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Abstract
In this paper, we study the initial value problem of the Navier—Stokes equations in the half-space. Let

a solenoidal initial ve1001ty be given in the function space B .0 (]R Jfor0<a<2,1<p,g<o0
with o +1 =2 + = and =<1+ 2 ik We prove the global in time existence of weak solution u €

L4(0, oo; B"‘q(R ))ﬂLqO(O 0; LPO(]R )) for some p < pg < oo and ¢ <q0<oownh +— =1,
z

when the given initial velocity has small norm in function space B o 110 O(R ) (O B .0 (R )). The solu-

tion is unique in the class L90(0, oo; LP0 (R )). Pressure estimates are also given.
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1. Introduction
In this paper, we study the following nonstationary Navier—Stokes equations

Uy — Au+Vp=—diviu Q u), divu =0in R’} x (0, 00), (L1)

uli=0 =h, ulx,=0 =0,

where u = (u1,---,u,) and p are the unknown velocity and pressure, respectively, h =
(hy, -+, hp) is the given initial data.
Since the nonstationary Navier—Stokes equations are invariant under the scaling

w, (x, 1) = au(hx, A%0),  pulx,t) =22p(ix, A%1),  hy = rh(ix),

it is important to study (1.1) in the so-called critical spaces, i.e., the function spaces with norms
invariant under the scaling u(x, r) — Au(Ax, A21).

There are a number of papers dealing with global well-posedness for (1.1) in critical spaces.
Among them, R. Farwig, H. Sohr and W. Varnhorn [15] showed the unique existence of the
Leray Hopf weak solution u € L4(0, oo; LP(R2)), 1 = % + % if the initial data i € Lg(Q) and
le=Ah|| L4(0,00: LP () 1s small enough (here 2 is bounded domain in R3 with boundary of class
C?! and A is the Stokes operator). R. Farwig, Y. Giga and P. Hsu [13] showed the unique
existence of the Leray Hopf weak solution u € LE (0, oo; L?()), % >a = %(1 — % — %) > 0if
the initial data h € Lg(Q) and ||t°‘e’A’h||Lq (0,00: L7 (2)) 1s small enough, where L%(0, 00; X) is
the weighted Bochner space with norm || - 29 0.00:) = 12% - | L4 0,00; X) -

In [7], T. Chang and B. Jin showed the unique existence of solution u in Ly 0, 00; LP (]R’i)),

_2
I>a=3(1—-2—2)>0forhsmallin B, (R") (also see [8] for & = 0).

R. Danchin and P. Zhang in [12] have studied global solvability of inhomogeneous Navier-
Stokes equations in the half space with bounded density, and showed that if the initial velocity in
B;q b R} with 3 <p<n,1<g<ooandgq > 3;—5;1 is small and initial density in L*°(R’})
is close enough to the homogeneous fluid, then (1.1) has a unique solution satisfying

1*(us, D2u, Vp) € LY(0, 00; LP(R™)), tPVu € L(0, 00; LP2(R)),
t"u € L4(0, 00; LP3(R')))

f0rsomeﬁ,y>0,1<p2,p3,q2,q3<oowitha=/3+y,l:pl+iandl—i+i.

q9 q
The limiting case ¢ = oo has been studied by M. Cannone, E Pﬁinchon, an32M. Schon-

_1+£
bek [5] for & € L3(R3), by H. Amann [3] for h € by " (), p > %, p # n, where Q is a
standard domain like R3, Ri, exterior or bounded domain in R3, by M. Ri, P. Zhang and Z.
Zhang [23] for h € bgoo (R2), where 2 is R”, R'jr or bounded domain with smooth boundary, and

b;oo(Q) denotes the completion of the generalized Sobolev space H ;(Q) in B;OO(Q). In partic-

o143
ular, in [5], the solution exists globally in time when [|A|| _, 3 ,oP> 3(L3c Bpoo b (R7))
Bpoo b +)
is small enough. See also [2,14,17,20-22,25] and the references therein for initial value problem
of Navier-Stokes equations in the half space.
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In this paper, we consider critical function spaces B 4.0 (]R ) for the space of initial data and
L9(0, oo; B (]R )) for the solution space, respectlvely, where 0 <a <2, 1 < p,g < oo with
a+1—i+—and—<1+—

In [10], the case p = g has been considered, and the unique existence u in B ppz (R’ x (0, 00))

has been shown. Note that Bpp2 (R x (0, 00)) = L*(0, oc; B“ ) N LP(R”; 'pp (0, 00)).
Our study in this paper is motivated by the result in [5] and [12] The following texts state our
main results.

Theorem 1.1. Let0<a<2,1<p,q<oowitha+l=%+§and§<l+%.Assume

that h S qu O(R ) with divh = 0. Then, there is €, > 0 and p < pg < 00, q < qo < 00 with

+ = =1 so that if ||h|| < €, then (1.1) has a solution u € L9(0, oo; B (R NN
potlo 0(R+)
L9(0, 0o; LPO(R')). The solution is unique in L(0, oo; LP°(R")).

Note that ——0 — % =—l=a- % — %, p < po and g < go. Hence Besov embeddings
2 2

aq o (R C B . Y »(R") hold (see Theorem 6.5.1 in [4]).

PO‘I

Theorem 1.2. Let (p, g, «) and h satisfy the same conditions as in Theorem 1.1. Then, there is
(p1,q1,B) with 1 < p1 <p, 1 <q <qand0<ﬂ<o{<ﬂ+1<2s0thatifoz>%, then

the corresponding pressure p can be decomposed by p = Py + Z;l_{ D, . ] P; + D, p1 for some
p1 € L1(0, oo; B"‘“(]R ), Pj e L1(0, oo B R, Py e LT(0, oo; Bplq(]R ).

The explanation of function spaces and notations is placed in Section 2.

Remark 1.3.

(1) The authors in the papers [13] and [15] studied (1.1) when the initial data % is in space

—142

pq o (R) with (" 2) in I and the authors in the paper [12] studied (1.1) when ( ) is
in IL. In this paper, we study (1.1) when (p, q) isin IT U III. (See Fig. 1.)

(2) Note that if (%, %) is in I and III, then —1 + % <0.

