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Abstract

We consider a degenerate abstract wave equation with a time-dependent propagation speed. We inves-
tigate the influence of a strong dissipation, namely a friction term that depends on a power of the elastic
operator.

We discover a threshold effect. If the propagation speed is regular enough, then the damping prevails,
and therefore the initial value problem is well-posed in Sobolev spaces. Solutions also exhibit a regularizing
effect analogous to parabolic problems. As expected, the stronger is the damping, the lower is the required
regularity.

On the contrary, if the propagation speed is not regular enough, there are examples where the damping is
ineffective, and the dissipative equation behaves as the non-dissipative one.
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1. Introduction

Let H be a separable real Hilbert space. For every x and y in H, |x| denotes the norm of x,
and (x, y) denotes the scalar product of x and y. Let A be a self-adjoint linear operator on H
with dense domain D(A). We assume that A is nonnegative, namely (Ax, x) > 0 for every
x € D(A), so that for every o > 0 the power A%x is defined provided that x lies in a suitable
domain D(AY).

We consider the second order linear evolution equation

W (1) + 28A% U (t) + c(t) Au(t) = 0 (1.1)

in some interval [0, T'], with initial data

u(0) = uo, u' (0) =uy. (1.2)

We refer to [7] for the history of the problem and a short survey of some related literature (see
also [1,4,5,9] and the references quoted therein for analogous models with competition between
damping and time-dependent propagation speed). Here we just recall the main results that are
more relevant to our presentation.

The non-dissipative equation (6 = 0) was considered in the seminal paper [2] under the strict
hyperbolicity assumption

O<mr=ct)y=p2  V1rel[0,T], (1.3)

and then in [3] under the degenerate hyperbolicity assumption

O0<ct)<pu vt € [0, T]. (1.4)

The general philosophy is that higher space-regularity of initial data compensates lower time-
regularity of c(¢). The result is that problem (1.1)—(1.2) is well-posed in suitable Gevrey spaces,
whose order depends on the regularity class of c¢(¢), and on the strict/degenerate hyperbolicity
condition. For less regular data strange pathologies may occur, in the sense that for suitable co-
efficients there do exist “solutions” which lie in Gevrey spaces (of course not as good as those
that guarantee well-posedness) at time ¢ = 0, but which are not even distributions when ¢ > 0.
We refer to section 2.2 for a survey of the statements concerning the degenerate non-dissipative
case.

The dissipative equation (6 > 0) with constant positive propagation speed was considered in
full generality in [8]. If we limit ourselves to the range o € (0, 1/2], the result is that in this spe-
cial autonomous case problem (1.1)—(1.2) is well-posed in the classic energy space D(AY?)x H,
and solutions exhibit a regularizing effect for positive times, in the sense that they lie in Gevrey
spaces of order (20)~ L.

The dissipative case with time-dependent propagation speed is more complex, because there
is some sort of competition between the damping and the potential low-regularity of c(¢). This
competition was investigated for the first time in [7], leading to the following results.
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e When o > 1/2 the damping always prevails, and problem (1.1)—(1.2) is well-posed in
D(A'?) x H (but also different choices are possible) provided that c(¢) is measurable and
satisfies the degenerate hyperbolicity condition (1.4).

e When o € [0, 1/2] the competition is tighter. If ¢(¢) is ¢-Holder continuous and satisfies the
strict hyperbolicity condition (1.3), then problem (1.1)—(1.2) is well-posed in D(AY?) x H
provided that 20 > 1 — «. Otherwise, the equation behaves as the non-dissipative one, mean-
ing well-posedness in the appropriate Gevrey classes, and potential pathologies for less
regular data.

In this paper, which is intended as a continuation of [7], we consider the case where o €
[0, 1/2], and the coefficient c(f) is a function of class C*- satisfying the degenerate hyperbolicity
condition (1.4). Again we discover a threshold effect.

e When (2 + k + o)o > 1, we show in Theorem 3.1 that equation (1.1) behaves as the one
with constant positive propagation speed, meaning well-posedness in Sobolev spaces, and
regularizing effect to Gevrey classes of order (20') ! for positive times.

e When (2+k + a)o < 1, we show in Theorem 3.6 that equation (1.1) can exhibit the same
pathologies of the non-dissipative case.

From the technical point of view, the spectral theory reduces the problem to estimating the
growth of solutions to the family of ordinary differential equations

Wl (1) + 2822 ul (1) + Aty (1) =0, (1.5)

with initial data

13 (0) =uox, uy (0) =uj ;. (1.6)

To this end, we introduce “approximated hyperbolic energies” of the form

), ()2 4 820% Jus () 2 + 8127 up (1) (1) + v (DA | (1) ]2,

where y; (¢) is a suitable smooth approximation of c(¢) to be chosen in a A-dependent way. This
technique dates back to [2,3], but here we need to design y; (¢) in a completely different way in
order to take advantage of the strong damping. For this reason, Lemma 5.1 is the technical core
of the proof of Theorem 3.1.

As for counterexamples, again we follow the strategy devised in [2,3], but again we have to
change the ingredients from the very beginning because of the dissipation.

This paper is organized as follows. In section 2 we introduce the functional setting and we
recall the classic existence results from [3]. In section 3 we state our main results. In section 4
we provide a heuristic description of the competition between oscillations of c(#) and strong
damping. In section 5 we prove our existence and regularity results. In section 6 we present our
examples of pathological solutions.
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2. Notation and previous results
2.1. Functional spaces

Let H be a separable Hilbert space. Let us assume that H admits a countable complete or-
thonormal system {e, },cn made by eigenvectors of A. We denote the corresponding eigenvalues
by )Lﬁ (with the agreement that A, > 0), so that Ae, = A%en for every n € N. In this case every
u € H can be written in a unique way in the form u = Z;:O:o unpen, where u, = (u, e,) are the
Fourier components of u. In other words, the Hilbert space H can be identified with the set of
sequences {u,} of real numbers such that Y00 ju2 < +o0.

We stress that this is just a simplifying assumption, with substantially no loss of generality.
Indeed, according to the spectral theorem in its general form (see for example Theorem VIII.4
in [10]), one can always identify H with L>(M, ) for a suitable measure space (M, 1), in such
a way that under this identification the operator A acts as a multiplication operator by some mea-
surable function Az(é). All definitions and statements in the sequel, with the exception of the
counterexamples of Theorem 3.6, can be easily extended to the general setting just by replac-
ing the sequence {A%} with the function A2(£), and the sequence {u,} of Fourier components
of u with the element @(£) of L?>(M, ) corresponding to u under the identification of H with
LM, ).

The usual functional spaces can be characterized in terms of Fourier components as follows.

Definition 2.1. Let u be a sequence {u,} of real numbers.
e Sobolev spaces. For every a > 0 we say that u € D(AY) if
o0
el ey = (1 + An)*up < +o00. (2.1)
n=0
e Distributions. We say that u € D(A™%) for some « > 0 if
o0
et gy = 2(1 + An) "2 < 4o0. (2.2)
n=0

e Gevrey spaces. Let s > 0, r > 0 and « be real numbers. We say that u € Gs o (A) if

o0
Il = > (1 + A)*u2 exp (m}ﬂ) < to0. 2.3)
n=0

o Gevrey ultradistributions. Let S > 0, R > 0 and o be real numbers. We say that u €
G-s.ra(A)if

o0
s g0 = 1+ A uexp (<2R ) < +oo. 24

n=0
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The quantities defined in (2.1) through (2.4) are actually norms inducing a Hilbert space
structure on the corresponding spaces. The standard inclusions

Gs.ra(A) S DAPYCHC DAY CG g g —o(A)

hold true for every positive value of «, 8, r, s, R, and S. All inclusions are strict if the sequence
A, is unbounded.

