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Abstract

We establish the Trudinger-Moser inequality on weighted Sobolev spaces in the whole space, and for
a class of quasilinear elliptic operators in radial form of the type Lu := —r % (r®|u’(r)|Pu’(r))’, where
0,8 >0 and o > 0, are constants satisfying some existence conditions. It is worth emphasizing that these
operators generalize the p-Laplacian and k-Hessian operators in the radial case. Our results involve frac-
tional dimensions, a new weighted Pdlya-Szego principle, and a boundness value for the optimal constant
in a Gagliardo-Nirenberg type inequality.
© 2020 Elsevier Inc. All rights reserved.
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1. Introduction

It is well known that the classical Sobolev embedding WhP(Q) — L4(Q) is continuous for
any p <q < Np/(N — p), where p < N and € is a domain in RV, see [2,11]. If p = N,
then WHN(Q) ¢ L>®(R), although the embedding W17 () — L4(2) is continuous for N <

* This study was financed by the Coordenagdo de Aperfeicoamento de Pessoal de Nivel Superior - Brasil (CAPES) and
Fundag@o de Apoio a Pesquisa do Estado de Minas Gerais - (FAPEMIG).
* Corresponding author.
E-mail addresses: eabreu@ufmg.br (E. Abreu), leandro.fernandes @ufrr.br (L.G. Fernandes).

https://doi.org/10.1016/j.jde.2020.02.023
0022-0396/© 2020 Elsevier Inc. All rights reserved.

Please cite this article in press as: E. Abreu, L.G. Fernandes Jr, On a weighted Trudinger-Moser inequality in RN, J.
Differential Equations (2020), https://doi.org/10.1016/j.jde.2020.02.023



http://www.sciencedirect.com
https://doi.org/10.1016/j.jde.2020.02.023
http://www.elsevier.com/locate/jde
mailto:eabreu@ufmg.br
mailto:leandro.fernandes@ufrr.br
https://doi.org/10.1016/j.jde.2020.02.023

YJDEQ:10267

2 E. Abreu, L.G. Fernandes / J. Differential Equations eee (eeee) see—see

q < oo. Motivated by this fact, Adams [2] proved that for every 0 < u < 1 the Sobolev space

W LN (€)(Q unbounded) is embedded in the Orlicz space Ly, (€2), where
N N-2
N-T ne N
Wy = = 57
j=0

Hempel, Morris and Trudinger [12] showed that the best Orlicz space Ly (£2) for the embed-
N

ding of WOl ’N(Q) (where € is a bounded domain in RY ) occurs when W = AR
The case when €2 is a bounded domain was studied by J. Moser [16], which showed the

following sharp result

NL <C(N,p), ifp<uy

lul
sup o / ”VM”L[) dx (1)
ueWy N (@)\(0) | | =400, if >y,

1
where puy = Na)N 1» |$2] is the Lebesgue measure of Q2, wy_1 is the (N — 1)-dimensional
Hausdorff measure of the unit sphere in RY, and C(N, ) is a positive constant depending only
on N and u.
The case Q = RY, was studied by Ruf [19] for N = 2, and Li and Ruf [15] for N > 3. In all
cases a sharp result was obtained. Namely, there exists D(N, p) which depends only on N and
1 satisfying

/ W,y (w)dx < DN, ) ®)
RN

for all u € WEN(RN) with |u]| wiN@®yy =1 and u < puy. Here, the inequality (2) is not valid if

U> [N
The attainability of the best constant

dy = sup / W, ym)dx, 3)

LN (RN _
ueWhN(R )~HMHW1,N(RN)—1RN

associated with (2), was studied by Ishiwata [13] [see also section 2, Theorem 2.5 and Theo-
rem 2.6]. For similar studies, see [14,7].

To establish the attainability of dy ,, Ishiwata proved that the compactness of a maximizing
sequence to (3) happens, excluding the concentration behavior and the vanishing behavior of the
maximizing sequence. He also showed that the functional J (1) := fRZ Wy, (u)dx does not have
critical pointson M := {u € WE2(R2) : Jlul| wi2@®Ny = 1} for w sufficiently small, which implies
non-existence results in this case.

Our approach for Trudinger-Moser inequality will be done for the class of quasilinear elliptic
operators in radial form of the type

Lu:=—r= ¢l (O1Pu' (),

Please cite this article in press as: E. Abreu, L.G. Fernandes Jr, On a weighted Trudinger-Moser inequality in RV, 1.
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where 8, 8 > 0 and o > 0. For some problems involving the operator L, see [9,10]. It is worth
emphasizing that these operators generalize the p -Laplacian and k-Hessian operators in the
radial case, more precisely,

(1) Laplacian a=0=N-1,=0
(ii) p-Laplacian (p > 2) a=0=N-1,=p—2
(iii) k-Hessian (1 <k <N) o=N—-k,0=N-—-1,=k—1

where these operators act on the weighted Sobolev spaces
W, 2(0, R) := WP ((0, R), dig. dAg) for 0 <R <00

defined in section 2. The Proposition 2.1, in section 2 (see also Kufner-Opic [18]), gives us the
following Sobolev-type embedding

W20, R) <> LI(0, R), where 1 <q <g*,a—p+1>0,0<R <400,

and the number ¢* := Sj—[%

W;”é’ (0, R). We would like to emphasize that the embedding still holds for @« — p + 1 =0, and
1 <g<oo.

is the critical exponent associated with the weighted Sobolev space

As in the classical case, a function in W;:é’ (0, R) (when @ — (p — 1) = 0) could have a local
singularity, which proves that W;fw(o, R) ¢ Lg°(0, R). Motivated by this approach, Oliveira
and Do O [17] studied this embedding, and they proved some results on validity and attain-
ability of the Trudinger-Moser inequality (for bounded domains see section 2, Theorem 2.2,
Theorem 2.3 and Theorem 2.4).

Our goal here is twofold: we prove a Trudinger-Moser type inequality for weighted Sobolev
spaces involving fractional dimensions in the unbounded case (0, 0o0); and, we discuss the exis-
tence of extremal functions in such inequalities.

