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Abstract

We consider the fractional Hartree equation in the L2-supercritica1 case, and find a sharp threshold

of the scattering versus blow-up dichotomy for radial data: If M [ug]% Elugl <M [Q]% E[Q] and

s=sc s=sc.
M[uo]f_c||u0||2.s < M[Q] sc ||Q||§:IS, then the solution u(z) is globally well-posed and scatters; if
Mlug] ¢ Elugl < M[Q]  E[Q] and Mlug] % |lugl%,. > M[Q] % [|Q||%., the solution u(r) blows

HS HS’
up in finite time. This condition is sharp in the sense that the solitary wave solution e Q(x) is global but
not scattering, which satisfies the equality in the above conditions. Here, Q is the ground-state solution for
the fractional Hartree equation.
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1. Introduction

In this paper, we study the fractional Hartree equation, which is the L>-supercritical, nonlin-
ear, fractional Schrédinger equation.

1
ity — (—=A)u + (— = |uHu =0, (1.1
|x|”

with 0 <s < 1 and 2s < y < min{N, 4s}, where i is the imaginary unit and u = u(t, x): R x
RN — C is a complex valued function. The operator (—A)* is defined by

1 .
(—8)u=—— / g U(E)dE = FU g Flul®)],
Qn)7

where F and F~! are the Fourier transform and the Fourier inverse transform in RY, respec-
tively. The fractional Schrédinger equations were first proposed by Laskin in [28,29] using the
theory of functionals over functional measures generated from the Lévy stochastic process and
by expanding the Feynman path integral from the Brownian-like to the Lévy-like quantum me-
chanical paths. Here, s is the Lévy index. If s = % and y =1, then (1.1) models the dynamics of
(pseudo-relativistic) boson stars, where % is the Newtonian gravitational potential in the appro-
priate physical units, which is also called the pseudo-relativistic Hartree equation (see [10,30]).
The global existence and blow-up have been widely studied in [13,31]. For the classical Hartree
equation, a large amount of work has been devoted to the theory of scattering and blow-up, see
for example [34-37].

Eq. (1.1) is the L?-supercritical, nonlinear, fractional Schrédinger equation. Indeed, we re-

mark on the scaling invariance of Eq. (1.1). If u(¢, x) is a solution of Eq. (1.1), then ut(t,x) =
N—y+2s
AT 2

u(A*t, Ax) is also a solution of Eq. (1.1). This implies that

(1) Jlu*||re = lullzre, where pe = 2% When y > 25, we see that p. > 2, and Eq. (1.1) is
N—y+2s q
called the L2-supercritical, nonlinear, fractional Schrédinger equation.
(2) H’c-norm is invariant for Eq. (1.1), i.e., ||u)”||Hs(, = ||ull gs., where s, = V_zzs.

Now, we impose the initial data,
u(0,x) =ug € H®, (1.2)

onto (1.1) and consider the Cauchy problem (1.1)—(1.2). Cho et al. in [7,8] established the local
well-posedness in H® as follows: Let N > 2, 1 <s <1land 0 <y <min{N, 4s}. If the initial
data ug € H®, then there exists a unique solution u(¢, x) of the Cauchy problem (1.1)-(1.2) on
the maximal time interval / = [0, T') such that u(s, x) € C(I; H*)) C'(I; H™®) and either T =
400 (global existence) or both 0 < 7' < +o00 and tlin% llu(t, x)|| gs = 400 (blow-up). Moreover,

forall r € I, u(t, x) satisfies the following conservation laws.
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(i) Conservation of energy:

2 2
Elu(t)] = % /ﬁ(—A)Xudx — % / %dxdy = Elug]. (1.3)
RN RN RN

(ii) Conservation of mass:

Mlu(t)] = / |u(t,x)|2dx=M[uo]. (1.4)
RN

Now, even less is known about the global well-posedness and scattering results. To the au-
thors’ knowledge, Cho et al. in [8] gave some small data results. First, they addressed the
energy-supercritical case, i.e., 45 <y < N, and set some o > y_TZY Assume that the initial
data |lug||ge are sufficiently small; then, there exists a unique solution u € C([0, 00); H*) N

L2(0, oo; H‘)‘z},'s_l), where HJ = (—A)_%Lq. Moreover, there is ¢ € HY such that
N=2

lu@) — e " ¢F | ga — 0, as t — +o0.

Moreover, for the energy-subcritical case and for sufficiently small radial data ug € H; (the
radial functions in H*), they presented some global well-posedness results: for 2NL—1 <s<l,
2s <y < min{4s, N}, there exists a unique solution

_6s
u(t, x) € Cp([0, 00); HE, )N L) > (0,00; H -
N-ZE

However, they did not consider the scattering results in this case. On the other hand, as a typ-
ical dispersive wave equation, under certain conditions, the solution of the nonlinear fractional
Schrodinger equation (1.1) may blow-up in finite time. In light of the above phenomena, a natu-
ral question would be how small of initial data will induce the global existence of the solution.
Furthermore, does this global solution scatter at either side of time?

Motivated by this problem, we study the scattering versus blow-up dichotomy of the solutions
for the focusing Lz-supercritical, nonlinear, fractional Schrodinger equation (1.1). Similar to
studies on the classical semi-linear Schrédinger equation (see [5,33,38]), we attempt to use the
variational method to find a sharp threshold of blow-up and global existence of the solutions to
(1.1). The first topic is the ground-state solution of the equation

1
(=0 Q+Q—(—x[0H0=0, QecHRY). (1.5)

x¥

The existence of a non-trivial solution of Eq. (1.5) has been studied in [19,40], and the stability
of related standing waves has been obtained in [9,14,39]. In [40], the second author of this paper
obtained a sharp Gagliardo—Nirenberg inequality, which reveals the variational characteristic of
the ground-state solutions for Eq. (1.5): Let N > 2,0 <s < 1 and 0 < y < min{N, 4s}. Then,
forallve HS,
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@) Pl
// X —y| —————dxdy < Cgn ||v||2 IIUIIHS, (1.6)

where Q is a solution of (1.5),

Y
4s 1 ds —y\*» 4s
Con=" 45— 1= ( ) . 1.7
s VS 4 — 2

7ol el v /o Gs=plel;

Given the fractional operator (—A)*, the classical Virial identity argument fails, and the existence
of blow-up solutions for (1.1) presents a particular difﬁculty The numerical observations of
blow-up solutions have been studied in [1,2], when s = 2, y = 1. The theoretical proof of the
existence of the blow-up solutions of (1.1) has been presented by Cho et al. in [7]. They proved
that if y = 2s > 1 and the initial energy is negative, then the life span [0, T') of the corresponding
solutions must be finite (i.e., T < 4+00). In [40], by establishing some new estimates, Zhu proved
the existence of a finite-time blow-up solution for (1.1) with y = 2s and the dynamics of blow-up
solutions. We note that the sharp threshold of blow-up and global existence for (1.1) with y > 2s
remains unknown.

In the present paper, we first construct two invariant flows by injecting the sharp Gagliardo—
Nirenberg inequality proposed by Zhu in [40], which strongly depend on the scaling index
Se = %25 and conservation laws. Then, we obtain the sharp criteria of blow-up and scatter-

ing for the Lz-supercritical, nonlinear, fractional Schrodinger Eq. (1.1) in terms of the arguments
in [15,20,21,26]. The main theorem is as follows.

Theorem 1.1. Let N > 2 and 2s < y < min{N,4s}. Assume that uy € H® is radial and
M[uo] e E[uo] < M[Q] e E[Q], where Q is the ground-state solution of (1.5).