We observe that Gs . (A) is actually a so-called scale of Hilbert spaces with respect to the pa-
rameter r, with larger values of r corresponding to smaller spaces. Analogously, G_s r.«(A) is a
scale of Hilbert spaces with respect to the parameter R, but with larger values of R corresponding
to larger spaces.

2.2. Damping-independent results

In this subsection we recall the classical results concerning existence, uniqueness, and regu-
larity for solutions to problem (1.1)—(1.2) under the sole assumptions that § > 0 and c(¢) satisfies
the degenerate hyperbolicity assumption. For the sake of consistency, we rephrase the results in
our functional setting. In the quoted references only the case § = 0 is considered, but the same
techniques work also when § > 0 because all extra terms have the “right sign”.

The first result concerns existence and uniqueness of a very weak solution for a very huge
class of initial data, with minimal assumptions on c¢(¢) (no hyperbolicity is required).

Theorem A (see [2, Theorem 1]). Let us consider problem (1.1)—(1.2) under the following as-
sumptions:

A is a self-adjoint nonnegative operator on a separable Hilbert space H,
c € LY(0, T)) (without sign conditions) for some T > 0,

o > 0and 6 > 0 are two real numbers,

there exists Ry > 0 such that initial conditions satisfy

(1o, u1) € G_1,Ry,172(A) X G_1,Ry,0(A).

Then there exists a nondecreasing function R : [0, T] — (0, +00), with R(0) = Ry, such that
problem (1.1)—(1.2) admits a unique solution

ue C(10,T1; G-1,r(r),12(A) N C (10, TT; G—1 r(ry,0(A)) - (2.5)

Condition (2.5), with the range space increasing with time, simply means that

ueC’ (10, 7] G-1,Rr(x),1/2(A)) N c! (10, 71: G—1,R(x),0(A)) VT e(0,T].

This amounts to say that scales of Hilbert spaces, rather than fixed Hilbert spaces, are the
natural setting for this problem.

In the second result we assume degenerate hyperbolicity and more time-regularity of the coef-
ficient c(¢), and we obtain well-posedness in a suitable smaller class of Gevrey ultradistributions.
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Theorem B (see [3, Theorem 1 and Remark 4]). Let us consider problem (1.1)—(1.2) under the
following assumptions:

A is a self-adjoint nonnegative operator on a separable Hilbert space H,
there exists k € N and o € (0, 1] such that c € Ck’“([O, T),

c(t) satisfies the degenerate hyperbolicity assumption (1.4),

o > 0and § > 0 are two real numbers,

initial conditions satisfy

(1o, u1) € G5 Ry,1/2(A) X G_5 Ry,0(A)
for some real numbers Ry > 0 and S > 0 such that

k
S<1+ ;a. (2.6)

Then the unique solution u(t) to the problem provided by Theorem A satisfies the further
regularity

e CO([0, T1, G5 Rry+e.1/2(A) N C ([0, T1, G_s.Ry4.0(A)) Ve >0.

The third result concerns existence of regular solutions. The assumptions on c(¢) are the same
as in Theorem B, but initial data are significantly more regular (Gevrey spaces instead of Gevrey
ultradistributions).

Theorem C (see [3, Theorem 1]). Let us consider problem (1.1)—(1.2) under the following as-
sumptions:

o A is a self-adjoint nonnegative operator on a separable Hilbert space H,
o there exists k € N and o € (0, 1] such that ¢ € Ck’“([O, T,

e c(t) satisfies the degenerate hyperbolicity assumption (1.4),

e 0 >0and > 0 are two real numbers,

e initial conditions satisfy

(uo,uy) € gs,ro,l/Z(A) X gx,ro,O(A)
for some real numbers ro > 0 and s > 0 such that

k
s <1+ ;a. 2.7

Then the unique solution u(t) to the problem provided by Theorem A satisfies the further
regularity

u e CO([0, T1, Gs ro—e,12(A)) N C ([0, T1, G rg—s.0(A)) Ve €(0,r0).

Please cite this article in press as: M. Ghisi, M. Gobbino, Time-dependent propagation speed vs strong damping for
degenerate linear hyperbolic equations, J. Differential Equations (2018), https://doi.org/10.1016/j.jde.2018.07.040




YJDEQ:9436

M. Ghisi, M. Gobbino / J. Differential Equations eee (eeee) eee—see 7

Remark 2.2. The counterexample presented in [3, Theorem 2] clarifies that there is essentially
no well-posedness result in between the Gevrey spaces of Theorem C and the Gevrey ultradistri-
butions of Theorem B, and that conditions (2.6) and (2.7) are optimal.

More precisely, there exists a nonnegative coefficient c(¢) of class C k. for which (1.1) admits
a solution that is Gevrey regular at time ¢t = O (just a little bit less regular than required by
Theorem C), but then exhibits a severe derivative loss, meaning that for all positive times this
solution is just a hyperdistribution as in Theorem B, and nothing more.

2.3. Glaeser type inequalities

A classical result states that the power 1/(k 4+ ) of a nonnegative function of class C*¢ is
absolutely continuous, and actually Lipschitz continuous when k = 1. In this paper we need this
result in the following form.

Theorem D (Glaeser type inequalities). Let T be a positive real number, let k be a positive
integer, let o € (0, 1] be a real number, and let c : [0, T] — [0, +00) be a nonnegative function
of class C*-,

Then the following estimates hold true.

o (Case k = 1) There exists a constant K such that
1) < K[e)]'™/0+0  vre(o, T]. (2.8)

e (Case k > 2) There exists a function ¢ : [0, T] — [0, +-00), with ¢ € L'((0, T)), such that

I (D] < o] VE D vrefo,T]. (2.9)

For a proof of Theorem D we refer to [3, Lemma 1], or to the more recent paper [6] where the
result has been improved by showing further L? summability of ¢(¢).

3. Main results

Let us set

t

C(t) :=/c(s) ds vVt e[0,T]. 3.1
0

Our main existence and regularity result concerns the regime where the damping dominates
the time-dependent coefficient.

Theorem 3.1 (Sobolev and Gevrey regularity). Let us consider problem (1.1)—(1.2) under the
following assumptions:

e A is a self-adjoint nonnegative operator on a separable Hilbert space H,
o there exists k € N and o € (0, 1] such that c € Ck""([O, T),
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e (1) satisfies the degenerate hyperbolicity assumption (1.4), with in addition
c(0) =0, (3.2
and its antiderivative (3.1) satisfies
Cit >0 vt e (0,T], (3.3)

e § is a positive real number, and o is a real number such that
34

o (up,u1) € D(A°) x H.

Then the unique solution u(t) to the problem provided by Theorem A has the following regu-
larity properties.

(1) (Sobolev regularity for positive times) It turns out that
ueC’((0,T1, D(A®)) N C' (0, T1, H). (3.5)
(2) (Gevrey regularity for positive times) There exists r > 0 such that
uecC® (0, T1, QQU)_],,C(,),G(A)) nc' (0, T1, g(zg)—l’rc(l)’o(A)) . (3.6)
(3) (Continuity in Sobolev spaces up to t = 0) If in addition k € {0, 1}, then it turns out that
ueC’([0,T1, D(A9))NC' ([0, T1, H). (3.7)

The proof of Theorem 3.1 provides also estimates for high frequency components of solutions.
We refer to Remark 5.4 for further details.

We observe that we assumed that ¢(0) = 0, and that c¢(¢) does not vanish identically in a right
neighborhood of # = 0. In the following two remarks we show that there is no loss of generality
in these assumptions.

Remark 3.2. Let us assume that c(0) > 0. Due to the continuity of c(¢), there exists T} € (0, T']
such that c(¢) is bounded from below by a positive constant in [0, T7].

Therefore, in this subinterval we can apply the theory for the strictly hyperbolic case, which
provides well-posedness in Sobolev spaces (see [7, Theorem 3.2 and Remark 3.5]) and regulariz-
ing effect up to Gevrey spaces of order (20)~! (see [7, Theorem 3.9]) provided that c € CY8 for
some B > 1 — 20. In order to check this assumption, we observe that it is satisfied with 8 := « if
(3.4) holds true with k = 0, and with 8 close enough to 1 if (3.4) holds true with k > 1 (in which
case c(t) is at least of class C!, and hence B-Hdlder continuous for every 8 € (0, 1)).

