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Abstract

We propose an extension of the Chronological Calculus, developed by Agrachev and Gamkrelidze for
the case of C°°-smooth dynamical systems on finite-dimensional C°°-smooth manifolds, to the case of
C™-smooth dynamical systems and infinite-dimensional C™-manifolds. Due to a relaxation in the underly-
ing structure of the calculus, this extension provides a powerful computational tool without recourse to the
theory of calculus in Fréchet spaces required by the classical Chronological Calculus. In addition, this ex-
tension accounts for flows of vector fields which are merely measurable in time. To demonstrate the utility
of this extension, we prove a variant of Chow—Rashevskii theorem for infinite-dimensional manifolds.
© 2014 Elsevier Inc. All rights reserved.
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1. Introduction and background

In the 1970s, Agrachev and Gamkrelidze suggested in [1,2] the Chronological Calculus for
the analysis of C°°-smooth dynamical systems on finite-dimensional manifolds (for a textbook
exposition see [3]). The central idea of this calculus is to consider flows of dynamical systems
as linear operators on the space of C°°-smooth scalar functions. Such “linearization” of flows
on manifolds presents significant advantages from the point of view of defining derivatives of
flows, developing a calculus of such derivatives, and effective computations of formal power
series representing flows.

But in addition to these desirable properties, the Chronological Calculus poses some inter-
esting problems. The space of C*°-smooth scalar functions is a Fréchet space with topology
given by a countable family of seminorms and this complicates the proofs of the calculus rules
given in [2,3]. The approach also requires the strong assumption of C°°-smoothness of dynami-
cal systems and manifolds, even if for many applications only finite sums of Volterra-like series
representing flows are enough [4].

Another restriction of the classical Chronological Calculus (which is important from the point
of view of applications to control systems on manifolds) is its treatment of nonautonomous vector
fields which depend on ¢ in measurable way. In particular, there is no variant of product rule in
the classical Chronological Calculus which can be used for such flows.

In this paper we extend the Chronological Calculus so as to require only C"”-smoothness
of dynamical systems and manifolds. The result is a computationally effective version of the
Chronological Calculus without recourse to Fréchet spaces. Moreover, in the framework of this
extension we provide a “distributional” version of product rule which can be applied for nonau-
tonomous flows with only measurable in ¢ vector fields. Thus we give details for a rule which
are lacking in the description of the classical Chronological Calculus [1-3,5], even for finite-
dimensional manifolds.

Further, this extension allows analysis of dynamical systems on infinite-dimensional mani-
folds, which are interesting from the point of view of applications to the theory of partial differ-
ential equations. We also develop a calculus of remainder terms (calculus of “little 0’s”) which
is used for the effective calculation of representations of brackets of flows in terms of respec-
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tive brackets of vector fields on infinite-dimensional manifolds and which provides an algorithm
for the computation of remainder terms in such representations. Finally, we use these results for
proving a generalization of Chow—Rashevskii theorem for infinite-dimensional manifolds.

In order to take a comprehensive approach to the problem, we begin by recalling some facts
of calculus and differential geometry in Banach spaces.

1.1. Calculus in a Banach space

Let £ and F be Banach spaces. A map f:E — F is said to be differentiable at xg
if there exists a bounded linear operator f’(xg):E — F such that for all x € E we have
f(x) = f(x0) + f'(x0)(x — x0) + o(|lx — xol). If f is differentiable on all of E, then we have
f'E— L(E, F),where L(E, F) is the Banach space of bounded linear operators from E to F.
When £ is continuous, we say that f is of class C!. As a map between Banach spaces, we may
then ask if f’ is differentiable and so on. If f has m continuous derivatives, then we say that
f is of class C™. The mth derivative at a point xo may be identified with an m-multilinear map
E x --- x E — F and the space of such maps is again a Banach space with norm
—_——

m copies

Al = sup{|AGe1, . x| il =+ = [l = 1).

Functions which take values in a Banach space can also be integrated. For a rigorous introduc-
tion to the integration of vector-valued functions, we recommend [6]. We briefly describe here
the Bochner integral for functions f:[fo,t1] — E, where E is a Banach space. As one might
expect, a function f:[fg, 1] — E is said to be simple if it takes on only finitely many values,
say [to, 1] = Uf‘: 1 Ai, with A; disjoint measurable sets and f|4, = f; € E. For simple functions
one then defines

5] k
[ rai=y finan,
. i=1

where u is a Lebesgue measure. If E is a Banach space, a function f :[fg, #1] — E is said to be
measurable if it is a pointwise limit of a sequence of simple functions, say f, — f. Measurable
function f is said to be Bochner integrable if lim, ftf)l lf — faulldt =0 for some sequence of
simple functions f;,. In this case the Bochner integral of f is defined as

1 151
/f(t)dt:lir{n/fn(t)dt.
o o

It is worth noting that when E = R", the Bochner integral is the same as the Lebesgue integral.
In general Banach spaces, the Bochner integral retains many desirable properties of the Lebesgue
integral. In particular, one has

t
d
E/f(r)df=f(t) (1.1
fo
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for almost all 7 in [tg, #1]. Function F(¢) is called absolutely continuous if F(t) = F(ty) +
ftf) f(r)dt for some integrable f. This and other properties of Bochner integral are given a
clear treatment in [6].

1.2. Differential equations and flows in Banach space

We recall some results from the theory of differential equations in Banach spaces. In particu-
lar, we are interested in equations of the form

X =f(t x), x(fo) = xo (1.2)

where f:J x E — E and J C R is an interval containing fy. An excellent resource for this
material is [7]. There it is demonstrated that in a Banach space, continuity of f is not enough to
ensure a solution. We introduce the following definitions for vector fields on E:

Definition 1.1. A nonautonomous C™ vector field on E is a function f:J x E — E which is
measurable in 7 for each fixed x and C"™ in x for almost all 7.

Definition 1.2. A nonautonomous C™ vector field on FE is said to be locally integrable bounded
if for any xo € E, there exist an open neighborhood U of x¢ and k € L'(J, R) such that for all
x €U, forall 0 <i <m, wehave || fO(z, x)| <k(r) for almost all 7, where ) denotes the ith
derivative of f with respect to x.

Definition 1.3. A nonautonomous C™ vector field on E is said to be locally bounded if for any
xo € E, there exist an open neighborhood U of x¢ and K > 0 such that for all x € U, for all
0 <i<m,wehave || fO(z, x)|| < K for almost all ¢.

