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Abstract

We establish sharp regularity estimates for solutions to Lu = f in Q2 C R", L being the generator of any
stable and symmetric Lévy process. Such nonlocal operators L depend on a finite measure on sn=1 called
the spectral measure.

First, we study the interior regularity of solutions to Lu = f in By. We prove that if f is C¥ then u
belong to C**+25 whenever « 4 2s is not an integer. In case f € L, we show that the solution u is C2
when s # 1/2, and C>~¢ for all € > 0 when s = 1/2.

Then, we study the boundary regularity of solutions to Lu = f in Q,u =0inR"\ Q,in C L1 domains €.
We show that solutions u satisfy u/d* € C5~¢(Q) for all € > 0, where d is the distance to 3.

Finally, we show that our results are sharp by constructing two counterexamples.
© 2016 Elsevier Inc. All rights reserved.
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1. Introduction and results

The regularity of solutions to integro-differential equations has attracted much interest in the
last years, both in the Probability and in the PDE community. This type of equations arise natu-
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rally in the study of Lévy processes, which appear in many different situations, from Physics to
Biology or Finance.

A very important class of Lévy processes are the a-stable processes, with o € (0, 2); see [4]
and [32]. These are processes satisfying self-similarity properties. More precisely, X, is said to
be a-stable if

1
—aX, forall ¢+ > 0.

These processes are the equivalent to Gaussian random processes when dealing with infinite
variance random variables. Indeed, the Generalized Central Limit Theorem states that, under
certain assumptions, the distribution of the sum of infinite variance random variables converges
to a stable distribution (see for example [32] for a precise statement of this result).

Stable processes can be used to model real-world phenomena [32,20], and in particular they
are commonly used in Mathematical Finance; see for example [26,11,27-29,8] and references
therein.

The infinitesimal generator of any symmetric stable Lévy process is of the form

+00
d
Lu(x):/ f(u(x+9r)+u(x—er)—zu(x))ﬁdu(e), (L.1)
sgn—1—00

where p is any nonnegative and finite measure on the unit sphere, called the spectral measure,
and s € (0, 1).

The aim of this paper is to establish new and sharp interior and boundary regularity results for
general symmetric stable operators (1.1).

Remarkably, the only ellipticity assumptions in all our results will be

vesSn—

O<i< inf f lv-01%dun®), /d,ugA<oo. (1.2)
sn—1 sn—1

Notice that these hypotheses are satisfied for any symmetric stable operator whose spectral mea-
sure u is n-dimensional, i.e., such that there is no hyperplane V of R” such that u is supported
on V. Notice also that in case that the spectral measure u is supported on an hyperplane V, then
no regularity result holds.

When the spectral measure is absolutely continuous, du(6) = a(8)d0, then these operators
can be written as

a(y/lyD

Lu(x):/(u(x+y)+u(x—y)—2u(x))Wdy, (1.3)

Rn

where a € LY(§" V) isa nonnegative and even function.
The most simple example of stable Lévy process X; in R” is the one corresponding to
du(@) = cd6, with ¢ > 0. In this case, the operator L is a multiple of the fractional Lapla-
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cian —(—A)®. Another simple example is given by X; = (th, X, X; being independent
symmetric stable processes in dimension 1. In this case, the infinitesimal generator of X; is

—Lu= (_axlxl)su +---+ (_axnxn)s“’ (1.4)

and its spectral measure consist on 2n delta functions. For example, when n = 2 we have u =
8¢1,0) +80,1) + 8(—1,0) + 80,—1) (up to a multiplicative constant).

The regularity of solutions to Lu = f (or Lu = 0) for operators L like (1.3), (1.1), or re-
lated ones, has been widely investigated; see the works by Bass, Kassmann, Schwab, Silvestre,
Sztonyk, and Bogdan, among others [1,23,22,3,38,21,2,36,5-7,9,24]. A typical assumption in
some of these results is that

O<c<a® <C inS" L (1.5)

Still, the results in [22,5,23], and [21] do not require this assumption, and they apply to all
operators of the form (1.3) satisfying

a(@)>c>0 inasubset X C s of positive measure; (1.6)

see also [33]. Furthermore, the results of [23] and [1] do not assume the spectral measure to be
absolutely continuous, and apply also to the operator (1.4) (and also to x-dependent operators of
the type (1.4)).

An important difficulty when studying the regularity for operators (1.1) is that no Harnack in-
equality holds in general; see Bogdan—Sztonyk [6]. Also, the Fourier symbols of these operators
are in general only Holder continuous, so that the usual Fourier multiplier theorems [37], [17,
page 168], or [25] can not be used to show our results.

Here we establish sharp regularity results in Holder spaces for all stable operators (1.1)—(1.2).

Our first result reads as follows.

Theorem 1.1. Let s € (0, 1), and let L be any operator of the form (1.1)—(1.2). Let u be any
bounded weak solution to

Lu=f inB. (L.7)
Then,

(@) If f € L®°(B1) and u € L*°(R"),

. 1
lullcas (s, ) < € (lullzoony + I flloesy)  if s # o
and
I
lullcas—e(p, ) < € (lullzoon + 1 fllLoes)) ifs = X

forall e > 0.
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() If f € C*(By) and u € C*(R") for some a > 0, then

llull cosas g, ) = € (Ilellcomny + 11 fllcoByy) (1.8)
whenever o + 2s is not an integer.
The constant C depends only on n, s, «, €, and the ellipticity constants (1.2).

Notice that when s # % we obtain a C%* estimate in part (a), and not only a C>*~¢ one.

Note also that in part (b) it is required that u € C*(R") in order to have a C**2 estimate for
u in By/2. When the spectral measure p is not regular, the estimate is not true anymore if u is not
C“ in all of R": we can construct a solution to Lu = 0 in By, which satisfies u € C*~¢(R") but
u ¢ C%T25(By 1); see Proposition 6.1.

When L is of the form (1.3) and a € C¥(S§"1), then it is easy to see that one can replace the
C%(R™) norm of u in (1.8) by the L°°(R") norm; see Corollary 3.5. Also, when the equation is
posed in the whole R” then there is no such problem, and one has the estimate ||u||cot+2s(Rn) <
C(llull Lo wny + |l f Il ce wny)—which follows easily from (1.8).

Concerning the boundary regularity of solutions, our main result reads as follows.

Theorem 1.2. Let s € (0, 1), L be any operator of the form (1.1)—(1.2), and 2 be any bounded

CY1 domain. Let f € L®(R), and u be a weak solution of
Lu=f inQ

{ u=0 inR"\Q. (19)

Let d be the distance to 0S2. Then, u € C*(R"), and

/e ooe @y < CILF )
forall € > 0. The constant C depends only on n, s, Q, €, and the ellipticity constants (1.2).

For general stable operators (1.1), we expect this result to be optimal. Indeed, we can construct
a C* domain 2 for which L(d*) does not belong to L°°(2); see Proposition 6.2. Thus, even
in C* domains and with f € C*, we do not expect solutions u to satisfy u/d* € C*(R).

The estimate of Theorem 1.2 was only known in case that the spectral measure p is abso-
lutely continuous and satisfies quite strong regularity assumptions. Indeed, when (1.5) holds,
aeCle (S”_l), and Q is €29, then the result is a particular case from our estimates in [31] for
fully nonlinear equations. Also, when 2 is C* and a € C*°(§"~!) then Theorem 1.2 follows
from the results of Grubb [18,19] for pseudodifferential operators satisfying the p-transmission
property.

Even for the fractional Laplacian, the proof we present here is new and completely indepen-
dent with respect to the ones in [30] and [18,19]. Let us explain briefly the main ideas in the
proofs of our results.

To prove Theorems 1.1 and 1.2 we use some ideas introduced in [34,31,35]. Namely, all the
proofs of the present paper have a similar structure in which we first establish a Liouville-type
theorem in R” (or R’ in case of boundary regularity), and then we deduce by a blow up and
compactness argument an estimate for solutions to Lu = f in, say, Bj. An important difference
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with respect to the proofs [34,31,35] is that here we do not have any C” estimate that we can iter-
ate in order to prove a Liouville theorem, and hence the proofs of the present Liouville theorems
must be completely different from the ones in [34,31,35].

For example, in case of Theorem 1.1, to prove the Liouville-type Theorem 2.1 we need to
establish first a C? estimate in R” via the heat kernel of the operator, to then iterate it and deduce
the Liouville theorem. Recall that even this first C? estimate is new for general operators (1.1).
In case of Theorem 1.2, we also prove the Liouville-type Theorem 4.1 in a different way with
respect to [31]. Indeed, in [31] we first established a C? estimate for u/d* by using a method
of Caffarelli, which relies mainly on the Harnack inequality, and then we deduced from this a
Liouville theorem in R"}, . However, in the present context we do not have any Harnack inequality,
and we have to establish Theorem 4.1 using only the interior estimates for # previously proven
in Theorem 1.1.

All the regularity estimates of this paper are for translation invariant equations. Still, the meth-
ods presented here can be used to establish similar regularity results for non translation invariant
equations (with continuous dependence on x), and also for parabolic equations d;u + Lu = f in
© x (0, T). We plan to do this in a future work.