Thus from the theory for strictly hyperbolic equations we deduce that, if initial data are in
D(A'Y?) x H, there exists r; > 0 such that

W(T1), u'(T1)) € Gs.ry1/2(A) X Gy 0(A)  withs = (20)7 .
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This value of s satisfies (2.7) because of (3.4), and hence we can apply Theorem C in the
interval [T, T], where c(¢) is allowed to vanish. As a consequence, a quite regular solution
exists on the whole interval [0, 7] for all initial data in D(A'/2) x H.

In other words, the case c¢(0) > 0 can be dealt with relying only on Theorem C and on the
theory for strictly hyperbolic equations.

Remark 3.3. Let us assume that ¢(¢) vanishes identically in a left neighborhood of the origin,
and let us set

Ti :=sup{t€[0,T]:c(r) =0 Vrel0,1]}.
In the interval [0, T1] equation (1.5) reduces to
Wl (1) + 2822 u} (1) =0,
whose solution is

exp(—282291) — 1
28220

u; (1) =uop — ui vt [0, T1]. (3.8)

If (ug,u1) € D(A%) x H, this formula tells us that
u e C%([0, T11, D(A%)) N C' ([0, T11, H),

and in particular (u(T}), u’(T})) € D(A®) x H. Therefore, we are in a position to continue the
solution by applying Theorem 3.1 in the interval [T7, T'].

Remark 3.4. The calculation shown in Remark 3.3 clarifies that D(A°) x H (or any product of
spaces with “gap o) is the appropriate phase space for degenerate equations. In some sense, this
space is chosen by the equation itself. Indeed, formula (3.8) with «(0) = 0 and u’(0) = u; shows
that solutions can undergo an immediate jump

D(A®®) x H~ D(A°) x H.
As expected, this sort of derivative loss is bigger when o is smaller.

Remark 3.5. In Theorem 3.1 we prove the continuity of the solution in D(A°) x H uptot =0
only in the case k < 1. When k > 2, we obtain Sobolev and Gevrey regularity for positive times,
but as far as we know the solution might assume initial data only in the weak hyperdistributional
sense of Theorem B, even if these initial data are again in D(A%) x H.

From the technical point of view, this depends on the fact that for £ > 2 the function ¢ that
appears in the Glaeser type inequalities of Theorem D could be unbounded in a neighborhood of
the origin. We refer to Remark 5.5 for further details.

On the other hand, we have no counterexamples to the continuity up to t = 0, which motivates
the following question.

Open problem. Let us consider problem (1.1)-(1.2) under the same assumptions of Theo-
rem 3.1. Can we conclude that (3.7) holds true even in the case k > 2?
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Our second result is the counterpart of Theorem 3.1, and concerns the regime where the damp-
ing is ineffective. In this regime Theorem C still provides existence of a regular solution for initial
data in suitable Gevrey classes. Here we show that for less regular data a severe derivative loss is
possible.

Theorem 3.6 (Instantaneous severe derivative loss). Let A be a linear operator on a Hilbert
space H. Let us assume that there exists a countable (not necessarily complete) orthonormal
system {e,} in H, and an unbounded sequence {A,} of positive real numbers such that Ae, =
)\,%en for everyn € N.

Let § > 0 and o € (0, 1] be real numbers, let k € N be a nonnegative integer, and let o be a
real number such that

1
0<o

_ 3.9
- <2+k+a (3.9)

Then there exist a function ¢ : R — [0, +00), and a solution u(t) to equation (1.1) in [0, 400)
satisfying the following three properties.

(1) (Regularity of the coefficient) The coefficient c(t) satisfies the regularity assumption
ce CHYR)YNC® R\ {0}), (3.10)
and the degenerate hyperbolicity assumption
O<c() <1 Vvt > 0. (3.11)
(2) (Regularity of the solution at initial time) It turns out that

k
(0),u’(0)) € Gs r,p(A) x Gy p(A) Vs >1+ era, (3.12)

independently of r > 0 and B € R.
(3) (Non-regularity of the solution for all positive times) For every t > 0 it turns out that

k
w®),u' () ¢ G-s,rp(A) x G_s R p(A)  VS>1+ era, (3.13)

independently of R > 0 and B € R.

Remark 3.7. Both Theorem 3.1 and Theorem 3.6 do not cover the limit case where o = (2 +
k +a)~!. Concerning Theorem 3.1, a careful inspection of the proof reveals that when k € {0, 1}
the same conclusions hold true even in the limit case, but provided that § is large enough. The case
k > 2 is more delicate, at least when the function ¢ that appears in the Glaeser type inequalities
is unbounded.

Concerning Theorem 3.6, the strict inequality in (3.9) is essential in the construction of our
counterexamples.
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Well-posedness in Sobolev spaces

Well-posedness in Gevrey spaces Pathologies

-

|
I
|
I
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|
|
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|
|
t

! k+a ! _9  k+a

Fig. 1. Non-dissipative equation (left) vs dissipative equation (right).
4. Heuristics

The diagrams of Fig. | summarize the results of this paper. In the horizontal axis we represent
the value k + o, corresponding to the time-regularity of c(#). In the vertical axis we represent the
space-regularity of initial data, where the value s stands for the Gevrey space of order s (so that
higher values of s mean lower regularity). The oblique line has equation s = 1 + ]"'FT“

For the non-dissipative equation (6 = 0) we have the situation described in Theorem C and
Remark 2.2, namely well-posedness provided that ¢(¢) is of class C*% and initial data are in
Gevrey spaces of order s < 1 + /‘J’T"‘, and potential pathologies if s > 1 + k% The same picture
applies if § > 0 and o = 0.

For the dissipative equation (§ > 0) the problem is well-posed in the Sobolev setting in the
full strip with k + « > —2 4 1/0, as stated in Theorem 3.1. The region on the left of the vertical
line is divided as in the non-dissipative case. Indeed, Theorem C still provides well-posedness in
the Gevrey setting below the oblique line, while Theorem 3.6 shows that pathologies are possible
above the oblique line. What happens on the oblique and on the vertical line is less clear, because
in these regimes the size of § becomes relevant.

Now we present a rough justification of this threshold effect. As already observed, exis-
tence results for problem (1.1)—(1.2) are related to estimates for solutions to the family of
ordinary differential equations (1.5). Let us consider the standard energy function £(¢) :=
|u£\(t)|2 + A2|uy (1)]2. A classical argument shows that

t
E@) <E(0)exp )»t+k/|c(s)|ds , 4.1
0

and this estimate is enough to establish Theorem A.
If in addition c(7) is of class C*, and satisfies the degenerate hyperbolicity condition (1.4),
then (4.1) can be improved to

£(t) < My £(0) exp (ngz/ <2+"+°‘>z) 4.2)

for suitable constants M; and M>. Estimates of this kind are the key point in the proof of both
Theorem B and Theorem C. Moreover, the pathologies described in Remark 2.2 are equivalent
to saying that the exponent of X in (4.2) is optimal.

On the other hand, if o < 1/2 and c(¢) is constant, then (1.5) can be explicitly integrated,
obtaining that
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£(t) < M3 E(0) exp (-25;2‘%) 4.3)

for a suitable constant M3.

If ¢(7) is of class CX% and satisfies the degenerate hyperbolicity condition (1.4), then we
expect a superposition of the effects of the coefficient, represented by (4.2), and the effects of the
damping, represented by (4.3). We end up with something like

£(t) < My M5 E0) exp ((szz/ (QHk+a) _ 05320 . t) . (4.4)

Therefore, it is reasonable to expect well-posedness in Sobolev spaces when the argument of
the exponential is bounded from above independently of A, which is true for sure when condition
(3.4) is satisfied. On the contrary, when (3.9) is satisfied, the right-hand side of (4.4) diverges
as . — +o00, opening the door to the pathologies. In the border-line case, namely when the two
exponents are equal, the size of § comes into play.