Notice that any autonomous C™ vector field is locally bounded. It can be shown that if f:J x
E — E is a nonautonomous C™ vector field that is locally integrable bounded, then for any
(o, x0) there exists an open interval Jy C J containing ¢y and depending on (¢, xo) as well as a
unique, absolutely continuous function x : Jy — E which satisfies (1.2) for almost all ¢ € Jy. This
type of solution is called a Carathéodory solution. In addition, the dependence of this solution
upon the initial condition xo is C"”*-smooth. More precisely, if x(¢; fy, xo) denotes the solution
to (1.2), then xo — x(z; t9, xg) is m times continuously differentiable for appropriate values of ¢
and xo.

We will write Py, ; for the local flow xo — x(t; 19, xo). Uniqueness of solutions gives us the
following properties for the flow:

Ps i o Py s(x) = Py 1 (x), (1.3)
P 1(x) = Py gy (x). (1.4)

When the underlying vector field is autonomous, we will write P, for Py ;. One may then obtain
the following local semigroup properties for the flow:

P 0 Pi(x) = Ps4+(x),
Pt_l(.x) == P—l‘(x)a

provided that ¢, s, t + s, and —¢ lie in Jy, an interval which in general will depend on x.
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1.3. Smooth manifolds

In defining dynamical systems, it is enough for the underlying space to have the structure of
a Banach space only locally. In this section we remind the reader of some definitions and basic
results from the theory of smooth manifolds. For a greater level of detail, we suggest [8].

A Banach manifold of class C"™ over a Banach space E is a paracompact Hausdorff space M
along with a collection of coordinate charts {(Uy, ¢y): @ € A}, where A is an indexing set. This
collection of charts should be such that the collection {U,} is a cover for M ; each ¢, is a bijection
of U, with an open subset of E; and the transition maps ¢, o cpgl 1pp(UgNUB) — @o(Uy NUB)
are of class C™.

If M and N are Banach manifolds, a function f: M — N is said to be C™-smooth (or C™ for
brevity) if for any coordinate charts ¢ : U CM — E and ¢ :V C N — F themap ¢y o f o ¢!
is a C"-smooth mapping of Banach spaces. Analogously, a function f: M — N is differentiable
at a point go if ¥ o f o ¢~ ! is differentiable at ¢(go).

The tangent space to M at q is defined as follows. Consider the collection of differentiable
curves y : R — M with y (0) = g and define an equivalence relation on this collection by y; ~ y»
if and only if (¢ o y1)(0) = (¢ o ¥2)'(0) for some coordinate chart ¢. One can check that if this
relationship holds for one coordinate chart, it will hold for all coordinate charts. We write [y ] for
the equivalence class of a curve y. The collection of these equivalence classes forms the tangent
space T, M and there is a natural isomorphism T,M < E.

Every C™ map f:M — N induces a map from T, M to Ty )N by [yl [f o y] and we
denote this mapping by f.(q). The tangent bundle 7'M is the union of the tangent spaces with
a topology given locally by the charts (g, v) — (¢(gq), ¢«(g)v), where ¢ is a coordinate chart
for M. When f is a map between linear spaces E and F we will write f’ for its derivative.
When f is a map between Banach manifolds, we will write f, for the corresponding map from
T M to T N. We emphasize that in local coordinates, fi(q):TyM — Ty, N is the map given by
vi=> f/(g)v. In contrast, the map fi:TM — T N sends a pair (g, v) to the pair (f(q), f«(q)v).

1.4. Vector fields and flows on manifolds
Let w: TM — M be the projection (g, v) — q. A nonautonomous vector field is a mapping

V:R x M — T M which satisfies w o V;(q) = ¢q. Given qo € M and a coordinate chart (¢, U)
at g, the function J x E — E given by

(@ VD) = (9™ ) V(07 () (1.5)
is the local coordinate representation for V;. Recalling Definition 1.2 we introduce
Definition 1.4. A nonautonomous vector field on M is said to be a locally integrable bounded C*
vector field if it is C k_smooth in q for almost all ¢, is measurable in ¢, and in some neighborhood
of each g € M there is a coordinate representation (1.5) which is locally integrable bounded.
Similarly, recalling Definition 1.3, we introduce
Definition 1.5. A nonautonomous vector field on M is said to be a locally bounded C* vector

field if it is Ck_smooth in q for almost all ¢, is measurable in ¢, and in some neighborhood of
each g € M there is a coordinate representation (1.5) which is locally bounded.
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If x(¢) is a solution for the differential equation x = (¢4 V;)(x) on E with initial condition
x(to) = ¢(qo), then g (t) = (p_l o x(t) is a solution to the differential equation on M

qg=Vi(q), q(to) =qo. (1.6)
For any ¢ € C™(M, E) we have the following integral representation

1

(g () = p(qo) + / 0. (q(0) Ve (g(0)) dr. (17)

fo

With each nonautonomous vector field V; on M, we associate a local flow Py ; given by
qo — q(t; 19, qo), the solution to (1.6) with initial condition g (ty) = ¢go. In the case of au-
tonomous vector fields V we consider a local flow P;:qg — ¢(¢; 0, qo). These flows are C™
diffeomorphisms of M and are of central importance in the development of our extension of the
Chronological Calculus, which we now turn to.

2. Extension of Chronological Calculus

The main observation behind the Chronological Calculus [1-3] is that one may trade analytic
objects such as diffeomorphisms and vector fields for algebraic objects such as automorphisms
and derivations of the algebra C° (M), which is the collection of C* mappings f: M — R. This
correspondence is developed in [1-3], where C*° (M) is given the structure of a Fréchet space.
Below we develop a streamlined version of the theory which is effective for computations with
infinite-dimensional C"-manifolds and dynamical systems. In order to include Banach spaces in
the theory, we consider the vector space C" (M, E) of C™ functions f : M — E rather than the
algebra of scalar functions C*°(M).

2.1. Chronological Calculus formalism: flows as linear operators
We begin by defining the following operators:

i. The identity operator iEIM is defined as follows fEZM (p) =¢ forany ¢ € C(M, E).

ii. Given any pointg € M, letg:C™ (M, E) — E be the linear map given by g(¢) := ¢(q).

iii. Given C™-manifolds M and N over a Banach space £ and a C™ map P:M — N, let
P: C™(N,E) — C"(M,E) (0 <r <m) be the linear map given by ﬁ(gp) := @ o P. Note
that if P is a diffeomorphism of M, P gives us an isomorphism of C" (M, E).

iv. Given a tangent vector v € T, M, letv: C" (M, E) — E be the linear map given by v(¢p) :=
Px(q)v. .

V. Givgn any C™ vector field V on M, we define a linear map V : C" (M, E) — c" (M, E)
by V(¢):qg = ¢«(@)V(q).

vi. Denote by 0(¢):C™ (M, E) — C"(M, E) (0 <r < m) a linear operator which has the fol-
lowing property: for any ¢ € C™(N, E) and gop € M there exists a neighborhood U such
that

i o) (@) (@)l
m —— =

0 .1
t—+0 t
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uniformly with respect to g € U. Later we will develop a more detailed definition of such
operators, as well as several useful examples.

