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Abstract

We establish existence, uniqueness and higher order weighted L -Sobolev regularity for the stochastic
heat equation with zero Dirichlet boundary condition on angular domains and on polygonal domains in R2.
We use a system of mixed weights consisting of appropriate powers of the distance to the vertexes and of
the distance to the boundary to measure the regularity with respect to the space variable. In this way we can
capture the influence of both main sources for singularities: the incompatibility between noise and boundary
condition on the one hand and the singularities of the boundary on the other hand. The range of admissible
powers of the distance to the vertexes is described in terms of the maximal interior angle and is sharp.
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1. Introduction

In this article we continue the analysis started in [2] towards a refined L ,-theory for second
order stochastic partial differential equations (SPDEs, for short) on non-smooth domains. The
main challenges in the construction of such a theory come from two effects that are known to
influence the regularity of the solution: On the one hand, the incompatibility between noise and
boundary condition results in blow-ups of the higher order derivatives near the boundary—even
if the boundary is smooth. On the other hand, the singularities of the boundary cause a similar
effect in their vicinity—even if the forcing terms are deterministic. We refer to the introduction
of [2] and the literature therein for details.

The well developed L ,-theory for second order SPDEs on smooth domains, carried out within
the analytic approach initiated by N.V. Krylov, shows that the incompatibility between noise and
boundary condition can be captured very accurately by using a system of weights based on the
distance to the boundary, see, for instance, [4,6,14,18,19]. Moreover, the results in [2] indicate
that a system of weights based on the distance to a corner of the underlying domain is suitable to
describe the impact of this boundary singularity on the solution. Thus, in order to capture both
effects, a system based on a combination of appropriate powers of the distance to the boundary
and of the distance to the boundary singularities suggests itself.

Our primary goal in this article is to show how such a system of mixed weights can be used
in order to provide higher order spatial weighted L ,-Sobolev regularity for second order SPDEs
with zero Dirichlet boundary condition on angular domains and on polygonal domains in R.
For the moment we restrict ourselves to the stochastic heat equation, since already the analysis
of this equation involves many non-trivial steps and has been a persisting problem for a long time.
At the same time, we believe that in this way we can shade some light on the general strategy
without getting lost in details. Our general setting is as follows: Let (wf), k € N, be a sequence
of independent real-valued standard Brownian motions on a probability space (€2, F, IP) and let
T € (0, 0o) be a finite time horizon. We consider the stochastic heat equation

du=(Au+ O+ fl)dt +g"dwf onQx (0,T]1x O,
u=0 on 2 x (0, T] x 00, (1.1)
u()=0 on 2 x O,

on various types of domains @ € R<. Our focus lies in particular on polygonal domains and
on angular domains O C R2. Note that, as usual, here and in the sequel we use the Einstein
summation convention on the repeated indexes i and k.

Our main results address the existence, uniqueness and higher order spatial regularity of the
solution to Equation (1.1) on angular domains and on polygonal domains @ C R?. By using a
weight system based solely on the distance to the set of vertexes of O, we establish existence and
uniqueness of a solution to Equation (1.1) with suitable weighted L ,-Sobolev regularity of order
one with respect to the space variable; see Theorem 2.8 (angular domains) and Theorem 5.4
(polygonal domains). The lower bound of the range (2.6) for the weight parameter 6, which
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corresponds to the best integrability property of the solution near the vertex, is sharp; see also
the introduction of [2]. Moreover, by using, in addition, appropriate powers of the distance to
the boundary 9O we describe the behavior of higher order spatial derivatives of the solution; see
Corollary 2.11 (angular domains) and Theorem 5.6 (polygonal domains).

The key estimate, which paves the way for all the results mentioned above, is presented in
Theorem 2.5. Roughly speaking, it shows which system of weights is suitable in order to be able
to lift the spatial regularity of the solution of the stochastic heat equation (1.1) on an angular
domain with the regularity of the forcing terms. In short, it can be stated as follows: Let

D =Dy, := {x eR?*:x= (rcost, rsind), r >0, v € (0,/{0)}, (1.2)

be an angular domain with vertex at the origin and angle ¢ € (0, 27r). Moreover, let p(x) :=
pp(x) :=dist(x, 3D) be the distance of a point x € D to the boundary 0D of D. If u is the
solution to Equation (1.1) on D, then, for arbitrary m e N, 1 < ® < p+ 1 and 6 € R, we can

estimate
T (x) 0-2
]E/( Z f|,0(x)|“|_1D“u(t,x)’p|x|0_2<p|T|> dx)dt
0

<
|01|7mD

by the weighted L ,-norm

r 0-2
]E//||x|_1u(t,x)}p|x|0_2<%) dx dt
0 D

of the solution plus appropriate weighted L ,-Sobolev norms of the forcing terms f O fiand g,
of order (m — 2) v 0, m — 1, and m — 1, respectively. It is worth mentioning that the range for
the parameter ® in this estimate is natural and sharp, see Remark 2.6 for details.

As already mentioned above, there already exists a comprehensive L ,-regularity theory for
second order SPDEs in weighted Sobolev spaces with weights based solely on the distance to
the boundary, see also [5] in addition to the reference given above. Typically, the solution u to
Equation (1.1) on a domain © € R¥ fulfills

T
E/( Z /|p|a‘_1Dau p,o@_ddx) dt < oo,

0 lee]<m 16}
provided that the domain O is sufficiently smooth and the free terms f°, f? and g are in corre-

sponding weighted Sobolev spaces. More precisely, on smooth domains, i.e., at least C!, such a
theory is possible with

d—1<0<d+p-—1,

see, e.g., [4, Remark 2.7]. However, on non-smooth domains, only ® € (d + p —2 —¢,d +
p — 2+ ¢) is possible with a small ¢ > 0 that depends on the roughness of the boundary of the
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domain and is not explicitly given [5]. In particular, for large p > 2, ® = d is not admissible,
see [5, Example 2.17] for a typical counterexample. Our results show that, on polygonal domains,
if we use an appropriate power of the distance to the set of vertexes to control the behavior of the
solution in their proximate vicinity, then ® = d = 2 is possible away from the vertexes.

Our analysis takes place within the framework of the analytic approach. The proofs of the
main results rely on a mixture of Green function estimates on angular domains, suitable local-
ization techniques and some delicate estimates for the stochastic heat equation on C! domains.
Alternatively, one could think of Equation (1.1) as an abstract Banach space valued stochastic
evolution equation and try to obtain a similar theory by using the extension of the semigroup
approach for SPDEs to Banach spaces developed by J.M.A.M. van Neerven, M.C. Veraar and
L. Weis [24-26]. However, for this to succeed, one would have to (at least!) check whether the
(properly defined) Dirichlet Laplacian on weighted Sobolev spaces has an appropriate functional
calculus. Moreover, one would need a description of the domain of the square root of this oper-
ator in terms of suitable weighted Sobolev spaces. To the best of our knowledge, both questions
are not trivial and yet to be answered. In this context it is worth mentioning that the recently
developed Calderén-Zygmund theory for singular stochastic integrals from [21] together with
the L ,-theory developed in [2] lead to an L, (L )-theory with g # p without making use of
precise descriptions of the domains of fractional powers of the Laplacian nor of the existence of
a bounded H *°-calculus, see [21, Example 8.12].

This article is organized as follows: In Section 2 we present and prove the main results con-
cerning existence, uniqueness (Theorem 2.8) and higher order regularity (Corollary 2.11) of the
stochastic heat equation on angular domains. The proofs rely on two key estimates, which are
stated in Theorem 2.5 and Lemma 2.7 and proven in detail in Section 3 and Section 4, respec-
tively. Finally, in Section 5 we present our analysis of the stochastic heat equation on polygonal
domains. Before we start, we fix some notation.