3) If (” 2) € IV, then Theorem 1.1 and Theorem 1.2 can be modified: For 0 <« <2, 1 <

P, q<oow1th "+—_a+1 there is 1 < po, q0<oovv1th—+——lsothat1fhe
qu g N B;(,;), then there is u € L9(0, 00; BY, (R™)) N L% (0, 00; LP(R%)). Without the

2 2
condition p < pg and g < go we cannot expect the embedding qu o R C Bpoqq% oRD)
(see section 5.1).

For the proof of Theorem 1.1, it is necessary to study the following initial value problem of
the Stokes equations in Rﬁ x (0, 00):
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Fig. 1. Region of (%, %).

ut_Au+Vp=f, diVMZOin]Rti_X(Oyoo)v (1.2)
u|l=0 = h? u|xn=0 :0’ '

where f =divF. .
In [16], M. Giga, Y. Giga and H. Sohr showed that if f € L9(0, T; D(A;”‘)) and & = 0 then
the solution u of Stokes equations (1.2) satisfies that for 0 <« < 1,

T
[ (15 w0l + 14 )] gyt < pa.2 a)/uA ©FO
0

where A, is Stokes operator in €2 for standard domain 2 such as bounded domain, exterior

domain or half space, and ﬁ(T) is the completion of D(T') in the homogeneous norm ||7 - ||. In
particular, if f =divF with F € LY(0, T; L2()) then

T
/ 1 N gy + IVH O] (q) )dt < c(p.q. ) f IFONY gy
0

Estimates for the pressure were, however, not given in [16].

H. Koch and V. A. Solonnikov [18] showed the unique local in time existence of solution
ue L9(0,T; LY(RY)) of (1.2) when f =divF, F € L(0, T; L4(RY)) and h = 0. They also
showed that the corresponding pressure p is decomposed by p = p; + %, where p; and P
satisfy ”leLq(o,T;Lq(Ri)) + ”P”LQ(O,T;W;(Ri)) < C”]:”Lq(o,T;Lq(Rir))- See also [17,19,20,25]
and the references therein.

The following theorem states our result on the unique solvability of the Stokes equations (1.2).

Theorem 14. Let 1 < p,qg <00 and 0 <o < 2. LethEquo(R ) with divh =0 and F €

L9(0, oo, Bﬂlqo(]R{ ) for (p1,4q1, B) satlsfymg l<p1<p,1<q1<q,0<B<a<pB+1<
2and0=a —p — 1 +n(% — %)—i— o 5. Then there is a solution u of (1.2) with
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141 0,005, ) < QI g gy + 0 0, R0 ) (1.3)

In addition, if a > % then the corresponding pressure p can be decomposed by p =

Dipi+YiZ IDXJP + Po, p1 € L9(0, 00; BEH (R™)), Pj € L9(0, 00; BY, (R")) and Py €
L9(0, 00; BS ,(R™)) with

n—1
121 00,0035 @) + D 1P 00,0015, ey + 1PON 0 0 08 e
j=1

(Wil o200 gy + I (14)

L9 (0,008, (Ri)))'

We organize this paper as follows. In Section 2, we introduce the function spaces, definition
of the weak solutions of Stokes equations and Navier-Stokes equations. In Section 3, the various
estimates of operators related with Newtonian kernel and Gaussian kernel are given. In Section 4,
we complete the proof of Theorem 1.4. In Section 5, we give the proof of Theorem 1.1 and
Theorem 1.2 applying the estimates in Theorem 1.4 to the approximate solutions.

2. Notations, function spaces and definitions of weak solutions

We denote by x’ and x = (x’, x,) the points of the spaces R”~! and R”, respectively. The

. o Ik
multiple derivatives are denoted by DXD" = gx 9~ for multi-index k and nonnegative integers

m. Throughout this paper we denote by ¢ various generlc constants.

Fors e R and 1 < p, g < 0o, we denote H ;(IR”) and B;q (R™) the generalized homogeneous
Sobolev spaces (space of Bessel potentials) and the homogeneous Besov spaces in R”, respec-
tively (see [4,27] for the definition of function spaces). Denote by H S(R%) and B (R ) the

restrictions of H ;, (R") and B* vq (R™), respectively, with norms

. —; . _ 7S n
”f”H;(R@ —lnf{||F||H[.;(Rn)|F|R’4‘_ =1 FEHP(R )}

1/ gy, ety = i0FUIFll g ey | Flry, = £ F € By (RM)).

For a non-negative integer k, Hk(]R ) ={f| le\ —k | D! f”Lp(R y < oo}. In particular,
HO(R )=LP(R").

For s € R, we denote by B;q (R), 1 < p, g < oo the usual homogeneous Besov space in R}
and denote by

Hy ((RL) =1{f € Hy(RY) | f € Hy(R")},
oD =(f € By, (R | f € By, (RM)},

where f is the zero extension of f over R". Note that ||f||HS(]R") < C”f”Hs S(R™) and
P

1 Wy, @my =cllfllgs, |

Note that for s > O BP;O(R”) 1 < p,q < o0 is the dual space of B;,q,(R’}r), that is,

= (B} * 1,1 _ 1,1
a0 (RY) = (B o+ RED* wherep+p,_1andq+q,_1
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For the Banach space X, we denote by L7(0, 00; X), 1 < g < oo the usual Bochner space
with norm

£l z00.00x) = ( / 1Ol dr)7.
0

For1l <g <ooand 0 <6 < 1, we denote by (X, Y)g 4 and [X, Y] the real interpolation and
complex interpolation, respectively, of the Banach space X and Y. In particular, for 0 <6 < 1,
a,ap, 0 €Rand 1 < pi1, p2,q1,92, p,q,r <00,

[H“‘(R”) H‘”(R o = H“(R ), (H“‘(R ), H“Z(R No.r = B FRY), (2.1
(B, (RY), B2, (R™)]g =B [RY),  (BL[RL), B[R, = BLRY), (2.2)
[L‘“ (0, 005 X), L%2(0, 005 Y)]g = L?(0, 005 [X, Y1), (2.3)

(qu (07 003 X)? qu(o’ Q3 Y))G,q = Lq (Oa (O eH (Xr Y)G,q), (24)

when o = 0a| + (1 —0)ay, % = % + 1;—29 and é = qg—l + 111;20. See Theorem 6.4.5, Theorem 5.1.2
and Theorem 5.6.2 in [4].