Of course, we can consider linear combinations of such linear operators.

When ¢ is a local diffeomorphism, these operators simply give local coordinate expressions.
We need not restrict ourselves to the space C" (M, E). Indeed, given any open set U C M, we
may view U as a Banach manifold in its own right and therefore consider the space C"* (U, E).
For example, the local flow Py, ;: Jo x U — U of a vector field V; gives rise to a family of linear
mappings I/’\,O’t :C"™(U,E)— C™(U,E).

Note that for operators P the semigroup property (1.3) for flow of diffeomorphism Py, ; be-
comes

i,\lo,s o ﬁs,l = f)to,t- (22)

An operator 0(r) (2.1) will play an important role in the calculus of remainder terms which
will be developed later. For an example of such operator o(z) we consider a flow operator P; for
an autonomous vector field V. It follows from (1.7) that for the following operator

o(t) ;=P —Idy — 1V (2.3)
and a function ¢ € C™ (M, E) we have that for any go € M

t

o) (@) (q) =/(¢*(Ps(q))V(Ps(q)) —0(@)V(q))ds (2.4)

0

for all ¢ in a neighborhood of gg. This representation implies that the operator (2.3) satisfies (2.1).
2.2. Differentiation and integration of operator-valued functions

Consider an operator-valued function t — A; whose values are linear mappings
A;:C™"(M,E) — CP(M, E). This function is called integrable if for any ¢ € C" (M, E)
and ¢ € M the function ¢+ — A;(¢)(gq) is integrable. Then the linear operator ( f,;l Az dr)
C"™(M,E)— C"(M,E) is defined as follows

I3} 3l
( f Ardr>(¢)(q> - / A @)(@) dr.

fo fo

It follows immediately from (1.6) and (1.7) that the flow operator f’,o’, representing flow of
diffeomorphisms for a nonautonomous vector field V; satisfies the integral equation

t
13\:0,1 =Idy + / P\lo,f oV, dr. 2.5)

fo
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Moreover, we have that the unique operator-valued solution of the integral equation (2.5) is the
function ¢t — EOJ.

Now we introduce a concept of differentiability of an operator-valued function A,. The
operator-valued function A;:C™ (M, E) — C" (M, E) is called differentiable at ¢t if there exists
a linear operator B, :C" (M, E) — C*(M, E)

A[+h - A[ + ]’lB[ +/0\(l’l) (26)

The operator % := By is the derivative of A;.

This definition is well-suited for an operator f’\,o,, arising from flow diffeomorphisms rep-
resenting differential equation (1.6) in the case of the nonautonomous vector field V; which is
continuous in 7. Namely, we have from the semigroup property (2.2) that

Pt(),t+h - PI(),Z - hPto,t oVi= Pt(),t o (Pri+h — Idy — hVy).
The last expression can be represented as

t+h
]/J\fo,t o / (i)\t,s o {/\A — {/\t)ds 2.7
t
Using a representation for (2.7) similar to the one from (2.4) and continuity V; in ¢, we obtain

that (2.7) is o(h).
Thus, we have derived the representation

Piyiih = Piyi+hPy o Vi +0(h). (2.8)
This means that t — 13;0, ; 1s differentiable and for every ¢,

d ~ —~ ~
— Py =Py 0V

dt

We see that in this continuous in time V; case, the operator-valued function f’,o,, satisfies the
differential equation

dP, -~ o~ - N
d’f" =PyioV, Py =1Idy. (2.9)

It is easy to check that 1/5,0, ; 1s the unique solution of this operator differential equation and also
of the operator integral equation (2.5).

However, in the case when the vector field V; is only integrable in ¢ then a Carathéodory
solution ¢ (¢) of the differential equation (1.6) is an absolutely continuous function and we cannot
guarantee that 13,0, ; 1s differentiable for every 7.

An operator-valued function Xl is called absolutely continuous on [a, b] if Zf, = ;\\,O +
ftf) §f drt for any ¢ € [a, b] for some integrable operator-valued function E,. We denote §, as
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%Zt and understand this derivative in the sense of distributions': for any t1, t» € [a, b], for any
peC"(M,E)andge M

5]

- - d ~
An () (q) —An(w)(q):/ EAz(w)(q)dt-

n

Remark 2.1. Let W be a C™ vector field ar}g :4\, be absolutely continuous then Z, o W is also
absolutely continuous and %(A, oW)= %A, oW.

Note that in the case when absolutely continuous operator-valued function ;\\t is defined by a
flow of diffeomorphisms P, : M — M then for any g € M the derivative %P, (g) exists for a.a.
t €la,b].

As we demonstrated before, for measurable in ¢ vector fields V; the flow operator Fto,z is
the unique absolutely continuous solution of the integral operator equation (2.5). In view of the
definition of the derivative of absolutely continuous operator-valued function, P, is also unique
solution of the operator differential equation (2.9) in the sense of distributions.

2.3. Product rules

Here we discuss product rules for operator-valued functions f”; and @,. We first establish such
product rule for the case when these functions are differentiable at ¢ in the sense of (2.6), namely

Pt+h:Pt+hEPt+01(h)v Qt+h:Qt+hEQt+02(h) (2.10)

dp d B
for some operators - Py and - O;.

Theorem 2.2. Let operator-valued function f’, and Qt be differentiable at t and remainder terms
0| and 0, have the property

- d ~ d ~ _ —~ ~ _
o1(h) o EQI + EPI o003(h) +01(h) oc02(h) =0(h). (2.11)

Then operator-valued function ﬁ, o @t is differentiable at t and
L Bo0n=LP00,+PoL0 (2.12)
dttot—dttot todl‘t' .
Proof. It follows from (2.10) and (2.11) that

Pt+h°Ql+h=PIOQt+h<EPt°Ql+PtOEQt>+0(h)+01(h)°Qt+Pt002(h)'

1 We use a term distribution by analogy with a concept of a generalized derivative as a distribution in the theory of
linear partial differential operators (see [9]).
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But it is easy to see that the sum of last three terms is again operator o(h) (see (2.1)). This implies
the differentiability of the product P; o Q; and the product rule (2.12). O

Thus, validity of a product rule in the form (2.12) is reduced to the verification of the con-

dition (2.11). We can verify directly that (2.11) holds for flow operators f’\, and Q, which are
operator solutions of the operator equation (2.9) or equation

d ~ ~ =~

—0;, =W, 2.13

dt 0O 10O ( )
for continuous in ¢ vector fields V; and W;.