@) If%fs<1and

Miugl = lluolly,, < MIQ1 % [1QII%,.

then the corresponding solution u(t) of (1.1)—(1.2) exists globally in HS._MOreover, u(t)
scatters in H®. Specifically, there exists ¢+ € H® such that li;n lu@) —e "D gy || gs =
— 00

0.
(ii) Further, if the initial data ug € H* with sy = max{2s, VTH} and

Miugl = lluoll3,, > MIQ] % [1QI7,

satisfies |x|ug € L% and x - Vug € L2, then the solution u(t) of (1.1)—(1.2) must blow up in
finite time 0 < T < 4-00.

This paper is organized as follows. In Section 2, using the Strichartz estimates, we estab-
lish the small data theory and the long-time perturbation theory. We review properties of the
ground state Q in Section 3 in connection with the sharp Gagliardo—Nirenberg estimate. We can
construct the invariant flows generated by the Cauchy problem of (1.1) and (1.2) and prove The-
orem 1.1 for the blow-up part (ii). In Section 4, we introduce the local virial identity and prove
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Theorem 1.1, except for the scattering claim in part (i). By assuming that the threshold for scat-
tering is strictly below the threshold claimed, we construct a “critical element”, u., that stands
exactly at the boundary between scattering and non-scattering. This is done through a profile
decomposition lemma in H*. We then show that time slices of u.(¢), as a collection of functions
in H*, form a precompact set in H® (and thus, u. has something in common with the soliton
Q(x)). This enables us to prove that u, remains localized uniformly in time. In Section 5, by
using the localization in Section 4, we deduce a contradiction with the conservation of mass at
large times.

We conclude this section by introducing some notations. L7 := LI (RM), || - llg :==1"llLa@nys

the time-space mixed norm ||ul|zax = (fp llu(t, ~)||31()%, HS := H(RN), H* := H*(R"), and
[ +dx := [gn -dx. Fv =7 denotes the Fourier transform of v, which for v € L!(R") is given by
Fo=7(§):= f e Ey(x)dx forall £ € RN, and F~'v is the inverse Fourier transform of v(£).
91z and Iz are the real and imaginary parts of the complex number z, respectively. z denotes the
complex conjugate of the complex number z. The various positive constants will be denoted by
Corc.

2. Local theory and Strichartz estimate

In this paper, we study the Cauchy problem (1.1)—(1.2) in the form of the following integral
equation:

t
u®t)=U@ uog+i / Ut — tl)(ﬁ w lu|PHuehHdr!
X
0

where

U)p(x) =e D¢ (x) =

@)ufd“&““&aﬁ.
)2

In this section, we first recall the local theory for Eq. (1.1) by the radial Strichartz estimate (see
[17,25]).

Definition 2.1. For the given 8 € [0, s5), we state that the pair (g, r) is 8-level admissible, denoted
by (q,7) € Ay, if

2s N N
q,r=2, —+—=—-96 (2.1
q r 2
and
4N +2 1 2N—-11 1 AN+2 1 2N-11 1
<g=<o0, —< (z—-), or2=<g< , =< (z—-)
2N —1 q 2 2 r 2N—-1 g 2 2 r
(2.2)

Correspondingly, we denote the dual 0-level admissible pair by (¢',r') € Ay if (¢,r) €
A _g with (¢’, ') is the Holder dual to (g, r).
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Proposition 2.2 (See [17]). Assume that N > 2 and that ¢, f are radial; then for qj,r; >2, j =
1,2,

|U @)l Lo < ClID¢]l2, (2.3)

where DY = (—A)%,

(2.4)

! / N
L2212

t
H/Ua—ﬂﬁvbmwumnsaun
0

in which 0 € R, the pairs (q;,r;) satisfy the range conditions (2.2) and the gap condition

2s N N 2s N N
T4—=5-0, =4+==—+6.
q 2 @ r 2

Definition 2.3. We define the following Strichartz norm

lullsca,,) = sup llullzarr.
(g.r)€As,

Let (¢’, r’) be the Holder dual to (g, r), and define the dual Strichartz norm

lullsra_,y = inf Nl g = inf  ull g
S = g nyeny LT (g en L, O LTL

Remark 2.4. Notice that if

€l N l)c(1 1)
SSONCTT 2

the gap condition (2.1) with 6 = 0 right implies the range condition (2.2), which further means
that Ag is nonempty. That is we have a full set of O-level admissible Strichartz estimates without
loss of derivatives in radial case. Moreover, denoting

2N +4s

= 2.5
N+2s—vy 2.5)

qc =Tc
we check that (g, r¢) € As, # ¥ is an s.-level admissible pair.

By Proposition 2.2, for ug, f = (ﬁ * |u|?)u radial, we then have that

U @uollsag) = Clluoll2

and

t
/U@—Hxi;*wﬁmﬂmﬂ < Cll (= # Pl a
x |7 =y (o)
0 S(Ag)
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Together with Sobolev embedding, we obtain

IU®lsas) < cllPll gses

t

/U(z ~ ,1)(L * |ulH)u)dt! < C||Dsf<<i # ul)) |l s(ag)
|x|” - |x|Y 0
0 S(Ase)
and
t
IR SN NP I oo
Ut — 1N (—=  [u>)ut)dr < Cl(— * luPullsa_, -
HK x|¥ ¢
0 S(As,)

Next, we write S(Ag; I) to indicate its restriction to a time subinterval I C (—o00, 400).

Proposition 2.5 (Small data). Let ||ugll s < A be radial. Then, there exists 854 = 854(A) > 0
such that if ||U(t)u0||S(AXC) < 8sd, then u = u(t) solving (1.1) is global, and

lullsca,) < 20U @uollsca,,)s (2.6)
| D*ulls(ag) < 2clluoll gse - (2.7)

(Note that by the Strichartz estimates, the hypotheses are satisfied if ||ug|| s < C8s4.)

Proof. Set
t
_ . _ 41 1 2 1 1
Q) =U@uo+i | Ut —1t )(—I B * [v]F)v(t)de”.
0
By the Strichartz estimates, we have
1
| D% @y (V)| s(r) < clloll gse +C||DS‘[(W # [0Vl g

and

, 1
[Puo (W)Ils(A,) = U Ouollsca,,) + CIID"C[(W * [0IP) 0l g

with (¢',7") € A Applying the fractional Leibnitz [8,23,24], the Holder inequalities and the
Hardy-Littlewood—Sobolev inequalities, we have

1 1 _
”DSC[(W * |v|2)v]||Lq/Lr/ < C||DSCU(W % |U|2)”Lq,L’, + C“[W * Re(UDscv)]UHLqur/

2 -
<clID*vllLa IV g pre + cllvlinse re [9D* v paps

1
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y 2 ,
<clD*vllzaipri IVl 7ge pre + cllvliLae re |0l e Lre | D* 0| £v3 o3
2 5o
=clvllsa,) 1P vlisan.

where the pairs (q,r), (q1,r1), (3, p3) € Ao, satisfying that

1 1 2 1_2 y 1 2
ql_ q qc’ r1_ N r rc’
1 1 1 1 1 1 1 1 y 1 1
-—=—+—-=1-—-—-—, -=—4+—=1-=4+1—--——,
a qc v qg q b re p3 N roore
| 1 2 | Y 2
—=1-=-=-=, —=2-I41-=
V3 q9 4c p3 N re

Let5sd§min(%, ! ),and

B = {vlllvlisa,,) < 20U ®uollscas,)» 1D*vllsag < 2¢lluoll s} -
Then, ®,, : B — B and is a contraction on B; thus, the fixed point principle gives the result. O

Proposition 2.6. Ifuy € H® is radial and u = u(t) is global with both bounded s.-level Strichartz

norm |lullsa,,) < oo and uniformly bounded H* norm  sup |lullps < B, then u(t) scatters
t€[0,4-00)

in H® as t — ~+o0. Specifically, there exists ¢ € H® such that

lu(t) = U @)™ || s =0.