Notation. Throughout this article, (2, F, P) is a complete probability space and (F;);>0 is an
increasing filtration of o-fields F; C F, each of which contains all (F, P)-null sets. We assume
that on 2 we are given a family (wf),zo, k € N, of independent one-dimensional Wiener pro-
cesses relative to (F;);>0. By P we denote the predictable o -algebra on € x (0, o) generated
by (F1)i>0 and any of its trace o -algebras. Moreover, T € (0, 00) is a finite time horizon and
Qr :=Q x (0, T]. For a measure space (A, A, ), a Banach space B and p € [1, 00), we write
Ly(A, A, w; B) for the collection of all B-valued A-measurable functions f such that

LFIZ, A s ) :=/||f||’,; dp < oo.
A

Here A is the completion of A with respect to 1. The Borel o -algebra on a topological space E is
denoted by B(E). We will drop A or i in L,(A, A, i1; B) when the o -algebra A or the measure
W are obvious from the context. For functions f depending on w € 2, ¢t > 0 and x € RY, we
usually drop the argument w, and denote them by f (¢, x). If O C R4 is a domain in RY, we write
C2°(0O) for the space of infinitely differentiable functions with compact support in O. Moreover,
CZ(O) is the space of twice continuously differentiable functions with compact support in O. For
a function f: O — R and any multi-index « = (1, ..., aq), @; €{0,1,2,...},

D f(x):=95" -3 u(x), x=@' ... x9),
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o Q%
where 3i = W

fri = a_?c'” By making slight abuse of notation, for m € {0, 1,2, ...}, we write D" f for any
(generalized) m-th order derivative of f and for the vector of all m-th order derivatives. For
instance, if we write D™ f € B, where B is a function space on O, we mean D* € B for
all multi-indexes o with |«| = m. The notation fy is used synonymously for D! f, whereas
I fxllg :==Y_; Il fci Il 8. Throughout the article, the letter N is used to denote a finite positive con-
stant that may differ from one appearance to another, even in the same chain of inequalities.
When we write N = N(a, b, ---), we mean that N depends only on the parameters inside the
parentheses. Moreover, A ~ B is short for ‘A < NB and B < NA’.

is the «; times (generalized) derivative with respect to the i-th coordinate;

2. The stochastic heat equation on angular domains
In this section we present our analysis for the stochastic heat equation
du=(Au+ O+ fiyde+ghdwk, 1€(0,T], Q2.1

on angular domains D € R? with zero Dirichlet boundary condition and vanishing initial value.
We establish existence and uniqueness (Theorem 2.8) as well as higher order spatial regularity of
the solution (Corollary 2.11) within a framework of weighted Sobolev spaces. The weights are
products of appropriate powers of the distance to the vertex and of the distance to the boundary
(two infinite edges and the vertex). The key estimate, which enables us to describe the behavior
of the higher order derivatives of u near the boundary even if the forcing terms behave badly near
the boundary but are sufficiently smooth inside the domain, is presented in Theorem 2.5, see also
Remark 2.6.

To state our results, we first introduce appropriate function spaces. The notation is mainly
borrowed from [2]. Throughout, D = D, is as defined in (1.2) with ko € (0, 27) and p, (x) = |x|
denotes the distance of a point x € D to the origin (the only vertex of D). Let p > 1 and 6 € R.
We write

LYY (D) := L,(D. B(D), p{2dx;R) and LYY(D;: £2) 1= L,(D. B(D), pf~*dx: )
for the weighted L ,-spaces of real-valued and £;-valued functions with weight pl=2. Forn e
{0,1,2,...} let

ol » I/p
K} o(D) = {f: £ llks @) = ( > ek D“f||L%(D)> < oo},
lo|<n '

and define K ;’,’ ¢ (D; £2) accordingly. Note that
KSo(D)=LYY (D) and KD ,(D:£2) = LYY (D; ).

Moreover, we write K [1? ¢ (D) for the closure in K [1) (D) of the space CZ°(D) of test functions.
The weighted Sobolev spaces introduced above are classical examples of Kondratiev spaces.

For their basic properties as well as their relevance in the analysis of elliptic partial differential

equations on domains with conical singularities we refer to [1 1, Part 2], see also the pioneering
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works [8—10,20]. In the sequel, we will frequently use the following basic properties. They are
mainly a consequence of the fact that for any multi-index o

sup (pclf‘|71|D°‘po|) < N(x) < o0
D

the proof is left to the reader.

Lemma 2.1. Let p > 1,0 € R and n > 1. If « is a multi-index with || < n, then
105D fll gn-et iy + 1D (5™ Pl gt ) = N1 fllky 0,
and

el oy < NIF s, o
with N independent of f.

To formulate our conditions on the different parts of the equations, we will use the L ,-spaces
of predictable stochastic processes on Q7 := 2 x (0, T'] taking values in the weighted Sobolev
spaces introduced above. For p > 1,60 e R,and n € {0, 1, 2, ...}, we abbreviate

K% o(D,T):=Lp(Qr,P,P ®dx; K, (D)),
K% o(D,T;82) := Lp(Qr,P,P ®dx; Ky, 4(D; £2)),
LI (D. T) =K ,(D. 7). LYL(D.T;2) =K ,(D.T: ),
and
K} 4(D.T) :=L,(Qr.P.P®dx; K} 4(D)).

Using these spaces we introduce the following classes of stochastic processes that are tailor-
made for the analysis of Equation (2.1) on D.

Definition 2.2. For p > 2 and 6 € R we write u € K}, (D, T) if u € K} ,_ (D, T) and there

exist fo € L[I;]@JFP(D, T), fi IS ]Ll[i]g(D, T),i=1,2,and g € ]LE:,]@(D’ T; £3), such that

du=(f°+ flydt+g"dw;, t€(0,T], 2.2)

on D in the sense of distributions with 1(0, -) = 0, that is, for any ¢ € C2°(D), with probability
one, the equality

! 0

1
w0 = [ [(Fer0 - oot Y [Geooat e

0 k=17
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holds for all + < T'. In this situation we also write
Du := fo + f)ﬁi and Su:=g
for the deterministic part and the stochastic part, respectively.

Remark 2.3. The spaces IC;,’ G,O(D’ T) from Definition 2.2 coincide with the spaces ﬁ}u,e(D’ T)
introduced in [2, Definition 3.4]. The only (apparent) difference is that in the definition

of ﬁl Q(D T) the deterministic part Du is required to be an element of K 5 9 " p(D, T) .=
(QT, K;éﬂ,(D)) where Kp 9+p(D) is the dual of Kp',e'—p’(D) with 1/p +1/p’ =1 and
0/p +0'/p’ = 2. However, this is not really a difference, since

Kby, 1) = {0+ f: 0Ll (1), f eLbL D, 1)}
This can be proven with a similar strategy as the analogous result for classical Sobolev spaces,
see, e.g., [1, page 62ff.], and by using the fact that for reflexive Banach spaces B with dual B*,

the dual of L ,/(227; B) is isometrically isomorphic to L, (27; B*), see, e.g., [3, Theorem IV.1.1
and Corollary 111.2.13].

In this article, Equation (2.1) has the following meaning on D.

Definition 2.4. We say that u is a solution to Equation (2.1) on D in the class IC}?’ 90D, T) if
uek} (D, T) with

Du=Au+f+f=f0+(f +us)y and Su=g.
Now that we have specified the setting, we are ready to present our results. We start with
the key estimate in this article. Its proof is given in Section 3. Recall that p(x) := pp(x) :=
dist(x, 0D) denotes the distance of a point x € D to the boundary 0D.

Theorem 2.5.Let p>2, 1 <® <p+1, 0 €R, and m € {0,1,2,...}. Moreover, let u €
IC;) e,O(D’ T) be a solution to Equation (2.1) on D. Then

T

0-2
]E/ Z /|p‘“| lD”‘u’[7 - 2( ) dxdt
0 lalsm+lp
T
5NIE//<|po—lu|p+ Z |p|a|+1Daf0|p+Z Z |p|a|Dozfi|P
0 D lee| <(m—1)vO i |o|<m
0 0-2
+ Z |Pa|Dag|fz>,022<—> dx dt,
la|<m Po

where N = N(p, 0, 0O, ko, m). In particular, N does not depend on T.
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Remark 2.6. As mentioned in [4, Remark 2.7], the restriction 1 < ® < p + 1 on the parameter
©® from Theorem 2.5 is necessary in order to obtain the corresponding result for the stochastic
heat equation on C!' domains with pg := 1. Therefore, since a solution to Equation (1.1) on D
that vanishes near the vertex can be considered as a solution to the same equation on a suitable
C! domain, the range of ® in Theorem 2.5 is sharp.

In the proof of Lemma 2.9 below we first establish existence for equations with nice forcing
terms and extend it to the general case with a limit argument. For this step to succeed, in par-
ticular to make sure that we maintain equality ‘for all # < 7’ and therefore the limit also fulfills
the equation in the sense of distributions, see Definition 2.2, we need the following lemma. It
also plays a crucial role in the proof of the existence result for the stochastic heat equation on
polygonal domains (Theorem 5.4), as it is one of the main ingredients in the proof of Lemma 5.3,
which in turn is used for a Gronwall argument to establish existence. Its proof is given in detail
in Section 4.

