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Abstract

We prove homogenization for a class of viscous Hamilton-Jacobi equations in the stationary & ergodic
setting in one space dimension. Our assumptions include most notably the following: the Hamiltonian is
of the form G(p) + BV (x, w), the function G is coercive and strictly quasiconvex, min G =0, 8 > 0, the
random potential V takes values in [0, 1] with full support and it satisfies a hill condition that involves
the diffusion coefficient. Our approach is based on showing that, for every direction outside of a bounded
interval (01(8), 62(B)), there is a unique sublinear corrector with certain properties. We obtain a formula
for the effective Hamiltonian and deduce that it is coercive, identically equal to 8 on (61(B), 62(8)), and
strictly monotone elsewhere.
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1. Introduction

Consider a Hamilton-Jacobi (HJ) equation of the form

duf = etr (A (’G—C a)) Dfxuf) +H (Dxue, g a)) . (t,x) € (0, 400) x RY, (1.1)
where o is an element of a probability space (2, F, P), and € > 0. Assume that the diffusion
matrix A(x,®) and the Hamiltonian H (p, x, w) are stationary & ergodic processes in x, the
former is positive semidefinite (for all x) and the latter diverges (uniformly in x) as |p| — +o00.
We refer to such HJ equations as inviscid if A =0 and viscous otherwise.

As e — 0, (1.1) is said to homogenize to an inviscid HJ equation of the form

du=H (D), (t,x)€(0,+00) x R?, (1.2)

if, for any initial condition from a prescribed class, the unique viscosity solution of (1.1) with that
initial condition converges locally uniformly on [0, +00) x R? to the unique viscosity solution
of (1.2) with the same initial condition. The function H is called the effective Hamiltonian.

1.1. Brief overview of our results

In this paper, we study the homogenization of (1.1) under the following additional assump-
tions: d = 1, the diffusion coefficient (which replaces A(x, @) and is denoted by a(x, w)) takes
values in (0, 1], the Hamiltonian is separable, i.e., it is of the form

H(p,x,w)=G(p) +BV(x,w), (1.3)

G is a nonnegative and strictly quasiconvex (a.k.a. level-set convex) function that vanishes at the
origin, V (-, w) is a [0, 1]-valued potential whose range includes (0, 1) for P-a.e. , and 8 > 0.
We also put various regularity conditions on a( -, w) and V (-, w), but we postpone such details
to Section 2. Last but not least, we impose what we call the scaled hill condition on the pair
(a, V) (see (2.11)) which holds for wide and natural classes of examples, but fails (most notably)
in the periodic case. See Appendix A for details and references.

In the special case we described in the previous paragraph, we prove that, for P-a.e. w, as
€ — 0, (1.1) homogenizes to an inviscid HJ equation. We establish this result first with linear
initial data (see Theorem 2.4) and then with uniformly continuous initial data (see Corollary 2.5).
Moreover, we give a formula for the effective Hamiltonian and deduce the following: H () is
identically equal to 8 on a bounded interval (61 (8), 62(8)) that contains 0, strictly decreasing on
(—00, 01(B)], strictly increasing on [62(8), +00), and divergent as 6 — F00.

Our approach is based on correctors (see Subsection 1.2 for a general and informal defini-
tion as well as for background and context). We show that, for every 6 ¢ (01(8), 62(8)), there
is a unique sublinear corrector in a certain class of functions (see Theorems 2.1-2.2 and Re-
mark 2.3) and the desired homogenization result with initial condition x — 6x follows. To cover
0 € (61(B),62(B)) and obtain the flat piece of the graph of the effective Hamiltonian H, we
use the sublinear correctors for 0;(8) and 62(8) in combination to construct subsolutions and
supersolutions. This is where we rely on the scaled hill condition.
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1.2. Background and context

In the general setting of (1.1), given any 8 € R, if there exist A(f) € R and Fy : R x @ — R
such that

tr (A (x, ®) D)%XFQ) +H@O+ Dy Fy,x,0) =1(0), xeR?, (1.4)

and | Fy (x, w)| = o(|x]) as |x| — +oo for P-a.e. w, then Fy is referred to as a sublinear corrector
in the literature. The motivation behind this definition lies in the observation that

Ut x,0) =tA(O)+60-x +eFy (fw)
€

gives a solution of (1.1) and, for P-a.e. w, as € — 0, it converges to u(¢, x) = tA(0) + 6 - x which
defines a solution of (1.2) with H(0) = A(6).

The first instances of sublinear correctors in the context of HJ equations were introduced
in [23] when d > 1, A=0 and x = (x1,...,xq9) = H(p,x, ) is 1-periodic in x; for each
i €{l,...,d}. The authors of that seminal paper used the compactness of the unit cube [0, l]d to
prove that there is a periodic (and hence bounded) corrector for every # € R¢ and then provided
some additional arguments to conclude that (1.1) homogenizes to (1.2) with H(#) = A(#) as in
the paragraph above. This result was subsequently adapted in [13] to the case where d > 1, A
is positive definite and (A, H) is periodic in the same way. Moreover, it was generalized in [19]
and [25] to almost periodic settings (which still enjoy underlying compactness) in the inviscid
and viscous cases, respectively.

When p — H(p, x, ®) is convex, (1.1) homogenizes for P-a.e. @ without any periodicity or
almost periodicity assumption. Results of this form were first obtained in [29,28] for inviscid
equations and then in [26,21] for their viscous counterparts. The starting point of all four of
the cited papers is a variational formula for the viscosity solutions of (1.1) involving the convex
conjugate of p — H(p, x, ). The first three papers then apply the subadditive ergodic theorem
to this variational formula whereas the fourth one uses ideas and techniques from the theory of
large deviations (as outlined in [20]). In particular, none of them rely on the existence of sublinear
correctors (although their connection to homogenization is given in [28] as a separate result, cf.
[24]).

It is natural to ask if homogenization takes place under the weaker assumption of quasiconvex-
ity, i.e., when the sublevel sets of p +— H(p, x, w) are convex. This question has been answered
positively for inviscid equations in [11] and [2] when d = 1 and d > 1, respectively. The proof
in [11] involves correctors as well as approximate correctors which are solutions of (1.4) when
an error margin is introduced on the right-hand side of that equality, whereas the strategy in
[2] is to apply the subadditive ergodic theorem to certain solutions of (1.4) when the condition
x € R? there is replaced with x € R? \ {y} for any y € R¢, bypassing the existence of sublinear
correctors.

To the best of our knowledge, outside of periodic and almost periodic settings, Theorem 2.4
and Corollary 2.5 are the first homogenization results for a class of viscous HJ equations with
quasiconvex Hamiltonians that are not necessarily convex. The effective Hamiltonian that we
give in Theorem 2.4 has the same qualitative properties (recall the second paragraph of Sub-
section 1.1) as the effective Hamiltonian for the inviscid counterparts (covered by [11,2]) of the
equations we study.
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If quasiconvexity is violated, then there is no general answer to the question of homogeniza-
tion. Indeed, when d > 2, there are positive results for certain classes of such HJ equations (see
[4,6,1,27,18]) as well as negative results for others (see [32,15,14]). The counterexamples in the
latter collection of papers involve Hamiltonians with saddle points, so they cannot be adapted to
d = 1. In fact, in one dimension, we expect (1.1) to homogenize for P-a.e. w under only mild
regularity and growth assumptions. This has already been proved in [5,17] for inviscid equations.
Moreover, in that case, if the original Hamiltonian is separable (as in (1.3)), then we can obtain
a detailed picture of the effective Hamiltonian (see [30]).

It has been shown in the past several years that homogenization takes place at least for certain
classes of viscous HJ equations in one dimension with Hamiltonians that are not quasicon-
vex but piecewise convex. The first such result was given in [9] which studies Hamiltonians
H(p, x,w) that are pinned at finitely many points p; < p» < --- < p, on the p-axis (i.e., for
every i € {1,...,n}, there is an h; € R such that H(p;, x, w) = h; for every (x,w) € R x Q)
and convex in p on the intervals (—oo, p1), (p1, p2), - -+» (Pn—1, Pn), (Pn, +00). This work was
followed by [31,22,10] which consider separable Hamiltonians that satisfy, in particular, hill and
valley conditions that are closely related to our scaled hill condition (see Appendix A for details).
The first of those three papers is concerned with a homogenization problem for controlled ran-
dom walks in random potentials. It was adapted in [22] to the continuous setting (i.e., involving
Brownian motion instead of random walk) to prove that the HJ equation (HJ¢ ) (see Section 2)
homogenizes when G is given by G(p) = %min{(p —¢)%, (p + ¢)?} for some ¢ > 0. This is
the continuous version of the main result in [31], and it was recently generalized in [10] to the
case where G is the minimum of a finite number of convex functions with the same absolute
minimum, albeit using a different toolbox as we briefly describe below.

