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Abstract

In this paper, we study the initial value problem of the Navier-Stokes equations in the half-space. Let 

a solenoidal initial velocity be given in the function space Ḃ
α− 2

2
pq,0 (Rn+) for 0 < α < 2, 1 < p, q < ∞

with α + 1 = n
p + 2

q and 2
q < 1 + n

p . We prove the global in time existence of weak solution u ∈
Lq(0, ∞; Ḃα

pq(Rn+)) ∩ Lq0 (0, ∞; Lp0(Rn+)) for some p < p0 < ∞ and q < q0 < ∞ with n
p0

+ 2
q0

= 1, 

when the given initial velocity has small norm in function space Ḃ
− 2

q0
p0q0,0

(Rn+) (⊃ Ḃ
α− 2

q

pq,0 (Rn+)). The solu-

tion is unique in the class Lq0 (0, ∞; Lp0(Rn+)). Pressure estimates are also given.
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1. Introduction

In this paper, we study the following nonstationary Navier–Stokes equations

ut − �u + ∇p = −div(u ⊗ u), divu = 0 in Rn+ × (0,∞),

u|t=0 = h, u|xn=0 = 0,
(1.1)

where u = (u1, · · · , un) and p are the unknown velocity and pressure, respectively, h =
(h1, · · · , hn) is the given initial data.

Since the nonstationary Navier–Stokes equations are invariant under the scaling

uλ(x, t) = λu(λx,λ2t), pλ(x, t) = λ2p(λx,λ2t), hλ = λh(λx),

it is important to study (1.1) in the so-called critical spaces, i.e., the function spaces with norms 
invariant under the scaling u(x, t) → λu(λx, λ2t).

There are a number of papers dealing with global well-posedness for (1.1) in critical spaces. 
Among them, R. Farwig, H. Sohr and W. Varnhorn [15] showed the unique existence of the 
Leray Hopf weak solution u ∈ Lq(0, ∞; Lp(�)), 1 = 3

p
+ 2

q
if the initial data h ∈ L2

σ (�) and 

‖e−Ath‖Lq(0,∞;Lp(�)) is small enough (here � is bounded domain in R3 with boundary of class 
C2,1 and A is the Stokes operator). R. Farwig, Y. Giga and P. Hsu [13] showed the unique 
existence of the Leray Hopf weak solution u ∈ L

q
α(0, ∞; Lp(�)), 1

2 > α = 1
2 (1 − 3

p
− 2

q
) > 0 if 

the initial data h ∈ L2
σ (�) and ‖tαe−Ath‖Lq(0,∞;Lp(�)) is small enough, where Lq

α(0, ∞; X) is 
the weighted Bochner space with norm ‖ · ‖L

q
α(0,∞;X) = ‖tα · ‖Lq(0,∞;X).

In [7], T. Chang and B. Jin showed the unique existence of solution u in Lq
α(0, ∞; Lp(Rn+)), 

1
2 > α = 1

2 (1 − n
p

− 2
q
) > 0 for h small in Ḃ

− 2
q

pq (Rn+) (also see [8] for α = 0).
R. Danchin and P. Zhang in [12] have studied global solvability of inhomogeneous Navier-

Stokes equations in the half space with bounded density, and showed that if the initial velocity in 

Ḃ
−1+ n

p
pq (Rn+) with n

3 < p < n, 1 < q < ∞ and q ≥ 2p
3p−n

is small and initial density in L∞(Rn+)

is close enough to the homogeneous fluid, then (1.1) has a unique solution satisfying

tα
(
ut ,D

2
xu,∇p

) ∈ Lq(0,∞;Lp(Rn+)), tβ∇u ∈ Lq2(0,∞;Lp2(Rn+)),

tγ u ∈ Lq3(0,∞;Lp3(Rn+))

for some β, γ > 0, 1 < p2, p3, q2, q3 < ∞ with α = β + γ , 1
p

= 1
p2

+ 1
p3

and 1
q

= 1
q2

+ 1
q3

.
The limiting case q = ∞ has been studied by M. Cannone, F. Planchon, and M. Schon-

bek [5] for h ∈ L3(R3+), by H. Amann [3] for h ∈ b
−1+ n

p
p,∞ (�), p > n

3 , p �= n, where � is a 
standard domain like R3, R3+, exterior or bounded domain in R3, by M. Ri, P. Zhang and Z. 
Zhang [23] for h ∈ b0

n∞(�), where � is Rn, Rn+ or bounded domain with smooth boundary, and 
bs
p∞(�) denotes the completion of the generalized Sobolev space Hs

p(�) in Bs
p∞(�). In partic-

ular, in [5], the solution exists globally in time when ‖h‖
Ḃ

−1+ 3
p

p∞ (R3+)

, p > 3 (L3 ⊂ Ḃ
−1+ 3

p
p∞ (Rn+)) 

is small enough. See also [2,14,17,20–22,25] and the references therein for initial value problem 
of Navier-Stokes equations in the half space.
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In this paper, we consider critical function spaces Ḃ
α− 2

q

pq,0 (Rn+) for the space of initial data and 

Lq(0, ∞; Ḃα
pq(Rn+)) for the solution space, respectively, where 0 < α < 2, 1 < p, q < ∞ with 

α + 1 = n
p

+ 2
q

and 2
q

< 1 + n
p

.

In [10], the case p = q has been considered, and the unique existence u in Ḃ
α, α

2
pp (Rn+ ×(0, ∞))

has been shown. Note that Ḃ
α, α

2
pp (Rn+ × (0, ∞)) = Lp(0, ∞; Ḃα

pp) ∩ Lp(Rn+; Ḃ
α
2
pp(0, ∞)).

Our study in this paper is motivated by the result in [5] and [12]. The following texts state our 
main results.

Theorem 1.1. Let 0 < α < 2, 1 < p, q < ∞ with α + 1 = n
p

+ 2
q

and 2
q

< 1 + n
p

. Assume 

that h ∈ Ḃ
α− 2

q

pq,0 (Rn+) with divh = 0. Then, there is ε∗ > 0 and p < p0 < ∞, q < q0 < ∞ with 
n
p0

+ 2
q0

= 1 so that if ‖h‖
Ḃ

− 2
q0

p0q0,0(R
n+)

< ε∗, then (1.1) has a solution u ∈ Lq(0, ∞; Ḃα
pq(Rn+)) ∩

Lq0(0, ∞; Lp0(Rn+)). The solution is unique in Lq0(0, ∞; Lp0(Rn+)).

Note that − 2
q0

− n
p0

= −1 = α − 2
q

− n
p

, p < p0 and q < q0. Hence Besov embeddings 

Ḃ
α− 2

q

pq,0 (Rn+) ⊂ Ḃ
− 2

q0
p0q0,0

(Rn+) hold (see Theorem 6.5.1 in [4]).

Theorem 1.2. Let (p, q, α) and h satisfy the same conditions as in Theorem 1.1. Then, there is 
(p1, q1, β) with 1 < p1 < p, 1 < q1 < q and 0 < β < α < β + 1 < 2 so that if α > 1

p
, then 

the corresponding pressure p can be decomposed by p = P0 + ∑n−1
j=1 Dxj

Pj + Dtp1 for some 

p1 ∈ Lq(0, ∞; Ḃα+1
pq (Rn+)), Pj ∈ Lq(0, ∞; Ḃα

pq(Rn+)), P0 ∈ Lq1(0, ∞; Ḃβ
p1q(Rn+)).

The explanation of function spaces and notations is placed in Section 2.

Remark 1.3.

(1) The authors in the papers [13] and [15] studied (1.1) when the initial data h is in space 

Ḃ
−1+ n

p

pq,0 (Rn+) with ( n
p
, 2

q
) in I and the authors in the paper [12] studied (1.1) when ( n

p
, 2

q
) is 

in II. In this paper, we study (1.1) when ( n
p
, 2

q
) is in II ∪ III. (See Fig. 1.)

(2) Note that if ( n
p
, 2

q
) is in I and III, then −1 + n

p
< 0.

(3) If ( n
p
, 2

q
) ∈ IV , then Theorem 1.1 and Theorem 1.2 can be modified: For 0 < α < 2, 1 <

p, q < ∞ with n
p

+ 2
q

= α + 1, there is 1 < p0, q0 < ∞ with n
p0

+ 2
q

= 1 so that if h ∈
Ḃ

α− 2
q

pq,0 ∩ Ḃ
− 2

q0
p0q0 , then there is u ∈ Lq(0, ∞; Ḃα

pq(Rn+)) ∩ Lq0(0, ∞; Lp0(Rn+)). Without the 

condition p < p0 and q < q0 we cannot expect the embedding Ḃ
α− 2

q

pq,0 (Rn+) ⊂ Ḃ
− 2

q0
p0q0,0

(Rn+)

(see section 5.1).

For the proof of Theorem 1.1, it is necessary to study the following initial value problem of 
the Stokes equations in Rn+ × (0, ∞):
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Fig. 1. Region of ( n
p , 2

q ).

ut − �u + ∇p = f, divu = 0 in Rn+ × (0,∞),

u|t=0 = h, u|xn=0 = 0,
(1.2)

where f = divF .
In [16], M. Giga, Y. Giga and H. Sohr showed that if f ∈ Lq(0, T ; D̂(A−α

p )) and h = 0 then 
the solution u of Stokes equations (1.2) satisfies that for 0 < α < 1,

T∫

0

(
‖( d

dt
)1−αu(t)‖q

Lp(�)
+ ‖A1−α

p u(t)‖q

Lp(�)

)
dt ≤ c(p, q,�,α)

T∫

0

‖A−α
p f (t)‖q

Lp(�)
dt,

where Ap is Stokes operator in � for standard domain � such as bounded domain, exterior 
domain or half space, and D̂(T ) is the completion of D(T ) in the homogeneous norm ‖T · ‖. In 
particular, if f = divF with F ∈ Lq(0, T ; Lp

σ (�)) then

T∫

0

(
‖( d

dt
)

1
2 u(t)‖q

Lp(�) + ‖∇u(t)‖q

Lp(�)

)
dt ≤ c(p, q,�)

T∫

0

‖F(t)‖q

Lp(�)dt.