5. Proofs of well-posedness and regularity results
In this section we prove Theorem 3.1. The proof has three main steps.

e In Lemma 5.1 we show that c¢(¢) can be approximated by a family y;(¢) of nonnegative
functions of class C! satisfying suitable estimates. Glaeser type inequalities play a crucial
role in this step.

e In Proposition 5.2 we use the functions y,(¢) as coefficients of approximated hyperbolic
energies, and with the help of these energies we estimate the growth of solutions to the
family of ordinary differential equations (1.5).

e Finally, we conclude by means of the spectral theory and the previous estimates.

In the sequel we set for simplicity

2
0 =——, 5.1
24+ k4«
and we observe that definition (5.1) implies that
2(1 -0
g =0 5.2)

k+a

Lemma 5.1 (Approximation of the coefficient). Let T > 0, u > 0 and o € (0, 1] be real numbers,
let k € N be a nonnegative integer, and let ¢ : [0, T] — [0, ] be any function of class C**. Let
0 be defined by (5.1).

Then for every % > 0 there exists a function vy, : [0, T]1— [0, u] of class C' such that

le(t) =y (@) <2729 vrelo,T], (5.3)
and

le@) — () ? <e@®r20=9  vrelo, T (5.4)
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In addition, the derivative of y, satisfies the following estimates depending on k.
o Ifk =0, then it turns out that
Ol < @SV en?  Vrel0.T], (5.5)

where H denotes the a-Holder constant of ¢(t) in [0, T].
o Ifk =1, then it turns out that

Vi) <4K -c(Hr®  Viel0,T], (5.6)

where K denotes the constant for which (2.8) holds true.
e Ifk > 2, then it turns out that

V(O] <4p() -2’ Viel0,T], (5.7)
where ¢(t) denotes the function for which (2.9) holds true.
Proof. For every ¢ > 0, let us consider the function v, : R — R defined as
0 if x <0,

Ye(x) := 2 ToxX\ .
x——~8arctan(—-—> if x > 0.
T 2 ¢

It turns out that v/, is a function of class C! that approximates the piecewise affine function
max{x, 0}. In particular, in the sequel we need that

[Ye(x) —x| <& Ve>0, Vx>0, (5.8)
and that the derivative satisfies

Yl(x)=0 Ve>0, Vx<O0, (5.9)

i) <1 Ve>0, Vx=>0. (5.10)
Case k > 1 In this case we set
ce(t) :=Ye(c(t) —e)  Vre[0,T],
and we define y, (¢) as c.(¢) in the case where
4g ;=\ 20-0) (5.11)

In order to prove (5.3) and (5.4), we distinguish two cases.
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o If c(t) <e,then c.(t) =0, and hence
70 — e =c(t) se <2720,
which proves (5.3). Similarly, it turns out that

[ya(t) — @) =c(t) - c(t) <c(t) - e < c(t) - 172179,

which proves (5.4).
o If c(t) > &, then from (5.8) with x = ¢(¢) — ¢ we deduce that

7(8) = O] = e (c(0) — ) = (c(t) — ) —e] <26 <2707,
which proves (5.3), and similarly
72 (6) = c(O? <28 -2 <c(r) - 4e = () - 272077,
which proves (5.4).
Let us consider now the derivative y, (1), and let us distinguish again two cases.
o If c(t) < &, then from (5.9) we deduce that y)i(t) = 0, and hence both (5.6) and (5.7) are

trivial.
o If ¢c(t) > ¢, then from (5.10) we deduce that

[y O] = [Ye(e®) — o) - '] < | D)1 (5.12)

Now we apply the Glaeser type inequalities of Theorem D. If k = 1, from (5.11) and (5.2)
we obtain that

' (O] < Ke(@) - [e(O]VIH < Ke()e /0 <4k e()n’.
Plugging this inequality into (5.12) we obtain (5.6). Similarly, for £ > 2 we obtain that
gging q y y
'O < p®)e) - [ VEHD <p@)e)e™*HY <dpt)e)r?.
Plugging this inequality into (5.12) we obtain (5.7).

Case k =0 In this case we first extend c(¢) to the whole half-line ¢t > 0 by setting c(¢) =
c(T) for every t > T, and then we consider the regularized function

X t+e
(1) = - / c(s)ds vVt > 0.

t

Due to (1.4), the function . (r) takes its values in [0, u]. Moreover, it is of class C! and
satisfies

Please cite this article in press as: M. Ghisi, M. Gobbino, Time-dependent propagation speed vs strong damping for
degenerate linear hyperbolic equations, J. Differential Equations (2018), https://doi.org/10.1016/j.jde.2018.07.040




M. Ghisi, M. Gobbino / J. Differential Equations eee (eeee) eee—see
[Ce(t) —c(t)| < He*  Vtel0,T],

and

. H

[ce (D] < Ta vt [0, T].

£ —
Now we set
ce(t) == 110‘2Hs°‘(a3(l‘) _2H<9a) vt e[0,T],

and we define y, (¢) as c.(¢) in the case where
25He® :=2~21=0),

In order to prove (5.3) and (5.4), we distinguish two cases.

YJDEQ:9436
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(5.13)

(5.14)

(5.15)

o IfC. (1) <2He%, then ¢, () = 0, and in addition c(r) < 3H&* because of (5.13) and triangle

inequality. It follows that
70 = e()| = e(t) <3He <2717,
which proves (5.3). Similarly, we obtain that
72 (0) =@ =e(t) - (1) < e(t) - 3He® < e(r) - 22077,

which proves (5.4).

o IfC.(r) > 2He%, then ¢(t) > He® because of (5.13) and triangle inequality. Now we observe

that

[ya(t) — c(O)] = |Yamex (G (1) — 2HE®) — (Co (1) — 2HE®) + (Co (1) — c(1)) — 2He"| .

The first two terms can be estimated by means of inequality (5.8) with x =T, (t) — 2H¢&“.
The third term can be estimates as in (5.13). Thus from triangle inequality we deduce that

lya (1) — c(t)] < SHe® < A=20-0),

and

lya(t) — c()|> <5He® -5He® < c(t) - 25He® = c(r) - 2170,

which prove (5.3) and (5.4).

As for derivatives, again we distinguish two cases.

o If c(t) < He%, then from (5.13) we deduce that ¢, (t) < 2H&%. Thus from (5.9) we conclude

that y; (r) = 0, and hence (5.5) is trivial.
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o If c(t) > He“, then from (5.9) and (5.10) we deduce that

[Va(O] = [V gea (@ (1) —2He®)| - [& (1)] < [&/ (1),
and therefore from (5.14), (5.15) and (5.2) we conclude that

o

l -~/ 1 1/~ 0
[y, (D] < lce ()] < SC(t)-;=C(I)‘(25H) 150,

which proves (5.5).
This completes the proof. O

Proposition 5.2 (Estimates on components). Let us consider problem (1.5)—(1.6) under the fol-
lowing assumptions:

o there exists k € N and o € (0, 1] such that ¢ € Ck’“([O, T,
o c(t) satisfies the degenerate hyperbolicity assumption (1.4) and condition (3.2),
e § and A are positive real numbers, and o is a real number satisfying (3.4).

Then there exist positive real numbers r and v, both independent of A, such that the following
estimates hold true.

(1) (Case k € {0, 1}) For every t € [0, T], and every A > v, it turns out that
1, (1)1 + 8229 uy ()20 <3 (uiA + 5%“““3’0 exp (-4#"0(:)) , (5.16)
where C(t) is defined by (3.1).