The paper is organized as follows. In Section 2 we establish a Liouville-type theorem in the
entire space, Theorem 2.1. In Section 3 we prove Theorem 1.1. Then, in Section 4 we establish a
Liouville-type theorem in the half-space, Theorem 4.1, and in Section 5 we prove Theorem 1.2.
Finally, in Section 6 we prove Proposition 6.2.

2. A Liouville theorem in the entire space
The aim of this section is to prove the following.

Theorem 2.1. Let s € (0, 1), and let L be any operator of the form (1.1)—(1.2). Let u be any weak
solution of

Lu=0 inR"
satisfying the growth condition
llulloopgy < CRP forall R > 1,

for some B < 2s.
Then, u is a polynomial of degree at most | 8], where | x| denotes the integer part of x.

This Liouville theorem will be used in the proof of Theorem 1.1. For related Liouville theo-
rems, see [14,13,10].

Definition 2.2. Given f € L°°(2), we say that u is a weak solution of Lu = f in Q C R" if:
lu(x)] < C(1 + |x|>~%) in R” for some § > 0, and

/uLvdx:/fvdx
R7 Q

for all v € CZ° ().
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Remark 2.3. Thanks to the translation invariance of the operator, we have the following useful
fact. If u satisfies Lu = f in € in the weak sense, and n. € C2°(B,) is a mollifier, then u. :=
u * ne satisfies Lue = f * ne in Q¢ in the weak sense, where Q. = Q N {dist(x, 92) > €}.

2.1. Heat kernel: regularity and decay in average

The heat kernel of L is defined via Fourier transform as

p(t, ) =F (exp(—AE)D)), @2.1)

where A(£) is the Fourier symbol of L.
The symbol A(£) of L can be explicitly written in terms of s and the spectral measure f.
Indeed, it is given by

AE)=c / & -01*dun6); 2.2)
n—1

N

see for example [32]. Notice that A(£) is homogeneous of order 2s.

In order to prove Theorem 2.1, we will need to show some kind of decay for the heat kernel
of L.

The decay of the heat kernel has been studied in [12] and [16] in case that d(0) = a(6)d6
(see also [7,39]). It turns out that, when a € L>°(S"1), the heat kernel p(t, x) associated to the
operator (1.3) satisfies

P(L0) < 2.3)

However, for general operators (1.1), the heat kernel does not satisfy in general (2.3). For exam-
ple, when X, = (X L. X 1), X' being independent symmetric stable processes in dimension 1,
p satisfies

pt,x)=pi(t,x1) - pi(t, xp),
and thus it does not satisfy (2.3).
We prove here that for general operators (1.1), even if there is no decay of the form (2.3), the

heat kernel p(1, x) decays “in average” faster than |x|™"~25*? for any § > 0. This is stated in the
following result.

Proposition 2.4. Let s € (0, 1), and let L be any operator of the form (1.1)—(1.2). Let p(t, x) be
the heat kernel associated to L. Then,

(a) Forall § >0,

/(1 +1x[* %) p(1,x)dx < C. (2.4)
Rn
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(b) Moreover,
[p(1, x)]corgny < C.
The constant C depends only on n, s, 8, and the ellipticity constants (1.2).

Proof. (a) Assume first that 1 (d6) = a(0)d6, with a € C®(S"~1).
We claim that the function

p(x) =1 +|x>)°
satisfies
Lol <C in all of R”,

with C depending only on n, s, and the ellipticity constants A, A in (1.2).

Indeed, observe that for all p > 1, the rescaled function ¢,(x) = p @(px) satisfies
Yp(x) = (p~2+|x[?)*% and |[Lo,| < Cin By \ By, with C independent of p. Therefore, scaling
back we obtain that |Lg| < Cp~2% in By, \ B, for every p > 1. Hence, L¢ is bounded in all of
R”, as claimed.

Now, we have

—25+26

1
/w(X)p(l,X)dx— 1 =/</)(X)(P(1,X) —P(O,X))dx=/dt/<p(X)pz(t,X)dx
0

R Rn Re
1 1
:/dt/(p(x)Lp(t,x)dx=/dt/L<p(x)p(t,x)dx. (2.5)
0 R” 0 R”

Thus, it follows that

1

/go(x)p(l,x)dx <1 —I—fdt/ |Lo(x)|p(t,x)dx <C.

Rn 0 Rn

Notice that in the last integration by parts in (2.5) we used that p and all its derivatives decay
(since a € C®(S"~1)).

We have proved (2.4) in case a € c°(s" 1, with C depending only on =, s, §, A, and A.
Finally, by an approximation argument the same identity holds for any spectral measure ., and
thus (a) is proved.

(b) Notice that, by (2.2) and by definition of the ellipticity constants (1.2), we clearly have

0 < AE|* < A(E) < AJE).

Using this, it follows immediately from the expression (2.1) that the Fourier transform of p(1, x)
is rapidly decreasing and, therefore, the result follows. O
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Remark 2.5. In case that L is an operator of the form (1.3) and a belongs to the space
Llog L(S"1), Proposition 2.4 (a) is an immediate consequence of the results of Glowacki—
Hebisch [16]. Indeed, it was proved in [16] that, under this assumption on a, the heat kernel
satisfies p(1,x) < Clx|™" w(x/|x|) for some function w € L' (§"~1).

2.2. Proof of Theorem 2.1
Using Proposition 2.4, we can now give the:

Proof of Theorem 2.1. Given p > 1 let
(@) = p~Pulpx).
Then, v clearly satisfies Lv = 0 in the whole R". Moreover,
lvll o agy = o~ Pull Lo, r)y < Co P (0 R)P < CRP. (2.6)
Then, formally we have

1

1 1
v—p(l,-)*v:[p(t,-)*v]z(l)=/8fp*vdt=/Lp>kvdt=/p>kLv=O
0 0 0

and thus
v=p(l,-)*v. 2.7

This computation is formal, since we did not checked that the integrals defining the convolutions
are finite and since Lv is in principle only defined in weak sense (in the sense of distributions).

To prove rigorously (2.7), we have to do the previous computation in the weak formulation,
as follows. Let

V(x,0)=(p(t, ) *v)(x).

Then, using the growth control on v and Proposition 2.4 (a), it follows that V' is a weak solution
of V; =LV in (0, 400) x R". Thus, for all n € C2°((0, 1) x R") we have

1 1
—/fdexdt:ffVLndxdt

0 R7 0 R7
1
://p(t,z)/v(x—Z)Lr;(x,t)ddedt:O. (2.8)
0 R” R»

In the last identity we have used that f]R” v(x —z)Ln(x, t)dx =0 for all x and ¢, which follows
from the fact that v is a weak solution of Lv = 0 in the whole R”.
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Let us justify in detail the change in the order of integration in (2.8). First, observe that the
growth control of v (2.6) implies that fR" lv(x —2)| |Ln(x,t)|dx < C(1+ |z|)?, with C depend-
ing on 1 and on the constant in the growth control. Therefore,

1
f/t—%pa, zf%>/ v(x — )| |Ln(x, 1)ldxdzdr < c/pa, (1 + [z)Pdz < 0.
Rn

0 Rll Rn

Hence, we can use Fubini in (2.8) to change the order of the integrals, as desired. Thus, (2.7) is
proved.
Let us now show that

[vler) <C (2.9

for some y > 0 and C depending only on n, A, A, and S.
Indeed, given x, x” € By with x # x’, we have

lv(x) —v(x)| = |p(L, ) xv(x) — p(l, ) xv(x)| = /(p(x —y) — p(x’ = y))v(y)dy

Rn

< / (p(x—y) = p(x" = »))v(ydy|+2 Sulr; / p(x —y)v(y)dy|.
lylsM rem yl=M

To bound the first term in the right hand side of the inequality, we use Proposition 2.4 (b) and
also (2.6) to find

/ (p(x —y) — p(x’ = M) (y)dy| < CM" P|x — x|
ylsM

To bound the second term, we use Proposition 2.4 (a), with § > 0 such that 2§ = 2s — 8. Using
also (2.6), we find that

lv(y)I

)
I =M

/ plx —y)v(y)dy| < / plx— YA+ [yp>~°

lyl=M lyl=M
Thus, we have proved
[u(x) —v(x)] < CM" P |x — x| + CM~°.
Since this can be done for any M > 0, we may choose

M=|x—x'|"73, with 1 —(n+B)y/s=y.
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Then, we have
lv(x) — v = Clx —x'|7,

and y > 0.
This shows (2.9). Equivalently, what we have proved can be written as

[ulcr(s,) < Cplv forall p > 1.
Next we consider the incremental quotient

u(-+h)—u

Y
u =
h |h|Y

which grows (by the last inequality) as ||uZ lLooBg) < CRP~7 . Then we can repeat the previous
argument with v replaced by u}, and B replaced by f — y to show that [u} 1cv () < CRF™?7,
and thus

[ulc2r gy < CRP?.
We used here that the new y’ in the second step will be larger than y, and thus we may take y

instead of y’.
Iterating this procedure, after N steps we find

[uleny gy < CRPN7,
Taking N the least integer such that 8 — Ny < 0 and sending R — +o00, we obtain
[ulcny ey = 0.
This implies that u is a polynomial of degree at most |8]. O

Finally, we give a consequence of Theorem 2.1 that will be also needed in the proof of Theo-
rem 1.1.

