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Abstract

We establish the Trudinger-Moser inequality on weighted Sobolev spaces in the whole space, and for 
a class of quasilinear elliptic operators in radial form of the type Lu := −r−θ (rα |u′(r)|βu′(r))′, where 
θ, β ≥ 0 and α > 0, are constants satisfying some existence conditions. It is worth emphasizing that these 
operators generalize the p-Laplacian and k-Hessian operators in the radial case. Our results involve frac-
tional dimensions, a new weighted Pólya-Szegö principle, and a boundness value for the optimal constant 
in a Gagliardo-Nirenberg type inequality.
© 2020 Elsevier Inc. All rights reserved.
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1. Introduction

It is well known that the classical Sobolev embedding W 1,p(�) ↪→ Lq(�) is continuous for 
any p ≤ q ≤ Np/(N − p), where p < N and � is a domain in RN , see [2,11]. If p = N , 
then W 1,N (�) �⊂ L∞(�), although the embedding W 1,p(�) ↪→ Lq(�) is continuous for N ≤
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q < ∞. Motivated by this fact, Adams [2] proved that for every 0 < μ ≤ 1 the Sobolev space 
W 1,N (�)(� unbounded) is embedded in the Orlicz space L�μ,N

(�), where

�μ,N(t) = eμt
N

N−1 −
N−2∑
j=0

μj

j ! t
N

N−1 j .

Hempel, Morris and Trudinger [12] showed that the best Orlicz space L�(�) for the embed-

ding of W 1,N
0 (�) (where � is a bounded domain in RN ) occurs when � = et

N
N−1 − 1.

The case when � is a bounded domain was studied by J. Moser [16], which showed the 
following sharp result

sup
u∈W

1,N
0 (�)\{0}

1

|�|
∫
�

e
μ
( |u|

‖∇u‖Lp

) N
N−1

dx

⎧⎨
⎩

≤ C(N,μ), if μ ≤ μN

= +∞, if μ > μN,

(1)

where μN := Nω
1

N−1
N−1, |�| is the Lebesgue measure of �, ωN−1 is the (N − 1)-dimensional 

Hausdorff measure of the unit sphere in RN , and C(N, μ) is a positive constant depending only 
on N and μ.

The case � = RN , was studied by Ruf [19] for N = 2, and Li and Ruf [15] for N ≥ 3. In all 
cases a sharp result was obtained. Namely, there exists D(N, μ) which depends only on N and 
μ satisfying

∫
RN

�μ,N(u)dx ≤ D(N,μ) (2)

for all u ∈ W 1,N (RN) with ‖u‖W 1,N (RN) = 1 and μ ≤ μN . Here, the inequality (2) is not valid if 
μ > μN .

The attainability of the best constant

dN,μ := sup
u∈W 1,N (RN):‖u‖

W1,N (RN )
=1

∫
RN

�μ,N(u)dx, (3)

associated with (2), was studied by Ishiwata [13] [see also section 2, Theorem 2.5 and Theo-
rem 2.6]. For similar studies, see [14,7].

To establish the attainability of dN,μ, Ishiwata proved that the compactness of a maximizing 
sequence to (3) happens, excluding the concentration behavior and the vanishing behavior of the 
maximizing sequence. He also showed that the functional J (u) := ∫

R2 �2,μ(u)dx does not have 
critical points on M := {u ∈ W 1,2(R2) : ‖u‖W 1,2(RN) = 1} for μ sufficiently small, which implies 
non-existence results in this case.

Our approach for Trudinger-Moser inequality will be done for the class of quasilinear elliptic 
operators in radial form of the type

Lu := −r−θ (rα|u′(r)|βu′(r))′,
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where θ, β ≥ 0 and α > 0. For some problems involving the operator L, see [9,10]. It is worth 
emphasizing that these operators generalize the p -Laplacian and k-Hessian operators in the 
radial case, more precisely,

(i) Laplacian α = θ = N − 1, β = 0
(ii) p-Laplacian (p ≥ 2) α = θ = N − 1, β = p − 2
(iii) k-Hessian (1 ≤ k ≤ N) α = N − k, θ = N − 1, β = k − 1

where these operators act on the weighted Sobolev spaces

W
1,p
α,θ (0,R) := W 1,p((0,R), dλα, dλθ ) for 0 < R ≤ ∞

defined in section 2. The Proposition 2.1, in section 2 (see also Kufner-Opic [18]), gives us the 
following Sobolev-type embedding

W
1,p
α,θ (0,R) ↪→ L

q
θ (0,R), where 1 ≤ q ≤ q
,α − p + 1 > 0,0 < R < +∞,

and the number q
 := (1+θ)p
α−p+1 is the critical exponent associated with the weighted Sobolev space 

W
1,p
α,θ (0, R). We would like to emphasize that the embedding still holds for α − p + 1 = 0, and 

1 ≤ q < ∞.
As in the classical case, a function in W 1,p

α,θ (0, R) (when α − (p − 1) = 0) could have a local 

singularity, which proves that W 1,p

p−1,θ (0, R) �⊂ L∞
θ (0, R). Motivated by this approach, Oliveira 

and Do Ó [17] studied this embedding, and they proved some results on validity and attain-
ability of the Trudinger-Moser inequality (for bounded domains see section 2, Theorem 2.2, 
Theorem 2.3 and Theorem 2.4).

Our goal here is twofold: we prove a Trudinger-Moser type inequality for weighted Sobolev 
spaces involving fractional dimensions in the unbounded case (0, ∞); and, we discuss the exis-
tence of extremal functions in such inequalities.

We will replace the constant cα,θ (which depends on α, θ and R) in Theorem 2.2 by a uniform 
constant d(α, θ, μ) (which depends on α, θ and μ), by replacing the Dirichlet norm with weight 
‖u′‖L

p
α

by the Sobolev norm with weights ‖u‖
W

1,p
α,θ (0,∞)

, in the same spirit of the results stated 

before [15,19]. Furthermore, we investigate the compactness on maximizing sequences for such 
inequalities in the same sense of the results established by Ishiwata [13].

Let

Ap,μ(t) = eμt
p

p−1 −

p�−1∑
j=0

μj

j ! t
p

p−1 j
, with 
p� the largest integer less than p.

Our main results are the following ones:

Theorem 1.1. Let p ≥ 2, θ, α ≥ 0 and μ > 0 be real numbers such that α − (p − 1) = 0 and 

μ ≤ μα,θ := (1 + θ)ω
1
α
α . Then there exists a constant D(θ, α, μ) which depends only on θ , α and 

μ such that
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∞∫
0

Ap,μ(|u(x)|)dλθ (x) ≤ D(θ,α,μ) (4)

for all u ∈ W
1,p
α,θ (0, ∞) with ‖u‖

W
1,p
α,θ (0,∞)

= 1. Furthermore, the inequality (4) fails if μ > μα,θ , 

that is, for any μ > μα,θ there exists a sequence (uj ) ⊂ W
1,p
α,θ (0, ∞) such that

∞∫
0

Ap,μ

⎛
⎝ |uj (x)|

‖uj‖W
1,p
α,θ (0,∞)

⎞
⎠dλθ (x) → ∞ as j → ∞.

To state our next results, we need to define the best constant associated with the inequality 
(4), namely

d(θ,α,μ) := sup
0�=u∈W

1,p
α,θ (0,∞)

∞∫
0

Ap,μ

⎛
⎝ |u(x)|

‖u‖
W

1,p
α,θ (0,∞)

⎞
⎠dλθ (x), (5)

where α − (p − 1) = 0.

Theorem 1.2. Under the assumptions of Theorem 1.1, there exists a positive nonincreasing func-
tion u in W 1,p

α,θ (0, ∞) with ‖u‖
W

1,p
α,θ (0,∞)

= 1 such that

d(θ,α,μ) =
∞∫

0

Ap,μ(|u(x)|)dλθ (x),

in the following cases:

(i) p > 2 and 0 < μ < μα,θ ,
(ii) p = 2 and 2

B(2,θ)
< μ < μα,θ ,

where

B(2, θ)−1 := inf
0�=u∈W

1,2
1,θ (0,∞)

∥∥u′∥∥2
L2

1(0,∞)
· ‖u‖2

L2
θ (0,∞)

‖u‖4
L4

θ (0,∞)

.

Theorem 1.3. Let p = 2, θ ≥ 0 and α = 1. Then there exists μ0 such that d(θ, α, μ) is not 
achieved for all 0 < μ < μ0.