Lemma 2.7. Let p > 2 and 6 € R. Assume that u € K;,Q,O(D’ T) satisfies

du=(f"+ flydt+g"dwf, te(0,T], (2.4)

in the sense of distributions. Then u € L,(2;C([0, T']; LE’]G (D))) and

[ sup lute, 17

[l || +11r° IIPO
<T (D)] ( _,(D.T) Lol

p 0+p (D T)

(2.5)
+ Z 10 oy 1801 7))

where N = N(p,0,ko, T).

We have now all ingredients needed to state and prove our main existence and uniqueness
result for Equation (2.1) on D. The representation formula therein uses the Green function for
the heat equation on D = D,,, with zero Dirichlet boundary condition, which we denote by I',

see, e.g., [ 13, Section 1] for a precise definition.

Theorem 2.8 (Existence and uniqueness/angular domains). Let p > 2 and let 0 € R fulfill

p(1—:—0><9<p(1+:—0>. 2.6)

Assume that g € }Lse (D.T: ), fOeLl)

oy (D.T) and ' e LYL(D.T), i =1,2. Then

t r
u(t,x) :=f/F(t—s,x,y)fo(s,y)dyds—Z/[Fyi(t—s,x,y)fi(s,y)dyds
0 D )
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k=1

t
o0
+ 2 [ [re—sxngsndyud
0 D

is the unique solution to Equation (2.1) on D in the class ’C}z,e,o(D’ T). Moreover,

0 i
lulier, o <N (10 o + 2 i oy gl o) @7
1

where N = N(p, 0, ko). In particular, N does not depend on T.

If f/ =0 for i = 1,2, then this result has been already proven in [2, Theorem 3.7]. The
extension presented here is essential to treat Equation (2.1) on polygons in Section 5 even if the
equation on the polygon does not contain terms of this type, see also Remark 5.5 for details.

The missing link between [2, Theorem 3.7] and Theorem 2.8 is presented in the following
lemma. Its proof relies on Theorem 2.5 and Lemma 2.7.

Lemma 2.9. Let p > 2 and let 6 € R fulfill (2.6). Assume f' HJEUOﬁ (D, T) fori = 1,2 and define

t
v(t, x) :=—Z//Fy;(t—s,x,y)fi(s,y)dyds.
0D

Then v is the unique solution in the class ICllj 0.0(D, T) to the equation

dv=(Av+ fl)di, 1€(0,T], 2.8)

on D. Moreover, there exists a constant N = N(p, 0, ko) such that
i
ks, 0.0 =N DI L ry: (2.9)
1

In particular, N does not depend on T.

Proof. Step 1. Let f' € ]LE:]G(D’ T),i=1,2.By[12, Theorem 3.10], forany 0 < A < I:T—O (=: kf
in [12]),

T, (¢ )l <N< Al >k< 1yl )A_l(t -3 oy
) — 5, X, < —s e =
’ Y x| + 1 —s Iyl + /7T —s

where the constants o, N > 0 depend only on kp and A. Since 6 satisfies (2.6), we can take A
sufficiently large such that 1 — A <6/p < 1 + A. Then the kernel

1|x|(9—2)/p
Ly —s,x,y)

Tit,s,x,y) :=1eplyeplisslx|™ @27
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satisfies the algebraic conditions in [12, Proposition A.5] with u = (0 —2)/p, A1 =i =1 —1
and r = 1. Hence by this proposition,

_ —1 i
”U”]L[po.]g,p(,DaT) - ”po U”LE:]Q(,DﬁT) E N(p’ 91 KO) Z ”f ”]L&:%(’D,T)

1

Step 2. Assume the fis are sufficiently nice, say, fi € L,(Qr,P; C?(D)). Then by [2, Theo-
rem 3.7],

! '
v::Z//F(I—s,x,y)f)é,-(s,y)dyds:—Z//Fyi(t—s,x,y).fi(s,y)dyds
oD U »)

is the unique solution to Equation (2.8) in the class IC}L e,o(D’ T), see also [23,28]. This, together
with Step 1 and Theorem 2.5 with m =0 and ® =2 lead to (2.9) for f' L,(Qr,P; CCZ(D)).

Step 3. General fi € }Lgilg (D, T), i =1,2. Uniqueness follows from the case fi = 0. Take a
sequence (f,f)neN C Ly(Qr,P; Ccz(D)) such that f,f — flin IL[I;]@(D, T) foreachi. Let v, €
IC}D 0.0(D, T) be the solution to Equation (2.8) with f,i. Then by Step 1 and Step 2, (vy) is

a Cauchy sequence in K}U’efp(D, T). Let u :=1im,,_, 5 v, in K;efp(l), T). Fix ¢ € C°(D).

Then taking the limit in

t
1,90 == 3 [(@uls D + £ pu)ds, VIST. (Pas)
0

and using the qontinuity of t = (u(t), ¢) (due to Estimate (2.5) from Lemma 2.7), we find that
du=(Au+f ; ;) dt in the sense of distributions. The integral representation formula for « is due

to the fact that by Step 1 we also know that lim,,_, o, v, = v in Lgf’]gf p(D, T). Estimate (2.9)
follows by taking the limits in the estimates for v, proven in Step 2. O

Remark 2.10. Since Lemma 2.9 addresses the deterministic heat equation, the restriction p > 2
is obsolete. The result as well as the proof carry over to the case p > 1 mutatis mutandis.

Proof of Theorem 2.8. This is now an immediate consequence of [2, Theorem 3.7] and
Lemma 2.9 above. O

Theorem 2.5 with ® = 2 and Estimate (2.5) now lead to the following higher order regularity
result of the solution depending on the regularity of the forcing terms f©, f7, and g*. Recall that
in this section p denotes the distance to the boundary of D.

Corollary 2.11 (higher order regularity/angular domains). Given the setting of Theorem 2.8, let
u be the unique solution in the class K};,@,O(Dv T) to Equation (2.1) on D. Assume that
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T

como. fo =B [ [( X 10D Y Y 1Mot

0D lae|<(m—1)Vv0 i lal<m

+po 1P+ D |p'“'D“g|fz>p§—2dxdz <00

loe] <m
for somem € {0, 1,2,...}. Then

T

IE/ > /|p'“'—‘D“u\”|x|9—2dxdzSNC(m,e,fi,fO,g)<oo,

0 lelsm+lp
where N = N(p, 0, ko, m). In particular, N does not depend on T.

We will need the following ‘general uniqueness’ lemma to handle the stochastic heat equation
on polygons in Section 5.

Lemma 2.12. Let 2 < p1 < p and let 01, 6, € R satisfy (2.6) for p = p1 and p = pa, respec-
tively. Assume for both j =1 and j =2,

0 [o] i [o] : [o] .
f e]ij,Qj_ij(Dv T)s fl G]ij’@j(pa T), l:1, 21 gEijﬁj(Ds Tv Z2)
and letu € IC;m@]’O(D, T) be the solution to Equation (2.1). Then u € IC;72102’0(D, T).

Proof. This follows from the integral representation formula of the solution in Theorem 2.8,
that is, the unique solutions in IC})1 o, o(D,T) and lCi72 0 o(D, T) have the same representation
formula. O

Remark 2.13. To keep the presentation short, the results in this section are formulated only for
angular domains D C R? with vertex at the origin and with one of the edges being the positive
x!-axis. However, since every angular domain in R? can be seen as a translation of a rotation of
such a domain, all results can be extended accordingly, as the Laplace operator is invariant under
translations and rotations. More precisely, fix a € (—m, ) and xp € R2. Let

D :=Dyy(x0,a) == {x eR?:x=x0+ (rcosd, rsin®), r>0, 9 € (a,a+xo)}.

Replacing D and p, by 75,(0 (x0,a) and po(x) := |x — xg|, respectively, in the definitions of
the weighted Sobolev spaces from above, we can define analogous spaces, such as K Z,G(D)’
K;,e (15, T) and K},’g’o(ﬁ, T), on D. Then, the results in this section hold with D in place of
D. Indeed, let Q = (gij)1<i,j<2 be the orthogonal matrix such that Dy, (xo, @) = xo + QDy,.