Corollary 2.6. Let s € (0, 1), @ € (0, 1), and L be any operator of the form (1.1)—(1.2). Let u be
any function satisfying, in the weak sense,

Llu(-+h) —u()]=0 inR", forall h e R".
Assume that u satisfies the growth condition
[ulcappy < CRP  forall R>1,

for some B < 2s.
Then, u is a polynomial of degree at most | 8 + «].
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Proof. We apply Theorem 2.1 to v(x) = u(x + h) — u(x), and we find that v is a polynomial.
Since this can be done for any %, then u is a polynomial. Finally, the growth condition implies
that the degree of the polynomial is at most |8 +«]. O

3. Interior regularity

The aim of this section is to prove Theorem 1.1. For it, we will use a compactness argument
and the Liouville theorems established in the previous section.
We start with the following.

Lemma 3.1. Let s € (0, 1), and let A and A be fixed positive constants. Let {Ly}x>1 be any
sequence of operators of the form (1.1) whose spectral measures satisfy (1.2).

Then, a subsequence of {Ly} converges weakly to an operator L of the form (1.1)—(1.2).

More precisely, if Ly have spectral measures |1y then, up to a subsequence, the measures [ij
converge to a measure [ satisfying (1.2).

Moreover, assume (uy) and (fi) are sequences of functions satisfying in the weak sense

Liup = fr in Q

for a given bounded domain Q2 C R". Assume also that, for some functions u and f, we have:

(1) ug — u uniformly in compact sets of R",
() fr — f uniformly in €,
3) |Jurx)| <C (1 + |x|2s—€)f0r some € > 0, and for all x € R".

Then, u satisfies
Lu=finQ
in the weak sense, where L be the operator associated to .

Proof. Let {1t }x>1 be the spectral measures of the operators L. Using the weak compactness
of probability measures on the sphere, we find that there is a subsequence p, converging to a
measure u that satisfies (1.2).

Let L be the operator given by (1.1) whose spectral measure is p.

We have that

m

/ukLkn:/fkn, for all n € C°(Q).
R” Q

On the other hand, since |n(x + y) + n(x —y) —2n(x)| < Cmin{1, |y|2}, by the dominated
convergence theorem we obtain that Lin — Ln uniformly over compact subsets of R”.
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Moreover, n has support in €, which yields |Lin(x)| < C(1 + |x|"**)~!. Combining this
with the growth of u; we get that |uy Lin| < C(1 + lx"*t€)~! and therefore, by the dominated
convergence theorem

fukLkna/uLn, forall n € C2°().
Rn R’l

fokn—:[fn,

it then follows that u is a weak solution of Lu = f in €2, as desired. O

Since

We next establish the following result, which is the main step towards Theorem 1.1 (b).

Proposition 3.2. Let s € (0, 1), and let L be any operator of the form (1.1)—(1.2). Let o € (0, 1)
be such that o + 2s is not an integer. Let o' € (0, ) be such that |a +2s| <a' +2s <a + 2s
and that a < o’ + 2s.

Let w be any C°(R") function satisfying Lw = f in By, with f € C*(By). Then, we have
the estimate

[w]caJrZS(Bl/z) = C([f]C“(Bl) + ||w||C(X/+2S(]R71))' (3.1
The constant C depends only on n, s, a, o', and the ellipticity constants (1.2).

Proof. The proof of (3.1) is by contradiction. If the statement of the proposition is false then, for
each integer k > 0, there exist Ly, wy, and fj satisfying:

o Lywy = frin By;
o L is of the form (1.1)—(1.2);
o [filces) + lwill posser ®ny = 1 (we may always assume this dividing wy by the previous
quantity);
[ ||U)k ||C2.r+a(Bl/2) > k.
In the rest of the proof we denote

v=|a+2s].

Since v < o/ + 25 < o 4+ 25 we then have

sup sup sup r* "% [wil ool g, (o)) = O°- (3.2)
k Z€B12 r>0

Next, we define

0(r) :=sup sup sup(r’)* % [wi] cosre (B, ()"
k ZeBl/zr’>r m
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The function 6 is monotone nonincreasing, and we have 0(r) < oo for r > 0 since we are assum-
ing that ||wk||C25+ar(Rn) < 1. In addition, by (3.2) we have 8(r) - oo asr | 0.

Now, for every positive integer m, by definition of 6(1/m) there exist r,/n > 1/m, ky, and
Zm € Bl/z, for which

: I 1
/o —a /
) [0k ] canse (5, ) Z 500/ 2 56070, (3.3)

Here we have used that 6 is nonincreasing. Note that we will have r;, | 0.
Let pk,;.r(- — z) be the polynomial of degree less or equal than v in the variables (x — z)
which best fits uy in B, (z) by least squares. That is,

. 2
Dk.z,r ‘= argmin / (wk(x) —plx— z)) dx,
PpePy
B (2)

where P, denotes the linear space of polynomials of degree at most v with real coefficients. From
now on in this proof we denote

Pm = Pky,zm,r},-
We consider the blow up sequence

Wk, (Zm + ¥rmx) — pm(rmx)

= 3.4
o () ) 540 (1) GH

Note that, for all m > 1 we have
/ Vn(x)g(x)dx =0 forallg € P,. (3.5)

B1(0)

This is the optimality condition for least squares. Note also that (3.3) implies the following
nondegeneracy condition for all m > 1:

[vm]c2s+0{’(31) = 1/2 (36)

Next, we can estimate

1

[om] cassar (Br) — 0 (rm) (r)*— [wkm]CZH“/(Ber (zm))

Ro—
- Q(Fm)(er)“_a, [wkm ]C23+o/ (Ber (Z'")) ’

Indeed, the definition of 6 and its monotonicity yield the following growth control for the Cx+o
seminorm of vy,

[V casset gy < CROT forall R > 1. 3.7
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When R =1, (3.7) implies that ||v,, — q|| L= (B,) < C, for some g € IP,,. Therefore, (3.5) yields
lvmllLoe(By) < C. (3.8)

Now, we will see that using (3.7)—(3.8) we obtain
[Vmlcr Bg) < CRZT4™Y  forally €[0,2s + '] (3.9)

Indeed, (3.8) implies that for every multiindex / with |/| < v there is some point x, € By such
that

|Dlvm(x*)|§C, X« € By.

The existence of such x, can be shown taking some nonnegative 7 € C2°(Bj) with unit mass and
observing that

’/ 1n(x) D vy (x) dx

< C/ Dy fum (x) dix < C.

Hence, using (3.7), for all [ with |/| = v and x € Br we have
|D1Um(x)| S |D[Um(x*)| + CRO!*Ol/Lx _ x*|2S+Ol/7U E CRZS‘HX*U.

Iterating the same argument one can show the corresponding estimate for |[[|=v — 1, v — 2,
etc. Then, once established (3.9) for all integer y € [0, 2s + '], the result for all y follows by
interpolation. Thus, (3.9) is proved.

We now claim that, by further rescaling v,, if necessary, we may assume that in addition to
(3.6) the following holds

sup oscp, D'v, > 1/4, (3.10)
|l|=v

where [ donates a multiindex. Indeed, if (3.6) holds then there are x,, € By and hy, € Bi_|y,,|
such that

|Dlvm(-xm +hm) — Dlvm(xm)| -

Sup |hm |2s+a’—v

[/|=v

/4

and thus we can consider, instead of v,,, the function

~ VU G+ 1 1X) — P (X)
m = |hm|2s+a’

)

where p,, € P, is chosen so that v,, satisfies (3.5) (with v,, replaced by vy,).
Note that j,, is the polynomial that approximates better (in the L? sense) vy, (x,, + -) in
Bjp,,|(xm) and since vy, € C7T* with the control (3.7) we have

|Um(xm + [y |x) — ﬁm(x)| < C|hm|2s+a’|x|23+a/.
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Therefore, v, also satisfies (3.7) and (3.9) (with v,, replaced by v,,). Note that v,, would also be
of the form (3.4) for new z,, and r;, defined as z,, + x,, and |h,,|r'm, respectively—where we
use that 6 (|hy,|r),) > 6(r),).

In summary, the new sequence vy, satisfies the same properties as v,, and, in addition, (3.10),
as desired.

We now prove the following:

Claim. The sequence v,, converges in Cl(;;rz”a/)/ 2 (R™) to a function v € C120sc+a’(Rn)_ This func-

tion v satisfies the assumptions of the Liouville-type Corollary 2.6.

The C¥*+25+¢)/2 yniform convergence on compact sets of R” of the function vy, to some v €
Cc2ste! (R™) follows from (3.9) and the Arzela—Ascoli theorem (and the usual diagonal sequence
argument)—the exponent (v 4 2s + «’) /2 is chosen so that it is less that 2s + «’ and greater than
both v and 2s.

