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Abstract

We are interested in the existence of least energy sign-changing solutions for a class of Kirchhoff-type
problem in bounded domains. Because the so-called nonlocal term b( f Q |Vu|2dx)Au is involving in the
equation, the variational functional of the equation has totally different properties from the case of b = 0.
Combining constraint variational method and quantitative deformation lemma, we prove that the problem
possesses one least energy sign-changing solution uj;. Moreover, we show that the energy of uy is strictly
larger than the ground state energy. Finally, we regard b as a parameter and give a convergence property of
up as b\ 0.
© 2015 Published by Elsevier Inc.
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1. Introduction

Let 2 be a bounded domain in RY, N =1, 2, 3, with a smooth boundary 9<2. We investigate
the existence of least energy sign-changing solutions of the following Kirchhoff type problem
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—<a+b/|Vu|2dx)Au:f(u), xeq,
J (1.1)

u=0, on 0€2,
where a, b are positive constants. We assume f € C! (R, R) and satisfy the following hypotheses:

(f1) f(s)=o(s]) as s — 0; '
(f2) For some constant p € (4,2%), lim Sfp(f? =0, where 2* = +oo for N =1, 2 and 2* = 6 for
§—> 00
N =3;
(f3) lim £ = oo, where F(s) = [; f(dr:

(fa) % is an increasing function of s € R \ {0}.

In recent years, the following elliptic problem

—(a+b/ |Vu|2dx)Au+V(x)u = f(x,u), xeQ,
Q (1.2)

ue HN(RQ),

has been studied extensively by many researchers, here © is a domain in RY, possibly un-
bounded, with empty or smooth boundary, V : Q@ — R, f € C(Q2 x R,R), and a,b > 0 are
constants. (1.2) is a nonlocal problem as the appearance of the term ( fQ |Vu|>dx) Au implies
that (1.2) is not a pointwise identity. This causes some mathematical difficulties which make the
study of (1.2) particularly interesting. Problem (1.2) arises in an interesting physical context. In-
deed, if we set V(x) = 0 and let 2 € RY be a bounded domain in (1.2), then we get the following
Kirchhoff Dirichlet problem

—<a+b/|Vu|2dx)Au=f(x,u), xeq,
Q
u=0, on 02,

(1.3)

which is related to the stationary analogue of the equation

L
9%u Py E ui2 N 0%u
— —(=+= | |—|dx)— =0,
Par2 <h+2L/‘8x x>8x2
0

proposed by Kirchhoff in [14] as an existence of the classical D’ Alembert’s wave equations for
free vibration of elastic strings. After the pioneer work of J.L.. Lions [15], where a functional
analysis approach was proposed to the equation

U — (a+b/|Vu|2dx>Au=f(x,u), x €,
o (1.4)

1,[:0, xe&Q,

Please cite this article in press as: W. Shuai, Sign-changing solutions for a class of Kirchhoff-type problem in bounded
domains, J. Differential Equations (2015), http://dx.doi.org/10.1016/j.jde.2015.02.040




YJDEQ:7784

W. Shuai / J. Differential Equations eee (eeee) eee—eee 3

problem (1.4) began to call attention of several researchers, see [1,2,8,10] and the references
therein.

Kirchhoff’s model takes into account the changes in length of the string produced by trans-
verse vibrations. In (1.3), u denotes the displacement, f(x, u) the external force and b the initial
tension while a is related to the intrinsic properties of the string, such as Young’s modulus. We
have to point out that such nonlocal problems also appear in other fields as biological systems,
where u describes a process which depends on the average of itself, for example, population den-
sity. For more mathematical and physical background of the problem (1.3), we refer the readers
to the papers [1,2,8,12—14,16] and the references therein.

Recently, there has been increasing interest in studying problem (1.2), especially on the ex-
istence of positive solutions, multiple solutions, ground states and semiclassical states, see for
example, [1,9,11-13,16,18,20] and the references therein. We must point out that there are very
few results on the existence of sign-changing solutions for problem (1.2). Recently, only Zhang
etal. [17,23] studied the existence of sign-changing solutions of (1.3) via invariant sets of descent
flow. To the authors’ knowledge, there is no result on the existence of least energy sign-changing
solutions for problems (1.2) and (1.3).