Then, since the Laplacian is invariant under the rotations and translations, the statement that
ue IC;) 0.0(D, T) satisfies

du=(Au+ [0+ fliydi +gtduf, (2.10)
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in the sense of distribution (analogous meaning to Definition 2.2) is the same as the statement
that v(t, x) := u(t, xo + Ox) € /c;, g.0(D. T) satisfies

dv=(Av+ fO+ fi)dt + g* duy,

where fO(1,x) = fO(t, x0+ Qx), f1(t, %) = qui £ (t, x0 + Qx) + i f2(t, X0 + Qx), i = 1,2,
and g(f, x) = g(t, xo + Qx). Hence, all existence and uniqueness results as well as all estimates
can be extended to general angular domains, since, obviously,

||h(x)||sze(@) ~ Ilh(xo + Q0)lIkn D)

for any h € KZ’G (D). To extend Lemma 2.7, formally set Au =0 in (2.10).
3. Proof of Theorem 2.5

In this section we give a detailed proof of the key estimate from Theorem 2.5. Our proof is
based on a suitable a-priori estimate for the stochastic heat equation on C! domains, as presented
in Lemma 3.6 below. We use this result to establish an estimate for the solution on a subdomain
of D which is bounded away from the vertex and from infinity (see Lemma 3.7 below). Then we
can prove Theorem 2.5 by using a dilation argument, as D is invariant under positive dilation.
For this strategy to succeed, it is crucial that the constant in Lemma 3.6 does not depend on the
time horizon 7.

We start with the definition of the weighted Sobolev spaces H ;’@)(G) on C! domains G € R4

(d > 1), which we need for the statement of Lemma 3.6. First we recall the definition of a C 1
domain.

Definition 3.1. Let G be a domain in R?, d > 1. We write 3G € C; and say that G isa C I do-
main if there exist constants ry, Ko € (0, 0o0) such that for any xo € dG there exists a one-to-one
continuously differentiable mapping W of B, (xp) onto a domain J C R? such that

(i) J4 :=W(B,(x0) N G) C RY and W(xp) = 0;

(i) W(B,(x0)NIG)=JN{yeRe:yl =0};
({iD) [Wler (s, o) < Ko and 97" (y1) = ¥~ (»2)] < Koly1 — y2| for any y; € J;
(iv) Wy is uniformly continuous in By, (xo).

Throughout this article, we assume that G is either ]Rff_ ={x € RY: x! > 0} or a bounded
C! domain in R? (d > 1). Note that in both cases, G is of class C; in the sense of [4, Assump-
tion 2.1]. Recall that p(x) = pg (x) = dist(x, dG) for x € G; p(x) = x' if G=R3. For p > 1
and © € R, we write

Lpo(G):=L,y(G,p% 9dx;R) and L, e(G;t):=L,(G,p% dx; )

for the weighted L ,-spaces of real-valued/{;-valued functions with weight p® 4. For n e
{0,1,2,...},by H;’H(G) we denote the space of all f € L, o(G) such that
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b4 e Jee] I4
1 o= 22 1P D FII7, () < 0 3.1

lo|<n

Moreover, we define the dual spaces

1 e @
p P

_ 1
H6(G) = (HY o,(G))", 5 + riai 1

The space H;’Q(G; £») is defined analogously for n € Z.
To state the main properties of these spaces, we introduce some additional notation. For k
{0,1,2,...}, let

0 0
11 =1 £1P% == sup o) |DP £ ().
' xeG
|Bl<k

If G is bounded, let ¥ be a bounded C*° function defined in G with |1ﬁ|1(<0) + |¢x|,EO) < oo for
any k, which is comparable to p, i.e., N~'p(x) < ¥ (x) < Np(x) for some constant N > 0; see,
e.g., [6, Section 2]. It is known that, if G is bounded, then the map W in Definition 3.1 can be
chosen in such a way that W is infinitely differentiable in B,,(xo) N G and for any multi-index «

sup sup  p|D¥W ;| < N(a) < oo; (3.2)
i By (x0)NG

see, e.g., [6] or the proof of [7, Lemma 4.9]. Actually, after appropriate rotation and translation,
one can take W(x!, x") = (¥ (x), x"). By [22, Theorem 3.2] and (3.2) above, if suppu C B, (xo) N
G and r < rg/Ky, then for any v, ® € R and n € Z, we have

v ~ I\v -1
1l 6 ~ 1D oWl gn g, (33)

Here are some other properties of the spaces H ;‘ o(G) taken from [22] (see also [6,16]). If
G=RL, lety(x):=p(x) =x".

Lemma 3.2.

(i) C°(G) is dense in H; 6(G).
(ii) For any n € Z the operators YD, Dy : H" (G) — H"il (G) are bounded linear opera-
y P p.© ».© P
tors. In fact, for any u € H;"(_)(G),
”u”Hg@(G) = N”I//l/lx: ”H;l—@] (G) + N”””H;"@l (G) = N”“”H;’@(G)»
1117 0 6) = NI Dt ) + Nl gt ) = Nl o

hold, where N is independent of u andi € {1, ...,d}.

(iii) ForanyveR, neZ, WVHI’},@(G) = H;"@pr(G) and

g, = NIV ullur o) = Nlull, G- (3.4)
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(iv) For® e R andn € Z,

0
laul o) < N mlali) el )

(v) If G is bounded and ®| < ©, then H[',',®1 (G) C le:,®z(G) and
||”||HZ.®2(G) <N(n,d, 0y, ®2)||M||H;@I (G)-

(vi) Letn € Z andu € H;E(G) with K :=suppu C G. Then for some N =N, p,®, K) >0,

—1
N7l gy ey < Nl o) = N1l g ey

D,

where H;,’(]Rd) :={u: D% € LP(IR{d), V0| <n} if n >0, and otherwise it is the dual
—n (d 1,1 _
space of H, R, where st = 1.
Note that, by Lemma 3.2(iv) and the properties of ¥, ¥ is a point-wise multiplier in H ;’G(G)
if G is bounded.

For the corresponding spaces of predictable H 1',’,®(G) / HI']’@(G; £3)-valued stochastic pro-
cesses we use the abbreviations

H" o(G.T) = Lp(Qr.P; H! o(G)) and L, e(G.T):=HS o(G.T),
as well as
HY) o(G, T £2) :=Lp(Qr,P; Hy (G5 £2)) and L, e(G,T;¢):= Hg’@(G, T; €).

The following classes of stochastic processes are tailor-made for the analysis of Equation (2.1)
on G.

Definition 3.3. For p > 2 and ® € R we write u € 5377’®’0(G, T)ifueH" (G, T) and there

p,©—p
exist f € H;jg (G, T)and g e H;;j(; (G, T; £») such that

du= fdt+gtdw*, 1e(,T],
on G in the sense of distributions with u (0, -) = 0; see Definition 2.2 accordingly. We denote
Du:= f and Su:=g.
In this article, Equation (2.1) has the following meaning on G.

Definition 3.4. We say that u € H’[’,’@_p(G, T) is a solution to Equation (2.1) on G in the class

A 0.0(G. T)ifue s’ o (G, T) with

Du:Au+f0+f;,- and Su=g.
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Remark 3.5. All definitions above are given only for C! domains, as we say from the beginning
that in this article G is either a bounded C' domain or the half plane. However, all the spaces
defined above as well as the solution concept make sense on any domain @ C R¢ with non-empty
boundary.

Now we have all notions we need in order to state and prove the a-priori estimate for Equa-
tion (2.1) on bounded C! domains that we use to prove Lemma 3.7 and therefore Theorem 2.5.

Lemma 3.6. Let G C R? be a bounded C' domain, p > 2, n € {—1,0,1,...}, and d — 1 <
® <d — 1+ p. Moreover, let f° e HY 64,(G.T), fie H"“(G T), i=1,2 and g €

IHI”+1 (G, T; £>). Assume u is a solution to Equation (2.1) on G in the class YJp o o(G, T) for
some ©1 €[0,d+p—1). Thenu € 53"” (G, T) and

(G.T)

||u||]1-]1"+2 L(GT) = = N(”””]Lp oG 1)t ”f ”Hp O+p

l (3.5
+ Z I/ ||H21§(G,T) + “g”H’;,f(_i(G,T;Kz))’
1

where N = N(p,d, ®,n, G). In particular, N does not depend on T.

Proof. Step 1. First we prove that u € 55"+2(G T). By [4, Theorem 2.9], under the given as-
sumptions, there exists a solution v € " +2(G T). Since G is bounded, by Lemma 3.2(v),

H'*2 (G, T)cC H!

p.O—p (G, T)c H!

(G. 1),

p,©—p p,©1—p

and therefore v € ﬁ; o, (G, T). By the uniqueness part of [4, Theorem 2.9] we get u = v (in
9! 6,(G. T)).

Step 2. We prove Estimate (3.5). In fact, by [4, Theorem 2.9], this estimate holds even without the
term ||u ||pr o(G,T) on the right hand side if we allow the constant N to depend on T'. However,
a close look at the proof of [4, Theorem 2.9] reveals that, indeed, if we leave this term on the
right hand side, the constant can be kept independent of 7', since the dependence on T comes in
only in the very last step of the relevant part of the proof of [4, Theorem 2.9], when a Gronwall
argument is used in order to get rid of the terms that depend on u on the right hand side.