Now we consider a product rule in the sense of distributions for absolutely continuous
operator-valued functions P; and Q; which are represented for any ¢ € (a, b) as

t t
PZ=P,O+/EPTdt, Qt=QzO+/EQrdt. (2.14)
to fo
Assumption 2.3. Let P, Q, be absolutely continuous operator-valued functions such that for

any ¢ € C"™(M,E) and g € M:

(i) Function t — ﬁ, o Q, (¢)(g) is continuous on (a, b).
(i1) Functions

d ~ =~ ~ d ~
(t,7)—> d_Pr o Q/(9)(q), (t, 1) = Pro—0:(p)(q)
T dt

are integrable on (a, b) x (a, b).
(iii) For any #,11,# € (a, b)

123 15)
d ~ —~ d ~ ~

/ Pt o 0i(9)(@) = / 4B, 0 0,(9)(@)dr,
T dt

51 n

t 5]

—~ d ~ ~ d -~
Bo / £ 0dr (o)) = / B oL 0. () ()dr.
T dt
141

n

(iv) There exists an integrable function k1 (t) such that for all small %, all r € [t — Ak, t] and a.a.
T €(a,b)

d ~ ~
”EPI o Q:(9)(q)

<ki(v), ‘

~ d ~
Prino -~ 0 (9)(q) H <k (7). (2.15)

Note that if 1/5[, @, are absolutell continuous solutions of (2.9) or (2.13), or they are of the
type presented in Remark 2.1 with A; being a solution of (2.9) or (2.13) then conditions (i)—(iv)
are satisfied when V; and W; are locally integrable bounded.
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Theorem 2.4. Let absolutely continuous operator-valued functions I/’; and @t satisfy Assump-
tion 2.3. Then Py o Q; is absolutely continuous and for any t1, t; in (a, b)

123 n

d ~ =~ d ~ ~ ~ d~
/E(Plle)dt:/(EPtoQt+PIOEQt>dL (216)
n 1

Proof. Letus fix#,t € (a,b), p € C""(M, E) and g € M then

n
1 ~ —~ ~ o~
/%(Pt+h0Qt+h—PzOQt)(QO)(C])dl

tr+h t1+h

1 PPN 1 ~ o~
=4 [ Pro Qi(p)g)dt — & / Pro Qi(@)(q)dt. 2.17)

15} n

Due to (iii) of Assumption 2.3 we have

5]
1 ~ ~ -~
/ E(Pt+h © Qith — Pro Q1)(p)(g)dt

[2) 1 l+hd t ! t+h J
=fdr—f—Eo@(w)(q)dwfdt—/F,Mo—@,(w)(q)dr. (2.18)
h dt h dt
t 131 t

By using Fubini’s theorem, we obtain the following

Lemma 2.1. Let g: (a,b) x (a,b) — E be integrable function then for any t1,t € (a,b) and
sufficiently small h

tr+h 5]

fdtfg(t ‘L')dl'—/d‘l,'/g(t T)dt — / dr/g(t T)dt + [ dr/g(t 7)dt.

(2.19)
We use this lemma to evaluate the first term in the right-hand side of (2.18)
) t+h

1 d ~ ~
/drﬁfd—TPfoQt(m(q)dr

N t

t1+h 151

d ~
/dr— / 45, oQt«o)(q)dr——f /d— 0,(0)(q)dt
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1 tr+h 153 J
+ f dr / P00l @)
4] T—h

It follows from conditions (ii), (iv) of Assumptions 2.3, from the Fubini theorem and the
Lebesgue convergence theorem that

%) ) t+hd t p

li — | =P o0 = =P o0 . 22

hi%/‘”h/df 0 01(0) (@) dr /dt 0 00 (0)(q) d (220)
1 t n

By similar argument we prove the following limit

19} t+h 15}

. 1 -~ d ~ ~ d -~
}}I_I)I%)/dt}—l / Pt+h°EQt(‘P)(Q)de/PrOEQr(‘P)(‘])df- 2.21)
151 t n

By using these limits and continuity of r — 1/5[ o Q, (¢)(g) (condition (i)), we derive from (2.17)
and (2.18) that

n

(P 0 O, — Pty 0 Q1) (9)(q) =f<Pz o EQI + EPI o Qt) dt()(q). (2.22)

n

This implies that i’\, o Q, is absolutely continuous and its derivative satisfies the product
rule (2.16) in the sense of distributions. O

2.4. Operators Ad and ad

Let V be a vector field and F: M — M be a C™ diffeomorphism. For a solution ¢(¢) of the
equation g (¢) = V (g(¢)) the function r(t) = F(g(¢)) is also a solution of the differential equation

(1) = Fi(q0)V(q(®) = FV (r (1) (2.23)

where the vector field F,V is defined by F.V (r) := Fu(F~'(r))V(F~'(r)).
To obtain the representation for the operator F,V corresponding the vector field F,V we
consider the diffeomorphism flow R; corresponding to the differential equation (2.23). Then

d ~ ~ —
ERt =R; 0 F,V. (2.24)

But I/?\t = f’t o F where P; is the diffeomorphism flow corresponding to the vector-field V. By
using the product rule and (2.24) we get

d~ d~ ~ A~ =~ ~ ~ ~ —
ERT=EPIOF=PIOVOF=PIOFOF*V'
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This implies that
F,V=FloVoF. (2.25)

Following [3] we define the operator Ad F: Vi FoVoF-!

Recall that the Lie bracket [V, W] of vector fields V and W is the vector field> whose operator
representation has form [W] —VoW—WoV.Letus prove that the Lie bracket is invariant
under diffeomorphism. We have

FiV.W]=Flo(VoW—WoV)oF
E\ \7 FOF\ VT/ 1? I‘f_\loﬁ\/ol?ol?_\lo\?ol?
—F.VoF,W—F.WoFEV =[F.V, F,W].

Since the assignment V V is an injection, this proves the vector field equality F,[V, W] =
[FyV, F W] R
It makes sense (as in [3]) to define an operator ad V; by

(ad V) o W, =[V,, W]. (2.26)

Finally, let v € Ty M and F:M — M be a diffeomorphism of class C™. Then Fi(g)v is a

tangent vector in Tr ()M and it is natural to ask for Fi(g)v in terms of 7 and F. We claim that,
as in [3], one obtains

F(@)v=70F. (2.27)

To see this, let ¢ € C"(M,E). Then, applying the chain rule we have f*\v((p) =
P«(F(@) Fi(@v = (g o F)(@v=0(po F) =vo F(¢).

3. Operator differential equations and their applications

In this section we further develop our extension in the direction of applications to flows of
vector fields.

