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Abstract

In this paper, we prove the well-posedness and optimal trajectory regularity for the solution of stochastic
evolution equations driven by general multiplicative noises in martingale type 2 Banach spaces. The main
idea of our method is to combine the approach in [9] dealing with Hilbert setting and a version of Burkholder
inequality in M-type 2 Banach space. Applying our main results to the stochastic heat equation gives a
positive answer to an open problem proposed in [10].
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1. Introduction

In this paper, we investigate the well-posedness and optimal trajectory regularity for the solu-
tion of the stochastic evolution equation
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dX (1) = (AX(t) + F(X(®)))dt + G(X (t))dWy (1), t € (0, T1;
X(0) = Xo

(SEE)

in a reflexive martingale type (M-type) 2 Banach space (E, || - ||), under weak assumptions on
its data. Here T is a fixed positive number, A is a generator of an analytic Cp-semigroup S(-)
on E and Wy := {Wy () : t €[0,T]} is a cylindrical Wiener process in a separable Hilbert
space U with respect to a stochastic basis (2, .#, (%1)iefo.1], P), i.e., forany g, h e U, Wyh =
{(Wy(@)h: t €[0, T]} is a Brownian motion, and E[Wy (s)g - Wy (t)h] = (s A t)(g, h)y for all
s,t [0, T].

The well-posedness and regularity for the solution of Eq. (SEE) in the Hilbert setting have
been studied extensively; see, e.g., G. Da Prato, S. Kwapiei and J. Zabczyk [5], A. Jentzen and
M. Rockner [10], J. Hong and Z. Liu [9] and references therein. There are several reasons to
consider Eq. (SEE) in the Banach setting instead of Hilbert setting. On the one hand, it is shown
that a large class of equations with various applications are more suitable to be described in the
M-type 2 Banach space E = IL9(0) with ¢ > 2, where throughout & is a bounded, open subset
of RY with regular boundary (see, e.g., [2,3] for Wiener case and [7] for rough case). On the
other hand, some error estimations in numerical analysis and simulation of Eq. (SEE) can also
be improved (see, e.g., [4,8]).

Another motivation for us to study the optimal trajectory regularity for the solution of Eq.
(SEE) in M-type 2 Banach space is an open problem proposed in [10, Section 4]. There the
authors gave certain regularity for the solution of Eq. (SEE) in the Hilbert setting and ap-
plied their result to the stochastic heat equation in H = L?((0, 1)9) driven by multiplicative
Q-Wiener process with certain Lipschitz-type nonlinear drift and diffusion coefficients (see Eq.
(SHE)). Their main result showed that the solution of this equation enjoys H? -regularity for any
o € [0,min{3/2, € + 1}), where H° denotes the domain of (—A)% and € € (0, 1] is the same
Holder constant for the eigenfunctions of Q. Whether this type of spatial regularity holds, for
the solution of Eq. (SHE) in the M-type 2 Banach space E = L4((0, 1)) for g > 2, was pro-
posed by the authors of [10] as an open problem. If this is valid for sufficiently large ¢, then by
using appropriate Sobolev embeddings one can show that the solution possesses values in the
spatio-temporal Holder space C‘s([O, TT1; C*((0, l)d)) for certain 8, k > 0.

In [9], the authors established the optimal trajectory regularity for the solution of Eq. (SEE) in
the Hilbert setting under fewer assumptions on its data. The main aim in this paper is to generalize
the main results, Theorems 2.1-2.4, in [9] under Hilbert setting to Banach setting, by combining
the approach in [9] and a version of Burkholder inequality in M-type 2 Banach space given by
BrzeZniak [3] (see (3)). Applying our main results, Theorems 3.1 and 4.1, to the stochastic heat
equation (SHE) gives a positive answer to the aforementioned open problem in [10].