We will replace the constant ¢, ¢ (wWhich depends on «, 6 and R) in Theorem 2.2 by a uniform
constant d (¢, 8, i) (which depends on «, 6 and w), by replacing the Dirichlet norm with weight
|| .» by the Sobolev norm with weights ||u||W1,p (0.00)° in the same spirit of the results stated

o a0\
before [15,19]. Furthermore, we investigate the compactness on maximizing sequences for such
inequalities in the same sense of the results established by Ishiwata [13].

Let

-1 .
witn RS e .
Ap ) =e — Z 71‘1’*1 , with | p] the largest integer less than p.

=0 I

Our main results are the following ones:

Theorem 1.1. Let p > 2, 0, > 0 and u > 0 be real numbers such that o« — (p — 1) =0 and
1

< lhgpo: =0+ 0)wé . Then there exists a constant D(0, «, jv) which depends only on 0, o and
W such that

Please cite this article in press as: E. Abreu, L.G. Fernandes Jr, On a weighted Trudinger-Moser inequality in RV, 1.
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oo

/Ap,u(lu(X)I)d?»e(x) =D, a, 1) “4)
0

forallu e W;,’g(O, 00) with ||u||W; = 1. Furthermore, the inequality (4) fails if L > [iq.0,

4(0,00)

that is, for any |1 > [Lq 0 there exists a sequence (u;) C W;’;’ (0, 00) such that

A luj (x| & ,
Dk W 9(X)—>OOLIS‘]—)OO.
J Wa;é’ (0,00)
To state our next results, we need to define the best constant associated with the inequality
(4), namely

o0
|u(x)]
d@O,a,n):= sup /Ap,u ”“7 dig(x), 5
0ueW P (0.00) ) w2 0,00

where o — (p — 1) =0.

Theorem 1.2. Under the assumptions of Theorem 1.1, there exists a positive nonincreasing func-

. . 1,p s _
tion uin W,y (0, c0) with ||u||W;:9p(Oyoo) =1 such that

[e¢]

d(é’,a,u«)=/Ap,M(IM(X)|)dke(X),
0

in the following cases:

@) p>2and0 < p < pa,p,
(i) p=2and g3g; <t < ltas)

where
2
||”/||L§(o,oo) ' ”””ig(o,oo)

4
L3(0,00)

B(2,0)" "= inf
0£ueW, 7 (0.00) [Jue]

Theorem 1.3. Let p =2, 6 > 0 and o = 1. Then there exists o such that d(0, a, 1) is not
achieved for all 0 < . < wo.

To prove the statement (1), Moser [16] used the well known Schwarz Symmetrization ar-
guments, which provide a radially symmetric function u* defined on the ball Bg(0), where
LN (Q) = LNV (Br(0)) and all the balls {x € Bg(0); u”(x) > t} have the same £V measure of
the sets {x € ©; u(x) > t}. Furthermore, u* satisfies the Pélya-Szego inequality

Please cite this article in press as: E. Abreu, L.G. Fernandes Jr, On a weighted Trudinger-Moser inequality in RV, 1.
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/ |Vu#|Ndx§/|Vu|Ndx (6)
Br(0) Q

which was crucial in the proof. In our case, Pélya-Szeg6 inequality for Wi”é’ is not available,
which was an additional difficulty in this type of problem. See, for instance, [17].

In this paper we present the half weighted Schwarz symmetrization with the purpose of ob-
taining a Pdlya-Szegd inequality for W;’g which will permit again to reduce the proof of the
Trudinger-Moser inequality to symmetric non-increasing functions.

The paper is organized as follows. In section 2, we deﬁne some elements and present some
previous results about Trudinger-Moser 1nequa11ty on W' 71 0(0, R), where R < oo. In section

3, we prove a new P6lya-Szegd Principle on W 0 using a new class of isoperimetric inequali-

ties on R with respect to weights |x|¥. In section 4, we establish the Trudinger-Moser inequality

on Woi”g (0, 00), under the assumptions of Theorem 1.1. In the section 5, we obtain the The-
orem 1.2 studying the compactness of a maximizing sequence (u,) for (5). In the section 6,
we show the Theorem 1.3 proving that the functional F(u) = fooo A (lu(x))drg(x) does

not have critical points on {u € Wll’e2 0, 00) : = 1}. Finally, in the section 7 we

lull .2
1,6 (0,00)
present a brief discourse about Gagliardo-Nirenberg-Sobolev type inequality and we show that
2/B(2,0) <2m(146) = 1. Thus, the case (ii) of the Theorem 1.2 makes sense.

2. Basic definitions and previous results

Let0 < R <400, 1 < p <+o0and 0 > 0. Let us denote by Lg(O, R) the weighed Lebesgue
space defined as the set of all measurable functions « on (0, R) for which

1/p

Il g 0.1 = /wuwumo> <0,

where

146
22

r(%)

with I'(x) = fooo t*~le~!dt the Gamma Function. Finally, let us denote by W;”g (0, R) the space
of all locally absolutely continuous functions such that u(x) — 0, as x — R~ and

dig(x) = a)gxedx, wp = forall 6 >0,

] Whro.R) " (”” “L”(o BT ”””L”(o R)) " <o,

In the following proposition, see [18] for more details, we collect some embedding results for
the weighted spaces wh

o, 0 , which will be used in this paper.

Proposition 2.1. Let u : (0, R] — R be an absolutely continuous function. If R < oo, u(R) =0
and

Please cite this article in press as: E. Abreu, L.G. Fernandes Jr, On a weighted Trudinger-Moser inequality in RV, 1.
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(1) for1 < p <gq < oo one has

(a) a>p—1,92a%—qp771—1,0r
b)) a<p—1,0>—1.

(2) for1 <q < p <00 one has
(c) a>p—1,9>a%—qp7_l—l,or

d) a<p—-10>-—1
then

1
R q R P
/ ul?x%dx | <c / lu'|Px%dx |
0 0
where C is a constant which does not depend on u.
Next, we present results due to Oliveira and Do O[17].