lim
t—400
Proof. We can obtain from the integral equation

t

. 1 1 2 1 1
u(t):U(t)uo—H/U(t—t )(W* luP)uhde (2.8)
0
that
u(t)—U(t)¢+=—i/U(t—tl)(#*|u|2)u(tl)dt1, (2.9)

t

where ¢ =ug +i fooo U(—tl)(ﬁ s |u)>)u(h)de!. By the Hardy—Littlewood—Sobolev inequal-
ity and the Strichartz estimates, for 0 < o <, there exist some (g, r) € Ao, (q1,71) € A6 such

that
o 1 2 o 1 2
D Uit —s)| (—— x|ulu(s,x) |ds <C|D*| (—— *x|u|")u
[ -7 |- 1Y L‘;IL"l
1 Lirr
<C DO{ 1 2
=C| ulngLrIIW*Iul IILLIzerz
o 2

< CID“ulyg ol e (210)
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where I C [0, +00),

1 1 1 2 1 1 1 1 1 y 2
—=—4+-=—4—-, —=—-4+—=—-4+=—4——1
qQq 9 9 g gq r r r2 r N r

Since ||u||ch L < 00, we can partition [0, +00) into a union of I; = [t;,¢;11],1 < j <N,
such that for every 1<j<N,|ul ch e < 6(8 is sufficiently small). Thus, by (2.8) and (2.10),

forO0<a<s,VI<j<N,

1
I1D%ullps pr < WU @ujligs -+ | D /U(t —5) ((— *JulPus, X)>

/ L1
. ‘0,
J Ly L

< IIU(l)u(t])Iqu ot CIID“ulqu LrIIMIIquL,L

2 o

<CB+Cs°|D ””L‘,’ju-

By choosing § such that C82 < 5, we see that ||D°‘u||Lz1; r <00, 1 <j<N.So we have
j

ID%u||parr < oo. By (2.9), we have for 0 <« <,

1D u(t) = U@ 2 < llull? ||Da“||Lq oL’

L LT
Taking @ = 0, ¢ = 5 in the above inequality and sending t — +00, we obtain the claim. O
Proposition 2.7 (Long-time perturbation theory). For any given A > 1, there exist €y =

€0(A) < 1 and ¢ = c(A) such that the following holds: Let u = u(t,x) € H® be radial and
solve (1.1) forall t. Let u = u(t,x) € H® for all t, and set

e=ii; — (— A)Su—l—(w*lul ).

If

o = €0 and ||U(t —t0)(u(to) — i(t0)lls(a,,) < €0,

—sc

lillsa,) <A, llellsa
then
lullsa,,) <c=c(A) < oo.

Proof. Define w = u — . Then, w solves the equation

. s 1 ) 1 =10~ 1 <10y~
lwt—(—A)‘w+(W*|w+u| )w+(W*|w+u| )u—(w*|u| Yu+e=0.

Specifically,

Please cite this article in press as: Q. Guo, S. Zhu, Sharp threshold of blow-up and scattering for the fractional Hartree
equation, J. Differential Equations (2017), https://doi.org/10.1016/j.jde.2017.11.001




YJDEQ:9080

10 Q. Guo, S. Zhu / J. Differential Equations eee (eeee) eee—see

wy = (=A)'w + (7 * wPw + (7 * @a)w + (7 * (W) w o1
+( * i + (7 * d)w + (7 * @) + (7 * (wi)ii + e =0. '
Because ||i|s(a,,) < A, we can partition [fy, 00) into N = N(A) intervals I; = [#;,711) such
that foreach 0 < j < N — 1, [lulls(a,,; ) <8 with the sufficiently small § to be specified later.

The integral equation of (2.11) with initial time ¢; is

t
W(t)zU(t—[j)'l,U(tj)+i/U(t—S)W(‘,S)dS, (2.12)
tj

where

W= 'lly « JwlPw + (ﬁ s (i))w + <ﬁ ¥ (wiD)w

(W * [w|)ii + (W * || Hw + (W * (wit))it + (W * (wil))ii + e.

Applying the inhomogeneous Strichartz estimate (2.4) on 1, we have for (q1,r1) € Ay,

lwllsag:r < lle" P2 w) sca,,: 1) +C||(W *w|? )w”Lq{Lr{ (2.13)
I

+c||<—|*<wu>)w|| d I—

| * (win))wl| i +ell(—

IIV

2\ ~
w()u /
- |y il g

+CII(W*|MI) wl ql A te II(W*(uT)) ul ql ot 1G—

| |)’ ( )) ” qi ri
”e”S’(A,SC)'

Under the condition 2NL—1 <s < 1, we easily obtain that any (g;, r;),i = 1, 2 solving

1_2_ .1 _q7__r 41

qi_qu—i_qz_ N5 T g 514
L_l_l’_l_i_L_]_)’ (2.14)
MEN TR N

should satisfy the range condition (2.2). Hence, for the above pair (q1,71) € A_,., we can find
(q2,12) € A, and apply the Hardy-Littlewood—Sobolev inequality and Holder inequalities to
find that

2 ~n2 ~12 2
”(W AP0 g S 0 02 = W 0 st = s .
I./ J
2\~ ~ 2 ~ 2 2
”(W 0P W 0 e = W05 = 81003
J

I

(2.15)
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Similarly, we have other terms estimated in the same way, and we substitute all the estimates in
(2.13) to obtain

2
lwlisag:r;) < NU@E —tp)wtj)sa,.:1;) + S llwlisa,,: 1) (2.16)
3 .
+ C(SHWHS(ASC;I]-) + c”wHS(AJC;Ij) + c“e”y([{ﬂr;]j)
<NU@ = tpwjlisa,:1;) + 082||w||S(ASC;Ij)

+eSwiSa,..zy +clwlia, .0, + céo-

Now, if § < min(1 L) and

NG
U@ —tp)wE)ll < min(1 —1 ) (2.17)
U Dw(t; .1+ ceog < min(1, , .
j FIS(Ags 1)) 0= 8/c
we obtain
lwllsag:1;) < 20U @ = tj))w(Eplsa,,:1;) + 2¢€o. (2.18)

Next, we take r =¢;1 in (2.12) and apply U (¢ — t;1) to both sides. We then obtain

lj+1
Ut —tjizDw(tj) =U0¢ —tjw(t;) +i / Uit —s)W(,s)ds. (2.19)

L
Note that the Duhamel integral is confined to /;. Similar to (2.16), we have the estimate
Ut = tjsDwtjrD s, < e’ TP 2w ) sy, + CBZHwHS(A_TC;Ij)
+edllwllsiag:ry +clwliya, ., +ceo.

Then, (2.17) and (2.18) imply
U@ —tj+Dw(j+D s, <210 ¢ —t)wEj) sca,,) + 2c€0-
Now, iterate the beginning with j =0, and we obtain
U@ = 1w s, < 2 NU @ = i)wlio)llsia,,) + 27 = D2cey <2+ ce.
Because the second part of (2.17) is needed for each /;, 0 < j < N — 1, we require that

2N+2

ceg <min(1, ). (2.20)

1
2+/6¢
Recall that § is an absolute constant to satisfy (2.17); the given A determines the number of time

intervals N. Then, by (2.20), € is determined by N = N (A). Thus, the iteration completes our
proof. O
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3. Variational characteristic and invariant sets

In this section, we first recall some variational characteristic of the ground state for Eq. (1.1)
given in [40]. Then, we can construct the invariant flows generated by the Cauchy problem of
(1.1) and (1.2). Finally, we give some refined estimates of the invariant set of the global solutions,
which are crucial for proving that the global solutions will be scattering.