(2) (Case k > 2) Let ¢(t) be the function which appears in (2.9), let 6 be defined by (5.1), and
let

t

(1) ::/(p(s) ds vt e[0,T].
0

Then for every t € [0, T, and every ) > v, it turns out that
(1)) + 8229 us, (1) <3 (u{A + 5%4"”3,1) :
exp (—4m200(r) 4n <I>(t)) . (5.17)

Proof. For every function y : [0, T] — [0, +00) of class C!, we introduce the approximated
hyperbolic energy

Ey (1) := [}, (0) > + 821% |us. (1) P + 8227wy (1)t (1) + v (1) A2 |3 (1))
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Since

82 1
A2 |uy (DU (1)] < 7K4"|ux(l)|2 + 5|u;(r>|2,

it follows that

1 82
Ey(1) > §|u;<z)|2 + ?)\4"qu(t)|2 + ¥ ()2 Hus () (5.18)
and
3 / 2 382 40 2 2 2
Ey(0) = S, (O + =27 w0 + v (032 | (1) (5.19)

for every admissible value of the parameters.
Given any real number r, an elementary but lengthy calculation shows that

El (1) = —4rc(A Ey (1) — Q1 (1) + Q2 (1) VI €[0,T], (5.20)
where
Q1.y (1) 1= Xy |, (O + Yy Dur O + Zyy (s (0t (1)
is a quadratic form in the variables u, (¢) and ugh(t) with coefficients
X, (1) := A% (38 — dre(r)), Yy (1) = c()r*+2 <g —4r§*pto 2 4ry(t)) :
Zy (1) :=2(c(t) — y ()R> — dréc(H)r',
and
Q2,5 (1) = —%c(t)xm” s (OF + 7' (022 |ur ()],
In the sequel we fix r such that
2ru <8, 16r (8% + ) <, 64r’p <1, (5.21)
and we provide estimates for Q1 (¢) and Q> , (?).
Estimate on Q1,,,(t) Let v be a positive real number such that
v>1, $v27 0 >4, (5.22)

For every A > 0, let y, (¢) be the approximation of c(¢) provided by Lemma 5.1. We claim
that

01,,() =0 VA>v, Vtel0,T]. (5.23)
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From the theory of quadratic forms, we know that (5.23) holds true if the three inequalities
Xy, (1) =0, Y, (1) =0, 4X ), (DY, (1) = Zy, (1)° (5.24)

are satisfied for every A > v and every ¢ € [0, T].

From (1.4) and the first inequality in (5.21) we obtain that X, () > 822° . Moreover, since
o0 <1/2, A > 1, and y)(t) < u, from the second inequality in (5.21) we obtain that Y,, >
8c(r)A*127 /4. This proves the first two inequalities in (5.24), and also provides the following
estimate

4X,, (DY, (1) > 8c(Hr*T4 (5.25)
for the left-hand side of the third one. As for the right-hand side, we first observe that
Zy, (1)? < 8(c(t) — ya(0))*A* 4 32r28%c (1) 257 (5.26)
The second term can be estimated as
52
327282¢(1)235% < 327202 . §2¢(1)a 2+ < ?c(t))»2+4",

where again we used that o < 1/2, A > 1, and the last inequality in (5.21). As for the first term,
now we exploit the special choice of y,(¢) provided by Lemma 5.1. From (5.4) and (5.22) we
obtain that

82
8(c() = 1) < 8e(@ATH7% < —e@at .
Plugging the last two estimates into (5.26) we conclude that
Z,, (1)? < 8%c(n)a>t, (5.27)

Finally, from (5.25) and (5.27) we obtain the third inequality in (5.24), and this completes the
proof of (5.23).

Estimate on Q5 (t) and conclusion ifk =0 Let H denote the a-Holder constant of ¢(¢) in
[0, T], and let us assume that v satisfies (5.22) and the further condition

2
p2o =0 > 5(2511)1/“. (5.28)

As before, let y, (t) denote the approximation of c(¢) provided by Lemma 5.1. From (5.5) and
(5.28) it follows that

02, (@) <0 VYi>v, Vtel0,T]. (5.29)
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Plugging (5.23) and (5.29) into (5.20), we find that
E), (t) < —4rc(OA Ey, (1)  YA=v, Vtel0,Tl.
Integrating this differential inequality we obtain that
E,, (1) < E,, (0)exp <—4rC(t),\2”) VA>v, Vrel0,T]. (5.30)

Finally, we observe that y, (0) = 0 because of (5.4) and our assumption that ¢(0) = 0. At this
point, estimate (5.16) with k = 0 follows from (5.18), (5.19), and (5.30).

Estimate on Q3 (t) and conclusionifk =1 Let K denote the constant such that (2.8) holds
true, and let us assume that v satisfies (5.22) and the further condition

p2o=0 > 22 (5.31)

As before, let y, (¢) denote the approximation of ¢(¢) provided by Lemma 5.1. From (5.6) and
(5.31) it follows that also in this case (5.29) holds true.
At this point, the conclusion follows exactly as in the case k = 0.

Estimate on Q3 ,,(t) and conclusion if k > 2 Let us assume that v satisfies (5.22) and the
further condition

L2000 < “/_5
)

(5.32)

As always, let y, (¢) denote the approximation of c(¢) provided by Lemma 5.1. From (5.7) it
follows that

[y, (0] < 4c(Op)1? =4y (DAY + 4(c(t) — ya))pAY.

On the other hand, from (5.3) and (5.32) it follows that

52
() = (D] 272077 < 2,
and hence from (5.18) we deduce that
Q2. (1) < X1y, - lur ()
0 2 2 52 4o 2
<407 o) | va (A |un ()] +7k |15 (2)]

<) E,, (1).
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Plugging this estimate and (5.23) into (5.20), we find that
E}, () = [ ~4re3? + 43760 B, ).
Integrating this differential inequality we obtain that
Ey, (1) < By, 0 exp (—4rC1227 + 4.7 0())

for every A > v and every ¢ € [0, T]. Recalling that y, (0) = 0, the conclusion (5.17) follows
again from (5.18) and (5.19), as in the previous cases. O

Remark 5.3. We observe that r depends only on § and w, as specified by (5.21), and that v
depends on 8, o, k + «, and

e on the o-Holder constant of ¢(¢) when k =0,
e on the constant K for which (2.8) is true when k = 1.

The conditions on v are stated in (5.22), and in (5.28), (5.31) or (5.32), depending on the value
of k.

Stating precisely “what depends on what” could be useful when considering families of equa-
tions of the form (1.1) with different choices of §, o, c(¢). This is often a key step in the fixed
point arguments exploited when dealing with nonlinear problems.

End of the proof of Theorem 3.1
Let r and v be as in Proposition 5.2. Let us write H as an orthogonal direct sum

H:=H,_®Hy,

where H, _ is the closure of the subspace generated by all eigenvectors of A relative to eigenval-
ues A, < v, and H, 4 is the closure of the subspace generated by all eigenvectors of A relative
to eigenvalues A, > v. Let u, _(¢) and u, 4 (¢) denote the corresponding components of u ().

The low frequency component u, _(¢) is continuous in any reasonable space because the
operator A is bounded in H,, _. For further details we refer to [7, Remark 3.3].

In order to estimate the high frequency component u, 4 (¢), we apply Proposition 5.2 to all
components u,(¢) of u(t) corresponding to eigenvalues A, > v. To this end, we distinguish two
cases.

Case k € {0,1} For these values of k we know that estimate (5.16) holds true for ev-
ery ¢t € [0, T]. Summing over all eigenvalues A, > v, we obtain that u, (¢) is bounded in
Go)-1.rct).0(A), and hence in particular in D(A®), while u;, ,(t) is bounded in
G20)-1.rc(r).0(A), and hence in particular in H.

The same estimate guarantees the uniform convergence in [0, 7] of the series defining u,, 4 ()
and u:, 4 (#) in the same spaces. Since all summands are continuous, and the convergence is
uniform, the sum is continuous as well.