Throughout this paper, we denote H := HO1 (£2) the usual Sobolev space equipped with the
inner product and norm

(u,v):/Vqudx, lull = (u,u)'/?.
Q

Define the energy functional 7, : H — R by

1) :=%/|Vu|2dx+g</|Vu|2dx>2—/F(u)dx. (1.5)
Q Q

Q

The functional I, is well-defined for every u € H and belongs to C! (H, R). Moreover, for any
u,p € H, we have

(I}i(u),w) =a/Vqu0dx+b/|Vu|2dx/VuV<pdx—/f(u)<pdx. (1.6)
Q Q Q Q

Clearly, critical points of I, are the weak solutions for nonlocal problem (1.1). Furthermore, if
u € H is a solution of (1.1) and u™ # 0, then u is a sign-changing solution of (1.1), where

ut(x) = max{u(x),0} and u~ (x) =min{u(x),0}.

When b = 0, Eq. (1.2) does not depend on the nonlocal term (fQ |Vu|2dx)Au any more, i.e., it
becomes to the following semilinear equation

—Au+VxXu=f(x,u), xe€,
{ (1.7)

u € HY (),

where we set a = 1 for simplicity. In the literature, there are different ways to get the sign-
changing solutions of Eq. (1.7). For example, by constructive arguments, Bartsch and Willem [4]
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proved that, for every integer k > 0, there is a pair of solutions u,f of (1.7), which have precisely
k nodes. Via a variational argument and a version of deformation lemma, Castro, Cossio and
Neuberger [7] proved that (1.7), on a bounded domain, possesses a sign-changing solution which
changes sign only once. By constructing invariant sets and descending flow, Bartsch, Liu and
Weth [3] got a sign-changing solution with precisely two nodal domains for (1.7) when V (x)
has a positive lower bound and f satisfies the Ambrosetti—-Rabinowitz superlinear condition. By
variational method together with the Brouwer degree theory, Bartsch and Weth in [5] obtained
three nodal solutions for a singularly perturbed problem of (1.7) on a bounded domain with V (x)
being a constant. For more discussions on the existence of sign-changing solution of (1.7) un-
der various conditions on V (x) and f, we refer the reader to the book [24] and the references
therein. However, these methods of finding sign-changing solutions for (1.7) heavily rely on the
following decompositions, for u € H,

(@), u™) = (g™, u™), (Tgw), u™) = (Ig™),u"), (1.8)
To@u) = Io™) + Io(u™), 1.9)

where [y is the energy functional of (1.7) given by

Io(u):%/|Vu|2+V(x)uzdx—/F(x,u)dx, F(x,u):/f(x,s)ds.
Q 0

Q

When b > 0, the nonlocal term (fsz |Vu|>dx)Au is involved in the equation, for the variational
functional I, given by (1.5), it is easy to see that

Ib(u):1,,(u+)+1b(u*)+g/|w+|2dx/|Vu*|2dx, (1.10)
Q Q
(1;(u),u+>=(1,;(u+),u+)+b/|vu—|2dx/|vu+|2dx, (1.11)
Q Q
<Ig(u),u—>=<1g(u—),u—>+b/|w+|2dx/|w—|2dx. (1.12)
Q Q

Clearly, the functional I}, does no longer satisfy the decompositions (1.8) and (1.9). Hence, the
methods of getting sign-changing solutions of (1.7) seems not applicable to problem (1.1). In
fact, there are some essential differences in investigating the sign-changing solutions of the prob-
lem (1.1) between b = 0 and b > 0, because of the so called nonlocal term (fsz |Vu|2dx)Au.
Motivated by [5], in order to get a sign-changing solution for the problem (1.1), we first try to
seek a minimizer of the energy functional I, over the following constraint:

M, = |u €H, ut#0 and (L)), u™) = (I[(u).u") =o}, (1.13)

and then we show that the minimizer is a sign-changing solution of (1.1). Note that the paper
[5] is concerned with Eq. (1.7), but in our problem (1.1) the nonlocal term (fQ |Vu|>dx)Au
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is involved, as we mentioned above the functional I, has no more the properties (1.8), (1.9),
and it is rather difficult to show that Mj # @&. Thus, we must introduce some new ideas to
apply variational method as in [5] to get a sign-changing solution for the problem (1.1). Roughly
speaking, we prove M}, # @ by using the parametric method and implicit function theorem. We
do it successfully by proving that, if u € H with u™ = 0, there is a unique pair (s, 1) € (R xRy),
such that su™ + tu~— € My, see Lemma 2.1. To show that the minimizer of the constrained
problem is a sign-changing solution, we take advantage of quantitative deformation lemma and
degree theory.
Our first main result can be stated as follows.