Lemma 3.1 (See [40]). Let N > 2,0 <s < 1 and 0 <y < min{N, 4s}. Suppose that Q is the
ground-state solution of (1.5). Then, we have the following Pohozaev identities:

2
o=yl
— 2
ﬁ/lledx_zN y/ QDPICNE o (32
2 4 lx =yl

Remark 3.2. Let O be the ground-state solution of (1.5). In terms of the Pohozaev identities
(3.1) and (3.2), we can obtain the following properties.

(i)
Q)] |Q(y>|2
// T~ ||Q||H3 yr ||QI|2
(ii)
I0@IPI)I? y —
/Q( L)' Qdx [ dedy W”Q”z
(iii)
EloMIOI = = Y =2 joys
[QIM[Q] = 3@ )IIQII
(iv)
2 “;;fz YV
1Q11%, M1Q] .

The general fractional Laplacian was first proposed by Caffarelli and Silvestre in [4], and many
researchers have studied the related time-independent Schrodinger equations with the fractional
Laplacian (see [6,11,12,16,22,32]).

For the Cauchy problem (1.1)—(1.2), we can construct the following two invariant evolution
flows by the sharp G-N inequality (1.6) and the conservation laws. Let u € H* \ {0}, and define

Ky = (lul2, Mlul = < 1QI%,MIQ] %, ElulM[u] % < E[QIM[Q] %}
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and

s—s¢

Ko = {[lull%, M[u] = > Q% M[Q]

S—s¢
Sc¢

. E[ulMu] =" < E[QIM[Q] "~ ).

Proposition 3.3. Let N > 2 and Q be the ground-state solution of (1.5). If 0 <s < 1 and 2s <
y <min{N, 4s}, then K| and K, are invariant manifolds of (1.1).

Proof. Denote

2 2
Vo / jutt Ot P

lx — yl¥

Multiplying the definition of energy by M[u] = and using (1.6), we have

2(s—s¢) 2(s—s¢)

s=sc . 1 .
Mlul~e Elul = = llu(®ll, * ||Dfu<r>||§—L—tvw)uun2

N | =

S—S¢

Sc C S—Sc¢ )
(@)1, 1D w2 = =Z= @), 1D u@)]2)*.

=

| =

Define f(y) = 1y2 — LCany¥. Then, f'(y) = y (1 _ CGN%yV_TZS), and thus, f'(y) = 0 when

s—5¢

yo=0and y; = || Q||2J“ ID* Q|l2. The graph of f has a local minimum at yg and a local max-

imum at yi. Remark 3.2 implies that fyar = f(y1) = M[Q] % E[Q]. This combined with
energy conservation gives

s—S¢

FUuO1,* 1D u@2) < Mlu()] % Elu()]= Mluol % Elugl < f(y1).  (3.3)

Next, we shall prove Proposition 3.3 in the following two cases:

Case I: If the initial data ug € Ky, i.e., ||u0||2'rT I D%ugll2 < y1, then by (3.3) and the continu-
ity of || D’u(t)]|2 in t, we have for all time 7 € R,

s—5¢

()%, MIu()] = < ||QII%, M[Q] %" (3.4)

s—s¢

Indeed, if (3.4) is not true, then there exists #; € I such that [u(t1)],* [[D*u(t1)]l2 > y1. Be-

cause the corresponding solution u(z, x) € C(I; H®) is continuous with respect to 7, there exists
s—S¢

0 < ty < t; such that ||u(t0)||2“" |D*u(to)|l2 = y1. Thus, injecting the conservation of energy

S—S¢

Elu(10)] = Eluo] and [[u(0)ll,* [|1D*u(to)ll2 = y1 into (3.3), we deduce that

FOD) > Mluol = Eluol = Mu(to)] = Efutto)] = f(lulo)l,* 1 D*ut)ll2) = £ ().

This is a contradiction. Hence, (3.4) is true, which implies that K is an invariant set.

Case II: If the initial data ug € K>, i.e., [uoll, [D*uoll2 > y1, then by (3.3) and the conti-
nuity of || D*u(t)||2 in ¢, we have for all time ¢ € I that

Please cite this article in press as: Q. Guo, S. Zhu, Sharp threshold of blow-up and scattering for the fractional Hartree
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s—.

lu ()12, MIu@] % > 1Q1%,M[Q] . (3.5)

which implies that K is an invariant set. The proof is similar to Case I. O

Remark 3.4. From the argument above, we can refine this analysis to obtain the follow-

ing. If the condition [ugll%, Mluol % < [[Q|I%, M[Q] %" holds, then there exists & > 0

such that M[u] =" E[u] < (1 — $)M[Q] * E[Q], and thus, there exists o = 0(8) such that

s—S¢

lu@ll,* 1D u@®)ll2 < (1 =380)lIQl,* [ID*Qll2, where u = u(t) is the corresponding solution
to Eq. (1.1).

Theorem 3.5 (Global versus blow-up dichotomy). Let ug € H®, and let I = (T_,T}) be the
maximal time interval of existence of u = u(t) solving (1.1).

(i) Ifuo € Ky, then I = (—00, +00), i.e., the solution exists globally in time.
(i) Ifuo € Ko ) H* is radial, |x|ug € L? and x - Vug € L?, where sy = max{2s, VTH}, then the
corresponding solution u(t) of (1.1) must blow up in a finite time 0 < T < 4-00.

Proof. (i) By the invariance of K, we see that (3.4) is true. In particular, the H*-norm of the
solution u is bounded, which proves the global existence of the solution in this case.
1

Se 2s 2sc
(i1) Denote A := ((4S}iy> %) . Using the invariance of K>, we have ||u(¢) ||i.” >A?

for all ¢ € I. It follows from [7.40] that |x|u(s) € L? and x - Vu(t) € L2, and for all t € I (the
maximal time interval), f ux (=AY S xudx is non-negative and

r 1t
/ﬁx(—A)l_qude//(ZyE[u(r)]—(y—2s)||u(r)||2-x)dtdt+Ct+C. (3.6)
0 0

> A2 to (3.6), we

s

Applying the fact that for all # € I, E[u(t)] = E[ug] < Vz;yZSA2 and ||u(r)||§.1
deduce that forall r € 1

r ot
: -2
/‘ﬁx(—A)léxudx<//<2yy i
2y
00

Hence, there exists a constant C > 0 such that for all r € 1

A —(y — 2s)A2) drdt +Ct +C.

/ﬁx(—A)qudx <—Cot’+Ct+C.

For sufficiently large 7|, the left-hand side is negative, while [ux(—A) =S xudx is non-negative,
which means that both 7_ and T, are finite. Specifically, the solution u(¢, x) of the Cauchy
problem (1.1)—(1.2) blows up in finite time. O
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Lemma 3.6.Let ug € Ki. Furthermore, take § > 0 such that M[uo]%E[Mo] <

s—S¢

(1 = 8M[Q] s« E[Q]. If u =u(t) is a solution to problem (1.1) with initial data ug, then
there exists Cs > 0 such that for all t € R,

1D u3 - Z—SV(u) > Gyl D*ul2. 3.7)

Proof. By Remark 3.4, there exists 69 = 80(8) > 0 such that for all r € R,

s—s¢ s—Sc¢
Sc

lu@l, 1D u@®)ll2 < (1 =380)[Ql,

1D* Q2. 3.8)

Let

1 Z(x;sc) s 5 y Z(S;S(-)
h(t) = ——— (u®ll, 1D u®I3 = 2=V @llu®l, * )
1o, * 1IDs QI3

and g(y) = y*> — y%. By the Gagliardo—Nirenberg estimate (1.6) with the sharp constant Cgy

(1.7), we can obtain h(t) > g <M) . By (3.8), we restrict our attentionto 0 < y <
Iel, ™ 1D Qll

1 — 8o. The elementary argument gives a constant Cs such that g(y) > Csy>if 0 <y <1 — 8.
This indeed implies (3.7). O

Lemma 3.7 (Comparability of gradient and energy). Let ug € K. Then,

y —2s
2y

1 ,
ID°u@)Il3 < E[u()] < illeu(t)H%-

Proof. The expression of E[u(t)] gives the second inequality immediately. The first inequality
is obtained from

2sc

s—=S¢

1 1 1 2 Diulollull,* \ _2
SIDulE = SV = S0l | 1- = D ulall ~ = =Dl
1D Q211 011, v

where we have used (1.6), (1.7) and (3.4). O

To establish the scattering theory, we need the existence result of the wave operator Q7 :
o > vg.