This proves (3.5) through (3.7) for these values of k.
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Case k > 2 For these values of k we have to rely on estimate (5.17), which is worse than
(5.16) because C(t) vanishes of order at least one in t = 0, while ®(#) might vanish with a lower
order.

Nevertheless, if we fix any 7 € (0, T'), from assumption (3.3) we deduce that C(¢) is bounded
from below in [z, T] by a positive constant, while ®(¢) is bounded from above in the same
interval. Recalling (3.4), we obtain that

—4r2C(t)+ 40D (t) < —2rA>°C(t)  Vielr,T]

provided that A is large enough.
At this point, the same argument of the previous case proves that

ue CO ([T, T], g(20)—1’rc(t)’o.(A)) N Cl ([T, T], g(2o.)—1’rc(t)’0(A)) .
Since 7 is arbitrary, this proves (3.5) and (3.6) for these values of k. O

Remark 5.4. The proof of Theorem 3.1 provides also decay estimates in Sobolev spaces for high
frequency components of solutions. Indeed, in the case k € {0, 1} from (5.16) we obtain that

0, OF + 82147, O =3 (1), 4 O + 82 A7, O)F ) exp (—4r7C 1))

Analogous estimates can be deduced from (5.17) in the case k > 2.
On the contrary, low frequency components could even grow linearly with time (it is enough
to think to the case A = 0).

Remark 5.5. As announced at the beginning of the section, the proof of Theorem 3.1 followed
the path

u e cke :|Glaeser|=>|Lemma 5.1 |:> Proposition 5.2 |= | Theorem 3.1 |,

where each step depends only on the previous one. As a consequence, Theorem 3.1 holds true
whenever c(7) can be approximated as in Lemma 5.1. More precisely, statements (1) and (2)
of Theorem 3.1 are true for every o satisfying (3.4) provided that c(¢) can be approximated by
a family ¢, (¢) of nonnegative functions of class C! satisfying (5.3), (5.4), and (5.7) for some
@ € L'((0, T)). If in addition ¢ € L*°((0, T)), then also statement (3) of Theorem 3.1 is true.

Just to give an example, let us consider the coefficient c(r) := 3. Since this coefficient is
of class C*°, from Theorem 3.1 we deduce that a solution in D(A?) x H exists for every o €
(0, 1/2] (and also for o > 1/2, as already proved in [7]). If we want continuity in the same space
up to t =0, and we limit ourselves to Theorem 3.1 as stated, we can consider 130 as a coefficient
of class C"1, so that from (3.7) we deduce the required continuity in the range o € (1/4, 1/2].

On the other hand, the function 30 satisfies the Glaeser type inequality (2.9) with ¢(r)
bounded even if £k =29 and o = 1. Therefore, we can obtain the conclusions of Lemma 5.1
also for these values of k and «, and hence deduce that (3.7) is valid even in the larger range
o€ (1/32,1/2].

What happens when o < 1/32 remains unclear.
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6. Counterexamples

In this section we prove Theorem 3.6. The strategy of the proof dates back to [2], but the
functions and the sequences involved are different from case to case.

The starting point is finding a family of A-dependent coefficients for which the ordinary dif-
ferential equation (1.5) admits solutions whose energy grows exponentially with time. Then we
glue together these A-dependent coefficients in order to produce a unique A-independent coef-
ficient c(¢) that acts on infinitely many time-scales, and realizes a similar growth for countably
many components. To this end, we introduce a suitable decreasing sequence t,, — 07, and in the
interval [t,, t,—1] we design c(¢) so that u,, (#,) is small and u, (t,—1) is huge. Then we check that
the piecewise defined coefficient c(#) has the required time-regularity, and that u, () remains
small for # € [0, #,,] and huge for ¢ > #,,_;. This completes the proof.

Basic ingredients Let us consider the functions

b(m, &, A, 1) := (2mhie — A%t — e sin(2mat), 6.1)

w(m, e, A, t) :=sin(mit) exp(b(m, e, A, 1)), (6.2)
2

y(m, e A 1) :=m>+ — 16m?&? sin*(mar) — 8m?e sinQmr). (6.3)

A\2—4o
These functions depend on four variables, and generalize the corresponding functions of three

variables introduced in [7]. The key point is that for every admissible value of the parameters it
turns out that

w'(m, e, A, 1) + 2832w (m, e, A, 1) + A2y (m, e, A, Hw(m, &, A, 1) =0,
where “primes” denote differentiation with respect to . If we set parameters in such a way that
mie ~ 19,

with 6 defined by (5.1), then the powers of A in the coefficient of the linear term in (6.1) are ex-
actly the same powers that appear in the argument of the exponential function in (4.4). Therefore,
if we choose ¢ small enough so that c(¢) := y (m, €, A, t) is positive, this procedure delivers us a
solution u(t) := w(m, ¢, A, t) to (1.5) whose energy grows exponentially as the right-hand side
of (4.4).

Definition of sequences Let us choose a sequence 6, of positive real numbers such that

6, — 06~ asn — +00.
Let us consider the sequence A, of the eigenvalues of the operator. Since 20 < 6 < 1, and the

sequence A, was assumed to be unbounded, up to passing to a subsequence (not relabeled) we
can assume that for every n > 0 it turns out that

220=60) > o, (6.4)
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and
020
2020 > 305, (6.5)

Moreover, for every n > 1 we can also assume that

A>50 (6.6)
22170 > 330 (6.7)

0 % 20 2 O
TA 2 1630 {48327 + A2_ 1 +2) - n+ 34 +4(1 = 0)logh, | 6.8)

Indeed, the choice of a (sub)sequence of eigenvalues satisfying these properties can be done
inductively. Once that ),,_; has been chosen, (6.6) and (6.7) can be easily fulfilled because the
sequence of eigenvalues is unbounded. As for (6.8), where 1, appears on both sides, it is enough
to observe that 6 > 20, and that 8, < 6 is a fixed exponent at the moment in which we need to
choose A, and therefore the left-hand side grows to +oo faster than the right-hand side, as a
function of A,,.

Finally, let us set

1 , 8
& _3—2, my :)\"1‘1—_9’ Mn :mn—i—F, (69)
and
4 x| 228 T T
= —, Sy = — no t =t — —, s =5, 4+ — 6.10
n )\'2 n )\2 Lkg_lJ n n )\‘z n n )\‘g ( )

where |« | denotes the largest integer less than or equal to .

Properties of the sequences In this paragraph we collect the properties of the sequences that
are needed in the sequel. First of all, the sequence 1, is increasing, and A,, — +00 as n — +00.
From (6.9) it follows that the sequence M, is decreasing, and it satisfies

anm,%=ﬁ VneN (6.11)
n
and, keeping (6.5) into account, also
Mnfgmizgﬁ Vn e N. (6.12)
From (6.10) and (6.6) it follows that
Sppy <tp<th<sp<s, VneN,

and all these sequences tend to 0 as n — +o0. In addition, for every n € N it turns out that
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sin(mpAnty) = sin(myrpsy) =0,
and
| cos(murpty)| =|cos(mpAnsy)| = 1.

From (6.6) we deduce that for every n € N it turns out that

.7 . b4 g > 4
Sn Z 5> Sp —In Z 35—, -9 Z -
0 0 n n+1 0

)‘nfl )“nfl 5)\"

Finally, from (6.8) and the first inequality in (6.15) we deduce that

%ﬂMz(%ﬁ“+ﬁ4+2)n+n%+4a—®myﬂ Vi > 1.