Definition 2.1 (Weak solution of the Stokes equations). Let 1 < p,q < oo and 0 <« < 2. Let
h, F satisfy the same hypotheses as in Theorem 1.4. A vector field u € L?(0, oo; B (R )) is
called a weak solution of the Stokes equations (1.2) if the following conditions are satlsﬁed

—//u~Ad>dxdt=f/(u-Cbt—f:VCD)dxdt+/h(x)-q)(x,O)dx

0 R% 0 R% R

for each ® € C3°(R". x [0, 00)) with div,® = 0. In addition, for each ¥ € C (R7D)

/ u(x,t) - vV¥(x)dx =0 forall 0<t < oo. 2.5)
R

Definition 2.2 (Weak solution to the Navier-Stokes equations). Let 1 < p,q < oo and 0 <« <
2 witha 4+ 1= ﬂ + 2 2 Let h satisfy the same hypothesis as in Theorem 1.1. A vector field

u € L9(0, oo; B“ (R7 )) is called a weak solution of the Navier-Stokes equations (1.1) if the
following Vanatlonal formulatlons are satisfied:

[e0) o0
—/ / u- Addxdt :/ / (u O+ (u®u): V@)dxdt + / h(x)-®(x,0dx (2.6)
0 R 0 R R"

for each ® € Cg°(R". x [0, 00)) with div,® = 0. In addition, for each W € C (R), u satisfies
(2.5).
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Remark 2.3.If 0 < ¢ < %}, then the term fR'J'r h(x) - ®(x,0)dx should be replaced by <
h, ®(-,0) >, where < -, - > is the duality pairing between BZ;% (R’) and B;,Z,Jr% (R%).
3. Preliminary estimates
3.1. Trace theorem
the following lemma is well known trace theorem. The proof is contained in appendix A.

Lemma 3.1. Let | < p,q < o0.

_1
() If f € B, (RY) fora > L, then f1,,—o Bpy " (R™1) with

||f|x,1:()||B‘,>)t;1/p(Rn71) = C”f”Hﬁ(Ri)’ ||f|x,,:0||ngfl/p(Rn71) =< C”f”f}%q(Ri)'

_1
) If f e LP(RY) and div f =0in R}, then fy|y,—0 € B,,pp (R with
||fn|xn=0||3;;/p(Rn—|) = C”f”LP(Ri)'
3.2. Newtonial potential

The fundamental solution of the Laplace equation in R” is denoted by

S U
N(x) = on@=mlxl"=2 =3
5 In x| ifn=2,
wy, is the surface area of the unit sphere in R”.
We define N f by
Nf(x)= / N =y x) fFO)Y. (3.1

Rn-1

Observe that D, Nf is Poisson operator of Laplace equation in R, and D,,Nf = D, NR! f
for i # n, where R' = (Ry, -+, R,_1) is the n — 1 dimensional Riesz operator. Poisson oper-
1

ator is bounded from By, " (R"~") to HZ(R"),a > 0 and R’ is bounded from B3, (R"~) to
B;q (R"1), s € R (see [26]). Hence the following estimates hold.

Lemma 3.2. Let | < p <ooand 1 <q <o00. Then

19N Uy ey < €1l oo gery, @ =0,

19N F 1L g, ey < €l flljoiin gy @ > 0. (3.2)
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According to Calderén-Zygmund inequality
I f VENG =) fOdyle@y) <clflle@y for 1< p<oo.
R~?

Using Lemma 3.2, (1) of Lemma 3.1 and Calderén-Zygmund inequality the following estimates
also hold.

Lemma 3.3. Fora > 0and 1 < p < oo.
2 . .
Vs / N(— y)f()’)d)’”]-]g(]}gi) =< C”f”[-[g(Ri)-
R
3.3. Gaussian kernel
The fundamental solution of the heat equation in R” is denoted by

x2
Lo~ ifr>0,
I'(x,t)=14 @7n2
0 ift <0.

Define I'; * f(x) = [pa T(x — y, 1) f (y)dy.
Lemma 3.4. Let 1 < p,gq < oo.
1T % £l 0,00 oy = €1 F Lo gy for =0, (3.3)
1T % f sy, @y < €L f o2 gy for @0, (34)

The proof of the estimate (3.3) is given in Proposition 4.1 of [11]. Using real interpolation to
(3.3), we obtain the estimate (3.4).

3.4. Holder type inequality

The following Holder type inequality is well-known result (see Lemma 2.2 in [6]). For 8 > 0,

1,1 _ 1 ;_
r_i+§_p’l_1’2’

11 F2l i, oy < (11l oyl 2 ey + Wl | ol o). B5)

Let g be a function defined in R’} . Let g be extension of g over R" defined by Theorem 5.19
in [1]. Then, for 1 < p,q < oo and 0 < 8, we have

18058 oy <Clglzp gnye 18ILr@n <clglirsy). (3.6)

Using (3.5) and (3.6), the following estimates hold.
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Lemma 3.5. Let 0 < B and 1 < p,q < oo. Then, for - + L =1i =12,

1
=
11 fallgg, gy < €01 illzg, oy I F2llin ey + 1AL 12l g Ry))-

3.5. Helmholtz projection
The Helmholtz projection I in the half-space R’} is given by
Pf=f-VQf=f-VQif-VQf, 3.7
where Q f and Q, f satisfy the following equations;
AQ f =div f, Q1 flx,=0=0
and
AQZf =0, Dan2f|x,l=0 = (fn - Dx,,@lf)|xn=0~

Note that Q f and Q, f are represented by

Qif(x) = — / Dy, (NG — 3) = N(x — ) fi(0)dy. (3.8)
Ry

Quf(r) = / NG = ¥ ox) (/72 0) = Dy, Q1 £ 0))dy. (3.9)
Rn—l

Note that divP f =0 and (P f),|x,=0 =0.

Lemma 3.6. Let f =divF with F € H ((R}) or F € B%, ((R™).

”Qf”[-'[g(Ri) < C”]:”]-']g(Ri) a>0,
Do ny < Do n 0
||Qf”BM(R+) _C||-F||qu(R+) a >
Proof. The proof of Lemma 3.6 is given in Appendix B. O

Lemma 3.7.Let |l < py<p<o0,l <q <g<oo. Let 0 < <o < B+ 1 <2 such that

O=a—B—l+n(-—2)+2 =2 Let f =divF with F € L1 (0, 0o, Bﬁlq)o(m)). Then,

T Pf”L‘i(O,oo;ng(Ri))’ T * Pf||Lq(O,w;ng(R1)) = C||-7:||Lq1 (O,Oo;Bﬁ,q(Ri))'

Here T x f := fol fRi C(x—y,t—s)f(y,s)dyds and T* % f := fot fR'J'r L =y xn+ yn, t —
$)f(y,s)dyds.