3.1. Differential and integral operator equations

Earlier, following [ 1-3], we have introduced the operator differential equation

d ~ ~ —~
dt Pt()t—PtotOVta Pto,t():Id (3.1

which has unique solution Py ; representing flow of diffeomorphisms for a nonautonomous vec-
tor field V; which is continuous in 7.

2 To show that this is a vector-field we can use the relation (5.1) for vector fields V, W.
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In more general case of measurable in ¢ vector-field V; we have that EO, ¢ satisfies the integral
operator equation

t
1/5:0,1 :iZIM + / 1/5:0,1 ) \7, dt (3.2)

to

and it is the unique absolutely continuous solution of this equation or the solution of the differ-
ential equation (3.1) in the sense of distributions. The justification of this fact is based on the
relation of f’\m,, to the Carathéodory solutions of ordinary differential equation (1.6).

Now we consider the differential operator equation

d -~ ~ —~ -~ o~
Eth,t =—Vio Qto,t» Qt(),to =ldy. (3.3)

Note that this operator equation, even in the case M = R”, is related to some first-order linear
partial differential equation.

The following result states that for a locally integrable bounded C™ vector field V; there exists
a solution ’Q\IO, ¢ of (3.3) in the sense of distributions. Moreover we have a representation of on, P
in terms of a solution of the equation of the type (3.2).

Proposition 3.1. Let V; be a locally integrable bounded C "™ vector field. Then absolutely contin-
uous operator-valued solutions Py, ; and Qy, ; of differential equations (3.1) and (3.3) exist, are
unique and

@t@,l = (i)\zo,t)_l~ (3~4)

Proof. Let Py, ; be the flow of V;, so that (3.2) holds. It is enough to prove the existence and
uniqueness of (3.3).

Denote flow of diffeomorphisms Qy, ; := P; 4, then the operator-valued function ¢ — Q\,O, P
is absolutely continuous and together with 13;0,, satisfies Assumption 2.3 for the product rule
(Theorem 2.4).

Fix ¢ € C"™(M, E) and go € M. Then there exists an interval (a, b) such that f’\,o,,(q) exists
for any ty, t in (a, b) and any ¢ in some neighborhood of gg. Due to the product rule we have for
any t € (a, b)

t
d ~ ~ -~ d ~
/(E Pry.r 0 Qe + Py r 0 . Qt(),t) dt(¢)(qo) =0.

]

This implies that for a.a. r € (a, b)

~ ~ o~ —~ d ~
<Pz0,z oVi0Qt + Pryr 0 ar Qto,t)((/’)(%) =0

and Q\,O,, satisfies (3.3) in the sense of distributions.
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To prove uniqueness of such solution @zo,z we use the product rule (2.16)

—~ —~ ~ d ~ —~
Pt(),t o Qto,t —ldy = / E(Pto,r o Qto,r)d'f

fo

= /(ﬁlo,r o ‘71 o @to,r - i)\to,r o Vr o Qto,r)df =0

fo

As a consequence, we have EOJ o @,0,, = I?ZM for all 7, hence /Q\,O’t = i’;,,o which proves
also (3.4). O

Proposition 3.2. Let V; be locally integrable bounded C™ smooth vector field and ﬁto ¢ be an
absolutely continuous solution of (3.2). Then for any C™ smooth vector field W the operator-
valued function t — Ad P[O xS W is absolutely continuous and satisfies the following equation in
the sense of distributions

d ~ - . S
APy oW =AdP 0adV 0 W. (3.5)

Proof. Note that P l exists and due to the assertion of Proposition 3.1 satisfies the differential
equation (3.3). Then for any smooth vector field W

—~ —~ ~ d ,~ ~ —~
AdPy oW = W+/ E(P,M oWo(Py) ')dr
fo
t

:I’BM—I—/(EOJO{/;OWO(EO,,) 1 PtO,oWon tor)d‘r

0]

=1?1M+f(Adﬁ)o[v/t,W]dr

Recall the definition (2.26) of the operator ad V, to conclude the proof. O

Method of variation of parameters can also be easy applied to the operator differential equa-
tion

d _ -~ —~~ _~ -~ -~
ESIO,I = Si,0 0 (Vi + W), Sto,10 =1d. (3.6)

Namely, we have the following

Proposition 3.3. Let V;, W; be locally integrable bounded C™ smooth vector fields. Then a
solution of (3.6) can be represented in the form
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Sto.t = Cro,1 © Pyt (3.7)

where I’D\,O,t is the solution of the differential equation (3.1) and aw is a solution of the differen-
tial equation

d ~ ~ - ~ _~ ~
EC[OJ = Ct(),t o Ad Pt(),t o th CtOJO = IdM (38)

Proof. It follows from (3.7) and Proposition 3.1 that ao,, is absolutely continuous and by the
product rule

t
6to,l _j;iM = /(j_ts‘\to»f °© ID\to_lr +§loyf o %E;i) dt
0]
t
_ / (Cuoe 0 Poro (Ve + Wy o Bl — Gy r 0 By o Vo Pl dr
0]
t t

=/6;0Joﬁo,rthol/’\to_’lrd'E:/aOJoAdFtO,,oWrdt

) 0]
which proves (3.8). O
3.2. Derivatives of flows with respect to a parameter

Consider a family of nonautonomous C™ vector field V* which depends upon scalar param-
eter o and corresponding flow Py ;. Let us assume that V,* is differentiable in « in the following
sense

Vta =Vi+aW; +o(a),

where V;, W, are nonautonomous C™ vector fields which are locally bounded (see Defini-
tion 1.5).

Let I”\,O,t and /Q\IOJ be absolutely continuous solutions of (3.1) and (3.3). We assume that the
operator 0; () is similar to the operator “little 0 in (2.1) and satisfies the following conditions

Pyiodi(@o Qps=0@),  Viod(@)o W, =0()

uniformly with respect to ¢ € [tg, t1].

We use these assumptions and (3.8) from Proposition 3.3 to obtain P , = Cg , o Py, ;, where
Chy=ldy+a Ji Ad Py o Wy dT +0(). Hence P, = Py i +a f; Ad Py r o Wedro P+
o(a).
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This implies that I/’;f)‘ , is differentiable at « = 0 and

t
0 ~ —~ ~ ~
@Ptg,t:/AdPto,‘[oW‘[dfopt(),t- (39)

fo

This same formula is given in the context of the classical Chronological Calculus [3]. We
invite the reader to check that the second representation found in [3], given below

t
Pg, =Py O/Ad P ;o W dr, (3.10)

0]

0
Jo

is easily obtained from the first.
Operator formulas (3.9) and (3.10) can be used in order to obtain the following representations
for derivative of the flow Pg  ata =0

1t
0
LB (4) = P a(@) / Pty (P (@) We (Pry o) () d. (3.11)
0]
8 t
@P;j,,(l]) = / Pr,t*(Pto,r(Q))Wr(Pto,r(Q)) dr. (3.12)

fo

Here we prove (3.12), the proof of (3.11) is similar. By using (3.10) and (2.27), we obtain for
any p € C M (M, E), the following obvious relations

t

d
Px (Pto,,(q)) P

0 ~ o~ ~ ~
_O[Ptz’t(Q):qo@Pt(g,t((p):/qoPto,tOAdPt,roWrdf(ﬁo)

fo
t

= / Pry.i(q) o Prt «Wi(@)dt

fo
t

= /w*(Pto,t(CI))Pr,t*(PIO,I(CI))WI(PZO,'[(‘I)) dr.