Proposition 3.8 (Existence of wave operators). Suppose that ¢ € H® and

§—

1 Sc . S=S¢
EM[W] o |DS¢tII5 < M[Q] % E[Q]. (3.9)

Then, there exists vg € H® such that v = v(t) globally solves (1.1) satisfying
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s—Sc¢ S—Sc¢
S

: 1
ID v @)2llv@®],* < ID°Ql2llQlL* . Mlvl=lé* 5, E[v]=§||DS¢>+II§,

and
lim [[v(t) —U@®)¢™ | us =0.
t—+00
Moreover, if ||U(t)¢+||s(ASC) < 854, where 8y is defined in Proposition 2.5, then

I0llsca,) < 20U O  lIsas), 1D*vliscag) < 2¢ll¢™ Il fse

Proof. In this paper, we always use v(t) := FNLS(t)vy to denote the solution v = v(t) of
Eq. (1.1) with the initial data v(0) = vg. First, similar to the proof of the small data scattering
theory Proposition 2.5, we can solve the integral equation
i 1
V() =U@)pT —i / Ut — 1t (—— = [vP)o(h)dr! (3.10)

=17
t

for t > T with T large. In fact, there exists 7 > 1 such that ||U(t)¢+||5(AS(;[T,+OO)) < 6sd-
Now, from (3.10), we again obtain by the Strichartz estimate and the Hardy—Littlewood—Sobolev
inequality that

1
ID*v() | s(Ap: (7,000 < cID T Nl 2 + | D [(— * |U|2)U]||Lq’ I
[- 1Y (T, +09)

<c||D*¢T ;2 4 cl|D¥ vl 4 v
<clD’¢" | ll ||L[71',+90)Lr1 l ”L?%,+ n

0)

+cljv],» v, Dv|,»
” ||L[T1,+oo)l‘pl ” ||L[%,+00)Lp2 ” ”L[;.Jroc)Lﬂ}
2
=< C||DS¢+||L2 + C”U”S(ASU;[T,.;_OO))||DSU(Z)||S(A0;[T‘+oo))»

where (¢,7), (q1,71), (v3, p3) € Ao, (g2, 72), (1, p1), (2, p2) € A, which indeed can be cho-
sen as (q2,2) = (Y1, p1) = (2, p2) = (qc, re) € As,, With (gc, r¢) defined by (2.5). Similarly,

2
10O Is(apiT. 400 < T2 + vl a7, 00y POl s(agi1T 4000

Following Proposition 2.5, we obtain for sufficiently large T

IVl sA: [T, +00)) + 1DVl s(Ag: T, 400)) < 2¢ldF Il s

Using a similar approach with ¢ > T', we obtain

v — U@ T ls(Ag:T. 400y + I1D* (W — 2N s(Ap:[T.400)) = 0, as T — +o0,

which implies v(t) — U(t)¢* — 0 in H*, and thus, M[v] = [|¢*||3. Because U(t)p™ — 0
in L? for any p € (2, %] as t — +oo, by the Hardy-Littlewood—Sobolev inequality,
V(U (t)¢pT) — 0. This together with the fact that | DU (t)¢™ |2 is conserved implies
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Efvl= lim (21D UMHIE - ~VWU©OF) = 21D 3.
1—>+00 2 2 4 2 2
Considering (3.9), we immediately obtain M[v]% E[v] < E[Q]M[Q]%. Note that

2(s—sc¢) 2(s—s¢)
1' t Sc DS t 2 — 1 t + Sc DS t +112
Jim Jo@fl, * [1Dv@l;= lim U@, * 1DV

2(s—s¢)

— ¢TI, © D¢ I3 <2E[QIM[Q]

)/_ZS 2(5.;5'(‘)
> Iol, * I1D*Ql3,

where we used (3.9) and Remark 3.2 in the last two steps. Thus, due to Theorem 3.5, we can
evolve v(t) from T back to time 0 and complete our proof. O

4. Critical solution and compactness

From this section, we begin to prove the scattering part of Theorem 1.1. Let u = u(¢) be the
solution of (1.1) such that the assumption of Theorem 1.1 holds. Then, we know from Theo-
rem 3.5 that u(¢) is globally well-posed. Thus, combined with Proposition 2.6, our goal is to
show that

lullsa,,) < oo, 4.1)

which implies that the solution of (1.1) is H® scattering.
We say that SC(ug) holds if (4.1) is true for the solution # = u(¢) with the initial data u.

s—sc $=S¢
‘We first claim that there exists § > O such that if E[ug]M[ug] *« < éand ||u0||2’“" I DSugll2 <

1Q1l,* 1ID* Qll, then (4.1) holds. Indeed, if

e e B
EluolM[uo] = <;C33‘§1,

where 854 is simply the Cd;qs appearing in Proposition 2.5, and [luoll,

1Q1l,* 1ID* Qll2, we obtain from Lemma 3.7 that

—sc
Sc

[D*uoll2 <

Sc
2(s—s¢) 2s¢ K

2 R N 4 e ) F 2
luollyse = lluoll, * 1D uoll,” = S—E[MO]M[MO] se <8
C

2s

which implies that SC (u#¢) holds by the small data theory. The claim holds for § = %8 Ag Now,
for each 8, we define the set S5 to be the collection of all such initial data in HS:

5=

Ss=1{uo € H : E[uolM[uo] > <8 and Mluo] = |Duoll3 < M[Q] * |D*Ql3}.
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We also define that (M E). = sup{8 : uo € S5 = SC(u) holds}. If (ME). = M[Q] ~ E[Q],
then we are done. Thus, we assume now that

(ME). < M[Q] = E[Q]. 4.2)

Then, there exists a sequence of solutions u, to (1.1) with H® initial data u, o (note from
the beginning of the above section that we can rescale them to satisfy |u,||» = 1) such that

[D*unpoll2 < 1Ql1,* II1D*Qll2 and E[uy 0] { (ME). as n — oo, and SC(uo) does not hold for
any n.
Our goal in this section is to show the existence of an H* solution u. to (1.1) with initial data

te,0 such that Jlucoll, [D%ucollz < 1Q1,% IID°Qll2 and Mlucol % Elucol = (ME), for
which SC (u.,0) does not hold. Moreover, we will show that {u. (¢, -)|0 <t < 0o} is precompact
in H®. This will play an important role in the rigidity theorem in the next section, which will
ultimately leads to a contradiction.

Prior to fulfilling our main task, we will first introduce a profile decomposition lemma that is
highly similar to that in [20], which is for the cubic Schrodinger equation in the spirit of Keraani’s
arguments in [27].