Instead of reproving [4, Theorem 2.9], we illustrate the relevant steps in the proof and the
changes required to obtain independence of T. The key estimate is (5.6) of [4], which says that

ullzprz 6.7y < NIVl o.r + Il 6.1
(3.6)
.
IO+ £l 6.0 + 1815316, 12en))-

In our setting, i.e., for the stochastic heat equation, the constant N in this estimate does not
depend on T'. Indeed, as explained in detail in the proof of [4, Theorem 2.9], by using a suitable
partition of unity, Estimate (3.6) is obtained through a combination of an a-priori estimate on
the half space ([4, Theorem 2.10]) and its analogue on the entire space ([15, Theorem 5.1]).
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The former theorem does not add any dependence on 7 as the constant therein is explicitly
proven to be independent of 7. This is different for [15, Theorem 5.1]: The constant therein
may indeed depend on T. However, this dependence only occurs if we consider equations with
variable coefficients. For the stochastic heat equation we may use the a-priori estimate from [15,
Theorem 4.2] instead, which holds with a constant that does not depend on 7. Note that on the
left hand side of the estimate in [15, Theorem 4.2], we have the L ,-norm of the second order
derivatives of the solution. However, this is not a problem since in the proof of (3.6) we only
use this estimate for the solution of a stochastic heat equation with compact support in R? and,
due to Poincaré’s inequality, for a function v with compact support in R?, the norms [|v]| IS

il IIH;;H and Zi‘j lvyiillmy are all equivalent.
To derive (3.5) from (3.6) we argue as follows: Using (3.6) and the basic properties of the
weighted Sobolev spaces H 1’]’1@(G) from Lemma 3.2, we easily obtain

0
”u”HZfé,p(G’T) = N(”””HZt;(G,T) + ”f ”HZ'@_'_P(G,T)

i 3.7
+ Z If ”H’;f@l(G,T) + ”g“H’,’:r(_)‘(G,T;@z))'
1

Thus if n = —1, then (3.5) is proved. If n > 0, then another application of Lemma 3.2(v) shows
that (3.7) implies

0
<
gz .oy <N (Ml 6.y +1£°0 0, 0.1)

i
+ 0 o + 1815241 6. 72e))
1

which means that we can control |[u | gn+2 (G.T) by [lull gt (G.T) and suitable norms of the
p.©—p ’ p.©—p ’

free terms. After repeating this step for n more times, we arrive at

0
g 6.ry <N (Il o oy +1£°N8 0, 0.1)

i
+ 20 sty + ||g||H;f(_;(G,T;zz)).
1

Estimate (3.5) follows by applying (3.7) with n = —1. Note that all constants in the estimates
above are independent of 7. O

Now we go back to D C R? and proceed to prove Theorem 2.5. The key step is presented in

Lemma 3.7 below. It provides an estimate of suitable weighted L ,-norms of the derivatives of
the solution in

U :={xeD: 1<|x| <4}

by appropriate weighted L ,-norms of u# and of the derivatives of the free terms on the slightly
bigger domain
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Vii={xeD: 1/2 <|x| <8}
As these domains are bounded away from the vertex, the estimate involves only the distance p
to the boundary. It is crucial that the constant in Lemma 3.7 below does not depend on 7. In the

proof we use Lemma 3.6 with d = 2.

Lemma3.7.Let p>2,1<O® < p+1,andm €{0,1,2,...}. Moreover, let u € K};,G,O(D’ T) be
a solution to Equation (2.1) on D for some 6 € R. Then

T
E Z /\plo‘l*]D“u|pp®72dxdt
0 \oz|§m+lU1

T
5NIE//<|M|P+ Z |}O|oz\+1Daf0|pJr Z Z|p\a|Dafi}P (3.8)
0

Vi ] <(m—1)vO le|<m i

+ Z |p|°‘|D°‘g|gpz)p®2dxdt,

lee] <m
where N = N(p, ©, ko, m). In particular, N does not depend on T.

Proof. Assume that the integrals on the right hand side of (3.8) are finite (if not, the statement is
trivial). Fix a constant ¢ € (0, 1/4), and for k =1, 2, 3, let

Uk :={(x eD:27% < |x| < 22T},

Choose a C* radial non-negative function n = n(|x|) such that n(¢) =1 for r € [1,4] and n(¢t) =
0if ¢ ¢ [27¢,22F¢]. Also choose a C! domain G C D such that

UtcGcUicw.

By the choice of n and G, un vanishes on the boundary of G and there exists N = N(¢) such
that for all x € D Nsuppn,

N7'op(x) < p6(x) < Npp(x). 3.9)
Let [ :=2m + 3 and set { := n'. Then
d(cu) = (AQCu) +uAs — fley + 00 + (<2uly + f10)i)d + cghdwk, 1e€(0,T1,

on G in the sense of distributions. Moreover, {u € 55;7 200G, T) since u € K};,O,O(D’ T) solves
Equation (2.1) on D and since, by Hardy’s inequality,

Igulle,2p6) = NI GwxlL, 26 =N lullgl ) =NPp.0.G.Ollulgt D)
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The second inequality above is due to pg ~ 1 on the support of ¢. Thus, by an application of
Lemma 3.6 with n =m — 1, we obtain

i .
el g.ry <N (32 0eF g o) + 3 Nt Iy o6
l 1

0
HIef g, oy 1AL lgn a6,y
168l o 6.7:6) + €I, 06,1 )

once we can prove that all norms on the right hand side are finite. The norms that do not involve
u together with [|Su L, e(G.T) can be estimated by

. .
Il 6.1+ I0f llggor oG 7y + Ingllmn o .76 + D Inf I 6.1

p.©
l

which is finite since the right hand side of (3.8) is finite (use (3.9), Lemma 3.2 (in particular,
part (iv)) and the properties of n to estimate the norms above by the right hand side of (3.8)).
Moreover, since

-1 1-2
luill ey = Llun™"nyillgr ) = Nllun™"llun ),
and
-2

AL et ) < Nlun' 2 ar .

the condition
In'~2ullgn 6.1 < 00 (3.10)
is sufficient in order be able to apply Lemma 3.6 and obtain
! 1-2
In'ullzgnes .y < N (10 ulezy oo.r) + ML, (6.m)

i 0
+ Z Inf ey o600 + 1/ gt 6.ry + ||ng||H;n.@(G,T;e2>).

L

In particular, this shows that
"2l <00 = [n'ullgmn <00
" (G T) H7 L (G.T) :

In order to prove that (3.10) holds, we argue as follows: Since ||771_2”||H;”®(G) <

Nin'~2ul| H"o_,(G)> Wecan iterate the arguments above with m replaced by m — j and [ replaced
by I —2j successively for j =1, ..., m. After finitely many steps we arrive at the statement that
if [nullL, (G, 1) < 00, then
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2m+3 '
™"+ ””H’p”:z)[p(G,T) < N(IIWH]L,,,@(G,T) + Z Inf* ey 6.7
i

(3.11)
0
+ _ —+ m . )
||77f ”H;.G)Jlr)pvo(G’T) ||Ug||pr@(G,T,£2)
But, as already explained above, ||nu ”]Lp,(')(G»T) is indeed finite since the right hand side of (3.8)

is assumed to be finite. Therefore, Estimate (3.11) holds. Moreover, it proves (3.8), since due to
(3.9) and that fact that n =1 on Uy,

Z / ‘p|a|—lDau [7,0@—2 dx < Z / |p|a\—1Da(un2m+3)’Pp®—2dx

loe|<m~+1p7, la|<m+1g

-1 2 0-2
<N Z |,0‘((;| Da(un m+3)|PIOG dx
|ot\§m+lG

2m43, 1P
= Nl ul

HyGL L (G)

and, as already mentioned above, the right hand side of (3.11) can be estimated from above by
the right hand side of (3.8). Note that all constants in the estimates above are independent of
T. O

Now we can prove Theorem 2.5 by applying Lemma 3.7 to u, (¢, x) := u(2>"t, 2"x) for each
n € Z and summing up the resulting estimates.

Proof of Theorem 2.5. For every n € Z, let u,(t, x) := u(2*'t,2"x), x € D, t <272"T. Since
ue IC;,’Q’O(D, T) solves Equation (2.1) on D, forevery n € Z, u, € IC}M,’O(D, 272"TY and

dity = (Bup + 27 f;) + 2" (f)0) dt +2"8,d 27" wi,), 1€ (0,277,

22n¢
on D in the sense of distributions with u, (0, -) = 0 and
20, x) = 0271, 2"x), fit,x) = f1(2%"1,2"x), and g,(r,x) = g(2*"1,2"x).