0]
These relations imply (3.12).
3.3. Finite sums of Volterra series and a remainder term estimate
Let V; be a nonautonomous C™ vector field on M and let Py, : Jo x Up — U be the local

flow of this field. Consider the operator integral equation (3.2). Replacing 13\,0,, in (3.2) with its
integral form, we obtain
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t r T
ﬁo,,:am/vfdﬁ//ﬁwovgov,dgdf.

4] fo 1o
Provided that k < m, we may continue to obtain

k—1

Pos=ldy+)_ / Vi 000 Vy dr;---dr) + Ri(0) (3.13)
=ai0)
where
Re(t) := / Py oVyo-oVydr---dr, (3.14)
A(0)

is the remainder term and A(¢) is the simplex {fo <t < T)—1 <--- <711 <t}.
Suppose that for any ¢ € C™ (M, E) and gg € M there is a neighborhood U of ¢g, § > 0 and
a constant C such that forall g € U, forany g <t <--- <711 <t <19+ 3, we have

[V oo V(@) (@) p = C. (3.15)

This is true, for example, when V; is locally bounded or autonomous. Then

RO@@] = [ 7o o @ (Pan @)y dnde
Ap(1)

Ctr
< / Cdye---dm = —. (3.16)
Ac(®) '

It follows for any ¢ € C™ (M, E) and any g9 € M, there is a neighborhood U of go on which the
function tk%le (t)(¢) converges uniformly to zero. The family Ry (¢) is an important example

of an 0(¢*~1) family of operators. In the following section, we rigorously define such families,
establish their properties, and prove that Ry (¢) = ok,

4. Calculus of little o’s

We develop in this section the theory of operators of type o(z¢) for C™ smooth manifolds M.
We need the following definition.

Definition 4.1. A set 7 C C" (M, E) is called locally bounded at gy € M if there exist a coordi-
nate chart (O, ) with gg € O and a constant C such that for any i =0, ...,m

sup_(pou) ) <c. @1
xey(O)
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We say that a family of operators A\t :C"(M,E) — C’",(M, E), t € (=46, 6), has a defect
ki :=def A, if for any n, ky <n <m and any ¢ € C”(JV/I\, E) we have A;¢ € c"fi (M, E).
A smooth vector field V; gives an example of the operator V; which has defect 1.

Definition 4.2. A family of operators Zt :C"(M,E)— C’"/(M, E), 0 < |t] < 8, with defect k
is called 0(*) if for any go € M and locally bounded at g set F C C"™ (M, E) there exists a
coordinate chart (O, 1) with gg € O such that forany i =0, ..., m — ki

I e - ‘
lim [ (Ap) 0y~ (@) =0 (4.2)
uniformly with respect to all ¢ € F, x € ¥ (O).
The following proposition gives an important example of 6(X) operator.

Proposition 4.1. Let C ™ smooth vector field V; be locally bounded. Then the remainder term
operator Rk (1) (3.14) is 0(t*= 1) operator with the defect at most k.

Proof. Fix go € M and a locally bounded at go family of functions 7 C C™ (M, E). Then there
exists a constant C such that (3.15) holds for any ¢ € F. It implies that (3.16) holds for any
g € O where O is some neighborhood of ¢g. This proves uniform convergence (4.2) for i = 0.
Similar argument demonstrates uniform convergence (4.2) forany i =0,...,m —k. O

Later we’ll use the next properties of operators o(z%).

Proposition 4.2. Let 6(t*) and 0(t%) be families of operators with defects ki and €, respectively.
Then

(i) 0(*) + 00" =™ "0y if max{ky, &1} <m

(i) 0(%) o o(ﬂ) =0kt ifky + £ <m;

(ii1) Xt 00 o Yt =0@t*) with a defect at most ki + 2 if ky <m — 2 and C™ smooth vector
fields X;, Y: are locally bounded;

(iv) ﬁ(),z 0o(t%) o Q\OJ =0(t*) with a defect at most ky if Py, and Qo are flows of locally
bounded C™ smooth vector fields;

W) ﬁo, = id £ +0(1) with the defect 0 if f’o, ¢ is the flow of a locally bounded C™ smooth vector
field.

Proof. Let us fix gg € M, a locally bounded at gg family 7 C C" (M, E) and a coordinate chart
(O, ). We observe that for any g € F, x € y(O) and i =0, ..., m — max{ky, £}

(@) +36) @) 0 v @) < [EE) @) 0 @) + [ 3) 00 v~ ).

This inequality implies (i).
Note that the family of functions 5 := {ll[b\(te)(ga): ¢ € F, 0 <|t| <48} is locally bounded
at go. Then (ii) follows immediately from Definition 4.2.
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To ) prove (111) we note that o(tk) o Yt is 0(t*) with the defect k; + 1. Then it is easy to see
that X ;0 o(t )o Y, is o(t ) W1th the defect k; + 2. The assertion (iv) follows from the obvi-
ous observation that o(t )o Qo, ;= o(tk ) with the defect k1 and from the uniform convergence
in (4.2).

The last assertion (v) follows from the integral representation (3.2) for ﬁo, + and boundedness
assumptions. O

In the case of C°° manifold M and vector fields on it we don’t need to use the concept of
defect of operators which map ¢ € C*°(M, E) into C*(M, E).

Definition 4.3. For C°° manifold M a set 7 C C*°(M, E) is called locally bounded at go € M
if for any natural m there exist a coordinate chart (O, ) with gg € O and a constant C such
that (4.1) holds for any i =0, ..., m

Definition 4.4. For C* manifold M a family of operators Z, :C®°M,E) > C*®(M,E), t €
(=8, 8), is called o(z%) if for any go € M, for any locally bounded at ¢ set F C C®(M, E)
and for any integer m there exists a coordinate chart (O, ) with go € O such that for any
i =0,...,m the limit (4.2) takes place uniformly with respect to all ¢ € F, x € ¥ (O).