We also note that a theory of stochastic integration and stochastic evolution equation in UMD
Banach spaces (i.e., spaces in which martingale differences are unconditional) had been devel-
oped by J. van Neerven, M. Veraar and L. Weis [13,14]. Various classical spaces, such as L(&)
for g € (1, 2), do have the UMD property but fail to have M-type 2. On the other hand, an M-type
2 Banach space needs not to be of UMD see an example given by J. Bourgain [1]. Meanwhile, in
the application to the derivation of spatial Holder regularity for the solution of the stochastic heat
equation, it is sufficient to consider the M-type 2 Banach space IL9(&) for sufficiently large g.

The rest of the paper is organized as follows. In the next section, we give preliminaries of the
stochastic integration in M-type 2 Banach setting and derive a version of Burkholder inequal-
ity. The well-posedness and optimal trajectory regularity for the solution of Eq. (SEE) are then
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established in Sections 3 and 4, respectively. Finally, we illustrate our regularity result from the
stochastic heat equation and settle the aforementioned problem in the last section.

2. Burkholder inequality in M-type 2 Banach spaces

In this section, we give some preliminaries of the stochastic integration in M-type 2 Banach
space and a version of Burkholder type inequality. For more details about definitions and prop-
erties of M-type 2 Banach space, we refer to [2,3].

It is known that the stochastic calculation in Banach space depends heavily on the geometric
structure of the underlying space. We first recall the definitions of type and M-type for a Ba-
nach space. Let {€,},en, be a Rademacher sequence in a probability space (Q', 7', ), ie., a
sequence of independent random variables taking the values 1 with probability 1/2. Then E is
called of type 2 if there exists a constant 7 > 1 such that

N
E €nXn

n=1

LN
2
< T(Z (B )
L€' E) ot
for all finite sequences {)cn}f:’:0 in E; E is called of M-type 2 if there exists a constant 7 > 1
such that

1

M 2 Y 2 2
I fnllee) < T <||fo||L2(Q,;E) + ) = fa ||L2(Q,;E)> (1)
n=1

for all E-valued IL”-martingales { fn},],,v:0~ It is well-known that martingale type 2 implies type 2
and vice verse for UMD spaces. It is known that when E is a reflexive M-type 2 Banach space
then so is EY for 6 > 0. In the rest of the paper, we always assume that E (and thus E? for 6 > 0)
is a reflexive M-type 2 Banach space.

For stochastic integration in Banach space, y-radonifying operators play an important role
instead of Hilbert—Schmidt operators in the Hilbert setting. Let {y,},>1 is a sequence of inde-
pendent AV (0, 1)-random variables on a probability space (2, .#',P"). Let L(U, E) denote the
space of linear functionals from U to E. An operator R € L(U, E) is called y-radonifying if
there exists an orthonormal basis {/,},en, of U such that the Gaussian series Znem VnRhy

converges in ]LZ(Q’ ; E). Then the number

IRy @ = | 3 vk,
neNy

does not depend on the sequence {y;},>1 and the basis {h,},en,, and it defines a norm on

the space y (U, E) of all y-radonifying operators from U into E. If E is a Hilbert space, then

y(U, E) = Lo(U, E) isometrically, where £,(U, E) denotes the space of all Hilbert—Schmidt

operators from U to E. Moreover, the y-radonifying operator satisfies the ideal property, i.e., for

any S| € L(U',U) and S; € L(E, E’) with Hilbert space U’ and Banach space E’ it holds that

IS2RS1lyw ey < IS2Ml e, enlIRIly . e)IST cvr Uy 2
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An L(U, E)-valued adapted process ® on (2, %, %, P) is said to be elementary, if there

exists a partition {tn} _o of [0, T'], a sequence of d1s101nt sets {A,, }%Zl C %, foreach0<n <