In all three of the aforementioned papers [31,22,10] as well as in this paper, homogenization
(outside the flat parts of the graph of the effective Hamiltonian) is obtained by showing the
existence of sublinear correctors that satisfy certain derivative bounds. In [31] and [22], sublinear
correctors have explicit control representations from which the desired derivative bounds are
easily deduced. In contrast, the approach in [10] does not rely on explicit representations. Instead,
the existence of sublinear correctors is shown by exploiting a general result from [6] (and this
is the only point where the piecewise convexity of G is used), while the derivative bounds are
established by proving suitable comparison principles. This elegant approach (which relies solely
on PDE methods) is the main inspiration for the strategy that we follow in this paper. The novelty
of our work lies in proving the existence and uniqueness of sublinear correctors satisfying the
needed derivative bounds in a direct way by ODE methods (which are applicable since we are
in one space dimension). Finally, since any continuous and coercive function on the real line
is piecewise quasiconvex, we think that our results constitute a major step toward generalizing
those in [10] and establishing homogenization for a wide class of viscous HJ equations in one
dimension.

2. Our results

Throughout the paper, for any domain of the form X =17 x J or X = J where I C [0, +00)
and J C R are open intervals, C(X), UC(X), Lip(X) and Lip, . (X) stand for the space of contin-
uous, uniformly continuous, Lipschitz continuous and locally Lipschitz continuous real-valued
functions on X, respectively. Similarly, ck (X), k € {1, 2}, stand for the space of real-valued func-
tions on X with continuous derivatives of order k. These definitions extend to the closure of X
as usual.
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Let (2, F, P) be a probability space equipped with a group of measure-preserving transfor-
mations 7, : 2 — , x € R, such that (x, w) — 7w is measurable. Assume that [P is ergodic
under this group of transformations, i.e.,

P(NyertrA) €{0,1} forevery A € F.

Write E[ - ] to denote expectation with respect to P.
For every € > 0 and w € €2, we consider the viscous HJ equation

ot =ea(,0) 2+ GOw) + BV (Z.0), (1) €0, 400 xR, (Hle,)
€ €
under the following assumptions:

G :R — [0, 400) is coercive, i.e., lim G(p) =400,
p—*£o00

2.1
G € Lipioc(R);
G(0) =0, G1:= G|(_0 18 strictly decreasing, 22
G2 := Gljp,+o0) 18 strictly increasing;

a:RxQ— (0,1]and V : R x Q — [0, 1] are stationary, i.e.,
a(x,w) =a(0, tyw) and V (x, w) = V (0, 7y w) for every (x,w) € R x Q; @)
inf{V(x,w): x e R} =0and sup{V(x,w): x e R} =1 for P-a.e. w; 24
a(-,w) and V(-, w) are in C(R) for every w € Q; 2.5)

and S > 0 (which is fixed throughout the paper).
Two remarks are in order. First, G is strictly quasiconvex, i.e.,

G(ep + (1 —c)g) <max{G(p), G(g)}
whenever p # g and 0 < ¢ < 1. (See Fig. 1.) Second, (2.4) is essentially equivalent to
P(V(0,w)="h) <1 forevery h € [0, 1].

This is due to ergodicity, the presence of the parameter 8 and the observation that adding a
constant to the right-hand side of (HJ. ,,) corresponds to adding a linear (in time) term to u€.

2.1. The static HJ equation

Our first couple of results are on the static (i.e., time-independent) version of (HJ. ,) with
€ = 1. We prove them in Section 3.

Theorem 2.1. Assume (2.1)—(2.5). For every A > B and w € , the static viscous HJ equation
a(x,0)F"+G(F)+BV(x,0) =%, xeR, (2.6)
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Gl G2

Fig. 1. The graph of a function G that satisfies (2.1)—(2.2).

has a unique solution Fl)‘( -, w) € C? (R) such that

FH0,0)=0 and (F}Y(x,0) €[G7'(W), G 0o~ B)] forall x e R.

Similarly, it has a unique solution Fz)‘( -, w) € CZ(R) such that

F}0,0)=0 and (F3)(x,0) €[G5 (.~ B), G5 ' (W] forall x € R.

Moreover, (Fl)‘)’ and (F2)‘)’ are stationary, i.e.,
(F) (x,0) = (F)' (0, 7xw)
foreveryi e {l,2}, x e R and w € Q2.
Theorem 2.2. Assume (2.1)—(2.5). With the notation in Theorem 2.1,
610) :=EL(F) (0,@)] and 6:(1) :=E[(F3)' (0, w)]
satisfy
01(1) € (GT (W, Gy (= p) and  6:(1) € (G5 (A= ), G5 (W)
for every A > B. These quantities define two continuous bijections

01 :[B, +00) = (=00,01(B)] and 02:[B,+00) = [62(B), +00)

Q2.7)

(2.8)

which are decreasing and increasing, respectively. Moreover, their inverses 6, ' and 0, U are

locally Lipschitz continuous on their domains.

Remark 2.3. Recall the first paragraph of Subsection 1.2 and note that, for every A > 8 and
i € {1, 2}, the function (x, ®) — FiA (x,w) — 0; (1) - x is a sublinear corrector. However, we will
avoid the corrector terminology in the rest of the paper because we will work directly with F’ lk

and F2A rather than their sublinearized versions.
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2.2. Homogenization
When € = 1, we drop the superscript of € in (HJ. ) and write
ou=al(x, w)afxu + GOxu) + BV(x,w), (t,x)e€ (0,+00) x R. (HJ,)
We assume that,

for every w € Q and 6 € R, (HJ,,) has a unique viscosity solution

ug(-, -,w) € UC([0, +00) x R) such that uy (0, x, w) =6x forall x e R,

(2.9)

which carries over to (HJ. ,,) with an arbitrary € > 0. Indeed, the unique viscosity solution of the
latter equation with the same initial condition is given by

. rox
up(t,x,w)=€ug | -, —, | .
€ €

See Subsection 4.1 for some preliminaries regarding viscosity solutions.
We strengthen assumption (2.5) as follows:

va(-,w) €Lip(R) and V (-, w) € UC(R) for every w € Q. (2.10)

In Subsection 4.2, we use Theorems 2.1-2.2 and a comparison principle to prove that, for each
0 ¢ (61(B),62(8)), the function ug(-, -, w) converges locally uniformly as € — 0 for P-a.e.
w. Then, in Subsection 4.3, we obtain the same result for each 6 € (61(8), 62(8)) under the
following additional assumption:

for every h € (0, 1), C > 0 and P-a.e. w, there is an interval [L1, L] such that
L

dy (2.11)
/ >Cand V(-,w)>hon|[Ly, L]
a(y,w)

Ly

We refer to (2.11) as the scaled hill condition. See Appendix A for a detailed discussion.

The set of @ for which ug (-, -, w) does not converge locally uniformly as € — 0 is a P-null
set, but it may depend on 6. In order to treat all & € R simultaneously, we make the following
assumption:

for every w € Q and 0 € R, there exists an £y = £y (w) > 0 such that
(2.12)
lug(t, x,w) —ugp(t,y,w)| <Lglx —y| forall ¢t € [0, +0o0) and x, y € R.

Here is the precise statement of our homogenization result with linear initial data. We com-
plete its proof in Subsection 4.4.
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Theorem 2.4. Assume (2.1)~(2.4) and (2.9)—(2.12). Define H € Lipjoc(R) by

9]_1(9) for 0 € (—o0,01(B)] (strictly decreasing),

H@O)=1p for6 € (61(B).62(B)) (flat piece),
9{1(0) for 0 € [02(B), +00) (strictly increasing),

with the continuous bijections 61 and 0, in Theorem 2.2. For P-a.e. w, as € — 0, when subject
to linear initial data, (HJ. ,,) homogenizes to the inviscid HJ equation

du=H(du), (t,x)€(0,+00) x R. (HI)

Precisely, there exists an Qo € F with P (Q20) = 1 such that, for every w € Qo and 0 € R, as € —
0, the unique viscosity solution ug (-, -, w) of (Hl¢ .,) with the initial condition ug (0, x, ) = 6x,
x € R, converges locally uniformly on [0, +00) x R to ug defined by

Hy(t,x) =tH(O) +0x,

which is the unique (classical and hence viscosity) solution of (HJ) with the same initial condi-
tion.