Proof. The proof of Lemma 3.7 is given in Appendix C. O
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4. Proof of Theorem 1.4

First, we decompose the Stokes equation (1.2) as the following two equations:

vy — Av+Vr =0, divv=0 in R x (0, 00),
U|[:0=h and U|xn=0=0, (41)

and

Vi — AV + VII =div.F, div V=0in R x (0, 00),

“4.2)
V0i=0=0, Vlx,=0=0.
Letu =V +vand p =m + II. Then, (u, p) is a solution of (1.2).
4.1. Estimate of (v, )
Define (v, ) by
vi(x, 1) = f Gij(x,y,)h;(y)dy, 4.3)
R%
w(x,t)= / P(x,y,t)-h(y)dy, 4.4)
R
where G and P are defined by
Gij=38;j(P(x —y,t) =T(x —y*,1))
Xn
d IN(x —2z) "

+4(0 —=8ju)— —F—T'(z—y", 1)z, 4.5)

ij ax,-

0 Rn—1
B IN(x' —7',x
Pi(x,y, 1) =4(1 — 5jn)—[ / MF(Z’ =y yn, 1)dZ
0x;j 0xy,
]Rnfl
o —y', yu, t

+ f NG -7, xn)wdz']. (4.6)

1 OYn

Rr—

Then (v, i) satisfies (4.1) (see [24]).
From Section 4 in [11], we have the following estimate;

. < o
”v”L‘I(O,oo;Hg’ R2) = C”h||Bz;_02/q(R'_;_)’ =
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Using the property of real interpolation (see (2.1), (2.2) and (2.4)), we have

”U”L‘I(O,oo;ng (R™)) = C||h||B;;ﬁ/q(R1)s O<a<2. 4.7

For o > %, the following estimates for 7 also hold.

Lemma 4.1. Let 1 < p,q < oo and % <o < 2. Then w can be decomposed in the form w =
Y21 Dy, oj + Dimoo with

||7T0j ”L‘/(O,OO;HI‘}(R:_)) + [I7o0 ”L‘f(O,oo;I-'I;‘“ (R")) <cl|hll B;’)‘;?)/KI R

Proof. The proof of Lemma 4.1 is given in Appendix D. O

4.2. Estimate of (V, IT)

Let f =P f 4+ VQ f be the decomposition of f, where P and Q are the operator defined in
section 3.5. Note that divlP f =0 and (IP f),|x,=0 = 0. We define (V, I1p) by

1
Vi(x,t)=//Gij(x,y,t—f)(]P’f)j(y,f)dydf, (4.8)
0 R
t
l'[o(x,t)=//P(x,y,t—r)-(]P’f)(y,r)dydr, 4.9
0 R

where G and P are defined by (4.5) and (4.6). Then (V, I1p) satisfies
Vi— AV +VIlp=PFf, div V=0, in R’} x (0, 00),
V0i=0=0, Vlx,=0=0.

(See [24].) Let IT =T1p + Q f. Then, (V, IT) is solution of (4.2).
Letl < p <ooand 0 <« <2.In Section 3 in [11], the authors showed that V, [Ty defined by
(4.8) and (4.9) have the following estimates (using real interpolations); if 0 < o < 2, then

l V”L‘I(O,oo;ng(]Rﬁ’r)) = C(”F * Pf”]‘q(opo;[ggq(]gi)) + 1T * ]P)f”L‘I(O,oo;ng(Rﬁ’r)))'

Using Lemma 3.6 and Lemma 3.7, the following theorem holds: Let 1 < p; < p <
0, l<g<g<o0,0<B=<a andO:a—ﬁ—l+n(%—%)+q%—§. Then, for

F e L1(0, 00, B?

plq,O(R{lf-))’ we have

1V 0.00:88, @10 < NNl Loy ot ey O <@ <2 (4.10)

On the other hand, by Lemma 3.6 the following estimate hold for Q f.
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=cllFl

”Qf”qu(O,OO;Bﬁlq(]Rﬁ_)) = Ll“(0,00;Bﬁlq(]R'_:_))' (411)

For o > %, the following estimates for I1p also hold.

Lemma 4.2. Let 1 < p,q < o0 and % <o < 2. Let p1,q and B satisfy the same conditions in

Le_mhma 3.7. Let f =div F for F € L91(0, 00: BY | ((R)). Then Ty = ¥"_} Dy, Tlo; + D; T
wit

” HOJ “Lq(O*OO;ng (]R’i)) + ” HOO ”L"(O,OOLB%'] (Rl}r)) =< C”f”qu (O,OO;B,élq(RC’,))'
Proof. The proof of Lemma 4.2 is given in Appendix E. O
4.3. Estimate of (u, p)
Note that (u, p) defined by u =V + v and p = 7 + [1y + Q div F are solution of (1.2). From
(4.7) and (4.10), we obtain the estimate (1.3) for u.
Let py = moo + Igo, Pj =mo; + Ip; and Py = Qdiv F, where 7o and 7g; are defined in

Lemma 4.1, and I1gp and ITy; are defined in Lemma 4.2. Then, the corresponding pressure p is

decomposed by p = D;p1 + ij_l P;+ Py. From (4.11), Lemma 4.1 and Lemma 4.2, we get

the estimate (1.4) for p, po and p;. This completes the proof Theorem 1.4.
5. Nonlinear problem

In this section, we would like to give proofs of Theorem 1.1 and Theorem 1.2. For the
purpose of them, we construct approximate velocities and then derive uniform convergence in
L9(0, o0; B, (RY)).
5.1. po, 90, P1, P2, g1 and B

Lemma 5.1. Let (o, p, q) satisfy 1 < p,qg <00, 0 <« <2, 2. 1+% andoa+1= %+%. Then,
there are 1 < po, p1, P2, q0,q1 < o0 and 0 < B satisfying that

. n 2
1 < p1 < p <min(po, p2), 1 <q1 <q < qo, %+—=1,

q0
1 1.2 2
B=a—14+n(———)+—=—-=, 0<B<a<B+1<2
P @ q
n n 11 1 1 1 1
fotmg—2,  —=—t—, — =t —. .1)
P2 p P p2 pPo q1 q q0