Estimates for the pressure were, however, not given in [16].
H. Koch and V. A. Solonnikov [18] showed the unique local in time existence of solution 

u ∈ Lq(0, T ; Lq(R3+)) of (1.2) when f = divF , F ∈ Lq(0, T ; Lq(R3+)) and h = 0. They also 
showed that the corresponding pressure p is decomposed by p = p1 + ∂P

∂t
, where p1 and P

satisfy ‖p1‖Lq(0,T ;Lq(R3+)) + ‖P‖Lq(0,T ;W 2
q (R3+)) ≤ c‖F‖Lq(0,T ;Lq(R3+)). See also [17,19,20,25]

and the references therein.
The following theorem states our result on the unique solvability of the Stokes equations (1.2).

Theorem 1.4. Let 1 < p, q < ∞ and 0 ≤ α ≤ 2. Let h ∈ Ḃ
α− 2

q

pq,0 (Rn+) with divh = 0 and F ∈
Lq1(0, ∞, Ḃβ

p1q,0(R
n+)) for (p1, q1, β) satisfying 1 < p1 ≤ p, 1 < q1 ≤ q , 0 < β ≤ α ≤ β + 1 ≤

2 and 0 = α − β − 1 + n( 1 − 1 ) + 2 − 2 . Then there is a solution u of (1.2) with

p1 p q1 q
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‖u‖Lq(0,∞;Ḃα
pq (Rn+)) ≤ c

(‖h‖
Ḃ

α−2/q
pq,0 (Rn+)

+ ‖F‖
Lq1 (0,∞,Ḃ

β
p1q (Rn+))

)
. (1.3)

In addition, if α > 1
p

then the corresponding pressure p can be decomposed by p =
Dtp1 + ∑n−1

j=1 Dxj
Pj + P0, p1 ∈ Lq(0, ∞; Ḃα+1

pq (Rn+)), Pj ∈ Lq(0, ∞; Ḃα
pq(Rn+)) and P0 ∈

Lq1(0, ∞; Ḃβ
p1q(Rn+)) with

‖p1‖Lq(0,∞;Ḃα+1
pq (Rn+))

+
n−1∑
j=1

‖Pj‖Lq(0,∞;Ḃα
pq (Rn+)) + ‖P0‖Lq1 (0,∞;Ḃβ

p1q (Rn+))

≤ c
(‖h‖

Ḃ
α−2/q
pq,0 (Rn+)

+ ‖F‖
Lq1 (0,∞,Ḃ

β
p1q (Rn+))

)
. (1.4)

We organize this paper as follows. In Section 2, we introduce the function spaces, definition 
of the weak solutions of Stokes equations and Navier-Stokes equations. In Section 3, the various 
estimates of operators related with Newtonian kernel and Gaussian kernel are given. In Section 4, 
we complete the proof of Theorem 1.4. In Section 5, we give the proof of Theorem 1.1 and 
Theorem 1.2 applying the estimates in Theorem 1.4 to the approximate solutions.

2. Notations, function spaces and definitions of weak solutions

We denote by x′ and x = (x′, xn) the points of the spaces Rn−1 and Rn, respectively. The 
multiple derivatives are denoted by Dk

xD
m
t = ∂ |k|

∂xk
∂m

∂t
for multi-index k and nonnegative integers 

m. Throughout this paper we denote by c various generic constants.
For s ∈ R and 1 ≤ p, q ≤ ∞, we denote Ḣ s

p(Rn) and Ḃs
pq(Rn) the generalized homogeneous 

Sobolev spaces (space of Bessel potentials) and the homogeneous Besov spaces in Rn, respec-
tively (see [4,27] for the definition of function spaces). Denote by Ḣ s

p(Rn+) and Ḃs
pq(Rn+) the 

restrictions of Ḣ s
p(Rn) and Ḃs

pq(Rn), respectively, with norms

‖f ‖Ḣ s
p(Rn+) = inf{‖F‖Ḣ s

p(Rn) |F |Rn+ = f, F ∈ Ḣ s
p(Rn)},

‖f ‖Ḃs
pq (Rn+) = inf{‖F‖Ḃs

pq (Rn) |F |Rn+ = f, F ∈ Ḃs
pq(Rn)}.

For a non-negative integer k, Ḣ k
p(Rn+) = {f | ∑|l|=k ‖Dlf ‖Lp(Rn+) < ∞}. In particular,

Ḣ 0
p(Rn+) = Lp(Rn+).

For s ∈R, we denote by Ḃs
pq(R

n+), 1 ≤ p, q ≤ ∞ the usual homogeneous Besov space in Rn+
and denote by

Ḣ s
p,0(R

n+) = {f ∈ Ḣ s
p(Rn+) | f̃ ∈ Ḣ s

p(Rn)},
Ḃs

pq,0(R
n+) = {f ∈ Ḃs

pq(Rn+) | f̃ ∈ Ḃs
pq(Rn)},

where f̃ is the zero extension of f over Rn. Note that ‖f̃ ‖Ḣ s
p(Rn) ≤ c‖f ‖Ḣ s

p,0(R
n+) and 

‖f̃ ‖Ḃs
pq (Rn) ≤ c‖f ‖Ḃs

pq,0(R
n+).

Note that for s ≥ 0, Ḃ−s
pq,0(R

n+), 1 < p, q ≤ ∞ is the dual space of Ḃs
p′q ′(Rn+), that is, 

Ḃ−s (Rn+) = (Ḃs ′ ′(Rn+))∗, where 1 + 1′ = 1 and 1 + 1′ = 1.
pq,0 p q p p q q
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For the Banach space X, we denote by Lq(0, ∞; X), 1 ≤ q < ∞ the usual Bochner space 
with norm

‖f ‖Lq(0,∞;X) := ( ∞∫

0

‖f (t)‖q
Xdt

) 1
q .

For 1 < q < ∞ and 0 < θ < 1, we denote by (X, Y)θ,q and [X, Y ]θ the real interpolation and 
complex interpolation, respectively, of the Banach space X and Y . In particular, for 0 < θ < 1, 
α, α1, α2 ∈R and 1 < p1, p2, q1, q2, p, q, r < ∞,

[Ḣ α1
p1

(Rn+), Ḣ α2
p2

(Rn+)]θ = Ḣ α
p (Rn+), (Ḣ α1

p (Rn+), Ḣ α2
p (Rn+))θ,r = Ḃα

pr (R
n+), (2.1)

[Ḃα1
p1q1

(Rn+), Ḃα2
p2q2

(Rn+)]θ = Ḃα
pq(Rn+), (Ḃα1

pq(Rn+), Ḃα2
pq(Rn+))θ,r = Ḃα

pr (R
n+), (2.2)

[Lq1(0,∞;X),Lq2(0,∞;Y)]θ = Lq(0,∞;[X,Y ]θ ), (2.3)

(Lq1(0,∞;X),Lq2(0,∞;Y))θ,q = Lq(0,∞; (X,Y )θ,q), (2.4)

when α = θα1 + (1 −θ)α2, 1
p

= θ
p1

+ 1−θ
p2

and 1
q

= θ
q1

+ 1−θ
q2

. See Theorem 6.4.5, Theorem 5.1.2 
and Theorem 5.6.2 in [4].

Definition 2.1 (Weak solution of the Stokes equations). Let 1 < p, q < ∞ and 0 ≤ α ≤ 2. Let 
h, F satisfy the same hypotheses as in Theorem 1.4. A vector field u ∈ Lq(0, ∞; Ḃα

pq(Rn+)) is 
called a weak solution of the Stokes equations (1.2) if the following conditions are satisfied:

−
∞∫

0

∫

Rn+

u · ��dxdt =
∞∫

0

∫

Rn+

(
u · �t −F : ∇�

)
dxdt +

∫

Rn+

h(x) · �(x,0)dx

for each � ∈ C∞
0 (Rn+ × [0, ∞)) with divx� = 0. In addition, for each 
 ∈ C1

c (Rn+)

∫

Rn+

u(x, t) · ∇
(x)dx = 0 for all 0 < t < ∞. (2.5)

Definition 2.2 (Weak solution to the Navier-Stokes equations). Let 1 < p, q < ∞ and 0 ≤ α ≤
2 with α + 1 = n

p
+ 2

q
. Let h satisfy the same hypothesis as in Theorem 1.1. A vector field 

u ∈ Lq(0, ∞; Ḃα
pq(Rn+)) is called a weak solution of the Navier-Stokes equations (1.1) if the 

following variational formulations are satisfied:

−
∞∫

0

∫

Rn+

u · ��dxdt =
∞∫

0

∫

Rn+

(
u · �t + (u ⊗ u) : ∇�

)
dxdt +

∫

Rn+

h(x) · �(x,0)dx (2.6)

for each � ∈ C∞
0 (Rn+ × [0, ∞)) with divx� = 0. In addition, for each 
 ∈ C1

c (Rn+), u satisfies 
(2.5).
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Remark 2.3. If 0 < α < 2
q

, then the term 
∫
Rn+ h(x) · �(x, 0)dx should be replaced by <

h, �(·, 0) >, where < ·, · > is the duality pairing between Ḃ
α− 2

q

pq,0 (Rn+) and Ḃ
−α+ 2

q

p′q ′ (Rn+).