Theorem 2.2. Let o, 0 > 0 and p > 2 be real numbers such that « — (p — 1) = 0. Then there
exists a constant ¢y, g depending only on o, 6 and R such that

R 1
2. <cup, I m=Zpa=0+0)wg
sup / DT g (r) (7)

1 .
”EWa,é’(O*R) 0 =00, lf U> oo,
where ””/”L{; =1

They also showed the existence of extremal functions for inequality (7), as follows

Theorem 2.3. Under the assumptions of Theorem 2.2, there are extremal functions for Cy 9 (1)
when (1 < [Lq 9, that is, there exists u € Wi’g (0, R) such that

R

Cao R (1) = / W o),

0

where

R
Cat k() i= f DT 431,
uew,, ”(o oo) Il p=1%

In the same spirit of Adachi and Tanaka (see [1]), Oliveira and Do O showed the following
result

Please cite this article in press as: E. Abreu, L.G. Fernandes Jr, On a weighted Trudinger-Moser inequality in RV, 1.
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Theorem 2.4. Let 0, > 0 and p > 2 be real numbers such that @ — (p — 1) = 0. Then for any
w € (0, ja,g) there is a constant Cy ¢ depending only on u, p and 0 such that

r luel g
u(r Ly (0,
/Ap,u )(7” dro(r) < Cupo ﬁ (8)
5 [l ”Lf;(O,oo) flu ”Lg(O,oo)
for all u € W;:g(o, R)\{0}. Besides that, for any | > jiqe there is a sequence (uj) C
W, 2 (0, 00) such that 1,1 .2.0,00) = | and

o0
/Ap,u (luj (")) drg(r) — 00 as j — oo,
”“ ”LP(() 0)
0
where
2 Lpl-1 M‘/ L
Ap u@) =M’ Z Ffﬁj, with | p] is the largest integer less than p.
j=0 7

As mentioned in the Introduction, Ishiwata [13] studied the attainability of dy , (3) in the
classical case. He emphasized the importance of evaluating vanishing behavior on maximizing
sequence in unbounded case. Next, the main results in [13] are presented.

Theorem 2.5. Let N > 2 and

(2

B := sup —2.
orpew2@®) IV, 117,
Then dy , is attained for 0 < p < pun if N >3 and for2/By < pu < pup =4m if N =2.
Theorem 2.6. Let N =2. If u < 1, then dy ;, is not attained.
3. Pélya-Szego principle on Wi‘g

Now we are going to define a half weighted Schwarz symmetrization to prove a P6lya-Szego
Principle, see the inequality (6).

We define the measure j1; by dyu;(x) = |x|'dx. Besides, if M C R is a measurable set with
finite u;-measure, then let M* denote the interval (0, R) such that

wi((0, R)) = i (M).

Further, if u : R — R is a measurable function such that

w {y e R |u(y)| > t}) <oo forall ¢ >0,

Please cite this article in press as: E. Abreu, L.G. Fernandes Jr, On a weighted Trudinger-Moser inequality in RV, 1.
Differential Equations (2020), https://doi.org/10.1016/j.jde.2020.02.023
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then let u* denote the half weighted Schwarz symmetrization of u, or in short, the half ;-
symmetrization of u, given by

u*(x) =sup{r>0; u ({y € R; lu()| > 1}) > (0, x)},
for every x > 0.

Remark 3.1. The word “half” appears here because our symmetrization is slightly different in
three aspects:

(i) itis defined on (0, 00);
(ii) we are comparing the distribution p(¢) := wu; {y € R; |u(y)| > t}) with the measure of
(0, x), instead of Bjx|(0);
(iii) the set M* is a semi ball with the same measure of M, instead of a ball.

We will carry out the proof of the next result based on Isoperimetric Inequality on R with
weight |x|k [see [4], Theorem 6.1]. Besides, It is worth noting that the Theorem 8.1 in [4] does
not cover the case k </ + 1 when N = 1. For negative values of k, the proof is a consequence
of the well-known Hardy-Littlewood inequality. See also Cabré and Ros-Oton [5] for monomial
weights, and Talenti [20] for some cases when N > 2.

Theorem 3.2. Let k, [ be real numbers satisfying 0 < k <1+ 1. Besides, let 1 < p < oo and
m := pk + (1 — p)l. Then

00 o0
/ /| x| PEHA=Pl g > / @Y x| PRHA=P gy ®)
0 0

foreveryu € Wnl1[; (0, 00), where u* denotes the half p;-symmetrization of u.

Proof. Observe that it is sufficient to consider # a non-negative function. Let

oo
1;:/|u/|p|x|pk+(l_p)ldx and
0

o0
I* ::/ |@*)'|” x| PRHA=Pl gy
0

The Coarea Formula holds

oo

1:=/ / |/ [P7" xR O=P gH0 (x)dr and
0 u=t

Please cite this article in press as: E. Abreu, L.G. Fernandes Jr, On a weighted Trudinger-Moser inequality in RY, 1.
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o0
I* :=/ f @y [P0 e PR =P 430 ().
0 u*=t
If p=1, we get
o0
1:=/ f Ix|¥dH°(x)dt and
0 u=t
o
I* ;:/ / Ix ¥ dHO(x)dt,
0 u*=t

9

hence, we obtain from Isoperimetric Inequality on R with weight |x Ik [see [4], Theorem 6.1] and

definition of u* that
/ Ix|¥dHO(x) > / Ix|F dHO (x).
u=t u*=t

Therefore, I > I* when p = 1.
Now, assume that 1 < p < co. By Holder’s Inequality we have

p—1
P

1
p I
/|x|de0(x)§ /|x|kp+<‘*1’)1|u’|”*‘d7{°(x) /%d?—lo(x)
u
u=t u=t u=t

for a.e t € [0, 00), thus we get

00 14 p 1-p
> / / et dHO () %d%om ar.
u
0 u=t u=t

(10)

Since that |(#*)’| and |x| are constants along with {u* = t}, hence, for u* we obtain the equality,

ie.,
00 p l-p
* k 79,0 ! 0
I* = |x|* dH"(x) —dH"(x) dt.
, [(u*)|
u*=t u*=t

In addition, by definition of u*, we have

and as a consequence of Coarea Formula we get

Y

Differential Equations (2020), https://doi.org/10.1016/j.jde.2020.02.023
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l 1
IXI x| 0
dH"(x), 12)
/ |u ’| ()]
u=t u*=t

for a.e t € [0, co) which is sometimes called Fleming-Rishel’s Formula.
Again, by Isoperimetric Inequality on R with weight lek [see [4], Theorem 6.1] and the
definition of u™* we obtain

/lekd?'-[o(x)z / lx|* dHO (). (13)

u=t u*=t
Therefore, from (10), (11), (12), and (13) we have
1>1%
thus, (9) follows. W

4. Trudinger-Moser inequality on W;’(‘; 0, 00)

In this section, we establish a Trudinger-Moser type inequality on W;:é’ (0, 00) (Theorem 1.1)
via the P6lya-Szeg6 Principle presented in section 3.