Proof. We take €1, €7 € (0, 1) satisfying

n . 2
max(0,1 — —) <€y <min(1,2 — —, —, 2 — ),
p q q

max(0, 1 —«) <€; + € <min(l, 2 — «). (5.2)
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2 _2 no_n N —ey. 2 — no_ n — o —
Letq—l—q~|—€1,pl—p+€2,p0—1 el,qo_q,.pz_ 1+e}'—}—62.—|—pand,3_a 1+
€1+ €2. Then 1 < pg, p1, P2, 90, q1 < o0 and 0 < B satisfy the conditions in Lemma 5.1. O

Remark 5.2. If the condition % <1+ % is dropped in Lemma 5.1, then we choose €1, €3 € (0, 1)
satisfying

2
O<e <min(1,2 — —,2 —a), max(0, 1 — o) <e€; + € <min(1,2 — o).
q

Then, the numbers pg, p1, p2, 90, g1 and 0 < B defined in the proof of Lemma 5.1 satisfy (5.1)
without p < pp and g < qo.

5.2. Approximating solutions
Let (u!, p') be the solution of the Stokes equations

uy —Au' +Vpl =0,  divu! =0, inR” x (0, 00),

) ) 5.3)
u'ly=o =h, u'|y,=0=0.
Let m > 1. After obtaining (u', p!),---, ™, p™) construct (u™*!, p”+1) which satisfies the
following equations
um Ayt vt = pm div "+ =0, in R™ x (0, 00),
5.4)
um+1|l=0 =h5 um+1|xn=O=0,
where f™ = —div(u™ Q@ u™).
5.3. Uniform boundedness in L (0, oo; LPO(R"))
We denote L4(L?) := L9(0, 00; L?(R"))). Let 1 < pg, go < 0o with
2
2L (5.5)
Po 40
(Observe that n < pg <00, 2 <gp <oo and —1 + % = —q%.) From Theorem 1.4, we have
1 o
lue" || Lao(zroy < CO||h||Bp_0';f:ép°(R’i) = Np. (5.6)
From Theorem 1.4, taking p; = &2, g1 = 4@ and « = =0, we have
™ ooy < (Ul 520 g+ 10" @ " a2 rory)
P040-
my2
= Cl(”h”B;qu/g%(R'l) + llu ”L‘IO(L!'O))' (5.7
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Under the hypothesis ||t || 40 (zr0) < Mo, (5.7) leads to the estimate

||Mm+1 | a0 (zroy < c1 (N() + Mg)

Choose My and Ny so small that

1 My
My<—and Ng < — (5.8)
26'1 2C1
By the mathematical induction argument, we conclude
||um||qu(L1>o) <My foral m=1,2---. 5.9)
5.4. Uniform boundedness in L1(0, co; B (R )
Let
n 2
— 4+ —=14a. (5.10)
P q
(Observe tha a’}r] s ail <q <ooand —1 + =q—= )From Theorem 1.4, we have

||u ”L‘I(Ooo BO‘ R%)) <alhl; *H’"/P(Rn) =N.

Let po, qo0, p1, P2, g1 and B be the constants defined in the proof of Lemma 5.1. We apply
Theorem 1.4 to obtain

flu™ ”Lq(()oo B (R™)) <c(lInll; B R + ™ @u™ I a1 0. 00: B R ))) (5.11)
By Lemma 3.5 and Besov imbedding (since 8 — % =a— % and B < «), we have
@™ @u™) g (©.00: B8, R = < cllu™ N g 0,00 B, R ™ 90 0,00 70 R2))
< cllu™ Il Lo 0,00; e, @ 1™ 120 0.00:LPo 7y - (5:12)
From (5.11)-(5.12), we have
|| ”L’J(Ooo BO‘ ®L) = =< CI(N + ||’4 ||L‘70(0 o0; LP0 (R, ))”u ||Lq(0 00; Bor ®R™ ))) (5.13)

Under the hypothesis ||u" || L9(0,00: B2, (R")) = M, (5.13) leads to the estimate

rq
+1
[l ”Lq(o’oo:f?ﬁq(Rﬁ'r)) <ci (N+M0M),

Choose that My is small and M is large so that

My<—, 20N<M. (5.14)
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By the mathematical induction argument, we conclude
m i = e
[|u ”Lq(OvOO;ng(RZ-)) <Mforallm=1,2---. (5.15)
5.5. Uniform convergence
Let U™ =u™*! — 4™ and P™ = p™*! — p™ Then, (U™, P™) satisfy the equations

U" — AU™ 4+ VP" = —divw" @ U1 + U™ 1 @u"1), divU™ =0, inR"” x (0, c0),
t +
U™|,—9 =0, U™x,=0=0.

Recall the uniform estimates (5.9) and (5.15) for the approximate solutions. From Theo-
rem 1.4 and Lemma 3.5 we have

U™ |90 (zroy < C(llumfl l Lo 2.0y + ||”m||L‘10(LP0))||Um7] | a0 (LP0)
< esMoll U™ ao oy, (5.16)

and

m . m m—1 m—1 m—1
”U ”Lq(0,00;ng(Ri)) SC“M ® U + U ®M ”qu (0’00;351611 (Rrjr))
—1 —1
= (18" 4 0,00; 1, )+ 1™ Lo 0,001 29, RAN)IU™ ™ 50270
+e(llu™ ooy + 11"~ o wro) 1U™ ™ (0,001 53, 1)
-1 -1
= C6M||Um ”L‘IO(L"O) + C6M0||Um ||Lq(0,oo;B]‘§q(R"+))' (5.17)

Here, o, B, p, po, P1,9, 90,41, No, Mo are the same constants defined in the previous subsection,
and we take the constant c¢ greater than cs, that is,

ce > Cs. (5.18)

From (5.16), if csMp < 1, then Z,‘:lo:l lU™ | Lao (zroy converges, that is,
o
Z U™ converges in LY (L),
m=1

Take A > 0 satisfying A(cg — c5) My > ceM. Then from (5.16) and (5.17) it holds that

10"l 1q (0,00; B2, (R ) T All U™ |l oo (1.ro)

< c6Mo(1 U™ ™Ml (0,00 5y, ) T ANU™ ™ a0 200))

Again if c¢M(y < 1, then Z:f:l(”Um”Lq(O,OO;ng(Ri)) + A|lU™ || 90 (Lr0y) converges. This im-
plies that > 7 1 1U™ |l 14 (0.00: e (R?)) converges, that is,
"0 g
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o
Z U™ converges in L7(0, oo; ng R7L)).

m=1
Therefore, if My satisfies the condition (5.14) with the additional conditions
1
My < —, (5.19)
C6
then u™ =u' + 371, U* converges to u' + Yoo,y Uk in L9(0, o0; B;’,‘q (R%)) N L9 (LP0). Set
wi=u' + 332, U

5.6. Existence

Let u be the same one constructed in the previous Section. Since u,, — u in L9°(0, oo;
LPo(R%)) and L9(0, oo; By, (R)), by (5.9) and (5.15), we have

“u”L‘iO(LI’O) =< My, “u”L‘I(O,oo;B;’,‘q(Rﬁ_)) <M.