3. Preliminary estimates

3.1. Trace theorem

the following lemma is well known trace theorem. The proof is contained in appendix A.

Lemma 3.1. Let 1 < p, q < ∞.

(1) If f ∈ Ḃα
pq(Rn+) for α > 1

p
, then f |xn=0 ∈ Ḃ

α− 1
p

pq (Rn−1) with

‖f |xn=0‖Ḃ
α−1/p
pp (Rn−1)

≤ c‖f ‖Ḣ α
p (Rn+), ‖f |xn=0‖Ḃ

α−1/p
pq (Rn−1)

≤ c‖f ‖Ḃα
pq(Rn+).

(2) If f ∈ Lp(Rn+) and divf = 0 in Rn+, then fn|xn=0 ∈ Ḃ
− 1

p
pp (Rn−1) with

‖fn|xn=0‖Ḃ
−1/p
pp (Rn−1)

≤ c‖f ‖Lp(Rn+).

3.2. Newtonial potential

The fundamental solution of the Laplace equation in Rn is denoted by

N(x) =
⎧⎨
⎩

1
ωn(2−n)|x|n−2 if n ≥ 3,

1
2π

ln |x| if n = 2,

ωn is the surface area of the unit sphere in Rn.
We define Nf by

Nf (x) =
∫

Rn−1

N(x′ − y′, xn)f (y′)dy′. (3.1)

Observe that DxnNf is Poisson operator of Laplace equation in Rn+ and Dxi
Nf = DxnNR′

if

for i �= n, where R′ = (R1, · · · , Rn−1) is the n − 1 dimensional Riesz operator. Poisson oper-

ator is bounded from Ḃ
α− 1

p
pp (Rn−1) to Ḣ α

p (Rn+), α ≥ 0 and R′ is bounded from Ḃs
pq(R

n−1) to 
Ḃs

pq(Rn−1), s ∈ R (see [26]). Hence the following estimates hold.

Lemma 3.2. Let 1 < p < ∞ and 1 ≤ q ≤ ∞. Then

‖∇xNf ‖Ḣ α
p (Rn+) ≤ c‖f ‖

Ḃ
α−1/p
pp (Rn−1)

α ≥ 0,

‖∇xNf ‖Ḃα
pq (Rn+) ≤ c‖f ‖

Ḃ
α−1/p
pq (Rn−1)

α > 0. (3.2)
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According to Calderón-Zygmund inequality

‖
∫

Rn

∇2
xN(· − y)f (y)dy‖Lp(Rn+) ≤ c‖f ‖Lp(Rn+) for 1 < p < ∞.

Using Lemma 3.2, (1) of Lemma 3.1 and Calderón-Zygmund inequality the following estimates 
also hold.

Lemma 3.3. For α ≥ 0 and 1 < p < ∞.

‖∇2
x

∫

Rn+

N(· − y)f (y)dy‖Ḣ α
p (Rn+) ≤ c‖f ‖Ḣ α

p (Rn+).

3.3. Gaussian kernel

The fundamental solution of the heat equation in Rn is denoted by

�(x, t) =
⎧⎨
⎩

1

(2πt)
n
2
e− |x|2

4t if t > 0,

0 if t ≤ 0.

Define �t ∗ f (x) = ∫
Rn �(x − y, t)f (y)dy.

Lemma 3.4. Let 1 ≤ p, q < ∞.

‖�t ∗ f ‖Lq(0,∞;Ḣ α
p (Rn)) ≤ c‖f ‖

Ḃ
α−2/q
pq (Rn)

for α ≥ 0, (3.3)

‖�t ∗ f ‖Lq(0,∞;Ḃα
pq (Rn)) ≤ c‖f ‖

Ḃ
α−2/q
pq (Rn)

for α > 0. (3.4)

The proof of the estimate (3.3) is given in Proposition 4.1 of [11]. Using real interpolation to 
(3.3), we obtain the estimate (3.4).

3.4. Hölder type inequality

The following Hölder type inequality is well-known result (see Lemma 2.2 in [6]). For β > 0, 
1
ri

+ 1
si

= 1
p

, i = 1, 2,

‖f1f2‖Ḃ
β
pq(Rn)

≤ c
(‖f1‖Ḃ

β
s1q (Rn)

‖f2‖Lr1 (Rn) + ‖f1‖Ls2 (Rn)‖f2‖Ḃ
β
r2q (Rn)

)
. (3.5)

Let g be a function defined in Rn+. Let g̃ be extension of g over Rn defined by Theorem 5.19 
in [1]. Then, for 1 ≤ p, q ≤ ∞ and 0 < β , we have

‖g̃‖
Ḃ

β
pq(Rn)

≤ c‖g‖
Ḃ

β
pq(Rn+)

, ‖g̃‖Lp(Rn) ≤ c‖g‖Lp(Rn+). (3.6)

Using (3.5) and (3.6), the following estimates hold.



T. Chang, B.J. Jin / J. Differential Equations 267 (2019) 4293–4319 4301
Lemma 3.5. Let 0 < β and 1 ≤ p, q ≤ ∞. Then, for 1
ri

+ 1
si

= 1
p

, i = 1, 2,

‖f1f2‖Ḃ
β
pq(Rn+)

≤ c
(‖f1‖Ḃ

β
s1q (Rn+)

‖f2‖Lr1 (Rn+) + ‖f1‖Ls2 (Rn+)‖f2‖Ḃ
β
r2q (Rn+)

)
.

3.5. Helmholtz projection

The Helmholtz projection P in the half-space Rn+ is given by

Pf = f − ∇Qf = f − ∇Q1f − ∇Q2f, (3.7)

where Q1f and Q2f satisfy the following equations;

�Q1f = divf, Q1f |xn=0 = 0

and

�Q2f = 0, DxnQ2f |xn=0 = (
fn − DxnQ1f

)|xn=0.

Note that Q1f and Q2f are represented by

Q1f (x) = −
∫

Rn+

Dyi

(
N(x − y) − N(x − y∗)

)
fi(y)dy, (3.8)

Q2f (x) =
∫

Rn−1

N(x′ − y′, xn)
(
fn(y

′,0) − DynQ1f (y′,0)
)
dy′. (3.9)

Note that divPf = 0 and (Pf )n|xn=0 = 0.

Lemma 3.6. Let f = divF with F ∈ Ḣ α
p,0(R

n+) or F ∈ Ḃα
pq,0(R

n+).

‖Qf ‖Ḣ α
p (Rn+) ≤ c‖F‖Ḣ α

p (Rn+) α ≥ 0,

‖Qf ‖Ḃα
pq(Rn+) ≤ c‖F‖Ḃα

pq(Rn+) α > 0.

Proof. The proof of Lemma 3.6 is given in Appendix B. �
Lemma 3.7. Let 1 < p1 ≤ p < ∞, 1 < q1 ≤ q < ∞. Let 0 < β ≤ α < β + 1 < 2 such that 
0 = α − β − 1 + n( 1

p1
− 1

p
) + 2

q1
− 2

q
. Let f = divF with F ∈ Lq1(0, ∞, Ḃβ

p1q,0(R
n+)). Then,

‖� ∗ Pf ‖Lq(0,∞;Ḃα
pq (Rn+)), ‖�∗ ∗ Pf ‖Lq(0,∞;Ḃα

pq (Rn+)) ≤ c‖F‖
Lq1 (0,∞;Ḃβ

p1q (Rn+))
.

Here � ∗ f := ∫ t

0

∫
Rn+ �(x − y, t − s)f (y, s)dyds and �∗ ∗ f := ∫ t

0

∫
Rn+ �(x′ − y′, xn + yn, t −

s)f (y, s)dyds.

Proof. The proof of Lemma 3.7 is given in Appendix C. �
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4. Proof of Theorem 1.4

First, we decompose the Stokes equation (1.2) as the following two equations:

vt − �v + ∇π = 0, divv = 0 in Rn+ × (0,∞),

v|t=0 = h and v|xn=0 = 0, (4.1)

and

Vt − �V + ∇� = divF , div V = 0 in Rn+ × (0,∞),

V |t=0 = 0, V |xn=0 = 0.
(4.2)

Let u = V + v and p = π + �. Then, (u, p) is a solution of (1.2).

4.1. Estimate of (v, π)

Define (v, π) by

vi(x, t) =
∫

Rn+

Gij (x, y, t)hj (y)dy, (4.3)

π(x, t) =
∫

Rn+

P(x, y, t) · h(y)dy, (4.4)

where G and P are defined by

Gij = δij (�(x − y, t) − �(x − y∗, t))

+ 4(1 − δjn)
∂

∂xj

xn∫

0

∫

Rn−1

∂N(x − z)

∂xi

�(z − y∗, t)dz, (4.5)

Pj (x, y, t) = 4(1 − δjn)
∂

∂xj

[ ∫

Rn−1

∂N(x′ − z′, xn)

∂xn

�(z′ − y′, yn, t)dz′

+
∫

Rn−1

N(x′ − z′, xn)
∂�(z′ − y′, yn, t)

∂yn

dz′]. (4.6)

Then (v, π) satisfies (4.1) (see [24]).
From Section 4 in [11], we have the following estimate;

‖v‖
Lq(0,∞;Ḣ αi

p (Rn+))
≤ c‖h‖

Ḃ
αi−2/q

pq,0 (Rn+)
, 0 ≤ αi ≤ 2, i = 1,2.
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Using the property of real interpolation (see (2.1), (2.2) and (2.4)), we have

‖v‖Lq(0,∞;Ḃα
pq (Rn+)) ≤ c‖h‖

Ḃ
α−2/q
pq,0 (Rn+)

, 0 ≤ α ≤ 2. (4.7)

For α > 1
p

, the following estimates for π also hold.

