U R?j’;”kz

0£kezZm ! 1< 1<d<1+kIIBE)| 1<I<]

_ -n» 6Gomeas]
< Y n(1+ k@)
0z£kezm+1 CCy (k| + ])2m+5

< Comeas J,

where C is small as C, is large enough.
It is obvious that

]3,1 c (]3,1,1 U ]3,1,2)’

therefore

meas J>! < meas J>1'1 + meas J>12 < Comeas ] + Comeas ] < Comeas J.

Case (b). If = j+d =i, then

5355
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h(e, E)—\/J +ei ]+\/d2+8%[\7] \/12 g3V i\/12+8% V]+O(8%)+(I<,d)(§))
2 A~ 2
. £3 £3
e —2W V)
Vi2+esVl+j d? +e3[V]+d
e3[V] g3V
4 o =
3) + (k. @),
\/l2 83[V]+l i2 + 83[V]+l
where [|i]] is equal to either £2i or 0. If [|i]] =0, then
y 2 s%gmeas]

_ - 2 2
h(e. ©)] > [fk.&@) - [O(e3)] > R

which follows that the inequality (5.24) holds true. Now we consider the case [|i|] = £2i. Let

) N
ss1 [= - _ g3pmeas J
Rijak = {5 € J: e, 9] < W}
) N
YN _ g3pmeas |
Rialk = {g € J: [he, &) < W}
g%gmeaS]
Cs (k| +1)2m+6 |

1373 = U U Rl]c” k*

0#kezm+1i,j,d,l

Rz]dl k— {EE] |h(8 é:)|

We consider the following two cases: A . .
Case (b1). From | = j+d =i, it follows that | > j and d > i. If j > j:= (Cjmeas ])~1[V](lk|+1)2m+2
for Cj/Cy = 0, then we have

2 A 2 A 2 A
’ e3[V] e3[V] ’ €3 pmeas J
2 2

| = Tk 1

It follows that, for fixed i,d,

2 A
’ o e3[V]
?](13”1( {EEI ’izz+<k,w(§)>+ 2 -
d?2 +¢e3[V]+d
2 A 5 ]
e3[V] 4 3e3gmeas | it
:l:—+0(83) <ﬁ}'= dk
d 2 id,k
24+ e3[V]+i vetn

and we obtain

3,3,1 3,3,1
( U URudlk>CR1dk'

[=j+d+i =]
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Writing

h(e, &) =£2i + k, ®(E)) +

when k1 =0, we have
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N
+ || >
™ winy
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Qu

and when kp41 # 0, we have
J~ - ’r 2 -1 2 a2
sEhe )| > k10 E)] — |O(e3)] > Ikm411C3(E)e3 — Ce3 > Ces

provided that ¢ is small enough. Therefore, we get

60 meas]

33,1

meas R Tt
C«/C*(|k| +1)

For d > i > 1+ |k||@(£)], it is obviously that the set R?fkl is empty. Let

rrt= U U U Urlaee U Urii

0#keZ™ i,d I=j+d=+i ]>] 0#£keZ™ i,d

then

meas

3,3,1 3,3,1
] < meas U URid,k

0#£kezm+1 id

= meas U U U R?d?kj

0z£keZm+1 1<ISn 1<d<1+(k|| @ ()|

-z 60 meas |
S n(1+ Ikl @&)]) -
O#kgzjmﬂ CYCTL (k| + 1)2m+2
C 5 1
< Comeas | Z e
0£kezZm+1
< Comeas J.

Case (b2). 1< j < j. At this time, by [ = j +d £ i, we get
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WIN

. ) - e3[V] e3[V]
R?.’3’2 C [S e ‘iZH—(k &)+ +
jdlk ’ " A
Vi2+ein+j a2 +eiV]+d
_ 8%[A] n 8%[A] —i—O(z—:%) - 3€%Qmeas]
2 - 2 ~ Cy(Jk| 4 1)2m+5
24+e3[V]+1 i24+e3[V]+i
3,32
=Rijuk
From j <! and i <d, it follows that
LI R R
d | i
Writing
e3[V] e3[V]
h(e, &) = £2i + [k, @(&)) + +
PAeIVI+]  (Jd2+ei[V]+d
2 - 2 -
e3[V] n e3[V] +O(8%),
2 - 2 -

when k11 =0, we have

2
0 - a (V] 0 e3[V]
K QTR O 1/
08 NS vedinei’ BN edi)+d

and when k;+1 # 0, we have

- = 'z 2 z 1 2
227 0) > nie | = [0(e3)] > ki €3 B — €5 > Ce
provided that ¢ is small enough. Therefore, we get

3.3.2 60 meas |

measR.;;, < —————.
Uk T e, (k| + 1)2m S

For d > i> 1+ |k||®(&)], it is obviously that the set R?j’;”,f is empty. Let

Pa- U U UsEe U U U R

0£kezm+1 id I=j+d+i 1< 0#£keZm+1 i.d 1]
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then

3,3,2 3,3,2
meas J < meas U U U Rijd’k

0#£kezZm+1 i.d 1]

=meas J U U U =i

0£keZm+1 1<I<n 1<d<1+kl 0@ 1<j<]

JURFENTON SQmeas]
< 1+ 1k ———————
> (e le®)iz o

0s£keZm+1

<t omeas) Y !

X T, = —2
e T B

< @Q meas J,

where C is small as C, is large enough.
It is obvious that

]3,3 C (13,3,1 U ‘13,3,2)7

therefore

3,3,1 3,32

meas >3 < meas J>31 + meas J>3>? < Comeas ] + Comeas] < Comeas J.

Case II. Assume (i, j,d,I) € M and k # 0. In this case, obviously, we have

V4 8%Q meas]
>
|k|m+1 C*(|k| + 1)2m+6

i+ 1+ g+ g+ (k, )] >

provided ¢ small enough.

Let
Js=I\(J*upPPu o),
then
meas J5 > meas | - (1 — Co).
Let
J=Ja0J3N]JaNJs,
then we get

meas ¢ =meas(]ﬂl) >meas] -(1 —f?g)

provided that € and o are small enough. O
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