In this section, we will show that u satisfies weak formulation of Navier-Stokes equations
(2.6), that is, u is a weak solution of Navier-Stokes equations (1.1) with appropriate distribution
p.Let ® € Cg°(R. x [0, 00)) with div ® = 0. Observe that

o o
—/ / u" . Addxdr :/ / W o, + W Qu™)  VOdxdi+ < h, ®(-,0) > .
0 R" 0 R"

Now, send m to the infinity, then, u™ — u in L% (LP0). Since n < po and 2 < qo, u” @ u”™ —
u®uinL! (R} x [0, 00)). Hence, we have the identity

loc

o0 o0
—//u~A<bdxdt://u~CI>[+(u®u):V¢>dxdt+<h,cl>(~,0)>.
0 R 0 R

Therefore u is a weak solution of Navier-Stokes equations (1.1). This completes the proof of the
existence part of Theorem 1.1.

5.7. Uniqueness in space L9 (LP0)

Let u; € L9°(LP%) be another weak solution of Navier-Stokes equations (1.1) with pressure
p1- Then, (u —uy, p — p1) satisfies the equations
(u—up)y— Al —up) +V(p—p)=—diviu ® (u —u1) + (u —ur) ®up) in R’ x (0, 00),
div(u —up) =0, in R x (0, 00),

(u—upli=0=0, @ —up)lx,=0=0.
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Applying the estimate of Theorem 1.4 in [9] to the above Stokes equations, we have

llw — M1||L‘IO(() T LPORY)) = Sclu® @ —u)+ @ —up)® M1||qu/2(0 7;LPO/2R" "))
< cs(lullLaoo,z;Lro®ny) + lutllLaoo,r;ro ®nyy) e — urll L9 ©,z; L0 R™Y), T < 00.

Since u, uy € L9°(0, oo; LP°(R",)), by absolutely continuity, there is 0 < § such that if 1) — 77 <
§ for 71 < 1, then

1

el L90 () 20 LPo R )y + N1l La0 2y, 05 LP0 (R ) < o

Hence, we have

llu —willLaoo,6; P02y < It — wtllL900,6;L70 R ))-

This implies that |lu — w1l La0 0,6; L0 R")) = 0, thatis, u = uy in R’ x (0, 8]. Observe that u —u;
satisfies the Stokes equations

(u—up);— A —u)+V(p—p1)=—diviu ® (u —uy) + (u —u1) ®up) in R, x (8, 00),
div (u —u1) =0in R’} x (8, 00),

(u—upli=s=0, @—uly=0=0.
Again, applying the estimate of Theorem 1.4 in [9] to the above Stokes equations, we have
llu = wrll Lo s 28; .00 R™ )y < 5llull Loz (s,26; L0 R™ )

+ 11l oo (s,25: Lro 7)) e — w1l L90 (5,28; .20 (R™ )
< llu —urllLao(s,28; L0 R™))
This implies that ||ju — u ||Lq°(5v25¢Lp°(R'3r)) =0, that is, u = u; in R x [, 28]. After iterating
this procedure infinitely, we obtain the conclusion that u = u in R, x (0, 00). This completes
the proof of the uniqueness part of Theorem 1.1.

5.8. Pressure estimate

Let o, B, p, P1, Po, 4, 41, qo be the same as in subsection 5.4. By Holder type inequality (3.5)
we have u ® u € L4 (0, 00; B, (R")) with

10 @ )0 0,5, ey < N0 w0y 101 a0, g, ) -

According to Theorem 1.4, if & > %, then there is Py, P;, p1 so that p = D; po+ Z;’;} Dy; Pj +
p1 with
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n—1
1211 00,0018, Ry 2 1P I 00,00: 33, ey 1Pl 0,00 5 )
j=1

<c(l oz o H @O0 0050, @)
qu‘O( +)

This completes the proof of Theorem 1.2.
Appendix A. Proof of Lemma 3.1

Applying the proof of Theorem 6.6.1 in [4], we can obtain the estimate (1) in Lemma 3.1.
1

Now, we derive the estimate (2) in Lemma 3.1. Let ¢ € B;’/p, (R"~1) be a real-valued function

and ® = D, , N¢, where % + ﬁ =1 and N¢ is defined in (3.1). From Lemma 3.2, we have

[ONS Hl,(R'jr) with || ® || 51 ®R") = clloll 1 . Since div f =0, we have
p Tt Rnfl)

,7/ p/

< fultym0. ¢ >= f £ - Vo)X < I flLo@e Pl gy <l @91 3170 g
V4 p/p/
R"

1 1
Since B, (R"~1) is the dual space of B [’7’, » (R"~1), by duality argument, we have f,| X, =0 €

_1
B,y (R"1y with | fale,=oll _1 < c||f||Lp(R1). Hence, we complete the proof of
p P 1

pp
Lemma 3.1.