Lemma 4.1. Let 1 < p, q < ∞ and 1
p

< α < 2. Then π can be decomposed in the form π =∑n−1
j=1 Dyj

π0j + Dtπ00 with

‖π0j‖Lq(0,∞;Ḣ α
p (Rn+)) + ‖π00‖Lq(0,∞;Ḣ α+1

p (Rn+))
≤ c‖h‖

B
α−2/q
pq,0 (Rn+)

.

Proof. The proof of Lemma 4.1 is given in Appendix D. �
4.2. Estimate of (V , �)

Let f = Pf + ∇Qf be the decomposition of f , where P and Q are the operator defined in 
section 3.5. Note that divPf = 0 and (Pf )n|xn=0 = 0. We define (V , �0) by

Vi(x, t) =
t∫

0

∫

Rn+

Gij (x, y, t − τ)(Pf )j (y, τ )dydτ, (4.8)

�0(x, t) =
t∫

0

∫

Rn+

P(x, y, t − τ) · (Pf )(y, τ )dydτ, (4.9)

where G and P are defined by (4.5) and (4.6). Then (V , �0) satisfies

Vt − �V + ∇�0 = Pf, div V = 0, in Rn+ × (0,∞),

V |t=0 = 0, V |xn=0 = 0.

(See [24].) Let � = �0 +Qf . Then, (V , �) is solution of (4.2).
Let 1 < p < ∞ and 0 ≤ α ≤ 2. In Section 3 in [11], the authors showed that V, �0 defined by 

(4.8) and (4.9) have the following estimates (using real interpolations); if 0 < α < 2, then

‖V ‖Lq(0,∞;Ḃα
pq (Rn+)) ≤ c

(‖� ∗ Pf ‖Lq(0,∞;Ḃα
pq (Rn+)) + ‖�∗ ∗ Pf ‖Lq(0,∞;Ḃα

pq (Rn+))

)
.

Using Lemma 3.6 and Lemma 3.7, the following theorem holds: Let 1 < p1 ≤ p <

∞, 1 < q1 ≤ q < ∞, 0 ≤ β ≤ α and 0 = α − β − 1 + n( 1
p1

− 1
p
) + 2

q1
− 2

q
. Then, for 

F ∈ Lq1(0, ∞, Ḃβ
p1q,0(R

n+)), we have

‖V ‖Lq(0,∞;Ḃα
pq (Rn+)) ≤ c‖F‖

Lq1 (0,∞;Ḃβ
p1q (Rn+))

, 0 < α < 2. (4.10)

On the other hand, by Lemma 3.6 the following estimate hold for Qf .
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‖Qf ‖
Lq1 (0,∞;Ḃβ

p1q (Rn+))
≤ c‖F‖

Lq1 (0,∞;Ḃβ
p1q (Rn+))

. (4.11)

For α > 1
p

, the following estimates for �0 also hold.

Lemma 4.2. Let 1 < p, q < ∞ and 1
p

< α < 2. Let p1, q1 and β satisfy the same conditions in 

Lemma 3.7. Let f = divF for F ∈ Lq1(0, ∞; Ḃβ
p1q,0(R

n+)). Then �0 = ∑n−1
j=1 Dyj

�0j +Dt�00
with

‖�0j‖Lq(0,∞;Ḃα
pq (Rn+)) + ‖�00‖Lq(0,∞;Ḃα+1

pq (Rn+))
≤ c‖F‖

Lq1 (0,∞;Ḃβ
p1q (Rn+))

.

Proof. The proof of Lemma 4.2 is given in Appendix E. �
4.3. Estimate of (u, p)

Note that (u, p) defined by u = V + v and p = π + �0 +Q divF are solution of (1.2). From 
(4.7) and (4.10), we obtain the estimate (1.3) for u.

Let p1 = π00 + �00, Pj = π0j + �0j and P0 = Q divF , where π00 and π0j are defined in 
Lemma 4.1, and �00 and �0j are defined in Lemma 4.2. Then, the corresponding pressure p is 
decomposed by p = Dtp1 + ∑j=n−1

j=1 Pj + P0. From (4.11), Lemma 4.1 and Lemma 4.2, we get 
the estimate (1.4) for p, p0 and pj . This completes the proof Theorem 1.4.

5. Nonlinear problem

In this section, we would like to give proofs of Theorem 1.1 and Theorem 1.2. For the 
purpose of them, we construct approximate velocities and then derive uniform convergence in 
Lq(0, ∞; Ḃα

pq(Rn+)).

5.1. p0, q0, p1, p2, q1 and β

Lemma 5.1. Let (α, p, q) satisfy 1 < p, q < ∞, 0 < α < 2, 2
q

< 1 + n
p

and α+1 = n
p

+ 2
q

. Then, 
there are 1 < p0, p1, p2, q0, q1 < ∞ and 0 < β satisfying that

1 < p1 < p < min(p0,p2), 1 < q1 < q < q0,
n

p0
+ 2

q0
= 1,

β = α − 1 + n(
1

p1
− 1

p
) + 2

q1
− 2

q
, 0 < β ≤ α ≤ β + 1 < 2,

β − n

p2
= α − n

p
,

1

p1
= 1

p2
+ 1

p0
,

1

q1
= 1

q
+ 1

q0
. (5.1)

Proof. We take ε1, ε2 ∈ (0, 1) satisfying

max(0,1 − n

p
) <ε1 < min(1,2 − 2

q
,

2

q
,2 − α),

max(0,1 − α) <ε1 + ε2 < min(1,2 − α). (5.2)



T. Chang, B.J. Jin / J. Differential Equations 267 (2019) 4293–4319 4305
Let 2
q1

= 2
q

+ ε1, n
p1

= n
p

+ ε2, n
p0

= 1 − ε1, 2
q0

= ε1, n
p2

= −1 + ε1 + ε2 + n
p

and β = α − 1 +
ε1 + ε2. Then 1 < p0, p1, p2, q0, q1 < ∞ and 0 < β satisfy the conditions in Lemma 5.1. �
Remark 5.2. If the condition 2

q
< 1 + n

p
is dropped in Lemma 5.1, then we choose ε1, ε2 ∈ (0, 1)

satisfying

0 < ε1 < min(1,2 − 2

q
,2 − α), max(0,1 − α) < ε1 + ε2 < min(1,2 − α).

Then, the numbers p0, p1, p2, q0, q1 and 0 < β defined in the proof of Lemma 5.1 satisfy (5.1)
without p < p0 and q < q0.

5.2. Approximating solutions

Let (u1, p1) be the solution of the Stokes equations

u1
t − �u1 + ∇p1 = 0, div u1 = 0, in Rn+ × (0,∞),

u1|t=0 = h, u1|xn=0 = 0.
(5.3)

Let m ≥ 1. After obtaining (u1, p1), · · · , (um, pm) construct (um+1, pm+1) which satisfies the 
following equations

um+1
t − �um+1 + ∇pm+1 = f m, div um+1 = 0, in Rn+ × (0,∞),

um+1|t=0 = h, um+1|xn=0 = 0,
(5.4)

where f m = −div(um ⊗ um).

5.3. Uniform boundedness in Lq0(0, ∞; Lp0(Rn+))

We denote Lq(Lp) := Lq(0, ∞; Lp(Rn+)). Let 1 < p0, q0 < ∞ with

n

p0
+ 2

q0
= 1. (5.5)

(Observe that n < p0 < ∞, 2 < q0 < ∞ and −1 + n
p0

= − 2
q0

.) From Theorem 1.4, we have

‖u1‖Lq0 (Lp0 ) ≤ c0‖h‖
Ḃ

−1+n/p0
p0q0,0 (Rn+)

:= N0. (5.6)

From Theorem 1.4, taking p1 = p0
2 , q1 = q0

2 and α = β = 0, we have

‖um+1‖Lq0 (Lp0 ) ≤ c
(‖h‖

Ḃ
−2/q0
p0q0,0(R

n+)
+ ‖um ⊗ um‖Lq0/2(Lp0/2)

)

≤ c1
(‖h‖

Ḃ
−2/q0
p0q0,0(R

n+)
+ ‖um‖2

Lq0 (Lp0 )

)
. (5.7)
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Under the hypothesis ‖um‖Lq0 (Lp0 ) ≤ M0, (5.7) leads to the estimate

‖um+1‖Lq0 (Lp0 ) ≤ c1
(
N0 + M2

0

)
.

Choose M0 and N0 so small that

M0 ≤ 1

2c1
and N0 <

M0

2c1
. (5.8)

By the mathematical induction argument, we conclude

‖um‖Lq0 (Lp0 ) ≤ M0 for all m = 1,2 · · · . (5.9)

5.4. Uniform boundedness in Lq(0, ∞; Ḃα
pq(Rn+))

Let

n

p
+ 2

q
= 1 + α. (5.10)

(Observe that n
α+1 < p < ∞, 2

α+1 < q < ∞ and −1 + n
p

= α − 2
q

.) From Theorem 1.4, we have

‖u1‖Lq(0,∞;Ḃα
pq (Rn+)) ≤ c2‖h‖

Ḃ
−1+n/p
pq,0 (Rn+)

:= N.