Moreover, passing to the limit (3.9) with y € («, 1] such that y <&’ + 2s, we find

[vlcr gy <CRP forall R>1, (3.11)

B =2s+a —y <2s. Thus, v satisfies the growth assumption in Corollary 2.6.
On the hand, each wy satisfies a Lywy = fx in By. Thus, recalling that we have [ filc«(p,) <1,
we find that

|Lkwi (¥ 4+ h) — Lywe(X)| < |h|*  forall X € By/»(z) and h € By 2. (3.12)
Note now that, since v <2,
82p(x +h,y)— Szp(x, y)=0 forall peP, and forall x, y,hinR". (3.13)

Here, as usual, we have denoted §2¢(x) = ¢(x + y) + ¢(x — y) — 2 (x).
Next, taking into account (3.1%), we translate (3.12) from wy,, to v,,. Namely, using the defi-
nition of vy, in (3.4), and setting & = r,,,h, and X = z,, + r;x in (3.12), we obtain

(rm)*

Ly ()2 ¥ 0 0) (0 (- 4+ 1) = v}) ()] = ) I

whenever |x| < %, and thus
m

1
whenever |x| < —. (3.14)

[ Lt o+ ) = vm) 0] = 5 2

By Lemma 3.1, the operators Ly, converge weakly (up to subsequence) to an operator L.
Thus, passing (3.14) to the limit we find that

L@(-+h)—v)=0 inallof R".
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Notice that to be able to pass to the limit m — oo on the right hand side of (3.14) we are using
that, by (3.9), the functions v, (- + h) — vy, satisfy

m

”Ukm (- +h)— Uk, ”CZH'“/(BR) <C(R),

and also the growth control
vk, (- +h) — vk, lLoo(Bg) < CR¥™€  forall R > 1,

for some € > 0 (this follows from (3.9)).

This finishes the proof of claim.

We have thus proved that the limit function v satisfies the assumptions of Corollary 2.6, and
hence we conclude that v is a polynomial of degree v. On the other hand, passing (3.5) to the
limit we obtain that v is orthogonal to every polynomial of degree v in Bj, and hence it must
be v = 0. But then passing (3.6) to the limit we obtain that v cannot be constantly zero in Bj; a
contradiction. O

We can now give the:
Proof of Theorem 1.1 (b). Let v = |« + 2s], and let o’ be such that v < o’ + 2s. Such o exists
because o + 2s is not an integer (by assumption). We will deduce the theorem from Proposi-

tion 3.2, as follows.
First, it immediately follows from Proposition 3.2 that for any w € C2°(R"),

[u)]ca+23(31/2) < C([f]C‘Y(Bl) + [w]czx’+2.v(32) + ||w||C"‘(R”))~ (315)

To prove this, take a cutoff function n € CZ°(B») satisfying n = 1 in B2, and apply the propo-
sition to the function nw. One finds

[w]C”‘JrZS(B]/z) = C([f]C“(Bl) + [L(ﬂw - w)]C"‘(Bl) + ||w||ca/+23(32))'
And since the function nw — w vanishes in B3, then we have
[L(nw — w)]ce () < Clwlce@n). (3.16)

Thus, (3.15) follows.
We recall now the definition of the norms ||¢||

with k integer and ¥’ € (0, 1], then

(0)

,: v+ see Gilbarg-Trudinger [15]. If y =k + v/,

- o |k (x) — DEp(y)]
[61), = sup (dfj a Y )

U™ !
14 x,yeU |X—)’|y

and

k
||¢||J(/";;] =) sup (dff”lDl(ﬁ(x)I) + [¢]§,U;;]'

1=0 xelU
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Here, we denoted
d, =dist(x, oU) and dy,y = min{dy, dy}.

We will use next these norms. Indeed, we can rescale (3.15) and apply it to any ball B, of
radius p > 0. Then, dividing by p%, and taking the supremum over all the balls B, such that
B>, C By, we find

— —at2 —
(Wl s < C(U N ™ + Il g, + [wlewn)-
Thus, using that

() ()

lwlly f25. 5, < €lwllyyag g, + CEONWlLo(By) fory <a,
we deduce
- —a+2
Il s, < C (g, + lwllcen)-
Moreover, since [f]f;g:’zs) < flces)

Ilelé:fQY;B] <C(lIfllces) + llwllce@ny).

In particular, we have proved that for all w € C°(R"), the following inequality holds

lwllcasas s, 5y < C(IL fllcem) + lwllcxn).

Finally, by using a standard approximation argument (see Remark 2.3), the result follows for
any solution u € C%(R"), and thus we are done. O

We now establish the estimate with a L* right hand side. As before, we prove first a prelimi-
nary result.

Proposition 3.3. Let s € (0, 1), s # % and let L be any operator of the form (1.1)—(1.2). Let
o € (0, 2s) be such that |2s] < a < 2s.

Let w be any C°(R") function satisfying Lw = f in By, with f € L°°(By1). Then, we have
the estimate

[wlc2s(p, ) = C(ILf ooy + lwllco@ny). (3.17)
The constant C depends only on n, s, a, and the ellipticity constants (1.2).
Proof. We follow the steps of the proof of Proposition 3.2.
Assume that the statement is false. Then, for each integer k > 0, there exist Ly, wg, and fi

satisfying:

o Liywg = fiin By;
e L is of the form (1.1)—(1.2);
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o || fillLeemy) + llwillcoe@ny < 1;
L ||wk||c2x(31/2) > k.

In the rest of the proof we denote
v=|2s], B=2s —a.
Since v < o < 2s we then have

sup sup sup rP [wilce (s, (z)) = 0. (3.18)
k zeByppr>0

Next, we define

O(r) :=sup sup sup(r’)~” [wk]cu(Br,(Z))'

k zeBipr'>r

The function 6 is monotone nonincreasing, and we have 0 (r) < oo for r > 0 since we are assum-
ing that ||wg||ce®ny < 1. In addition, by (3.18) we have 6(r) — oo as r | 0.

Now, for every positive integer m, by definition of 6(1/m) there exist r;, > 1/m, k;,, and
Zm € By 2, for which

(rp) P [w, ] > Loc1/m = Loy (3.19)
m m ca(B,;n(zm)) ) = mr :
Here we have used that 6 is nonincreasing. Note that we will have r;, | 0.

As in the proof of Proposition 3.2, we define py ; (- — z) as the polynomial of degree less or
equal than v in the variables (x — z) which best fits u; in B,(z) by least squares, and we denote

Pm = Pk zm.r}, -
We consider the blow up sequence

Wy, (Zm + T X) — P (1,%)

om0 = o) G:20)
Note that, for all m > 1 we have
/ v (x)g(x)dx =0 forallg e P,. (3.21)

B1(0)

(Here, as in (3.5), P, denotes the linear space of polynomials of degree at most v with real
coefficients.) Note also that (3.19) implies the following nondegeneracy condition for all m > 1:

[vim]ce (s = 1/2. (3.22)
Next, as in (3.7), one can show that

[vm]lce(sg) < CRP forall R > 1. (3.23)
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When R =1, (3.23) implies that [|v;, — g[lp<(p,) < C, for some g € P,. Therefore, (3.21)
yields

lomllLeecs)) < C. (3.24)
We now prove the following:

Claim. Given € > 0 small, the sequence v,, converges in C l’égé (R") to a function v € C{_(R").
This function v satisfies the assumptions of the Liouville-type Theorem 2.1.

The C*~€ uniform convergence on compact sets of R” of the function v,, to some v € C*(R")
follows from (3.23) and the Arzela—Ascoli theorem. Moreover, passing to the limit (3.23), we find
that

[Vlcesgy < CRP forall R > 1. (3.25)
Thus, v satisfies the growth assumption in Theorem 2.1.

On the hand, each wy satisfies a Liywy = fr in Bj. Thus, recalling that we have
| fellLo(B,) < 1, we find that

|Liwi (¥ +h) — Lywe(X)| <2 forall ¥ € Byj2(z) and h € By o. (3.26)

Next, as is (3.14), one can translate (3.26) from wy, to v,. Indeed, setting h = ry,h, and
X =z +r},x in (3.26), one has

| L, 0m (- + 1) = vp) (0)] < whenever |x| <

70 TR (3.27)

By Lemma 3.1, the operators Lg, converge weakly (up to subsequence) to an operator L.
Thus, passing (3.27) to the limit we find that

L(w(-4+h)—v)=0 inall of R". (3.28)

Notice that to be able to pass to the limit m — oo on (3.27) we used that, by (3.23), the
functions vy, (- + h) — vy, satisfy the growth control

vk, (- +h) — vk, |L=(Bg) < C|h|*RP forall R > 1.

This, combined with the locally uniform convergence of v, (- + /) — vk, and Lemma 3.1, yields
(3.28).

This finishes the proof of claim.

We have thus proved that the limit function v satisfies the assumptions of Theorem 2.1, and
hence we conclude that v is a polynomial of degree v. On the other hand, passing (3.21) to the
limit we obtain that v is orthogonal to every polynomial of degree v in By, and hence it must be
v = 0. But then passing (3.22) to the limit we obtain that v cannot be constantly zero in Bj; a
contradiction. O

We also have the following.
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Proposition 3.4. Let s = %, and let L be any operator of the form (1.1)—(1.2). Let o € (0, 2) be
such that |2s| <o < 2s.