Finally, replacing (2.9) with the stronger assumption that

the Cauchy problem for (HJ ) is well-posed in UC([0, +00) x R) for every w € €2, (2.13)

which is defined in Subsection 4.1, we generalize Theorem 2.4 to uniformly continuous initial
data by citing a result from [9] which is based on the perturbed test function method (see [12]).

Corollary 2.5. Assume (2.1)—(2.4) and (2.10)—(2.13). For P-a.e. w, as € — 0, when subject to
uniformly continuous initial data, (HJ. ,,) homogenizes to the inviscid HJ equation (HJ) with the
effective Hamiltonian H in Theorem 2.4. Precisely, there exists an Q2 € F with P(Q0) = 1 such
that, for every w € Qo and g € UC(R), as € — 0, the unique viscosity solution ug( -, w) of
(HJ¢,.,) with the initial condition uZ,(O, -, ) = g(+) converges locally uniformly on [0, +00) x R
fo the unique viscosity solution iy of (HJ) with the same initial condition.

Remark 2.6. Some of the assumptions in the statements of Theorem 2.4 and Corollary 2.5,
namely (2.1)—~(2.4) and (2.10)—(2.11), are of concrete nature, whereas the remaining ones are
abstract. These hybrid sets of assumptions are formed precisely by what we use in our proofs of
these results and we do not claim in any way that they are the most natural or streamlined. Our
goal with this style of exposition is to make our proofs more transparent and thereby hopefully
facilitate future progress. For the sake of completeness, we provide in Appendix B a concrete
and natural set of conditions (which are not meant to be sharp and are not used anywhere in the
paper) under which the abstract assumptions in the statements of Theorem 2.4 and Corollary 2.5
are valid.
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3. The static HJ equation
In the following two lemmas leading to the proof of Theorem 2.1, we drop w and assume that
a:R— (0,1]and V : R — [0, 1] are in C(R). 3.1

Lemma 3.1. Assume (2.1)—(2.2) and (3.1). For every . > B8, L € R and c € [Gz_l(k -
B), G;l()»)], the equation

a(x) f') +G(f(x) +BV(x) =4, xe[L,+00), (3.2

has a unique (classical) solution fz)‘( | L, ¢) that satisfies

SULILe)=c. (3.3)
Moreover,
f&|L,e)elGy' (= B), G5 (W] forall x € [L, +00). (3.4)
Proof. We rearrange (3.2) and write
£/ = 5 = GO ) = BV (). (3.5)

By the Picard-Lindel6f theorem, there is a unique local solution fz’\(- | L, c) in a neighborhood
of L that satisfies (3.3). Let us check that there is no blow-up at any x € (L, +00).

e Suppose f;(x |L,c) < GZ_I(A — pB) for some x € (L, +00). Let
x* =max{y €[L,x): f2)‘(y |L,c)> Gz_l()» - B)}.

By the mean value theorem, there exists an x** € (x*, x) such that

(1L, o) = 7L, ¢) -

x —x*

0.

(f3) @™ |L,c)=
However,
A—G(fF (™ |L,0)—BV(x)>r—(—B)—B=0

and (f;) (x** | L, c) > 0 by (3.5), which is a contradiction. Hence, f3 (x| L,c) > G;l =
B) forall x € (L, +00).
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e Suppose fz’\(x |L,c)> G2_1()L) for some x € (L, +00). Let
x*=max{ye[L,x): f3(y|L,c) <G5 (W)}

By the mean value theorem, there exists an x** € (x*, x) such that

f(x|L,c)— f3(x*|L,c) -
X —x*

()| L, c) = 0.
However,

A—G(fF(x™|L,c) —BV(x) <A —A—0=0

and (fzk)/(x** | L,c) <0 by (3.5), which is a contradiction. Hence, fz)‘ (x|L,c) < GZ_I(A)
for all x € (L, +00).

We conclude that fZA(- | L, c) is the unique solution of (3.2) that satisfies (3.3). Moreover, the
bounds in (3.4) hold. O

Lemma 3.2. Assume (2.1)—(2.2) and (3.1). For every A > B, the equation
a@) f' ) +G(f(x)+BV(x) =4, xeR, (3.6)
has a unique solution f2A eC! (R) such that
) elGy (A —B), Gy (W] forall x e R. (3.7)
Proof. For every A > f3, there is a strictly increasing and continuous function m% such that
G2(p +9) — G2(p) = mj5(g) whenever G, '(A=B)<p<p+q=G,'(N).  (38)

Equivalently, (m%)_1 is a modulus of continuity for G, Yon[r— B, A]. Without loss of generality,
assume that

mb(q) <q.

Fixany L € R and ¢,d € [G;l(k - B), G;l()»)] such that ¢ < d. Recall Lemma 3.1 and let
f3(-IL,c)and f3(-|L,d) be the unique solutions of (3.2) that satisfy

A(LIL,c)=c and f}(L|L,d)=d.
Note that

Ar=a(x)(f3) (x| L,c)+ G f3 (x| L,c)) + BV (x)
=a(xX)(f}) (x| L,d) + Ga(f3 (x| L,d)) + BV (x)
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for every x € [L, +00) by (3.4). Rearranging the second equality, we get
a() [(f3) (| Lod) = (f) (0| L, )]+ Go(f3 (x| L.d) = Ga(fy (x| L, ) = 0.
It follows that fzk(x |L,d)> fzx(x | L, c) for every x € [L, +00). Therefore,
Ry(x|L,c,d):= f3(x|L,d)— f5(x|L,c)
is a nonnegative function in C'([L, 400)) such that
Wy(L|L,c,d)=d—ce(0,G, (V)]
and
a()(h5) (x| L, ¢, d) +mb(h5(x| L,c,d)) <0

by (3.8). We apply a variant of the Gronwall-Bellman lemma (see Lemma C.1 in Appendix C)
and deduce that

X

dy
h5(x|L,c,d) < (93)! /— (3.9)
g g a(y)
L
where
Gy )
dq
%= |
? mj(q)
P
and (as shown in Lemma C.1) its inverse satisfies
lim (®5)"'(z) =0. (3.10)
Z—>+00

Fix any x € R. Forevery L € (—00,x), ¢,d € [G5' (A — B), G5 ' (M]and L', L” € (—o0, L],
we can restrict the functions f2’\(~ | L, c) and fzk(' |L”,d) to the interval [L, +00). If

fHLIL ¢)= f3(LIL",d),

then fz’x(x |L' ¢c)= fz’\ (x|L"”,d) by the uniqueness in Lemma 3.1. Otherwise, we use (3.9) to
deduce that

X
dy

3.11
a(y) G-1D
L

1AL 0) = (x| L, d)| < (@)

By (3.10) and the Cauchy criterion for convergence, the limit
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Fx):= lm fF(x|L 3.12
fr(x) = lim fy(x[L,c) (3.12)

L——o0

exists, fzk(x) € [G;1 *r—=p), Ggl (M)] and it is independent of ¢ € [G;1 A=p), G;l (M)]. More-
over, it follows from (3.10) and (3.11) that the limit in (3.12) is uniform on bounded intervals.
Fix any c € [GZ_1 A —=p8), GZ_1 (M)]. Note that, for every x1, xo € R such that x| < x»,

A N N T L _ A _
gz(x)'_LEToo(fz)(x”"c)_LhT (A=G(ff(xIL,c))—BV(x) (3.13)

——00 a(x)

1
=—— (=G () = V().

a(x)
Since the limit in (3.12) is uniform on [x1, x2], so are the limits in (3.13). Consequently,

X2

X2
/ gdx = lim / () &IL,eydx = lim (f(2|L,¢) = f3(xi]L,0))

X1 X1

= f3(x2) — f(x1)

and g%‘ (x) = (fzx)/(x). We conclude that fz)“ is a solution of (3.6) in C'(R).