To prove the statement (1), Moser [16] used the well known Schwarz Symmetrization ar-
guments, which provide a radially symmetric function u# defined on the ball BR(0), where 
LN(�) = LN(BR(0)) and all the balls {x ∈ BR(0); u#(x) > t} have the same LN measure of 
the sets {x ∈ �; u(x) > t}. Furthermore, u# satisfies the Pólya-Szegö inequality
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∫
BR(0)

|∇u#|Ndx ≤
∫
�

|∇u|Ndx (6)

which was crucial in the proof. In our case, Pólya-Szegö inequality for W 1,p
α,θ is not available, 

which was an additional difficulty in this type of problem. See, for instance, [17].
In this paper we present the half weighted Schwarz symmetrization with the purpose of ob-

taining a Pólya-Szegö inequality for W 1,p
α,θ which will permit again to reduce the proof of the 

Trudinger-Moser inequality to symmetric non-increasing functions.
The paper is organized as follows. In section 2, we define some elements and present some 

previous results about Trudinger-Moser inequality on W 1,p
p−1,θ (0, R), where R < ∞. In section 

3, we prove a new Pólya-Szegö Principle on W 1,p
α,θ using a new class of isoperimetric inequali-

ties on R with respect to weights |x|k . In section 4, we establish the Trudinger-Moser inequality 
on W 1,p

α,θ (0, ∞), under the assumptions of Theorem 1.1. In the section 5, we obtain the The-
orem 1.2 studying the compactness of a maximizing sequence (un) for (5). In the section 6, 
we show the Theorem 1.3 proving that the functional F(u) = ∫∞

0 A2,μ(|u(x)|)dλθ (x) does 
not have critical points on {u ∈ W

1,2
1,θ (0, ∞) : ‖u‖

W
1,2
1,θ (0,∞)

= 1}. Finally, in the section 7 we 

present a brief discourse about Gagliardo-Nirenberg-Sobolev type inequality and we show that 
2/B(2, θ) < 2π(1 + θ) = μ1,θ . Thus, the case (ii) of the Theorem 1.2 makes sense.

2. Basic definitions and previous results

Let 0 < R ≤ +∞, 1 ≤ p < +∞ and θ ≥ 0. Let us denote by Lp
θ (0, R) the weighed Lebesgue

space defined as the set of all measurable functions u on (0, R) for which

‖u‖L
p
θ (0,R) :=

⎡
⎣ R∫

0

|u(x)|pdλθ (x)

⎤
⎦

1/p

< ∞,

where

dλθ (x) = ωθx
θdx, ωθ = 2π

1+θ
2

�
( 1+θ

2

) , for all θ ≥ 0,

with �(x) = ∫∞
0 tx−1e−t dt the Gamma Function. Finally, let us denote by W 1,p

α,θ (0, R) the space 
of all locally absolutely continuous functions such that u(x) → 0, as x → R− and

‖u‖
W

1,p
α,θ (0,R)

:=
(∥∥u′∥∥p

L
p
α(0,R)

+ ‖u‖p

L
p
θ (0,R)

) 1
p

< +∞.

In the following proposition, see [18] for more details, we collect some embedding results for 
the weighted spaces W 1,p

α,θ , which will be used in this paper.

Proposition 2.1. Let u : (0, R] → R be an absolutely continuous function. If R < ∞, u(R) = 0
and
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(1) for 1 ≤ p ≤ q < ∞ one has
(a) α > p − 1, θ ≥ α

q
p

− q
p−1
p

− 1, or
(b) α ≤ p − 1, θ > −1.

(2) for 1 ≤ q < p < ∞ one has
(c) α > p − 1, θ > α

q
p

− q
p−1
p

− 1, or
(d) α ≤ p − 1, θ > −1

then

⎛
⎝ R∫

0

|u|qxθdx

⎞
⎠

1
q

≤ C

⎛
⎝ R∫

0

|u′|pxαdx

⎞
⎠

1
p

,

where C is a constant which does not depend on u.

Next, we present results due to Oliveira and Do Ó [17].

Theorem 2.2. Let α, θ ≥ 0 and p ≥ 2 be real numbers such that α − (p − 1) = 0. Then there 
exists a constant cα,θ depending only on α, θ and R such that

sup
u∈W

1,p
α,θ (0,R)

R∫
0

eμ(|u|)
p

p−1
dλθ (r)

⎧⎪⎨
⎪⎩

≤ cα,θ , if μ ≤ μα,θ := (1 + θ)ω
1
α
α

= ∞, if μ > μα,θ ,

(7)

where ‖u′‖L
p
α

= 1.

They also showed the existence of extremal functions for inequality (7), as follows

Theorem 2.3. Under the assumptions of Theorem 2.2, there are extremal functions for Cα,θ,R(μ)

when μ ≤ μα,θ ; that is, there exists u ∈ W
1,p
α,θ (0, R) such that

Cα,θ,R(μ) =
R∫

0

eμ|u|
p

p−1
dλθ (r),

where

Cα,θ,R(μ) := sup
u∈W

1,p
α,θ (0,∞):‖u′‖

L
p
α
=1

R∫
0

eμ(|u|)
p

p−1
dλθ (r).

In the same spirit of Adachi and Tanaka (see [1]), Oliveira and Do Ó showed the following 
result
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Theorem 2.4. Let θ, α ≥ 0 and p ≥ 2 be real numbers such that α − (p − 1) = 0. Then for any 
μ ∈ (0, μα,θ ) there is a constant Cμ,p,θ depending only on μ, p and θ such that

∞∫
0

Ap,μ

(
|u(r)|

‖u′‖L
p
α(0,∞)

)
dλθ (r) ≤ Cμ,p,θ

( ‖u‖L
p
θ (0,∞)

‖u′‖L
p
α(0,∞)

)p

(8)

for all u ∈ W
1,p
α,θ (0, R)\{0}. Besides that, for any μ ≥ μα,θ there is a sequence (uj ) ⊂

W
1,p
α,θ (0, ∞) such that ‖u′

j‖L
p
α(0,∞) = 1 and

1

‖u′
j‖L

p
α(0,∞)

∞∫
0

Ap,μ

(|uj (r)|
)
dλθ (r) → ∞ as j → ∞,

where

Ap,μ(t) = eμt
p

p−1 −

p�−1∑
j=0

μj

j ! t
p

p−1 j
, with 
p� is the largest integer less than p.

As mentioned in the Introduction, Ishiwata [13] studied the attainability of dN,μ (3) in the 
classical case. He emphasized the importance of evaluating vanishing behavior on maximizing 
sequence in unbounded case. Next, the main results in [13] are presented.

Theorem 2.5. Let N ≥ 2 and

B2 := sup
0�=ψ∈W 1,2(R2)

‖ψ‖4
L4

‖∇ψ‖2
L2 ‖ψ‖2

L2

.

Then dN,μ is attained for 0 < μ < μN if N ≥ 3 and for 2/B2 < μ ≤ μ2 = 4π if N = 2.

Theorem 2.6. Let N = 2. If μ � 1, then d2,μ is not attained.

3. Pólya-Szegö principle on W 1.p
α,θ

Now we are going to define a half weighted Schwarz symmetrization to prove a Pólya-Szegö
Principle, see the inequality (6).

We define the measure μl by dμl(x) = |x|ldx. Besides, if M ⊂ R is a measurable set with 
finite μl-measure, then let M∗ denote the interval (0, R) such that

μl((0,R)) = μl(M).

Further, if u :R −→R is a measurable function such that

μl ({y ∈R; |u(y)| > t}) < ∞ for all t > 0,
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then let u∗ denote the half weighted Schwarz symmetrization of u, or in short, the half μl-
symmetrization of u, given by

u∗(x) = sup {t ≥ 0;μl ({y ∈ R; |u(y)| > t}) > μl(0, x)} ,

for every x > 0.

Remark 3.1. The word “half” appears here because our symmetrization is slightly different in 
three aspects:

(i) it is defined on (0, ∞);
(ii) we are comparing the distribution ρ(t) := μl ({y ∈R; |u(y)| > t}) with the measure of 

(0, x), instead of B|x|(0);
(iii) the set M∗ is a semi ball with the same measure of M , instead of a ball.

We will carry out the proof of the next result based on Isoperimetric Inequality on R with 
weight |x|k [see [4], Theorem 6.1]. Besides, It is worth noting that the Theorem 8.1 in [4] does 
not cover the case k < l + 1 when N = 1. For negative values of k, the proof is a consequence 
of the well-known Hardy-Littlewood inequality. See also Cabré and Ros-Oton [5] for monomial 
weights, and Talenti [20] for some cases when N ≥ 2.

Theorem 3.2. Let k, l be real numbers satisfying 0 < k ≤ l + 1. Besides, let 1 ≤ p < ∞ and 
m := pk + (1 − p)l. Then

∞∫
0

∣∣u′∣∣p |x|pk+(1−p)l dx ≥
∞∫

0

∣∣(u∗)′
∣∣p |x|pk+(1−p)l dx, (9)

for every u ∈ W
1,p
m,l (0, ∞), where u∗ denotes the half μl-symmetrization of u.

Proof. Observe that it is sufficient to consider u a non-negative function. Let

I :=
∞∫

0

∣∣u′∣∣p |x|pk+(1−p)l dx and

I ∗ :=
∞∫

0

∣∣(u∗)′
∣∣p |x|pk+(1−p)l dx.

The Coarea Formula holds

I :=
∞∫ ∫ ∣∣u′∣∣p−1 |x|pk+(1−p)l dH0(x)dt and
0 u=t
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I ∗ :=
∞∫

0

∫
u∗=t

∣∣(u∗)′
∣∣p−1 |x|pk+(1−p)l dH0(x)dt.