Note that (27" wlzcz,,t)tzo, k=1,2,..., is a sequence of independent one-dimensional Wiener

processes. By Lemma 3.7 applied to u,, for t <27"T, we have

272’1Tm+1
E / Z/|pk_1(x)2”kau(22”t,2"x)|p,0®_2(x)dxdt
0 k:OU1
27T (m—1)v0
<NE / /<|u(22nt,2"x)|p+ 3 1okt )22k Dk 022, 2 )P

0o W k=0

m
+ D I @22 D @ 2|

k=0 i
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m
+ Z 1p* (x)2" 2" D*g (221, 2" )|, >p®_2(x)dx dt.
k=0
Thus, if forn € Z,

=fxeD: 2" <ix|<2™} and V,:={xeD:2"% < x| <2"?},

then, multiplying both sides by 2"(®=2=P) changing variables (22"¢,2"x) — (¢, x), and using
the relations p(27"x) =27"p(x) and |x| ~ 2" on U,_; and on V,_1, we get

m+l -2
/Z / |o* =t Dk u|P pf ( ) dx dt

k=0,
T (m—1)v0
EN]E/ / (lpo—lu|p+ Z |,0k+1Dkf0|p
0V, k=0
m ) 0 -2
+ZZ|ka’<f’|f’+|p"D"g|§’2)p§2<p—> dxdt.

k=0 i
By summing up with respect to n € Z, we obtain the desired result. O

The following uniqueness result on bounded C!' domains will be used in Section 5 to treat the
stochastic heat equation on polygons.

Lemma 3.8. Let G be a bounded C' domain in R4. Forj=1,2letpj>2and®;e(d—1,d -
1+ pj), and assume that u € ‘6})1’@' o(G, T) is a solution to Equation (2.1) on G with 7O, fi
and g satisfying

fo € ij,@)j-ij(G’ T) m]ij,d-ij (G, T), fi € ]ij,@j(Ga T) m]ij,d(G9 T),i=1, 2,

g € L[)_/',@_/ (Gv Tv EZ) m L[J_i,d(Ga Ta EZ)?

for j=1,2. Then u € $! o(G, T).

2,02,

Proof. By [4, Theorem 2.9], we can define v; and v, as the solution to the equation in
'6;71,d,0(G’ T) and %m,o(c’ T) respectively. Denote g1 = p1 Vv p2 and g2 = p1 A p2. Then
by the uniqueness result in ﬁcl]z,d,O(G’ T) we conclude v = v, and it belongs to ﬁél,d,o(G’ T)
as G is bounded. Also, due to Lemma 3.2(v) and the uniqueness in ﬁél,@lvd,o(G’ T), we con-

clude v; = u. Now let v3 be the solution to the problem in i)},z @2.O(G, T). The same argument
as above shows v3 =vy. O
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4. Proof of Lemma 2.7

In this section we prove the second key auxiliary result of this article, Lemma 2.7. Throughout,
we take and fix a C* radial function 1 and a corresponding C! domain G C D as in the proof of
Lemma 3.7. Recall that () =1 for 1 <t < 4. As a consequence, there exists a constant ¢ > 0
such that

o0

> ey >c>0, VieR. 4.1)

n=—oo

Our proof of Lemma 2.7 relies on the following characterization of the L£i10 (D)-norm.

Lemma 4.1. Let p > 1 and 6 € R. Let u: D — R be a measurable function.

(1) Ifn and G are as above, then

el o, ~ Y InAxDuE@ D)l oy =D e In(xDuE0l7 ).
s neZ neZ

(ii) For any function & € C3°((0, 00)) we have

3 I Du@ DN, = N E POl o
neZ ’

Proof. To see (i), it is enough to repeat the proof of [16, Remark 1.3]. Indeed, by the change of
variables e'x — x,

neZ

> i@ DI, o, = [ ol
D

where

tx) =) " PP e x]) ~ Ix|? 2,
neZ

see [16, Remark 1.3]. Moreover, since suppn D C G, the equality in (i) is also satisfied. Part (ii)
holds since

> " DEr (e x)) < N(E 1.6, p)lx|”
neZ

see [16, Lemma 1.4] for details. O

In addition to Lemma 4.1, we also need the following counterpart of Lemma 2.7 for the
stochastic heat equation on bounded C! domains. In the proof, we are going to use the common
abbreviations
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H\(T) = Lp(Qr. P; HiRD) and  L,(T: &) = Lp(Qr. P Lp(RY &),
forneZ.

Lemma 4.2. Let G be a bounded C' domain, © € R, p>2 andu e S’J}j’g’o(G, T) with du =
fdt + gdwg‘. Thenu € L,(2;C([0,T]; Lp,e(G)), and for any c > 0,

71
Esup et ], o) < N (el g+ 17 (GT)+||g||LpO(G”2))

1<T
where N = N(d, p,0,G,T). In particular, if f= f°+ f;i, then the right hand side above is
bounded by a constant multiple of
—1 0P -1 inP p
A L s V[ 3 [ e

1
HPJP

Proof. Introduce a partition of unity o, %1, 82,-++,¢m of G such that {p € CZ°(G) and ¢; €
C(Br(xj)) (j=1,2,---, M), where x; € G and r < rg/Kp. For any ® e R, m € Z, and
ve H mO(G) since ¢o has compact support in G, we can consider {yv as a function defined on
the entire space, so that by Lemma 3.2(vi),

ISovll ) ~ IS0Vl e ey 4.2)

Also, by (3.3), for j > 1 and any ®, v € R,

1ol ) ~ 16D G D g 4.3)
where W; is the corresponding mapping from Definition 3.1 related to x; € dG. Thus
p J P J p
1017 e = | jzzgcjvﬂ%@ ~ JZ:;) 5700 o)
4.4

~||¢ov||”m(Rd)+Z||<;,v>(w Dl me):
j=1

As a consequence,

M
E tIY <N(E b E IS4 :
Sup et N, g1y = ( ts;lgnzouan(Rdﬁ; sup 1) (VDU e

Therefore, in order to obtain the desired estimate and the continuity assertion, it is enough to
estimate the terms on the right hand side appropriately and to prove continuity of ¢ju, j =
0, ..., M. For the first term, note that

d(Lou) = Lo f dt + Logdw®, 1€(0,T],
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on R? and fou € H}?(T) due to (4.2). Therefore, by [17, Corollary 4.12] (for p > 2) and [17,
Remark 4.14] (for p =2),

fou € Lp(Q; C(10, TT; L, (R)), (4.5)

and there exists a constant N, such that, for any ¢ > 0,

p p -1 p p
Esup llzoully, < Nelloullgy or) +Ne 160 S Nfp_1 ) + NIZIE, 7,0,

t<T

< Nelonlifyy g+ Ve 160

p O—p

P
Loy TVIGSIL, o610

Moreover, for every j € {1,..., M},
d(Gw W) = & N dt + (¢ dwf = Fydi + Ghdwf, 1€(0,T,

on ]Ri and due to (4.3), (g“ju)(\IJ;I) € ﬁ})’(_)(IRi, T) (see Section 3 for notation). Therefore, by
[17, Theorem 4.1] (for p > 2) and [17, Remark 4.5] (for p =2),

@)Wy € Ly(: C([0, TT; Lp,o (RY)), (4.6)
and

Esup |0V O] g

t<T
1 P
SNl o+ N IEN oy FNIGHE g 1
< -1 oll?
NCH;IMHHI) o-p (G,T) + Nc¢ ”{Jf” p(_)er(G T) +N||C/g||]pr@(G,T;€2)'

Summing up gives the desired estimate and u € L ,(2; C([0, T]; L ,0(G))) follows from (4.5)
and (4.6), together with (4.4). The second assertion is due to the fact that, by Lemma 3.2,

il 6 S NIVl 6 S NI lL,00): D
We have now all ingredients we need in order to prove Lemma 2.7.
Proof of Lemma 2.7. We first prove Estimate (2.5). By Lemma 4.1,

IEsup llue, H|” NZe”eEsup lu(z, e x)n(x)||L (G)- 4.7)

neZ

L) ~
Forn € Z, let v, (¢, x) := u(t, ¢"x)n(x). Then

dv, =[e™"(fi(t, €"x))in(x) + O, e"x)n(x)de + g*(z, " x)n(x)dw*, 1€ (0,71,

on G. Note that
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et ")) in(x) = e "L, " X)) ] — e f(t, € x)n g (%),
and
(V)i =€ uyi(t, " x)n(x) —u(t, €' x)n,i (x). 4.8)