Finally, once we impose the bounds in (3.7), uniqueness follows. Indeed, suppose fzk, fzk €
C!'(R) are solutions of (3.6) that both satisfy (3.7). For any x € R, if there exists an L € (—o0, x)
such that f;-(L) = f3-(L), then f;:(x) = f3(x) by the uniqueness in Lemma 3.1. Otherwise,

0= 170~ A= tim @ | [
L

dy_
a(y)

asin (3.9)—(3.10). O
We are ready to go back to the stochastic setting.
Proof of Theorem 2.1. For every A > 8 and w € 2, by Lemma 3.2, the equation
ax,0)f' +G(f)+BV(x,0) =i, x€R,

has a unique solution f;-(-,w) € C!(R) such that f}(x, ) € [Gz_l(k — B), G5 (W] for all
x € R. Define Fj (-, w) by setting

F(x,w) = / 1y, w)dy
0

for every x € R. It follows immediately that FZ)‘( -, w) is the unique solution of (2.6) in C2(R) that
satisfies (2.7). The uniqueness of the solution in this class, in combination with the stationarity
of the functions a and V, implies that (F%)’ is stationary. Indeed, for every x, y €e R and w € €2,
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r=a(x+y.0)(F)) (x+y,0)+G(F}) (x+y )+ BV +y, o)
=a(x, yw)(F3) (x +y,0) + G(F3) (x +y,0) + BV (x, Tyw).

Therefore, F (x + y, w) — Fy(y, ®) = F5-(x, Tyo) and (F}) (x + y, ©) = (F3)/ (x, Ty).
For every p,x e R and w € Q, let

G(p)=G(-p), alx,w)=a(—x,0), V(x,w)=V(-x,w) and F(x,w)=F(—x,w).
(3.14)
After these substitutions, (2.6) becomes

a(x,0)F"+G(F)+BV(x,w)=A, xeR.
Moreover, assumptions (2.1)—(2.5) translate to é, aand V (if we introduce and work with 7, =
7_y). The desired conclusions regarding the existence & uniqueness of F’ 1)‘ and the stationarity

of (Fl)‘)/ follow. 0O

For every A > 8 and P-a.e. o,

. 1 A T 1 A A
lim ;F2 (x,w) = Xl}moo (F2 (x, ) — F5 (0, w))

x—+o0 +oo x

(3.15)

x—£o00

1 X
= lim - / (F2) (v, )dy = E[(F}Y (0, 0)] = 62(1)
0

by Theorem 2.1, the Birkhoff ergodic theorem and the definition of 6,(}) in (2.8).
Lemma 3.3. Assume (2.1)—(2.5). For every . > B and € € (0, 1),
b2k +€) = 02(0) = €/i,
where E%‘ is a Lipschitz constant for G, on [Gz_l(k —-B), Gz_l(k + D].
Proof. Forevery A > 8,e€(0,1) and ¢ € (0,¢), let § = (¢ — e’)/z?% and note that

a(x, ®)(F})(x, ) + G2((F}) (x, ) 4+ 8) + BV (x, )
< a(x,w)(F})"(x,w) + G2((F}) (x,w) + BV (x,0) + € —€' =r+e—€, (x,0)eRxQ,

by (2.6) and the following bounds due to (2.7):
A= B < Ga((F}) (x,0)) < G2((F}) (x, @) +8) < G2((F}) (x, ) + 1/R}) < A + 1.
Since
a(x, 0)(F37) (x, 0) + Go((F}1) (x,0) + BV (x.0) =2 +€,  (r.0)eRxQ, (3.16)
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we deduce that

a(,) [(F}1)(x,0) = (F)(x, 0) |+ Ga((F} ) (v, @) = Ga((F) (x,0) +8) = €
(3.17)

forevery x e R and w € 2.
Let

hé’e(x, w) = (FzHe)’(x, w) — (F3) (x, ») (3.18)
and note that /5" (x, w) > —G5 ' (1) by 2.7). It =G, ' (1) < h}“ (x, w) < 8, then
(15 (x, ) = a(x, ) (h5) (x, @) = €

—1
by (3.17). Hence, for every x| € R, there exists an x, € [xq, x1 + W

] such that h;"é(x, w) >

& whenever x > xp. Therefore, in fact, hg’e(x, w) > § for every x € R. We recall (3.15) and
conclude that

X
1
0a0i+€) = 0200 = tim_ - [0 0ady = 5= (e - €/
xX—>+00 X
0
Since €’ € (0, €) is arbitrary, the desired inequality follows. O
Lemma 3.4. Assume (2.1)—(2.5). For every A > B and € € (0, 1),
6201+ €) —62(1) < (1i3) (o),
where (rﬁ%)_l is a modulus of continuity for G2_1 on[A—pB,A+1]

Proof. Forevery A > 8,e€(0,1)and e’ € (0,1 —¢), let § = (nﬁz)’l(e + €’) and note that

a(x, w)(F3)' (x, ) + G2((F3) (x, ) +8) + BV (x, w)
> a(x, w)(F})"(x,w) + G2((F}) (x,w) + BV (x,0) + € + €' =r+e+€, (x,0)eRxQ,

by (2.6) and the following bounds due to (2.7):
A—B<Ga((F3) (x,w) < G2((F3) (x,0)) + € + € < G2((F3) (x,w)) + 1 <A+ 1.

Comparing this inequality with (3.16), we deduce that

a(x, o) [(FF) (v, 0) = () (x,0) | + Ga(F} ) (x,0) = Ga(F}) (x,0) +8) < —¢
(3.19)
for every x e R and w € Q.
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Recall
A€ A A
hy € (x, @) = (F; ) (x, ) = (F3) (x, w)

from (3.18) and note that h;‘e(x,a)) < G2_1(A + 1) by 2.7).If § < hg’e(x,w) < Gz_l(k + 1),
then

(WY (x, @) < alx, ) (WY (x, 0) < —€
71 _
G2 0073 Guch that

hé’g(x, ) < & whenever x > x,. Therefore, in fact, hé’e(x, w) < § for every x € R. We recall
(3.15) and conclude that

by (3.19). Hence, for every x; € R, there exists an x» € [x1,x] +

X

o .
6ati -+ €)= 020 = tim_+ [ 13 rdy =5 = i) e+ €.
0

Since €’ € (0, 1 — €) is arbitrary, the desired inequality follows. O

Proof of Theorem 2.2. For every A > 8 and w € €2,

(F3)(x,w) = (A — G((F3) (x,w)) — BV (x,)), x€eR.

a(x, w)

Since P(V (0, w) € (0, 1)) > 0, it follows (by a slight modification of the itemized argument in
the proof of Lemma 3.1) that

P ((sz)/(o, w) € (G5 (. — B, G;l(k))) > 0.
Therefore, 62(A) € (G5 (A — B), G5 ' () by (2.7)~(2.8). In particular,
lim 6(A) = 4o0.
A——+00

We combine this limit with Lemmas 3.3 and 3.4 to deduce that 6, : [8, +00) — [62(B), +00) is
a continuous and increasing bijection. Moreover, its inverse 6, ! satisfies

0<65 6200 +¢/&)) =0, O2(0)) < €
for every A > B and € € (0, 1), so 6, Uis locally Lipschitz continuous on its domain. This con-

cludes the proof of the desired results regarding 8. The analogous ones regarding 6; follow after
suitable substitutions (see (3.14)). O
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4. Homogenization
4.1. Viscosity solutions

In this subsection, we recall some basic definitions regarding viscosity solutions and record
a comparison principle. All statements are specialized to our particular setting and purposes.
For general background on the theory of viscosity solutions of second-order partial differential
equations and its applications, we refer the reader to [7,16].

We consider a HJ equation of the form

ou = a(x)afxu +G@@xu)+BV(x), (t,x)e(0,400) xR, 4.1
where 8 >0, G : R — [0, +00) and a, V : R — [0, 1]. It covers both (HJ,,) and (HJ).
Definition 4.1. A function v € C((0, +00) x R) is said to be a viscosity subsolution of (4.1)

if, for every (7o, x9) € (0, +00) x R and ¢ € C2((0, 400) x R) such that v — @ attains a local
maximum at (fg, Xo), the following inequality holds:

3 (10, x0) < a(x0)d5, @ (t0, x0) + G (3x9(to, x0)) + BV (x0).
Similarly, a function w € C((0, 400) x R) is said to be a viscosity supersolution of (4.1) if, for

every (fp, xo) € (0,400) x Rand ¢ € C?((0, 400) x R) such that w — ¢ attains a local minimum
at (o, xo), the following inequality holds:

dp(to, x0) > a(x0)d2,. ¢ (10, x0) + G(dx¢ (0, X0)) + BV (x0).