If p = 1, we get

I :=
∞∫

0

∫
u=t

|x|k dH0(x)dt and

I ∗ :=
∞∫

0

∫
u∗=t

|x|k dH0(x)dt,

hence, we obtain from Isoperimetric Inequality on R with weight |x|k [see [4], Theorem 6.1] and 
definition of u
 that ∫

u=t

|x|k dH0(x) ≥
∫

u∗=t

|x|k dH0(x).

Therefore, I ≥ I ∗ when p = 1.
Now, assume that 1 < p < ∞. By Holder’s Inequality we have

∫
u=t

|x|k dH 0(x) ≤
⎛
⎝ ∫

u=t

|x|kp+(1−p)l
∣∣u′∣∣p−1

dH0(x)

⎞
⎠

1
p
⎛
⎝ ∫

u=t

|x|l
|u′|dH

0(x)

⎞
⎠

p−1
p

for a.e t ∈ [0, ∞), thus we get

I ≥
∞∫

0

⎛
⎝ ∫

u=t

|x|k dH0(x)

⎞
⎠

p ⎛
⎝ ∫

u=t

|x|l
|u′|dH

0(x)

⎞
⎠

1−p

dt. (10)

Since that |(u∗)′| and |x| are constants along with {u∗ = t}, hence, for u∗ we obtain the equality, 
i.e.,

I ∗ =
∞∫

0

⎛
⎝ ∫

u∗=t

|x|k dH0(x)

⎞
⎠

p ⎛
⎝ ∫

u∗=t

|x|l
|(u∗)′|dH

0(x)

⎞
⎠

1−p

dt. (11)

In addition, by definition of u∗, we have

∫
u>t

|x|l dx =
∫

u∗>t

|x|l dx,

and as a consequence of Coarea Formula we get
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∫
u=t

|x|l
|u′|dH

0(x) =
∫

u∗=t

|x|l
|(u∗)′|dH

0(x), (12)

for a.e t ∈ [0, ∞) which is sometimes called Fleming-Rishel’s Formula.
Again, by Isoperimetric Inequality on R with weight |x|k [see [4], Theorem 6.1] and the 

definition of u∗ we obtain ∫
u=t

|x|k dH0(x) ≥
∫

u∗=t

|x|k dH0(x). (13)

Therefore, from (10), (11), (12), and (13) we have

I ≥ I ∗,

thus, (9) follows. �

4. Trudinger-Moser inequality on W 1,p
α,θ (0, ∞)

In this section, we establish a Trudinger-Moser type inequality on W 1,p
α,θ (0, ∞) (Theorem 1.1) 

via the Pólya-Szegö Principle presented in section 3.

Lemma 4.1.

(i) Let u be a function in W 1,p
α,θ (0, ∞). Then,

|u(x)|p ≤ pω
− p−1

p

θ ω
− 1

p
α x

− (p−1)θ+α
p ‖u‖p−1

L
p
θ (0,∞)

∥∥u′∥∥
L

p
α(0,∞)

for all x > 0. (14)

Consequently, the embedding W 1,p
α,θ (0, ∞) ↪→ L

q
θ (0, ∞) is compact for all q satisfying

p2(1 + θ)

(p − 1)θ + α
≤ q <

p(1 + θ)

α − (p − 1)
:= p
,

where α ≥ (p − 1) and α ≤ p + θ .
(ii) Let u ∈ L

p
θ (0, R) be a nonincreasing function, then

|u(x)| ≤
(

1 + θ

ωθx1+θ

)1/p
⎡
⎣ R∫

0

|u(s)|pdλθ (s)

⎤
⎦

1/p

, for all 0 < x < R. (15)

Hence, if (un) ⊂ W
1,p
α,θ (0, ∞) is a nonincreasing sequence converging weakly to u in 

W
1,p

(0, ∞), then un → u strongly in Lq
(0, ∞), for each p < q < p
 (α ≥ p − 1).
α,θ θ
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Proof. It is easy to check out (15) for a nonincreasing function. Then, we will do only (14).
For every 0 < x < y we have

|u(x)|p ≤ |u(y)|p + p

y∫
x

|u(t)|p−1
∣∣u′(t)

∣∣dt.

By Holder Inequality and lim
y→∞u(y) = 0, we get

|u(x)|p ≤ p

∞∫
x

|u(t)|p−1
∣∣u′(t)

∣∣dt

≤ pω
− p−1

p

θ ω
− 1

p
α x

− (p−1)θ+α
p

⎛
⎝ ∞∫

0

|u(t)|p dλθ (t)

⎞
⎠

p−1
p

·
⎛
⎝ ∞∫

0

∣∣u′(t)
∣∣p dλα(t)

⎞
⎠

1
p

,

which proves (14). �

The next remark will be used in the proof of Theorem 1.1.

Remark 4.2. By inequality (14), we have |u(x)| ≤ 1, for all

x ≥
⎛
⎝ p

ω

p
p−1
θ ω

1
p
α

⎞
⎠

p
(p−1)(1+θ)

:= a0

whenever u ∈ W
1,p
α,θ (0, ∞) with ‖u‖

W
1,p
α,θ (0,∞)

≤ 1 and α − (p − 1) = 0. It is worth noting that a0

depends only on p, and θ .

Proof of Theorem 1.1. We can assume by Theorem 3.2 that u is a nonincreasing positive func-
tion on (0, ∞) and we also recall that ‖u‖

W
1,p
α,θ (0,∞)

≤ 1.

Let a ≥ a0 (see Remark 4.2) to be chosen later. Next, we divide the integral at (4) into two 
parts, that is,

∞∫
0

Ap,μ(|u(x)|)dλθ (x) =
a∫

0

Ap,μ(|u|)dλθ (x) +
∞∫

a

Ap,μ(|u|)dλθ (x). (16)

It follows from Lemma 4.1 and Remark 4.2 that

∞∫
Ap,μ(|u|)dλθ (x) =

∞∑
j=
p�

μj

j !
∞∫

|u| p
p−1 j

rθωθdr
a a
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≤ ωθ

μ
p�


p�!
∞∫

0

|u|prθdr

+ ωθ

∞∑
j=
p�+1

μj (1 + θ)
j

p−1

j !ω
j

p−1
θ

⎡
⎣ωθ

∞∫
0

|u|prθdr

⎤
⎦

j
p−1

·
∞∫

a

r
θ− (1+θ)j

p−1 dr

=μ
p�


p�! +
∞∑

j=
p�+1

μj (1 + θ)
j

p−1 (p − 1)ωθ

j !ωj/p−1
θ (1 + θ)(j − (p − 1))a

(1+θ)(j−(p+1))
p−1

. (17)

To estimate the other part at (16), let

v(r) =
{

u(r) − u(a), 0 < r ≤ a

0, r ≥ a.

Note that if 1 < q ≤ 2 and b ≥ 0, we have (x + b)q ≤ |x|q + qbq−1x + bq for all x ≥ −b. Then, 
by Lemma 4.1 we obtain

u(r)
p

p−1 ≤ v(r)
p

p−1 + p

p − 1
v(r)

1
p−1 u(a) + u(a)

p
p−1

≤ v(r)
p

p−1 + v(r)
p

p−1 u(a)p + u(a)
p

p−1 + 1

(p − 1)1/p−1

≤ v(r)
p

p−1

⎡
⎣1 + 1 + θ

a1+θωθ

⎛
⎝ωθ

∞∫
0

|u|prθdr

⎞
⎠
⎤
⎦+

(
1 + θ

a1+θωθ

)1/p−1

+ 1

(p − 1)1/p−1

:= v(r)
p

p−1

⎡
⎣1 + 1 + θ

a1+θωθ

⎛
⎝ωθ

∞∫
0

|u|prθdr

⎞
⎠
⎤
⎦+ d(a). (18)

Setting

w(r) := v(r)

⎡
⎣1 + 1 + θ

a1+θωθ

⎛
⎝ωθ

∞∫
0

|u|prθdr

⎞
⎠
⎤
⎦

p−1
p

,

it follows that

ωα

a∫
|w′|prαdr = ωα

a∫
|u′|p

⎡
⎣1 + 1 + θ

a1+θωθ

⎛
⎝ωθ

∞∫
|u|prθdr

⎞
⎠
⎤
⎦

p−1

rαdr
0 0 0
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=
⎡
⎣1 + 1 + θ

a1+θωθ

⎛
⎝ωθ

∞∫
0

|u|prθdr

⎞
⎠
⎤
⎦

p−1

ωα

a∫
0

|u′|prαdr

≤
⎡
⎣1 + 1 + θ

a1+θωθ

⎛
⎝ωθ

∞∫
0

|u|prθdr

⎞
⎠
⎤
⎦

p−1 ⎡
⎣1 − ωθ

∞∫
0

|u|prθdr

⎤
⎦

≤ 1, (19)

where the last inequality comes from the non-positivity of the function f : [0, 1] → R defined 
by f (t) = (1 + γ t)p−1(1 − t) − 1 for any γ fixed in the interval (0, 1/(p − 1)), whence the 
inequality (19) is valid with

(
(p − 1)(1 + θ)

ωθ

)1/(1+θ)

≤ a < ∞.