N, orthonormal elements {/;}X i—; CU and {kan} el mN= 1.n—o C E such that

N-1 M
O, 0) =D D Kttu1xAmn (5 w)th ® Ximn» (1, 0) €[0,T] x Q.
n=0 m=1 k=1

Then one can define the stochastic integral of an elementary process & with respect to the
U -cylindrical Wiener process Wy by

t

/ S(r)dWy (r) =

0

M K
Z D Xt (WU (a1 A1) = W (b A VkXkmn
0 m=1k=1

||P1\2

for t € [0, T']. It was shown in [3, Theorem 2.4] that

= TM||¢||L2(Q;L2(o,;;y(u,5))), t€l0,T],
L2(Q:E)

r
H / O (r)dWy (r)
0
where T is the M-type 2 constant of E in (1).
It is a routine density argument to extend the stochastic integral to arbitrary L£(U, E)-valued
predictable processes ® such that I®ll2@:L20,7;y W, E))) < OO the process fo O(r)dWy(r)isa

continuous martingale. Then the Doob’s martingale inequality leads to the one-sided Burkholder
inequality:

t
E[ sup /CID(r)dWU(r)

te(0,7T]

p
V4
] = ClIPlLy 120072y w.EY)

for any p > 2. Applying Minkovski inequality, we obtain the following version of one-sided
Burkholder inequality:

L2(0,T;LP (2,7 (U, E)))’ )

t
E|: sup /(D(r)dWU(r)

te[0,T]

p
}ECH(DIIP

3. Well-posedness

Assume that the linear operator A : D(A) € E — E is the infinitesimal generator of an ana-
Iytic Cp-semigroup S(-) and the resolvent set of A contains all A € C with R[A] > 0. Then one
can define the fractional powers (—=A)? for 6 € R of the operator —A. Let 0 > 0 and E ? be the

domain of (—A)% equipped with the norm || - [|g:

g 0
lxllg :=11(=A)2x]l, x€E".
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The analyticity of S(-) ensures the following properties (see, e.g., [12, Theorem 6.13 in Chap-
ter 2]):

I(=A) Iz < C,
(=) SOl gy < Ct™H, “4)
(=AY (S(t) —=Idp)llzg) < Ct?,

forany0 <t <T,v<0<pand0<p<1.

For p > 2, we denote by %”9” (and denote P := %’6’7 ) the space of all E?-valued processes
Y defined on [0, T'] such that

1Vl = sup (E[||Y(r)||£])%<oo.

1€[0,T]

Note that (%@p Sl %;”) becomes a Banach space after identifying stochastic processes which
are stochastically equivalent. We will use the following result which shows that

M) = {Z € A | Z) yr < M) 5)

with the || - || s#»-norm is a complete metric space for any M > 0 and p > 2. The proof of
Lemma 3.1 can be easily adapted from [9, Lemma 3.2].

Lemma 3.1. For any M > 0, p > 1 and 0 > 0, the space %’ff(M) defined by (5) with the
I - | yp-norm is a complete metric space.

Recall that a predictable stochastic process X : [0, T'] x € — H is called a mild solution of
Eq. (SEE) if X € L°°(0, T'; E) almost surely (a.s.) and for all ¢ € [0, T] it holds a.s. that

X)) =SOXo+ S+ F(X)(#) +SoG(X)(), (6)

where S F(X) and S ¢ G(X) denote the deterministic and stochastic convolutions, respectively:

SxF(X)(-):= / S(-—r)F(X(r))dr,

0

SoGX)() = / S¢—=r)G(X@))dW(r).

0

The uniqueness of the mild solution of Eq. (SEE) is understood in the sense of stochastically
equivalence.

To perform the well-posedness result, we give the following Lipschitz-type continuity with
linear growth condition on the nonlinear operators F and G.
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Assumption 3.1. There exist four nonnegative, Borel measurable functions Kr,Kr ¢ and
Kg, Kg,o on [0, T] with

T T

K% Z:/Kp(l)dl<00, Kg ::/Ké(t)dt<oo,
0 0
T T
KY. ::/Km(z)dt <00, K& :=/Ké,9(r)dz < 00,
0 0

such that for any x, y € E and z € E? it holds that

IS (Fx) = Fy)ll = Kr@)llx —yll,

IS F2)llo < Kro() L+ lzllo),
and that
IS(Gx) = GO Ilyw,e) < Ke@®lx =y,

I1SMG @Iy, w, ko) = KoL+ zll6).
Theorem 3.1. Let p>2, >0 >0, Xg: Q2 — EP be strongly Fy-measurable such that X €
P (2; EP) and Assumption 3.1 holds. Then Eq. (SEE) possesses a unique mild solution X such

that the following statements hold.