Theorem 1.1. If the assumptions ( f1)—( f4) hold, then the problem (1.1) possesses one least
energy sign-changing solution uyp, which has precisely two nodal domains.

Another aim of the paper is to show that the energy of any sign-changing solution of (1.1) is
strictly larger than the ground state energy. This is trivial for the typical equation (1.7), i.e., the
problem (1.2) with b =0, a = 1. In fact, if we denote the Nehari manifold associated to (1.7) by

NozlueH\{O}:(lé(u),u):O}, (1.14)
and let
co:= inf o) (1.15)

then, for any sign-changing solution w € H of (1.7), it follows from (1.8), (1.9) that wt e
No. Moreover, if the nonlinearity f(x,s) satisfies conditions (see [4], Ap—Ag) analogous to
(f1)-(f4), then we can deduce that

TIo(w) = Io(w™) + Ip(w™) = 2cy. (1.16)
It is well-known that the minimizer of (1.15) is indeed a ground state solution of the problem
(1.7), and ¢g > 0 is the ground state energy, i.e., the least energy of all weak solutions of (1.7).
Therefore, (1.16) implies that, the energy of any sign-changing solution of Eq. (1.7) is larger than
two times the least energy, this property is called energy doubling by Weth in [21]. However, if

b > 0in (1.1), the property (1.16) is still unknown for the functional /. Indeed, let w, € H be a
sign-changing solution of (1.1), it follows from (1.11) and (1.12) that

wiE ¢ Ny :={ueH\{0}:<1,;(u),u>=o}. (1.17)
Then, although (1.10) shows that
Ip(wp) > Iy(wy) + Ip(w,,)
we still cannot deduce that I (wp) > 2¢p, where

cp .= inf Ip(u). (1.18)

ueNp,
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From these observations, it is even not easy to compare I (u,) with ¢;,. However, taking advan-
tage of the auxiliary function ¢ which is given in Lemma 2.3, we have the following theorem.

Theorem 1.2. If the assumptions of Theorem 1.1 hold, then cp, > 0 is achieved and

Ip(up) > cp,

where uyp is the least energy sign-changing solution obtained in Theorem 1.1. In particular, cp is
achieved either by a positive or a negative function.

Theorem 1.2 indicates that the energy of any sign-changing solution of (1.1) is strictly larger
than the ground state energy.

It is obvious that the energy of the sign-changing solution u; obtained in Theorem 1.1 depends
on b. As a by-product of this paper, we give a convergence property of up, as b \ 0, which reflects
some relationship between b > 0 and » = 0 in problem (1.1). Our main results in this direction
can be stated as the following theorem.

Theorem 1.3. If the assumptions of Theorem 1.1 hold, for any sequence {b,} with b, \( 0 as
n — oo, there exists a subsequence, still denoted by {b,}, such that up, convergent to ug strongly
in H as n — 0o, where ug is a least energy sign-changing solution of the problem

—alAu= f(u), xe,
{ fw) (1.19)
u=0, on 082,

which changes sign only once.

The proof of Theorem 1.3 includes three steps: we first prove {u, } is bounded in H, then we
prove up, — ug strongly in H, and we finally prove that ug is just a least energy sign-changing
solution of (1.19).

The paper is organized as follows. In Section 2, we prove several lemmas, which are crucial
to prove our main results. In Section 3, by quantitative deformation lemma and degree theory,
we first show that the minimizer of the constrained problem is a sign-changing solution. We then
prove Theorems 1.2 and 1.3 by some energy estimations and comparisons.

2. Some preliminary lemmas

We use constraint minimization on My, to seek a critical point of 1. We begin this section by
checking that the set M, is nonempty in H.

Lemma 2.1. Assume that ( fi)—( fs) hold, if u € H with u™ # 0, then there is a unique pair
(Su, ta) of positive numbers such that s,u™ + t,u= € M.