Let p0, q0, p1, p2, q1 and β be the constants defined in the proof of Lemma 5.1. We apply 
Theorem 1.4 to obtain

‖um+1‖Lq(0,∞;Ḃα
pq (Rn+)) ≤ c

(‖h‖
Ḃ

−1+n/p
pq,0 (Rn+)

+ ‖um ⊗ um‖
Lq1 (0,∞;Ḃβ

p1q (Rn+))

)
. (5.11)

By Lemma 3.5 and Besov imbedding (since β − n
p2

= α − n
p

and β ≤ α), we have

‖(um ⊗ um)‖
Lq1 (0,∞;Ḃβ

p1q (Rn+))
≤ c‖um‖

Lq(0,∞;Ḃβ
p2q (Rn+))

‖um‖Lq0 (0,∞;Lp0 (Rn+))

≤ c‖um‖Lq(0,∞;Ḃα
pq (Rn+))‖um‖Lq0 (0,∞;Lp0 (Rn+)). (5.12)

From (5.11)-(5.12), we have

‖um+1‖Lq(0,∞;Ḃα
pq (Rn+)) ≤ c1

(
N + ‖um‖Lq0 (0,∞;Lp0 (Rn+))‖um‖Lq(0,∞;Ḃα

pq (Rn+))

)
. (5.13)

Under the hypothesis ‖um‖Lq(0,∞;Ḃα
pq (Rn+)) ≤ M , (5.13) leads to the estimate

‖um+1‖Lq(0,∞;Ḃα
pq (Rn+)) ≤ c1

(
N + M0M

)
.

Choose that M0 is small and M is large so that

M0 ≤ 1
, 2c1N ≤ M. (5.14)
2c1
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By the mathematical induction argument, we conclude

‖um‖Lq(0,∞;Ḃα
pq (Rn+)) ≤ M for all m = 1,2 · · · . (5.15)

5.5. Uniform convergence

Let Um = um+1 − um and P m = pm+1 − pm. Then, (Um, P m) satisfy the equations

Um
t − �Um + ∇P m = −div(um ⊗ Um−1 + Um−1 ⊗ um−1), div Um = 0, in Rn+ × (0,∞),

Um|t=0 = 0, Um|xn=0 = 0.

Recall the uniform estimates (5.9) and (5.15) for the approximate solutions. From Theo-
rem 1.4 and Lemma 3.5 we have

‖Um‖Lq0 (Lp0 ) ≤ c
(‖um−1‖Lq0 (Lp0 ) + ‖um‖Lq0 (Lp0 )

)‖Um−1‖Lq0 (Lp0 )

≤ c5M0‖Um−1‖Lq0 (Lp0 ), (5.16)

and

‖Um‖Lq(0,∞;Ḃα
pq (Rn+)) ≤ c‖um ⊗ Um−1 + Um−1 ⊗ um−1‖

Lq1 (0,∞;Ḃβ
p1q1 (Rn+))

≤ c
(‖um‖Lq(0,∞;Ḃα

pq (Rn+)) + ‖um−1‖Lq(0,∞;Ḃα
pq (Rn+))

)‖Um−1‖Lq0 (Lp0 )

+ c
(‖um‖Lq0 (Lp0 ) + ‖um−1‖Lq0 (Lp0 )

)‖Um−1‖Lq(0,∞;Ḃα
pq (Rn+))

)

≤ c6M‖Um−1‖Lq0 (Lp0 ) + c6M0‖Um−1‖Lq(0,∞;Ḃα
pq (Rn+)). (5.17)

Here, α, β, p, p0, p1, q, q0, q1, N0, M0 are the same constants defined in the previous subsection, 
and we take the constant c6 greater than c5, that is,

c6 > c5. (5.18)

From (5.16), if c5M0 < 1, then 
∑∞

m=1 ‖Um‖Lq0 (Lp0 ) converges, that is,

∞∑
m=1

Um converges in Lq0(Lp0).

Take A > 0 satisfying A(c6 − c5)M0 ≥ c6M . Then from (5.16) and (5.17) it holds that

‖Um‖Lq(0,∞;Ḃα
pq (Rn+)) + A‖Um‖Lq0 (Lp0 )

≤ c6M0(‖Um−1‖Lq(0,∞;Ḃα
pq (Rn+)) + A‖Um−1‖Lq0 (Lp0 ))

Again if c6M0 < 1, then 
∑∞

m=1(‖Um‖Lq(0,∞;Ḃα
pq (Rn+)) + A‖Um‖Lq0 (Lp0 )) converges. This im-

plies that 
∑∞

m=1 ‖Um‖ q ˙ α n converges, that is,
L (0,∞;Bpq(R+))
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∞∑
m=1

Um converges in Lq(0,∞; Ḃα
pq(Rn+)).

Therefore, if M0 satisfies the condition (5.14) with the additional conditions

M0 <
1

c6
, (5.19)

then um = u1 + ∑m
k=1 Uk converges to u1 + ∑∞

k=1 Uk in Lq(0, ∞; Ḃα
pq(Rn+)) ∩ Lq0(Lp0). Set 

u := u1 + ∑∞
k=1 Uk .

5.6. Existence

Let u be the same one constructed in the previous Section. Since um → u in Lq0(0, ∞;
Lp0(Rn+)) and Lq(0, ∞; Ḃα

pq(Rn+)), by (5.9) and (5.15), we have

‖u‖Lq0 (Lp0 ) ≤ M0, ‖u‖Lq(0,∞;Ḃα
pq (Rn+)) ≤ M.

In this section, we will show that u satisfies weak formulation of Navier-Stokes equations 
(2.6), that is, u is a weak solution of Navier-Stokes equations (1.1) with appropriate distribution 
p. Let � ∈ C∞

0 (Rn+ × [0, ∞)) with div � = 0. Observe that

−
∞∫

0

∫

Rn+

um+1 · ��dxdt =
∞∫

0

∫

Rn+

um+1 · �t + (um ⊗ um) : ∇�dxdt+ < h,�(·,0) > .

Now, send m to the infinity, then, um → u in Lq0(Lp0). Since n < p0 and 2 < q0, um ⊗ um →
u ⊗ u in L1

loc(R
n+ × [0, ∞)). Hence, we have the identity

−
∞∫

0

∫

Rn+

u · ��dxdt =
∞∫

0

∫

Rn+

u · �t + (u ⊗ u) : ∇�dxdt+ < h,�(·,0) > .

Therefore u is a weak solution of Navier-Stokes equations (1.1). This completes the proof of the 
existence part of Theorem 1.1.

5.7. Uniqueness in space Lq0(Lp0)

Let u1 ∈ Lq0(Lp0) be another weak solution of Navier-Stokes equations (1.1) with pressure 
p1. Then, (u − u1, p − p1) satisfies the equations

(u − u1)t − �(u − u1) + ∇(p − p1) = −div(u ⊗ (u − u1) + (u − u1) ⊗ u1) in Rn+ × (0,∞),

div (u − u1) = 0, in Rn+ × (0,∞),

(u − u1)|t=0 = 0, (u − u1)|xn=0 = 0.
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Applying the estimate of Theorem 1.4 in [9] to the above Stokes equations, we have

‖u − u1‖Lq0 (0,τ ;Lp0Rn+)) ≤ c‖u ⊗ (u − u1) + (u − u1) ⊗ u1‖Lq0/2(0,τ ;Lp0/2Rn+))

≤ c5(‖u‖Lq0 (0,τ ;Lp0 (Rn+)) + ‖u1‖Lq0 (0,τ ;Lp0 (Rn+)))‖u − u1‖Lq0 (0,τ ;Lp0 (Rn+)), τ < ∞.

Since u, u1 ∈ Lq0(0, ∞; Lp0(Rn+)), by absolutely continuity, there is 0 < δ such that if τ2 − τ1 ≤
δ for τ1 < τ2, then

‖u‖Lq0 (τ1,τ2;Lp0 (Rn+)) + ‖u1‖Lq0 (τ1,τ2;Lp0 (Rn+)) <
1

c5
.

Hence, we have

‖u − u1‖Lq0 (0,δ;Lp0 (Rn+)) < ‖u − u1‖Lq0 (0,δ;Lp0 (Rn+)).

This implies that ‖u −u1‖Lq0 (0,δ;Lp0 (Rn+)) = 0, that is, u ≡ u1 in Rn+ × (0, δ]. Observe that u −u1
satisfies the Stokes equations

(u − u1)t − �(u − u1) + ∇(p − p1) = −div(u ⊗ (u − u1) + (u − u1) ⊗ u1) in Rn+ × (δ,∞),

div (u − u1) = 0 in Rn+ × (δ,∞),

(u − u1)|t=δ = 0, (u − u1)|xn=0 = 0.

Again, applying the estimate of Theorem 1.4 in [9] to the above Stokes equations, we have

‖u − u1‖Lq0 (δ,2δ;Lp0 (Rn+)) ≤ c5(‖u‖Lq2 (δ,2δ;Lp0 (Rn+))

+ ‖u1‖Lq0 (δ,2δ;Lp0 (Rn+)))‖u − u1‖Lq0 (δ,2δ;Lp0 (Rn+))

< ‖u − u1‖Lq0 (δ,2δ;Lp0 (Rn+)).

This implies that ‖u − u1‖Lq0 (δ,2δ;Lp0 (Rn+)) = 0, that is, u ≡ u1 in Rn+ × [δ, 2δ]. After iterating 
this procedure infinitely, we obtain the conclusion that u = u1 in Rn+ × (0, ∞). This completes 
the proof of the uniqueness part of Theorem 1.1.

5.8. Pressure estimate

Let α, β, p, p1, p0, q, q1, q0 be the same as in subsection 5.4. By Hölder type inequality (3.5)
we have u ⊗ u ∈ Lq1(0, ∞; Ḃβ

p1q1(R
n+)) with

‖(u ⊗ u)‖
Lq1 (0,∞;Ḃβ

p1q (Rn+))
≤ c‖u‖Lq0 (Lp0 )‖u‖Lq(0,∞;Ḃα

pq (Rn+)).