Finally, a function u € C((0, +00) x R) is said to be a viscosity solution of (4.1) if it is both a
viscosity subsolution and a viscosity supersolution of this equation.

Assumption (2.13) (which is used in Corollary 2.5) involves the following notion.

Definition 4.2. We say that the Cauchy problem for (4.1) is well-posed in UC([0, +0o0) x R) if
the following hold.

(1) Existence: For every g € UC(R), (4.1) has a viscosity solution u € UC([0, +00) x R) such

that u(0, -) = g(-) on R;
(i1) Stability: If u1, up € UC([0, +00) x R) are viscosity solutions of (4.1), then

sup{lu(t, x) —ua(t,x)|: (¢t,x) €0, +00) x R} = sup{|u1(0, x) —uz(0, x)|: x € R}.

In the rest of this section, we repeatedly use the following comparison principle. It is covered
by, e.g., [9, Proposition 2.3] which is a generalization of [8, Proposition 1.4].

Proposition 4.3. Assume G € C(R), 4/a € Lip(R) and V € UC(R). Let v € UC([0, +00) x R)
and w € UC([0, +00) x R) be, respectively, a viscosity subsolution and a viscosity supersolution

of (4.1). If {v(¢, -) : t € [0, +00)} is an equi-Lipschitz continuous family of functions, i.e.,
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there exists an £ > 0 such that |v(t,x) — v(t, y)| <L|x — y| forallt € [0, +00) and x,y € R,
or{w(t, -): t €[0,+00)} is an equi-Lipschitz continuous family of functions, then

sup{v(t, x) —w(t, x): (t,x) € [0, +00) x R} =sup{v(0,x) —w(0, x) : x e R}.
4.2. Locally uniform convergence for each 6 ¢ (61(8), 62(8))

Lemma 4.4. Assume (2.3) and (2.9). For every 6 € R, there exists an Q0. € F with P(Q0,) =1
such that {ug(t, ,w):€€(0,1], t €[0,400), we Qﬁe} is a uniformly equicontinuous family
of functions.

Proof. Fix any 6 € R. For every w € €2, the function mg (-, w) : [0, 4+00) — [0, +00), defined
by

m@((s’w): sup sup |u9(t’wi)_u9(t7ysw)|a
t€[0,4+00) [x—y|<d

is uniformly continuous by (2.9). For every z € R, mg (8, w) = mg (8, T,w) by (2.3), (2.9) and the
observation that

”G(t»x‘l‘z,a)) —“G(I,y+z,w) Zue(t’xﬂtzw) _ue(t5 )’afzw)

for all ¢ € [0, +00) and x, y € R. Therefore, by ergodicity (and the countability of Q), there
exists an Qﬁe € F with P(Qﬁe) =1 and a function my : [0, +00) N Q — [0, +00) such that
mg (8, w) =myp(5) forall § € [0, +00) NQ and w € Qge. It follows that iy is uniformly contin-
uous on its domain and the uniformly continuous extension of ng to [0, +00) (still denoted by
my) satisfies

lug(t, x, @) —ug(t,y, w)| <mg(lx — yl,w) =mg(lx — y|)

for all ¢ € [0, +00), x,ye R and w € szﬁe. Finally, for every € € (0, 1], by letting k = (él and
noting that é <k< é +1< %, we obtain the following inequality:

<t - ) (t : )‘

g\ — —,o0 ) —uUg|\—, —,w

€ € € €

54%(@)52@@—”). O
€

lug (t,x, w) —ug(t,y,w)| =€

Lemma 4.5. Assume (2.1)—(2.4) and (2.9)—(2.10).

(a) For every 6 € (—o0, 01(B)], there exists an 528 € F with P(Qg) = 1 such that, for every
a)ngandT,L>0,

lim sup  sup |u§(r,x,w) — 16, () —6x] =0.
€>04¢[0,T]xe[~L,L]
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(b) For every 6 € [02(B), +00), there exists an 528 € F with P(Qg) = 1 such that, for every
a)ngandT,L>0,

lim sup  sup |u§(t,x,w) — 16, ' (6) — 6x| =0.
€>04¢[0,T)xe[-L,L]

Proof. We prove part (b). (The proof of part (a) is similar.) Fix any 6 € [62(8), +00) and let
A=0, ! (6). It follows immediately from Theorem 2.1 that, for every w € €,

ub(t, x, ) =th + F3(x, w)

gives a solution of (HJ,) in LipN C2([0, +00) x R).
For every 6 € (0, 1), define U%,s(’v -, w) by

Vit x,0)=1t(h — (k + 1)8) + F5 (x,0) — 8% (x) — K
=u5(t, x, ) — t(kc + 1)8 — 8¢ (x) — K,

where « is a Lipschitz constant for G on the interval [G, ! A=-8-1,G, ! A) + 1],

X

Y(x)= %/arctan(y)dy

0
which satisfies
0<y"()<1, —1<y'() <1, 4.2)
lim ¥/'(x)=—1 and lim ¥'(x) =1, (4.3)
X—>—00 xX—+00

and K > 0 is to be determined. Note that, for every (¢, x) € (0, +00) x R,

a(x, )5, v} 5(t, x, ) + G35 5(t, x, ) + BV (x, ®)
=a(x, w) (02 ub(t, x, ) — 8Y" (x)) + G0 ub (1, x, ) — 8¢’ (x)) + BV (x, w)
> a(x, w)d2 w1, x, w) — 8 + G ub (1, x, ) — k8 + BV (x, ) (4.4)

= (1, x, ) — (k + 1)8 = 8,0} (¢, x, ).
The inequality in (4.4) follows from (4.2) and the following bounds due to (2.7):

Gl —B)—1<G' (A —B) =8 < (F}) (x,0) — &
<(F})(x,0)+8 <G, (W +8<G' W) + 1.

ence, v -, -+, w) 18 a subsolution o »)InLipN , +00) X .
H 55 ) i bsolution of (HJ,,) in LipNCZ([0 ) x R)
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For P-a.e. w,

1 1
lim —v} 50, x,0)=6(1)+8=60+8 and lim —v};0,x,0) =6 (L) —8=60—34
V2 :

X—>—00 X—+00 X
by (3.15) and (4.3). Therefore,
0550, x, @) < 0x =ug(0, x, )

for every x € R when K = K (0, §, w) > 0 is sufficiently large. By the comparison principle in
Proposition 4.3,

v%‘)é(t,x, w) < ug(t, x,w) for every (¢, x) € [0, +00) x R.

In particular,
o - 1 o
liminfuy (1,0, w) =liminfeug | —,0,w | > limevy 5| —, 0,0 | =1 — (k 4 1)4.
e—0 e—0 € e—0 ’ €
Similarly,
wh (t,x, @) =t(A+ (k + 1)8) + F} (x, 0) + 8¢ (x) + K
defines a supersolution of (HJ,) in LipN C2([0, +00) x R), and, for P-a.e. w,

w%’a((),x, w) >0x =ug(0, x, w)

for every x € R when K = K (6, 8, w) > 0 is sufficiently large. By the comparison principle in
Proposition 4.3,

1 1
limsupug(l,O, w) = limsup euy (—,O,w) < lirr%)ew%6 (—,O, w) =A+ (k +1)4.
€ e— 2\ e

e—>0 e—0

Since § € (0, 1) is arbitrary, we deduce that
6113%) u§(1,0,0) =1 =06;'(9) for P-ae. w. (4.5)

Finally, the desired locally uniform convergence follows from (4.5) and Lemma 4.4 by a gen-
eral and now standard argument involving Egorov’s theorem and the Birkhoff ergodic theorem.
See [21, pp. 1501-1502] or [9, Lemma 4.1] which is based on [3, Lemma 2.4]. O
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4.3. Locally uniform convergence for each 6 € (61(8), 62(8))

In this subsection, we will take A = B8 and denote the derivatives of the unique solutions in
Theorem 2.1 by fl.’3 = (Fl.ﬂ)/, i € {1,2}. We will also use the following notation:

X

dy
s(x,a)):/a(y o) 4.6)
; )

Lemma 4.6. Given any w € 2, 8 € (0, 8) and L1, L, € R such that

(L2,0) ~ s > 5 (G3'(B) =~ GT'(B) and BV(-,0) 2 f—sonlLy, Lol
we have the following implications for every x1,x2 € [L1, L»].
) If
s(xl,w)—s<L1,w)>—%G;l(ﬂ), (4.7)

then there is a 71 € (L1, x1] such that
1
Gi(ff 1, w) <28 and s(xl,a))—s(zl,a))g—gGl_l(,B).
(i) If
|-
s(La, ) —s(x2, w) > EGQ 8), (4.8)

then there is a 7o € [x2, Lo) such that
1
Go(fy 2.) <28 and s(z2.0) = s(x2.0) < G5 (B).