Lemma 4.1.

(i) Letu be a function in WO][,’QP (0, 00). Then,

» _p;l _% (- 1)9+a
lu(x)|” < pwy " wo " x el

L”(o 00) ] LP(0.00) JOTall x >0. (14)

Consequently, the embedding Wi”é’ (0, 00) — LZ (0, 00) is compact for all q satisfying

pr(1+0) p(1+6) .
— << ——— =
(p— DO+« a—(p—1)

)

wherea > (p— 1) andax < p+6.
(it) Letu € Lg (0, R) be a nonincreasing function, then

1/p

R
1+6 \7
lu(x)] < — 17 lu(s)|Pdrg(s) , forall 0 <x <R. (15)
wpXxX
0

Hence, if (u,) C Wa,é) (0,00) is a nonincreasing sequence converging weakly to u in

W‘i”g(O, o), then u, — u strongly in LZ (0,00), foreachp <q < p* (¢ >p—1).

Please cite this article in press as: E. Abreu, L.G. Fernandes Jr, On a weighted Trudinger-Moser inequality in RY, 1.
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Proof. It is easy to check out (15) for a nonincreasing function. Then, we will do only (14).
For every 0 < x < y we have
y
luC)I” < lu(nI” + p/ ()|~ |u' (1)) dt.
X

By Holder Inequality and lim u(y) =0, we get
y—00

Jua (x) [P Sp/ ()P~ |u (1)] dt

1
P 0 P

p-l 1 ®

-2 = _ (p=Db+a

<pwy " wg"x /lu(t)lpd?»a(t) : /|M'(t)|pd/\a(t) ;
0 0

which proves (14). H
The next remark will be used in the proof of Theorem 1.1.

Remark 4.2. By inequality (14), we have |u(x)| < 1, for all

P
(p—D(T+0)

14
x> —— =aq
=1 _p
0)9 w,

whenever u € Wé”g (0, 0o0) with ||u||W1 ) <landa — (p—1)=0. It is worth noting that agy

1000
depends only on p, and 6.

Proof of Theorem 1.1. We can assume by Theorem 3.2 that « is a nonincreasing positive func-
tion on (0, o) and we also recall that ||u||W1_p <l.
w0 (0.00)

Let a > ag (see Remark 4.2) to be chosen later. Next, we divide the integral at (4) into two
parts, that is,

/ Ay (D (x) = / Ay (g (x) + / Ap () drg (). (16)
0 0 a

It follows from Lemma 4.1 and Remark 4.2 that

K Erj 6
/Ap,u(|u|>dxe(x>= > F/Iulp 0 wgdr
a Jj=Lr] a

Please cite this article in press as: E. Abreu, L.G. Fernandes Jr, On a weighted Trudinger-Moser inequality in RV, 1.
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ulrd 7
9—/|M|Pr9dr
Lp]!

/(1+9)p I

]
p— ]

g (+0)]
-y ldr

a

/|u|”r dr

M/(H—@)l’j(p— Dwe a7

o0
o 30
= el
MLPJ >
'
Lok j=lpl+1 jlw)

To estimate the other part at (16), let

v(r) =

jlp—

{ u(r) — u(a)

A4+0)(j— (p+1))

'{A+0)G—(p—1)a !

O<r<a
r>a

Note thatif 1 <g <2 and b > 0, we have (x 4+ b)? < |x|7 —i—qbq’lx + b4 for all x > —b. Then,

by Lemma 4.1 we obtain

p
p—1

P _P_
u()P T < ()P +

_P_
—1

IA

(7T +u(r)7

P 1+6
< p—1 1 -
= v() e

1
- (p—Dl/r-1

P 146

= p—1 1 _—
v(r) + altfwy

Setting

1+6
wr):=v(r) | 1+ AT

it follows that

/|w|pr“dr—waf|u |P 1+

v(r)r-

u(a)? + u(a)% +

u(a) + u(a)%

(p— Dl/p-1

(0.¢]
w9/|u|pr dr +<m>
0

a)g/|u|pr9dr +d(a). (18)

p—1
J2

o0
p..0
w9/|u|rdr ,
0

p—1
a)g/|u|pr dr redr
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B 00 T a
1+6
=1+ 05— w9f|u|pr9dr a)a/IM’|pradr
a we
L 0 .
B 00 qr-1 00
146
< |1+ 75— w9/| \Prldr 1—w9/|u|f’r9dr
a we
L 0 .
<1, (19)

where the last inequality comes from the non-positivity of the function f : [0, 1] — R defined
by f(t) =(1+ yt)l’*l(l —1t) — 1 for any y fixed in the interval (0, 1/(p — 1)), whence the
inequality (19) is valid with

<(p— ha +9)>1/“+9>
_— <a < oQ.
wg

Next, it follows from (18) that
r r_
u(r)r—t <w(r)r-t +d(a),

and consequently, we obtain

a a

P
/Ap,u(|”(x)|)dk9(x)Swe/‘e“lu‘pflredr
0 0
“ P
Swee“d(“)/e“lwlﬁrgdr. (20)

0

We combine (17), (19), (20) and Theorem 2.2 to conclude the first part of the proof of the theo-
rem. 1
For the second part, we will make a change of variable as in [17]. We define w(¢) = o (1+