According to Theorem 1.4, if α > 1
p

, then there is P0, Pj , p1 so that p = Dtp0 +∑n−1
j=1 Dxj

Pj +
p1 with
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‖p1‖Lq1 (0,∞;Ḃβ
p1q1 (Rn+))

+
n−1∑
j=1

‖Pj‖Lq(0,∞;Ḃα
pq (Rn+)) + ‖P0‖Lq(0,∞;Ḃα+1

pq (Rn+))

≤ c
(‖h‖

Ḃ
α− 2

q
pq,0 (Rn+)

+ ‖(u ⊗ u)‖
Lq1 (0,∞;Ḃβ

p1q (Rn+))

)
.

This completes the proof of Theorem 1.2.

Appendix A. Proof of Lemma 3.1

Applying the proof of Theorem 6.6.1 in [4], we can obtain the estimate (1) in Lemma 3.1.

Now, we derive the estimate (2) in Lemma 3.1. Let φ ∈ B
1
p

p′p′(Rn−1) be a real-valued function 

and � = DxnNφ, where 1
p

+ 1
p′ = 1 and Nφ is defined in (3.1). From Lemma 3.2, we have 

� ∈ Ḣ 1
p′(Rn+) with ‖�‖Ḣ 1

p′ (Rn+) ≤ c‖φ‖
Ḃ

1
p

p′p′ (Rn−1)

. Since divf = 0, we have

< fn|xn=0, φ >=
∫

Rn+

f (x) · ∇�(x)dx ≤ ‖f ‖Lp(Rn+)‖�‖Ḣ 1
p′ (Rn+) ≤ c‖f ‖Lp(Rn+)‖φ‖

Ḃ
1/p

p′p′ (Rn−1)
.

Since Ḃ
− 1

p
pp (Rn−1) is the dual space of Ḃ

1
p

p′p′(Rn−1), by duality argument, we have fn|xn=0 ∈
Ḃ

− 1
p

pp (Rn−1) with ‖fn|xn=0‖
Ḃ

− 1
p

pp (Rn−1)

≤ c‖f ‖Lp(Rn+). Hence, we complete the proof of 

Lemma 3.1.

Appendix B. Proof of Lemma 3.6

Lemma B.1. Let f = divF (here F = (Fki)k,i=1,··· ,n, fi = Dxk
Fki ) with F |xn=0 = 0. Let Fk =

(Fk1, · · · , Fkn). Then,

Q1f (x) =
∑
k �=n

Dxk
Q1Fk(x) + DxnA(x),

Q2f (x) =
∑
k �=n

Dxk
Q2Fk(x) −

∑
k �=n

D2
xk

B(x),

where

A(x) = −
∫

Rn+

∇y

(
N(x − y) + N(x − y∗)

) · Fn(y)dy,

B(x) =
∫

Rn−1

N(x′ − y′, xn)A(y′,0)dy′.
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Proof. From (3.8), we have

Q1f (x) = −
∑
k �=n

Dxk

∫

Rn+

∇y

(
N(x − y) − N(x − y∗)

) · Fk(y)dy

− Dxn

∫

Rn+

∇y

(
N(x − y) + N(x − y∗)

) · Fn(y)dy

:=
∑
k �=n

Dxk
Q1Fk(x) + DxnA(x). (B.1)

Since �A = divFn = fn, from (B.1), we have DynQ1f (y) = Dyn

∑
k �=n Dyk

Q1Fk(y) +
fn(y) − �′A(y). Hence, we have

∫

Rn−1

N(x′ − y′, xn)DynQ1f (y′,0)dy′ =
∑
k �=n

Dxk

∫

Rn−1

N(x′ − y′, xn)DynQ1Fk(y
′,0)dy′

+
∫

Rn−1

N(x′ − y′, xn)fn(y
′,0)dy′

+
∑
k �=n

Dxk

∫

Rn−1

N(x′ − y′, xn)Dyk
A(y′,0)dy′.

(B.2)

Hence, from (3.9) and (B.2), we have

Q2f (x) = −
∑
k �=n

Dxk

∫

Rn−1

N(x′ − y′, xn)DynQ1Fk(y
′,0)dy′

−
∑
k �=n

Dxk

∫

Rn−1

N(x′ − y′, xn)Dyk
A(y′,0)dy′. � (B.3)

Now, we will show that for nonnegative integers k,

‖Qf ‖Ḣ k
p(Rn+) ≤ c‖F‖Ḣ k

p(Rn+). (B.4)

Using the property of complex interpolation, (B.4) implies Lemma 3.6.
From Lemma B.1, we have

‖Qf ‖Ḣ k
p(Rn+) ≤ c

(∑
k �=n

‖Dxk
Q1Fk‖Ḣ k

p(Rn+) +
∑
k �=n

‖Dxk
Q2Fk‖Ḣ k

p(Rn+)

+ ‖DxnA‖Ḣ k
p(Rn+) +

∑
k �=n

‖D2
xk

B‖Ḣ k
p(Rn+)

)
,
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where Q1 and Q2 are defined in (3.8) and (3.9), and A and B are defined in Lemma B.1, respec-
tively. From Lemma 3.3, we have

‖Dxk
Q1Fk‖Ḣ k

p(Rn+) ≤ c‖F‖Ḣ k
p(Rn+), ‖DxnA‖Ḣ k

p(Rn+) ≤ c‖F‖Ḣ k
p(Rn+).

From (3.2), Lemma 3.1 and Lemma 3.3 continuously, we get

‖D2
xk

B‖Ḣ k
p(Rn+) ≤ c‖A|xn=0‖Ḃ

k+1−1/p
pp (Rn−1)

≤ c‖DxA‖Ḣ k
p(Rn+) ≤ c‖Fn‖Ḣ k

p(Rn+).

From (3.2), we have

‖Dxk
Q2Fk‖Ḣ k

p(Rn+) ≤ c‖(Fk − ∇Q1Fk

)
n
|xn=0‖Ḃ

k−1/p
pp (Rn−1)

.

If k > 0, then by (1) of Lemma 3.1, we have

‖(Fk − ∇Q1Fk

)
n
|xn=0‖Ḃ

k−1/p
pp (Rn−1)

≤ ‖Fk − ∇Q1Fk‖Ḣ k
p(Rn+) ≤ c‖F‖Ḣ k

p(Rn+).

If k = 0, then since Fk − ∇Q1Fk is divergence free in Rn+, by (2) of Lemma 3.1, we have

‖(Fk − ∇Q1Fk

)
n
|xn=0‖Ḃ

−1/p
pp (Rn−1)

≤ ‖Fk − ∇Q1Fk‖Lp(Rn+) ≤ c‖F‖Lp(Rn+).

Therefore we obtain the estimate (B.4).
Using the properties of real interpolation and complex interpolation (see (2.1)), we complete 

the proof of Lemma 3.6.

Appendix C. Proof of Lemma 3.7

Since the proofs will be done by the same way, we prove only the case of �∗ ∗ Pf .
A crucial step in the proof of Lemma 3.7 is the following lemma, which is probably known to 

experts and we couldn’t, however, find it in the literature and thus, we provide its proof.

Lemma C.1. Let Xi and Yi , i = 1, 2 be Banach spaces and 0 < t be fixed. Let T : L1(0, t; Xi) →
Yi, i = 1, 2 be linear operator such that

‖Tf ‖Yi
≤ Mi

t∫

0

(t − s)−βi ‖f (s)‖Xi
ds, i = 1,2 ∀f ∈ L1(0, t;Xi).

Then, for 0 < θ < 1 and 1 ≤ q ≤ ∞,

‖Tf ‖(Y1,Y2)θ,q
≤ Mθ

1 M1−θ
2

t∫

0

(t − s)−β‖f (s)‖(X1,X2)θ,q
ds,

where β = β1θ + β2(1 − θ).
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Proof. Note that

K(r,Tf,Y1, Y2) = inf
Tf (t)=u1+u2,ui∈Yi ,i=1,2

(‖u1‖Y1 + r‖u2‖Y2)

≤ inf
f =f1+f2,fi∈Lβi

(0,t;Xi),i=1,2
(‖Tf1‖Y1 + r‖Tf2‖Y2)

≤ inf
f =f1+f2,fi∈Lβi

(0,t;Xi),i=1,2
(M1

t∫

0

(t − s)−β1‖f1(s)‖X1ds

+ M2r

t∫

0

(t − s)−β2‖f2(s)‖X2ds)

=
t∫

0

inf
f (s)=f1(s)+f2(s),fi (s)∈Xi,i=1,2

(M1(t − s)−β1‖f1(s)‖X1

+ M2r(t − s)−β2‖f2(s)‖X2)ds

= M1

t∫

0

(t − s)−β1K(M−1
1 M2r(t − s)−β2+β1 , f (s),X1,X2)ds.

For the fourth equality, see the proofs of Theorem 1.18.4 and Theorem 1.18.5 in [27]. Hence, we 
have

‖Tf ‖(Y1,Y2)θ,q
= ( ∞∫

0

(r−θK(r, Tf,Y1, Y2))
q dr

r

) 1
q

≤ M1

t∫

0

( ∞∫

0

r−θq(t − s)−β1qK(M−1
1 M2r(t − s)−β2+β1, f (s),X1,X2)

q dr

r

) 1
q ds

≤ Mθ
1 M1−θ

2

t∫

0

( ∞∫

0

r−θq(t − s)−q(β1θ+β2(1−θ))K(r, f (s),X1,X2)
q dr

r

) 1
q ds

= Mθ
1 M1−θ

2

t∫

0

(t − s)−β‖f (s)‖(X1,X2)θ,q
ds.