Proof. Fixed u € H with u® # 0, we denote B := [, |Vu™[*dx [, |Vu~|*dx for convenience.
Then, su™ -+ tu~ is contained in My, if and only if
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2 2 4 2 2 2.2
as?ut |2 + bs (fQ IVut] dx) +bBs22 — [, f(sut)sutdx =0,

2.1
2
m2||u—||2+bt4(fQ |vu—|2dx) +bBi2s? — [ f(tu)tu—dx =0,

Hence, the problem is reduced to verify that there is only one solution (s, ) € (R4 x R4) of
system (2.1).
We consider the solvability of the following system with a parameter p € [0, 1],

2
as?ut|? + bs4<f9 |vu+|2dx) + ubBs? — [ f(sut)sutdx =0,

2.2)
2
at*|u~|? + bt4(fQ |Vu7|2dx) + ubBs*t? — [, f(tu™)tu"dx =0.
Define
Z = {,u | 0 < < 1 such that (2.2) is uniquely solvable in Ry x R+}, (2.3)
and set
2
gu(s, 1) = as?ut? + bs4</ |Vu+|2dx) + ubBs*? — / Fsut)sutdx,
Q Q
2
hou(s. 1) = ar*[lu” |2 +bt4(/ |Vu_|2dx) + ubBs2? — / F(eu™)tu"dx. 2.4)
Q Q

Claim 1. The set Z contains 0, i.e.,0 € Z.

Since go(s, ¢) is independent of ¢ and h((s, t) is independent of s, without loss of generality,
we need only to prove that there is a unique ¢ > 0 such that hg(s, ) = 0. Since u~ # 0, from
(f1)—(fa) that ho(s,0) =0, ho(s, t) > 0 for ¢ > 0 small and h¢(s, ¢t) < O for ¢ large. Suppose that
there exist 71, 1, such that 0 < t; <t and hg(s, t1) = ho(s, t) =0, then

a 2 Hu~
7||M_||2+b(f|Vu_|2dx) =/f(]3 )u_dx
t 12

i 5 5 i

and this identity is also true if #; is replaced by #,. Therefore,

a(tiz_tiz)”u—nzzf(f(llu_) 3 f(tzu_)>|u_|4dx’
Q

2o (u)?  (hum)?

which is absurd in view of (f1) and 0 < #; < t2. Then the proof of Claim 1 is completed.

Claim 2. The set Z is open and closed in [0, 1].
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We first prove that Z is open in [0, 1]. Suppose that pug € Z and (3,7) € Ry x Ry is the
unique solution of (2.2) with u = wg. By direct calculation, we have

d Jt _ _ 2 _
M L =as||u+||2+3bs3</|Vu+|2dx) +/Lostt2

as (5,1)

Q
—/f/(if)ilu*lzdx, (2.5)
Q

0gu(s, 1) - oh,(s, 1) _
Zopnm = 210bB521, NS = 210bB5t2, 2.6

ot G.h HoZES s G.D) #0553 (2.6)
h, (s, 1)

2
o =af||u*||2+3bf3(/|Vu*|2dx) + uobBs*t
ot (5,1)
Q
—/f’(z‘u—)f|u—|2dx. (2.7)
Q
Set the matrix

0gu(5,1) 3gu(5.1)

s

_ as ot
M= Oh,(s,1) 0h,(5,1)
s ot
By the condition ( f1), for s # 0, we have
£ (s)s> =3 f(s)s > 0. (2.8)
Then
d ,t _ _
M‘ < —2as||1,t+||2 — ZMOsttz,
as (5.7)
and
oh,(s, 1) oo -
_ —2at —2uobBs“t.
Py < —2at|lu"|| nobBs

Thus, we conclude that
detM > (2a§||u+||2 n ZuobBEt_z) (2af )% + 2uobB§2t_) — QuobB5*D) 2uobB5i) > 0.

Then, the implicit function theorem implies that we can find open neighborhoods Uy of 1o and
Ap C Ry x Ry of (5, 1) such that the system (2.2) is uniquely solvable in Uy x Ay.

Suppose that there is 1| € Up such that the second solution (5, 7) of (2.2) exists in (Ry xRy )\
Ay, then by the implicit function theorem again, we can find a solution curve (u, (5(i),7(1))) in
(1 — &, 1 +¢€) x (R4 x R,) which satisfies (2.2) and goes through (i1, (5,7)). Assume jo <
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w1 for a while and extend this curve as much as possible. Since it cannot be defined at w¢ and
enter into Uy X Ao, there should be a point o € [g, 1) such that (5(w), T(w)) exists in (w2, p1]
and blows up as u — ,u; However, this is impossible. In fact, if (s, #) having sufficiently large
norm, by ( f3), the left-hand side of (2.2) is strictly negative for at least one of them. This gives a
contradiction. Thus, Uy C Z. The case pg > w1 is similar.