Obviously, L, 2(G) = L,(G) and by Hardy’s inequality,
A P N(npglvn Iz, + Y 11 (wn) ||L1,<G>) SNl (4.9
i

By Lemma 4.2 with ® =d =2, (4.9), and (4.8), for any ¢ > 0

p
E sup |lv (7, ')”LP(G)
t<T

< N(ce’“’ Dol Coemlly, gy Fe D luCemnallf o
| i

1

e o .
+ eI I gy e y lof' Gl )
i

+ o eIl oy F I gy

Since p is bounded in G, we can drop p above, so that, if we choose ¢ := ¢™"*” and use (4.7), we
get

E sup [lu(t, )7},
t<T Ly (D)

<N u el o Y TN el o,
p,d( .T) p‘d( ,T)
n n i

D P O Ll L S WAL D U N [

n,i n,i

+ Z 10+p) ”fO(7 en')n"]ip_d(D,T) + N ZeWG lg(, en')n”]lﬁ;p.d(D,T;/éz)> .

n n

Therefore, due to Lemma 4.1(ii), Estimate (2.5) holds.
To prove the continuity assertion, we take a sequence of smooth functions &, € C2° (R?) such
that &, =1if 3/n < |x| <n, & (x) =0if |x| <2/n or |x| > 2n, and

sup sup sup [x[ [(§,) i | < 00. (4.10)

1 n X

Moreover, for every n € N, let G, C D be a bounded ¢! domain such that

DN{x:2/n<|x|<2n}Cc G, CcDN{x:1/n < |x| <3n}.
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Then
d(En) = [ Enf ) = @ f'+ 600 dr +ag"dwl, 1€, 71,

on G, and, by the choice of &,,, we also know that &,u € 5’31 2(Gn, T) since &,u € IC1 . oD, T)C

K! pO—p (D, T), see also [2, Remark 3.2]. By Lemma 4.2 with ® =2, &,u € LP(Q C(0,T1;
p(G,,)) Since &, vanishes near the origin and toward infinity, we conclude

§nu € Lp(2;C([0,TT; Lp,0(D)).

Applying (2.5) to &,u — &,u and using (4.10), we find that &,u is a Cauchy sequence in
L,(Q;C([0,T]; L, e(D)), which converges in this space to a limit v. Moreover, applying (2.5)
to &,u — u, we find that u = v in L,(2; Loo([0, T']; Ly 0(D)). Therefore, u(t) = v(r) for all
t < T (P-a.s.). Thus u has the desired version with continuous paths. O

5. The stochastic heat equation on polygons

In this section we present our analysis for the stochastic heat equation (2.1) on polygons
in R2. We fix the following setting: Throughout, let @ C R? be a polygon with vertexes
{vi,v2,..., v} C R2. Forx € O, put

p(x) = mln lx —v;l, p(x) := po(x) :=dist(x, 00),
and for j =1,..., M define

K j :=interior angle atv;, Ko := max kj.
1<j<M

Motivated by the analysis of the stochastic heat equation on angular domains from Section 2,
we are going to use weighted Sobolev spaces with weights based on the distance p to the set
of vertexes in order to establish existence and uniqueness of a solution. More precisely, for

0eR, p>1andne{0,1,2,...}, we define the spaces K" 9((9) K" 9((9 £7), L[O]Q(O) and

L[O]e (O; £7) in the same way as the corresponding spaces on D from Sectlon 2 with p, replaced
by p, i.e., for instance,

p _ ~la| yoo,, 1P 502
lulln 0= 2 [ 161 D%ul? 5" 2ax.
|a‘§no

The space K 11,‘9 (0) is the closure of the space C°(O) of test functions in K 117’9((’)). In analogy
to Section 2, for the L ,-spaces of predictable stochastic processes with values in the weighted
Sobolev spaces introduced above we use the abbreviations

K" o(O.T) = Lp(Qr. Pi K2 g(0)), K y(O.T:62) = Lp(Qr. P K 4(O; ),

LPLO, T) =K' 4O, 7), LILO, T, ) =K (O, T; £2),
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and
K}, 9(O.T) == L,(Qr.P; K, 5(O)).
Moreover, /C;))Q,O(O, T) is defined the following way.

Definition 5.1. Let p > 2. We write u € IC O(O T)ifue K!

[e]
]Lp 0+p

p.O— p(O, T) and there exist [0 e
©.1), flellh©0.1),i=1.2, “and g € L%, (0. T: ) such that

du=(f°+ flydt+g"dwy, te(0,T],

on O in the sense of distributions with #(0, -) = 0; see Definition 2.2 accordingly. In this situation
we also write

Du = fO + f;i and Su:=g.
In this article, Equation (2.1) has the following meaning on O.

Definition 5.2. We say that u is a solution to Equation (2.1) on O in the class IC}) 0000, T) if
u ek} yo(O, T) with

Du=Au+fO+f,=f0+(f +us)y and Su=g.

Before we look at Equation (2.1) in detail, we first prove the following version of Lemma 2.7
for polygons. It is a key ingredient in our existence and uniqueness proof below.

Lemma5.3. Let p > 2 and 0 € R. Assume that u € K}a,e‘o(o’ T), such that du = (f° + f;i)dt +
ghdwk with

fO c ]L[O

(O, 1), f e]L[°0((9 T),i=1,2, andgeL["]@(o T; 02).

Then u € Ly(2: C([0, T); LI, (0))) and

E supllu(z, )|

i<T L)

<N(Ilgs o 17

p.0+p

ont Z 1715 0. 181010 0 100
= NC, f% f',g.T),
where N = N(d, p, 0, T) is a non-decreasing function of T. In particular, for anyt <T,
t

p p
u E sup ||u(r
Il 101 0, = / sup I
0

t
ds §N(d,p,0,T)/C(u,f0, fi g, s)ds.
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Proof. We combine Lemma 2.7 (see also Remark 2.13) and Lemma 4.2 as follows.

Fix a sufficiently small r > O such that B3,(v;) contains only one vertex v; and intersects
with only two edges for each j < M. Choose a function & € C° (R?) such that 0 < £(x) < 1
for |x| < 2r, §(x) =1 for x| <r, and £(x) =0 for |[x| > 2r. Let §;(x) := &(x — v;) and put
Eo(x) =1 — Z;W:I £;j(x), x € O. Note that by the choice of r and &, the supports of the &;’s
(j = 1) do not overlap, and therefore 0 < Z]IW:I & J < 1. Moreover, &y (x) = 1 if x is not close to
vertexes, that is, if 0(x) =minj<j<pm |x — z}j| >r.For j=1,2,...,M, let D; be the angular
domain centered at v; with interior angle «; such that

D; N B3 (vj) = 0N B3 (v). (5.1)

Moreover, let G be a C! domain in O such that

&(x)=0 forxeO\G and ingﬁ(x) >c>0. 5.2)
xXe
Note that by the choice of §;, D, j =0,1,...,M,and G, forany 6 e R and v € I%;ye_p(O),
600l ) ~ o0l @ vy, o)~ lovlnt, @ (5.3)
IEvlgr, ©=lEvlg, @, GzD. (5.4)

The first and the third relation are trivial and hold actually for arbitrary measurable v: O — R,
provided the expressions make sense. The second one is due to (5.2) and Hardy’s inequality as

lovlkr o) = NUEovllL,© + D IEv).uliL,6)
i

<Nlléovly, @ =N IGEv)ilL,c <Nlévig, o)
i

The three relations from (5.3) and (5.4) together imply, in particular, that

M M
1l 1 0, ~ X(j) 1§51 110 0y ~ NovllLp6 + D E VN 1o )
J:

j=1
M M

v ~ v ~ v + iv . 5.5

vk, o) ]ZOIIE, Ikt, o~ 1Eovln, @ Z}ue, Ikt, @y 5
= j=

Also note that for any multi-index o,

M M

DD 81 o) + D N0ADE 1oy o) < NIVt ) (5.6)
j=0 j=0

Using the preparations above, we can verify the assertion the following way. For each j €

(,2,..., M}, u/ :=&jue /c},,e,o(Dj, T) with
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w = (& )y +& O — Epyi £ dt + &5 dwk, 10, T, (5.7)

on D; in the sense of distributions. Thus, by Lemma 2.7 (see also Remark 2.13) and (5.1),
w € Lp(: C([0. T1; LI, (0))), and

Esup €011 o, <N (187 7711,

p 6 (O) p 0+p

p
o +Z||é,f Iz 0.1, (5.8)

gl o FIENAT T o 1681
p.0

],9((') T) o(ore ))
Also, u’ 1= Eu € 9}, , 1(G, T) and (5.7) holds with j = 0. Thus, by Lemma 4.2 and (5.2),

ul e L,(Q;C(0,T]; LE,O’G (0))), and (5.8) holds with j = 0. Therefore, by summing up all these
estimates and using above relations, we get the desired result. O

Our main existence and uniqueness result for the stochastic heat equation on polygons reads
as follows. Recall that in this section g denotes the maximum over all interior angles of the
polygon O.