Therefore, we complete the proof of Lemma C.1. �
Proof of Lemma 3.7 Recall that (P f )j = fj −Dxj

Qf = divFj −Dxj
Qf . For 1 ≤ j ≤ n −1

we have
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�∗ ∗ (Pf )j (x, t) = −
t∫

0

∫

Rn+

∇y�(x − y∗, t − τ) · Fj (y, τ )dydτ

+
t∫

0

∫

Rn+

Dyj
�(x − y∗, t − τ)Qf (y, τ )dydτ. (C.1)

From the relation D2
xn

A = −�′A + ∑n
k=1 Dxk

Fnk and from Lemma B.1, we have the identity 
(P f )n = �′A + Dxn�

′B − ∑
k �=n DxnDxk

QFk . Hence we have

�∗ ∗ (P f )n(x, t) =
∑

1≤k≤n−1

t∫

0

∫

Rn+

Dyk
�(x − y∗, t − τ)DynQFk(y, τ )dydτ

+
t∫

0

∫

Rn+

∇x′�(x − y∗, t − τ) · ∇y′A(y, τ)dydτ

+
t∫

0

∫

Rn+

∇′
x′�(x − y∗, t − τ) · ∇y′DynB(y, τ )dydτ. (C.2)

Using (C.1), (C.2), Young’s inequality and the proof of Lemma 3.6 (α = 0), for p0 ≤ p, we 
have

‖�∗ ∗ (P f )(t)‖Lp(Rn+) ≤ c

t∫

0

(t − s)
− 1

2 − n
2 ( 1

p0
− 1

p
)
(

n−1∑
j=1

‖Fj (s)‖Lp0 (Rn+) + ‖Qf (s)‖Lp0 (Rn+)

+
n−1∑
j=1

‖DynQFj (s)(s)‖Lp0 (Rn+) + ‖∇A(s)‖Lp0 (Rn+) + ‖∇2B(s)‖Lp0 (Rn+))ds

≤ c

t∫

0

(t − s)
− 1

2 − n
2 ( 1

p0
− 1

p
)‖F(s)‖Lp0 (Rn+)ds.

(C.3)

Similarly, we get

‖∇�∗ ∗ (P f )(t)‖Lp(Rn+)

≤ c

t∫
(t − s)

− 1
2 − n

2 ( 1
p0

− 1
p

)
(

n−1∑
j=1

‖∇Fj (s)‖Lp0 (Rn+) + ‖∇′Qf (s)‖Lp0 (Rn+)
0
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+
n−1∑
j=1

‖∇′DynQFj (s)(s)‖Lp0 (Rn+) + ‖∇′∇A(s)‖Lp0 (Rn+) + ‖∇′∇2B(s)‖Lp0 (Rn+))ds

≤ c

t∫

0

(t − s)
− 1

2 − n
2 ( 1

p0
− 1

p
)‖F(s)‖Ḣ 1

p0
(Rn+)ds. (C.4)

Then, from (C.3), (C.4), Lemma C.1 and (2.1), we get

‖�∗ ∗ (P f )(t)‖
Ḃ

β
pq (Rn+)

≤ c

t∫

0

(t − s)
− 1

2 − n
2 ( 1

p0
− 1

p
)‖F(s)‖

Ḃ
β
p0q (Rn+)

ds, 0 < β < 1.

From Hardy-Littlewood-Sobolev inequality (see [27]), we have

‖�∗ ∗ (P f )‖
Lq(0,∞;Ḃβ

pq (Rn+))
≤ c‖F‖

Lq0 (0,∞;Ḃβ
p0q (Rn+))

, (C.5)

when

1

q
+ 1 = 1

q0
+ 1

2
+ n

2
(

1

p0
− 1

p
), p0 ≤ p, q0 ≤ q, 0 < β < 1. (C.6)

By parabolic type’s Calderón-Zygmund Theorem and Lemma 3.6, for 1 < p, q < ∞, we have

‖∇2�∗ ∗ (P f )‖Lq(Lp) ≤ c‖P f ‖Lq(Lp)

≤ c
(‖f ‖Lq(Lp) + ‖∇Qf ‖Lq(Lp)

) ≤ c‖F‖Lq(0,∞;Ḣ 1
p(Rn+)) (C.7)

and

‖∇�∗ ∗ (P f )‖Lq(Lp) ≤ c‖F‖Lq(Lp). (C.8)

By the property of real interpolation to (C.7) and (C.8) we have

‖�∗ ∗ (P f )‖
Lq(0,∞;Ḃβ+1

pq (Rn+)
≤ c‖F‖

Lq(0,∞;Ḃβ
pq (Rn+))

, 0 < β < 1. (C.9)

Let 0 < θ < 1, 1
p1

= θ
p0

+ 1−θ
p

and 1
q1

= θ
q0

+ 1−θ
q

, where q, q0, p, p0 satisfy the condition 
(C.6):

1

q
+ 1 = 1

q0
+ 1

2
+ n

2
(

1

p0
− 1

p
), p0 ≤ p, q0 ≤ q, 0 < β < 1.

By the complex interpolation (see (2.3) and (2.2)) with exponent θ to (C.5) and (C.9), we have

‖�∗ ∗ (P f )‖Lq(0,∞;Ḃα
pq (Rn+)) ≤ c‖F‖

Lq1 (0,∞;Ḃβ
p1q (Rn+))

.

Now let α := 1 + β − θ . Then α, β, p0, p1, q0, q1 satisfy the conditions in Lemma 3.7. This 
completes the proof of Lemma 3.7.
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Appendix D. Proof of Lemma 4.1

Recalling the formula (4.4) with (4.6), we split π in two terms, i.e. π(x, t) = π1(x, t) +
π2(x, t), where

π1(x, t) = 4
∑

1≤j≤n−1

∫

Rn−1

∂2N(x′ − z′, xn)

∂xj ∂xn

∫

Rn+

�(z′ − y′, yn, t)hj (y, τ )dydz′,

π2(x, t) = 4
∑

1≤j≤n−1

∫

Rn−1

∂N(x′ − z′, xn)

∂xj

∫

Rn+

∂�(z′ − y′, yn, t)

∂yn

hj (y, τ )dydz′.

Note that π1 is represented by

π1(x, t) = 4
∑

1≤j≤n−1

Dxj
DxnN(� ∗t hj |xn=0)(x) = 4

∑
1≤j≤n−1

Dxj
π1j (x, t),

where π1j (x, t) = 4DxnN(� ∗t hj |xn=0). From (3.2), Lemma 3.1 and Lemma 3.4, for α > 1
p

we 
have

‖π1j‖Lq(0,∞;Ḃα
pq (Rn+)) ≤ c‖�t ∗ hj |xn=0‖

Lq(0,∞;Ḃα− 1
p

pq (Rn−1)

≤ c‖�t ∗ hj‖Lq(0,∞;Ḃα
pq (Rn+)) ≤ c‖hj‖

Ḃ
α− 2

q
pq,0 (Rn+)

. (D.1)

By integrating by parts, by the identity Dynhn = − 
∑n−1

j=1 Dyj
hj and by the identity D2

yn
�t ∗

hn = Dt�t ∗ hn − �y′�t ∗ hn, π2 can be rewritten by

π2 = −4
∫

Rn−1

N(x′ − z′, xn)

∫

Rn+

Dyn�(z′ − y′, yn, t)Dynhn(y)dydz′

= Dt

(
4

∫

Rn−1

N(x′ − z′, xn)

∫

Rn+

�(z′ − y′, yn, t)hn(y)dydz′)

+ 4
n−1∑
k=1

D2
xk

∫

Rn−1

N(x′ − z′, xn)

∫

Rn+

�(z′ − y′, yn, t)hn(y)dydz′

= Dtπ00 +
∑
k �=n

Dxk
π2k.

From (3.2), Lemma 3.1 and Lemma 3.4, for α > 1 we have

p
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‖π2k‖Lq(0,∞;Ḃα
pq (Rn+)) ≤ c‖�t ∗ hn|xn=0‖

Lq(0,∞;Ḃα− 1
p

pq (Rn−1)

≤ c‖�t ∗ hn‖Lq(0,∞;Ḃα
pq (Rn+)) ≤ c‖hn‖

Ḃ
α− 2

q
pq,0 (Rn+)

(D.2)

and

‖π00‖Lq(0,∞;Ḃα+1
pq (Rn+))

≤ c‖�t ∗ hn|xn=0‖
Lq(0,∞;Ḃα− 1

p
pq (Rn−1)

≤ c‖�t ∗ hn‖Lq(0,∞;Ḃα
pq (Rn+)) ≤ c‖hn‖

Ḃ
α− 2

q
pq,0 (Rn+)

. (D.3)

This completes the proof of Lemma 4.1.

Appendix E. Proof of Lemma 4.2

Recalling the formulae (4.9) with (4.6), we split �0 in two terms, i.e. �0(x, t) = �1(x, t) +
�2(x, t), where

�1(x, t) = 4
∑

1≤j≤n−1

∫

Rn−1

∂2N(x′ − z′, xn)

∂xj ∂xn

t∫

0

∫

Rn+

�(z′ − y′, yn, t − τ)(Pf )j (y, τ )dydτdz′,

�2(x, t) = 4
∑

1≤j≤n−1

∫

Rn−1

∂N(x′ − z′, xn)

∂xj

t∫

0

∫

Rn+

∂�(z′ − y′, yn, t − τ)

∂yn

(Pf )j (y, τ )dydτdz′.