1. There exists a constant C = C(T, p, K%, Kg) such that

sup E[IX()17] = ¢ (1+E[1%01]). ™
te(0,7T]
2. The solution X is continuous with respect to || - ||y,p(q. g0
Jim E[1X(1) = X@)If] =0, n.0€[0.7]. ®

Proof. For Xy e L?(%2; Eﬁ) CLP(; Ee) and X € %”, define an operator .# by
MX))=St)Xo+S*x F(X)@)+SoG(X)(®), te€][0,T]
By Minkovski inequality, we get
[ 2O e = [S@OXo o + 55 FOO®] o + S0 GEOD] -

Since S is uniformly bounded in E, we set
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M(r):= sup [[S()llcE), r€[0,T].
1]

relo,

Then

||S(t)XoH%p <M XollLro: £9)-

By Minkovski inequality and Assumption 3.1, we get

IS FX)®)l 5zp = sup /llS(l — ) FX) L ge)dr
1€[0,T]

t

sup / Kro(t — ) (1 + X ()l 50,)dr
tel0,T] 0

T
</ K}-j@(l’)d)’) <1 + ||X||%agp>
0

For the stochastic convolution, applying the Burkholder inequality (3) and Assumption 3.1, we
obtain

IA

IA

%
[IIS<> G(X)(t)||9i| (/ IS — F)G(X(V))IILP(Q (U Ee))dr>

t

< (/ Ké’g(t -1+ ||X(r)||LP(Q;E9))2dr>

0

t

£ p
< (/Kéﬁ(r)dr) <1+||X||%p) :

0
Then

T 1

150 GO < ( / Ké,gmdr) (1 +1X| jf)

0

Combining the above estimations, we get
|2 CO| yr < M1 XollLo 0y + No (T (1+1X1Lygr ),

where Ny (¢) is the non-decreasing, continuous function defined by
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t t 1
Ng(t):/prg(r)dr—}- (/Kée(r)dr)z, t€l0,T].
0 0

Let X', X? € s#P. Previous arguments yield that

.2 (X) @) — A Y)(O)llr < No(DIX =Yl szr.

Since Ny is non-decreasing and continuous with Ny (0) = 0, there exists a small enough 7 such
that Ng(T) < 1. Taking a number M sufficiently large such that

M(T)| X . No(T
M> (D)1 XollLrq: gy + No( )’
- 1 — Nyg(T)
we conclude that .# maps %ﬂ@p (M) to %p (M) and is a contraction under the || - || ;»»-norm for
sufficiently small time 7. By Lemma 3.1 and the Banach fixed point theorem, given any 7' > 0

there exists a deterministic time t € (0, T) satisfying Ng(t) < 1 such that Eq. (SEE) possesses a
unique local mild solution {u(#) : ¢ € [0, T]} which possesses a predictable version such that

sup E[nxmng} < 00. 9)
t€l0,1]

It suffices to prove the uniform a priori estimation (7) to conclude the global existence for the
solution of Eq. (SEE). Let ¢ € [0, t]. Previous procedure implies the following estimation:

t

I XD lle 0. e0y < MO XollLr(q; go) + No (@) + / Kr ot =) X)Ly q: goydr
0

\ 2 2 %
+ (/KG,Q(I —r)||X(r)||LP(Q;E9)dr) .
0

Then by Holder inequality, we have
t
IX DN p (. oy < M) + / Kt =X g oy dr
0

where m(-) := 3(M ()| XollLr(q: g0 + Np(-))? is non-decreasing and K (-) := 3K§KF,9(~) +
SKé’g(-) is integrable on [0, T']. Then applying the generalized Gronwall’s inequality in
[9, Lemma 3.1], we conclude by the boundedness (9) that there exists a constant C =
C(T,p, K ?,, K g) independent of t such that the aforementioned local solution satisfies the fol-
lowing a priori estimation:

sup E[IX(0)15] = c(1+E[1X01} ]).
tel0,7]