Definition of smooth junctions Plugging ¢ = 1/32 into (6.3) we obtain that

1 ) 82 )
4 m,ﬁ,k,t =m +A2_4U+m f(mit),
where
f@) L in®x — > sin(2x)
i=——sin"x — —sin
X o X 2 X

is a w-periodic function such that f(z) =0 for every z € Z, and

1 1

YJDEQ:9436

(6.13)

(6.14)

(6.15)

(6.16)

6.17)

In order to create smooth junctions, we choose two function g; : [0,7] — R and g :

[0, 7] — R of class C*° such that

<l . <)
p =81 =5 ) =82 =5

for every x € [0, 7], and such that the piecewise defined function

g1(x) if x € [0, 7],

~ e if x € [, 27],

fx):= g (x — 27) if x € [2m, 37],
0 if x ¢ (0,37)

(6.18)

belongs to C*°(R). We observe that, due to the periodicity of f(x), we can repeat the construc-

tion above using more blocks of f(x), in the sense that the function
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frequency of oscillations ~ m,\, = A’

~m2
M,
]\'IIH»l
5;#1 t;z tn Sn 5;
Fig. 2. Basic block of ¢(f) between an and s,/r
g1(x) if x € [0, 7],
-~ f(x) ifx elm, jml,
i) = . . L
g —jn) ifxeljm, (j+ Drl,
0 ifx¢(0,(+ D)

still belongs to C°°(R) for every integer number j > 2.
Finally, we choose any function 4 : R — R of class C* such that

e h(x) =0 forevery x <0,
e h(x)=1 forevery x > 1,
e h(x) is strictly increasing in (0, 1).

Definition of c(t) Let us define the time-dependent coefficient ¢ : R — R. To begin with, for
every n € N we consider the function ¢, : R — R defined by

=Sy
(1) = Mp+1 + My — Mpy1) -h | ——— vVt e R, (6.19)
In = Spq1
which represents an increasing junction of class C* between the constants M, 1| and M,, in the
interval [Sn Iy t;]. Then in every interval [sn 41 ' 1 we set
€a0) ifrels), 0l
o | Mt mugi(mahn(t — 1)) if 1 € [, 1],
c(t) =
My, +m? f(mpint) if £ € [ty, sn),
M, + myzng(mn)hn (t —sn)) ift €lsy,s ]

Fig. 2 describes the shape of ¢(¢) in the interval [s/
entire construction. We observe in particular that

nile S ]. This is the building block of the

c(ty) = c(ty) = c(sy) = c(s)) = My Vn e N. (6.20)

The building blocks are repeated as described in Fig. 3. This defines c(#) in the interval (0, s(’)].
We complete the definition by setting c(#) := 0 for every <0, and c(r) := M for every t > s;,.
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s s sl

J
B n+1 n n—1

n+2

Fig. 3. Gluing of blocks in the definition of c().

The resulting function c(¢) belongs to C*°(R \ {0}), and its derivatives of any order vanish in the
points s,,.
In words, the idea of the construction is the following.

e In the interval [¢,, s,] the function c(¢) coincides with y (m,, €, A, t). This function oscil-
lates, with frequency of order )\Z and amplitude of order m%, around the mean value M,,.
Both the mean value M,, and the amplitude of oscillations tend to 0 as n — 400, while the
frequency of oscillations diverges to +0c0.

e In the intervals [#],, #,,] and [s,, s;,] the function ¢(¢) is a C*° junction between the oscillating
function of the interval [#,, s, ] and the constant M,,.

e In the interval [s,/l Iy t}] the function c(¢) is an increasing junction of class C* between the

constant M, and the constant M,,.

We point out that the key feature of the construction is the highly oscillatory behavior of c¢(t)
in the intervals [#,, s, ]; all the rest is aimed at creating a smooth transition between the values of
c(1) in these intervals.

Definition of u(t) Forevery n € N, we consider the solution u,, (¢) to the ordinary differential
equation

ul (1) 4 28227 ul (1) + 22 c(t)u, (1) =0, 6.21)
with “initial” data
Un(t) =0, u(ty) = myhy exp ((2smn)\n - 5)\,3“)zn) . (6.22)
Then we set
mn 0,
=" exp(—afn), 6.23
a n+ )30 exp(—24,") (6.23)

and we consider the solution u(¢) to (1.1) defined by

u(t) = Z ayuy,(t)e,.

n=0

We claim that ¢(¢) satisfies (3.10) and (3.11), and that u(¢) satisfies (3.12) and (3.13). The rest
of the proof is a verification of these claims.
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Continuity and degenerate hyperbolicity of c(t) We prove that for every n € N it turns out
that

——<c(t) < —— Vielt,s ], (6.24)
2)»3(1_9) k’21(1—0) nen
and
1 / /
308y = c(t) < 306) Vi€ s, 1, 1,] (6.25)
)‘n+1 n

If we prove these estimates, then from (6.4) it follows that c(¢) satisfies the degenerate hyper-
bolicity assumption (3.11). Moreover, since A, — 400, we obtain also that ¢(t) — O as t — 07,
which proves the continuity of c(¢) on the whole real line.

In order to prove (6.24), from (6.17) and (6.18) we obtain the estimates

1 2 1 2 /A
M, — Emn <c(t)<M,+ Em” vt € [t,, 5,1,

so that the conclusion follows from (6.11) and (6.12).
In order to prove (6.25), we just recall that in the interval [s;l e t;] the function c(¢) is a
smooth increasing junction between the constants M,y and M,,, and we conclude by exploiting

again (6.11) and (6.12).

Regularity of ¢(t) and estimates for its derivatives For every positive integer j, let ¢\ (r)
denote the j-th derivative of ¢(7). To begin with, we prove that there exists a constant I'; such
that

D@ < T2 VneN, Vrels,,, sl (6.26)

The constant I'; depends only on the L norms of the derivatives of order j of the functions
£, g1(x), g2(x), and h(x).

If k> 1, then (2+ j)O < 2 for every j < k, and hence (6.26) implies that ¢/)(r) — 0 as
t — 01 for every j <k, which proves that ¢ € C¥(R).

In order to establish (6.26), it is enough to examine the definition of c(¢) in the four subinter-
vals whose union is [S:/1+1’ DAk

e In the interval [#,, s, ] the function c(¢) is obtained from f (x) through horizontal and vertical
rescaling, and therefore

| 1 NUVIT
D@ =m2emain)! | £ oman)| <2772 1O

e In the intervals [7),1,] and [s,, s;] the argument is exactly the same, just with g; and g»
instead of f.

e In the interval [s, e t/] the function c(¢) is a rescaling of the function /(x). Thus from
(6.19) it follows that
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A M, — M N — M, — M .
Pl = g [ 5 ) = e I e
(tn - sn-‘,—l)] Ly — Sn—H (tn - sn—',—l)]
Now we estimate the numerator with M,,, which in turn we estimate as in (6.12), and we
estimate the denominator as in third inequality in (6.15). This is enough to conclude (6.26)
also in this case.

Now we show that actually c € C ke (R). Since ¢® (r) is continuous, and constant for ¢ < 0
and ¢ > s/, it is enough to prove the a-Hélder continuity of ¢®)(7) in (0, ;). This follows from
two estimates.

e The «-Holder constant of ¢® (¢) in the interval [s’ w1 S /1 is bounded from above indepen-
dently of n. Indeed, the same scaling arguments used in the estimates of the derivatives of
c(t) show that this constant is less than or equal to

Fk,a A£2+k+ol)972 ,

where I't o is proportional to the «-Holder constants of the k-th derivatives of the functions
f(x), g1(x), g2(x), and h(x). Due to (5.1), the exponent of A, is zero, and hence the bound
is independent of #.

e The function ¢ (r) is a-Holder continuous when restricted to the points s/, in the sense that

o
O — Pl s =55 vipen: (6.27)

Indeed, this inequality is trivial if K > 1 because all derivatives of ¢(¢) vanish in the points s},.
If £ =0, we assume without loss of generality that i < j, and from (6.20) and (6.12) we
deduce that

31

|c(s)—c(s N=M; —M; <M, <2 2(] NTEL

while from the second inequality in (6.15) we deduce that

At this point (6.27) follows from (6.7).