Let w be any C°(R") satisfying Lw = f in By, with f € L (B1). Then, we have the esti-
mate

[Wlcae(p, ) < C([f 1) + lwlcen)-
The constant C depends only on n, s, a, and the ellipticity constants (1.2).

Proof. The proof is minor modification of the one in Proposition 3.3. One only has to take
B =2s —a — € instead of § =25 — «, and follow the same steps as in Proposition 3.3. O

Finally, we can give the:
Proof of Theorem 1.1 (a). We prove only the case s # %, the case s = 1 follows with exactly

the same argument.
By Proposition 3.3, for all w € CZ°(R") we have the estimate

[wlcas () = C(If Loy + lwllcawn),

where « is such that [2s] < a < 2s.
Then, multiplying w by a cutoff function, it immediately follows that

(wlces(p, ) = C(Ifllzoosyy + lwllca sy + llwll Lo ®n)): (3.29)

see the proof of Theorem 1.1 (b) above.

Now, using the norms ||¢||;G) defined before, we can rescale (3.29) and apply it to any ball
B, of radius p > 0. Then, taking the supremum over all the balls B, such that By, C By, we
ﬁnd

0 2 0
[wis s, < C(1F 15y, + Iwly s, + llwll o).
Thus, we deduce
0 25
lwllsy 5, < C(ILFII s, + lwlLsn)-
In particular, for all w € CZ°(R"), the following inequality holds
lwlicas g < C(ILF sy + lwlzs@n)-
Finally, by using an approximation argument (see Remark 2.3), the result follows. O
To end this section, we give an immediate consequence of Theorem 1.1. Notice that here we

assume some regularity on the spectral measure a, but the ellipticity constants are the same as
before. In particular, we are not assuming positivity of a in all of "~ 1.
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Corollary 3.5. Let s € (0, 1), L be given by (1.3), and assume that

aeC%s" .

Let u be a solution of (1.7). Then, if f € C*(B1) and u € L*(R"),

lull covas g, ) = € (llell oo my + 1 f llca(By))

whenever o + 2s is not an integer.
The constant C depends only on n, s, ellipticity constants (1.2), and ||a|| ce(sn-1y-

Proof. The proof is a minor modification of the proof of Theorem 1.1 (b). Indeed, one only
needs to replace the estimate (3.16) therein, by the following one

[L(nw — w)]ce(py) < Clw]psemn),

which follows easily using that a € C @(§"~1)—recall that p=1in B and n € C °(B2). With
this modification, the rest of the proof is exactly the same. O

Finally, we give an immediate consequence of Theorem 1.1 that will be used later.

Corollary 3.6. Let s € (0, 1), and let L be any operator of the form (1.1)—(1.2). Let u be any
solution of

Lu=f in By,

with f € L°°(By). Then, for any € > 0,

_ . 1
lullcas g, < € (sup R ull oo gy + ||f||L°°(Bl)> ifs# X
R>1

and

_ . 1
lull c2s—e(p, ) = € (SUP R |lull oo (sp) + ||f||L°°(Bl)> ifs= 7
R>1

The constant C depends only on n, s, €, and the ellipticity constants (1.2).

Proof. The proof follows by using that the truncated function & = u x g, satisfies the hypotheses
of Theorem 1.1. O
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4. A Liouville theorem in the half space

In this section we prove the following Liouville-type theorem, which will be needed in the
proof of Theorem 1.2.

Theorem 4.1. Let L be an operator of the form (1.1)—(1.2). Let u be any weak solution of

— s n
{Lu—O in RY, @

u=0 inR".
Assume that, for some B < 2s, u satisfies the growth control
||M||L00(BR) < CR’B forall R > 1.
Then,
u(x) =K (xn)}
for some constant K € R.

Notice that Theorem 4.1 is related to Theorem 1.4 in [31]. However, the proofs of the two
results are quite different. Indeed, in [31] we first used a method of Caffarelli to obtain a Holder
estimate for u/d® up to the boundary, and then we iterated this estimate to show the Liouville
theorem. Here, instead, we only use estimates for « (and not for u/d*) to establish Theorem 4.1.

Recall that in the present context we can not use the method of Caffarelli (that we adapted
to nonlocal equations in [31,30]), because the operators (1.1)—(1.2) do not satisfy a Harnack
inequality.

4.1. Barriers

We next construct supersolutions and subsolutions that are needed in our analysis. We will
need them both in the proofs of the Liouville Theorem 4.1 and of Theorem 1.2.

These barriers are essentially the same as the ones constructed in our work [31], however the
proofs must be redone so that the ellipticity constants are (1.2).

Before constructing the sub and supersolution, we give two preliminary lemmas. These are
the analogues of Lemmas 3.1 and 3.2 in [31].

Lemma 4.2. Let s € (0, 1), and let L be given by (1.1)—(1.2). Let
o (x) = (dist(x, B))".
Then,
0<LeW(x)=C{1+[log(lx| - D|} inBy\ By. 4.2)

The constant C depends only on s, n, and the ellipticity constants (1.2).
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Proof of Lemma 4.2. We use the notation x = (x’,x,) with x’ € R"~!. Let us estimate
L<p(1)(xp) where x, = (0,1 + p) for p € (0,1). To do it, we subtract the function ¥ (x) =
(xp — 1)‘1, which satisfies Ly (x,) =0. As in [31, Lemma 3.1], we have that

Co*~'y'1? fory=(y,yn) € By
1 .
0< (" =) (xp +y) < Cly' for y = (', yn) € B1 \ By
Clyl* for y e R" \ By.

Therefore,

0<LeW(xp) =L(p" —¥)(x,)

o0
_ (0" =)o +70) + (0 —¥)xp —r6) dr o
-/ 2 s O
Sn—l —00
s / p*r|2dr r | dr ritdr |
= / 12 + f [r[1+2 + / |12 H
sn—1 |rl<p/2 p/2<|r|<1 |r|>1

< CA(I + |10g,0|).
Thus, (4.2) follows. O

Lemma 4.3. Let s € (0, 1), and let L be given by (1.1)—(1.2). Let

0™ (x) = (dist(x, B))>"%.

Then,
Le® ) > (x| = 1)™/? forallx € B, \ By. 4.3)
The constants ¢ > 0 and C depend only on n, s, and the ellipticity constants (1.2).

Proof. As before, we denote x = (x’, x,,) with x’ € R"~!. Let us estimate Ly (xp), where x, =

(0,14 p) for p € (0, 1). To do it we subtract the function ¥ (x) = (x, — 1)3_3/2. By homogeneity,

we have that / satisfies L (x,) = cp /2 for some ¢ > 0; see [31, Section 2]. We note that
(¢ =), =0

and, asin [31, Lemma 3.2],
—Co¥Py' 2 fory = (¥, ya) € Bopa

0> (¢ —y¥)(xp +y) = { —ClyP for y = (', ya) € B1 \ B2
—C|y|?/? for y e R"” \ By.
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Then, one finds that
Le¥(xp) —ep™? > —C,
which establishes (4.3). O

Using the previous lemma, one can now construct the supersolution that will be used in the
next section.

Lemma 4.4 (Supersolution). Let s € (0, 1), and let L be given by (1.1)~(1.2). There are positive
constants € and C, and a radial, bounded, continuous function ¢, which is C"' in Bi1c \ Bi
and satisfies

Loi(x) <—1 in Biie\ By
91(x) =0 in By
P1(x) < C(lx| =1)"  inR"\ By
p1(x) >1 inR"\ Blye

The constants €, c and C depend only on n, s, and ellipticity constants.
Proof. See the proof of Lemma 3.3 in [31]. O
4.2. Holder regularity up to the boundary for u
Using the interior estimates and the supersolution constructed above, we find the following.
Proposition 4.5. Let s € (0, 1), L be any operator of the form (1.1)—(1.2), and Q be any bounded

Lipschitz domain satisfying the exterior ball condition. Let f € L°°(2), and u be a weak solution

of

{Lu:f in Q 44)

u=0 inR"\Q.
Then,
lulles gy < Cllf lLoe)-
The constant C depends only on n, s, 2, and the ellipticity constants (1.2).
Proof. The proof of this result is quite standard once one has interior estimates (given by The-
orem 1.1) and an appropriate barrier (given by Lemma 4.4). For more details, see the proof of

Proposition 1.1 in [30], where this was done for the case of the fractional Laplacian. O

We will also need the following version of the estimate.
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Proposition 4.6. Let L be any operator of the form (1.1)—(1.2). Let f € L°°(BI"), and u €
L (R") be any bounded solution of

{Lu:f in B} 45

u=0 inB.
Then,
lll s gy < C UL ooy + lullow ).
Proof. The proof is the same as the one of Proposition 4.5. O
4.3. Proof of Theorem 4.1
Here we prove Theorem 4.1. For it, we will need the following result, established in [31].

Lemma 4.7. (See [31].) Let u satisfy (—A) u =0in Ry and u =0 in R_. Assume that, for some
B € (0, 25), u satisfies the growth control ||u|| 1=, r) < CR® forall R > 1. Then u(x) = K(xy)®.