Please cite this article in press as: J. Hong et al., Optimal regularity of stochastic evolution equations in M-type 2
Banach spaces, J. Differential Equations (2019), https://doi.org/10.1016/j.jde.2019.03.003




YJDEQ:9752

J. Hong et al. / J. Differential Equations eee (eeee) eee—see 9

Since the above constant C is independent of 7, Eq. (SEE) exists a unique solution on [0, T']
such that (7) holds.

It remains to prove the L”(£2) continuity. Without loss of generality, assume that 0 < 7] <
tp < T. Due to the strong continuity of the Cop-semigroup S(¢):

(S(t) —Idg)x — 0in East — 0, VYxekE, (10)

the term S(-) X is continuous L?($2; E?):
lim E[Hsm)xo — S(t2)Xo ”g]
Hh—1n
=t11g1;2E[||(S(rz—n>—IdE)S(n)Xng] =0. (11
Next, we consider the stochastic convolution S ¢ G(X). By (3), we get

E[”So G(X)(t1) — S o G(X)(t2) HQ}

IS

n
< (/ ”(S(tZ - tl) - IdE)S(tl - r)G(X(r))||]?4])(Q;V(U’E9))dr)
0

P
2

5]
+ (/ (NG r)G(X(r))||ip(9;y(U’E9))dr> =1+ L.
n

For the first term, by the uniformly boundedness (7) of X, we get

P

131
7 P
IISC(/Ké,Q(r)dr> <1+||X||%p> < 00.
0

Then I; tends to O as #; — f, by the strong continuity (10) of the Cp-semigroup S(-) and
Lebesgue dominated convergence theorem. For the second term, we have

h—1

p
7 p
L < ( / Ké,e(r)dr) (1 + ||X||%ép) -0 as HH—n
0
by Lebesgue dominated convergence theorem. Therefore,

lim IE[||S<>G(X)(t1)—S<> G(X)(t2)||gj| =0. (12)
1n—>n

Similar arguments can handle the deterministic convolution S * F (X):
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tlin} ]E[”S*F(X)(tl)—S*F(X)(t2)||g:| =0. (13)
10

Combining the estimations (11)—(13), we derive (8). O
Remark 3.1. When 8 = 6 = 0, the result of Theorem 3.1 holds if S(-) is only a Cy-semigroup.
4. Optimal trajectory regularity

In this section, we consider the trajectory regularity for the solution of Eq. (SEE). For conve-
nience, we use the notation IL.” (£2; C‘S([O, Tl; E9)) with § € [0, 1] and 6 > 0 to denote E?-valued
stochastic processes {X (¢) : t € [0, T']} such that for any #1, t; € [0, T] with #; # 12,

lim [|X (1) — X(2)]lg =0 a.s. and IET[ sup ||X(t)||g]<oo
h—n t€[0,T]

when § =0 and
X () — X ()]le <Ol — t2|‘S a.s. and ]E[@p] < 00

when § > 0. Our aim is to find the optimal constants é and 6 such that the solution of Eq. (SEE)
isin L7 (2: C* ([0, T1; E?)).

To obtain the trajectory regularity for the solution of Eq. (SEE), in addition to Assumption 3.1
we propose the following assumption.

Assumption 4.1. There exists a constant o € (1/p, 1/2) with p > 2 such that
T T
Ky = | 1™ Kpo(t)dt K& = | 172K ,(1)d
F F.0 <00, G = t G,e(t) 1 < o0,
0 0

Our main idea is to apply the factorization method established in [5], which is associated to a
linear operator R, with @ € (0, 1) defined by

t
Ry f(2) := /(t — 1) IS@ —r) f(r)dr, t€[0,T], (14)
0

and the following generalized characterization in [9].