0) T+ Ta u(Re™ 1+9) forall u € Wa,e (0, R), where ¢ — (p — 1) = 0. Then, we get

R 00
/|u/(")|pd)»a(”)=/|w/(f)|pdf, 2D
R1+9w9 w B
/Iu(r)lpd/\e(r)=m/lw(m”e 'dt (22)
0 0

and
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R
_pr_ 1460
= wy R |w| P~ =
/e“'”‘” dig(r) = ——— / eat dt. (23)
1+6
0 0

We consider Moser’s functions

u)j(t): i

Hence, we obtain from (21), (22) and (23) that

Ll P

R (w7 o — HwPT
Hu [ 1p(0 B R1+ " (aGR)a-)ﬁ

/e dkg(r)— /e“‘” plen B R dt

0 0

( - _l)j
>e ta,0(+p@0,R)aj) P~

)

J
1+6 . 1
where p(a,0,R) = (ﬁgﬁ, aj = %/e"tl’dl + jP7le7/ and wi(t) = wy™ (1
0

0)#Tu;(Re” T9). Thus, if 1t > f1e.

P

2 ] -1 j
11> =T

( i ) -

KA T 1
lim | e PO ) g (r) > Tim e\t (o eg)?
j—00 T jooo

0
= +OO’
which concludes the theorem. W

5. Proof of the Theorem 1.2

In this section, we are going to show the Theorem 1.2. To show the attainability, we study
the behavior of maximizing sequences to (5). Throughout this section we assume that (,) is a

bounded sequence in W;q’g (0, 00) satisfying

Uy —u in W, J(0,00), where a—(p—1)=0
We begin with

Lemma 5.1. Let 0 < 0 < g 9. Assume that (u,) is a positive maximizing sequence to (5). Then,
we have

Please cite this article in press as: E. Abreu, L.G. Fernandes Jr, On a weighted Trudinger-Moser inequality in RV, 1.
Differential Equations (2020), https://doi.org/10.1016/j.jde.2020.02.023




YJDEQ:10267

E. Abreu, L.G. Fernandes / J. Differential Equations eee (eeee) eee—esee 15
00 o)
MLPJ Lplj MLPJ pt_ﬂ
Apu (unl) — T lun|P=Tdrg — | Apu(lul) — ol lul =1 drg — 0
0 0
as n — oo. (24)

Proof. We can rewrite (24) as follows

o0 o0
/BLPJH,M(MD dho —/BL,,JH,M(dexﬁo
0 0

as n — oo, where
Biu () = i ’L{t%f', where k € N and 7 € [0, 00).
j=k 7"
It follows from Mean Value Theorem and convexity of By, ,. that
|BLop+ 1.0 () = Blpj1,u(u())]
< (Bipytia) n@un () + (1 = v ()u () - fun (x) — u(x)|
- u% [ (Ot () + (1 =y (O ()| 77
By (Va0 (6) + (1 =y (0)u()) - it (x) — ()|
< u% Y (Ot () + (1 = 7 (D) 77
(@B (0)) + (1 = yu (X)) Bp,p (x)] - 1 (x) — u(x)]
< u% [ (Ot () + (1 = Y YU 7T - [Ap o1 (1)) + A p ()]
it () — u ()] (25)

Now, by Holder’s and Minkowski’s Inequalities and (25) we get

o0 o0
/BLPHLM("""D‘D“@_/BLpJ+1,M(|M|)d)L9
0 0

1

7

Suﬁ / 1 ()1t () + (1 — Y ()t ()| 7T g (x)
0

f [Ap . un(0)) + Ap 1 @(x))]? dirg (x) / |t (x) — u(x)|" dirg (x)
0 0
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1
P ‘ i !
<p—— Il + llull "2 f (Apu(un(x)))? dro(x)
p—= L1 0,00) L7 0,00)
1
00 q
/ (Ap,u @) dro ) | - llun = ull 110,00
0
1 ° 4
p - -
=g | luall " + llul " f Ap g (x))d g (x)
P— L1 0,00) L7 0,00)
1
00 q
/Ap,qu(u(x))d)»e (x) ey, — M||L59(o,oo)» (26)
0
2
where g, r, ¢ > 1 are real numbers satisfying 1 + 1 ; +l=1gu< M0, 57 = pand 1> p—l

Besides, in the last inequality at (26), we used the followmg inequality

PRI a 2 Lels ]
urp=1 H qurp=1 (CIM) L'
e E . i tr-1 <e E -1/
/:

Therefore, from (26), Lemma 4.1, and compactness embedding, we conclude the proof of the
Lemma. W

To study the compactness of a maximizing sequence to (5) based on the concentration-
compactness type argument, we analyze the possibility of a lack of compactness which is called
vanishing. For this, we will introduce some components as follows

R—oon—00

R R
po= lim lim /Iun(X)lpd?»e(X)+/I(un)/(x)l”d/\a(X)
0

00 oo
Moo = lim lim /Iun(X)Ipd)»e(X)+/I(un)/(X)I”d?»a(X) ,
R—oon—00
R

R
vp= lim lim /A,,,,L (lunl) dro(x)
R—oon—0o0
0
o0

voo = lim_lim / Ap i (a0 dig ) |

—>00Nn—>00
R
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no= lim 11m /|u (x)| 7~ 'mdk@(x) and

R—o0
: : 21 Lpl
Noo = lim lim /|un(x)|l’1 dig(x)
R—oon—o0

taking an appropriate subsequence if necessary. It is easy to see that, if (u,),cN 1S @ maximizing

sequence to (5) (J|lu, || 1, 120,00 = 1), then

Lr]
"
Vi = T J|77,, = o + Hoo, d(p, 0, 1) = vy + Voo and 27)

1 > 1o + 1 (if pis an integer),
where i =0or i = o0.

Definition 5.2. (1,) is a normalized vanishing sequence, (NVS) in short, if (u,) satisfies
et |l 1p(0 =1 (witha —(p —1)=0),u =0and vp =0.

Example 5.3. Let ¢ be a smooth nonincreasing function with compact support on [0, +00) sat-
isfying ||¢|| L2 (0.00) = 1. We set

In® (L)
Galx) 1= G0
(14 A520) 7

where y = 1+9 , Ao = ||¢’ ”L”(() 00)’ and (A,) is a positive sequence such that A,, — 0 as n — oo.