We can now give the:

Proof of Theorem 4.1. Given p > 1, define v, (x) = p’ﬂu(px). Then, it follows that v, satisfies
the same growth condition as u, namely

lvplloesgy < CRP  forall R > 1. (4.6)
Indeed, one has
lopllzoesr) = 0 P lull o, < p# C(OR)P = CRP.

Moreover, we know that Lv, =0in R’} and v, =0in R”.
In particular, if we consider v, = v, x,, then v, € L>(R") satisfies

4.7)

for some g, € L°°(Bl+). Indeed, thanks to the growth condition (4.6), we have | g, ”LOO(Bl*) <Cy
for some Cy independent of p. Then, by Proposition 4.6, it follows that

lvplles a0 = IVplles By ) = CCo.
Therefore, we find
[ulcs B, = P u(px)es 8y, = PP Wolcs B, < CCopP ™.
In other words, we have proved that

[ulcs(gg) < CRP™ forall R > 1.
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Now, given 7 € $7=1 such that 7, =0, and given & > 0, consider

_u(x+ht) —u(x)

w(x) s

By the previous considerations, we have
lwll L (Bg) < CRE™S forall R > 1.

Moreover, we clearly have Lw =0 in R, and w =0 in R" . Therefore, we can repeat the previ-
ous argument (applied to w instead of u), to find that

[wlcs gy < CRP forall R > 1.
Hence, since 8 < 2s, letting R — oo in the previous inequality we find that
w=0 in R”.

Therefore, u(x 4+ ht) = u(x) for all & > 0 and for all T € $"~! such that 7, = 0. Thus, we have
that # depends only on the x,,-variable, i.e.,

u(x) =u(x,)

for some 1D function u.
But we then have that

r dr
Lu(x)= / f (u(x +6r)4+u(x —0r)— 2u(x))mdu(9)
Sn—l —0o0

T _ _ _ dr
-/ (4 607) 5y = Bur) = 2C5) i)

sn—1—00

=—c | (M), +6,r)| _, din(6)

-1

Srl
=—c f 10| (— At (x) d11(0)
Sn

-1

=—c(=A)"u(xn),

for some constant ¢ > 0. Therefore, u solves (—A)°z =0 in Ry, u =0 in R_. Hence, using
Lemma 4.7 we finally deduce that u(x,) = K (x,) , and thus

u(x) =K (xp)%,

as desired. O



X. Ros-Oton, J. Serra / J. Differential Equations 260 (2016) 8675-8715 8701

5. Boundary regularity

In this section we finally prove Theorem 1.2.
The main ingredient in its proof is the following result. In it, we use the following terminology.

Definition 5.1. We say that I" is a C*! surface with radius pg > 0 splitting B; into U and U~
if the following happens:

o The two disjoint domains U™ and U~ partition By, i.e., B = Utuu-.

e The boundary I' := dU \dB; = dU "\ By is a C"! surface with 0 € T".

e All pointson I' N m can be touched by two balls of radii pg, one contained in U™ and the
other contained in U .

The result reads as follows.

Proposition 5.2. Let s € (0, 1) and B € (s, 2s) be given constants. Let T be a C"! surface with
radius po splitting By into U and U™ ; see Definition 5.1.
Let f € L®(U™), and assume that u € L (R") is a solution of
Lu=f inUT
u=0 inU",

where L is any operator of the form (1.1)—(1.2).
Then, for all z € I' N By there is a constant Q(z) with |Q(z)| < CCy for which

u) - 0@((x =2 V@), | = CColx =z forall x € By,
where v(z) is the unit normal vector to T' at 7 pointing towards U™ and

Co = llullLoo®ny + I f I oo (r+)-
The constant C depends only on n, py, s, B, and the ellipticity constants (1.2).

In order to show Proposition 5.2, we will need some preliminary lemmas.
First, we will need the following technical result.

Lemma 5.3. Let > s and v € S"~! be some unit vector. Let u € C(B1) and define

¢r(x) 1= Qx(r) (x - )}, (5.1)

where

. s d
0. i=argmin [ uto) = Qx v = IB}Z,(X .();{:)Jx -

QeR

r
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Assume that for all r € (0, 1) we have

lu = ¢r [l s, =< Cor”. (5.2)

Then, there is Q € R satisfying |Q| < C(Co + ||u||Loo(31)) such that
|l — QG- v)y ”LOO(B,) < CCor”
for some constant C depending only on 8 and s.
Proof. We may assume ||u||z(p,) = 1. By (5.2), for all x’ € B, we have
b2 () — ¢ ()] < ux’) = e ()] + [ux’) — b (x)| < CCorP.
But this happening for every x’ € B, yields, recalling (5.1),
|04(2r) — Qu(r)| < CCorP .
In addition, since ||lu|| L~ (p,) = 1, we clearly have that
10«(D] = C. (5.3)

Since B8 > s, this implies the existence of the limit

0 =1im 0.,

Moreover, using again 8 — s > 0,
o o
10— (1| =) ]0:Q7"r) = Q.27 1| = Y CC2 P IS <CCorf .
m=0 m=0
In particular, using (5.3) we obtain
Q] = C(Co+ D). (5.4

We have thus proven that for all » € (0, 1)

lu — Ox - v)§ Lo,y < llu — Qu(r)(x - V)% lloocs,) +
+ Q) (x - v)% = Q(x - V) [l Lo (B,
<Corf +10.( - QI <C(Co+Drf. O

Second, we will also need the following estimate in order to control the “errors coming from
the geometry of the domain”.
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Lemma 5.4. Assume that By is divided into two disjoint subdomains 2| and 2, such that Bl =
Q1 UQy. Assume that T := 38, \dB1 =02\ 0By isa o1 surface and that 0 € T'. Moreover
assume that, for some py > 0, all the points on I' N B34 can be touched by a ball of radius
00 € (0, 1/4) contained in 2;.

Let s € (0, 1), and let L be any operator of the form (1.1)—(1.2). Let ¢ € (0, 1), g € C% (9_2),
f € L®()), and u € C(By) satisfying lu(x)| < M (1 + |x|)? in R for some B < 2s. Assume
that u satisfies in the weak sense

Lu=fin Q, u=g in Q.

Then, there is y € (0, &) such that u € CV (Bl/z) with the estimate

luller B, < Cllullzosy) + Igllca@y + 1 f ey + M).
The constants C and y depend only on n, s, o, po, B, and ellipticity constants.

Proof. Define &t = uyp,. Then i satisfies Lii = f in Q1 N B34 and i = g in Q2, where
||f||LoO(Q]mB3/4) < C(”f”LOO(Q]) + M) = C(/). The constant C depends only on n, s, 8, and
ellipticity constants.

The proof consists of two steps.

First step. We next prove that there are § > 0 and C such that for all z € I' N B 7 it is

i — g() LB,z < Cr® forallr e (0, 1), (5.5)

where § and C depend only on 7, so, C(’), lull Lo (B> llgllce(,), and ellipticity constants.

Let z € I' N By 2. By assumption, for all R € (0, py) there yg € Q such that a ball Bg(yg) C
Q) touches I' at z, i.e., |z — yr| = R.

Let ¢1 and € > 0 be the supersolution and the constant in Lemma 4.4. Take

Y0 = gr) + lgllceion (1 +OR) + (Co+ )y (x _RyR) ‘

Note that ¥ is above & in Q2 N B(j4¢)r. On the other hand, from the properties of ¢y, it is

Mty < —(C) + llullpos,))R™> < —C} in the annulus B(i1e)r(yr) \ Br(yr), while yr >
lull oo By = 1 outside B(14¢)r(Yr). It follows that i < v and thus we have

ii(x)—g(z) <C(R*+ (r/R)*) forallx € B,(z) andforallr € (0,€R)and R € (0, po).

Here, C denotes a constant depending only on n, sp, C(’), lullLoeByys gllce(n,), and ellipticity
constants. Taking R = r!/? and repeating the argument up-side down we obtain

li(x) — g(@)| < C(r**+r/?) < Cr’ forallx € By(z) and r € (0, €'/?)
for § = % min{a, so}. Taking a larger constant C, (5.5) follows.