Note that �1 is represented by

�1(x, t) = 4
∑

1≤j≤n−1

Dxj
DxnN(� ∗ (Pf )j |xn=0)(x, t) = 4

∑
1≤j≤n−1

Dxj
�1j (x, t),

where �1j (x, t) = 4DxnN(� ∗ (Pf )j |xn=0). From (3.2), Lemma 3.1 and Lemma 3.7, for α > 1
p

we have

‖�1j‖Lq(0,∞;Ḃα
pq (Rn+)) ≤ c‖� ∗ (Pf )j |xn=0‖

Lq(0,∞;Ḃα− 1
p

pq (Rn−1)

≤ c‖� ∗ (Pf )j‖Lq(0,∞;Ḃα
pq (Rn+)) ≤ c‖F‖

Lq1 (0,∞;Ḃβ
p1q (Rn+))

. (E.1)

By integrating by parts, by the identity Dyn(Pf )n = − 
∑n−1

j=1 Dyj
(Pf )j and by the identity 

D2
yn

�t ∗ (Pf )n = Dt�t ∗ (Pf )n − �y′�t ∗ (Pf )n, �2 can be rewritten by

�2 = −4
∫
n−1

N(x′ − z′, xn)

t∫

0

∫

Rn

Dyn�(z′ − y′, yn, t − s)Dyn(Pf )n(y, s)dydsdz′
R +
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= Dt

(
4

∫

Rn−1

N(x′ − z′, xn)

∫

Rn+

�(z′ − y′, yn, t)hn(y)dydz′)

+ 4
n−1∑
k=1

D2
xk

∫

Rn−1

N(x′ − z′, xn)

t∫

0

∫

Rn+

�(z′ − y′, yn, t − s)(Pf )n(y, s)dydsdz′

= Dt�00 +
∑
k �=n

Dxk
�2k.

From (3.2), Lemma 3.1 and Lemma 3.7, for α > 1
p

we have

‖�2k‖Lq(0,∞;Ḃα
pq (Rn+)) ≤ c‖� ∗ (Pf )n|xn=0‖

Lq(0,∞;Ḃα− 1
p

pq (Rn−1)

≤ c‖� ∗ (Pf )n‖Lq(0,∞;Ḃα
pq (Rn+)) ≤ c‖F‖

Lq1 (0,∞;Ḃβ
p1q (Rn+)

(E.2)

and

‖�00‖Lq(0,∞;Ḃα+1
pq (Rn+))

≤ c‖� ∗ (Pf )n|xn=0‖
Lq(0,∞;Ḃα− 1

p
pq (Rn−1)

≤ c‖� ∗ (Pf )n‖Lq(0,∞;Ḃα
pq (Rn+)) ≤ c‖F‖

Lq1 (0,∞;Ḃβ
p1q (Rn+)

. (E.3)

This completes the proof of Lemma 4.2.

References

[1] R.A. Adams, J.F. Fournier, Sobolev Spaces, second edition, Pure and Applied Mathematics (Amsterdam), vol. 140, 
Elsevier/Academic Press, Amsterdam, 2003.

[2] M.F. de Almeida, L.C.F. Ferreira, On the Navier-Stokes equations in the half-space with initial and boundary rough 
data in Morrey spaces, J. Differ. Equ. 254 (3) (2013) 1548–1570.

[3] H. Amann, On the strong solvability of the Navier-Stokes equations, J. Math. Fluid Mech. 2 (1) (2000) 16–98.
[4] J. Bergh, J. Löfström, Interpolation Spaces. An Introduction, Grundlehren der Mathematischen Wissenschaften, 

vol. 223, Springer-Verlag, Berlin-New York, 1976.
[5] M. Cannone, F. Planchon, M. Schonbek, Strong solutions to the incompressible Navier-Stokes equations in the 

half-space, Commun. Partial Differ. Equ. 25 (5–6) (2000) 903–924.
[6] D. Chae, Local existence and blow-up criterion for the Euler equations in the Besov spaces, Asymptot. Anal. 38 

(2004) 339–358.
[7] T. Chang, B.J. Jin, Solvability of the initial boundary value problem of the Navier–Stokes equations with rough 

data, Nonlinear Anal. 125 (2015) 498–517.
[8] T. Chang, B.J. Jin, Boundary value problem of the nonstationary Stokes system in the half space, Potential Anal. 

41 (3) (2014) 737–760.
[9] T. Chang, B. Jin, Initial and boundary values for Lp

α (Lp) solution of the Navier-Stokes equations in the half-space, 
J. Math. Anal. Appl. 439 (1) (2016) 70–90.

[10] T. Chang, B. Jin, Initial-boundary value problem of the Navier-Stokes equations in the half space with nonhomoge-
neous data, Ann. Univ. Ferrara, Sez. 7: Sci. Mat. 65 (1) (2019) 29–56.

[11] T. Chang, K. Kang, Estimates of anisotropic Sobolev spaces with mixed norms for the Stokes system in a half-space, 
Ann. Univ. Ferrara, Sez. 7: Sci. Mat. 64 (1) (2018) 47–82.

[12] R. Danchin, P. Zhang, Inhomogeneous Navier-Stokes equations in the half-space, with only bounded density, 
J. Funct. Anal. 267 (7) (2014) 2371–2436.

http://refhub.elsevier.com/S0022-0396(19)30203-7/bib4146s1
http://refhub.elsevier.com/S0022-0396(19)30203-7/bib4146s1
http://refhub.elsevier.com/S0022-0396(19)30203-7/bib6665726E616E646573s1
http://refhub.elsevier.com/S0022-0396(19)30203-7/bib6665726E616E646573s1
http://refhub.elsevier.com/S0022-0396(19)30203-7/bib616D616E6Es1
http://refhub.elsevier.com/S0022-0396(19)30203-7/bib424Cs1
http://refhub.elsevier.com/S0022-0396(19)30203-7/bib424Cs1
http://refhub.elsevier.com/S0022-0396(19)30203-7/bib435053s1
http://refhub.elsevier.com/S0022-0396(19)30203-7/bib435053s1
http://refhub.elsevier.com/S0022-0396(19)30203-7/bib63686165s1
http://refhub.elsevier.com/S0022-0396(19)30203-7/bib63686165s1
http://refhub.elsevier.com/S0022-0396(19)30203-7/bib6368616E672D6A696E32s1
http://refhub.elsevier.com/S0022-0396(19)30203-7/bib6368616E672D6A696E32s1
http://refhub.elsevier.com/S0022-0396(19)30203-7/bib434As1
http://refhub.elsevier.com/S0022-0396(19)30203-7/bib434As1
http://refhub.elsevier.com/S0022-0396(19)30203-7/bib434A32s1
http://refhub.elsevier.com/S0022-0396(19)30203-7/bib434A32s1
http://refhub.elsevier.com/S0022-0396(19)30203-7/bib434A33s1
http://refhub.elsevier.com/S0022-0396(19)30203-7/bib434A33s1
http://refhub.elsevier.com/S0022-0396(19)30203-7/bib434Bs1
http://refhub.elsevier.com/S0022-0396(19)30203-7/bib434Bs1
http://refhub.elsevier.com/S0022-0396(19)30203-7/bib445As1
http://refhub.elsevier.com/S0022-0396(19)30203-7/bib445As1


T. Chang, B.J. Jin / J. Differential Equations 267 (2019) 4293–4319 4319
[13] R. Farwig, Y. Giga, P.-Y. Hsu, Initial values for the Navier-Stokes equations in spaces with weights in time, Funkc. 
Ekvacioj 59 (2) (2016) 199–216.

[14] R. Farwig, Y. Giga, P. Hsu, The Navier-Stokes equations with initial values in Besov spaces of type B
−1+ 3

q
q∞ , 

J. Korean Math. Soc. 54 (5) (2017) 1483–1504.
[15] R. Farwig, H. Sohr, W. Varnhorn, On optimal initial value conditions for local strong solutions of the Navier–Stokes 

equations, Ann. Univ. Ferrara, Sez. 7: Sci. Mat. 55 (1) (2009) 89–110.
[16] M. Giga, Y. Giga, H. Sohr, Lp estimates for the Stokes system, Lect. Notes Math. 1540 (1993) 55–67.
[17] Y. Giga, H. Sohr, Abstract Lp estimates for the Cauchy problem with applications to the Navier-Stokes equations 

in exterior domains, J. Funct. Anal. 102 (1) (1991) 72–94.
[18] H. Koch, V.A. Solonnikov, Lp-estimates of the first-order derivatives of solutions to the nonstationary Stokes prob-

lem, in: Nonlinear Problems in Mathematical Physics and Related Topics, I, in: Int. Math. Ser. (N. Y.), vol. 1, 
Kluwer/Plenum, New York, 2002, pp. 203–218 (English summary).

[19] H. Koch, V.A. Solonnikov, Lp -estimates for a solution to the nonstationary Stokes equations, J. Math. Sci. 106 (3) 
(2001) 3042–3072.

[20] H. Kozono, Global Ln-solution and its decay property for the Navier-Stokes equations in half-space Rn+ , J. Differ. 
Equ. 79 (1) (1989) 79–88.

[21] H. Kozono, M. Yamazaki, Local and global unique solvability of the Navier-Stokes exterior problem with Cauchy 
data in the space Ln,∞, Houst. J. Math. 21 (4) (1995) 755–799 (English summary).

[22] P. Maremonti, Regular solutions to the Navier-Stokes equations with an initial data in L(3, ∞), Ric. Mat. 66 (1) 
(2017) 65–97.

[23] M. Ri, P. Zhang, Z. Zhang, Global well-posedness for Navier-Stokes equations with small initial value in B0
n,∞(�), 

J. Math. Fluid Mech. 18 (1) (2016) 103–131.
[24] V.A. Solonnikov, Estimates of the solutions of the nonstationary Navier-Stokes system, in: Boundary Value Prob-

lems of Mathematical Physics and Related Questions in the Theory of Functions, 7, Zap. Naučn. Semin. LOMI 38 
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