Thus, (¢n),cN 1s a normalized vanishing sequence.

The main aim here is to show that d(«, 6, u) is greater than the vanishing level. More pre-
cisely,

e¢]

da,0,pn) > sup pr,u(lun(X)l)d)ne(x).
{(Mn)CW;:g(O,oo):(u,l) is ans} rd

Thus, we define the normalized vanishing limit as follows

Definition 5.4. The number

o]

dnvi (0, 0, 1) = sup /Ap,/l. (lun ()) dArg (x), (28)
[(u,,)cW;;g’(o,oo):(un) is aNVS] o

is called a normalized vanishing limit.
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The normalized vanishing limit will depend only on « and p.

Next, we rewrite the elements defined above. For this purpose, given a real number R > 0, we
take a function ¢ € C*°(R), such that

dr() =1, if 0<x <R,
0<¢rx)<1, f R<x<R+I1,

dr(x) =0, if R+1=<x,

|pp(X)| <2, if x e R.

After that, we define the functions q)% and ¢ by

PR(x) 1= Pr(x), PF(x):=1—¢%(x).

Lemma 5.5.Let R >0, n e N, and ”Z,R = ¢j§un (i =0, 00). We have

00 00
= / u, ROOIP g () + / |ty g ()P () | (29)
0 0
o
C— i ; i
vi= lim fim [ 4, <|un)R(x)|) drg(x), and (30)
0
o
ni = lim lim [ il o7 TP drg (x) 31)
' T Roocon—oo nR oiA)-
0

Proof. We will prove only (29) with i = 0. On the one hand,

R 00 R+1
/ lunlPdrg < / (6% Py < / P d g, (32)
0 0 0

On the other hand, from the Mean Value Theorem we obtain

0 o0
f 12 ) |Pdig = / 1690, + (80 un| P
0 0

00
= / |¢0Ru;|pd)\a + On,R> (33)
0
where

PuR =P / %)) + 1 (X) (D) 1n |P 2%l (9%) tnd g (x)
0
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+p / 9%, + 1, () (%) 1|21 (X) (D% 1t - (DR) Und A (x)
0
and0<t,(x) <1.
We get

p—1

lon.Rl < P /I(PRM + 1y () (@R) tn|Pd s /|(¢%)/”n|pd)\a

= 2P[||M;, ”Lg +2|un ”Lg(R’RJrl)]p—l ||un||L(1;(R’R+1)
p—1
<21+ 20l pmpen)] Monllozrren:

By compactness embedding, wlr ((R,R+1)) =< LP((R,R+1)) with R > 0, we have
nlggo ||un||L{;(R,R+1) = ”u”Lg(R,R-H)' Thus,

lim 11m pon.R =0. (34)

R—oon

We conclude (29) (with i = 0) from (32), (33) and (34). The other cases follow from similar
arguments. W

Next, our goal is determining the normalized vanishing limit defined at (28).

Proposition 5.6. It holds that

wh=t o
dui(p.0. ) =1 (p— 1! if p is integer,

0 otherwise.

Proof. We can suppose that u,, is non-increasing (see Theorem 3.2), then by Lemma 4.1

()] < (ﬂ>
wp

Assuming that 1 < R < oo, then

j o
/I |75 dhy < i M] L+6)7 / -5ty
Un = [0)] X = X
g < "\ o 9
R

1

<=

/Iun(y)lpdke(y)
0

Jj= LPJ+1 j= LpJ+1
- i w<1+6> 7T wp(p—1)
RN R(1+9)(ﬁ—1)
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— > / )j—l
< L{JJ}I) you (1 + 9)'
P. —
R(1+9)( el 1) PRy LN
Thus
00 j o0
. . M_ %1] _
Jim lim > [ lunl?Tdig =0, (35)
J=lpl+1 R

If p is not integer, we get

o) 1 i P Lz J]
)4 rP—
/MWW%Ms( )
e
R

Hence, using (35) and (36), we obtain v, = 0, if p is not integer.
Now, if p is integer, then | p| = p — 1 and passing to subsequence if necessary, we have

wo(p— 1)
(p) - (p— 1y ROTGE)

(36)

_ . . lj
= i fim > / a7t

Jj= LpJ+1
-1
B
+ Rll)moonlggo 7([) D ||14n|| L? (R.00)
-1
Mp
(177) hm hm lunll? L2 (R.00)
p—1
L (37)
(p—D!
Taking u, := ¢, as in the Example 5.3 we obtain (35) as well. Besides, we get
ol ?,
i LY (23 R,00)
At ey | LI(R +o0) — g m =1 38)

From (35), (36), (37) and (38) the proposition follows. W

Proposition 5.7. Let p > 2 be an integer number. Then

wr=t o
oD if p>2and e (0, ugpl,
d(p,o,un) >
pr!
(p_l)!v lfp Zandﬂe<3(29) Ma@]

where B(2,0) is defined as in Theorem 1.2.
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Proof. Leto = andv € W (0, 00). We set

jra
v (x) = tv(tx), forall z,x € (0, 00).
We get
o0
v
pr,u L de
J Toellyir g o W7 0.00)
P
N
po ol?, il e
M Ly 4 [l Ly
(- ||U||€p +1P |Iv/||ip p P =
f “ ||v||L,,+t1’ ||U||Lg
—1
Mp
=—h 1).
TR

Note that 11m hp 0, (t) = 1. Thus, it is sufficient to show that hp 0 u(t) >0for0<r<«1.