Theorem 5.4 (Existence and uniqueness/polygons). Let p > 2 and assume that 6 € R satisfies
(2.6). Then for any

fO c ]L[O]

o (O.T),  flellhO,m),i=1,2 and gell(O,T;t),

Equation (2.1) on O has a unique solution u € ICIIJVO‘O(O, T). Moreover,

0 i
lulg:, o =N (uf I o+ Z 1 Lt .7 + 8l <o,m2>)’ (5.9)
1

where N = N(p,0,ko, T).

Proof. Step 1. We first prove that (5.9) holds given that a solution u € IC;)G)O(O, T) already
exists, by using corresponding results for the stochastic heat equation on angular domains and
on C! domains. This will, in particular take care of the uniqueness.

Letr >0,&;,D;, j=1,..., M, as well as & and G be as in the proof of Lemma 5.3. A very
similar reasoning as therein can be used to verify that &u € f’)p‘ ’O(G, T),&juc ICp’ ’O(D.,, T)
for j > 1, and that for all j € {0, 1,..., M},

d(Eju) = (AEju) + (—2uEj)y +& f
+ulg; — g f1 48 f0) di + €8 dwf, 1€(0,T].

Thus, by Theorem 2.8 for j > 1 and by Lemma 3.6 for j = 0 (see also [4, Theorem 2.9]), we

obtain the estimate for ||&;u ||[7 O for each r < T. Then summing up over all j and using

(5.5) and (5.6), yields that for each t<T,



PA. Cioica-Licht et al. / J. Differential Equations 267 (2019) 64476479 6475

+ 11017 (5.10)

el = N(llul?, :
Kp’aip(o’t) [)]H(O )] ]LEJ 0+p

inp p
+ Z 171 o7, + 8 ”L;ﬁg(o,r;m))'

0.7)

Recall that

du=(fO+(ff +uu))di+ghdwt, 1<,

and ||u, ”L%(O,s) < N||u||KL19_p(O’S). Thus, by Lemma 5.3 and (5.10), foreach r < T,

u <N | |lu ds
gy 0= / A

p p
+N (1017 (OT)+ZI|f|I o0 I8 0 .0n)

p 6+ P
Hence the desired estimate follows by Gronwall’s inequality.
Step 2. We prove existence as follows. Due to Lemma 5.3 and the a-priori estimate obtained in

Step 1, we may assume f 0 f i i=1,2, and g are very nice in the sense that they vanish near
the boundary and

F L P e La(Qr. P La(0),  and g € Ly(Qr, P: Lo(O; £2)).

Then, by classical results (see, for instance, [27] or [5, Theorem 2.12]), there exists a unique
solution u in 56;,2’0(0, T), which satisfies, in particular,

o u uy € Lo(Qr, P; La(0)), i = 1,2, and sup|u| < Nyl 1,0)- (5.11)
X
Note that for each j > 1,

A& = (AEw + 11+ 10 dr + 558 awf, 1€, 7], (5.12)

on Dj, where, due to (5.11) and the fact that (§;),; = 0 near the vertex v},

fH= 2@+ & e Ly (D TYNLEYD;. 7)., (5-13)
IO =ung; + % +Y €y e Ll (D Ty NLE) (D). 1), (5.14)

and

g,-ge]L L (D;. T: ) NILYY(D;, T: 6).
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Since p(x) > p(x), it follows that for each for j > 1 we have &;u € IC%’ZO((’), T). Thus, by
Lemma 2.12, we conclude &;u € K};,e,o(ov T) if j > 1. Similar arguments based on Lemma 3.8
yield that &u € 5'3;’2’0(G, T). Therefore, Eyu € ICIIJ’Q’O((’), T) (see (5.3)), and consequently u €
K00, T). O

Remark 5.5. Note that even if we were to consider Equation (2.1) on O with f 1=0,i=1,2,
our proof strategy for Theorem 5.4 (and Theorem 5.6 below) requires that we are able to handle
the localized equation on D; with forcing term ((§;),.iu) i, which means that we have to be able
to treat Equation (2.1) on angular domains with f* # 0. This is why we need the extension of [2,
Theorem 3.7] presented in Theorem 2.8 even for the proof of Theorem 5.4 with f 1=0,i=1,2.

We conclude with our main higher order regularity result for the stochastic heat equation on
polygons.

Theorem 5.6 (Higher order regularity/polygons). Given the setting of Theorem 5.4, let u be the
unique solution in the class ’C}a,e,o(o’ T) to Equation (2.1) on O. Assume that

T

Com.6. f1, £, ) :=IE//< S e pe O £ 303 ol pe i

0 O lalsm=Dvo i loj<m

AL+ Y |p'“D°‘g|§’2)59—2dxdr<oo,

lee] <m
for somem € {0, 1,2,...}. Then

T

e[ X [lo Dl R di <N Con0. g )G9

0 lel=m+1p
where N = N(p,0,ko,m, T).

Proof. We prove the statement by induction over m. As in the proof of the results above, we use
a partition of unity and apply corresponding results for the stochastic heat equation on angular
domains (Corollary 2.11) and on C! domains ([4, Theorem 2.9]) to estimate the solutions of the
localized equations.

Letr >0,&;, Dj, j=1,..., M, as well as & and G be as in the proof of Lemma 5.3. In
addition, assume that G C O is chosen in such a way that

O\ UBZr/3(Uj) cCGC O\UBr/3(vj)-
J J

As a consequence,
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pg~po and p~1 on suppéNO. (5.16)

Step 1. The base case. Let m = 0. Note that in this case, the only difference in Estimate (5.15)
compared to (5.9) is the weight we put on u on the left hand side of the inequality: p 7572
in (5.15) instead of the smaller ,59’1’ =2 from (5.9). But to obtain this sharper estimate we argue in
a very similar fashion as in the proof of the latter with two changes: We use Corollary 2.11 instead
of Theorem 2.8 to estimate the solution in the vicinity of vertexes and we use the slightly modified
choice of G and (5.16) to replace pg by pe after applying [4, Theorem 2.9] to estimate the so-
lution away from the vertexes. In detail, we argue as follows: The same reasoning as in the proof
of Theorem 5.4 shows that &u € ﬁ};,e,o(G’ T)and §ju € IC;,’Q’O(Dj, T) for j > 1 satisfy (5.12)
on G and on Dj, j > 1, respectively. In particular, if 1 < j < M, then by Corollary 2.11 (see
also Remark 2.13), Estimate (5.15) holds with &;u and C(0, 8, /-, f/0,£;¢) in place of u and
C(0,0, f', 0, g), respectively. Here £/ and f/-0 are taken from (5.13) and (5.14). Moreover,
by the corresponding result on C ! domains (see [4, Theorem 2.9]) and (5.16), Estimate (5.15)
also holds for £u and C(0, 0, %, f99 &g) in place of u and C(0, 6, f1, 19 9, respectively.
Summing up all these estimates and using the second relationship in (5.16) yields

T

M
IE[ Z/|p‘“"1D“u|”59‘2dxdtsNZC(o,e,f“,ff*O,s,-g)
0 lal=lp j=0
p i 20
SNl o TNCO.6.f 10 9)

p.0—p

<NC©.0,f" f°. 9
the last inequality above is due to (5.9). The base case is proved.

Step 2. The induction step. Suppose that (5.15) holds for some m € {0,1,...} and C(m +
1,6, 1, fO, g) < oo. Then, by assumption,

E[ Y || D)3 2dxdt <NCm.0. £, f°.8). (5.17)
0 lalsm+1p

Using (5.17), one can easily check that
M
Y Cm+1,0, [ 10 gy <NCm+ 1.0, f, f0.9).
Jj=0
Therefore, appropriate applications of Corollary 2.11 (see also Remark 2.13) and [4, Theo-

rem 2.9] yield suitable estimates of Z|a|§m+2]Ef0T |plel=1 p (Eju)ll’ﬁe_zdxdt for j =0 and
1 < j < M, respectively, which, summed up, yield
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E Z |,0|°‘|_1D“u|p,59_2dxdt
0 lel=m+245

M
SNY Cm+1,0, 1, 170 8i) <NCm+ 1,6, f*, f°, ).
j=0

Thus the induction goes through and the theorem is proved. O
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