Appendix B. Proof of Lemma 3.6

Lemma B.1. Let f =divF (here F = (Fii)k,i=1,- n» fi = Dx; Fri) with F|y,—0 =0. Let F =
(Fk1, -+, Frn). Then,

Qif(x) =) DyQFi(x)+ Dy, Ax),

k#n
Quf(x) =Y DyQaFi(x) = Y D} B(x),
k+#n k+#n

where
AG) = — / Vo (NG = 3) + N(x — ) - Fa()dy,
Ky

B(x) = / N =y, x)AQ, 0)dy".
Rr-1
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Proof. From (3.8), we have

Q@) == Dy [ V(NG =) = NG = 3) - Fulody
k+#n R"

- Dy, / Vy(N(x —y)+ Nx —y%) - Fa(y)dy
R’

=Y Dy Q1Fi(x) + Dy, A(x). (B.1)
k#n

Since AA = div F, = fy, from (B.1), we have Dy, Q1f(y) = Dy, > 42, Dy, Q1 Fe(y) +
fa(y) — A’A(y). Hence, we have

f NG =y x)Dy, Qi f (. 0y = Dy, f NG =y x0) Dy, Q1 Fi(y', 0)dy’

Rr-1 k#n Rr-1

n / NG =y xn) fu (Y, Oy’

Rr-1
+> Dy, / NG =y, x)Dy Ay, 0)dy'.
k#n R
(B.2)
Hence, from (3.9) and (B.2), we have
Qf® ==Y Dy [ NG =y 5D, QiFG 0y
k?'én Rn—l
_ Z Dy, / N =y, x) Dy A(Y,0)dy’. O (B.3)
k#n R-1
Now, we will show that for nonnegative integers k,
1Qf sy = NN s ey (B.4)

Using the property of complex interpolation, (B.4) implies Lemma 3.6.
From Lemma B.1, we have

1Q/ 1ty < (D 1Dx QuFill ke + D 1 Do Q2 Fel s e
k+#n k+#n

2
+1Dx, All gt ey + D107, Bll k)
k+#n
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where Q and QQ are defined in (3.8) and (3.9), and A and B are defined in Lemma B. 1, respec-
tively. From Lemma 3.3, we have

1D Qi Fill iy, < cIF ey 1D Al sy <€l Fll e -
From (3.2), Lemma 3.1 and Lemma 3.3 continuously, we get
2
103, Bll sy < cllALs,=oll g1/ gy < €I D All s eny < ell Fll gy -
From (3.2), we have
1D Q2 Fill i mryy = cll(Frx — VQ]Fk)n|x,1:0||B§;1/P(Rn—1)'
If k > 0, then by (1) of Lemma 3.1, we have
I (Fi = VQu Fe) oy =0ll i n a1y < 1 Fie = VQu Fill gy < I g -
If k =0, then since F, — VQ Fy is divergence free in R” , by (2) of Lemma 3.1, we have
I(Fk = VQUEW),, Ley=0ll =10 -1y = 1Pk = VQu Fell Loy < €llFllLoe)-
Therefore we obtain the estimate (B.4).
Using the properties of real interpolation and complex interpolation (see (2.1)), we complete
the proof of Lemma 3.6.
Appendix C. Proof of Lemma 3.7
Since the proofs will be done by the same way, we prove only the case of T % P f.
A crucial step in the proof of Lemma 3.7 is the following lemma, which is probably known to
experts and we couldn’t, however, find it in the literature and thus, we provide its proof.
Lemma C.1. Let X; and Y;, i = 1, 2 be Banach spaces and O < t be fixed. Let T : LY, X;) —

Yi,i = 1,2 be linear operator such that
t
ITf 1y, sM,-fu —)PNf®lxds, i=1,2 VfeL 0,1 Xp).
0
Then, for 0 <6 <1 and 1 <q < o0,
t
I g = MM [ =917 6 it
0

where B = B16 + B2(1 —0).
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Proof. Note that

K, Tf,Y,V2)= inf -~ (flurlly, +rluzlly,)
Tf(t)=u1+uz,u;€Y;,i=1,2
= inf (T filly, + 71T f2lly,)

f=fi+/2. fieLg; (0.1:X;),i=1,2

T f=fitfa fieLlg (0.1 X;),i=1,2

t
< inf My / =) PLfuo)lx, ds
0

t
+ Mor f (6 — )P fo(5) 1 x,ds)
0

t

_ / inf M=) A
F©=F1(6)+f2(5), fi ()eXi,i=1,2
0

+ Mar(t — )P f2(5) Il x,)dss

t
=M /(; — ) PR (M Mar(t — )PP £(s), X1, X2)ds.
0

For the fourth equality, see the proofs of Theorem 1.18.4 and Theorem 1.18.5 in [27]. Hence, we
have

o]

1T Flvarme, = ( / KT, 1)
0
t [ee]
< MI/(/fem —s) PR M My (e —s)*ﬁﬁﬁl,f(s),Xl,Xz)qd—r)vlzds
0 0 g
t o0
ngle—Q/(/f‘)‘f(t —s)*‘1<519+52<1*9>>1<(r,f(s),xl,xz)qg)ids
0 0

t
=MIm,? /(t =) PIfOllx;,x20,,d5-
0

Therefore, we complete the proof of Lemma C.1. O

Proof of Lemma 3.7 Recall that (P f)j = fj — Dx;Qf =divFj —D,;Qf.For1 < j <n-—1
we have
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t
F**(Pf)j(x,t)z—//Vyr‘(x—y*,t—t)-Fj(y,r)dydr
0 RY

t
—1—//Dyjl"(x—y*,t—t)@f(y,t)dydt. (C.1)
0 R

From the relation D%nA =—A'A+ Y }_, Dy, Fux and from Lemma B.1, we have the identity
(P f)n=A"A+ D, A'B— Zk;ﬁn Dy, Dy, O Fy.. Hence we have

t
D% (P farn= Y. ffDykr(x—y*,r—r>Dyn@Fk(y,r)dydr
1<k<n-1 0 Rr—ﬁ—

t
+//Vx/l"(x—y*,t—t)-Vy/A(y,r)dydt
0 R"

t
—i—/ / ViT(x—y* t—1)-VyDy B(y, t)dydr. (C.2)
0 Ry

Using (C.1), (C.2), Young’s inequality and the proof of Lemma 3.6 (« = 0), for py < p, we
have

j=1

n—1

+ Y IDy, QF ()l Lrowr) + IVA®) | Lrowe) + V2Bl Lro e )ds
j=1

(C.3)
Similarly, we get
IVE* % (P £)O)llLr re)

0 j=1
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n—1
+ Y IV'Dy, QF ()l Lrory) + IV VA | Lro ey + V'V B($) | Lro e ))ds

j=1
(C4)

Then, from (C.3), (C.4), Lemma C.1 and (2.1), we get
ds, O0<pB<l.

t
1_n

—LlomL_1y
wPNFO s
0
From Hardy-Littlewood-Sobolev inequality (see [27]), we have
(C.5)