Next, it follows from (18) that

u(r)
p

p−1 ≤ w(r)
p

p−1 + d(a),

and consequently, we obtain

a∫
0

Ap,μ(|u(x)|)dλθ (x) ≤ ωθ

a∫
0

eμ|u|
p

p−1
rθdr

≤ ωθe
μd(a)

a∫
0

eμ|w|
p

p−1
rθdr. (20)

We combine (17), (19), (20) and Theorem 2.2 to conclude the first part of the proof of the theo-
rem.

For the second part, we will make a change of variable as in [17]. We define w(t) = ω
1

α+1
α (1 +

θ)
α

1+α u(Re− t
1+θ ) for all u ∈ W

1,p
α,θ (0, R), where α − (p − 1) = 0. Then, we get

R∫
0

|u′(r)|pdλα(r) =
∞∫

0

|w′(t)|pdt, (21)

R∫
0

|u(r)|pdλθ (r) = R1+θωθ

(1 + θ)pωα

∞∫
0

|w(t)|pe−t dt (22)

and
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R∫
0

eμ|u|
p

p−1
dλθ (r) = ωθR

1+θ

1 + θ

∞∫
0

e
μ

μα,θ
|w|

p
p−1 −t

dt. (23)

We consider Moser’s functions

wj(t) =
⎧⎨
⎩

t

j
1
p

0 ≤ t ≤ j

j
p−1
p t ≥ j.

Hence, we obtain from (21), (22) and (23) that

R∫
0

e

μ

⎛
⎝ |uj |

‖uj ‖
W

1,p
α,θ

(0,R)

⎞
⎠

p
p−1

dλθ (r) = ωθR
1+θ

1 + θ

∞∫
0

e

μ|wj |
p

p−1

μα,θ

(
1+ρ(α,θ,R)aj

) 1
p−1

−t

dt

≥ e

⎛
⎝ μ

μα,θ (1+ρ(α,θ,R)aj )

1
p−1

−1

⎞
⎠j

,

where ρ(α, θ, R) = R1+θωθ

(1+θ)pωα
, aj = 1

j

j∫
0

e−t tpdt + jp−1e−j and wj(t) = ω
1

1+α
α (1 +

θ)
α

α+1 uj (Re
− t

(1+θ) ). Thus, if μ > μα,θ

lim
j→∞

R∫
0

e

μ

⎛
⎝ |uj |

‖uj ‖
W

1,p
α,θ

(0,R)

⎞
⎠

p
p−1

dλθ (r) ≥ lim
j→∞ e

⎛
⎜⎝ μ

μα,θ

(
1+ρ(α,θ,R)aj

) 1
p−1

−1

⎞
⎟⎠j

= +∞,

which concludes the theorem. �

5. Proof of the Theorem 1.2

In this section, we are going to show the Theorem 1.2. To show the attainability, we study 
the behavior of maximizing sequences to (5). Throughout this section we assume that (un) is a 
bounded sequence in W 1,p

α,θ (0, ∞) satisfying

un ⇀ u in W
1,p
α,θ (0,∞), where α − (p − 1) = 0.

We begin with

Lemma 5.1. Let 0 < μ < μα,θ . Assume that (un) is a positive maximizing sequence to (5). Then, 
we have
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∞∫
0

Ap,μ (|un|) − μ
p�


p�! |un|
p
p�
p−1 dλθ −

∞∫
0

Ap,μ (|u|) − μ
p�


p�! |u| p
p�
p−1 dλθ → 0

as n → ∞. (24)

Proof. We can rewrite (24) as follows

∞∫
0

B
p�+1,μ (|un|) dλθ −
∞∫

0

B
p�+1,μ (|u|) dλθ → 0

as n → ∞, where

Bk,μ(t) :=
∞∑

j=k

μj

j ! t
p

p−1 j
, where k ∈N and t ∈ [0,∞).

It follows from Mean Value Theorem and convexity of B
p�,μ that

∣∣B
p�+1,μ(un(x)) − B
p�+1,μ(u(x))
∣∣

≤ (
B
p�+1,μ

)′
(γn(x)un(x) + (1 − γn(x)u(x)) · |un(x) − u(x)|

= μ
p

p − 1
|γn(x)un(x) + (1 − γn(x)u(x)| 1

p−1

· B
p�,μ(γn(x)un(x) + (1 − γn(x))u(x)) · |un(x) − u(x)|
≤ μ

p

p − 1
|γn(x)un(x) + (1 − γn(x)u(x)| 1

p−1

· [γn(x)B
p�,μ(un(x)) + (1 − γn(x))B
p�,μ(u(x))
] · |un(x) − u(x)|

≤ μ
p

p − 1
|γn(x)un(x) + (1 − γn(x)u(x)| 1

p−1 · [Ap,μ(un(x)) + Ap,μ(u(x))
]

· |un(x) − u(x)| (25)

Now, by Hölder’s and Minkowski’s Inequalities and (25) we get

∣∣∣∣∣∣
∞∫

0

B
p�+1,μ (|un|) dλθ −
∞∫

0

B
p�+1,μ (|u|) dλθ

∣∣∣∣∣∣

≤ μ
p

p − 1

⎛
⎝ ∞∫

0

|γn(x)un(x) + (1 − γn(x))u(x)| r
p−1 dλθ (x)

⎞
⎠

1
r

·
⎛
⎝ ∞∫ [

Ap,μ(un(x)) + Ap,μ(u(x))
]q

dλθ (x)

⎞
⎠

1
q
⎛
⎝ ∞∫

|un(x) − u(x)|t dλθ (x)

⎞
⎠

1
t

0 0
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≤ μ
p

p − 1

(
‖un‖

1
p−1

L

r
p−1
θ (0,∞)

+ ‖u‖
1

p−1

L

r
p−1
θ (0,∞)

)⎛
⎝ ∞∫

0

(
Ap,μ(un(x))

)q
dλθ (x)

⎞
⎠

1
q

·
⎛
⎝ ∞∫

0

(
Ap,μ(u(x))

)q
dλθ (x)

⎞
⎠

1
q

· ‖un − u‖Lt
θ (0,∞)

≤ μ
p

p − 1

(
‖un‖

1
p−1

L

r
p−1
θ (0,∞)

+ ‖u‖
1

p−1

L

r
p−1
θ (0,∞)

)⎛
⎝ ∞∫

0

Ap,qμ(un(x))dλθ (x)

⎞
⎠

1
q

·
⎛
⎝ ∞∫

0

Ap,qμ(u(x))dλθ (x)

⎞
⎠

1
q

‖un − u‖Lt
θ (0,∞), (26)

where q, r, t > 1 are real numbers satisfying 1
r

+ 1
q

+ 1
t
= 1, qμ < μα,θ , r

p−1 ≥ p and t >
p2

p−1 . 
Besides, in the last inequality at (26), we used the following inequality

⎛
⎝eμt

p
p−1 −


p�−1∑
j=0

μj

j ! t
p

p−1 j

⎞
⎠

q

≤ eqμt
p

p−1 −

p�−1∑
j=0

(qμ)j

j ! t
p

p−1 j
.

Therefore, from (26), Lemma 4.1, and compactness embedding, we conclude the proof of the 
Lemma. �

To study the compactness of a maximizing sequence to (5) based on the concentration-
compactness type argument, we analyze the possibility of a lack of compactness which is called 
vanishing. For this, we will introduce some components as follows

μ0 = lim
R→∞ lim

n→∞

⎛
⎝ R∫

0

|un(x)|pdλθ (x) +
R∫

0

|(un)
′(x)|pdλα(x)

⎞
⎠,

μ∞ = lim
R→∞ lim

n→∞

⎛
⎝ ∞∫

R

|un(x)|pdλθ (x) +
∞∫

R

|(un)
′(x)|pdλα(x)

⎞
⎠ ,

ν0 = lim
R→∞ lim

n→∞

⎛
⎝ R∫

0

Ap,μ (|un|) dλθ (x)

⎞
⎠

ν∞ = lim
R→∞ lim

n→∞

⎛
⎝ ∞∫

Ap,μ (|un(x)|) dλθ (x)

⎞
⎠ ,
R
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η0 = lim
R→∞ lim

n→∞

R∫
0

|un(x)| p
p−1 
p�

dλθ (x), and

η∞ = lim
R→∞ lim

n→∞

∞∫
R

|un(x)| p
p−1 
p�

dλθ (x)

taking an appropriate subsequence if necessary. It is easy to see that, if (un)n∈N is a maximizing 
sequence to (5) (‖un‖W

1,p
α,θ (0,∞)

= 1), then

νi ≥ μ
p�


p�! ηi, 1 = μ0 + μ∞, d(p, θ,μ) = ν0 + ν∞ and (27)

1 ≥ η0 + η∞ ( ifp is an integer),

where i = 0 or i = ∞.

Definition 5.2. (un) is a normalized vanishing sequence, (NV S) in short, if (un) satisfies 
‖un‖W

1,p
α,θ (0,∞)

= 1 (with α − (p − 1) = 0), u = 0 and ν0 = 0.