Second step. We now show that (5.5) and the interior estimates in Theorem 1.1 (b) imply
lullcr(B,/,) < C, where C depends only on the same quantities as above.
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Indeed, given xo € 1 N By2,let z € I' and r > 0 be such that

d = dist(xg, I') = dist(xo, 2).
Let us consider

v(x)=1u <x0 + %x) —g(2).
We clearly have

vl <C and  |[v|lLoe(pg) < CR for R > 1.
On the other hand, v satisfies
Lv(x) = (d/2)* Lii(xo +rx) in B;
and thus
| LvllLeog,) < Cj in By.
Therefore, Corollary 3.6 yields
lvllce (s, < C

or equivalently

[ulce(Byparg)) = Cd ™. (5.6)

Combining (5.5) and (5.6), using the same argument as in the proof of Proposition 1.1 in [31],
we obtain

”u”CV(Q]ﬁBl/z) S Ca
as desired. O

Using the previous results, and a compactness argument in the spirit of the one in [31], we
can give the:

Proof of Proposition 5.2. Assume that there are sequences Ik, Q,j, Q. , fi, g, and Ly that
satisfy the assumptions of the proposition, that is,

I'w is a C1! hyper surface with radius pg splitting Bj into Q,': and € ;
Ly is of the form (1.1) and satisfying (1.2);

etk Nl Loo ey + ”fk”LOC(Qz') =1

u is a solution of Lug = fi in @ and ux =01in Q ;
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but suppose for a contradiction that the conclusion of the proposition does not hold. That is, for
all C > 0, there are k and z € I'y N By > for which no constant Q € R satisfies

‘uk(x) — Q((x —2)- Vk(Z))i‘ <Cl|x — z|ﬁ for all x € B;. 5.7

Here, vi(z) denotes the unit normal vector to I'y at z, pointing towards Q,‘:
In particular, using Lemma 5.3,

e L o
where
B zr () = Ok o () (¥ = 2) - W (D)) (5.9)
and

12
01c)i= argmin [ i) = 0(cv—2) - m@)' | ds

R
O 5o

_ fB,(z) uk(x)((x -2)- Vk(z))idx
Jp0((x—=2)- Vk(z))i&dx '

Next define the monotone in » quantity

0(r):=sup sup sup (') uk — p .

| 1 :
K 2eTyNBy s r/=r L®(B,/(x0))

We have 6(r) <00 forr > 0 and 6(r) / oo as r \( 0. Clearly, there are sequences r,, \( 0, ky;,
and z,, — z € By2, for which

) P ks, = B ot | o5, iy = OTm) /2. (5.10)

From now on in this proof we denote ¢, = ¢y, 2,
In this situation we consider

and vy, = vk, (Zm)-

sFm

Uk, @m +1rmX) — P (@m + rmx)
(rm)ﬂe(rm)

U (X) =

Note that, for all m > 1,

/vm(x)(x-vm)idxzo. (5.11)

B

This is the optimality condition for least squares.
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Note also that (5.10) is equivalent to
lvm LBy = 1/2, (5.12)

which holds for all m > 1.
In addition, for all £ and z we have

10k (2r) — Qo (M] < rP0(r).
Indeed,
|Qk.z2r) — Qi (Nr* =k, z.2r — Dr.zor | LB, (2))

SN prz2r = ullL=(B,, 2)) + 6 = k2 1B, 2)
<@nfo)+rfor) =crfowr).

Thus, for R =2V we have

IA

P P10k (rR) — Ok o (1) Ni 5ip-9 @Y P10k Q7 r) = 042 (271)]
6(r) = 0(r)

IA

N—1 i
CY 20 OCIN) _ coN -5 _ cpb—s,
r 0 -

where we have used 8 > s.
Moreover, we have

o o0 (84 = = Qtzn ) (= 2m) V)Y | e, 1)

1
TP
4Rﬁ Sm
= 0 (rm)(rm R)P ”ukm = Qkyzm (rmR)((x —Zm) - Vm)+

1
oGP

\po(B,mR) +

(rmR) = Qi 2 (ri) | (ri R)™™

- RPO(rmR)
)

and hence vy, satisfy the growth control

+ CRP,

lvm |l oo (Bg) < CRP  forall R > 1. (5.13)

We have used the definition 6 (r) and its monotonicity.
Now, without loss of generality (taking a subsequence), we assume that

vy —> v e S

Then, the rest of the proof consists mainly in showing the following claim.
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Claim. A subsequence of vy, converges locally uniformly in R" to some function v which satisfies
Lv=0in{x-v>0}and v=0in{x-v <0}, for some L of the form (1.1) satisfying (1.2).

Once we know this, a contradiction is immediately reached using the Liouville type Theo-
rem 4.1, as seen at the end of the proof.
To prove the claim, given R > 1 and m such that r,, R < 1/2 define

Q;’m ={x€Br : (Zm+rmx) € Q;:n and X - vy (zm) > 0}.

Notice that for all R and k, the origin O belongs to the boundary of Q;,m.
We will use that v, satisfies an elliptic equation in Q‘Ig - Namely,

(rm)zs
(rm)ﬂe(rm)

This follows from the definition of v,, and the fact that Ly, ¢, =01in {(x — 2) - v, > O}.

Notice that the right hand side of (5.14) converges uniformly to 0 as r,, N\ 0, since 8 < 2s
and 0(r,,) 1 oo.

In order to prove the convergence of a subsequence of v,,, we first obtain, for every fixed
R > 1, a uniform in m bound for ||vy|csp,), for some small § > 0. Then the local uniform
convergence of a subsequence of v,, follows from the Arzela—Ascoli theorem.

Let us fix R > 1 and consider that m is always large enough so that r,, R < 1/4.

Let X, be the half space which is “tangent™ to £, at z,,, namely,

Ly, vm (x) = Jin@m +rmx)  inQp (5.14)

T ={(x —zm) - v(zm) <0}
The first step is showing that, for all m and for all r < 1/4,

s = ¢ L°°(B,<z,,,)ﬂ<9:?,,lU2,;>> =cri=cor” G-19

for some constant C depending only on s, pp, ellipticity constants, and dimension.
Indeed, we may rescale and slide the supersolution ¢; from Lemma 4.4 and use the fact that
all points of T'y,, N B34 can be touched by balls of radius pg contained in Qk_,,,- We obtain that

lug,, | < C(dist (x, 2 )’

m

with C depending only on n, s, po, and ellipticity constants. On the other hand, by definition of
¢m we have

|| < C(dist (x, £,,))".
But by assumption, points on I'y N B34 can be also touched by balls of radius pg from the QZ;”

side, and hence we have a quadratic control (depending only on pg) on how I'y,, separates from
the hyperplane 9%, . As a consequence, in B, (z,) N (2, U X, ) we have

C(dist(x, 2 )’ <C» and C(dist(x, %))’ < Cr*.

Hence, (5.15) holds.
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We use now Lemma 5.4 to obtain that, for some small y € (0, s),
llux,, ”C}’(Bl/g(zm)) <C forall m.
On the other hand, clearly

Pmllcr By jgzmy <€ forallm.
Hence,

Jut = ¢mll (Br @@y, Uz)) =C (5.16)
Next, interpolating (5.15) and (5.16) we obtain, for some positive § < y small enough (de-
pending on y, s, and ),

”u"m = bm HCS(Br(zm)m(Q[muzrz)> = crh. (.17

Therefore, scaling (5.17) we find that

v ||Ca<BR\Q;m) <C forall m with r,,R < 1/4. (5.18)

Next we observe that the boundary points on BQ;’m N B34 can be touched by balls of radius
(po/rm) = po contained in Bg \ Q;’m. We then apply Lemma 5.4 (rescaled) to v,,. Indeed, we
have that v,, solves (5.14) and satisfies (5.18). Thus, we obtain, for some &8’ € (0, §),

[vml e gy < CR), forallm with ryy R < 1/4, (5.19)
where we write C (R) to emphasize the dependence on R of the constant, which also depends on
s, po, ellipticity constants, and dimension, but not on m.

As said above, the Arzela—Ascoli theorem and the previous uniform (in m) C ¥ estimate (5.19)
yield the local uniform convergence in R” of a subsequence of v,, to some function v.

In addition, by Lemma 3.1 there is a subsequence of Ly, which converges weakly to some
operator L, which is of the form (1.1) and satisfies (1.2). Hence, it follows that Lv =0 in all
of R”, and thus the claim is proved.

Finally, passing to the limit the growth control (5.13) on v, we find ||v]| L% (Bg) < RP for all
R > 1. Hence, by Theorem 4.1, it must be

v(x) = K(x . v(z))i_.
Passing (5.11) to the limit, we find
/ v(x)(x . v(z))ir dx =0.
By

But passing (5.12) to the limit, we reach the contradiction. Thus, the proposition is proved. O
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Before giving the proof of Theorem 1.2, we prove the following.

8709

Lemma 5.5. Let T be a CU! surface of radius po > 0 splitting By into Ut and U~ see Defini-

tion 5.1. Let d(x) = dist (x, U™). Let xo € B1y2 and z € I" be such that
dist (xo, I') = dist (xg, z) =: 2r.

Then,

H (x—2)-v@)}, - df(x)” Lo ey S Cr.

(¢ = (6 =2 v@)’ ] <cr,

Cs~€(Br(xp))
and

[47 ) coe g, gy = €72

The constant C depends only on py.
Proof. Let us denote

dx)=((x—2)- V(2)), -

(5.20)

(5.21)

(5.22)

First, since I" is C*! with curvature radius bounded below by pg, we have that |d — d| < Cr?

in B, (xg), and thus (5.20) follows.
To prove (5.21) we use on the one hand that

[Vd —vd|, @, Cr,

o) =

(5.23)

which also follows from the fact that I" is C!*!. On the other hand, using the inequality |a*~! —

b1 < |a — bl max{a* 2, b2} fora, b > 0, we find

78 s 28 g 1]
L (By(x0)) L (By(x0)) L (By(x0))
Thus, using (5.23) and (5.24), we deduce
s 78 _ s—1 _ gs—=1lygg s
[ @ =@ cor g, ) = |4V~ &V Hmcw,(xo)) <cr.