Then we have

Proposition 4.3. For C* manifold M and locally bounded C* vector fields X; and Y, asser-
tions (i)—(v) of Proposition 4.2 hold with k; =0, £1 = 0 and m = oo.

5. Commutators of flows and vector fields

Let P and Q, be flows on a C" manifold M, generated by C™ vector fields X and Y, so that
P() = Id Qo = Id
AP ~ = do.
P _ 5.3, O
dr dt

o~

=0;07.

Following [10], we define a bracket of flows [ P, Q:]1 = O; Io Pl_l o Q; o P; and we note that

[P, 0i]=PoQ;0P 00!

In the case of finite dimensional manifolds, it follows from the classical result that

[P, Q) =1d + *[X, V] +5(r?). 5.1)
In the case of infinite dimensional manifolds and flows Pt’, i=1,...,k, generated by vector
fields X;, the general formula for an arbitrary bracket expression B(Ptl, ey P,k ) was proved by

Mauhart and Michor in [10]. In operator notation, the general formula is

B(P',...,PF)=Id+*B(X\,..., Xp) +0(r). (5.2)
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Here we use the Chronological Calculus to prove this formula. In particular, we will establish the
following:

Theorem 5.1 (Mauhart and Michor). Let M be a C"™ Banach manifold and X1, ..., Xk, kK <m,
be C™ smooth vector fields. Then for any bracket expression B(Ptk, ey P,l) we have the presen-
tation (5.2) where 5(tk) has defect at most k — 1.

The advantage of our approach follows from the fact that the main part of the proof is reduced
to algebraic computations. Moreover, an algorithm for deriving a representation for remainder
term in (5.2) is given.

We will need the following results for families of local diffeomorphisms of the form

P=Id+mX+0(™), Qi =Id+1"Y +5(:"). (5.3)
Proposition 5.1. Let X be a C™ vector field. Then
Pl =I1d— X +5(t™). (5.4)

Proof. Consider flows S; and 7; defined by ”g =S,0X,Sy=1d, and dT’ =—XoT, Ty=1d.
Then 7; = S St =Id+tX+0(t),and T, =Id — tX + o(t) In partlcular P =S +00™).

By applying P P frorn the right, we get Id Stm ) P —I— o(t™). Then by applying Tym from
the left, we get Y}m = P +0(t’”) and so P '—ld—mX + ot™). O

Proposition 5.2. Let families of local diffeomorphisms P; and Q, satisfy (5.3). Then
[P, Oi] =1d + "' [X, Y] +3(" ). (5.5)

Proof. Recall that [P, O;]:= P, 0 Q;0 P, ' 0 0, Write

E_IZIZZM—vl’ P =ldy + V5, Q,‘_l:I/ZiM—Wla @r=1/6\1M+VT’2-
Then
[P, Qi1 = dy + V2) 0 Or o (Idp — Vi) o O; ! (5.6)

Now, 0y o (Idy — Vi)o O; ' =Idy — 0y o V10 0, =Idy — (Idy + W2) o Vi o Tdy — W1) =
Idy —Vi—WooVi+VioW;+WyoVioWj.
Substituting this expression into (5.6) gives

[@]Z(EJM+V2)O(EM—V1—W20V1+V10VT’1+VT’20\710W1)

=Idy —Vi = Who Vi +Vio Wi+ WaoVio Wi+ Vo — V30V,
—VzoWzon+V20V10W1+f/}ov’[720f/\1oWl.
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But
—Vi+Va—Va0V] =ﬁt_l—ja/vrl-i;z—iBM—(ﬁt—I/C}M)O(jaM—E_l)=O.
Therefore,
[P Q) =1dy — Wao Vi +Vio W, + R
where

§:=W20V10W1—f/\zoﬁ\/goff\l-I-‘//\zo\//\loﬁ\/l—i-{/\zoﬁ\/zovlowl. 5.7

By (5.3) and (5.4) we have Vi = "X +6(t™), V2 = "X +0(™), Wi = "Y +0("), W, =
Y +o("). R
By using Proposition 5.2 we obtain from previous relations and (5.7) that R =0(+"*") and

/‘71 o Wl — Wz o {/\1 = tm—i—n[j(\’ ?] +5(tm+n).
This proves (5.5). O

Applying Proposition 5.2 inductively, we obtain Theorem 5.1. Note that in the process of
proving the theorem, we have obtained an expression for the remainder term.

6. Chow-Rashevskii theorem for infinite-dimensional manifolds

Consider an n-dimensional manifold M with a sub-riemannian distribution H C T M, which,
by definition, is a vector sub-bundle of the tangent bundle T M of the manifold with an inner
product on its fiber space [11]. An absolutely continuous curve ¢ : [0, T] — M is called horizon-
tal if its derivative belongs to H for almost all 7.

The classical Chow—Rashevskii theorem [12,13] provides conditions in terms of basis vector
fields {V;};=1,....m of the distribution H and their iterated Lie brackets for connectivity of arbitrary
two points of the sub-riemannian manifold by a horizontal curve.

Namely, let us consider the following distribution £ which is defined point-wise as the linear
span of the set generated by iterated Lie brackets of basis vector fields {V;};—=1.... m as follows:

,,,,,

LIVi, ..., Vul(@) :=span{B(V;, Viy, ..., Vi, ViD(@): k=1,2,...}. (6.1)
The classical Chow—Rashevskii theorem states that the condition
LIVi,....,Vull@)=TM(q) VgeM (6.2)

implies the connectivity of any two points on the manifold M by a horizontal curve.

Historically this theorem has played a fundamental role in nonlinear control theory [14—17] by
demonstrating that the condition (6.2) is a sufficient for the global controllability of the following
affine-control system:

G=Y ui(t)Vi(g). (6.3)

i=1
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Here we are interested in generalizing these sufficient conditions for global controllability for
the case of infinite-dimensional manifold M. Consider an affine control system

G=Y ui)Vi(q) (6.4)

i=1

where V; are smooth vector-fields on M, and u(t) := (u1(¢), u(t), ...) is a control.

Let M be an infinite-dimensional C*° smooth connected manifold [18] with underlying
smooth Banach space E. The concept of smooth Banach space will be discussed in the next
subsection.

A control u(¢) is called admissible if it is piecewise constant and at each ¢ only a finite num-
ber of its components u;(¢) are different from zero and take values +1 or —1. The set of all
admissible controls is denoted U/.

Note that for any initial point go for any admissible control u(t) there exists (at least lo-
cally) a unique solution ¢(¢; go, 1) of the control system (6.4). This solution we call a trajectory.
A reachability set for the initial point gg

R(qo) == {q(t; u, qo): ¥t =0, Yu e U} (6.5)
consists of all points of all trajectories of (6.4) corresponding to all admissible controls u € U.
Thus, the set R(qo) consists of all points to which the control system can be driven from the
point go using admissible controls.