*
”F * (]P f)”Lq (0,00,ng(Ri)) = CH‘FHUO (O*OO;Bgoq(Ri))’

when
(C.6)

1 1 n 1 1
q 9 2 2 po p
By parabolic type’s Calder6n-Zygmund Theorem and Lemma 3.6, for 1 < p, g < 0o, we have

IV2T* % (P f)lacrry < P fllzawr)
(C.7

<c(lfllawry +IVQ fllLawr) < N FllLa0,00: 13 7))

and
(C.8)

IVT* % (P H)llzawry < cllFllLacery-

By the property of real interpolation to (C.7) and (C.8) we have
*
1T % B 00 0055 @y S NN g, ey 0 < B < 1. (C.9)

L0 4 1(];9, where ¢, qo, p, po satisfy the condition

6 4 1-60 1 _ 6
+ andlll_qo

L _
Let0<8<1,ﬂ_p0 >

(C.6):
1 1 1 n 1 1

q 9 2 2 po p
By the complex interpolation (see (2.3) and (2.2)) with exponent 6 to (C.5) and (C.9), we have

* .
”F * (]P f)”LlI(()’oo;ng(]R:_)) E c||f”Lq1 (0>OO;B£1q(Ri)).
Now let @ := 1+ B — 6. Then «, 8, po, P1, 90, q1 satisfy the conditions in Lemma 3.7. This

completes the proof of Lemma 3.7.
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Appendix D. Proof of Lemma 4.1

Recalling the formula (4.4) with (4.6), we split 7 in two terms, i.e. w(x,t) = m(x,t) +
mo(x, 1), where

EN(x' — 7/, xp)
Ti(x, 1) =4 § /a—” L@ =y, yn, Ohj(y, v)dydZ,
121 Xj0xp
Jj=n— n
+
ON(x' =7, ol (z — vy, yu, t
=4 Y O =) [TE ZY Il o dydy.
ax; ay /
I<j<n—Ipy | J " n

Note that 7 is represented by

miG, =4 Y DDy N hjly,—0)x)=4 Y Dymx.1),

1<j<n—1 1<j<n—1

where 1 (x,t) =4D,, N(I" *; h j|x,=0). From (3.2), Lemma 3.1 and Lemma 3.4, for a > % we
have

17150l L4 0,00: B Ry < €Tt % A jlg,=oll 1
JTLA0,00: 85 (R T L0001 By PRI

< elIT Al o 0 ey, ey < M 42 (D.1)
pqO(R+)

By integrating by parts, by the identity Dy, h, = — Z’;;% Dy, h; and by the identity Di I
hp = DTt % hy — Ay Ty % hy, wp can be rewritten by

Ty =—4 / NG =2, xp) f Dy, T (@ =y, yu. 1) Dy, hn(y)dydz'

Rr—1 ’_;_
4 / NG =2 x) / L =y, v, Dln()dyd2)
Rnfl ]R"+

n—1
+a3 D% [ NG =) [Ty )y
k=1 n-1 R"

= Dymoo + Z Dy o
k#n

From (3.2), Lemma 3.1 and Lemma 3.4, for o > — p we have



T. Chang, B.J. Jin/ J. Differential Equations 267 (2019) 4293-4319 4317

||772k||Lq(() 00; Ba ®L) = <c|T'; % hn|xn=0|| el
L4(0,00;B,4 7 R"1)

<c|T'; * hy ”Lq(Ooo BO‘ (R%)) <cllhall 0,__ (D.2)
o (RY)
By,
and
l7zooll getl gy < €Il % A, =oll wll
L4(0,00; Bpg (RL)) nix L9(0.00: By ? (R1-1)
<c|T's x hy ||Lq(0 o0; B" SR = <cllhull a,, . (D.3)

pqO (R

This completes the proof of Lemma 4.1.
Appendix E. Proof of Lemma 4.2

Recalling the formulae (4.9) with (4.6), we split I[1p in two terms, i.e. [To(x, ) = 11 (x, ) +
IT,(x,t), where

t
2 [
Men=4 Y /M//r(z/—y’,yn,r—r)(an(y,r)dydzdz’,

1<J<n 1 axjaxn 0 R
"
t
ON(x'—7,x or@ =y, t—t
Mo(x,n=4 ) ( e ")// ( ’; 70 b £y (v, Ddydrd?
1Sj§"—1Rn—1 Y 0 R% In

Note that IT; is represented by

Mi(,0)=4 Y DDy NTxPfjly=0)x,)=4 Y DyTl;x,0),

1<j<n—1 I<j=n—1

where Iy (x,1) =4D,, N(I'* (P f) j|x,=0). From (3.2), Lemma 3.1 and Lemma 3.7, for o > %
we have

||H11||Lq(0003a (R'l))_C||F*(]P’f)]|x,,_0|| el
L4(0,00; By ¥ (R"1)

<C||F*(Pf)j||Lq(()oo BlY (R )) <C||‘F||L‘“(OOO B q(]RVJlr)) (El)

By integrating by parts, by the identity D,, (P f), = — Z" ! 1 Dy; (P f); and by the identity
D§n Ti % (Pf)n=DiTr % (P f)y — AyTy % (P f)n, I can be rewritten by

=—4 / NG -7, x,,)//DynF(z Y, yn,t s)Dyn(IP’f),,(y,s)dydsdz

Rr= 0 R%



4318 T. Chang, B.J. Jin / J. Differential Equations 267 (2019) 4293-4319

4 f N(X’—z’,xn)/F(z’—y’,yn,t)hn(y)dydz/)
Rn—l n

+4ZD / NG -2, x,,)//l"(z =¥yt = )P Pay $)dydsd?

0 RY

= D;Iloo + Z Dy g
k+#n

From (3.2), Lemma 3.1 and Lemma 3.7, for o > — p we have

T2k 00,0015, Ry < €T % (P Fhuls,=oll
L4(0,00; B, ' (R*—1)

<C||F*(Pf)n”Lq(()oo Ba (R" ) <c||*FI|Lq1 (0,00; B (R ) (E2)

and

1T001l 140 oo pe+ ®r yy < €T * (P fnlx,=oll 1
L (0,00,qu (R+)) Lq(0,00;BZq P (Rn—l)

<c"F*(Pf)n”Lq(()ooBa (Rn))_C”f”qu(OOOB (R ) (E3)
This completes the proof of Lemma 4.2.
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