Proof. We prove the second implication. If G( fzﬁ (x2, w)) <28, then we can simply take zo =

x7. Otherwise, for any z € [x3, L] such that G»( leS (x, w)) > 26 holds for all x € [x, z], the
equality

a(x, o) (f2) (x, 0) + Go(ff (x, 0)) + BV (x, 0) = B
yields
a(x, 0)(fP) (x, ) < =8
for all x € [x, z], and
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Z Z d
—G;l(msf;‘(z,w)—ff(xz,w>=/(ff>’<y,w)dys—8/ Y S5z @) — s(x2, ).
X2 X2

a(y, w)
The first inequality uses the bounds in (2.7). Therefore,
72 :=sup{z € [x2, L] : Gg(fzﬂ(x, w)) > 26 for all x € [x2, 2]}
satisfies
-
5(z2, w) — s(x2, w) < ng (B).

We recall (4.8) and deduce that 75 € [x, L2) and G ( fzﬁ (z2, w)) = 24. This concludes the proof
of the second implication. The first implication is proved similarly. O

Lemma 4.7. Assume (2.1)~(2.4) and (2.9)—(2.11). There exists an Q2 € F with P(Qo) = 1 such
that

lim ug(1,0,w) =B
e—0

forall 0 € (61(B),602(B)) and w € Qo. Moreover, given any 6 € (01(B), 62(B)), there exists an
Qg € F with P(Qg) =1 such that, for every w € Qg and T, L >0,

lim sup sup |ug(t,x,w)—t8—6x|=0. 4.9)
€=>0¢e[0,T)xe[-L,L]

Proof. By the scaled hill condition (2.11), there exists an Qg € F with P (£2,) = 1 such that,
for every w € Qq, § € (0, B) and C > 0, there is an interval [L, L] such that

s(Ly,w) —s(L1,w) >C and BV(-,w)=p—38on[Ly, L] (4.10)

with the notation in (4.6). This follows from the observation that it suffices to consider § €
0,)NQand Ce N ={1,2,3,...}.

Asymptotic lower bound at (1, 0). For every o € Qq, 8 € (0, ) and C > } (G;l(ﬂ) — Gl_l(ﬂ)>,

take an interval [L1, L,] that satisfies (4.10). Let x; = L, and x = L1. By Lemma 4.6, there
exist z1 € (L1, Ly] and zp € [L1, L) such that

$(@1,0) =522, @) 2 C — % (6:'®-ai'®) (.11
and
G(fP (i, w) <28, ie{l,2). (4.12)
In particular, L] < z2 < z1 < Lj. It follows from
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a(x, o) (f1) (x,0) + G(ff (r,0) + BV (x.0) =B, i €{1,2),
and (4.12) that
=28 < a(Zi,w)(f,-ﬁ)'(Zi,w) <4, iefl,2}. (4.13)

When C is sufficiently large, there is a g(-, ) € C!([z2, z1]) that satisfies the following con-
ditions:

gz = flaw, ¢, o= a, o),

5 ) N 4.14)

g(z2,0) = [, (22, 0), g (22, 0) =(f;) (22, ®);
G(g(x,w)) <38 forallx €[z2,z21]; (4.15)
la(x, w)g' (x,w)| <48 forall x € [z2, z1]. (4.16)

Indeed, for any & € (0, £.5%2), there is a g(-, w) € C'([z2, z1]) such that the equalities in (4.14)

hold,

g (x,w) = forall x € [zp + £, z1 — K] (4.17)

a(x, w)

with some constant m € R, and g'(-, w) is linear on each of the intervals [z, zo + 4] and [z] —
h, z1]. Note that m = m(h) is determined by

P o) = iz 0)=¢z1,0) - g2, 0)

z1—h z2+h 21
=/ g (x,w)ydx + / g (x, w)dx + / g (x, w)dx
22+h 22 z1—h

=m(s(z1 —h, o) —s(z2 + h, w))

+@<(fﬂ>/( )+L)
2\ T w)

h N m
+ 3 <(f1 )Y(z1, w) + e —h,w))

h 1 !
=m {S(Zl —h,w) —s(z2+h,w) + 5 (a(zz-l-haw) + a(zy —h,a)))}

h
+3 (D @0+ L),
Since

}}iH})(S(m —h, ) —s(z2+h, ) =s(z1,0) —s(z2,0) >0 and
=

1 1
lim — —0,
) <a(z2 Tho) | at— h,w))
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we recall (4.12) and deduce that

a0 - @, o
s(z1, ) — s(z2, w)

f3G20) = f o) G528 ~ Gy '(29)
szi, ) —s(z2,0) T s(z1,0) —s(z2,0)

li h) = d
hlg%)m( ) an

i h)| =
Jim |m ()]

Therefore, if the right-hand side of (4.11) is strictly greater than % <G2_ ! 26) — Gl_l (26)) and h
is sufficiently small, then |m| < §. By taking & even smaller (if necessary), we ensure that

G(g(x,w)) <38 forallx €[z, z2+h]U[z1 —h,z1], (4.18)
a(x,w) <2min{a(zz, w),a(zp + h,w)} forall x € [z2,z2 + k] and 4.19)

a(x,w) <2min{a(zy,w),a(zy —h,w)} forallx €[z1 —h, z1].

Combining (4.18) with the observation that g(-, @) is monotone on [z + h, z1 — k] (which
follows from (4.17)), we verify (4.15). Combining (4.19) with the fact that

lg'(x, w)| < max{lg(z2, ®)|, 18" (z2 + I, w)[}
for all x € [z2, z2 + k] (which is due to linearity), and using (4.13), we deduce that
la(x, w)g'(x, w)| <2max{la(z2, w)g'(z2, )|, la(z2 +h, ®)g' (22 + h, ®) |} <2max{28, |m|} = 48
for all x € [z, z2 + k). Similarly,
la(x, w)g'(x, w)| < 48

for all x € [z1 — h, z1]. Recalling (4.17) once again, we conclude that (4.16) holds.
Construct Ff] (-, w) by setting Fzﬂ1 (0, w) =0 and

Ao ifx<zn,
(FZI%I)/(X’C‘)): glx,w) ifzp <x <z, (4.20)
flﬂ(x,a)) if x > z1.
Note that szj (-, w) €eLip NC2(R) by (4.14)—(4.15). Moreover, since
B—58=—454+0+(B—0) <a(x,w)g'(x,w)+G(gx,w)+BV(x,w) <48+35+B=B+75
for all x € [z2,z1] C[L1, L2] by (4.15)—(4.16),
B—58<a(x,o)(FL ) (x,0) + G((F}) (x, @) + BV (x, @) < B +78
for all x € R. It follows immediately that Ug,s( -, -, w), defined by
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v (t,x,0) =1(B—58)+ FL [(x,0) — K
0,60, X, W)= 2,15 ,

where K > 0 is to be determined, is a subsolution of (HJ,) in LipN C2([0, +00) x R).
By the definitions in (2.8) and the Birkhoff ergodic theorem, there exists an 1 2 € F with
P(€21,2) = 1 such that, for every w € 2 2,

1 1
lim —Ff(x,w)=6,(8) and lim —Ff(x,w)=6:(8). 421
X x—>to00 x

x— %00

Let Qo = Qs N 212 and note that P($2) = 1. For every o € Qy,

1 1
lim —vh (0,x,0)=6:(8) and lim —vf (0,x,w)=6,(8)
X——00 X ’ X—+00 X >
by (4.20)—(4.21). Therefore, given any 6 € (61(8), 62(8)) and w € Qo,

v 50, x, @) < 0x = ug(0, x, )

for every x € R when K = K (6, §, w) > 0 is sufficiently large. By the comparison principle in
Proposition 4.3,

vg’a(t,x, w) < ug(t, x,w) for every (¢, x) € [0, +00) x R.