Through stralghtforward calculation we obtain

)4
ptr-1

2

(||v||L,,+rP ||v’||§g)
=
H =t p ne o\

prEn L (nvuLgH” v ||Lg)
1
“p1
tP” “P lp ||U||Lp <||v||Lp+tp ||U/||ig) ’
9

= g, V17, t”ﬂ'“]

!/
p’Q’M([) -

Thus we get hp 0. M(t) > 0for 0 <t <K 1if p> 2. Now, for p =2 itis slightly different, because
2
/ 2% PR o 1 4 v .
hy g, ()= 5l — — [lvll ZHU” 2
o 2pep) 12 (s 2 ) o
(o2, + 21012 ) ol + 21Vl

Taking v € W, 70, 00), such that B(2,0)~" = B(v)~", we obtain k) , (1) > 0 for 0 <1 < 1,

if 354 3(2 gy <M <2m(1+0), [see Proposition 7.1]. ™

Lemma 5.8. Let u; <1 (i =0, 00) and let p > 2 be an integer. Then, we obtain
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Ap.0.10 [wr 4],
(p ) Uy R 1, ,,(0 00)
T 1
- Fara ()| | e
P
o B
R IW 000
00 Mp_]
\/Ap’u n,RD_(p_l), un R‘ dke )
0

whenever n and R are sufficiently large.

Proof. By definition, we have

P— 1/
N U L'
. L
CAADERYY ’#—0
o T 7
n,R lP(O 0)
1 e
= ”ul ”p Z %”u;yR”p_}L
Ry 10 0 o0y j=p=1 7 Ly
+ ! 3 ! |I II” (39
I Rl iU R
P0.00) J=p \ lluy, gl W 2(0,00) 0

From u; < 1 and (39) we obtain

d(a,0, H)”’/‘n R”plp(o )

pl - l‘l’] pl/
> Z —u an + ——1 L
! e

_ P—
j=p\ llu nRII ﬁ(O,oo) 0
o0
= [ Aputi, whia
0
o0
1 i pwh~t »
+ —L_l AP,M(Wn,Rl)_W'Mn,R' dhg
r ]
i o l? d

Wi (0.00)

for large R and large n. W
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Proposition 5.9. Let p > 2 be an integer. Assume that (u,) is a positive maximizing sequence to
(5). Then

(I’L07 V()) - (17 d(p7 97 M)) Cll’ld (I’LOOs 1)OO) - (Ov O)

Proof. By contradiction, suppose that 0 < pg < 1. Then 0 < ps < 1, by relation (27). From
Lemma 5.5 and Lemma 5.8 we have

1 ub=1
d(e, 0, p)pi = vi + — — 1 |:Vi - —m} : (40)

By relation (27) and together with (40) we get

d(a, 0, )i > v;, for i =0, 00.
Thus,
d(a,0,pn) =d(e, 0, 1) (1o + Hoo) = V0 + Voo = d(a, 6, 1)
and consequently
d(a,0, wu; =v;.
From the last relation and (40) we obtain

p—1
v < s ni
(p—D!

whence,

p—1 p—1

_ Z w
d(aﬁ,u)—mﬂoos(p_l)'(noJrnoo) TR

which contradicts the Proposition 5.7.
Now, again, by contradiction, suppose that (g = 0. Thus, by Lemma 5.8

d(p.6.1) |

"RH WP (0,00)

oo
/APM d)»g
0
00 bl
+%/<AP,M(M2,R’> (; 5 Q,R)p>dx9, (a1
0

Please cite this article in press as: E. Abreu, L.G. Fernandes Jr, On a weighted Trudinger-Moser inequality in RY,J.
Differential Equations (2020), https://doi.org/10.1016/j.jde.2020.02.023




YJDEQ:10267

24 E. Abreu, L.G. Fernandes / J. Differential Equations eee (eeee) eee—see

for large R and large n.
Taking the double limit in (41), limg_, o lim,— 0, We obtain

1 ub=1
d(e. 0. o= vo+ 5 (vo T 1)!770) > Vo,

hence, vg = 0 from relation (27), and g = 0, getting a contradiction from Proposition 5.6, rela-
tion (27), and Proposition 5.7. Finally, using the same arguments we can get vo, = 0 whenever
oo = 0. Therefore, the proposition follows. R

Proof of Theorem 1.2. First of all, assume that (u,) is a non-increasing positive maximizing
sequence to (5). We will show that

o o0
lim /|u,,|%“”dxg=f|u|%“”dx9. (42)
n—oo

Indeed, given R > 0, note that

oo
f |M |,, 1|_PJ |u|p 1\.1’] d)\ﬁ <
0

O\%

oo
+/|M |1, 1LPJd)\9—|—/|M|1’ ILPde

I(n,R)+I1(n,R)+ I1I(R).

By compact embedding we have limg_, o lim;,—, oo I (7, R) = 0. From Dominated Convergence
Theorem, we obtain limg_colimy—eolII(R) = 0. If p 1is an integer, we get
limp_ oo lim,soo II(n,R) = 0 from pe = 0 (Proposition 5.9). If p ¢ N, we obtain
limg_, 00 lim, o0 I 1 (n, R) = 0 from inequality (36). Hence, (42) follows. Now, assume that
either p > 2 and € (0, tg9) or p=2and u € (2/B(2,0), i1,9). Writing

o0 o0 o0
d(p.6, 1) — / Ay (ulydrg = / Ay (un]) dg — / Ay (ul)dig
0 0 0
o0
+ | d(p,0, M)_/Ap,//, (lunl) drg
0

=:1V(n)+V(n),

where

e ¢]

Vn):=d(p,6,n) — / Ap. (lunl) dhrg
0
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and
00 00
1V (n):= / Ap u (lupl)dro — / Ap p (lul)drg.
0 0

We get, by definition of d(«, 8, ), that
hm hm V(n)=
R—oon

Since

Lrl

n
Lp]!

i L Lp]
/( pou (lul) — W|u|” ! p)d)»a
0

(0.¢]
L L
ILL / |p,1LPJ_|u|p,1 ij)d)»@.
0

From Lemma 5.1 and relation (42) we obtain

_pP_
1V(n) = ( poe (1n]) = it | 7T “”) dig

lim IV(n)=0
n—oQ

Thus, u # 0 and

o0
d(p.0.10 = [ Ay Qb i
0
Now, we assert that ||u||W1,p ©0.00) = 1. Indeed, on the one hand,
p—1,6\"
||u||Wll),_pw(O, )<l1m1nf||un|| (0.00) =1.
On the other hand,
o
u
d(P,e,M)E/Ap,M ””# dg
o Ulw!r 0,00
b
=)
S 7
u’ Ly
i=p 7 u ||”‘
p ]H(O 0)
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1 o W
2 — = 11
p rl . ]' p—17
leell j=Lp] Ly
p 10( 0)
1
> ——F—-d(p,0, ).
a7
wh
p pl 9(0 00)

Therefore, ||u||W1,p1 ,(0.50) =1and
o0
d(p,e,m:/Ap,uuuDdAe. n
0

6. Proof of the Theorem 1.3

Throughout this section, we assume that p =2 and u < (1 +6)/3.
By Theorem 2.4 (inequality (8)), we get

y
s, i
e Crao L1124 *3)
u L%. u L )/

for all u € Wll"gz(O, 00), jeN,and 0 < y < (1 + 0)w;. We are going to use the inequality (43)
to prove the Theorem 1.3.