Example 5.3. Let φ be a smooth nonincreasing function with compact support on [0, +∞) sat-
isfying ‖φ‖L

p
θ (0,∞) = 1. We set

φn(x) := λnφ(λ
γ
n x)

(1 + λ
p
nλ0)

1
p

,

where γ = p
1+θ

, λ0 := ‖φ′‖p

L
p
α(0,∞)

, and (λn) is a positive sequence such that λn → 0 as n → ∞. 
Thus, (φn)n∈N is a normalized vanishing sequence.

The main aim here is to show that d(α, θ, μ) is greater than the vanishing level. More pre-
cisely,

d(α, θ,μ) > sup{
(un)⊂W

1,p
α,θ (0,∞):(un) is a NVS

}
∞∫

0

Ap,μ (|un(x)|) dλθ (x).

Thus, we define the normalized vanishing limit as follows

Definition 5.4. The number

dnvl(α, θ,μ) = sup{
(un)⊂W

1,p
α,θ (0,∞):(un) is a NVS

}
∞∫

0

Ap,μ (|un(x)|) dλθ (x), (28)

is called a normalized vanishing limit.
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The normalized vanishing limit will depend only on α and μ.
Next, we rewrite the elements defined above. For this purpose, given a real number R > 0, we 

take a function φR ∈ C∞(R), such that

⎧⎪⎪⎨
⎪⎪⎩

φR(x) = 1, if 0 ≤ x < R,

0 ≤ φR(x) ≤ 1, if R ≤ x ≤ R + 1,

φR(x) = 0, if R + 1 ≤ x,

|φ′
R(x)| ≤ 2, if x ∈R.

After that, we define the functions φ0
R and φ∞

R by

φ0
R(x) := φR(x), φ∞

R (x) := 1 − φ0
R(x).

Lemma 5.5. Let R > 0, n ∈N , and ui
n,R = φi

Run (i = 0, ∞). We have

μi = lim
R→∞ lim

n→∞

⎛
⎝ ∞∫

0

|ui
n,R(x)|pdλθ (x) +

∞∫
0

|(ui
n,R(x))′|pdλα(x)

⎞
⎠ , (29)

νi = lim
R→∞ lim

n→∞

∞∫
0

Ap,μ

(
|ui

n,R(x)|
)

dλθ (x), and (30)

ηi = lim
R→∞ lim

n→∞

∞∫
0

|ui
n,R| p

p−1 
p�
dλθ (x). (31)

Proof. We will prove only (29) with i = 0. On the one hand,

R∫
0

|un|pdλθ ≤
∞∫

0

|φ0
Run|pdλθ ≤

R+1∫
0

|un|pdλθ . (32)

On the other hand, from the Mean Value Theorem we obtain

∞∫
0

|(u0
n,R)′|pdλα =

∞∫
0

|φ0
Ru′

n + (φ0
R)′un|pdλα

=
∞∫

0

|φ0
Ru′

n|pdλα + ρn,R, (33)

where

ρn,R = p

∞∫
|φ0

Ru′
n + tn(x)(φ0

R)′un|p−2φ0
Ru′

n(φ
0
R)′undλα(x)
0
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+ p

∞∫
0

|φ0
Ru′

n + tn(x)(φ0
R)′un|p−2tn(x)(φ0

R)′un · (φ0
R)′undλα(x)

and 0 ≤ tn(x) ≤ 1.
We get

|ρn,R| ≤ p

⎡
⎣ ∞∫

0

|φ0
Ru′

n + tn(x)(φ0
R)′un|pdλα

⎤
⎦

p−1
p
⎡
⎣ ∞∫

0

|(φ0
R)′un|pdλα

⎤
⎦

1
p

≤ 2p[‖u′
n‖L

p
α

+ 2‖un‖L
p
α(R,R+1)]p−1‖un‖L

p
α(R,R+1)

≤ 2p
[
1 + 2‖un‖L

p
α(R,R+1)

]p−1 ‖un‖L
p
α(R,R+1).

By compactness embedding, W 1,p ((R,R + 1)) ↪→ Lp ((R,R + 1)) with R > 0, we have 
lim

n→∞‖un‖L
p
α(R,R+1) = ‖u‖L

p
α(R,R+1). Thus,

lim
R→∞ lim

n→∞ρn,R = 0. (34)

We conclude (29) (with i = 0) from (32), (33) and (34). The other cases follow from similar 
arguments. �

Next, our goal is determining the normalized vanishing limit defined at (28).

Proposition 5.6. It holds that

dnvl(p, θ,μ) =
⎧⎨
⎩

μp−1

(p − 1)! if p is integer,

0 otherwise.

Proof. We can suppose that un is non-increasing (see Theorem 3.2), then by Lemma 4.1

|un(x)| ≤
(

1 + θ

ωθ

) 1
p · 1

x
1+θ
p

⎛
⎝ ∞∫

0

|un(y)|pdλθ (y)

⎞
⎠

1
p

.

Assuming that 1 ≤ R < ∞, then

∞∑
j=
p�+1

μj

j !
∞∫

R

|un|
p

p−1 j
dλθ ≤

∞∑
j=
p�+1

μj

j !
(

1 + θ

ωθ

) j
p−1

ωθ

∞∫
R

x
θ− (1+θ)

p−1 j
dx

≤
∞∑ μj

j !
(

1 + θ

ωθ

) j
p−1 ωθ(p − 1)

(1+θ)
(

j
p−1 −1

)

j=
p�+1 R
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≤ ωθ(p − 1)

R
(1+θ)

( 
p�+1
p−1 −1

)
∞∑

j=
p�+1

μj

j !
(

1 + θ

ωθ

) j
p−1

.

Thus

lim
R→∞ lim

n→∞

∞∑
j=
p�+1

μj

j !
∞∫

R

|un|
p

p−1 j
dλθ = 0. (35)

If p is not integer, we get

∞∫
R

|un|
p

p−1 
p�
dλθ ≤

(
1 + θ

ωθ

) 
p�
p−1 ωθ(p − 1)

(
p� − (p − 1))R
(1+θ)

( 
p�
p−1 −1

) . (36)

Hence, using (35) and (36), we obtain ν∞ = 0, if p is not integer.
Now, if p is integer, then 
p� = p − 1 and passing to subsequence if necessary, we have

ν∞ = lim
R→∞ lim

n→∞

∞∑
j=
p�+1

μj

j !
∞∫

R

|un|
p

p−1 j
dλθ

+ lim
R→∞ lim

n→∞
μp−1

(p − 1)! ‖un‖p

L
p
θ (R,∞)

= μp−1

(p − 1)! lim
R→∞ lim

n→∞‖un‖p

L
p
θ (R,∞)

≤ μp−1

(p − 1)! . (37)

Taking un := φn as in the Example 5.3 we obtain (35) as well. Besides, we get

lim
R→∞ lim

n→∞‖un‖p

L
p
θ (R,+∞)

= lim
R→∞ lim

n→∞

‖φ‖p

L
p
θ (λσ

n R,∞)

(1 + λ
pγ
n λ0)

= 1. (38)

From (35), (36), (37) and (38) the proposition follows. �

Proposition 5.7. Let p ≥ 2 be an integer number. Then

d(p, θ,μ) >

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

μp−1

(p − 1)! , if p > 2 and μ ∈ (0,μα,θ ],

μp−1

(p − 1)! , if p = 2 and μ ∈
(

2
B(2,θ)

,μα,θ

]
,

where B(2, θ) is defined as in Theorem 1.2.
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Proof. Let σ = p
1+θ

, and v ∈ W
1,p
α,θ (0, ∞). We set

vt (x) = tv(tσ x), for all t, x ∈ (0,∞).

We get

∞∫
0

Ap,μ

⎛
⎝ |vt |

‖vt‖W
1,p
α,θ (0,∞)

⎞
⎠dλθ

≥ μp−1

(p − 1)!

⎡
⎢⎢⎢⎣

‖v‖p

L
p
θ

‖v‖p

L
p
θ

+ tp ‖v′‖p

L
p
α

+ μ

p

t
p

p−1 ‖v‖
p

p−1 p

L

p
p−1 p

θ(
‖v‖p

L
p
θ

+ tp ‖v′‖p

L
p
α

) p
p−1

⎤
⎥⎥⎥⎦

:= μp−1

(p − 1)!hp,θ,μ(t).

Note that lim
t→0

hp,θ,μ(t) = 1. Thus, it is sufficient to show that h′
p,θ,μ(t) > 0 for 0 < t � 1.

Through straightforward calculation we obtain

h′
p,θ,μ(t) = pt

p
p−1 −1(

‖v‖p

L
p
θ

+ tp ‖v′‖p

L
p
α

)2

·
[

μ

p(p − 1)
‖v‖

p
p−1 p

L

p
p−1 p

θ

(
‖v‖p

L
p
θ

+ tp
∥∥v′∥∥p

L
p
α

) p−2
p−1

− μ

p − 1
tp ‖v‖

p
p−1 p

L

p
p−1 p

θ

∥∥v′∥∥p

L
p
α

(
‖v‖p

L
p
θ

+ tp
∥∥v′∥∥p

L
p
α

)− 1
p−1

− ‖v‖p

L
p
θ

∥∥v′∥∥p

L
p
α
t
p− p

p−1

]
.