In particular,

1 1
liminfu§ (1.0, ) = liminf eup <;, 0, a)) > g%evgﬁ (E’ 0, a)) — B —56.

Since § € (0, B) is arbitrary, we deduce that

limi(r)lfug(l, 0,w) > B forall 8 € (6;(B),6,(B)) and w € Q. 4.22)
€—

Asymptotic upper bound at (1, 0). For every w € Q4,8 € (0, ) and C > % (G;] B) — G;l (ﬂ)),
take an interval [L, L] that satisfies (4.10). Fix x1, x, € [L1, L2] such that (4.7), (4.8) and

C
s(x2, w) —s(x1, w) > 3

are satisfied. By Lemma 4.6, there exist z1,z2 € Rsuchthat L1 <z <x1 <x2 <22 < L2,

$(z2, w) — 5(z1, @) = s(x2, ®) — s(x1, W) = g
and
G(ff @i w) <25, ief{l,2).
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When C is sufficiently large, there is a g(-, ) € C!([z1, z2]) that satisfies (4.14) as well as the
following conditions:

G(g(x,w)) <38 and |a(x,w)g'(x,w)| <48 forallx e zy,z22]. (4.23)
This can be justified precisely as we did in the proof of the lower bound, so we skip the details

here.
Construct Ffz( -, w) by setting Fﬁz(O, w) =0 and

P o) ifx<z,
(F{) (o) = gx,0) ifz1 <x <z, (4.24)
P o) ifx>z.

Note that Flﬁ’z( -,w) € Lip nc? (R) by (4.14) and (4.23). Moreover, since
B—58=—454+0+(B—08) <a(x,w)g'(x,w)+G(gx,w)+BV(x,w) <48+36+B=B+768
for all x € [z1, 22] C [L1, L2] by (4.23),

B =55 <a(x, ) (F{)(x, )+ G((F[,) (x,0) + BV (x, @) < p+ 75

for all x € R. It follows immediately that wé{ s(+» +, w), defined by

w5 (1, x, ) =1 (B+78) + F{ ,(x.0) + K,

where K > 0 is to be determined, is a supersolution of (HJ,,) in LipN C2([0, +00) x R).
For every w € Qo = Q¢n N 21,2 (with the notation in the proof of the lower bound),

1 1
lim )—ng’a(o,x,w)=91(5) and xiirfw;wgﬁ(o,x,w)zez(ﬂ)

X—>—00
by (4.21) and (4.24). Therefore, given any 6 € (61(8), 62(8)) and w € Qo,
wh 50, x, ) > 0x = g (0, x, w)

for every x € R when K = K (6, §, w) > 0 is sufficiently large. By the comparison principle in
Proposition 4.3,

wgé(t,x, w) > ug(t, x, w) for every (¢, x) € [0, +00) x R.

In particular,

1 1
limsupug (1,0, w) =limsupeuy (E,O,w> < eli_lﬂ)ew('i(S (E,O, ca) =B+74.

e—0 e—0

Since § € (0, B) is arbitrary, we deduce that
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limsupug(1,0,w) < B forall € (61(B),62(B)) and w € Q. (4.25)

e—0

Pointwise convergence at (1,0). Combining (4.22) and (4.25), we conclude that
lim ug(1,0,w) =B
e—>0

for all 6 € (1 (B), 62(B)) and w € Q.

Locally uniform convergence. Fix any 0 € (61(8), 62(8)). Recall from Lemma 4.4 that there
exists an QY € F with P(QY,) = 1 such that {u§(t, -,w) : € € (0, 1], t € [0, +00), w € QI}
is a uniformly equicontinuous family of functions. By the general argument (involving Egorov’s
theorem and the Birkhoff ergodic theorem) we cited at the end of the proof of Lemma 4.5, there
exists an Qg C Qo N QY with P (20N Qﬁe) \ Qg) = 0 (which implies ]P’(Qg) = 1) such that
(4.9) holds for every w € Qg andT,L>0. O

4.4. Completing the proofs of the homogenization results

Proof of Theorem 2.4. By Theorem 2.2, H € Lipio.(R) and it is coercive. Therefore, the
Cauchy problem for (HJ) is well-posed in UC([0, +00) x R) (see, e.g., [9, Theorem 2.5]). For
every 0 € R, observe that the unique (classical and hence viscosity) solution iy of (HI) with the
initial condition uy (x) = 0x, x € R, is given by

Hy(t,x) =1H(O) + Ox.

Let

szo=ﬂszg

6eQ

with Qg € F provided in Lemma 4.5 and Lemma 4.7 when 6 ¢ (01(8),62(8)) and 0 €
(61(B), 62(B)), respectively. Note that P(€29) = 1 and, for every w € Qp and 6 € Q, as € — 0,
ug (-, -, w) converges locally uniformly on [0, 4+00) x R to ug. It remains to generalize this
statement to all 6 € R.

Fix any 6 € R. For every w € Q and § € (0, 1), define v s(-, -, ) and wg 5(-, -, w) by

vg.s(t,x, ) =ug(t,x,w) —tkg(w)+1)6 =8y (x) — K and

(4.26)
wy s(t, x,w) =ug(t,x,w) +t(kg(w) + 1) + ¥ (x) + K,

where kg (w) is a Lipschitz constant for G on the interval [—€g(w) — 1, £9(w) + 1] which in turn
involves the Lipschitz constant £g(w) in (2.12),

Y(x) = ;/arctan(y)dy
0
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which satisfies (4.2)—(4.3) from the proof of Lemma 4.5, and K > 0 is to be determined. Let us
check that vg s(-, -, w) is a viscosity subsolution of (HJ,). For every (9, xo) € (0, +00) x R
and ¢ € Cz((O, +00) x R) such that vg 5(-, -, @) — ¢ attains a local maximum at (¢, xo), define
@ € C*((0, +00) x R) by

P, x) =@t x) +1(ko(w) + DS+ Y (x) + K

and note that ug (-, -, w) — @ =vg 5(-, -, w) — ¢. Therefore,

a(xo, )33, (10, x0) + G (3xp (10, x0)) + BV (x0, )
= a(x9, w) (37, @ (10, x0) — 89" (x)) + G (0x@(t0, x0) — 8v' (x)) + BV (x0, )
> a(x0, )37, @(t0. x0) — 8 + G(3x (10, X0)) — Ko (@)8 + BV (x0, w)
> 9¢(t, x0) — (kg (w) + 1)8 = 3:p(t0, X0).

Similarly, wg s(-, -, w) is a viscosity supersolution of (HJ,).

Choose any 6’ € Q such that |6 — 0’| < % It follows from (4.3) that, when K = K (8§) > 0 is

sufficiently large,

09,50, x,w) =0x =8y (x) — K <up (0, x,w) =0'x<Ox+5Yy(x)+K = we.5(0, x, w)

for every x € R. By the comparison principle in Proposition 4.3,

vg s(t, x,w) <ug(t,x,w) <wgs(t x,w) for every (¢, x) € [0, +00) x R.

We combine these inequalities with the definitions in (4.26) and deduce that

lug(t, x,w) —ug(t,x,w)| <tkg(w)+ 1) +8|x| + K

for every w € Q and (¢, x) € [0, +00) x R.
Finally, for every w € Qg and T, L > 0,

limsup sup  sup |uf(t, x,w) —tH(®) — Ox]|
e—>0 re[0.T)xe[~L,L]

<limsup sup sup (Juf(t,x,0) —tH®') — 0'x| + luf(t, x, w) — u§, (¢, x, ®)|)
e—~>0 te€l0,T)xe[—L,L]

+T[H®)—H®)|+10 —0'|L
<T[(ko(@)+ DS+ [H®O)— HO)]+[6+160— 0] L.
Since | — 6’| < %, H is continuous and § € (0, 1) is arbitrary, we conclude that
lim sup sup |uj(t,x,w) —tH(@B)—60x|=0. O 4.27)
€—>04¢[0,T) xe[~L,L]
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Remark 4.8. We had already shown in Lemmas 4.5 and 4.7 that, for every 6 € R, the locally
uniform convergence in (4.27) holds on a set of probability 1 that is allowed to depend on 6.
In the proof of Theorem 2.4 that we gave above, we show that this locally uniform convergence
holds on a set of probability 1 that is independent of 6. This last step is in fact covered by [9,
Lemma 4.1], albeit under certain additional mild assumptions (which we did not want to impose),
most notably that the Lipschitz constant £g in (2.12) is locally bounded in 6.