Lemma 4.1 (Profile expansion). Let ¢, (x) be a radial and uniformly bounded sequence in H®.
Then, for each M, there exists a subsequence of ¢, also denoted by ¢, and

(1) for each 1 < j < M, there exists a (fixed in n) profile ¥/ (x) in H*,
(2) foreach 1 < j < M, there exists a sequence (in n) of time shifts t;,
(3) there exists a sequence (in n) of remainders W,f” (x) in H® such that

M
$(x) =Y U(=t)¥! (x) + WM (x).

j=1

The time and space sequences have a pairwise divergence property, i.e., for 1 < j #k <M, we
have

lim |1] — %] = +o0. 4.3)

n——+00

The remainder sequence has the following asymptotic smallness property:

. . M _
tim [ lim [U@OW," lIsa,0]=0. (4.4)

M—+oco n

For fixed M and any 0 < a < s, we have the asymptotic Pythagorean expansion:

M
InlZe =D 107 130 + W12, + on (D). 4.5)
j=1
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Remark 4.2. The proof of the linear profile decomposition could simply follow the proof in [15]

without any significant changes. Furthermore, from the proof, the vanishing property (4.4) could
be improved to

lim [ lim |U@®OWM|e:1=0, V(q,r) satisfies (2.1) with § = s, (4.6)
M—+00 n——+00
especially,
lim [ lim |U@OWHY| o ]1=0. 4.7
M—+o00 n—>+00 Lo, N=2s¢

Lemma 4.3 (Energy Pythagorean expansion). In the situation of Lemma 4.1, we have

M
El¢u] =) ELU(=t)Y/ 1+ EIW, 1+ 0,(1). (4.8)
j=1

Proof. According to (4.5), it suffices to establish that for all M > 1,

M
Vign) =Y VWUDY!) + VWM. (4.9)

j=1

There are only two cases to consider. Case 1. There exists some j for which t,{ converges to a

finite number, which without loss of generality, we assume is 0. In this case, we will show that

lim V(WM) =0 for M > j, mf V(U (~t*y*) =0 for all k # j, and hT V(pp) =
n—+00 n——+0oo

n—+00
V(y¥7), which gives (4.9). Case 2. For all j, |t]| — 4o00. In this case, we will show that
lim V(U(=t5)y*) =0 for all k and that lim V(¢,) = lim V(WM), which gives (4.9)
n—+00 n——+00 n— 400
again. .
For Case 1, we infer from the proof of Lemma 4.1 that W,fl — wj, as n — 4o00. By
the compactness of the embedding HS — LP,Vp € (2, %), it follows from that Hardy—

Littlewood—Sobolev inequalities that V(W,{_l) — V(¥/) as n — +o0. Let k # j. Then, we
obtain from (4.3) that |t,’1‘| — +00. As argued in the proof of Lemma 4.1, from the Sobolev em-
bedding and the L? spacetime decay estimates (or the dispersive estimates; see [ 18]) of the linear
flow, we find that V(U (—=t%)y*) — 0, as n — +o0. Recalling that

j—1 i—1 i—
Wil =gy — U=ty = = U (=t g/,
we conclude that V(¢,) — V(w-/ ). Because
WM =wl™ =yl — U=yt = U=y,

we also conclude that lim V(W,f” )=0for M > j.
n——+4o00

Case 2 follows similarly from the proof of Case 1. O
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Proposition 4.4 (Existence of a critical solution). There exists a global solution u. = u.(t) in
H? with initial data u. o such that ||ucoll2 =1,

S §—.

o E[Q], |D*ucl3 < M[Q] 5 |D°QI3. for all 0<t < oo,

Elucl=(ME). < M[Q]
and
llucllsa,,) = oo.

Proof. Recall that we have obtained the sequence ||u,||2 = 1 described at the beginning of this

section satisfying ||DSun,o||% < M[Q] ¢ ||D5Q||% and E[u, 0l { (ME). as n — 400. Each u,
is global and non-scattering [lu,|ls(a,,) = 00. We apply Lemma 4.1 to u,, o, which is uniformly
bounded in H¥, to obtain

M
n,0(x) = Y U=ty (1) + W (x). (4.10)
Jj=1

Then, by Lemma 4.3 (Energy Pythagorean expansion), we further have
M .
> lim E[U(—)y/]1+ lim E[W)]= lim E[u,o]=(ME)..
- 1n%+oo n—+o0o n—+o00
]:

Also by the profile expansion, we have

M
1D un oll3 =D _ID U=6DY |5+ 1D W3 + 04 (1),
j=1

and

M
L= lunoll3 =D 19715+ W13 + 0n(1). (4.11)
j=1

We know from the proof of Lemma 3.7 that each energy is nonnegative, and thus,

lim E[U(~)y7] < (ME).. (4.12)

Claim A: only one v/ # 0.

If more than one 1/fj # 0, we will show a contradiction in the following, and thus, the profile
expansion will be reduced to the case in which only one profile is non-trivial.

For this, by (4.11), we must have M[/] < 1 for each j, which together with (4.12), implies
that for sufficiently large n,

s—.

MIU(—t)yi 1= E[U(=t))y/] < (ME)..
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For a given j, if |f]| — 400, we assume #; — +00 or f;, — —o0 up to a subsequence.
In this case, by the proof of Lemma 4.3, we have nETOOV(U(—t,’f)wk) = 0, and thus,
L e sz ] i s Iyrd 112 -

sl Dy = SN0 =t) ¥ N, ID*U(—=t) ¥/ 3 < (ME)c. Then, we obtain
from the existence of wave operators (Proposition 3.8) that there exists 1/ such that

IFNLS(—t)7 — U=ty ||gs — 0, as n — 400

with

s—Sc¢
Sc

1911,
- . . 1 .
19702 = 1Yilla, El/]= EHDSWII%,

s—s¢
Sc

ID*FNLS@)¥/ 2 <111, I1D*Qll2

and thus,

S—S¢

My 5 E[y/]1 < (ME), IIFNLS(t)|sa,,) <oo.

If, on the other hand, for the given j, t,{ — ¢/ finite, then by the continuity of the linear flow
in H®, we have

U(—t))yd — U(=t")y! strongly in H*.

In this case, we set ¥/ = FNLS(t)[U(—1")y/] so that FNLS(—t’)W =U(—t)y/.
Above all, in either case, we have a new profile ¥/ for the given ¥/ such that

IFNLS(—t )0/ — U(=t)¢/ | gs — 0, as n — +oo.
As a result, we can replace U(—t,{)wj by FNL S(—t,{)&j in (4.10) and obtain
M o
un0(x) =Y FNLS(—t:)P (x) + WM (x),
j=1
where

lim [ lim U)W s, )]=0.

M—+00 h—>+00

To use the perturbation theory to obtain a contradiction, we set v/ (t)=FNLS (t)l[fj ,Uup(t) =
FNLS(t)u,,0 and

M .
(1) =) vt —1).

j=1

Then, we have
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o - o 1 P
P10y — (=AY Uy + (—= * Uy, =ep,

[- 1Y
where

M

1 . . 1 . . . .
en =y liin|*)itn — Z(W vl (¢ = )Pl (¢ — 1),
j=1

In the near future, we will prove the following two claims to obtain the contradiction:

e Claim 1 — There exists a large constant A independent of M such that the following holds:
For any M, there exists ng = no(M) such that for n > ng, ||uy, lls(a,) < A.
e Claim 2 — For each M and € > 0, there exist ny = n{(M, €) such that for n > nq,
les ”L"i o < € for some pair (q1,71) € A_g,.
Note that if the two claims hold true, because i, (0) — u,(0) = W,{” , there exists M| = M (¢)
such that for each M > M, there exists ny = na(M) satistying [|U (1) (i1, (0) —u, (0))|[s(a,,) < €.
Thus, now by the long-time perturbation theory Proposition 2.7, we have for sufficiently large n
and M that ||u,||sa,,) < 00, which is a contradiction, giving Claim A. Thus, it suffices to show
the above claims. _
Let My be sufficiently large such that |U (t)W,fw i S(Ag) = 8sa- Thus, we know from the def-
inition of W,{WO that for each j > My, it holds that ||U(t)vj(—t,{)||5<A&) < §;4q. Similar to the
small data scattering and Proposition 3.8, we obtain

v/ (t — ) llsca,,) < 20U O (=) l1s(a,,) < 285d- (4.13)
and
ID% v (t — )|l scag) < v (=61 gse fOr j > M. (4.14)