We next prove that Z is closed in [0, 1]. Let {i,,} be a sequence in Z converging to ug € [0, 1]
and (s, 1) € (R4 x R4) be the solution of (2.2) for 1,,. By the preceding argument the sequence
(Sn, t,) is bounded above. Thus we may assume that (s;, #,) converges to a solution (so, fp) €
(R4 x Ry) of (2.2) for pp. Combine (2.2) and ( f1)—(f2), by Sobolev embedding theorem, we
can get

a
a(sp)*ut)? < f F(spu)sputdx < 5<sn>2||u+||2 + C )P lu™|P. (2.9)
Q

Since p > 4, we then conclude that 0 < C; < s, is uniformly in n, thus 5o > C > 0. Similarly,
we conclude #9 > Cy > 0, where C, C; and C; are constants. So (sg, o) € (R4 x Ry). Also,
the fact that (so, fo) is the unique solution in R} x R again follows from the implicit function
theorem. Claim 2 is therefore proved.

From the above two claims, we can easily get the conclusion of Lemma2.1. O

Lemma 2.2. Assume that ( f1)—(f4) hold, suppose that u € H such that, g1(1,1) <0 and
h1(1,1) <0, where g1(s, t), hi1(s, t) are given as (2.4) with u = 1. Then the unique pair (sy, t,)
of positive numbers obtained in Lemma 2.1 satisfies 0 < sy, t,, < 1.

Proof. Suppose that s, > 1, > 0, since s,u™ + t,u™ € My, then we have
2
as3||u+||2+bs;‘(/|Vu+|2dx) +bs3/|w+|2dx/|w—|2dx
Q Q Q
2
zas§||u+||2+bs;‘(f|w+|2dx) +bs§t3f|w+|2dx/|w*|2dx

Q Q Q

=/f(suu+)s,,u+dx. (2.10)
Q

The assumption g1 (1, 1) <0 gives that
2
a||u+||2+b<[|Vu+|2dx> +b/|Vu+|2dx/|Vu_|2dx5/f(u+)u+dx. 2.11)
Q Q Q Q

Combine (2.10) and (2.11), we then get

Si (suut)d (h)

<i B l>a||u+||2 . / [f(suu+) B f(u+)](u+)4dx.
Q
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If s, > 1, the left side of this inequality is negative. But from ( f4), the right side is positive, thus
we must have s, < 1. Then the proof is completed. O

Lemma 2.3. For fixed u € H with u* # 0, then, the vector (sy, t,) which obtained in Lemma 2.1
is the unique maximum point of the function ¢ : (R, x R;) — R defined as ¢ (s, t) = I,(su™ +
tu=).

Proof. From the proof of Lemma 2.1, (s, #,) is the unique critical point of ¢ in (R4 x R;). By
the assumption ( f3), we deduce that ¢ (s, ) — —oo uniformly as |(s, #)| — 00, so it is sufficient

to check that a maximum point cannot be achieved on the boundary of (R x R). Without loss
of generality, we may assume that (0, 7) is a maximum point of ¢. Then since

O, 1) =Ip(su™ +1tu™)

2 bst 2
= % Vut?dx + %(/ |Vu+|2dx) —/F(szﬁ)dx
Q

Q Q

bs*t?
+ 32 /|vu+|2dx/|vm2dx

Q Q

2 4

t bt 2 _
+%/|Vuf|zdx+7</|Vu+|2dx> —/F(tu’)dx

Q Q Q

is an increasing function with respect to s if s is small enough, the pair (0, 7) is not a maximum
pointof ¢ in (Ry xRy). O

By Lemma 2.1, we can define the following minimization problem
- :=inf{lb(u):ue/\/lb}. (2.12)
Lemma 2.4. Assume that ( f1)—( f4) hold, then mp > 0 can be achieved.