Thus we get h′
p,θ,μ(t) > 0 for 0 < t � 1 if p > 2. Now, for p = 2 it is slightly different, because

h′
2,θ,μ(t) = 2t(

‖v‖2
L2

θ

+ t2 ‖v′‖2
L2

1

)2 ·
⎡
⎢⎣μ

2
‖v‖4

L4
θ

−
μt2 ‖v‖4

L4
θ

∥∥v′∥∥2
L2

1(
‖v‖2

L2
θ

+ t2 ‖v′‖2
L2

1

) − ‖v‖2
L2

θ

∥∥v′∥∥2
L2

1

⎤
⎥⎦ .

Taking v ∈ W
1,p
α,θ (0, ∞), such that B(2, θ)−1 = B(v)−1, we obtain h′

2,θ,μ(t) > 0 for 0 < t � 1, 

if 2
B(2,θ)

< μ ≤ 2π(1 + θ), [see Proposition 7.1]. �

Lemma 5.8. Let μi < 1 (i = 0, ∞) and let p ≥ 2 be an integer. Then, we obtain
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d(p, θ,μ)

∥∥∥ui
n,R

∥∥∥p

W
1,p
α,θ (0,∞)

≥
∞∫

0

Ap,μ

(∣∣∣ui
n,R

∣∣∣)dλθ +

⎡
⎢⎢⎢⎣
⎛
⎜⎜⎜⎝ 1∥∥∥ui

n,R

∥∥∥ p
p−1

W
1,p
α,θ (0,∞)

− 1

⎞
⎟⎟⎟⎠

·
∞∫

0

Ap,μ

(∣∣∣ui
n,R

∣∣∣)− μp−1

(p − 1)!
∣∣∣ui

n,R

∣∣∣p dλθ

⎤
⎦ ,

whenever n and R are sufficiently large.

Proof. By definition, we have

d(α, θ,μ) ≥
∞∑

j=p−1

μj

j !

‖ui
n,R‖

p
p−1 j

L

p
p−1 j

θ

‖ui
n,R‖

p
p−1 j

W
1,p
α,θ (0,∞)

≥ 1

‖ui
n,R‖p

W
1,p
α,θ (0,∞)

∞∑
j=p−1

μj

j ! ‖ui
n,R‖

jp
p−1

L

jp
p−1
θ

+ 1

‖ui
n,R‖p

W
1,p
α,θ (0,∞)

∞∑
j=p

⎛
⎜⎜⎝ 1

‖ui
n,R‖

p
p−1 (j−(p−1))

W
1,p
α,θ (0,∞)

− 1

⎞
⎟⎟⎠ μj

j ! ‖ui
n,R‖

jp
p−1

L

jp
p−1
θ

(39)

From μi < 1 and (39) we obtain

d(α, θ,μ)‖ui
n,R‖p

W
1,p
α,θ (0,∞)

≥
∞∑

j=p−1

μj

j ! ‖ui
n,R‖

p
p−1 j

L

p
p−1 j

θ

+
∞∑

j=p

⎛
⎜⎜⎝ 1

‖ui
n,R‖

p
p−1

W
1,p
α,θ (0,∞)

− 1

⎞
⎟⎟⎠ μj

j ! ‖ui
n,R‖

p
p−1 j

L

p
p−1 j

θ

=
∞∫

0

Ap,μ(|ui
n,R|)dλθ

+

⎛
⎜⎜⎝ 1

‖ui
n,R‖

p
p−1

W
1,p
α,θ (0,∞)

− 1

⎞
⎟⎟⎠

∞∫
0

Ap,μ(|ui
n,R|) − μp−1

(p − 1)! |u
i
n,R|pdλθ

for large R and large n. �
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Proposition 5.9. Let p ≥ 2 be an integer. Assume that (un) is a positive maximizing sequence to 
(5). Then

(μ0, ν0) = (1, d(p, θ,μ)) and (μ∞, ν∞) = (0,0).

Proof. By contradiction, suppose that 0 < μ0 < 1. Then 0 < μ∞ < 1, by relation (27). From 
Lemma 5.5 and Lemma 5.8 we have

d(α, θ,μ)μi ≥ νi +
⎡
⎣ 1

μ
1

p−1
i

− 1

⎤
⎦[

νi − μp−1

(p − 1)!ηi

]
. (40)

By relation (27) and together with (40) we get

d(α, θ,μ)μi ≥ νi, for i = 0,∞.

Thus,

d(α, θ,μ) = d(α, θ,μ)(μ0 + μ∞) ≥ ν0 + ν∞ = d(α, θ,μ)

and consequently

d(α, θ,μ)μi = νi .

From the last relation and (40) we obtain

νi ≤ μp−1

(p − 1)!ηi,

whence,

d(α, θ,μ) = ν0 + ν∞ ≤ μp−1

(p − 1)! (η0 + η∞) ≤ μp−1

(p − 1)! ,

which contradicts the Proposition 5.7.
Now, again, by contradiction, suppose that μ0 = 0. Thus, by Lemma 5.8

d(p, θ,μ)

∥∥∥u0
n,R

∥∥∥p

W
1,p
α,θ (0,∞)

≥
∞∫

0

Ap,μ

(∣∣∣u0
n,R

∣∣∣)dλθ

+ 1

2

∞∫ (
Ap,μ

(∣∣∣u0
n,R

∣∣∣)− μp−1

(p − 1)!
∣∣∣u0

n,R

∣∣∣p)dλθ , (41)
0
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for large R and large n.
Taking the double limit in (41), limR→∞ limn→∞, we obtain

d(α, θ,μ)μ0 ≥ ν0 + 1

2

(
ν0 − μp−1

(p − 1)!η0

)
≥ ν0,

hence, ν0 = 0 from relation (27), and μ0 = 0, getting a contradiction from Proposition 5.6, rela-
tion (27), and Proposition 5.7. Finally, using the same arguments we can get ν∞ = 0 whenever 
μ∞ = 0. Therefore, the proposition follows. �

Proof of Theorem 1.2. First of all, assume that (un) is a non-increasing positive maximizing 
sequence to (5). We will show that

lim
n→∞

∞∫
0

|un|
p

p−1 
p�
dλθ =

∞∫
0

|u| p
p−1 
p�

dλθ . (42)

Indeed, given R > 0, note that

∣∣∣∣∣∣
∞∫

0

(
|un|

p
p−1 
p� − |u| p

p−1 
p�)
dλθ

∣∣∣∣∣∣ ≤
∣∣∣∣∣∣

R∫
0

(
|un|

p
p−1 
p� − |u| p

p−1 
p�)
dλθ

∣∣∣∣∣∣
+

∞∫
R

|un|
p

p−1 
p�
dλθ +

∞∫
R

|u| p
p−1 
p�

dx

=: I (n,R) + II (n,R) + III (R).

By compact embedding we have limR→∞ limn→∞ I (n, R) = 0. From Dominated Convergence 
Theorem, we obtain limR→∞ limn→∞ III (R) = 0. If p is an integer, we get
limR→∞ limn→∞ II (n, R) = 0 from μ∞ = 0 (Proposition 5.9). If p /∈ N , we obtain
limR→∞ limn→∞ II (n, R) = 0 from inequality (36). Hence, (42) follows. Now, assume that 
either p > 2 and μ ∈ (0, μα,θ ) or p = 2 and μ ∈ (2/B(2, θ), μ1,θ ). Writing

d(p, θ,μ) −
∞∫

0

Ap,μ (|u|) dλθ =
∞∫

0

Ap,μ (|un|) dλθ −
∞∫

0

Ap,μ (|u|) dλθ

+
⎛
⎝d(p, θ,μ) −

∞∫
0

Ap,μ (|un|) dλθ

⎞
⎠

=: IV (n) + V (n),

where

V (n) := d(p, θ,μ) −
∞∫

Ap,μ (|un|) dλθ
0
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and

IV (n) :=
∞∫

0

Ap,μ (|un|) dλθ −
∞∫

0

Ap,μ (|u|) dλθ .

We get, by definition of d(α, θ, μ), that

lim
R→∞ lim

n→∞V (n) = 0.

Since

IV (n) =
∞∫

0

(
Ap,μ (|un|) − μ
p�


p�! |un|
p

p−1 
p�
)

dλθ

−
∞∫

0

(
Ap,μ (|u|) − μ
p�


p�! |u| p
p−1 
p�

)
dλθ

+ μ
p�


p�!
∞∫

0

(
|un|

p
p−1 
p� − |u| p

p−1 
p�)
dλθ .

From Lemma 5.1 and relation (42) we obtain

lim
n→∞ IV (n) = 0.

Thus, u �= 0 and

d(p, θ,μ) =
∞∫

0

Ap,μ (|u|) dλθ .