Lemma 4.1. Let 1/p <o <1 and 0,01,5 > 0. Then R, defined by (14) is a bounded linear
operator from ILP (0, T; Ee) to C‘S([O, T1; Eﬂl) when «, 0, 01, 8 satisfy one of the following con-
ditions:

1. 8=a—%+@when91>9anda>¥+l;

P
2. 8<o¢—%when91=0;

3. 8:05—%when91<0.
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Proof. It is a straightforward consequence of [9, Proposition 4.1] and we omit the details. O

By stochastic Fubini theorem, the following factorization formula is valid for the stochastic
convolution S ¢ G(X):

sin(r o)
SoG(X)(t) =

RaGal(1),

where G4 (t) := fot(t —r)7*S(t —r)GX(r)dWy(r),t €[0, T].

Theorem 4.1. In addition to the conditions of Theorem 3.1, let Assumption 4.1 hold. Then the
following statements hold.

1. When 6 =0,

0

X € LP(Q: ([0, TT; E)) ULP(;C* 77 2 ([0, T]; E))

B—0
2

NLP(Q:C 2 710, T]; E®)) (15)

forany § €[0,a —1/p), 61 € (0,20 —2/p) and 6 € [0, B].
2. When 6 >0,

X € LP(: C([0, T1; E®)) ULP (S %7 ([0, T1; ™))
ULP(Q: C* 572 ([0, TT; E) NLP (@ C 2 A (0, T E)) (1)
forany § €0, —1/p), 01 € (0,0), 62 € (68,0 + 2« —2/p) and 05 € [0, B].

Proof. For the initial datum, by (4) we get

01—
2

B B
1S(22) X0 — S(t1) Xollo, = I(=A) "2 (S(r2 — 1) — 1dp)(—A) 2S(t1) Xoll
B0
<Cla—nl = " Xollp
for any 67 € [0, 8). Combining with the strong continuity of S(-) shows that S(-)X( €

B—0
¢z M ([0, T1; E®) for any 6; € [0, B].
By Fubini theorem and the usual Burkholder inequality, we get

T
E[uGa(r)nﬁmee)] = / E[nGa(r)ng’]dr
0

T t P
7 P
< [/ (/r—z‘xl(éﬂ(r)dr) dt] (1+ ||X||%p) <00,
0 0
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which implies that G, € IL” (0, T'; E?) almost surely. Applying Lemma 4.1 shows that if 6 =0,
then

1_9

SoG(X) e LP(Q: C3([0, T]; E)) ULP(Q: C* "7 7 ([0, T]; E®))

forany § € [0, ¢ — %) and 0 € (0,2« — %); and if 0 > 0, then

S0 G(X) e LP(Q: € ([0, TT; E%)) ULP(; €7 ([0, T]; E))
1, 0-61
ULP(Q;C* 72 ([0, T]; E®))

for any § € [0,¢ — 1/p), 01 € (0,60), and 6> € (0,0 + 2«0 — 2/ p). Similar argument yields the
same regularity for S * F(X). Thus we conclude (15) and (16) by combining the Holder conti-
nuity of S(-)Xo, S* F(X)and So G(X). O

Remark 4.1. Let § = 6 = 0 and Assumptions 3.1 and 4.1 hold, then by [6, Proposition 5.9], X €
LP(2; C([0, T]; H)) if S(-) is only a Cp-semigroup S(-). Moreover, similarly to [9, Theorem 2.2],
the following stronger moments’ estimation holds for some constant C = C(7T, p,«, K¢, K g):

ELS[‘S,"T] 1x@17] = c(1+E[1%0017]).

5. Example

In this section, we illustrate our results by the stochastic heat equation

dX (1, 8) = (AX(2,8) + f(X(2,§)))dr + g(X (2, §))dW (2, §),
X(1,6)=0, (t,§)€[0,T]xd0, (SHE)

X(0,8)=Xo(), §€0,

and give a positive answer to the open problem given in [10]. Without loss of generality, we
assume that X is a deterministic function.