Recall that [[v/ (=) — U (=t )y | s« = 0 as n — +o0. Then, (4.14) implies for n large and
Jj > My that

1D/ (¢ — )1 scag) < el (—6DW | gse = el L e (4.15)

Thus, by elementary calculation, we have that

My M
~ 114 j 1de i 119
litnl e o = Y 0 0 pae + D W 15 o + crossterms (4.16)
j=1 j=Mo+1
My M
i 119¢ j 119c
< Z v/ 7% pac +¢ Z 171, + crossterms.
j=1 j=Mo+1

Note first that by (4.3), the crossterm can be made bounded by taking ng as sufficiently large.
On the other hand, by (4.10) and Lemma 4.1,
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M
lttn 0115, = Z 1y 1%, + Z 1 1%, + IWM 1%, + oa(D), (4.17)
J=Mo+1
2(N+42s)

N+2v y

which shows that the quantity Z J=Mo+1 V& || is bounded independently of M. Hence,

(4.16) gives that ||, || L4 Lac 1s bounded 1ndependently of M for n > ng. A similar argument will

show that ||ii, || 2 is also bounded independently of M provided that n > ny is sufficiently
LX®L N=2s¢

large. According to the definition of the Strichartz norm introduced in Section 2, the boundness
of ||inls(a,,) can be obtained by interpolation between the two exponents. Then, finally, we have
obtained that Claim 1 holds true.

Now, we turn to prove the second claim. We easily have the following expansion of e,:

M
en = ﬁ*@v/’(r—n{nz Zv/(r—m)—Z(W*wa—w )vf'(r—té')
j=1

M M

M
1Y vl —ahP =Y e | | Y v —d)
j=1

j=1 j=1

M ) M ) M 1
— Y =)D v -6 =) (W x |vf(r—rn>|2) vl (1 — 1)
j=1 j=1 j

=1

M

= i* |va<r LI wa(r P D v -
- Jj=1 Jj=1 j=1
AV
+Z<—*|v’(f i) )Zuk(t—z,’;)
A\ T oy
j= #J

The focus now is on how to estimate the cross terms. Assume first that j # k and |f;] — t,’f| —
+00; then, taking one of the cross terms for example, we have

H(ﬁ s [/ P)(t — 1) (4.18)

= H(ﬁ % [v! ) (OvF (@ + 1] — 15

{ L'{ L‘?Q L’{

Using a similar argument as in (2.15), for the above pair (g1,71) € A_;,, we can find
(q2,1r2) € A, and apply the Hardy-Littlewood—Sobolev inequality and Holder inequalities to
obtain

) k
< 1 Zge pre 10 I La2 12

”(— * [o! YOk + 1] — 1)
L

2 k
< 10713 n 1 10¥ st
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If j #k, by (4.3), |t,{ — t,’f| — 400, and then, we find that (4.18) goes to zero as n — oo.
Observe that all other cross terms will have the same property through similar estimates, and we
have proved Claim 2.

Claim 1 and Claim 2 imply Claim A. We have reduced the profile expansion to the case
in which ¥! £ 0, and ¥/ = 0 for all j > 2. We now begin to show the existence of a critical
solution.

By (4.11), we have M[y'] < 1, and by (4.12), we have HETOOE[U(—;;)W] < (ME).. If

t,{ converges and, without loss of generality, t,} — 0 as n — 400, we take ¥' = ¢!, and then,
we have ||FNLS(—t,1)w1 — U(—t,})w1 |l s = 0 as n — +o0. If, on the other hand, t,} — +00,
then by the proof of Lemma 4.3, we have again lirJIrl V(U(—tﬁ)wl) =0, and thus,

n—+0oo

1 .
SIDV IR = lim E[U(—1,)9'] < (ME)..

Therefore, by Proposition 3.8, there exist 1}1 such that M[t}l] = M[wl] <1, E[l}l] =
HIDS Y3 < (ME)., and [|[FNLS(—tH)¥! — U(—tH) ¢!l us — 0 as n — +oo.

In either case, if we set W,f” = W,{” + (U(—z‘,{)wl — FNLS(—I‘,%)@ZI), then by the Strichartz
estimates, we have

IUOW s,y < NUOWM Iscay,) + U=t — FNLS(—=t)¥ ! ll5(a,,)-
and thus,

. =M o M
nl}I}rloo NUOW, s, = nEToo NU@OW, s, -
Therefore, we have
Uno=FNLS(—tHyh) + WM

with M(y') <1, EQ') < (ME).and lim [ lim [[U@WM|sa, )]1=0.Let u. = u.(r) be
M—+00 n—+00 ¢

the solution to (1.1) with initial data u. o= Y. Now, if we claim that ||u.|| S(Ay,) = 00, then it
must hold that M[u.] =1 and E[u.] = (M E)., which will complete the proof. Thus, it suffices
to establish this claim. We argue by contradiction to suppose otherwise that

A=|FNLSt —tH¥' Isa,) = IFNLSOU lIsa,,) = lucllsa,,) < oo.

By the long-time perturbation theory Proposition 2.7, we obtain €y = €p(A). Taking M as suf-
ficiently large and no(M) as large enough that for n > nj, it holds that ||W,f” lls(a,) =< €o-
Similar to the proof in the first case, Proposition 2.7 implies that there exists a large n such
that [|uc|ls(a,,) < 00, which is a contradiction. O

Proposition 4.5 (Precompactness of the flow of the critical solution). Let u. = u.(t) be as in
Proposition 4.4; then, if |uc |l 510, +o00); A5,) = 0©,

{uc(t, )|t €[0,400)} C H*

is precompact in H®. A corresponding conclusion is reached if ||uc|ls((~00,01: A5,) = OO
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Proof. We will argue by contradiction and write u = u, for short. Otherwise, we will obtain an
n > 0 and a sequence t,, — +00 such that for all n # n’,

Nutn, ) —ulty, Hllas =n. (4.19)

We take ¢, = u(t,) in the profile expansion Lemma 4.1 to obtain the profiles ¥/ and a remainder
W,f” such that u(¢,) = ijzl U(—t)Hyd + W,f” with ;) —t,]f| — 4ooasn — +oo forany j #k.
Then, Lemma 4.3 gives

M
> lim E[U(=i)y/1+ lim E[W)Y]=Elu@,)]= (ME)..
Jj=1

Similar to the proof of Lemma 3.7, we know that each energy is non-negative, and thus, for
any j,

lim E[U(—))¥/1 < (ME),.

Moreover, by (4.5), we have

M
ZMWjH_ hT M[Wriw]z lirf Mlu(s)]=1.

If more than one v/ # 0, following the proof in Proposition 4.4, we can show that this case
will contradict the definition of the critical solution # = u.. Thus, we will address the case in
which only ¢! # 0 and v/ = 0 for all j > 1, and thus,

uty) =U(=tHy' + WM. (4.20)
In addition, as in the proof of Proposition 4.4, we find that M[wl] =1, liI_E E[U(—t,%)lﬂl] =
n——+0o0

(ME)., lim M[WM]=0and lim E[WM]=0. Thus, by Lemma 3.7, we obtain
n—-4o00 n—-4o00

lim [WM |y =0. 4.21)

n—-+00

We claim now that t,i converges to some finite #! up to a subsequence. Note that if this holds,
because U(—t,})lﬂl — e_”lAl,//1 in H® and by (4.20), (4.21) implies that u(f,,) converges in H*,
which contradicts (4.19); we thus conclude our proof.