Now, we assert that ‖u‖
W

1,p
p−1,θ (0,∞)

= 1. Indeed, on the one hand,

‖u‖
W

1,p
p−1,θ (0,∞)

≤ lim inf
n→∞ ‖un‖W

1,p
p−1,θ (0,∞)

= 1.

On the other hand,

d(p, θ,μ) ≥
∞∫

0

Ap,μ

⎛
⎝
⎛
⎝ |u|

‖u‖
W

1,p
p−1,θ (0,∞)

⎞
⎠
⎞
⎠dλθ

=
∞∑

j=
p�

μj

j !

‖u‖
p

p−1 j

L

p
p−1 j

θ

‖u‖
p

p−1 j

W
1,p

(0,∞)
p−1,θ
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≥ 1

‖u‖
p

p−1 
p�
W

1,p
p−1,θ (0,∞)

∞∑
j=
p�

μj

j ! ‖u‖
p

p−1 j

L

p
p−1 j

θ

≥ 1

‖u‖
p

p−1 
p�
W

1,p
p−1,θ (0,∞)

· d(p, θ,μ).

Therefore, ‖u‖
W

1,p
p−1,θ (0,∞)

= 1 and

d(p, θ,μ) =
∞∫

0

Ap,μ (|u|) dλθ . �

6. Proof of the Theorem 1.3

Throughout this section, we assume that p = 2 and μ ≤ π(1 + θ)/3.
By Theorem 2.4 (inequality (8)), we get

‖u‖2j

L
2j
θ

‖u′‖2
L2

1
· ‖u‖2

L2
θ

≤ Cγ,2,θ

j !
γ j

‖u′‖2(j−2)

L2
1

(43)

for all u ∈ W
1,2
1,θ (0, ∞), j ∈ N, and 0 < γ < (1 + θ)ω1. We are going to use the inequality (43)

to prove the Theorem 1.3.

Proof of Theorem 1.3. Let S := {v ∈ W
1,2
1,θ (0, ∞) : ‖v‖

W
1,2
1,θ (0,∞)

= 1}. For each u ∈ S, we de-

fine a family of functions by

ut (x) := t
1
2 u(t

1
1+θ x),

where t > 0 is a parameter. Besides, let vt := ut/‖ut‖W
1,2
1,θ (0,∞)

. Thus, vt is a curve in S passing 

through u when t = 1. Then, it is sufficient to show that

d

dt
F (vt ) |t=1 < 0,

where F(w) :=
∞∫

0

A2,μ (w(x)) dλθ (x).

Through a direct calculation we have that ‖ut‖2j

L
2j
θ

= t j−1‖u‖2j

L
2j
θ

, ‖(ut )
′‖2

L2
1
= t‖u′‖2

L2
1

and

F(vt ) =
∞∑

j=1

μj

j !
tj−1‖u‖2j

L
2j
θ(

‖u‖2
L2

θ

+ t‖u′‖2
L2

1

)j
.
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Thus, we obtain

d

dt
F (vt ) |t=1 =

∞∑
j=1

μj

j ! ‖u‖2j

L
2j
θ

[
(j − 1)‖u‖2

L2
θ

− j‖u′‖2
L2

1

]

= −μ‖u‖2
L2

θ

‖u′‖2
L2

1
+

∞∑
j=2

μj

j ! ‖u‖2j

L
2j
θ

[
(j − 1)‖u‖2

L2
θ

− j‖u′‖2
L2

1

]

≤ μ‖u‖2
L2

θ

‖u′‖2
L2

1

⎛
⎜⎝−1 +

∞∑
j=2

μj−1

(j − 1)!
‖u‖2j

L
2j
θ

‖u‖2
L2

θ

‖u′‖2
L2

1

⎞
⎟⎠ . (44)

From inequality (43) (with γ := 2π(1 + θ)/3) and (44) we get

d

dt
F (vt ) |t=1

≤ μ‖u‖2
L2

θ

‖u′‖2
L2

1

⎛
⎝−1 + C 2

3 π(1+θ),2,θ

∞∑
j=2

μj−1

(j − 1)!j !
(

3

2π(1 + θ)

)j
⎞
⎠

= μ‖u‖2
L2

θ

‖u′‖2
L2

1

·
⎛
⎝−1 + C 2

3 π(1+θ),2,θ

(
3

2π(1 + θ)

)2

μ

∞∑
j=2

μj−2j

(
3

2π(1 + θ)

)j−2
⎞
⎠

≤ μ‖u‖2
L2

θ

‖u′‖2
L2

1

⎛
⎝−1 + C 2

3 π(1+θ),2,θ

(
3

2π(1 + θ)

)2

μ

∞∑
j=2

j

(
1

2

)j−2
⎞
⎠ .

Thus, taking μ0 := 1
a·C 2

3 π(1+θ),2,θ

(
2π(1+θ)

3

)2
, where a :=

∞∑
j=2

j

(
1

2

)j−2

, the proof of the theorem 

follows. �

7. Gagliardo-Nirenberg inequalities

In this section, we discuss about the best constant of the Gagliardo-Niremberg inequality, and 
we will explore some ideas contained in [3,6,8].

It is known the interpolation inequality with weights

‖u‖L
q
θ (0,∞) ≤ K(p,q,α, θ)

∥∥u′∥∥γ

L
p
α(0,∞)

‖u‖1−γ

L
p
θ (0,∞)

, (45)

where 1 < p ≤ q < p
 = p(1+θ)
α−(p−1)

, α ≥ p − 1, θ ≥ 0 and 1 − γ = p
q

· (p
−q)
(p
−p)

. It is worth noting 
that when α = p − 1 we have 1 − γ = p

q
.

Throughout this section we will assume that α ≤ p + θ . So, we can compute the optimal 
k = K(p, q, α, θ) in (45) if we determine the explicit solution of the minimization problem
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inf

⎧⎨
⎩E(u) := 1

p

∞∫
0

∣∣u′∣∣p dλα + 1

p

∞∫
0

|u|p dλθ : ‖u‖L
q
θ ((0,∞)) = 1

⎫⎬
⎭ . (46)

It follows from Lemma 4.1 and Theorem 3.2 (with α = m, and l = θ ) the existence of a minimizer 
for (46). Now if u∞ is a minimizer of the variational problem (46), then

E(u∞) ≤ E(u) = 1

p

∥∥u′∥∥p

L
p
α((0,∞))

+ 1

p
‖u‖p

L
p
θ ((0,∞))

for all u ∈ W
1,p
α,θ ((0, ∞)) satisfying ‖u‖L

q
θ ((0,∞)) = 1. Thus,

E(u∞) ≤ 1

p

∥∥u′∥∥p

L
p
α((0,∞))

‖u‖p

L
q
θ ((0,∞))

+ 1

p

‖u‖p

L
p
θ ((0,∞))

‖u‖p

L
q
θ ((0,∞))

for every 0 �= u ∈ W
1,p
α,θ (0, ∞). Scaling u as ut (x) = u(tx), we get

E(u∞) ≤ t
p−(α+1)+ p

q
(1+θ)

∥∥u′∥∥p

L
p
α((0,∞))

p ‖u‖p

L
q
θ ((0,∞))

+ t
(1+θ)

(
p
q
−1

) ‖u‖p

L
p
θ ((0,∞))

p ‖u‖p

L
q
θ ((0,∞))

.

A direct computation proves that the minimum over t is achieved at

t =
[

(1 + θ)(q − p)

pq + p(1 + θ) − q(1 + α)

B

A

] 1
p+θ−α

,

where

A =
∥∥u′∥∥p

L
p
α((0,∞))

p ‖u‖p

L
q
θ ((0,∞))

and B =
‖u‖p

L
p
α((0,∞))

p ‖u‖p

L
q
θ ((0,∞))

.

Therefore,

E(u∞) ≤
[(

(1+θ)(q−p)
qp+p(1+θ)−q(1+α)

)1−γ +
(

(1+θ)(q−p)
qp+p(1+θ)−q(1+α)

)γ
] ∥∥u′∥∥pγ

L
p
α
‖u‖p(1−γ )

L
p
θ

p‖u‖p

L
q
θ

and the equality holds when u = u∞.
The next result will be important in the study of attainability in the Trudinger-Moser inequality 

with weight when p = 2.

Proposition 7.1. If p = 2, α = p − 1, and θ ≥ 0, then the infimum

B(2, θ)−1 := inf
0�=u∈W

1,2
1,θ (0,∞)

∥∥u′∥∥2
L2

1((0,∞))
· ‖u‖2

L2
θ ((0,∞))

‖u‖4
4

,

Lθ ((0,∞))
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is attained by a positive nonincreasing function in W 1,2
1,θ ((0, ∞)). Moreover,

B(2, θ)−1 < π(1 + θ).

Proof. The first part has been discussed at the beginning of this section. Then, we focus on the 
second part. Set

B(u)−1 :=
∥∥u′∥∥2

L2
1((0,∞))

· ‖u‖2
L2

θ ((0,∞))

‖u‖4
L4

θ ((0,∞))

.