SetU = Lz(ﬁ’), E =14(0) with g > 2 throughout this section. Then FE is a reflexive M-type
2 Banach space. Define A = A with domain Dom(A) = Wg’q(ﬁ) N W24(0). Here WS4(0)
with s € N4 denotes the Sobolev space consisting of functions in & whose derivatives up to
order s are all in LY (&), and W(}’q(ﬁ) :={f e Whi(0): flye =0}. In the following, we also
need the Sobolev—Slobodeckij space W4 with 6 € (0, 1), whose norm is defined by

1
X - Xl \7

. q
1 Xl = (nxumﬁ) + / S a9 )
(77

Similarly, we denote W4 (0) := {f € W9(6) : flye =0}
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Let Q € £(L%(£)) and {Autnen, C L2(0) be eigenfunctions of Q which forms an orthonor-
mal basis of L2(&) with related eigenvalues {A;},en, . Assume that W ={W (@) : t € [0, T]} is
an L2(0)-valued Q-Wiener process, i.e.,

W)=Y VAnhapa(t), 1€]0.T],

n€N+

where (B8,),>1 is a sequence of independent standard Brownian motions with respect to the
filtration (%;);¢[0,7]. Our main assumption on the system {(A,, /1,)},en, is that there exists a
constant € € (0, 1] such that

>~ Vaallhalice ey =: Cq < 00, (17)

n€N+

where || - [|co(s) denotes the L°°(&)-norm and || - [|ce (¢ with € € (0, 1] denotes the Holder norm

h)—nh
Ihllceoy := IRllLe@) +  sup M) = bl h e C(0).

gmeoay 15—

Assume that f,g : R — R are Lipschitz continuous functions with Lipschitz constant
Ly, Lg>0,i.e., forany &1, & €R,

(&) — fEDI =< Lyl&1 =&l g1 — gl < Lglé1 — 8.

Define the operators F' : E — E and G : E — L(U, E) by the Nymiskii operator associated with
f and g, respectively:

Fu)(@) =), GhyE):=vrguE)Nhn(€), &€0, neNy.

Then the stochastic heat equation (SHE) is equivalent to Eq. (SEE).

Let 6 € (0,1) and fix x, y € LI(&) and z € E? (). For the drift term, by the uniform bound-
edness of the semigroup S(-) and the Lipschitz continuity of f, we get the conditions on F of
Assumption 3.1:

IS F(x) — F(y)DlLao) = Clix = ylLao)-

On the other hand,

_0 _0
IS@F @l gooy) = Ct7 21+ llzllLeey) = Ct72 (A + izl goe)-

These two inequalities show the conditions on F of Assumptions 3.1 and 4.1 with Kr = C and
Kro= Ct_% for any « € (0,1 —6/2), where C depends on M(T), L ¢, f(0) and the volume of
0.

In view of the diffusion term, the uniform boundedness of the semigroup S(-), the definition
of the y -radonifying operator and the Lipschitz continuity of g and (17) lead to
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IS(Gx) — GOy w20),L9(0))

< D ISOGE) = GONhallao)

n€N+

=C( X Vaallhallieion) [x = v

VLGN+

|]L4 (©)

=Clx~ y”]Lq(ﬁ)'

To verify the growth condition of G in E 9 for > 0, we need the fact (see, e.g., [11]) that

0

Wotd s E% s W forall 1/q <63 <6 <6 < 1. (18)

Assume that g(0) =0 or h,|35 = 0. Now let o € (0,0/2) be sufficiently small, then (4) yields
that