Therefore, (5.21) follows.
Finally, interpolating the inequalities

[d_s]CO*l (B (x0))

(5.22) follows. 0O

<Cr’.

(5.24)

= d™ 7 Vd|| Lo B, (xgy < Cr™* " and  ||d™ || LB, () < CT°,
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We can finally give the

Proof of Theorem 1.2. First, by Proposition 4.4, we have [lu]roQ) < C|l fllL>q). We may
assume that

llll ooy + 1 f ooty = 1.
Let us pick any point on 9€2, and let us see that u/d® is C*~¢ around this point. Rescaling
and translating  if necessary, we may assume that 0 € 32, and that the sets U = QN B; and

U~ = By \ Q satisfy the conditions in Definition 5.1 (with ' = B} N 92).
Then, by Proposition 5.2 we have that, for all z € I' N By 2, there is Q = Q(z) such that

0@ <C and fu—Q((x —2) v(@)’ llLBriy < CRP ™ (5.25)
for all R > 0, where C depends only on n, s, pg, €, and ellipticity constants.
Now, to prove the C*~€ estimate up to the boundary for u/d* we must combine a C* interior
estimate for u# with (5.25).
Let x¢ be a point in Qt N B /4, and let z € I" be such that
2r :=dist (xg, I') = dist (xg, z) < po.

Note that B, (xg) C B (x9) C Q7 and that z € I' N By, (since 0 € T").
We claim now that there is Q = Q(xg) such that |Q(xg)| < C,

llu — Qd® | Lo (B, (xg)) < Cr¥ ¢, (5.26)
and
[u — Qd*1cs—¢ (B, (xg)) < CT°, (5.27)
where the constant C depends only on 7, s, €, pg, and ellipticity constants.

Indeed, (5.26) follows immediately combining (5.25) and (5.20).
To prove (5.27), let

v () =r"u(z +rx) = Q (x - v(2)}.
Then, (5.25) implies
lvrllLooBy) < Cr™¢
and
llvrllLoe(Bg) < Cr ™ “R*.
Moreover, v, solves the equation

Lv, =rf(z+rx) in By(Xp),
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where xo = (xo — z)/r satisfies |Xg — z| = 2. Hence, using the interior estimate in Corollary 3.6
we obtain [v,]cs—«(p, () < Cr’ €. This yields that

s—€ s K s S—€
_ — Y = s—€ % < C .
d [u 0 ((x 2 (Z))JF]CS"(Br(xo)) rlleemigoy =€

Therefore, using (5.21), (5.27) follows.
Let us finally show that (5.26)—(5.27) yield the desired result. Indeed, note that, for all x; and
X2 in By (xo),

(u — Qd*) (x1) — (u — Qd*)(x2)
d*(x1)

u u
70— )= + (u = 0d°) (x2) (d™* (x1) —d ™" (x2)).

By (5.27), and using that d is comparable to  in B, (x(), we have

|(u — st)(xl)v_ (u — Qd*) (x2)| <)
d*(x1)

x1 — x| €.

Also, by (5.26) and (5.22),
lu— Qd*|(x2)|d ™" (x1) —d ¥ (x2)| < Clx1 — x2| <.
Therefore,

[u/d”es—e(B,(xn = C-

From this, we obtain the desired estimate for [lu/d’®|cs—<@+np, ) by summing a geometric
series, as in the proof of Proposition 1.1 in [30]. O

6. Final comments and remarks

Even for the fractional Laplacian, all the interior regularity results are sharp; see for example
Section 7 in [3]. The only difference between Theorem 1.1 (b) and the classical interior estimate
for the fractional Laplacian is that we need to assume that u € C*(R") in order to have a C**%
estimate in By,2. We show here that this assumption is in fact necessary.

Proposition 6.1. Let s € (0, 1), and let L be the operator in R? given by (1.4). Let a € (0, s], and
€ > 0 small.
Then, there exists a function u satisfying:

(i) Lu=0in By

(i) u € C*¢(R")
(iiil) u=0in B>\ B
(iv) u ¢ C*F>(Bi)

This means that in Theorem 1.1 (b) the C*(R") norm on the right hand side can not be
removed.



8712 X. Ros-Oton, J. Serra / J. Differential Equations 260 (2016) 8675-8715

Concerning our boundary regularity result, we also expect it to be sharp for general stable
operators (1.1)—(1.2). Indeed, while for the fractional Laplacian (and for any operator (1.3) with
a € C®(5" 1)) one has that (—A)*(d*) is C*°(2) whenever 2 is C* (see [18]), in this case we
have the following.

Proposition 6.2. There exists an operator of the form (1.1)—(1.2) and a C*° bounded domain
Q C R” for which

L) ¢ L (),

where d(x) is a C* function satisfying d =0 in R" \ , and that coincides with dist(x, R" \ Q)
in a neighborhood of 9%2.

As a consequence of the previous example, we do not expect the estimates in Theorem 1.2 to
hold at order s. In other words, we do not expect u/d* to be C*(£2).
We next show Propositions 6.1 and 6.2.

Proof of Proposition 6.1. Let

up(x) = (xDG “nx),

where n € C2°(Ba2(p)), p=(0,4), and n =1 in B{(p). Let u be the solution to

Lu =0 in B
{ u =ug inR"\ Bj.
Then, u clearly satisfies (i), (ii), (iii).

Let us show next that u ¢ C¥125 (B, /2) by contradiction. Assume u € C at2s (B, /2), and define
u1 =uxp,,and up = u —uj. Notice that u1 € C*(R") (by Proposition 4.4, since Lu; = —Luy €
L®(By) and « < s) and u; € Cot2 (B1,2) (by Theorem 1.1). Thus, we have Luy € C%(B1,4).
Therefore, we also have

Lujy e Ca(31/4)

since Lur, = —Lu; in Bj.
Now recall that

o0 o
w(a,b) —w(a,b+1) w(a,b) —w(a+t,b)
Lw(a,b) = / T dt + / TS dt.
—0oQ —00

Hence, taking the points x; = (0, 0) and x; = (§, 0), with § > 0 small, we have

o0
u(8,t) —un(0, 1)
Luz(xl)—Luz(x2)=/ e |t|1+2s2 dt,

—00
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where we have used that u; has support in By (p). Also, u»(0, ¢) = 0 for all 7, and hence

M2(5 l‘)
Lus>(x1) — Luy(xp) = |t|1+23 /| |1+25dt— c8%€.

—00
Therefore,

Luy(x1) — Lua(x2)

> 8¢,
|xy — x2|*

and hence Luy ¢ C*(Bj1/4), a contradiction. 0O
We finally give the

Proof of Proposition 6.2. We take 2 to coincide with 2 = {x e R" : |x| > 1} ina neighborhood
of zo=(1,0,...,0). Then, in a neighborhood of xg, we have d*(x) = (Jx| — 1)*.

We will show that L(d*) is not bounded in a neighborhood of zg. Equivalently, we will show
that Lu is not bounded in a neighborhood of zp, where

u(x) = (|x* = 1) n(x),

where 7 is a smooth function satisfying n = 1 in Bs(z0) and n = 0 outside B»s(z0), where § > 0
is small enough so that 9<2 coincides with a2 in Bos5(z0)-

We claim that Lu is bounded if and only if L(d®) is bounded, because the quotient of these
two functions is C*® (). Indeed, let w be any C*(R") extension of u/d*|q. Then, we have

Lu=L(d*w)=wL({d®)+d*Lw — I.(d*,w),
where Iy, is the bilinear form associated to the operator L. Now, w is C* and d* is C¥, it turns
out that Lw and I (d*, w) belong to L°°(£2). Hence, using that w is bounded by above and
below by positive constants, we find that
Lu e L*(Q) < L(d°) € L*(Q),

as claimed.

Notice now that, since u is bounded at infinity, then to prove the boundedness of Lu(x) it is
only important the values of « in a neighborhood of x.

Let x = (x1, x'), with x” € R"~!. Let us restrict the function d* to the hyperplane {x; = 147},
with r > 0 very small. We find that

u(+r) = (A+n?+ )P = 1) 01 +r2) = @ +r2 + P +r, 1)

, 2 N
= <2+r+’% ) n(+r.x).
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Thus, if we choose L = L1 + L, with L being the (n — 1)-dimensional fractional Laplacian in
the (x3, ..., x,) variables, and L, the 1-dimensional fractional Laplacian in the x-variable, we
find that

Lu(1+7,0,...,0) = L1v"(0) + Lava(r),

=
=0, then Lyv,(r) is bounded for r > 0. Thus, to prove that Lu is not bounded in 2 it suffices to
show that Lv™ (0) — oo as r | 0.

But, defining

2 N
where v (x') = r® (2 +r+ ) n(1+r,x"),and va(r) = ri +(—=1—r)%. Since Ly[(r;)*]

~(r) 2\’
100) = (2+r+1y72) 01 +rry)
we have that
Liv®©0)= L5 (0).

Finally, as r | 0, we have that n(1 4 r, ry) converges to the constant function 1 in all of R", and
hence it is immediate to see that

lim L1757 (0) = o0,
r—0
as desired. O
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