Proof. For every u € M, we have (/ }; (u), u) = 0. Then by (f1), (f2) and Sobolev embedding
theorem, we get

2
a||u||2§a/|Vu|2dx~|—b</|Vu|2dx) =/f(u)udx
Q Q Q

§%A1/|u|2dx+5/|u|pdx
Q Q
a
< 5||u||2+cnu||f’ (2.13)

where A1 is the first eigenvalue of (—A, H). So, there exists a constant o > 0 such that ||u 1?2 > a.
And by (2.8), we have
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f(s)s —4F(s) = 0. (2.14)

Then

1 1 1
Iy (u) = Ip(u) — <Ib(u) uy = —||u|| Z 4o

This implies that m; > o > 0.
Let {u,} C M, be such that I(u,) — myj. Then {u,} is bounded in H, and there exists
up € H such that u,“f — ubﬂE weakly in H. Since u, € M, we have (I, (u,), u,jf) =0, that is

a/|Vuj|2dx+b/|Vun|2dx/|Vu,ﬂf|2dx=/f(ﬁ)u,fdx. (2.15)
Q Q Q Q

Similar as (2.13) there exists a constant p > 0 such that ||ujE 1% >

(f2), for any € > 0, there exists C, > 0 such that

> p for all n € N. From (f1) and

f(s)s <es®>+ Cyls|?, foralls e R.

Since u, € My, thus
w < llu)? </f(uff)u,jfdx 55/ |u?f|2dx+ce/ luE|Pdx.
Q Q Q
Using the boundedness of {u,}, there is C| > 0 such that

u<eC +Cgf |u;l—L|pdx.

i ——
Choosing ¢ = 5¢;» We get

/|ui|Pd Ly
- 2C

By (2.15) and the compactness of the embedding H < L9(2) for 2 < g < 2*, we get

+p w
u d.x>—_, 2.16
/|b| Z 58 (2.16)

thus, uzt # 0. The conditions ( f1)-(f2) combined with the compactness lemma of Strauss [19]
gives

lim /f(uf)ufdxsz(uf)u;tdx, lim fF(u;—“)de/F(u;t)dx. (2.17)
n—>o0 n— o0
Q Q Q

Q
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By the weak semicontinuity of norm, we have
a||uf||2+bf|wb|2dx/|w;f|2dx
Q Q
gliminf{anu,ﬂfllz—i-b/|Vun|2dx/|Vu,ﬂf|2dx}. (2.18)
n—o0
Q Q
Then from (2.17) we get
a||u,ﬂ;||2+b/|wb|2dxf|w,ﬂ;|2dxg/f(u,f)u,fdx. (2.19)
Q Q Q

From (2.19) and Lemma 2.2, there exists (s, #,,) € (0, 1] x (0, 1] such that
ip = subu;F + tuyu, € Mp.

Since condition ( f1) implies that H(s) :=sf (s) — 4F(s) is a non-negative function, increasing
in |s|, we then have

mp < Ip(up) = Ip(itp) — Z(I;i(ﬁb), up)

1 1
=t + 5 [ (F@s ~4F @) )ax
Q

1 1 _ 1
= st 1+ iy 1+ [ (PGt = 4F G )
Q

1 — — —
43 [ (it =4 ) )
Q

1 1
< ol + 5 [ (7 — 4 )dx

Q
. . 1 /
< 11m1nf[1;,(u,,) — (I (), un):l =my, (2.20)
n—00 4
We then deduce that s, =1t,, = 1. Thus, u, =u; and I (up) =mp. O
3. Proof of main results

The main aim of this section is to prove our main results. We first prove that the minimizer
up for the minimization problem (2.12) is indeed a sign-changing solution of (1.1), that is,
I, (up) =0.
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Proof of Theorem 1.1. Using the quantitative deformation lemma, we prove that 7, (u,) = 0.
It is clear that I,;(ub)uz,r =0=1I; (up)u,, . It follows from Lemma 2.3 that, for (s,7) € (Ry X
Ry) and (s, 1) # (1, 1),

Iy(su) +tuy) < I(u) +uy) =mp. (3.1
If I (up) # 0, then there exist § > 0 and A > 0 such that
11, > A, forall |v—upll <36.
Let D := (%, %) X (%, %) and g(s,t) := su;r + tu,, . It follows from Lemma 2.3 again that
mp = rglan Ipog <my 3.2)

For ¢ := min{(my —my)/2, 16/8} and S := B(uyp, §), [see [22], Lemma 2.3] yields a deformation
n such that

@ n(l,u)=uifu¢ I, ([mp — 2e, mp +2¢1) N S2s;
) n(1, " NSy cr
(©) Ip(n(1,u)) < Ip(u) forallu € H.