Now, we show the above claim by contradiction. Suppose that tr} — —o00. Then,

U (0t 5as, 5104000 < NU = tD)U s(ag, 10,400 + 1T O WM [Is(A,, :10,400))-
Because

. Iy 1 T 1 _
Jim U = 1) lsag:t0.400) = MU OV lsea,,: 14} 400 =0
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and ||U (t)W,f” ls(a,) < %8“1, by taking n as sufficiently large, we obtain a contradiction to the
small data scattering theory. If other tnl — 400, we similarly obtain

1
U @)u (@), : (—00.0p) < §5sd.

Thus, the small data scattering theory (Proposition 2.5) shows that
lulls(ag,: (—c0.ta]) < Osd-

Because t, — +o0co by the assumption in the beginning of our proof, sending n — 400, we
obtain [[u[ls(a,,;(—oo,+00)) < dsd, Which is a contradiction. O

Corollary 4.6. Let u = u(t) be a solution to (1.1) such that KT = {u(t, )| t € [0, +00)} is pre-
compact in HY. Then, for each € > 0, there exists R > 0 such that

: 1
D%t ) +1ut, ) + (Pl x)dx < e.
[x|>R

Proof. If not, for any R > 0, there exists €g > 0 and a sequence ¢, such that
s 2 2 1 NTRY)
| D u(ty, x)|” + lu(tn, X)|” + (W * |ul?)|ul” (tn, x)dx > €.

|x|>R

By the precompactness of KT, there exists ¢ € H® such that, up to a subsequence of #,, we have
u(ty, ) — ¢ in H*. Thus, for any R > 0, we obtain

1
ID ¢ (x0)|* + ¢ (x)|* + (W % p1%)|p1* (x)dx > e,

[x|>R

from which we can easily obtain a contradiction because ¢ € H® and V (¢) < c||¢||4,s by the
Hardy-Littlewood—Sobolev inequality. O

5. Rigidity theorem
In this section, we will prove the following Liouville-type theorem.

Theorem 5.1. Let N > 2 and 2s < y < min{N, 4s}. Suppose that ug € H® is radial and that
ug € Ky, i.e.,

MTuol % Eluol < M[Q] = E[Q], (5.1)
and

Mluol 5 Juoll%, < MIQI = [1Q|2,. (5.2)
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Let u = u(t) be the global solution of (1.1) with initial data uq, and it holds that K™ = {u(t, )| t €

[0, 400)} is precompact in H®. Then, ug = 0. The same conclusion holds if K~ ={u(t,-) :t €
(—00, 0]} is precompact in H®.

Before proving the rigidity theorem, we follow the same idea of [3] to introduce the localized
virial estimate for the radial solutions of (1.1).
For u € H* with s > %, we need the auxiliary function u,, = u,, (¢, x), defined as

Up = Cs;u(t) = Cvf_lm

A+m ‘ €12 +m -3)

with ¢, =,/ ”'”%, turns out to be a convenient normalization factor. By Balakrishnan’s formula
in semi-group theory used in [3], for any u € H®, we have the identity

o
fmS/|Vum|2dxdm=s||(—A)%u||§. (5.4)
0 RN

We obtain a counterpart of Corollary 4.6.

Corollary 5.2. Let u = u(t, x) be a solution to (1.1) such that K = {u(t, )| t € [0, +00)} is
precompact in HY. Then, for each € > 0, there exists R > 0 such that

o0
, 1
/m“ / (Vi |*dxdm + / lu(t, x)1> + (— x [u>)|u)*@#, x)dx <e.

[ 17
0 |x|>R |x|>R

Proof of Theorem 5.1. It suffices to address the K1 case, since the K~ case follows similarly.
For some given real-valued function ¢ € C2°, which is radial, with

) Ix|> for |x| <1
X) =
¢ 0 for x| >2.

For R > 0, define the localized virial of u = u(¢, x) € H® to be the quantity given by
Mg () :=2Im / ﬁ(t,x)RVw(%) -Vt x)dx.
RN

Following the method used in [3], we have the identity

o0

_ X 1 X

() = f m / (4akum<a,§,¢<ﬁ>)azum - (FA2¢(E))'“W'2) dxdm +1,
0 RN

where
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1=2R/V¢>< YV () )P

[ 17

RN

_ _ -y 2

= VR//(V¢( ) V¢( ) - 7| |y+2|u(X)| lu(y)l

By the definition of ¢, we have
o0 o
/R(t)=8/ms / |Vum|2dx~|—4/ms / 82 ( )|wm| dxdm

0 |x]|<R 0 R<|x|<2R
R2/ / A%p |um| dxdm +1.

[x|>R

We rewrite I as

1= [ [ (vo(3) = Vo (5)) Tl Pt Pdsdy

2 2
=_2y/ / u () u(y)] dxdy
lx — y|”
{Ix|<R.|y|<R}

vk // // Vo () = Ve (%)) e @Pluo)Pdxay,

where
Q={(x,y) eRY xR" : R < |x| <2R}U{(x,y)eRN xRN : R <|y| <2R)}

and

(5.5)

A={(x,y)eRY xRV :|x| > 2R, |y| <R}U{(x,y)eRN xRN :|x| <R, |y| > 2R}.

Then, by the properties of ¢, we estimate [ in the following form.

_ s, // |u<x>|2|u<y)|2

2 2 2
I / / [u ()] u(y)] Ju@FOF gy +/ f | ()2 u(y)] Je@FOF ) gy
lx — y|¥ lx =yl

{lx[=R} {lyI=R}

volrf [ (ve(5)-ve(%)) TPl Pdrdy

{Ix|>R.|lx—y|> %}

equation, J. Differential Equations (2017), https://doi.org/10.1016/j.jde.2017.11.001
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o R/ / (V‘” (%) — Ve (%)) ﬁW(x)lzlu(y)lzdxdy

{Ix|>R,Ix—y|<%}

2 2
:—2)// dedy+0 /(L*|u|2)|u|2dx

lx — y|” [- 1Y

x|>R
From (5.5), we obtain
o0 o0
(1) :8/ms / Vi, |2dx +4/m5 f 82 (%) Vi, |2dxdm
0 [x|<R 0 R<|x|<2R
1 o0
X
— F/mY / A <E> lum|?dxdm + 1
0 |x|>R

oo
> 8/m5/|Vum|2dx—2yV(u) + Agr()
RN

0
4s o 5
=2y 7|ID ull3 = V@) )+ Ar(),

where by Corollary 5.2,

1 1
Ap@®) = ¢ [ 1D ullgaqy. gy + 141720y / (o *wPluldx | 5.6)
|x|>R

— 0, as R — +oo.

s—sc¢
Sc

Let § € (0, 1) be a positive constant satisfying E[ug] < (1 — ) E[QIM[Q] . It follows from
Lemma 3.6 and Lemma 3.7 that “y—s I D5ull3 — V (u) > Cs||D*ug |3, and for large R,

#() = Cs||D’uol3. (5.7)
Integrating (5.7) over [0, #], we obtain
| Mg(t) = Mg(0)| = Cstl| D*uoll3
On the other hand, by [3], we should have

IMg(t) — Mg(0)] < cR<||u||2% + |IM0|IZ%) < Cr(lullgs + lluoli%s) < CrIIQI s,

which is a contradiction for large 7 unless up =0. O
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Now, we can finish the proof of Theorem 1.1.

Proof of Theorem 1.1. Note that by Proposition 4.5, the critical solution . constructed in Sec-
tion 4 satisfies the hypotheses in Theorem 5.1. Therefore, to complete the proof of Theorem 1.1,
we should apply Theorem 5.1 to u,. and find that u.o = 0, which contradicts the fact that
llucllsca,,) = +oo. This contradiction shows that SC(uo) holds. Thus, by Proposition 2.6, we
have shown that H* scattering holds. O
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