Proof of Corollary 2.5. The desired result follows readily from Theorem 2.4 and [9, Theorem
3.1]. The set Q¢ € F with P(2p) = 1 is the one in Theorem 2.4. O

Acknowledgments

The author is grateful to E. Kosygina for helpful comments, including her concrete sugges-
tions that simplified the statements and the proofs of Theorems 2.1-2.2. The author also thanks
A. Davini for his valuable feedback on a preliminary version of the manuscript.

Appendix A. On the scaled hill condition

With the notation

X

dy
s(x,a)):/
J a(y, )

that we used in Subsection 4.3, the scaled hill condition (2.11) reads as follows:

for every h € (0, 1), C > 0 and P-a.e. w, there is an interval [L1, L;] such that
s(Ly,w) —s(L1,w)>Cand V(-,w) >hon[Ly, L]

It is a refinement of the following condition:
P(V(-,w)>hon[0,L]) >0forevery h € (0,1) and L > 0. (A1)
Proposition A.1. Assume (2.3) and (2.5).

(a) (A.1) implies the scaled hill condition.
®) If P(a(0, w) > k) =1 for some k > 0, then (A.1) is equivalent to the scaled hill condition.

Proof. Suppose (A.1) holds. Fix any 4 € (0, 1) and C > 0. By ergodicity, for P-a.e. w, there is a
z=2z(w) € Rsuchthat V(-,w) > hon [z,z+ C]. Since s(z+ C, w) — s(z, w) > C, we conclude
that the scaled hill condition holds. This proves part (a).

Suppose P(a(0,w) > k) = 1 for some x > 0 and the scaled hill condition holds. Fix any
he0,1),L>0and C > L/«.For P-a.e. w, there is an interval [L, L] such that

Lo — L

L
—<C=s(ly,w)—s(L1,w) < and V(-,w)>hon[Ly,L;].
K
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Therefore,

P(V(-,w)>hon[z,z+ L] forsome z€ Q) =1,
and (A.1) follows from stationarity (and the countability of Q). This proves part (b). O

In general, (A.1) is not equivalent to the scaled hill condition. In fact, the latter can hold while
the former fails in a remarkable way. To illustrate this, we introduce yet another condition:

for every ¢ € (0, 1) and P-a.e. w, there is a z € R such that A2)
(A.
a(z,w)<cand V(z,w)>1—c.

Proposition A.2. Ifa(-, w) € Lip(R) and V (-, w) € UC(R) for every w € 2, then (A.2) implies
the scaled hill condition.

Proof. Suppose (A.2) holds. Fix any /& € (0,1) and € € (0, 1 — h). There is an Qy € F with
P (20) = 1 such that, for every w € Q¢ and c € (0, 1 —h — €), there is a 7 = z(w) € R such that
a(z,w) <cand V(z,w) > 1 — ¢ > h + € (since it suffices to consider c € (0,1 —h —e) N Q). If
a(-,w) €Lip(R) and V (-, w) € UC(R), then there exist K = K(w) > 0 and § = §(w) > 0 such
that a(x, w) <c+ K|x —z| forevery x e R and V(-,w) > h on [z — §, z + §]. Note that

z+6 8

dx _ dy _ 2 c+ K(w)é(w)
S(Z+8’w)_s(z_8’w)z/c+K|x—z|_2/c+Ky_K(a))log< ¢ )
0

z—68

Since ¢ € (0, 1 — h — €) is arbitrary, we conclude that the scaled hill condition holds. O

The hill condition (A.1) and an analogous valley condition (obtained by replacing V with
1 — V) were initially formulated in [31] for potentials V : Z x Q — [0, 1]. These hill and valley
conditions were subsequently adapted in [22] to our continuous setting. Note that there was no
need to introduce scaled hill and valley conditions in [31,22] because they assume that a = %
In contrast, the latest version of [10] adopts such scaled conditions that originate from (2.11) but
are defined slightly differently to cover possibly degenerate diffusion coefficients.

In the discrete setting, with our other assumptions in place, the hill condition (A.1) is satisfied
when the law of (V (x, ®)),c7 under P is a product measure, and more generally when the law
of (V(x, w))o<x<r under PP is mutually absolutely continuous with the product measure formed
by its marginals for every L > O (see [31, Example 1.2]). We can extend such potentials from
Z to R by linear interpolation, make a change of variable that maps Z to a suitable stationary
point process, perform a mollification if necessary, and thereby obtain stationary potentials that
satisfy (A.1) (and hence the scaled hill condition) as well as any desired mixing (including finite-
range dependence) or regularity condition (see [10, Example B.1]). Moreover, a variant of this
construction yields potentials that satisfy (A.1) but are not even weakly mixing (see [31, Example
1.3]).

It is also easy to construct stationary potentials that satisfy (A.1) without starting from the
discrete setting, e.g., by taking moving averages of truncated increments of a two-sided Brow-
nian motion or Poisson process (see [22, Example 1.3]) or by considering two-sided Brownian
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motion that is confined to [0, 1] under reflecting boundary conditions and then mollified appro-
priately (see [10, Example B.3]). In fact, for any stationary potential V : R x Q2 — [0, 1], the
hill condition (A.1) holds unless x — V (x, w) is almost surely rigid in the sense that it cannot
stay arbitrarily close to a given height for arbitrarily long. From the perspective of stationary &
ergodic processes, it can be argued that such rigid potentials are not typical (see [10, Section
B.3)]).

The scaled hill condition fails most notably when x — (a(x, ®), V (x, ®)) is periodic (which
is the prime example of rigidity in the above sense). However, in that case, homogenization
follows from compactness arguments that prove the existence of a periodic (and hence bounded)
corrector for every direction (see Subsection 1.2 and the references therein).

Appendix B. Sufficient conditions

The following result provides concrete sufficient conditions (which are stronger versions of
(2.1) and (2.10)) for the validity of the abstract assumptions (2.9), (2.12) and (2.13) in Theo-
rem 2.4 and Corollary 2.5. It is an instance of [9, Theorem 2.8] whose proof is based on [8,
Theorem 3.2].
Theorem B.1. The Cauchy problem for (H] ) is well-posed in UC([0, +00) x R) for every w €

QifG:R—[0,+00), a(-,w) : R — (0,1] and V(-,w) : R — [0, 1] satisfy the following
conditions:

1
there exist c1,cy > 0 and y > 1 such that c{|p|¥ — — < G(p) <ca(|pl¥ +1) and
c

IG(p) — G(@)| <ea(lpl + Iql + D' p —q| forevery p.q €R;

va(-,w)and V(-,w) are in Lip(R) for every w € Q.
Moreover, under these conditions, for every w € Q and 0 € R, the unique viscosity solution
ug(-, -, w) of (Hl,) with the initial condition ug(0, x, w) = 0x, x € R, is in Lip([0, +00) x R)
with a Lipschitz constant that does not depend on w.

Appendix C. A variant of the Gronwall-Bellman lemma

Lemma C.1. Given any K > 0 and L1, Ly € R such that Ly < Lo, suppose

a:[Ly, Ly]— (0,400) isin C([Ly, L3]),
h:[L1,Ly]—[0,K]isin C]([Ll, Lo]) and 0 < h(L1) < K, and
m: [0, K]— [0, 4+00) is in C([0, K1), m(0) =0 and 0 < m(q) < q for every q € (0, K].

If
a(x)h' (x) +m(h(x)) <0
for every x € (L1, Ly), then
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X

h(x)<®~! /% (C.1)
Ly Y

for every x € (L1, L), where ® : (0, K] — (0, +00) is defined by

’ d
(p) = f )
p
and its inverse satisfies
lim ®7'(2)=0. (C.2)
Proof. Forevery p € (0, K], let
h(Ly) dg
Y(p) = p/ Wq)

Note that W(p) < ®(p) because h(L1) < K. By the chain rule,

W

d
ax VN == T e

Integrating both sides and using W(k(L1)) =0, we get
[ d
S0 = Wih(0) = [
J a(y)
1

Since @ is strictly decreasing, (C.1) holds. Finally, (C.2) follows from the observation that

i d Kd
. q q
Tim & ( ):/—z M. O
plo P OM(Q) J q
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