ISOG @I,z p50y < Y. I1SOG@hallpo 0,

n€N+

<Ct7 Y NG @hall pi-20 6

neNy

<Ct™7 Y NG@hallwo-oae)-

I’lEN+

By triangle inequality and the boundedness of {/,},eN,

1GCallly

q — q|h, (&)|9
sxz(nhnngwngu)niq(@+ / 'g(x@))|§f(f7|(f+)é'q' OF sean

X

n / I8 1hn(§) — hn ()4

|§ — n|d+ba

dédn>

O'x

g | (€) = hn ()| \
<Ch; (||hn||im||g<x)||zvg,q(ﬁ) + ( sup
gy 1§l

x / |g<x<§>)ms—n|“—9>‘f—ddédn>.
OxO

For any 6 < €, we obtain by applying Fubini theorem
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/ g @) JE — ]9 -94zdn
OxO

< ( / |x|<f—9>‘f—dd5)( / |g(x(s>>|qd$) < Clig 4
%

0—-0

where & — O denote the set {¢ =& —n: &, n € 0}. Then we get

D NG @ hnllwoaiey < CA+ Ixlwoae)-

l’lGNJr

As aresult, when 0 — o < €, we have

ISOG @D, w20y, e 0y < Ct A+ lzllwo-oa(e))
<Ct™ (1 + |zl go(e)-

The above two inequalities yield the conditions on G of Assumptions 3.1 and 4.1 with K = C
and K¢ = Ct™° forany o € (0,1/2 — o), where C depends on M(T), L ¢, f(0), the volume
of & and the embedding constants in (18).

Thus we have verified Assumptions 3.1 and 4.1 for any 6 € [0,€] N[0, 1/2) and « € [0, 1/2).
Applying Theorems 3.1 and 4.1 and appropriate Sobolev embedding, we deduce the following
regularity for the solution of the stochastic heat equation (SHE), which gives a positive answer
to the open question in [10, Section 4].

Theorem 5.1. Assume that f,g : R — R are Lipschitz continuous functions, and W is a
Q-Wiener process such that the eigensystem {(A,, hy)} of Q satisfies (17) for some € € [0, 1].

1. When € =0, assume that Xy € E'(0) for any q > 2, then Eq. (SHE) possesses a unique
mild solution X such that

X e C(0,T1:C0(0)) as. (19)

forany §,0 >0 such that 6 +6/2 < 1/2.
2. When € € (0, 11, assume that Xy € E3/2(0) for any g > 2 and that g(0) =0 or h, =0 on
90 for all n € N,. Then Eq. (SHE) possesses a unique mild solution X such that

X e C¥([0, T); CX(0) U’ ([0, T]; C' (O)) as. (20)

forany § € [0,1/2), k €[0,e A 1/2) and any 81 € [0, (1 +€ —k1)/2 AN (3 —2k1)/4), k1 €
[e A1/2,(14€) A3/2).

Proof. When € =0, by Theorems 3.1 and 4.1, Eq. (SHE) possesses a unique mild solution such
that X € C%([0, T]; E?) a.s. forany 8,6 > 0 such that 8 +6/2 < 1/2. The first Hlder continuity
(19) then follows from the Sobolev embedding.
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When € € (0, 1], we only prove the case € € [1/2, 1], since similar arguments yield the case
€ € (0,1/2). Theorems 3.1 and 4.1 imply that Eq. (SHE) possesses a unique mild solution such
that

X eC%(0,T1; E?(0)uch (0, T]; E? (0)) as.

for any 6 € [0,1/2),0 €[0,1/2), 61 €[1/2,3/2) and 81 < 3/4 — 61 /2. Then using the Sobolev
embedding, we get

X € C¥([0, T); C(0)) Ul ([0, T]; C' (0)) as.

forany § € [0,1/2),k €[0,0 —d/q), 81 €[0,3/4—01/2) and k1 € (0,0, —d/q) whend < g /2.
Taking sufficiently large g, we conclude (20). O

Remark 5.1. The Holder continuity (20) shows that the solution of the stochastic heat equation
(SHE) enjoys values in the space C([0, T]; C¥(&)) of continuous differentiable functions on
[0, T] x € with (x — 1)-Holder continuous spatial derivatives for any « € (1, (1 4+ €) A 3/2).
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