We are now ready to show the «-Holder continuity of c® () in (0, v(/)) Let us consider any
interval [x, y] € (0, s(). If x and y lie in the same interval of the form [s;, 410 Sp], then le® (y) —
c¢®(x)| can be controlled in terms of |y — x|* because of the uniform bound on the Holder
constants. The same is true if x and y lie in neighboring intervals. In the remaining case, there
exist two positive indices i < j such that

/ / / /
Sjpl <X=8;<S$;<y<s_i.
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In this case we write
1R () = P @) <1e® () = PP+ 1P () = D)+ 1P (55 = P )l

and we observe that the central term is less that |y — x|* because of (6.27), while the other two
terms can be controlled by exploiting once again the uniform bound on the Holder constants.

Energy functions Let us consider the classic energy functions
En(t) 1= luy, () +miphitlun (0],
Fa(8) = |, (0 + A0 |un (0.

Since m, <1, and 0 < c(¢) < 1 for every ¢ > 0, it turns out that

1
|u;(r>|2+xﬁ|un(t)|2sWEnm VvneN, Vi>0,

n

lu! (D) + 22 u,(1)> = Fo(t)  VneN, Vi>0.

Therefore, (3.12) is proved if we show that

o0

1 k
Za,zlmEn(O) exp <2r)»,l,/s> < +00 Vr>0, Vs>1+ —i2-a7 (6.28)
n=0 n

while (3.13) is proved if we show that for every ¢ > 0 it turns out that

o0
3 @2 Fu () exp (—2Rx,ﬁ/s> — 400 VR>0, VS>1+
n=0

k+a
. 6.29
> (6.29)

We can neglect the Sobolev parameter 8 in the spaces involved in (3.12) and (3.13) because
powers of A, are lower order terms with respect to the exponentials. Thus in the sequel we just
have to estimate E,(0) and F;,(t).

Energy estimates in [0, t,] We prove that
E,(0) <2¥exp(57)  VneN. (6.30)
To begin with, from (6.22), (6.9) and (6.10) we obtain that
Ep(tn) = |, (t)|* < myap exp(dmydnety) = 237 exp(r/2). (6.31)

Moreover, the time-derivative of E, (f) can be estimated as

t
E, (1) = —48A%a|u;(t)|2 — Mphn (% — 1) 2mp At (1)1, (1)
n
t
> —4805° En(t) — mphy iz) — 1‘ E,(0). (6.32)
n
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Since A, is increasing, from (6.24) and (6.25) we obtain that
0<c(t)<2m?  Vrel0,1,],
and therefore from (6.32) we deduce that
E\(t)>— (45/\,%" + /\Z) E,(t)  Vie[0.1,].

Integrating this differential inequality, and keeping (6.10) and (6.5) into account, we deduce
that

En(0) < En(ty) exp (43xﬁ“zn n xﬁrn) < E (1) exp(r/2 + 470). (6.33)

Plugging (6.31) into (6.33), we obtain (6.30).

Energy estimates in [t,,s,] In this interval the solution to (6.21)-(6.22) is given by the
explicit formula u,(t) := w(my,, &, Ay, t), where w(m, ¢, A, t) is the function defined in (6.2).
Keeping (6.13) and (6.14) into account, we deduce that u,(s,) = 0 and

|u), (50)| = mphy €xp ((Zmnkns - 8Aﬁ”)s,,) =% exp ((2k28 — 8kﬁ”)s,1> )
Therefore, from (6.5) and the definition of ¢ it follows that
), (sn)| > A0 exp (eASsy)
and hence
Fu(sn) = En(sy) = |t (s)1? = 22 experls,)  VneN. (6.34)
Energy estimates in [s,, +00) We prove that for every ¢ > s, it turns out that
Fu(t) > 22 exp (2e1ls,) -
exp (—(45)\,%" 2T A2 )t — 27Ty — 2(1 — 6) 1ogxn) , (6.35)

where I'; is the constant for which (6.26) holds true in the case j = 1.
To begin with, we estimate the time-derivative of the hyperbolic energy as

Fl (1) = =480 ul (1) |* + 22 (1) |un (1) |2

> —4822% ul (1)|* — @l AZe(®)|un (1))
c(t)
3 20w | @]
> (451,, +E2 )an.
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Integrating this differential inequality, we obtain that

! /
G

Fo(t) = Fy(sp)exp | —482271 —
c(s)

Sn

vt > s,. (6.36)

In order to estimate the last integral, we write it as the sum of three terms

8, n—1 t
_ (K&, b [l he [1<O1,

c(s) 5 2= c(s) c(s)

Sn s, l‘;li1

which we consider separately (we assume to be in the worst case scenario where 7 > ¢, |, so that
all the integrals need to be estimated).

o In the interval [s,, s, ] we deduce from (6.24) and (6.26) that

1 _
)z = and  [COI=T2,
2,

from which we conclude that
I <TA2072.202059 (s) — ) <2nTy. (6.37)

e In the interval [s/
and therefore

N S 1] the function c¢(#) is an increasing junction between M, and M,,_1,

fi L ,
S 5 = / 6D g —10g Lnt) _ joq Mnmt,
c(s) c(s) c(s)) M,

/
Sn

BES

—2(1-6)

From (6.4), (6.11) and (6.12) we know that M,,_; <1 and M,, > A, , and hence

L= log <1log(A21=9) =2(1 — ) log A, (6.38)
Yl

e Let us consider the interval [t,’l_1 ,t], and let us observe that

n—2

[y 11 S 1 yosp JU (157410 51U L5, +00).
i=0

Due to the estimates from below in (6.24) and (6.25), and recalling that the sequence %, is
increasing, we deduce that
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> ! Vs >t/
C(S)_m S_tn_l.
20,21

As for |¢/(s)], we exploit (6.26) with j = 1, and we obtain that

Ic'(s)] < max T1A072 vs>¢ .
i<n—1 ! "

The value of the maximum depends on 6.

— If 6 < 2/3, which corresponds to the case k > 1, the maximum is attained for i = 0. Since

Ao > 1, the maximum can be estimated from above with Iy, and hence

/
I’ (s)] < 21_1)\2(_1170)'
c(s) n

— If 6 > 2/3, which corresponds to the case k = 0, the maximum is attained fori =n — 1,
and hence

O] 9
— <2I'1A]_,.
c(s) — n—1

In conclusion, in both cases we have proved that

/
[ (s)] SZFMmel{z(l_e)ﬂ}SQFM,%_p
c(s) "
and hence
! /
= [ corp2 (6.39)
c(s)

’
Iy

Plugging (6.37), (6.38) and (6.39) into (6.36) we conclude that
Fo(t) = Fy(sn) exp (—45A§"z — 27Ty —2(1 — ) log Ay — 2r1,\ﬁ_1t) .

Keeping (6.34) into account, we obtain exactly (6.35).

Conclusion We are now ready to verify (6.28) and (6.29). Indeed from (6.23) and (6.30) it
turns out that

1/s

- En(0) - exp(2rin L/s

1
) < m CXp(-Z)\.Zn) . )»’219 exp(5n) . exp(2r)»n )
n

:EN | =QN

1 ‘
= T2 exp (SJT - 2)LG + 2r)L}£/é) .
n

Since 6, — 6 > 1/s, the argument of the exponential is bounded from above, and hence the
series in (6.28) converges.
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Let us consider now (6.29). From (6.35) and (6.16) it follows that

)\’29
Fu(t) =227 exp (320 +n+2(1 - 0) logh,) = W exp (310" +n)
n
when 7 is large enough, and therefore

2

a,zl - F(t) - exp (—2RA,11/S) >

n O

)\‘29
: # exp (315" +n) - exp (—ZRA,I,/S)
n
1 0 /8
= W eXp ()\,nn — 2R)\,n + n)
n

for the same values of n. Since 6, — 6 > 1/S, the argument of the exponential is eventually
greater than n, and therefore the series in (6.29) diverges. O
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