Here we provide infinitesimal conditions in terms of vector fields {V;};=1 2, ., their Lie brack-
ets and bracket iterations similar to (6.2) which imply global approximate controllability of the
system (6.4).

Definition 6.1. Control system (6.4) is called global approximate controllable if for any go € M

R(go) =M. (6.6)
Thus, global approximate controllability of system (6.4) means that for arbitrary points
40,91 € M and any open neighborhood O of the point ¢ there exists an admissible control

u € U such that at some moment 7 the trajectory x(7'; u, xo) enters the neighborhood O.
For the family of smooth vector fields V;,i =1, 2, ..., define the following set similar to (6.1)

LIVi, Va,..1(q) = span{B(Viy, Viys ..., Vi Vid(@): k=1,2,...}. ©.7)
Note that in the definition (6.7) of £ we consider only brackets B which are well defined.

Theorem 6.2. Let M be an infinite-dimensional smooth manifold associated with the smooth
Banach space E and a smooth affine-control system (6.4) satisfies

LIVi,Va, . (@) =T,;M ¥qeM. (6.8)

Then system (6.4) is globally approximate controllable.
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The proof of this variant of Chow—Rashevskii theorem for infinite-dimensional manifolds is
based on the use of some constructions of nonsmooth analysis [19,20] and a characterization of
the property of strong invariance [ 19] of sets with respect to solutions of the control system (6.4)
and is similar to the proof of the analogous result for the case of Hilbert space E [21].

6.1. Nonsmooth analysis on smooth manifolds and strong invariance of sets

Concepts of strong and weak invariance play important role in control theory (see [19]
for finite-dimensional results and [22] for related results on approximate invariance in Hilbert
spaces). A set S C M is called strongly invariant with respect to trajectories of a control sys-
tem (6.4) if for any go € S and any admissible control u € U the trajectory g (¢; qo, u) stays in S
for all ¢+ > O sufficiently small. Note that the fact that reachability set R(qop) (6.5) is strongly
invariant follows immediately from its definition.

Here we provide infinitesimal conditions for strong invariance of a closed set S in terms of
normal vectors to S and iterated Lie brackets of vector fields V;,i = 1,2, .... In order to define
such normal vectors we need to recall some facts from nonsmooth analysis on smooth Banach
spaces and on smooth infinite-dimensional manifolds.

A Banach space E is called smooth if there exists a non-trivial Lipschitz C'-smooth bump
function (that is, a function with a bounded support). For example, Banach spaces with differen-
tiable norm are smooth Banach spaces as, in particular, Hilbert spaces are.

A subgradient ¢ € E* of function f : E — (—00, +00] at the point x is defined as follows:
let there exist a C!-smooth function g: E — R such that the function f — g attains a local
minimum at x then the subgradient of f at x is the vector £ = g’(x). The set of all subgradients
at x is called a subdifferential of f (x). It can be shown that for lower semicontinuous functions f
subdifferentials are nonempty on a set which is dense in the domain of f. The detailed calculus
of such subdifferentials can be found in the monographs [23,19,20]. The monograph [19] is
dedicated to the calculus of proximal subgradients in Hilbert spaces.

We also need the following mean-value inequality for lower semicontinuous function f: for
any r, x, y such that » < f(y) — f(x) and for any § > O there exist a point z € [x, y] + § B and
¢ € dF(z) such that

r<{¢y-—x) (6.9)

(see [19] for the original Hilbert space case and [23] for general smooth Banach space case).
The nonsmooth analysis for nonsmooth semicontinuous functions on smooth finite-dimen-
sional manifolds was suggested in [24]. But the concept of subgradient of lower semicontinuous
function from [24] is easily adapted for infinite-dimensional manifolds: ¢ € T*M is a subgra-
dient of f: M — (—o0, +00] if there exists a locally C'-smooth function g: M € R such that
f — g attains its local minimum at ¢ and { = dg(q).
Let S C M be a closed subset on M then the characteristic function

xs(q) =0, qe€S, xs(q) =400, q¢S§,
is lower semicontinuous function on M.

Definition 6.3. Vector ¢ € Tq*M is called a normal vector to a set S at g if ¢ € 9F xs(q).
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The set of all normal vectors is a cone and it is called a normal cone NS to the S at g.

Proposition 6.1. Ler ¢’ € S be a boundary point of the closed set S then any neighborhood O of
q’ contains a point q € S such that there exists a normal vector { #0, { € NyS.

The proof of this proposition follows immediately from the mean-value inequality (6.9) and
is left to a reader.

Theorem 6.4. The closed set S C M is strongly invariant with respect to solutions of the control
system (6.4) if and only if

(¢, B(Viys Vigs o Vi Vi) (@) =0 (6.10)
for any iterated Lie bracket of vector fields V;, any normal vector { € N;S and any q € S.

Proof. Let us assume that the set S is strongly invariant, ¢ € § and { = dg(g) € N, S. This
implies that

xs(@") —xs@) =g(q") — g@ (6.11)

for some smooth function g and all ¢’ near g.

Let us fix some iterated Lie bracket B(V;,, Vi,, ..., Vi,_, Vi)(¢q) as in (6.10), denote it v and
relate to it an appropriate iterated flow bracket as in Section 5. For arbitrarily small ¢ > 0 we can
find an admissible control u € U{ associated with this iterated flow bracket such that we have in
accordance with Theorem 5.1

g(q(t; . w) = g(@) + t*{dg(q), v) + o(r*).

Then we obtain from (6.11) that

tk(dg(q), v) + o(tk) <0.

Of course, we can easily derive (6.10) from this inequality.

To prove that conditions (6.10) imply strong invariance of the set S with respect to solutions
of the affine control system (6.4), we can use methods of [22] for the characterization of strong
and weak approximate invariance of sets with respect to solutions of differential inclusions. O

6.2. Proof of an infinite-dimensional variant of Chow—Rashevskii theorem

Consider the reachability set R(go) (6.5) and recall that this set is strongly invariant. Note
that for a fixed admissible control u, the function ¢ — ¢q(¢; g, u) is continuous. This implies the
important fact that the closure of the reachability set R(gp) is also strongly invariant.

Now let us assume that Theorem 6.2 is not true and R(qp) # M for some gy € M. This
implies the existence of some border point ¢’ of R(gp). Due to Proposition 6.1 there exist a point
q € R(qo) and a nonzero normal vector ¢ at g to it. But due to strong invariance of R(go) we have
for the normal vector ¢ that (6.10) holds for any iterated Lie bracket. In view of condition (6.8)
it implies that { = 0 and this contradiction proves Theorem 6.2.
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