It is clear that

max_I(n(1, g(s, 1)) < myp. (3.3)
(s,t)eD

We prove that n(1, g(D)) N Mp, # &, contradicting to the definition of mj. Let us define
h(s,t):=n(1, g(s,t)) and

Wo(s, 1) := (Il; (gCs,0)u;l, I (g (s, t))u;) = (Ié(su;; + tuy Yu), I (suy + tu;)u;),
1 1
Wy (s,1) = (—I,Q(h(s, D) (5. 1), <15 (h(s. )™ (s, t)).

S
Lemma 2.1 and the degree theory now yields deg(\Wy, D, 0) = 1. It follows from (3.2) that g = h
on d D. Consequently, we obtain deg(\V1, D, 0) = deg(W¥o, D, 0) = 1. Therefore, Wi (sp, #p) =0
for some (s, o) € D, so that n(1, g(so, to)) = h(so, to) € My, which is a contradiction. From
this, uy is a critical point of I, and so, a sign-changing solution for problem (1.1).

Now, we show that uj, has exactly two nodal domains, to this end, we assume by contradiction
that

up=uy+uz+us

with

u; #0, u1 >0, up <0 and suppt(u;) Nsuppt(u;) =2, fori#j, i,j=1,2,3
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and
(Ié(ub), u;)=0, fori=1,2,3.

Setting v :=u1 + up, we see that v =uj and v~ =u», i.e., vE # 0. Then, by Lemma 2.1, there
is a unique pair (s, t,) of positive numbers such that

s 1,07 € My,
or equivalently,
Syl + tyup € My,
And so,
Ip(syu1 + tyuz) > mp. (3.4)
Moreover, using the fact that Il;(ub)ui =0, it follows that
(I} (v), v¥) <0.
From Lemma 2.2, we have that
(sy, 1) € (0,1] x (0, 1].

On the other hand,

1 b 2
0= tjn).un) = § [ 1VusPax + 5 ([ 1VuPax)
Q Q

b b 1
+Z/|Vu1|2dxf|Vu3|2dx+Zf|w2|2dxf|w3|2dx—Z/f(ugmdx
Q

Q Q Q Q

b b
<Ib(u3)+Z/|Vu1|2dx/|Vu3|2dx+Z/|Vu2|2dx/|w3|2dx. (3.5)
Q Q Q Q

Then, similar as (2.20), we can calculate that

bs2t} 2 2
Iy (syuy + tyuz) = Ip(syuy) + Ip(tyuz) + > [Vui“dx | [Vuz|“dx
Q Q

a

5 2

1 t

— —iv Ny || + 2 / (f(svm)sUu] —4F(sUM1)>dx + —(14” luzl|?
Q

+ % / <f(fuu2)luu2 - 4F(tvuz))dx

Q
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P4t _ “
< Gt + 5 [ (Fm = 4p@)dx+ § )

Q

1
44 [ (ram —4ru)as

Q

b
= Ip(u) + Ip(2) + 5 f |Vu1|2dx/ |Vus|?dx
Q Q

b b
+Z/IVM1|2dx/|Vu3|2dx+Z/IVu2|2dx/|Vu3|2dx. (3.6)
Q Q Q Q

Then, from (3.4), (3.5) and (3.6), we have

b
mp < Ip(spu1 + tyuz) < Ip(u1) + Ip(uo) + Ip(u3) + 3 / |Vu1|2dx/ |Vua|dx

Q Q
b b
—i—E/|Vu]|2dx/|Vu3|2dx+5/IVu2|2dx/|Vu3|2dx
Q Q Q Q

= Ip(up) = myp,
which is a contradiction. This way, u3 = 0, and u; has exactly two nodal domains. O

By Theorem 1.1, we know that the problem (1.1) has a least energy sign-changing solution
up which changes sign only once. We now prove that the energy of uy is strictly larger than the
ground state energy.

Proof of Theorem 1.2. Let )}, and ¢}, be given by (1.17) and (1.18), respectively. Then, similar
as the proof of Lemma 2.4, for each b > 0, we can deduce that there exists v, € N}, such that
Ip(vp) = ¢p > 0. By Corollary 2.9 in [12], the critical points of the functional I, on N are
critical points of I, in H, we can conclude that / é(vb) = 0. Thus, v, is a ground state solution of
(1.1).