Note that it is sufficient to exhibit a function u ∈ W
1,2
1,θ ((0, ∞)) such that B(u)−1 = π(1 + θ) and 

it is not a solution of

−(u′x)′ω1 + uxθωθ − λu3xθωθ = 0, (47)

for all λ > 0.
On the one hand, through a direct calculation we can see that for every positive function v in 

W
1,2
1,θ ((0, ∞)) of the form

v(x) = a1(1 + a2x
a3)a4 ,

where a1, a2, a3, a4 are real numbers, it is not a solution for (47). On the other hand, choosing

u(x) = 1

1 + x1+θ
,

then

‖u‖4
L4

θ ((0,∞))
= ωθ

3(1+θ)

‖u‖2
L2

θ ((0,∞))
= ωθ

(1+θ)∥∥u′∥∥2
L2

1((0,∞))
= ω1(1+θ)

6

Therefore, B(u)−1 = π(1 + θ), and then the proposition follows. �

References

[1] S. Adachi, K. Tanaka, Trudinger type inequalities in RN and their best exponents, Proc. Am. Math. Soc. 128 (2000) 
2051–2057, https://doi .org /10 .1090 /S0002 -9939 -99 -05180 -1.

[2] R.A. Adams, J.J.F. Fournier, Sobolev Spaces, second ed., Pure and Applied Mathematics (Amsterdam), vol. 140, 
Elsevier/Academic Press, Amsterdam, 2003.

[3] M. Agueh, Sharp Gagliardo-Nirenberg inequalities and mass transport theory, J. Dyn. Differ. Equ. 18 (2006) 
1069–1093, https://doi .org /10 .1007 /s10884 -006 -9039 -9.

[4] A. Alvino, F. Brock, F. Chiacchio, A. Mercaldo, M.R. Posteraro, Some isoperimetric inequalities on RN with 
respect to weights |x|α , J. Math. Anal. Appl. 451 (2017) 280–318, https://doi .org /10 .1016 /j .jmaa .2017 .01 .085.

https://doi.org/10.1090/S0002-9939-99-05180-1
http://refhub.elsevier.com/S0022-0396(20)30087-5/bib99085D62691AFC320685990849CBEB79s1
http://refhub.elsevier.com/S0022-0396(20)30087-5/bib99085D62691AFC320685990849CBEB79s1
https://doi.org/10.1007/s10884-006-9039-9
https://doi.org/10.1016/j.jmaa.2017.01.085


JID:YJDEQ AID:10267 /FLA [m1+; v1.327; Prn:2/03/2020; 12:24] P.30 (1-30)

30 E. Abreu, L.G. Fernandes / J. Differential Equations ••• (••••) •••–•••
[5] X. Cabré, X. Ros-Oton, Sobolev and isoperimetric inequalities with monomial weights, J. Differ. Equ. 255 (2013) 
4312–4336, https://doi .org /10 .1016 /j .jde .2013 .08 .010.

[6] L. Caffarelli, R. Kohn, L. Nirenberg, First order interpolation inequalities with weights, Compos. Math. 53 (1984) 
259–275, http://www.numdam .org /item ?id =CM _1984 __53 _3 _259 _0.

[7] D. Cassani, F. Sani, C. Tarsi, Equivalent Moser type inequalities in r2 and the zero mass case, J. Funct. Anal. 
267 (2014) 4236–4263, https://doi .org /10 .1016 /j .jfa .2014 .09 .022, http://www.sciencedirect .com /science /article /pii /
S0022123614003978.

[8] F. Catrina, Z.Q. Wang, On the Caffarelli-Kohn-Nirenberg inequalities: sharp constants, existence (and nonexis-
tence), and symmetry of extremal functions, Commun. Pure Appl. Math. 54 (2001) 229–258, https://doi .org /10 .
1002 /1097 -0312(200102 )54 :2<229 ::AID -CPA4 >3 .0 .CO ;2 -I.

[9] P. Clément, D.G. de Figueiredo, E. Mitidieri, Quasilinear elliptic equations with critical exponents, Topol. Methods 
Nonlinear Anal. 7 (1996) 133–170, https://doi .org /10 .12775 /TMNA .1996 .006.

[10] D.G. de Figueiredo, J.V. Gonçalves, O.H. Miyagaki, On a class of quasilinear elliptic problems involving critical 
exponents, Commun. Contemp. Math. 2 (2000) 47–59, https://doi .org /10 .1142 /S0219199700000049.

[11] D. Gilbarg, N.S. Trudinger, Elliptic Partial Differential Equations of Second Order, Grundlehren der mathematis-
chen Wissenschaften, Springer Berlin Heidelberg, 1977.

[12] J.A. Hempel, G.R. Morris, N.S. Trudinger, On the sharpness of a limiting case of the Sobolev imbedding theorem, 
Bull. Aust. Math. Soc. 3 (1970) 369–373, https://doi .org /10 .1017 /S0004972700046074.

[13] M. Ishiwata, Existence and nonexistence of maximizers for variational problems associated with Trudinger-Moser 
type inequalities in RN , Math. Ann. 351 (2011) 781–804, https://doi .org /10 .1007 /s00208 -010 -0618 -z.

[14] M. Ishiwata, M. Nakamura, H. Wadade, On the sharp constant for the weighted Trudinger-Moser type inequality 
of the scaling invariant form, Ann. Inst. Henri Poincaré, Anal. Non Linéaire 31 (2014) 297–314, https://doi .org /10 .
1016 /j .anihpc .2013 .03 .004.

[15] Y. Li, B. Ruf, A sharp Trudinger-Moser type inequality for unbounded domains in Rn , Indiana Univ. Math. J. 57 
(2008) 451–480, https://doi .org /10 .1512 /iumj .2008 .57 .3137.

[16] J. Moser, A sharp form of an inequality by N. Trudinger, Indiana Univ. Math. J. 20 (1970/71) 1077–1092, https://
doi .org /10 .1512 /iumj .1971 .20 .20101.

[17] J.F. de Oliveira, J.a.M. do Ó, Trudinger-Moser type inequalities for weighted Sobolev spaces involving fractional 
dimensions, Proc. Am. Math. Soc. 142 (2014) 2813–2828, https://doi .org /10 .1090 /S0002 -9939 -2014 -12019 -3.

[18] B. Opic, A. Kufner, Hardy-Type Inequalities, Pitman Research Notes in Mathematics Series, vol. 219, Longman 
Scientific & Technical, Harlow, 1990.

[19] B. Ruf, A sharp Trudinger-Moser type inequality for unbounded domains in R2 , J. Funct. Anal. 219 (2005) 
340–367, https://doi .org /10 .1016 /j .jfa .2004 .06 .013.

[20] G. Talenti, A weighted version of a rearrangement inequality, Ann. Univ. Ferrara, Sez. VII (N. S.) 43 (1997) 121–133 
(1998).

https://doi.org/10.1016/j.jde.2013.08.010
http://www.numdam.org/item?id=CM_1984__53_3_259_0
https://doi.org/10.1016/j.jfa.2014.09.022
http://www.sciencedirect.com/science/article/pii/S0022123614003978
http://www.sciencedirect.com/science/article/pii/S0022123614003978
https://doi.org/10.1002/1097-0312(200102)54:2<229::AID-CPA4>3.0.CO;2-I
https://doi.org/10.1002/1097-0312(200102)54:2<229::AID-CPA4>3.0.CO;2-I
https://doi.org/10.12775/TMNA.1996.006
https://doi.org/10.1142/S0219199700000049
http://refhub.elsevier.com/S0022-0396(20)30087-5/bibB576E7545F6E4F479F90C876A0DD2C55s1
http://refhub.elsevier.com/S0022-0396(20)30087-5/bibB576E7545F6E4F479F90C876A0DD2C55s1
https://doi.org/10.1017/S0004972700046074
https://doi.org/10.1007/s00208-010-0618-z
https://doi.org/10.1016/j.anihpc.2013.03.004
https://doi.org/10.1016/j.anihpc.2013.03.004
https://doi.org/10.1512/iumj.2008.57.3137
https://doi.org/10.1512/iumj.1971.20.20101
https://doi.org/10.1512/iumj.1971.20.20101
https://doi.org/10.1090/S0002-9939-2014-12019-3
http://refhub.elsevier.com/S0022-0396(20)30087-5/bib63CBCC834EC350605750F26B95503BEDs1
http://refhub.elsevier.com/S0022-0396(20)30087-5/bib63CBCC834EC350605750F26B95503BEDs1
https://doi.org/10.1016/j.jfa.2004.06.013
http://refhub.elsevier.com/S0022-0396(20)30087-5/bibEEF540150503CB42F8639120E50F80E8s1
http://refhub.elsevier.com/S0022-0396(20)30087-5/bibEEF540150503CB42F8639120E50F80E8s1

	On a weighted Trudinger-Moser inequality in RN
	1 Introduction
	2 Basic definitions and previous results
	3 Pólya-Szegö principle on W1.pα,θ
	4 Trudinger-Moser inequality on W1,pα,θ(0,∞)
	5 Proof of the Theorem 1.2
	6 Proof of the Theorem 1.3
	7 Gagliardo-Nirenberg inequalities
	References