Proof of Theorem 1.3. Let S :={v € W1 9 (0 00) : ||v||W1 2

fine a family of functions by

2(0,00) = = 1}. For each u € S, we de-

U (X) =12t x),

where 7 > 0 is a parameter. Besides, let v; := u;/||u; . Thus, v, is a curve in § passing

I W7 (0.00)
through u when ¢ = 1. Then, it is sufficient to show that

d
—F(v) =1 <0,

dt
where F(w) := / Ap i (w(x))dhrg(x).
0

Through a direct calculation we have that ||ut||i] =¢i-! ||u|| L2 I Gup) ||L2 =t|u’ ||22 and
6

7 u
July

F(v) = Z —

! i
=t laell?, + e u’l12
< L; Li
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Thus, we obtain
d S 2j . 2 2
ZF@) -1 —;Fnunﬁj [ = Dlul2; = 112

(0.¢] i
J .
_ 2 1012 H 2j . 2 a2
=~ ||L%+j§_2:—j! Il [ = Dl = i1} ]

2
o T
< pllul, 17, [ =1+ I (44)
L Z (= DY a7 17

From inequality (43) (with y :=2m(1 4+ 0)/3) and (44) we get

d
EF(UI) lr=1

2 2 . MJ : 3 !
= pelluellp _1+C§7‘r(1+9),2,0; —1/ '(27[(14_9))

= wlul? zllu ||L2

3 =2
_14C 2 i=2;
+ 2”(1+9)29<2n(1+9)> “Z“ <2n(1+9))

3 - a
2 2
< el NI 1+C2"(1+9>”<2n<1+9>) Z <)

-2
Thus, taking o := 1 (2”(1+9)) where a := Z j ( ) , the proof of the theorem

a CZn(lJro)ze

follows. H
7. Gagliardo-Nirenberg inequalities
In this section, we discuss about the best constant of the Gagliardo-Niremberg inequality, and

we will explore some ideas contained in [3,6,8].
It is known the interpolation inequality with weights

leell 190,00 < K (P g 0) ' 75 g ) ||u||Lp(O o)’ (45)

* _ _pU+6) — 2. WP=9) 1t; :
where 1 < p<q < p*= (-1 >p—1,6>0and 1 —y = 7 = It is worth noting
that wheno = p — 1 wehave 1 —y = £,

Throughout this section we will assume that o < p 4+ 8. So, we can compute the optimal

k=K(p,q,«a,0) in (45) if we determine the explicit solution of the minimization problem
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00 00
inf | E(u) 1= NP dirg + ~ Pdhg =1 46
n () -—; |u | a+; |u] 6 ”u”Lg((O,oo))_ . (46)
0 0

It follows from Lemma 4.1 and Theorem 3.2 (with @« = m, and [ = ) the existence of a minimizer
for (46). Now if uo, is a minimizer of the variational problem (46), then

E(ue) < E(u) = — ”u ”L”((O oo)) ”u”LP((O 00))

forall u € Wi:g((o, 00)) satisfying ”””Lg((o,oo)) = 1. Thus,

|| HLP ((0,00)) 1|| “Lp((Ooo))
P llul?

E(uso) <

P llu ”L"((o 00)) LI((0,00))

forevery 0 £ u € W;:é’ (0, 00). Scaling u as u;(x) = u(tx), we get

E(tog) <t"~ (@+D+L(1+6) ”” HL”((Ooo)) t(1+9)(§—1) lu ”L”((Ooo))

pllu ”Lg«o,oo)) pllu ”Lg((o,oo))

A direct computation proves that the minimum over ¢ is achieved at

_[ (1+6)( - p) B}—
T lpg+pd+0)—gl+a) A ’
where

pnunLq

” u “ LE((0,00))

Tl )

((0,00))
Therefore,

|p<1 v)

Euse) < | (etien) )1‘V+( (1+0)(g—p) )V Il
0) = | \ gp+p(1+0)—q(I+a) gp+p(1+0)—q(1+a) p\lullL
(4

and the equality holds when u = uq.
The next result will be important in the study of attainability in the Trudinger-Moser inequality
with weight when p = 2.

Proposition 7.1. If p =2, « = p — 1, and 0 > 0, then the infimum

”“/”iZ((O 00)) e ||L2((0 00))
B2,0)~ .= inf ’

0F£ueW, 5 (0,00) I ”L4 ((0.00))
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is attained by a positive nonincreasing function in Wll ‘92((0, 00)). Moreover,
B2,6)"" <n(1+6).

Proof. The first part has been discussed at the beginning of this section. Then, we focus on the
second part. Set

[0/ 2 0,00y - 10612
B(u)_l o L1((0,00)) L3((0,00))
: . .

14114 0,00)

Note that it is sufficient to exhibit a function u € Wl1 ’92 ((0, 00)) such that B(u)~! = 7(1+6) and
it is not a solution of

—W'x) o1+ ux?wy — rPxPwy =0, (47)

forall A > 0.
On the one hand, through a direct calculation we can see that for every positive function v in

Wll’az((O, 00)) of the form
v(x) =a1(1 +axx®)™,

where ay, ap, as, as are real numbers, it is not a solution for (47). On the other hand, choosing

R
BT

u(x)

then

4 wp

”“”Lg((o,oo)) = 30+6)

2 . wy
11l (0,001 = TH0)
| ”2 — o1(146)
L2((0,00)) 6

Therefore, B(u)~! = 7 (1 + 6), and then the proposition follows. H
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