From Theorem 1.1, we know that the problem (1.1) has a least energy sign-changing solution
up which changes sign only once. Suppose that u, = “Z + u, . As the proof of Claim 1 in
Lemma 2.1, there is unique ft > 0 such that

tug-uz € Nb.
Then, by Lemma 2.3, we get
cp < Ip(truy) = I (b +0) < Iy +u;) =my,

that is I (up) > cp, which implies that ¢, > 0 cannot be achieved by a sign-changing function.
This completes the proof. O
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Now, we are in a situation to prove Theorem 1.3. In the following, we regard b > 0 as a
parameter in problem (1.1). We shall analyze the convergence property of uj as b\ 0.

Proof of Theorem 1.3. For any b > 0, let u;, € H be the least energy sign-changing solution of
(1.1) obtained in Theorem 1.1, which changes sign only once.

Step 1. We claim that, for any sequence {b,} with b, \ 0 as n — 00, {u;, } is bounded in H.
Choose a nonzero function ¢ € C;°(£2) with @t #0. From (2.14), for s # 0, we have

f(s)s >4F(s).

Then, (f3) implies that, for any b € [0, 1], there exists a pair (A1, A2) of positive numbers, which
does not depend on b, such that

2
ar2|p*|? +bk‘1‘(f9 |Vgo+|2dx) +bB 22 — [ f(agT)gtdx <0,
2 2 4 2 2 242
a2l | +bx2<f9 Vo | dx) +bBya2A2 — [o f(hag )hagp—dx <0,

where B, = [, |VoT|?dx [ Vo~ |*dx. In view of Lemmas 2.1 and 2.2, for any b € [0, 1], there
is a unique pair (s(p(b), t(p(b)) € (0, 1] x (0, 1] such that

@ = s5,(D)Mt +1,(D)h2p™ € My, (3.7

Thus, for any b € [0, 1], we have

1
Ip(up) < Ip(@) = Ip(@) — Z(Ié(fﬁ), @)

_ayn 1 I
=108+ 5 [ (r@5 - 45 @))dx

a a _ 1 -
=< {Z12e 12+ S %20 ||2+Zf(clx%|¢+|2+clx%|go [2)dx
Q

1 B
+ Z/ (czxf|<p+|1’ + 0l |I’)dx} = Co, (3.8)
Q

where Cq does not depend on b. For n large enough, it follows that

1 a
Co+ 12 I, (n,) = Iy, (up,) = 3T, (up,), ) = 7 lan, |1 3.9)

Then, {u;,} is bounded in H.
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Step 2. There exists a subsequence of {b,}, still denoted by {b,}, such that u;, — ug weakly
in H. Then, ug is a weak solution of (1.19). Since uy, is the least energy sign-changing solution
of (1.1) with b = b, then by the compactness of the embedding H — L4(2) for 2 < g < 2%,
we deduce that u,, — ug strongly in H as n — oo. In fact,

2
lup, — uoll

= (Ién (up,) — Iy(uo), up, — uo) — by / |Vubn|2dx/Vubn (Vu;,,1 — Vuo)dx
Q Q

+ / f(uhn)(ubn — uo)dx — / f(uo) (u;,n — uo)dx — 0, asn— oo.
Q Q

Then, ug # 0 and u( changes sign only once.

Step 3. Suppose that vy is a least energy sign-changing solution of (1.19), the existence of
vo was proved by Bartsch, Weth and Willem in [6], Proposition 3.1. By Lemma 2.1, for each
b, > 0, there is a unique pair (shn, tbn) of positive numbers such that

Sb»zv8_+tbnv()_ e My,.

Then, we have

2
a(sbn)znuguz+bn(sbn)4(f|va|2dx) +bn(sbnzbn)2/|w;|2dxf|va|2dx
Q Q Q

= f f(sp,v8)s, vg dx, (3.10)
Q

and

2
ats, Py 12+ b 10,)*( [ 1955 Patx) 005,16, [ 1905 Pty [ 1905 P
Q Q Q

:/f(tbnva)tbnvadx. 3.11)
Q
Recall that v(jf satisfies
a||voi||2:/f(v3t)v(ﬂfdx. (3.12)
Q

Up to a subsequence, one can easily check that

(S, > tp,) — (1,1), asn — oo. (3.13)
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Now, we can prove u is a least energy sign-changing solution of (1.19) which changes sign only
once. From (3.13) and Lemma 2.3, we have

Io(vo) < Io(ug) = lim Iy, (up,) = lim I, (u} +u, )
n—oo n—oo n n
< lim 1y, (s5,v9 + 16,9 ) = lo(vg +vg) = lo(vo).- (3.14)
This completes the proof of Theorem 1.3. O
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